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Abstract

‘We consider abstract second order evolution equations with unbounded
feedback with delay. Existence results are obtained under some realistic
assumptions. Sufficient and explicit conditions are derived that guarantee
the exponential or polynomial stability. Some new examples that enter
into our abstract framework are presented.

Keywords second order evolution equations, wave equations, delay, stabi-
lization functional.

1 Introduction

Time-delay often appears in many biological, electrical engineering systems and
mechanical applications [11, 21, 1], and in many cases, in particular for dis-
tributed parameter systems, even arbitrarily small delays in the feedback may
destabilize the system, see e.g. [8, 9, 10, 12, 15, 16, 17, 20, 23]. The stability
issue of systems with delay is, therefore, of theoretical and practical importance.

We further remark that some techniques developed recently [16, 17] in order
to obtain some existence results and decay rates have some similarities. We
therefore propose to consider an abstract setting as large as possible in order
to contain a quite large class of problems with time delay feedbacks. In a
second step we prove existence and stability results in this setting under realistic
assumptions. Finally in order to show the usefulness of our approach, we give
some examples where our abstract framework can be applied. For a similar
approach, we refer to the paper in preparation [2]. Without delay such an
approach was developed in [4].
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Before going on, let us present our abstract framework. Let H be a real
Hilbert space with norm and inner product denoted respectively by ||.||,; and
(v)m- Let A : D(A) — H be a self-adjoint positive operator with a compact
inverse in H. Let V := D(A2) be the domain of A2. Denote by D(A2) the
dual space of D(A?) obtained by means of the inner product in H.

Further, for i = 1, 2, let U; be a real Hilbert space (which will be identified
to its dual space) with norm and inner product denoted respectively by ||.||;,
and (.,.)y, and let B; € £L(U;, D(A2)').

We consider the system described by

O(t) + Aw(t) + Biui(t) + Baua(t —7) =0,t > 0
(1) w(0) = wp, w(0) = w1,
us(t —7)=fOlt —7),0<t <,

where ¢ € [0, 00) represents the time, 7 is a positive constant which represents
the delay, w : [0, o) — H is the state of the system and u; € L*([0, 00), Uy),
uy € L?([—, 00), Us) are the input functions. Most of the linear equations
modelling the vibrations of elastic structures with distributed control with delay
can be written in the form (1), where w stands for the displacement field.

In many problems, coming in particular from elasticity, the input u; are given
in the feedback form w;(t) = B}w(t), which corresponds to colocated actuators
and sensors. We obtain in this way the closed loop system

O(t) + Aw(t) + B1Bfw(t) + BoBsw(t —7) =0,t >0
(2> UJ(O) = Wo, (.4)(0) = wi,
Biot—1)=f1t—-7),0<t<T

The first natural question is the well posedness of this system. In section 2 we
will give a sufficient condition that guarantees that this system (2) is well-posed,
where we closely follow the approach developed in [16] for the wave equation.
Secondly, we may ask if this system is dissipative. We show in section 3 that
the condition

* 112 * 112
(3) 0 <a<1,VueV, ||Bsuly, <alBiuly,

guarantees the energy is decreasing; under this condition, using a result from [5]
(see also [22]) we pertain a necessary and sufficient condition for the decay to
zero of the energy. Note that this last condition is independent of the delay and
therefore under the condition (3), our system is strongly stable if and only if
the same system without delay is strongly stable. Note further that if (3) is not
satisfied, there exist cases where some instabilities may appear (see [16, 17, 23]
for the wave equation). Hence this assumption seems realistic.

In a third step, again under the condition (3) and a certain boundedness
assumption from [4] between the resolvent operator of A and of the operators
B; and Bs, see condition (20), we prove that the exponential decay of the
system (2) follows from a certain observability estimate. Again this observability
estimate is independent of the delay term By Bjw(t —7) and therefore, under the



conditions (3) and (20), the exponential decay of the system (2) follows from the
exponential decay of the same system without delay. Nevertheless we give the
dependence of the decay with respect to the delay, in particular we show that
if the delay increases the decay decreases. This is the content of section 4. A
similar analysis for the polynomial decay is performed in section 5 by weakening
the observability estimate. Again we show that if the delay increases the decay
decreases. In view of some applications, section 6 is devoted to the proof of
these two observability estimates by using a frequency domain method and a
reduction to some conditions between the eigenvectors of A and the feedback
operator B7.

Finally we finish this paper by considering in section 7 different examples
where our abstract framework can be applied. To our knowledge, all the exam-
ples, with the exception of the first one, are new.

2 Well posedness of the system

We aim to show that system (2) is well-posed. For that purpose, we use semi-
group theory and an idea from [16] (see also [17]). Let us introduce the auxiliary
variable z(p, t) = Biw(t — 7p) for p € (0, 1) and ¢ > 0. Note that z verifies the
transport equation for 0 < p<land ¢t >0
oz Oz __
TE + ap 0

(4) z(0, t) = Bsw(t)

z(p, 0) = Biw(—1p) = f(=7p).
Therefore, the system (2) is equivalent to

W(t) + Aw(t) + B1Bjw(t) + B2z(1,t) =0,¢t >0
T%+%Z=O,t>0,0<p<l
W(O) = Wo, W(O) = Wi, Z(,D, O) = fo(i’rp)a 0<p<l1
2(0, t) = B3w(t), t > 0.

()

If we introduce
U:=(w,&,2)7,
then U satisfies
/ ST . * - 10z T
U=(w, o 2) =|w, —Aw(t) — B1Bjw(t) — Baz(1, t), <o)
.

Consequently the system (2) may be rewritten as the first order evolution equa-
tion

(6) U =AU
U(0) = (wo, w1, fO(=T7.)),
where the operator A is defined by
w U
A u = —Aw—Bleu—Bgz(l) s
10z
z _;67;7



with domain
D(A) = {(w, u, 2) € VXV xH'((0, 1), Up); 2(0) = Byu, Aw+ByBju+Byz(1) € H}.
Now, we introduce the Hilbert space
H =V x Hx L*((0, 1), Us)

equipped with the usual inner product

(7>< u |,

Let us suppose now that

w2 €
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(8) 0 <a<1,YueV,|Bul}, <alBiull;, .

Under this condition, we will show that the operator A generates a Cp-semigroup
in H.
For that purpose, we choose a positive real number £ such that

2
9) 1<g<=—1

This constant exists because 0 < o < 1.
We now introduce the following inner product on H

w
< u ,
z
This new inner product is clearly equivalent to the usual inner product on H

(7).

Theorem 2.1 Under the assumption (8), for an initial datum Uy € H, there
exists a unique solution U € C([0, +00), H) to system (6). Moreover, if Uy €
D(A), then

2),, + i)y +76 [ (L0 o), do

w2 &

~_—
I
/N
<
&
o

U € O([0, +o0), D(A)) N C*([0, +00), H).

Proof. By Lumer-Phillips’ theorem, it suffices to show that A is m-dissipative
(see Definition 3.3.1 and Theorems 1.4.3 and 1.4.6 of [18]).
We first prove that A is dissipative. Take U = (w, u, z) T € D(A). Then

u w
<AU, U>H = < —Aw — B1B>fdu — B2Z(1) R u >
10z
1 1 _;Fp ‘ H 1
= (Aiu, A%})H — (Aw + B1Bju + Baz(1), u) g — € |, (g—;(p), z(p))U dp.



Since Aw + B1Bju + Byz(1) € H, we obtain

(AU, U), = (Aéu A%w) — (Aw, u)y v — (B1Biu, u)y. y — (B22(1), u)y
8z
—5/ ( p)) dp
U2 * 12 *
= (Aw, u)y, v = (Aw, )y, v = [1Biully, = (2(1), Bau)u,
. / < )
Uz
by duality. By intregrating by parts, we obtain
1 1
0z 0z
[ (50200) ar== [ (0. 520)) do+ a0, - 1=0)13,)
0 P Us 0 P Us
and thus )
0z 1 2 2
had dp = = 1 — ||B3 .
[ (G ) do= 500015, = 15300,
Therefore, by Cauchy-Schwarz’s inequality, we find
(AU, Uy =~ IBjull?, — (=), Buly, — S =2, + 5 IB5ull?,
w12 IS 2 1 ¢ .12
< 1Bl + (G — 5 IOl + 5 + 5 1B3ul,

By (8), we obtain

o fa " 1 ¢

(AU, Uy < (5 + 55 = DI Biuly, + (5 = 5) 120z,

with § + 5—”‘ —1<0andi-% < 0 because ¢ satisfies condition (9). This shows

that <AU U )1 < 0and then the dissipativeness of A.
Let us now prove that A\l — A is surjective for some A > 0.
Let (f, g, h)T € H. We look for U = (w, u, )T € D(A) solution of

w f
M-A) v |=|yg
z h
or equivalently
w—u=f
(10) M+ Aw + B1Biu+ Boz(l) =g
Az + i g; = h.

Suppose that we have found w with the appropriate regularity. Then, we
have
u=—f+dweV.



