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Abstract. We consider N Euler-Bernoulli beams and N strings alternatively
connected to one another and forming a particular network which is a chain begin-
ning with a string. We study two stabilization problems on the same network and
the spectrum of the corresponding conservative system: the characteristic equation
as well as its asymptotic behavior are given. We prove that the energy of the so-
lution of the first dissipative system tends to zero when the time tends to infinity
under some irrationality assumptions on the length of the strings and beams. On
another hand we prove a polynomial decay result of the energy of the second sys-
tem, independently of the length of the strings and beams, for all regular initial
data. Our technique is based on a frequency domain method and combines a con-
tradiction argument with the multiplier technique to carry out a special analysis

for the resolvent.
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1 Introduction

In this paper we study two feedback stabilization problems for a string-beam network.
In the following, only chains will be considered as mathematically described in Section

5 of [25] (see also [26] and Figure 1).
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Figure 1: A chain with 2V = 6 edges

Following Ammari/Jellouli/Mehrenberger ([10]), we study a linear system modelling the
vibrations of a chain of alternated Euler-Bernoulli beams and strings but with /N beams
and N strings (instead of one string-one beam in [10]). For each edge k; (representing
a string if j is odd and a beam if j is even) of the chain, the scalar function wu;(z,t) for
x € (0,1;) and t > 0 contains the information on the vertical displacement of the string
if j is odd and of the beam if j is even (1 < j < 2N), where [; > 0 is the length of the
edge k;.

More precisely we consider the evolution problems (P;) and (P») described by the fol-



lowing( systems of 2N equations :

(02ugj_1 — O2uzj_1)(t,z) =0, z € (0,l2j-1), t € (0,00), 5 =1,..., N,
(0ugj + dtugj)(t,z) = 0, z € (0,125), t € (0,00), j =1,..., N,
ui(t,0) =0, uon(t,lony) =0, t € (0,00),

O2ugj(t,0) = Q2usj(t,ls;) =0, t € (0,00), j =1,..., N,

(F1)
wi(t 1) = w41 (t,0), t € (0,00), j = 1,..,2N — 1,
Dugj(t,0) + dyusgj—1(t,l2j—1) = — Ogunj-1(t,l2j—1), t € (0,00), j =1,..., N,
D3ugj(t,laj) + Oyuzjs1(t,0) = dgug;(t,lay), t € (0,00), j =1,..., N,
[ 4;(0,2) = ug(az), Ouji(0,z) = ujl(x), z € (0,l),j=1,..,2N,
and

(0Fugj_1 — O2uzj_1)(t,z) =0, z € (0,12j-1), t € (0,00), i =1,..., N,

(0ugj + dtugj)(t,z) =0, z € (0,195), t € (0,00), j =1,..., N,

u1(t,0) = 0, ugn(t,lon) =0, Ouan(t,lon) =0, t € (0,00),

D2us;(t,0) = 3 ugj(t,0), t € (0,00), j =1,..., N,

(P2) § 0%ug;(t,la;) = —0Zug(t,la;), t € (0,00), j =1,...,N — 1,

u;(t, ;) = uj11(t,0), t € (0,00), j =1,...,2N — 1,

D3ug;(t,0) 4+ dyuj—1(t,l2j—1) = — Opugj_1(t,la5-1), t € (0,00), j =1,..., N,
D3ugj(t,loj) + Opuzjs1(t,0) = dgugyi1(t,0), t € (0,00), j =1,...,N — 1,

uj(0,2) = ug(x), Oru;(0,2) = ujl(:c), z e (0,l),7=1,..,2N.

Models of the transient behavior of some or all of the state variables describing the mo-
tion of flexible structures have been of great interest in recent years, for details about
physical motivation for the models, see [13], [19], [21] and the references therein.

Transmission problems on networks can be viewed as special cases of interaction prob-
lems or problems on multistructures. They have been studied since the 1980ies for
example by J.P. Roth, J.v. Below, S. Nicaise, F. Ali Mehmeti. They use the terminol-
ogy of networks which had been fixed in earlier contributions of Lumer and Gramsch.
For an outline of recent developpements see [1]. Mathematical analysis of transmission

partial differential equations is also detailed in [21].

Moreover, the control, observation and stabilization problems of networks have been the
object of intensive research (see [19, 21, 35] and the references therein). These works use
results from several domains: non-harmonic Fourier series, Diophantine approximations,

graph theory, wave propagation techniques.



In [19] and in [17, 18], controllability results for the wave equation on networks are proved
by showing observability inequalities and under assumptions about the irrationality
properties of the ratios of the lengths of the string. One should mention that in these

works, the control is only applied at one single end of the network.