We can then determine z, indeed z satisfies the differential equation

Az+——=h
Z+7'3p

and the boundary condition z(0) = Bju = —Bj f + ABjw. Therefore z is ex-
plicitely given by

p
2(p) = ABjwe P — Bi fe P 4 Te_’\Tp/ e h(o)do.
0

This means that once w is found with the appropriate properties, we can find z
and u. In particular, we have

1
(11) 2(1) = ABjwe ™™ — B3 fe 7 —|—T€_>\T/ A h(o)do = ABjwe > + 2°,
0

where 20 = —Bj fe ™ + re AT fol eMoh(o)do is a fixed element of Uy depend-
ing only on f and h.
It remains to find w. By (10), w must satisfy
Nw 4 Aw + AByBjw + Boz(1) = g+ B Bf f + \f,
and thus by (11),
Nw + Aw + AByBjw + e M ByBjw = g + B1Bj f + \f — Baz" =: ¢,
where ¢ € V'. We take then the duality brackets (.,.)y , with ¢ € V':

</\2w + Aw 4 AB1Biw + Ae M ByBjw, ¢>V,, v =g ¢’>v', V-
Moreover:
(Nw + Aw + AB1Bjw + Ae " By Bjw, ¢>V,7 v
=X {w, B)yry + (Aw, B)y  + A(B1Bjw, d)y v + e (BaBsw, ¢)y )
= X (@, @)y + (43w, A¥6) +A(Biw, Bid)y, +e " (Bjw, Bio)y,)
because w € V' C H. Consequently, we arrive at the problem
(12)
N (@, 6) g+ (43w, A56) +M(Biw, Bi@)y,+e™" (Bjw, B36)y,) = (@ dhy.y -

The left hand side of (12) is continuous and coercive on V. Indeed, we have
1 1 * * — AT * *
‘)\2 (w7 ¢)H + (AQCU, AQ(b)H + )‘((Blwa Bl(b)Ul +€ A (BQW7 B2¢)U2)
1 1 * * — AT * *
SAwmman+WM4@wMﬂL+Amawumemh+e*u%wMJBmL@
1
< O |lwly I9lly + | A|" Iwlly ol
2

* (12 -7 *
FAUBE o Tl 191y + € 1B3 1 v Nl 191)
< Cllwlly l1glly




and forp =w eV
X |l + (Atw, Adw) +A(BIwl, + e |Bswlly,)
H ’ H 1 Uy 2 Us
2
> [ate] = clwl} -
> |ate| | 2 Cllwl}

Therefore, this problem (12) has a unique solution w € V by Lax-Milgram’s
lemma. Moreover Aw + By Bju+ Baz(1) = g+ Af — A2w € H. In summary, we
have found (w, u, 2)T € D(A) satisfying (10). =

Remark 2.2 We deduce from Theorem 2.1 that D(A) is dense in H (see [18]).
Remark 2.3 For initial data (wo, wy, fO(—7.))T in D(A), we easily show that

the solution (w(t), u(t), z2(t))T = T(t)(wo, w1, fO(—7.))T, where T(t) is the
semigroup generated by A, is indeed solution of (2) in the sense that

and

and w satisfies (2).

3 The energy

We now restrict the hypothesis (8) to obtain the decay of the energy. Namely,
we suppose that (3) holds, namely

30 <a<1,YueV,|Bul}, <alBiull;, .

For an initial datum (wg, w1, f°(—7.))T € H, Theorem 2.1 guarantees the
existence of a weak solution (w(t), u(t), z(t))T = T(t)(wo, w1, f°(—7.))T. Hence
the associated energy (which corresponds to the inner product on H) is defined
by

1 1 2 2 ! 2
B(t) == 5 (HAw(t)HH + ()3 + € / (o, D)7, dp) ,

where £ is a positive constant satisfying
2

(13) << ——1,
@

that exists because 0 < a < 1.
Note that by Remark 2.3 for initial data in D(.A), this energy takes the form

]. 1 2 . ! * .
(1) B)=; (HAwHH il ¢ [ 1Bz - ol dp) :



3.1 Decay of the energy

Proposition 3.1 If (3) holds, then for all (wg, w1, fO(—7.))T € D(A), the en-
ergy of the corresponding regular solution of (2) (i.e. (w, w, Baw(t — 1p))T €
C([0, +0), D(A))NCY([0, +00),H)) is non-increasing and there exist two pos-
itive constants Cy and Cs depending only on a and & such that

(15)

G (IBIo®IF, + I1Bsat = DIy, ) < B'®) < =C1 (IBio®)l7, + 1Bt - 77, )

Proof. Deriving (14), we obtain

1
B(t) = (Abe, ARo) 4 (0,00 7€ [ (Bt~ 1), Biilt — )y, dp

0
= (Aw, @)y y — (@, Aw+ BiBJG + BaB3ot — 7))y
1
er / (Biio(t — mp), Byt — 7))y, dp

0
= (Aw, @)y y — (@, Aw+ BiBio + BaByor(t — 7))y, v
1
wtr [ (Bl = o). Bt — o)y, dp
because Aw + B1Biw + BaBiw(t — 7) € H. Then
(1) = (A D)y = (6, Aw)y, o = (@ BuBIO)y v = (&, BaB3o(t =)y, v
ver [ (Bt~ o), Bis(t — 1))y, do
0
= —|Bjolly, — (B3w, B3a(t—7))u,

1
er / (Biio(t — 7p), Biis(t — 7))y, dp.

Moreover, recalling that z(p, t) = Biw(t — 7p), we see that
' . . ! 0z
| Bt B - = [ (000, G0.0) ap
0 0 Us

1 1( 0z )
= - = Z7t777t d»
T/O (p)ap(p)U2p

because g—z(p, t) = —7%(p, t). Then, we have
! * * oo 1 ! 0 2
; (Baw(t = 7p), Baoo(t = 7p))y, dp = —o- ; %\\Z(p, O, dp

_ _%(HZ(L 1)1z, — 120, £)lI3,)

1 * . % .
= - (IBsatt — DI, — B33,



Consequently,
L o2 o € s - 2 & imrn2
B'(t) =~ [|1Biwlly, = (Baw, Baw(t = 7))y, =5 1B2w(t = 1), + 5 1 Baw (@)l -

Cauchy-Schwarz’s inequality yields

E'(t) < ~ | Bi|g, + (5 +5) IB5o®Iz, + (5 — 5) B3 =)l
and
y L & ipe L &g
E'(t) 2~ |IBjo|y, + (—5 + 3) IBsollg, — (5 + 5) 1B3é(t =), -

Therefore, by (3), these estimates leads to
B'(t) < =C: (IBio®)I3, + B3t -7, )

with

which is positive according to the assumption (13), and to
* -+ 112 * - 2
E'(t) > —Cs (I Biolly, + 1Bt = 7)liz, )

with )
C5 = max {1, 5_;}

which is also positive. m
Remark 3.2 Integrating the expression (15) between 0 and 7', we obtain

Bl

T
[ (180013, + B3t - DI3,) i < 5 (BO) - E@)) <
0 1

L po).

This estimate implies that Bfw(.) € L2((0, T), Uy) and Bw(.—7) € L?((0, T), Us).
|

Remark 3.3 If (3) is not satisfied, there exist cases where instabilities may
appear, see [16, 17, 23] for the wave equation. Hence this condition appears to
be quite realistic. W

3.2 Decay of the energy to 0

We give a necessary and sufficient condition that guarantees the decay to 0 of
the energy.



Proposition 3.4 Assume that (3) holds. Then, for all initial data in H, we
have

(16) lim E(t) = 0

t—o0
if and only if for any (non zero) eigenvector ¢ € D(A) of A, we have
(17) Bip #0.

Remark 3.5 Notice that this necessary and sufficient condition is the same
than in the case without delay (see [22]) and therefore, the system (2) with
delay is strongly stable (i.e. the energy tends to zero) if and only if the system
without delay (i.e. for By = 0) is strongly stable. W

Proof. Let us show that (17) implies (16). For that purpose we closely
follow [22].

First, we show that A has no eigenvalue on the imaginary axis. If it is not
the case, let iw be an eigenvalue of A where w € R. Let ¢ be an eigenvector
associated with iw. Then ¢ is of the form

with
(18) —w?2 4+ Az +iwB B}z + iwe T By B3z = 0.

It is an immediate consequence of the identity (iwl — A)p = 0.

First we notice that w # 0 since for w = 0, the above identity reduces to
Az = 0 with z € D(A). Since by hypothesis A is invertible, we get z = 0 and
therefore 0 is not an eigenvalue of A.

We now take the duality bracket (.,.); |, between (18) and z € V:

0 = (—w?2+Az+iwBBiz +iwe “TByBsz, z),,, |,
<(—w2[ + A)z, z>v/7v + w ||sz\|?]1 + jwe T ||B§‘z||%]2 :

We look at the imaginary part of this expression to obtain
2 2
w (1872, + cos(wr) B2, ) = 0.
which implies, because w # 0,
2 2
1By 2|y, + cos(wr) [ Byz|y, = 0.
We deduce that

2 2 2 2 2
0= |Bizly, + cos(wr) | B3zlly, > [Bizlly, —[1B2zlly, = (1—a)[[Bizly, >0,

10



by (3) with a < 1. Consequently
|Bi2lly, =0
which implies
(19) Biz=0.
Moreover, by (18), (19) and (3), we have
Az = w?z.
Therefore, z is an eigenvector of A of associated eigenvalue w? such that
Biz=0,

which contradicts (17). Thus, A has no eigenvalue on the imaginary axis.

Now, we can apply the main theorem of Arendt and Batty [5]: As o(A)NiR
is empty (because the surjectivity of (iwl — A) is equivalent to the injectivity
of —w? + A — iwB; B} —iwe™7™ By B}), we obtain (16).

Let us show that (16) implies (17). For that purpose we use a contra-
diction argument. Suppose that there exists an eigenvector ¢ of A of associated
eigenvalue A? such that

Biy=0.

Let us set
w(., t) = @ cos(At).

Then w is solution of (2) and satisfies

because
. - 2 . £ 12
IBT&(B)ll, = A*sin® (M) [| BT, =0

and ) Y s )
[Byw(t —7)lly, A% sin”(A(t — 7)) HB&WOIIU5
< aXsin®(A(t— 7)) | Bielly, =0,

by (3). This means that we have obtained a solution of system (2) with a
constant energy, which contradicts (16). m

4 The exponential stability

4.1 A priori estimate

In order to obtain the characterization of decay properties of the damped system
via observality inequalities for the conservative system we will use the following

11



assumption from [4]:

If B> 0 is fixed and Cg = {\ € C|RX = [}, the function
(20) A€ Cz— H(\) = AB*(\2I + A)™'B € L(U) is bounded,
where B € L(U, V') with U a Hilbert space.

We consider the evolution system

§(t) + Ay(t) = Bo(t)
21 VoY e
and the following conservative system

B(t) + Ag(t) = 0
22 | oo 2 o 50 o

Let us recall the two following results proved in [4]:

Lemma 4.1 Suppose that v € L?(0,T;U) and that the solutions ¢ of (22) are
such that B*¢(.) € H*(0,T;U) and there exists a constant C > 0 such that

1(B*¢)' (20,00 < Cll(wo, wi)lly g V(wo, w1) €V x H.
Then the system (21) admits a unique solution having the reqularity
y e C0,T;V)nCY0,T; H).

Proposition 4.2 Suppose that v € L?(0,T;U) and that the system (21) admits
a unique solution having the regqularity

y € C0,T;V)NCH0,T; H).

Then hypothesis (20) holds if and only if B*y(.) € HY(0,T;U) and there exists
a constant C > 0 independent of T such that

1B ) Ol 20,707y < CT Yl 2o 70 -

Let w € C(0,T;V)NC(0,T; H) be the solution of (2) with (wq, w1, fO(—7.))T €
D(A). Then it can be split up in the form

w=0+1,

where ¢ is solution of the system without damping (22), and ¢ satisfies

{ P(t) + Ay(t) = =Bi1Biw(t) — B2 Biw(t —7)

(23) (0) = 0, $(0) = 0,

12



We now set B = (By Ba) € L(U, V') where U = Uy x Us. It is easy to verify

that B* = < gi > € L(V, U). Therefore 1 is solution of
2
¥(0) =0, ¥(0) =0,
where v(t) = ( —éngl(j(—t)T) ) In other words, 1 is solution of system (21)

with
B = (B Bs)

and by Remark 3.2

v = ( _gg(?(_')ﬂ ) € 12((0, T), U).

Then ¢ = w — ¢ € C(0,T; V)N CY0,T; H). Suppose that the hypothesis (20)

is satisfied for B = (By B2) and U = U; x Us,. By applying Proposition 4.2, we
obtain

T T
. 2
/0 I(B Y |2 dt < Ce?T / oI, dt,
which is equivalent to

T T
/O (1B ) I, +1(B3w) I, )t < CemT/o (I1Bi & (t)5, + I Bso(t = 7)II7, ).

In particular, we have

T T
/0 1B I, dt < CewT/o (I Bia )l + | Bsao(t —7)IIg, )dt.

Therefore, since w = ¢ + 1, we have

/ I(Bio) (®)7, dt < 2(/ I(Bjw) (t)|IF,, dt + / |<Bw>’<t>|éldt>
0 0 0

IN

ot [ (B0, + 15 IR, )

Thus, we have proved the following result:

Lemma 4.3 Suppose that the assumption (20) is satisfied for B = (By Bg), U =
Uy x Uy. Then the solutions w of (2) and ¢ of (22) satisfy

T T
/0 I(Bio) (D)2, dt < CeT / (IBfo)5, + |1 Bso(t — )13, )dt,

with C' > 0 independent of T'.

13



4.2 The stability result

Theorem 4.4 Assume that the hypotheses (3) and (20) are verified for B =
(B1 B2), U = Uy x Us. If there exist a time T > 0 and a constant C' > 0 such
that the observability estimate

1 2 T
(25) [t + anli < [ nmiey @i, a

holds, where ¢ is solution of (22), then the system (2) is exponentially stable in
the energy space: there exist C' > 0 independent of T and v > 0 such that, for
all initial data in H,

(26) E(t) <CE(0)e™" ¥Vt >0.
Proof. Let w be a solution of (2) with initial data (wo, wi, fO(—7)) € D(A).
Without loss of generality, we can always assume that (25) holds with 7' > 7

and C' independent of 7.
Integrating the inequality (15) of Proposition 3.1 between 0 and 7', we obtain

T
E(0) — E(T) > C /O (IBi@13, + B3 - )12,) at
c (T .. .. c T
> 5/ (||B1w(t)||?f1 + | Baw(t — 7')”?]2) dt + E/ | Bioolt — 7)1, dt
0 0

T T
> Ce2T (/0 (B D)1 dt+/0 B3t — I, dt) by Lemma 4.3.

By assumption (25), we obtain

1 2 T
E(0) — E(T) > Ce™T (HMOHH + ol + / IBsw(t =)z, dt) ,
0
with C independent of 7. As T' > 7, by change of variables, we have

T T—1
.- 2 .- 2
| B =nita = [ e«

-7

0 1
> / B33, dt = 7 / 1B3o(—rp)|I%, dp.

-7

The two previous inequalities and (13) directly imply that

1 2 1
BO) - B(1) 2 Ce " (||t +lally + & [ 1B0(-r0)3, dp) .
0

with ¢/ = C/(2/a — 1). This means that for T' > 7, we have

E(0) — E(T) > C'e 2T E(0).

14



This estimate is equivalent to
E(0) — E(T) > C'e 2T E(T),
because the energy is decreasing, which leads to

E(T) <~vE(0),

1

where v = 1zc=pr < 1. Applying this argument on [(m — 1)T, mT], for

m = 1, 2,... (which is valid because the system is invariant by translation in
time), we will get

E(mT) <~yE((m-1)T) < ...<~+™E(0).
Therefore, we have
E(mT) <e "™ TEW0), m=1,2,..

with v = £ ln% = #1In(1 4+ C’e=?T) > 0 which depends on T and thus on 7
(because T > 7). For an arbitrary positive ¢, there exists m € N* such that
(m — 1)T < ¢t < mT and by the non-increasing property of the energy, we
conclude

E(t) < E((m —1)T) < e ™ VTE0) < e " E(0).

= |~

Hence the energy decays exponentially with the decay rate v = % In % = % In(1+
C'e 2Ty < LIn(1 4 C’e72P7), because T > 7. Notice that the constant C of
(26) can be chosen such that C > 14 C’ (which is independent of 7) because
=14+Ce T <1+

By density of D(A) into H, we deduce that (26) holds for any initial data
inH. m

1
¥

Remark 4.5 In the previous theorem, we have seen that the decay rate is
v=r7 ln% =1 In(1+ C’e ?T) < LIn(1 + C'e7?7) because T > 7 and where
(" is independent of 7. Therefore, when 7 becomes larger, the decay is slower.
[ |

Remark 4.6 Notice that the sufficient condition (25) for the exponential decay
of the energy is the same than the case without delay (see [4]). Therefore, if
the hypothesis (20) holds and if the dissipative system without delay (i.e. with
By = 0) is exponentially stable, then the system (2) is exponentially stable. W

5 The polynomial stability

In some cases, the decay of the energy is not exponential, but can be polynomial.
Our aim here is to give a sufficient condition that yields the explicit decay rate.

The proof of this stability result requires the next technical Lemma proved
in [3, Lemma 5.2].

15



Lemma 5.1 Let (e;)r be a sequence of positive real numbers satisfying
(27) Eht1 S € — CEzi‘f Yk > 0,

where C' > 0 and p > —1 are constants. Then there exists a positive constant
M (depending on p and C') such that

M

ey < —— VE>0,
(1+k)Ts

1
. 4 Ttu
Moreover we recall the following interpolation result.

Lemma 5.2 For (wg, w1) € D(A) x V, we have

+1

”“JOHZ(A%) < Clwollpeay ||W0||D(A15m) ;
+1

w1 ll 77 < C le”Z(A%) ||w1||D(A,%) ,

where C > 0.

Proof. If we denote by {\g,},, the eigenvalues of Az counted without mul-
tiplicity, ,, the multiplicity of the eigenvalue A, and {i,+;}oc;<;, , the
orthonormal eigenvectors associated with the eigenvalue Ay, this lemma is a
direct consequence of the equivalence ||u||%(AS) ~ 3o 22";01 |ukn+j|2 Aps for
all s € R, when u =}, Zé";ol Uk, +j Pk, +; and of Holder’s inequality with
p:1+% andg=m+1.m

As for (wo, w1, fO(=7.)) € D(A), wyp is not necessarily in D(A), we can not
apply Lemma 5.2 to wy, and therefore we need to make the following hypothesis:
there exists C' > 0 such that for all (wg, w1, 2) € D(A), we have

m+1 m
(28) ol < o, @r, M ool g
Theorem 5.3 Let w be a solution of (2) with (wo, w1, fO(—7-)) € D(A). As-
sume that the hypotheses (3), (20) and (28) are verified for B = (By Bs), U =
Uy x Uy. If there exist a positive real number m, a time T > 0 and a constant

C > 0 such that

T
* 2
@) [ IOl a2 0 (ke + ol )

D(A 2

holds where ¢ is solution of (22), then the energy decays polynomially, i.e., there
exists C > 0 depending on m and T such that, for all initial data in D(A),
C

(30) E(t) < m

| (wo, w1, fo(—T-))H?D(A) vt > 0.