Stabilization results for the wave equation on networks have been considered by several
authors in some particular situations. We refer, for instance, to [5, 8, 9, 10], where
explicit decay rates are obtained for networks with some special structures. We also
refer to [27] where the problem is considered in the presence of delay terms in the
feedback law. In [32] the aim is to develop a systematic method for the stabilization of
the general network by means of a damping term located on one single exterior node.
The authors obtain the explicit decay estimates (in general weaker than exponential)
of the energy for smooth initial data which depend on the geometric and topological

properties of the network.

On the other hand the controllability and stabilization for the beam equation on 1-d
network have been studied for instance in [2, 4, 6, 34]. In the papers [24], [25], the
authors studied the boundary controllability of a network of Euler-Bernoulli beams:
a numerical method is given to determine if controllability holds for some networks.
Then, in [26], a chain of serially connected Euler-Bernoulli beams with interior masses
is considered and using the exterior matrix method due to Paulsen ([28]), we establish

exact controllability.

Finally, concerning the stabilization of Euler-Bernoulli beams and strings on networks,
we refer to [10], where a stabilization problem for a coupled string-beam system is
considered, and to [33] for the study of the strong stability of a star-shaped coupled
network of strings and beams. We refer also to [11] where the authors study the same

problem as in [10] in higher dimensions.

Our aim is to study the spectrum of the conservative spatial operator which is defined

in Section 3 and to obtain stability results for (P;) and (P»).

We define the natural energy E(t) of a solution u = (uy, ..., uan) of (P1) or (P) by

N

loj 1
E(t) = 5 Z (/0 (\6tqu_1(t,:1;)|2 + |8$UQj_1(t,.’L')’2) dx

lo;
+/0 (‘8,5U2j(t,1')|2 + lagUQj(t,l')P) d.%') . (1.1)



We can easily check that every sufficiently smooth solution of (P;) satisfies the following

dissipation law
2N—1

2
E'(t)=— Y |ow;(t,1))]" <0, (1.2)
j=1
and therefore, the energy is a nonincreasing function of the time variable ¢.

The first result concerns the well-posedness of the solutions of (P;) and the decay of
the energy E(t) of the solutions of (P;). We also study the spectrum of the correspond-
ing conservative system. We give, in particular, the characteristic equation and the
asymptotic behavior of the eigenvalues of the corresponding conservative system. We
deduce that the generalized gap condition holds: if we denote by (A, )nen+ the sequence

of eigenvalues counted with their multiplicities, then
Iy >0,Yn>1, [Apron — An| > 7. (1.3)

Contrary to [10], it seems that the (simple) gap condition fails in general (for any N > 2).
Therefore we do not succeed to obtain an observability inequality (and then to deduce
stability results for (P;)) directly by the study of the spectrum and the eigenvectors (see,
for instance, [27]). In fact, the difficulties are to locate precisely the type of eigenvalues

in the packets.

However, we prove that the energy E(t) of the solutions of (P;) tends to zero when
t— 4+ oo in an appropriate energy space (described later), under some assumptions
about the irrationality properties of the length of the strings and beams. For that, we

use a result from [12].

As we do not succeed to obtain the explicit decay rate to zero of the energy of the
solutions of (P;), we change a little the system, by considering more dissipation condi-
tions. That is why we introduce in problem (F;), in addition, the following dissipation

conditions

In this case, we are able to prove more interesting stability results for system (FP,) and
to give the explicit decay rate of the energy of the solutions of (P) in an appropriate

space.



In the same manner as previously and with the same energy E(t) (defined by (1.1)),

every sufficiently smooth solution of (P) satisfies the following dissipation law

2N—-1 ) N-1 ) N )
E'(t) == Y |0 (6, 1)]" = D |07ue(t, o) = D |07 uzi (8,0) <0, (1.4)
j=1 j=1 j=1

and therefore, the energy is a nonincreasing function of the time variable ¢.

The main result of this paper then concerns the precise asymptotic behavior of the
solutions of (P,). As it was shown in [10] in the case of one string and one beam
connected together (i.e. N = 1), we can not expect to obtain an exponential decay rate
of the solutions of (P;). However we are able to prove that the decay rate to zero of
the energy is 1/t2, independently of the length of the strings and beams and by taking
more regular initial data in an appropriate space. Our technique is based on a frequency
domain method from [16] and combines a contradiction argument with the multiplier

technique to carry out a special analysis for the resolvent.

This paper is organized as follows: In Section 2, we give the proper functional setting
for systems (P;) and (%) and prove that these two systems are well-posed. In Section
3, we study the spectrum of the corresponding conservative system and we give the
asymptotic behavior of the eigenvalues. We then show that the energies of systems (P;)
and (P») tend to zero. Finally, in Section 4, we study the stabilization result for (P»)
by the frequency domain technique and give the explicit decay rate of the energy of the

solutions of (P).
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2 Well-posedness of the systems