16



Proof. As the hypothesis (20) is satisfied for B = (By Bz), U = Uy x Ua, by
using Lemma 4.3, we obtain

T
[ (1Ba13, + 1350 = 03, ) do 2 € (ol 1) + ko, ).

On the other hand, integrating the inequality (15) of Proposition 3.1 between 0
and T* for T* large enough: T > max(T, 7), we have
r 2 2
BO) - E(1") = C / UBOIE, + 13360 - 7)1,
c o, 2
> [ (B, + ||B2w(t_T)||Uz)dt+ 3/, [ Baw(t — 7)lly, dt

> ce—%T lwo 2 +Hw1IID(A—7)+T/ 1Bs (=), dp)

by change of variable (because T* > 7). Therefore
(31)

B(T") < BO)-Kae ™™ (Jlally 1o + on By, + 76 [ 18 o)l do).

for some K7 > 0 independent of T* and 7.
Therefore, by (28), the previous interpolation result of Lemma 5.2 and a
convexity inequality, we have:

m—+1 m—+1 m—+1
lwo, )Pk < € (ol + oI5
< c(||<wO,whf°<r.>>||’g(A) el 5+ Iorll o3 el o n))
Se] [T (nwonD(M +lrllpgam,)-
Denoting by X_,, = D(A" ") x D(A~%), we have shown that
| (wo, @)l
(32) (o, w1)ll_,, > C Yot

(wo, wr, (=D Day

Now introduce the modified energy

- 1 9 1 2 2
Bt) =5 10Oy = 5UU O3 + AU @)]]3)-
As in Proposition 3.1, this energy E is decaying.
Combining the estimates (31) and (32), we obtain
2m—+2

B(I") < B(0) ~ Kye T (WOZE“(’S'TL”H ver [ 1B, dp>

17



for some K5 > 0 independent of T* and 7, or equivalently
(33)
BT < B0 — fese2or [ 10 @D YT
(T) < E(0) — Kze W +&r Hf (_T')HL2((0,1),U2) .

Using the trivial estimate

(€)™ | £o(=

2m—+2 m
||L2(J(ro 1),Us) fTHfO( T HL2((O 1), Us) (&7) Hfo HLZ((o 1), Us)

T fO (. HL2((0 1),Us) E()"

IN

the above inequality (33) becomes

2 2 2m+2
o, wn) 52 + Er)™ L | Pl Fete )

E(T*) < E(0) — Kye 207" B

. m+1
E(O) o K1672BT E(O)

E(0)m

IN

)

with K’ > 0 independent of T* and 7. Since the energy of our system is
decaying, we obtain

_opr* E(T*)m+1
E(0)™
We now follow the method used in [3]. The estimate (34) being valid on the
intervals [kT™, (k + 1)T*], for any k > 0, we have

g B+ )T

(34) E(T*) < B(0) — K'e

(35) E((k+1)T*) < E(kT*) — K'e BT
Setting
BT
T RO

and dividing (35) by E(0), we obtain
(36) eny1 S e — Kle 2T gt

because E(kT*) < E(0). By Lemma 5.1 with g = m —1 > —1 (as m > 0),
there exists a constant M’ > 0 (depending on m and K'e=28T" and verifying

M’ > ( )i) such that

4625'1“*
mK’

M
e < —mm—
S Utk

or equivalently
!

. M
E(kT*) < mE(O).

This estimate and again the decay of the energy lead to the estimate (30), where
C=M1+T* ) ]

18



Remark 5.4 Since the proof of the above theorem reveals that C' = M'(1 +

452;37"*

1
T*)L with M" > (25— )m and T* > 7, the constant C' depends on 7 and

when 7 becomes larger, the decay becomes slower. W

6 Checking the observability inequalities

In this section, we show how to obtain the observability inequalities used in
Theorems 4.4 and 5.3. Our method is based on the generalized gap condition.
Before giving spectral conditions to obtain exponential or polynomial decay, we
recall some results about Ingham’s inequality.

6.1 Preliminaries about Ingham’s inequality

Let {Ax}r>1 be the set of eigenvalues of A% counted with their multiplicities
(i.e. we repeat the eigenvalues according to their multiplicities). We further
rewrite the sequence of eigenvalues {A;}r>1 as follows :

Ay < Ay < oo < A, < e

where k1 = 1, ko is the lowest index of the second distinct eigenvalue, k3 is the
lowest index of the third distinct eigenvalue, etc. For all ¢ € N*| let I; be the
multiplicity of the eigenvalue Ag,, i.e.

Aki—1 < Ay = A1 = oo = Mgty —1 < Mgyt = Mgy -

We have ki = 1, ko = l1, ks = I1 + lo, etc. Let {er,+;}o<j<i,—1 be the or-
thonormal eigenvectors associated with the eigenvalue Ag,. We assume that the
following generalized gap condition holds :

(37) dM € N*, 3’)/0 > 0, Vk > 1, )‘k-l-M — A > M’}/O.

Fix a positive real number 7} < vy and denote by A, k = 1,..., M the set of
natural numbers k,, satisfying (see for instance [6])

Mk = M1 2 %0
Mer, — Men_ 1 <%0 form+1<n<m+k-1,

/
Akvnﬁ»k - )\k'wn«{»kfl Z ryO

Then one easily checks that the sets Ap +j, 7=0,...k—1, k=1,..., M form a
partition of N*. Notice that some sets Ay may be empty because, for the gen-
eralized gap condition, the choice of M takes into account multiple eigenvalues.

Now for k,,, € Ay, we recall that the finite differences ep,4;(¢), j =0,--- ,k—

Ao Lt .
emit §=0,---,k—1 are given

1, corresponding to the exponential functions e
by
m—+j m+j

€m+j(t) = Z H ()\kp - )\kq)_lei’\kpt.

p=m a=m
q#p
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Write for shortness, e_, (¢) the same finite differences functions correspond-
ing to —Ag,,.

Now we are ready to recall the next inequality of Ingham’s type, see for
instance Theorem 1.5 of [6]:

Theorem 6.1 If the sequence (Ay)n>1 satisfies (37), then for all sequence (ap)nez~
(where Z* = 7.\ {0}), the function

ft) = Z anen(t),

nez*

satisfies the estimates

(38) / FORdE~ S Janl?,

nez*

2m

for T > e
Going back to the original functions e***»*, the above equivalence (38) means
that, for T > 2% the function (from now on A_j, = —\g,)
Yo n n
f(t) = Z O‘nei)\k"ta
nez*

satisfies the estimates

T M
(39) / FOPd~Y S 1BEC 2,

k=1 ‘knleAk
where || - ||2 means the Euclidean norm of the vector, for k, € Aj the vector
Cy,, is given by
Cr, = (ny -y 1)

and the k x k matrix By, allows to pass from the coefficients ay,, to ax, , namely
Cr, = B, - (an, - s anyr1)",

and is given by By, = (Bk,,ij)1<i, j<k the matrix of size k x k such that

n+j—1
H ()‘kn+i71 - )‘kq)_l ifi < Js (i’ J) 7é (17 1)7
_ g=n
B, i g#n+i—1
1 if (i, j) = (1, 1),
0 if 1 > j.

20



More explicitly, we have

1 1 1 o 1
Akp =Akp i1 Nory =Mk 1) Pk, = Ay 1 0) Ak =Xy 1) Moy =Xy g 1)
1 1 1
Ay g — kg ()\kn+1*Akn)(l)\k,LJrl*)\knJrz) (M g1 *Akn)"'(i\kwﬂ*Akn_,_k_l)
Bkn - ()\k71+2_kkn)(Ak7l+2_Akn+l) (Akn+2_)\kn)”.()\kn-%—?_Akn«kal)
0 0 0 e 1

()\k7L+k—1 —Akp )"'(Ak‘n+k4 _)\k7z+k—2)

We proceed similarly for n < —1, the indices being decreasing from n to
n—Fk+1.

Remark 6.2 If the standard gap condition
(40) H’YO > 07 n Z 15 Akn-*-l - >\kn, 2 Yo

holds, then A; = Z* and By = 1 and in that case f(t) = Y, ;. ane™ ! satisfy
Ingham’s inequality (see [13]):

(a) [ 1s@raie 3 ol

nez*
for 7> 2. W
Yo

Now, let U be a separable Hilbert space (in the sequel, U will be Uy). For a
C1
vector ¢ = ; in U™, we set ||.||;; o the norm in U™ defined by

Cm

m

2 2
lelizrs = > leally -

1=1
Then we obtain the inequality of Ingham’s type in U:

Proposition 6.3 If we have the standard gap condition (40), then for all se-
quence (an)n in U, the function

t) = Z apeent

nez*

satisfies the estimates

T
/Onu W2 dt~ S Janll?

nez*

forT>27”
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Proof. As U is a separable Hilbert space, there exists a Hilbert basis (¢x)k>1
of U. Therefore, a,, € U can be written as

—+oo

§ : k
Un = anwk~

k=1

We truncate a,, as follows: for K € N*, let an Zakwk and set ug(t) =
k=1

K

Z( Z alerntYehy. Since (1,)p>1 is a Hilbert basis, we have by Fubini’s the-

k=1 neZ*

orem

2

lu (t)[[7 = Z

k=1

§ a el)ucn

nezZ*

Thus, by applying Ingham’s inequality (41), we have

/OTnuK(t)n?]dt Z / 3 ket

nez*

~ Z > (an)’

k=1neZ*
K

~ DD (@)’

neZ*k=1

JAC e ] T
(K)

As ug — u and a5, ’ — a, when K — +00, we obtain the result. m
In the same way, we obtain an Ingham’s type inequality in a Hilbert space
U in the case of the generalized gap condition (37).

Therefore

nez*

Corollary 6.4 If the sequence (\n)n>1 Satisfies (37), then for all sequence
(an)nez+ in U, the function

t) = g apetint
ner*

satisfies the estimates

T
(42) / ORa~S S IBCL R

k=1 |kn,|€Ak

U,2

for T > %, where
T k
Ck, = (apn, - yanip—1)" € U".
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6.2 A first observability inequality

Proposition 6.5 Assume that the generalized gap condition (37) holds and that
Ui is separable. Let ¢ be the solution of (22) with (wo, w1) € V x H. Then there
exists a time T > 0 and a constant C > 0 (depending on T ) such that (25) holds
if and only if

(43) 3y >0,Vk=1,---, M, Vk, € Ay, V¢ € RM", || B @y, &

oo 2 7 €l

where the matriz @y, with coefficients in Uy and size k x Ly, where L, =
k

Zlnﬂ-,l — 1, is given as follow: for alli=1,---  k, we set
i=1

B} knti—1+i—Ln,i— Zf Lyi1<j< Ln,i;
((I)k )ij —{ OlSD +i—-1+7J vi—1 6186,, 1

where
Ln,O = 07
Lpi=Y lnyir1—1 Vi>1
i'=1
Proof. We first show that (43)=(25). Writting

l;i—1

WO:E § Ak +3Pki+j

i>1 =0

(44)

and
l;—1

W1 =)D bk iPhits

i>1j=0
where (Mg, ak;+4)i 55 (k;+5)i,; € 12(N*), then the solution ¢ of system without
damping (22) is given by

l;—1

b
ZZ <ak +j cos(Ag,t) + ];\ﬂ sin(Ag, t)> Ohstj-

i>15=0
Consequently
li—1
(Big) (t) =Y > (—h, 45 Ak, sin(Ak,t) + br, 5 cos(Ak,t) B @r, 15
i>15=0

By grouping the terms corresponding to the same eigenvalue, we get

lifl lj*].
Bro)(®) = Y D —ak+iBiorri | M sinkt) Y D brgiBign 4y | cos(Ak,t)
i1 \j=0 i>1 \ j=0
— Z O[nei)\k"t,

nez*
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where

ln—1 In—1
1 \ * . < "
Qay = 3 Zbknﬂ‘BﬂPknﬂ' +1 ZaanBl@an Ak, Vn > 1,
j=0 j=0
1 a1 l—1
_ L R* . s o )
a_p = 9 ;}bkn,+]B1¢kn+J 1 jzoakn_,_]Bl Chnti | M Yn > 1.

Integrating the square of the norm of this identity between 0 and 7' > 0 and
using Ingham’s inequality (42) in Uy, for T large enough, we get

T M
/0 IBioY W7, dt > 0> S [|B G .

k=1 |kn|eAk
T .
where Cy,, = (ap, ..., Qpnik—1)  is a vector of UF.
But for all k,, € Ay, setting
Apy = (Mnhs s Moy O 1015 M1 @15 > Moy Gyl pa 157
T
)\kn+k—la’kn+k—l’ t ’)‘kn+k71akn+k71+ln+k71*1> ;
B, = (bkn, Okl —10 Ok Dkl =1 Dk

T
bkn+k71+ln+k71*1) ’

we readily check that

T

|
0

Hence the assumption (43) yields

2

M
(Bio) O, dt=CY. Y (HBk:@knAkn

k=1 ‘kn‘EAk

| Br @, B,

2
h2)

+
Uy,2

T , M s o
[usorai e = o ¥ (|45 ])
0 k=1|kn |€ Ay 2 2

1 2 2
= C(HAQQJO H+|w1||H)

because (g, +i)n,; is an orthonormal basis associated with the operator A3,
It remains to show that (25)=-(43).

Letk=1,---, M and k,, € Ay, be fixed. Take wg = Znﬂ%l Zéf';ol Aoy 45 Phi+5

and wy = Z?If_l Z;”;Ol bk, +;Pk,+;. Then the solution ¢ of system (22) is given
by
n+k—110;—1 b )
(-, t) = ; jz::o <aki+j cos(Ag,t) + ;—;J sin()\kit)> Plstijs
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and then

n+k—110;—1
(Bio)' (1) = Y > (—anyire, sin(A,t) + by, g cos(Ai, 1)) B @k,
i=n j=0

Applying again Ingham’s inequality, we get for T' large enough and flkn, Bkn
define above

2

2 ~
+ HBk_l(pkanw
Uy,2 n v

U1,2

T
| i@ier @i, de~ |Bien, A,
0

By (25), we obtain

o2 _q2 L2 )
15 HB_1<I> A +HB—1<I> B >C’HA5W H +|w
(45) b P A b Pen B || 2 o], T llwrllz
n+k—11;—1
=C Z Z(ai1+]>\i1 +bi1+j)’
i=n j=0

for some C > 0. Hence we conclude that

1Be, @x,lly, o =711l -
This ends the proof. m

Remark 6.6 If the standard gap condition (40) holds, then A; = N* and
B; = 1. In this case, the assumption (43) becomes

3y >0, Vkn, > 1, VE € R, [ B, Elly, =7 1€l -

Moreover, if the standard gap condition (40) holds and if the eigenvalues are
simple, the assumption (43) becomes

Iy >0,Vk > 1, || Bigklly, >
[ ]

Remark 6.7 The above Proposition 6.5 yields a time 7" > 0 and a constant
C > 0 depending on T such that (25) holds but the time T and the constant
C do not depend on the delay 7. Hence if the minimal time 7" is not strictly
greater than 7, by choosing T > max{T, 7}, we still have

2 T
[atenll, +larlly <0 [ nearor o, a,
0

with the same constant C' as before and that does not depend on 7. This means
that under the generalized gap condition (37), the condition (43) is equivalent
to the sufficient condition of Theorem 4.4. W
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6.3 A second observability inequality

Proposition 6.8 Assume that the generalized gap condition (37) holds and that
Ui is separable. Let ¢ be the solution of (22) with (wo, w1) € V x H. Then for
a fized real number m > 0, there exist a time T > 0 and a constant C > 0 such
that (29) holds if and only if
(46)

Fy>0,Vk=1,--- M, Vk, € Ay, V{ € RF |

-1 i
L7 TR xg el

Proof. The proof is similar to the one of Proposition 6.5 because

l,—1 ln—1

1 2 2 2 _ 2 2(1-m) 2 —2m

ZTgm Z (0%, 1+, Tliy) = Z Z (0%, 457k, 0,52, )
n>1 " j=0 n>14=0

2 2
ol i+ ol
The details are therefore omitted. m

Remark 6.9 If the standard gap condition (40) holds, the assumption (46)
becomes -
Iy >0,Vk, 21, V€ € Rln’ H¢kn§HU1 2 A H§H2
kn
Moreover, if the standard gap condition (40) holds and if the eigenvalues are
simple, the assumption (46) becomes

Sy >0,k > 1, 1Bigilly, >
kn

A remark similar to Remark 6.7 can be made for polynomial stability.

7 Examples

We end up this paper by considering different examples for which our abstract
framework can be applied. To our knowledge, all the examples, with the excep-
tion of the first one, are new.