In order to study systems (P;) and (FP2) we need a proper functional setting. We define

the following space

N
V = {u = (ul, ...,UQN) S H (Hl(o,lgj_l) X f]2(07 lzj)) R
j=1

Uj(lj) = Uj+1(0),j = 1, . ,2N — 1, ul(O) = O, ’LLQN(ZQN) = 0}

We consider on V' the sesquilinear form defined by

lgj

N loj_1
<u,u>y= Z (/ ’ &EUijl(l‘)azﬂgjfl(l‘)dl‘ + 65’112](1‘)83112](3})(11) . (2.5)
j=1 0 0

Lemma 2.1. The number 0 is an eigenvalue associated with (Py) and (P2) of multi-
plicity N — 1, i.e. there exists a subspace of V' of dimension N — 1 such that any ¢ in

this subspace satisfies

2o 1(z) =0,z € (0,l351), j =1,..., N,
Odai(x) =0, x € (0,1z), j =1,..., N,
$1(0) =0, ¢pan(lan) =0,

(EPy)  92¢2;(0) = 32¢aj(laj) =0, j = 1,..., N,
¢;(lj) = ¢j+1(0), j =1,...,2N — 1,
D3h2;(0) + 0up2j—1(l2j—1) =0, j =1,..., N,
2o (laj) + Op2j+1(0) =0, 5 = 1,..., N.

Proof. Let ¢ be a non-trivial solution of (EF). By the first two equations of (EFy), for
je{l,---,N}, ¢2j_1 is a first order polynomial and ¢9; is a third order polynomial.
Moreover, with the fourth equation of (EP,), ¢2; also is a first order polynomial. The

last two equations of (EPy) become
8x¢2j—1(0) = a:c(ij—l(le—l) =0, j=1,---,N.

Consequently there exists byj—1 € C such that ¢oj_1 = bgj—1 for j € {1,---,N}. The
third equation of (EP,) implies by = 0. Moreover we find, by the fifth equation of
(EP()), that

boiy1 — boj_
¢2j($):%$+52j717 z € (0,ly), j=1,---,N,
j



where we set boy1 = 0.

The function ¢ defined above with (b3, b5, -+ ,ban—1) € CN=! then satisfies (EP,),
which finishes the proof. O

It is well-known that system (P;) may be rewritten as the first order evolution equation

=AU,

U(0) = (u°, u') = U, 20

where U is the vector U = (u, d;u)! and the operator A; : Y7 — V X HZN L*(0,1;) is
defined by

Ai(u,v)" = (v, (Q2uzj—1, —Ouz;)1<j<n)’,

with
N
Y) = ) e | T (H2(0,155-1) x HY0,15;)) | NV x V
7j=1
satisfying (2.7) to (2.10) hereafter},

a:%UQN(lQN) =0 (2.7)

D2us;(0) =0 j=1,...,N and 02ug;(lz;) =0, j=1,..,N—1 (2.8)

Pug;(0) + Dpugj—1(lzj—1) = —vaj-1(lgj—1), j=1,..,N (2.9)

Oquj(t, lgj) + 8xu2j+1(0) = ’Ugj(lgj), j=1,..,N—1. (2.10)

It is clear that < ., . >y does not define a norm for V' but only a semi-norm since, for

all u € V, we have < u, u >y= 0 if and only if u satisfies (FPp). In order to get an
appropriate Hilbert setting we denote by Ey the eigenspace of A; associated with the

eigenvalue 0, i.e.

2N
Ey =1 (4,0) €V x HLQ(O, lj) : ¢ satisfies (EP) o,
j=1

and Py :V x H?fl L%(0,1;) — Ey the projection onto Ey defined by
1
Py1=— j{()\l — Ap)ta),
27 J,,

where 7 is a simple closed curve enclosing only the eigenvalue 0 (see Theorem I11-6.17 of

[20]). We can easily verify that Ey = Py1(V X HZN L*(0,1;)), since some calculations



show that we can not find (u,v)! € Ker(A?)\Ker(A;). Now let H; be the Hilbert space

defined by
2N

V x []L%(0,1;) = Eo ® Ha, (2.11)
j=1

where H; = (I — Po1)(V x H?fl L%(0,1;)). Then Py is the projection onto Ey parallel
to Hy. Note that, if N =1, H; =V X H?fl L*(0,1;) and only in that case.

Now H; is a Hilbert space, equipped with the usual inner product

< . N > =§:</Ol2jl (U2j—1($)’52j—1(x)+axu2j—1($)3mﬂ2j—1(x)) dz

H1 J=1

|2

]
4

iFrom now on we consider the operator A; restricted to the space H; NY; with value
in Hp, that is meaningful since A; commutes with Fy;. By abuse of notation, this

operator will be denoted by A; and D(A;) will be its domain, i.e.
D(A)) :=H1NY.

Therefore
Ai i D(A1) — Ha.

Moreover the norm on D(A;) is defined by

1 0)IDay) = 1AL, 0) 3, + 11w, )1y, - (2.12)

Note that, with all these notation, problem (P) is rewritten in an abstract way as: find

(u,v)! € D(Ay) such that (u,v)t = Aj(u,v)t.

Now we can prove the well-posedness of system (P;) and that the solution of (P;)

satisfies the dissipation law (1.2).

Proposition 2.2. (i) For an initial datum Uy € Hi, there exists a unique solution

U € C([0, +00), H1) to problem (2.6). Moreover, if Uy € D(A1), then

U € C([0, +00), D(A1)) N CH([0, +00), H1).

(ii) The solution w of (Py) with initial datum in D(A;) satisfies (1.2). Therefore the

Eenergy is NOnincreasing.



Proof. (i) By Lumer-Phillips’ theorem (see [29, 31]), it suffices to show that A; is

dissipative and maximal.

We first prove that A; is dissipative. Take U = (u,v)! € D(A;). Then
N

(AU, Uy, =Y (/(fjl (3§U2j—1(9€)02j—1(37) + 3xv2j—1(ﬂ?)3zu2j—1(x)) dz

Jj=1

; /l (-0t )+ By ()0 ) )

By integration by parts, we have

N N N
l _ ¥ l
§R(<A1U U Hl Z 8 2z U25— 1'02j 1 21 Z a UQJUQJ +Z [a U/QJa UQJ]OQJ
j=1 =1 j=1
Moreover, we have
N
Z 8 uzjé) UQJ = 0,
j=1
by (2.7) and (2.8), and by the continuity of v at the interior nodes, we obtain
N l N l
D [Opugj v 1lg 4+ [~02ug;vs5]
j=1 j=1
N N-1
=D (Owuzj—1(loj—1) + Ouz;(0)) Taj=1(laj1)— D (Dwuzjs1(0) + us;(lag)) v2j(la)
J=1 7j=1
—,u1(0)77(0) — O2uan (lon)Tan (lan)
N N-1
== fvayalaj )P =) vyl
j=1 j=1
by (2.9), (2.10) and since v € V. Therefore
2N-1
R (AU, Uyy) == D i) <. (2.13)
j=1
This shows the dissipativeness of Aj;.
Let us now prove that Ay is maximal, i.e. that Al — A; is surjective for some A > 0.
Let (f,9)" € Hi. We look for U = (u,v)" € D(A;) solution of
u
MN-A)| | = ! ) (2.14)
v g

10



or equivalently

Auj —vj = f; Vje{l,..,2N},
Avgj_1 — O2ugj_1 = goj—1 Vj € {l,..,N}, (2.15)
Avgj + Opugj = goj Vje{l,..,N}

Suppose that we have found u with the appropriate regularity. Then for all j €
{1,...,2N}, we have
V5 = )\Uj — fj eV. (2.16)

It remains to find w. By (2.15) and (2.16), u; must satisfy, for all j =1,..., N,
Mugj_1 — 2ugj—1 = gaj—1 + M faj_1,

and
)\2uzj + 8§U2j = go; + )\fgj.

Multiplying these identities by a test function ¢, integrating in space and using integra-
tion by parts, we obtain

N laj—1 N l
Z/ (Nugj_1d2j—1 + Oyunj—10,¢2j—1) dz — Z [Opugj—1¢2j-1], "
0

j=1 7j=1
N

la;
+ Z/ ()\ qugZ)gj + 02 u2j6 qbgj dﬂ? + Z ( 8 Uzjgbgj] [62?@]3 mlz])
0

j=1 7j=1
l _
= Z/O (95 + Afj) djda.

j=1
Since (u,v)! € D(A;) and (u,v) satisfies (2.16), we then have

N ploj—a N ol - _
Z/ (Nugj_1¢2j—1 + Opuj—10:¢2j—1) da:—i—Z/ (Nugjaj + O2ug;02ds;) da
0 0

j=1 j=1
2N—-1 2N—-1

+ > duy(l Z/ (9; + \fj) dida + Z £i)e;(1,). (2.17)
j=1

This problem has a unique solution u € V by Lax-Milgram’s lemma, because the left-

hand side of (2.17) is coercive on V equipped with the inner product defined by

\:
\21

N laj—1 -
Z/ (Opugj—1(2)0ztizj—1(z) + uzj—1(x)uzj—1(z))dx

N la;
+) /O (O2ugj ()07 (x) + ugj(x) iz (x))de,

J=1

11



and since A > 0. If we consider ¢ € H?fl D(0, Ij) C V, then u satisfies
Nugj 1 — Dougj 1 = gaj1 + Afoj-1 inD'(0,lgj1), j=1,---,N,
)\2U2j + a;lqu =g2; + )\fzj n D/(O, lgj), j=1,---,N.
This directly implies that u € [}, (H?(0, lpj—1) x H*(0, I5;)) and then u € V

Hév:l (HQ(O, laj—1) x H*(0, lgj)). Coming back to (2.17) and by integrating by parts,

we find

N
Z (0Fua;(l2j) D haj(l25) — OFuj(0)Dx2;(0))