7.1 A wave equation on 1-d networks with nodal feedbacks

In this section we show that the result obtained in [17] enter in the framework
of this paper. Obviously we will use the same notations for a network that in
[17] that we briefly recall (for more details see [17]). We denote by £ = {e;; 1 <
Jj < N} the set of edges e; of length I; > 0 of a given network R and V the set
of vertices of R. For a function u : R — R, we set u; = uj.; the restriction of
u to e;. For a fixed vertex v, we set

E,={jed{l,.,N};veel)
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If card(€,) > 2, v is an interior node. Let V;,: be the set of interior nodes. If
card(&,) = 1, v is an exterior node. Let Ve,; be the set of exterior nodes. For
U € Veut, we set &, = {ju}

We now fix a partition of V., :

Vewt = DUN UV ., where D # ().

ext’

We actually will impose Dirichlet boundary condition at the nodes of D, Neu-
mann boundary condition at the nodes of A/ and finally a feedback boundary
condition at the nodes of V¢, ,. We further fix a subset V{,, of V;,; where a
feedback transmission condition will be imposed. By shortness, we denote by
V. the set of controlled nodes, namely
Vo=V, UVS

wnt ext*

We here consider the following initial and boundary system:

47
( )Bzuj azu_j _ -
St (r, t) — 5 (2, 1) =0 O<z<l;,t>0,Vje{l,..
uj(v,at) = (v, t) :( ;,L(U, t) “ t>0,V5,1e€&, veVin
8—2(@, t)=—ay” (v, t) —ay” G (v, t—7) t>0,VveEV,
JEEY
(v, 1) =0 t>0, Yo € Vin\VE,,
JEEy
uj, (v, t) =0 t>0,YveD
gfﬁ(v,t):o t>0,YoeN
u(t =0) = u®, 2t = 0) = u®
Gu(v,t—71) = fo(t—7) YoeV,0<t<T,

where agv) > 0 are fixed non-negative real numbers and the delay 7 is positive.
To rewrite this system in the form (2), we introduce

H=IL*R)={u:R—Ryu; € L*0,;),Vj=1,..,N}

and the operator

(48) A'{ (03); — (—d=9);

where
N 8 ]
(49) D(A) = {p e VN [H0, 1) > 57 (1) =0, V0 € Vi
j=1 j€g,
8()0 j v c
aij(v) =0,Yv e NUVS,,},
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and
N

Vi={pec [[H'0,1)) : ¢;(v) = @r(v) V), k € &, Y0 € Vit 5 9;,(v) =0, Vo € D}
j=1

The operator A is self-adjoint and positive with a compact inverse in H. More-

over
1

D(Af) =W
We now define U = Uy = Uy = , where V. is the cardinal of V., with norm
.l = II-ll; and the operators B for i=1,2as
U — E)/
(50) Bi: (ko)vev. + Z V O‘Ev)kv‘sv
vEVe
It is easy to verify that Bf(p W/« gp v))ey, for ¢ € D(A?) and thus

1

BiB () = X ey, a( ©(v)dy for v € D(Az). Hence the system (47) can be
rewritben in the form (2).
We notice that (8) is here reduced to

30<a<1Vg0€VZoz2go Zalgo
vEV, eV,

and therefore, the system (47) is well posed for agv) < agv) for all v € V. by
Theorem 2.1, and the energy is decreasing for aév) < alv) for all v € V. by
Proposition 3.1.

By Proposition 6.2 of [7], the generalized gap condition (37) holds with
M =N +1.

We know, by [17], that the hypothesis (20) is satisfied. Moreover, the hy-
pothesis (28) is verified because

+1
leolIy:

O llwoll ol 1=

Cll(wo, w1, 2)lp(ay ||w0HD(A1_2

IN N

™

N
where X =V N (HHZ(O, 1)), by using Corollary 6.4 of [17].
j=1

Now we define ¥y, (v) the matrix of size k x L,, by: for all i = 1,..., k, we

set
o <)0kn+i71+j_Ln,i—1(fU) if Ln,i—l <j< Ln,ia
(Y, (v) _{ 0 else,
i
where L, o =1 and L, ; = Z(ln_,_iz_l — 1) for i > 1. Then, for all £ € REn,
=1
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we have

IBe okl , = Dok Bten, ()
vEV,.

> algTy, ()T BB, (0)€
vEV,

7 Z ol Wy, ()T By B Wy, @)) €.

veEV,

Therefore by setting

Mbn = 3" abwy, (0) BBy (v),
vEV,

we see that the assumption (43) becomes
Iy >0, Vk € {1,..., M}, Yk, € Ap, Apin(MFr) > 4,
and the assumption (46) becomes

Im € R, Iy >0, Vk € {1,..., M}, Vk,, € Ay, Apin (M) > Vo
k

n

which corresponds respectively to the conditions (44) and (50) from the paper
N

[17], because A, ~ ET where L = le.
j=1
Note that if the standard gap condition (40) holds and if all eigenvalues are
simple (i.e., I = 1), then the condition (43) becomes

(51) Iy >0,Vk>1, Z agv) ok (v)]2 > 7,
vEV,

while the conditions (46) becomes

(52) IR, 3> 0¥k 2 1 Yol I 2 o
vEV,

Consequently, we find again all the results from [17] (see for instance the exam-
ples treated in section 7 of [17]), here we can even precise the dependence of the
decay with respect to the delay 7.

7.2 An Euler-Bernoulli beam with interior damping

We consider an Euler-Bernoulli beam of length 1 with interior damping and a
delay term at £. Two types of boundary conditions will be considered. Without
delay, these two problems were analyzed in [3, 4], where some decay rates similar
to the ones proved below were obtained.
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7.2.1 Mixed boundary conditions

We consider the following initial and boundary system:

(53)
P9 (2, t) + 2 (x, t 0+ a3 (E, 00 + a2 32 (6,t—7)0e =0 0<z<1,t>0
w(0, ):@(1 t) = d“(Ot) d‘”(lt)—O t>0
w(x, )—wo( ), at(x 0) = wi(x) 0<zx<l1
t(&t )= fo(t—7) 0<t<r,

where £ € (0, 1), a1, ag > 0 and 7 > 0. To enter into the framework of section
1, we rewrite this system in the form (2). For that purpose, we introduce
H = L*(0, 1) and the operator

d4
4 A:D(A) — H : —_—
(54) (4) =
where D(A) = {p € HY(0,1); (0) = 22(1) = 2£(0) = 222(1) = 0}. The

operator A is self-adjoint and positive with a compact inverse in H. We now
define U = U; = Us = R and the operators By and By as

(55) Bi:U — D(A?) : kv Ja; ke, i=1,2.
It is easy to verify that B (¢) = /aup(§) for ¢ € D(A2) and thus B;Bf(p) =

a;p(§)0¢ for ¢ € D(A?) and i = 1, 2. Then the system (53) can be rewritten
in the form (2). We notice that (8) is equivalent to

WV<a<l, a; <aaq,

and consequently, this system is well posed for s < ;3 by Theorem 2.1, and
the energy is decreasing for as < a; by Proposition 3.1.

Let us now state the next well known results about the spectral properties
of A.

Proposition 7.1 The eigenvalues of the operator A defined in (54) are simple
and are given by A2 = (2EEL7)* of associated eigenvector pi(z) = /2 sin(2 1),
for all k € N. Consequently the standard gap condition (40) holds, i.e., there
exists a constant v > 0 such that

A1 =AM >7% >0 VE >0,
and moreover for all k > 0, || By vk, = v2a1 ’sin((k‘ﬂ' + %)f)‘ .

The hypothesis (20) was verified in [3]. Moreover, we have by Lemma 2.9 of
[19] the

Lemma 7.2 £ is a rational number with an irreductible fraction
&= 127 where pis odd
q
if and only if there exists a constant v > 0 such that

W > 1, [sin ( (k7 + g)g)’ > .
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Therefore, by applying Proposition 3.4 and Theorem 4.4, we obtain the
following results:

Proposition 7.3 Assume that as < ay. Then
(i) The energy of system (53) decays to 0 if and only if
2m

E7A2k+1’

m,k € N.

(ii) The energy of system (53) decays exponentially if £ is a rational number
with an irreductible fraction

&= 87 where p 1s odd.
q

Remark 7.4 As mentioned before, in the case as = 0 we recover the results
from [3]. W

7.2.2 Other boundary conditions

We here consider the following initial and boundary system:
(56)
Pw 2w dw ow _ -
12 (1‘7 t)+ B 4({,6, t)+a18t(§7 t)5§+a26t(f, t T)(SE =0 0<z<1,t>0
t) =

w(0, 1) =w(l, ) = 22(0,t) = 2%(1,£) =0 t>0
w(z, 0) = WO (x), %—‘*t’(x, 0) = wh(z) 0<z<l
8*L;s)(at_T):fO(t_T) 0<t<r,

where ¢ € (0, 1), a3, a2 > 0 and 7 > 0. This system (56) is not exponentially
stable if as = 0 as shown in [4]. Hence we only consider the polynomial decay
of system (56). As before we rewrite this system in the form (2) by introducing
H = L%*(0, 1) and the operator

d4
A:D(A H : —
(57) (4) — Py
with D(A) = {p € H*0,1) NV; 2£(0) = $2(1) = 0}, V = H?(0,1) N

H}(0, 1). The operator A is self-adjoint and positive with a compact inverse in
H. We then define U = U; = Us = R and the operators By, By by (55).

Then the system (56) can be rewritten in the form (2) and consequently, this
system is well posed for as < ay by Theorem 2.1, and the energy is decreasing
for as < a1 by Proposition 3.1.

The spectral properties of A are well known and can be summarized as
follows:

Proposition 7.5 The eigenvalues of the operator A defined in (57) are simple
and given by N2 = k*r* of eigenvector pr(z) = /2sin(krz), for all k € N*,
Therefore there exists a constant vo > 0 such that the standard gap condition
(40) is verified and moreover

1Bi¢klly, = V20 [sin(kmE)|.
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The hypothesis (20) was verified in [4]. Let us prove that the condition (28)
is satisfied.
Lemma 7.6 Let m € R}. Then there exists C > 0 such that for all wy € X =
{u eV :uloe €HY0,E), ule) € HY(E 1), T4 (O) = %(1) = O}, we have

m-+1

lwo I < € Jlwoll’x [lewoll

D(Al—zm) 5
where the natural norm in X is given by |[ul% = [[ull3a( ¢) + lullFra(e 1)-

Proof. Let us fix a cut-off function n € D(0, 1) such that n = 1 in a neighbour-
hood of £, n =0 on [7 5 1] and n = 0 on [0, %] Since (1 — n)wo € D(A),

by Lemma 5.2, we have

1L = ol < C UL = m)woll 11— m)wol

1—m .
DAz )
Since () :
_ _ ((1=n)wo, p)
1 =mwoll  y15m ) = SUD L, Tl s
pED(A™ 2 ) (
_ (wo, (1—n)¢)
- SUP Tl mo
QDED(A 5 ) DA 2 )
< Clloolly e
for some C' > 0 (depending on 7) we get
m+1 m
(58) (1 = wolly ™ < Cllwoll¥ llwoll |, 15m

DA™=y

In a second step, we set

wi(r) =n(€ — x)wo(§ — ) fo<ax<ily:=¢
we(z) =n(z+wo(x+¢&) fO0<az<ly:=1-¢.