J=1
N

+ ) (Owuzj1(lzj—1) + 03uz;(0)) 2j-1(l2j-1)
3\]:711 - 2N-1 o 2N-1 o

= > (Owtigj11(0) + Bugj(lay)) daj(lag) + > Muj(l)di(l) = D fi(1)s(1).
j=1 J=1 J=1

Consequently, by taking particular test functions ¢, we obtain

8§U2j(l2j) =0 and 8§u2j(0) =0,j=1,---,N,
Ortigj—1(lzj—1) + Oguz; (0) = —Augj—1(lzj—1) + faj-1(l2j-1)
= —UQj_l(ZQj_1)7 j = ]_’ e ’N7
8xu2j+1(0) + 3§u2j(l2j) = )\’LLQj(le) — f2j(l2j) = ij(ZQj)7 ] = 1’ ce ’N — 1.
It remains to show that (u,v) € Hi. Since (f,g) € H1 = (I — Po,1)(V x H?£1 £2(0,1,)),

there exists (f,g) eV x H?ﬁl L?(0,1;) such that (f,g) = (I — P0,1)(Z,Q)- Then

(w,0) = M =A) (£, 9) = M=A) (I=Poa)(f.9) = I-Poa)M—-A) ([, 9) € Hi,
since the resolvent of 4; commutes with Py (see [20]).
In summary we have found (u,v)! € D(A;) satisfying (2.14), which finishes the proof of

(i).

(ii) To prove (ii), it suffices to derivate the energy (1.1) for regular solutions and to use
system (P;). The calculations are analogous to those of the proof of the dissipativeness

of A; in (i), and then, are left to the reader. O

Proposition 2.2 allows to get an existence result in the whole space V' x H?fl L*(0,1;):

Corollary 2.3. For an initial datum Uy € V X H§£1 L*(0,1;), there exists a unique
solution U € C([0, +00), V x H?fl L*(0,1;)) to problem (2.6).

12



Proof. Let Uy be an initial datum in V' x HQN L*(0,1;). We can write Uy = Py 1Up +
(Id — Py1)Up where (Id — Py 1)Uy € Hy. Denote by T'(t) the semi-group generated by
A; in H; (see Proposition 2.2). The solution of (2.6) is then given by Py 1Ug+T'(t)(Id—
Po.1)Us. O

We see, in the same manner, that problem (P;) can be rewritten in an abstract way as:
find (u,v)! € D(As) such that (u,v)! = Az(u,v)!, where Ay : Yo — V x H2N L?(0,1; ;)

for

N
Yy = ) e | TT (H2(0,195-1) x H*0,15;)) | NV x V
7j=1

satisfying (2.7), (2.9), (2.10) and (2.18) hereafter},

02u;(0) = Dyv2;(0), j = 1,..., N and 02ug;(lz;) = —0yv2;(l2;), j = 1, ..., N — 1, (2.18)
As(w,v)" = (v, (Bjuzj—1, —Ozuzs)1<j<n)"

Then we define the Hilbert space Ho by

2N 2N
V x [JL%(0,5;) = B ® Ha, Ha= (I — Po2)(V x [[L*(0,1))
j=1 j=1

with Pyo : V X 2.5 L?(0,1;) — Ejy the projection onto Ey defined by
) J 1 J

1
Pyo= — ()\I — Ag)"tax
20

(with v is a simple closed curve enclosing only the eigenvalue 0), and
D(Az) = HaNYs.

Then
./42 . D(AQ) — HQ.

The following proposition holds:

Proposition 2.4. (i) For an initial datum Uy € Ha, there exists a unique solution

U € C([0, +00), Ha) to



Moreover, if Uy € D(Az), then

U € C([0, +00), D(A2)) N C*([0, +00), Ha).

(ii) The solution w of (P») with initial datum in D(As) satisfies (1.4). Therefore the

Eenergy s NOnincreasing.

Proof. The proof of (i) and (ii) is the same as the proof of Proposition 2.2, and therefore
is left to the reader. O

In the same manner as previously, Proposition 2.4 allows to get an existence result in

the whole space V' x Hffl L%(0,1;):

Corollary 2.5. For an initial datum Uy € V x Hjﬁl L%*(0,1;), there exists a unique
solution U € C([0, +00), V X H?fl L*(0,15)) to

U’ = AU,
U(0) = U.

3 Spectral analysis of a chain of serially connected Euler-Bernoulli

beams and strings

In this section, we study the spectral analysis of the corresponding conservative system.

Let @ be the solution of the conservative system derived from problems (P;) and (Ps)

given in the introduction, i.e. @ is the solution of the following system

(0F®g;_1 — 02®9;_1)(t,2) =0, z € (0,l9j-1), t € (0,00), j =1,..., N,
(0} Poj + 02®9;)(t,x) =0, z € (0,1z5), t € (0,00), j =1,..., N,
®1(t,0) =0, Pon(t,lon) =0, t € (0,00)

02®9;(t,0) = 029, (t,12;) =0, t € (0,00), 5 =1,..., N,

®;(t,1;) = ®;+1(¢,0),t € (0,00), j =1,...,2N — 1,

D3®9;(t,0) + 0:Poj—1(t,l2j—1) =0,t € (0,00), 5 =1,..., N,

D39 (t,l2j) + 0xPoji1(t,0) =0,t € (0,00), 5 =1,..., N,

®;(0,z) = u?(:c), 0;®;(0,2) = u]l(x), xz € (0,15),7=1,...,2N,

where we have replaced the dissipative conditions (in bold characters in systems (P)

and (P,)) by the conservative ones.
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3.1 The characteristic equation

Let ¢ be a non-trivial solution of the eigenvalue problem (EP) associated with the con-
servative problem (P.) and (—z%) be the corresponding eigenvalue (since the eigenvalues
of the eigenvalue problem associated with (P.) are all negative). We will assume that
z > 0. The case z = 0 has been treated before (cf. Problem (EPFy), Section 2). That is
to say, ¢ satisfies the transmission and boundary conditions (3.19)-(3.23) hereafter as

well as
8%@52];1 = —Z4¢2j71 on (O,Iijl), Vije {1,...,N},
(EP)q —03a; = —2"¢o; on (0,lp;), Vje {1,..,N},
¢2j71 € HQ(Oal2j71)> v] € {17"'7N}7 ¢2] € H4(07l2j)7 Vj € {17 "'aN}v

$1(0) = 0, dan(lan) =0, (3.19)

0302(0) = Rop2j(lz;) =0, j=1,...N (3.20)
0i(l;) = ¢j11(0), j=1,...,2N —1 (3.21)
O2ho;(0) + Oyppoj—1(laj—1) =0, j=1,..,N (3.22)
D2poi(laj) + Oph2j+1(0) =0, j=1,..,N —1. (3.23)

Following Paulsen ([28]) and Mercier (][23]), we will rewrite this eigenvalue problem on
a chain of 2N beams and strings using only square matrices of order 2 in the following

way: we define, for each j € {1, ..., N}, the vector functions V5;_; and Va; by

¢
Voj—1(z) = <¢2j—1(30), Z123x¢2j—1($)> , Vo € [0, l2;-1],

1 t
Vaj(z) = (¢2j($)> 233§¢>2j($)) , Vo € [0, lg;].
Define the matrices A; by

C2j—1  S2j-1
Agj1(z,l2j-1) = :
—825—-1 C25-1

1
Agi(z,l95) :=
2]( I 2]) tegjz _ 2612j282j _ 1
295 o
e*27% (caj — 82j) — Caj — 52 289 (1 — e27%)
)
62l2j202j — 2€l2jz + C2j €2l21z (CQj — 82]') — C25 — 825
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with j € {1,---, N} and with the notation

CQj_l = COS(ZQj_l . 22), 32j—1 = Sin(lgj_l . 22)

(3.24)
C2j = COS(ZQj . Z), 825 = Sin(ZQj . Z)
The matrix T is defined by:
) 1 0
T(z):= 1
0 —=
z
To finish with, the matrix M (z) is the square matrix of order 2 given by
M(Z) = AQNTAQN_]_...TilAQTAl. (325)

Lemma 3.1. (A few trivial but useful properties)

With the notation introduced above, we have:

Vi(l;) = A;V;(0), Vj € {1,..., 2N},

Va;(0) = TVaj_1(laj_1), ¥j € {1,..., N},
Vajt1(0) = T Wa;(la;), Vi € {1,..., N — 1},
Van(lon) = M (2)V1(0).

Proof. First, for j odd and j € {1,...,2N}, since ¢; satisfies the first equation of the
eigenvalue problem (EP), ¢; is a linear combination of the vectors of the fundamental

basis
(cos(2?.), sin(z%.)) .

The first equation of the lemma follows from that property after some calculations.
Now, for j even and j € {1,...,2N}, since ¢; satisfies the second equation of the
eigenvalue problem (EP), ¢; is a linear combination of the vectors of the fundamental
basis

(cos(z.), sin(z.), €7, e %) .
In this basis, if we consider the two following functions dy, dy with coordinates
dy := (—€'%sin(l;z2), €997 cos(ljz) — 1,0, —e'i% sin(l;2))

dy := (eli* — 71970, cos(l;2) — e % €li* — cos(l;2),

we can see that they are independent and satisfy (3.19). Consequently ¢; can be ex-

pressed as a linear combination of these two functions. Now, to find A;, we proceed as

16



follows: let (v, 3)! the coordinates of ¢; in the basis (dy,d2). There exist two matrices
My, My such that V;(0) = My(a, )" and V;(l;) = Mi(a, 3)", then A;j is the matrix
MM

Moreover the transmission conditions (3.21), (3.22) and (3.23) imply the second and
third equations.