For any j =1, 2, we introduce the following extension of w;:

(Bw);(x) zle(zv) ' if z € (0,15),
(Bw)_j(x) = Y1y viw;(=2'z)  if 2 € (=27 (7115, 0),

where w; is extended by zero outside its support and the real numbers v; are
the unique solution of the system

Z?olyz—l

oy =1

S 12%,—1

— X o 2% =1

21022’” =1,Vk=1,-- ,n—4,

and finally n € N* is choosen large enough such that n > m + 3.
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We obtain an extension of w to a function Ew, which belongs to D(A) (due
to the four first properties of the v;), where A is the positive operator Ht on
the star shaped network S = Uj—; 2(0,1;) JUj=1,2(—2~=11;,0), with interior
vertex ¢ (identified to 0) and Dirichlet boundary conditions at all other vertices.

Therefore, we can apply the interpolation lemma 5.2 to A and then write

m+1 m
1Bty < CIBIR g 1Bl gsm -

But we easily check that

1
oty S BT

||77w0||D(A 3 S

:ul +
[N
—

Consequently, we have

m+1
ol ) < C Bl B 1B,

Moreover, as F is an extension operator, we have
[Ewlpay < K [lwolly

and thus
m 1
[[nwoll + = Cllwoll’ HEWHD(

To estimate the last factor, we use a duality argument. We write

D(A =

For ¢ € D(A"z

[Boe= % / wi@)ps (@) do+ 3 / W) () () da.

j=1,2 j=1,2 <"1)l

), we have

By changes of variables, we obtain
[poo= 3 [ a@Eoswa
Jj=1,2

where

n—1

(Fo)j(z) = ¢j(z) + x,(x) Z vi2 (=27 x) Yo € (0,1;),
i=0

the cut-off function x; being fixed such that x; = 1 on [0,2[;/3] and x; = 0
on [51,;/6,1;] (reminding that w;(z) =0 for = > 21,;/3). Now we notice that the

33



m

conditions on v; guarantees that Fp belongs to D(A™z ) and by Leibniz’s rule
we have

||F<pHD(AmT—1) < 0||¢||D(Am2,1) .

Therefore

[ B < Ol el g

By duality, we conclude that

HEwHD(AlEm) <C \\w\|D<A15m) .
Consequently, with the previous inequalities, we obtain

m+1 m
(59) Inwol ety < ClwllX leolly y15m -

The conclusion follows from (58) and (59). =
This lemma leads to (28). Indeed for (wo, w1, z) € D(A), we have

lwol[7+

m
2

Clitwo, w1, 2)Ipeay ol 425 -

O llwll lwoll o=

IN N

Now, we denote by S the set of all real numbers p such that p ¢ Q and if
[0, a1, ..., Gn,...] is the expansion of p as a continued fraction, then the sequence
(ay) is bounded. It is well known that S is uncountable and that its Lebesgue
measure is zero. Roughly speaking, the set S contains all irrational numbers
which are badly approximated by rational numbers. In particular, by the Euler-
Lagrange theorem, S contains all irrational quadratic numbers (i.e. the roots
of a second order equation with rational coefficients). By a classical result, we
have the

Lemma 7.7 If s € S, then there exists a positive constant vy such that

Isin(krs)| > % vk > 1.
Therefore, by applying Proposition 3.4 and Theorem 5.3 with m = %, we
obtain the next results:

Proposition 7.8 Assume that as < aq. Then

(i) The energy of system (56) decays to 0 if and only if £ is irrational.

(ii) The energy of system (56) decays polynomially like ﬁ if € belongs to
S.

Remark 7.9 Again in the case ap = 0 we recover the results from [3, 4. B
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7.3 Examples with distributed damping terms

7.3.1 A non homogeneous string with distributed damping terms
(1-d)

We consider the following initial and boundary system:
(60)

%(w, t) — (,327‘5(17, t) Jrozl%—‘: x, t)xr, + 042%(1’, t—7)X), =0 in (0, 1) x (0, c0)
w(0,t) =w(l,t) = t>0
w(m, 0) = WO(‘r)a %;J(xv 0) = wl(x) in (Oa 1)
%oz, t—71)=fOx, t—7) in I x (0, 7),

where here and below x|; denotes the characteristic function of the set I. In
the remainder of this subsection we assume that oy, as > 0, 7 > 0 and

I, CcI; C [0, 1].
Later we will need that
(61) 3 €0,1]]ande>0: [d,d+€] C I.

We rewrite this system in the form (2). For that purpose, we introduce H =
L?(0, 1) and the operator

d2
62 A:D(A H: ——
(62) (4) — P 5w
where D(A) = HE(0, 1) N H2(0, 1) and V = D(A2) = HZ(0, 1). The operator
A is self-adjoint and positive with a compact inverse in H. We then define
U; = L?(I;) and the operators B; as

(63) Bi:Ui—HCV' : kw— Jaikx,

where k is the extension of k by zero outside I; (which defines an element of
L?(0, 1)).

It is easy to verify that Bj () = /aip;, for ¢ € V and thus B; B} (¢) =
Qi X|, = aipxr, for ¢ € Vand i = 1, 2. Then the system (60) can be
rewritten in the form (2). Moreover

2 2
1Bzl =i [ 1o do
I;
Therefore, we notice that (8) is equivalent to

N<a<l,ar | |ofde< aal/ lo|? de,
IQ Il

and consequently, this system is well posed for s < a3 by Theorem 2.1, and
the energy is decreasing for as < a; by Proposition 3.1.
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Proposition 7.10 The eigenvalues of the operator A defined in (62) are simple
and given by \2 = (km)? of associated eigenvector ¢ (x) = v/2sin(kmz), for all
k e N*. Hence there exists a constant vo9 > 0 such that the standard gap
condition (40) holds. Moreover if (61) holds, then there exists v > 0 such that
VEk =1, [ Bigklly, =7

Proof. It is well known that the eigenvectors of the operator A are ¢y (x) =
V2sin(krx) of eigenvalue (km)2, k > 1 of multiplicity 1. Hence, the standard
gap condition (40) is verified.

From the definition of B} we have

2 2
IBieklly, = o Jp, lew(@)” do S
L +e
> 2o¢1f(S “Isin(kra)|® dz = ay [w—% 5
> o ( - E) > 0415,

for k > E(2) 4+ 1 =: k., where E(z) is the entire part of z. This leads to the
conclusion because for k € {1,...,kc}, we have

d+e
/ |sin (k)| dz > 0.
5

Lemma 7.11 The operators A and B = (B1Bs) € L(U, V') where U = Uy x Uy
satisfy assumption (20).

Proof. Let i € {1,2} and ¢ € L3(I;). It can be easily checked that v =
(A2 + A)~1 B, satisfies

(64) {V (_)d (\)/?(P)Xu

As v € L*(0, 1), v can be written as

oo
v = E CrPk-
k=1

By replacing v in (64), ¢, must satisfy

S

Cp = m (?, o),
and therefore
v = 2 2 (503 <)Ok) Pk
k:l)\ + X
Moreover
e’} A 2
ellzeon = 2 5y | @il(@ o




Now, we set z = WAA,% and, if A = 0+ iy, with y € R, then

|2 B2+ y?

T e =0

|z

2 2
where C(3) is a positive constant depending only on 3. Indeed, if y* < %,

then

2+>\2
||2< 52+y2 <ﬁ2+52k
T () T ()
2 2
which is bounded uniformly in k, and if y? > %, then

2 2
o< BV
45%y

which is a decreasing function with respect to y and thus

2427

2 PP
— ﬂ2+>\2 )
19 (757%)

which is again uniformly bounded in k. Therefore, we have

2|

IA0l220.1) < CB) S 1@, )2 < CBailllaqs,)
k=1

which leads to

* 2 2 2 .
H)‘ijHLz([j) < aj ||)‘UHL2(0,1) < C(B)aia ||S0||L2(17,) , Vi €{1, 2}.