The fourth one is the logical consequence of the first three applied successively for j = 1,

7 =2, etc... I

Theorem 3.2. (The characteristic equation for the eigenvalue problem corresponding
to a chain of alternated beams and strings)
The number (—z*) (z > 0) is an eigenvalue of Problem (EP) if and only if z satisfies

the characteristic equation
f(z) =mia(z) =0, (3.26)

where my2(2) is the term on the first line and second column of the matriz M (z).

Proof. Let ¢ be a non-trivial solution of the eigenvalue problem (EP) and (—z*) be the

corresponding eigenvalue, where z > 0.
Using the boundary conditions as well as Von (lon) = M (2)V1(0), it follows:
0 v 0
%63¢2N(12N) =M % 1(0)
It is clear that the vector of the second part of the previous equality is non-trivial since

¢ is a non-trivial solution of problem (EP). Hence the result. O

Proposition 3.3. (Asymptotic behavior of the characteristic equation)

Assume that the characteristic equation is given by Theorem 3.2. Then

f(2) = 2 (fo(2) + 9(2))
where
Joo(2) = s1(2) - c2(2) - s3(2) - - - san—1(2) - (can (2) — s2n(2)) (3.27)

(with c;, s; defined by (3.24)) and g satisfies lim,_. o g(2) = 0. Thus, the asymptotic
behavior of the eigenvalues of Problem (EP) corresponds to the roots of the asymptotic

characteristic equation

foo(2) = 0. (3.28)

17



Proof. In the following, the notation o(h(z)) is used for a square matrix of order 2 such
that all its terms are dominated by the function z — h(z) asymptotically if z — +oo.

For any j € {1,...,N},

1 C2j — S2j 259

Agj(z, lgj) = - - 6212jz + 0(212]‘2’)
e2% — 2eli%s9; — 1 coj  Coj — 82
Thus
Coi — 895 282 i
Agj(z,lgj) = J J ! +0(1),
CQj ng — 82]'
which leads, after some calculations, to:
1 (c2j — s25)caj—1 (c2j — S25)52j-1
T AQjTAijl = + 0(1)

—2C25C25—1 —2C25525—1
Likewise

(cojra — s2j12)c2ir1  (C2jr2 — S2j42)82j41

TilAQj_A'_QTAQj_A'_l = + 0(1).

—RC2j+2C2j+1 —RC2j4252j+1
Thus

T~ AgjoT Agjn T~ AgiT Ajy

[ —a(e2jre — saj12)s2ip1c2i02-1 —2(Coj42 — S2j42)S2j41C2552j-1 (1)

2 2
27C2j4252j41C25C2j—1 27°C2j4252j+1C2552j—1
The result follows by induction. O

Remark 3.4. We can note that the eigenvalues of (EP) have 2N families of asymptotic

behavior:

k2 2k \?
<_ (l W)) ’ j:17'”7N7 (_(T)) ) j:17'”7N_17
Zj—1 kEN* 42] keN*
4
o <_ <7T/l+’m> ) |
2N keN*

It follows that the generalized gap condition (1.3) holds (with A = iz%).

Proposition 3.5. (Geometric multiplicity of the eigenvalues)
If —2* (with z > 0) is an eigenvalue of Problem (EP) and E, is the associated eigenspace,

then the dimension of E, is one.
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Proof. The eigenvectors ¢ of (EP) associated with the eigenvalue (—z*) (with z > 0)
are entirely determined by their values at the nodes of the network (i.e. where the

beams and strings are connected to one another). Due to Lemma 3.1, they are also
t

1
determined by V;(0) = (gbl(O), Z2am¢1(0)> . Now ¢1(0) = 0 (cf. condition (3.19)) and
0,#1(0) may take any value in R*. Hence the result. O

3.2 Strong stability of (P,) and (F2)

We first prove the following lemma:

Lemma 3.6. If there exist i, j € {1,--- , N} such that

hit g o Zgq, (3.29)

loj—1 lo;

or if there exist i, j € {1,--- , N} such that

l ; 2 2
E 2i) + %7’[‘, where p, q € Z, (3.30)
2j—1
then
2N -1
> 1) # 0, (3.31)
j=1

for all eigenvectors ¢ of (EP).

Proof. Let ¢ be an eigenvector of (EP) associated with the eigenvalue (—z%), where

z > 0. Assume that (3.31) is false, i.e. that we have

2N
> 165(0) =0. (3.32)
j=2
We use in the following the basis introduced in the proof of Lemma 3.1.
First, since ¢2;1(0) =0 for j =1,--- , N, it is easy to see that there exists as;_; such
that

¢oj_1 = agj_1sin(z%), Vj=1,--- N.