Consequently, the operator A — AB7 (A + A)~!B; is bounded on Cj and the
lemma is proved. m
Therefore, by applying Theorem 4.4, we obtain the

Proposition 7.12 If as < ay and (61) holds, then the energy of system (60)
decays exponentially.
7.3.2 The wave equation with distributed damping terms

Let Q be an open bounded domain of R™, n > 1, with a boundary I" of class
C2. We assume that T" is divided into two parts I'p and 'y, i.e. ' =Tp U Ty,
with FDDFN = @ and FD 7é @ Let

02C01CQ

such that O; is an open neighborhood of T'y (i.e. T'y C 901). Moreover, we
assume that ¢ € R is such that

(65) (x —x0) v(z) <0 Vzelp.
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We consider the following initial and boundary system:

(66)
9 (0, 1) — Aw(a, 1) + 01 %, D)xjo, +02% (.t~ Txjo, =0 in D% (0, o0),
w(z,t)=0 on I'p x (0, c0)
%j( t)=0 on 'y x (0, 00)
w(z, 0) = wo(x), 82 (z, 0) = w () in Q,
%(w, t—7)=fO%z, t—7) in 09 x (0, 7),

where g—jj is the normal derivative of w and ay, as > 0, 7 > 0. In order to

reformulate this system in the form (2), we introduce H = L?*(Q2) and the
operator

(67) A:D(A)— H : p— —Ap

where D(A) = {p € VN H*Q) : g—f(x) = 0only} and V = D(A2) =
{p € HY(Q): ¢» =0 on I'p}. The operator A is self-adjoint and positive with a
compact inverse in H. We then define U; = L?(0;) and the operators B; as

(68) Bi:Ui—»HCV': kw Jaikxo,

where k is the extension of k by zero outside O; (which defines an element of
13(9).

It is easy to verify that Bj(¢) = /aipjo, for ¢ € V and thus B;B;(p) =
a;p|0,X|0, for ¢ € V and i = 1, 2. Then the system (66) can be rewritten in
the form (2). Moreover

* 2 2
H&Mmzm/Wﬁda

i

and therefore (8) is equivalent to

o] da < aal/ o) da.

30<a§1,a2/
O1

Oz

Consequently, this system is well posed for as < 1 by Theorem 2.1, and the
energy is decreasing for as < a1 by Proposition 3.1.

To obtain the exponential decay of system (66), we simply check the observ-
ability inequality (25) and the hypothesis (20), which are the aim of the two
following propositions.

Proposition 7.13 There exists a time Ty such that for all times T > Ty there
exists a positive constant C (depending on T') for which the observability in-
equality (25) holds for any regular solution of system (22).

Proof. This proposition is proved in [16] and [14]. m
Proposition 7.14 The operators A and B = (B1By) € L(U, V') where U =
Uy x Us satisfy the assumption (20).
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Proof. Let i € {1,2} and ¢ € L?(0;). It can be easily checked that v =
(A2 + A)~! B,y satisfies

Mo — Av = Jaipx|o, in Q,

(69) v=0 on I'p,
%:O on I'y.

As v € L*(Q), it can be written as

oo

v = ch@k-

k=1
By replacing v in (69), ¢ must satisfy

S

Cr = AQ +>\i (@7 @k)?

and therefore
S VaE
v = ];)\2 _"_)\z (803 SOk) Sok'

Moreover, by Parseval’s identity, we have

2
H)‘UHL?(Q) = Z
k=1

Now, for A = 8 + iy, with y € R, we have checked in the previous subsection
that

2

A -
Q; |(50a @k)‘Q .

A2 422

2

A
v 2| <00,
‘A2+A§

where C(3) is a positive constant depending only on . Therefore, we have

Ml 720) < CBY (8, 06)* < CB)aillel 720, »
k=1

which leads to
* 2 2 2 .
IMB ]2 0, < a5 N0y < CB)ai0; ll@llEaco, - Vi € {1, 2).

Consequently, the operator A — )\B;()\I + A)~!B; is bounded on Cjs and the
lemma is proved. m
Therefore, by applying Theorem 4.4, we obtain the

Proposition 7.15 If ay < a1, then the energy of system (66) decays exponen-
tially.

Remark 7.16 This result is a generalization of [16] because in [16] the authors
supposed that O, = 0;. R
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7.3.3 A beam with distributed damping terms

We consider the following initial and boundary system:

(70)
%QT;)(Q?’ t) + %(% t 1%( )X\[l + a2 E)t( t— )X\Ig =0 in (0, 1) x (0, c0),
w(O,t):w(,):g (0 t)=2%(1,¢) =0 t>0,
w(x 0) = wo(x), 57 (x, 0) = wi(x) in €2,
( t—71)= fo(x t—7) in I x (0, 7),

where aq, ag > 0, 7 > 0 and where
IL,cl C [O, 1].

We rewrite this system in the form (2) by introducing H = L?(0, 1), the operator
A by (57) and the operators By and By by (63). Hence this system is well posed
for g < @1 by Theorem 2.1, and the energy is decreasing for as < a3 by
Proposition 3.1.

By the results of the previous subsections, we know that the standard gap
condition holds and if (61) holds that the eigenvector ¢ (z) = /2sin(krz) of
A associated with A7 = kn? satisfies

I1Biklly, =7,
for some vy > 0.

Lemma 7.17 The operators A and B = (B1Bs) € L(U, V') where U = Uy x Uy
satisfy assumption (20).

Proof. The proof is the same than in the previous subsection. m
Therefore, by applying Proposition 3.4 and Theorem 4.4, we obtain the

Proposition 7.18 If as < a1 and (61) holds, then the energy of system (70)
decays exponentially.

7.3.4 A wave equation on 1-d networks with internal damping terms

In this last subsection we consider again a wave equation on a given network R
but we suppose that the feedbacks are located in the edges. Namely with the
notations from section 7.1 we consider the system:

(71)
9%u, 9%u, 6u7
Gt (@, 1) = G (2, 1) + o) G (2, )0
+a§) G (@, t = 7)x ) = 0 0<z<ljt>0,Vj€e{l,- N}
uj(v, t) = w(v, t) = u(v, t) t>0,V4,1€&,, veE Vi,
g;;_; (v, 1) =0 t>0, Vv e V\D,
JEEY
uj, (v, t) = t>0,VveD,
a( =0) =ul®, $(t =0) = u®, A
R, t — ) ff( t—) in I x (0, 7), Vj € {1, , N},

40



()

intervals I Z-(j

where o’/ are fixed non-negative real numbers, the delay 7 is positive and the

) satisfy
9 19 co,
As before we can rewrite this system in the form (2), by introducing H =
L?(R), the operator A defined by (48), U; = LQ(UéV:lIZ»(j)) and the operators B;
fori =1, 2 as

1

U — D(A3Y
N

72 Bl i) T

( ) k = Z\/al(-])/{ixllim
7j=1

where k means the extension of k by zero outside U;V:lli(j ) Tt is easy to verify

that
N .
Bi(p) = Y a e 0,0
j=1 ’

for ¢ € D(Az). Hence the system (71) can be rewritten in the form (2).
(9)

As before it is easy to see that the system (47) is well posed for 04(2]) <ay
forall j =1,---, N by Theorem 2.1, and the energy is decreasing for aéj) < agj)
for all j =1,--- , N by Proposition 3.1.

As mentioned before by Proposition 6.2 from [7], the generalized gap condi-
tion (37) holds with M = N + 1, but in this general setting, the conditions (43)
or (46) seem difficult to check. Hence, for the sake of simplicity, if we suppose
here that the standard gap condition (40) holds and that all eigenvalues are

simple (i.e., I = 1), then the condition (43) becomes

N
(73) Iy >0, szl,Zagj) /(‘) or(x)? dx > v,
i=1 iy

while the conditions (46) becomes
N .
(74) Im e RY, 3y >0, szl,Zagj)/ <pk(x)2dx>i

] = \2m"
= I{J) )\k

For instance using an argument like in Proposition 7.10, we easily see that
(73) (resp. (74)) holds if (51) (resp. (52)) holds and if Uj-V:lIf]) contains a
neighborhood of the set of control points V..

In the same manner, we have the

Proposition 7.19 If there exists ¢ > 0 and for all j € {1,--- , N}, there exists
d; € (0,1;) such that

then (73) holds.
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Proof. For any k € N*, let ¢ be the eigenvector of A associated with the
eigenvalue A\?. Then its restriction ¢y ; to the edge e; can be written in the
form

ok, (x) = e j cos(Apx) + di j sin(Agx) Vo € (0,1;),

for some real numbers ¢, ; and dj ;. Hence the normalization of ¢, yields

(75) I—Z/ lok,j(x \d;v<2maxl chj—i—d
j=1

On the other hand by the above expression of ¢y, ; and direct calculations,
we see that

5j+8
/ pr(x)’de > / pi(x)* de
? dj
g 1 ‘Ck ‘dk |
> 4+ d Zo )y Ry TRIT
(ck’] * )(2 2)\k /\k
1

2 2 €
> (¢t dk,j)(§ - /\7)'

Therefore for k large enough such that

5 1 €

2 A
which is equivalent to k > k., for some k. € N*, we deduce that

3
|, orlarde = Jick + ).
1

By summing this estimate on j and using the normalization estimate (75), we
obtain (73) for k > k.. The proof is complete since for k < k.,

N
Za@/, or(z)*dz > 0.
= I}J)

]

The analysis of the condition (73) in some particular cases reveals that the
condition of the above Proposition is far from being optimal but in its full
generality we cannot easily obtain a weaker condition.

As in the previous subsection one easily shows (see the proof of Lemma 7.11)
that the operators A and B = (B1By) € L(U, V') where U = Uy x U, satisfy
the assumption (20).

In conclusion applying either Theorem 4.4 or Theorem 5.3, we obtain the

Proposition 7.20 Assume that a ) < oz1 for allj =1,--- | N and that the
standard gap condition (40) holds and that all eigenvalues are simple (i.e., l =
1). Then

(i) The energy of system (71) decays exponentially if (73) holds.

(ii) The energy of system (71) decays like t~= if (74) holds.
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