Then, by the continuity at the interior nodes (3.21), we get

a25—-1 Sin(z2l2j,1) = 0, Vj = 1, s ,N.
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Second, there exist agj, baj, az; and i)gj such that
(aj = ag;sin(z-) + baj cos(z-) + ag; sinh(z-) + ba; cosh(z).
By (3.20) and (3.32), we obtain
byj = sz =a; =0 and agjsin(zly;) =0, Vj=1,---,N,
since z # 0. Then, we have, with the notation introduced in (3.24),

a;S; = 0, ] = 1, te ,2N (333)

Moreover (3.22) gives

1
azj = ;a2j7162j713

and (3.23) yields

A2j+1 = 202;C2j.
By induction, we obtain, for all j > 2,
aj = zejalcj_lcj_g cCq, (3.34)

with eg; = —1 and epj_1 = 0. Therefore a; # 0 (otherwise a; = 0 for all j, and then
¢ = 0, which is impossible). Now, by (3.33), we have s; = 0 and ¢; = +1. Then,
since (3.34) holds, as # 0 and sy = 0, again with (3.33). Then ¢y = +1... We see, by
induction, that s; = 0 for all j € {1,---,2N}. Therefore, it suffices to have one s; # 0
for some j € {1,--- 2N} to obtain (3.31). It is the case if there exist i, j € {1,--- , N}
such that (3.29) or (3.30) hold. O

As a consequence of the previous lemma, we can prove the following proposition.

Proposition 3.7. We have
lim E()=0 (3.35)

t— +o0

for all solution u of (Py) with (u®, u') in Hy if and only if (3.31) holds for all eigenvectors
¢ of (EP). Consequently, if there exist i, j € {1,--- , N} such that (3.29) or (3.30) hold,

then (3.35) holds.
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Proof. Let us show that (3.31) implies (3.35). For that purpose we closely follow
[30].

First, we show that 4; has no eigenvalue on the imaginary axis. If it is not the case, let
iw be an eigenvalue of A; where w € R*. Let Z € D(A;) be an eigenvector associated

with w. Then Z is of the form

¢

7 = -
iwo

i

with
O2poj_1 = —w?doj_1, j=1,---,N,
Opaj = WPy, j=1,---,N.

It is an immediate consequence of the identity (iwl —.A;)Z = 0.

(3.36)

We now take the inner product (.,.);, between A1Z and Z. By (2.13), we have

2N—-1

R((A1Z,Z)y,) = —w? S 16517
j=1

Since Z is an eigenvector of A; associated with iw and w # 0, we obtain

2N—-1

> i) =o.
j=1

Note that ¢ satisfies the eigenvalue problem (EP). Then this contradicts (3.31). There-

fore A; has no eigenvalue on the imaginary axis.

Now, we can apply the main theorem of Arendt and Batty [12]: Since o(A;) N iR is
empty, we obtain (3.35).

Let us show that (3.35) implies (3.31). For that purpose we use a contradiction
argument. Suppose that there exists an eigenvector ¢ of (EP) of associated eigenvalue

(—2*) with z > 0 such that
aN—1

> i) =o.
j=1

Let us set

u(., t) = ¢ cos(2%t).

Then w is solution of (P;) and satisfies



because

This contradicts (3.35).

It suffices to use Lemma 3.6 to finish the proof. 0

Moreover, with the same method as previously, we are able to prove the decay to zero
of the energy of the solutions without restriction about the irrational properties of the

lengths.

Proposition 3.8. We have . liaI_l E(t) = 0 for any solution of (Py) with (u®,u') in
— 400
Ho.

Proof. As in the proof of Proposition 3.7, we can show that the energy of the solutions

of (P,) tends to zero if and only if

2N—-1

N-1
> 165+ D (1006;(12))I + 10625 0)] ) # 0, (3.37)
j=1

j=1
for all eigenvectors ¢ of (EP). Let ¢ be an eigenvector of (£ P) such that (3.37) is false.

By the same proof as Lemma 3.6, this implies that ¢ = 0, which is impossible. Then
(3.37) holds and therefore the energy decays to 0. O

Remark 3.9. If we take the initial data in V><]_[j2-£1 L%(0,1;), the energy of the solutions
of (P1) and (P,) do not decay to 0. For instance, u = ¢, where (¢,0)! is an eigenvector
of A; (i = 1, 2) associated with the eigenvalue 0, is a solution of (P1) and (P2) with
constant energy. More precisely, for an initial datum Uy € V X H?fl L?(0, l;), the energy
of the solution Py1Up + T(t)(Id — Po,1)Uy of (P1) (see Corollary 2.3) will converge to

the energy of Po1Uy (which is of course constant). We obtain a similar result for (Py).

4 Stabilization result for (P,)

We prove a decay result of the energy of system (P,), independently of the length of
the strings and beams, for all regular initial data. In [10], the authors prove that the
system described by (P2) is not exponentially stable in Hy with N = 1 (i.e. with one

string and one beam). Therefore, in the general case (for N € N*), we can not expect
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to obtain an exponential decay of the energy of the solutions of (FP2), but only a weaker
decay rate, and in this general case, we prove a polynomial decay rate. To obtain this,
our technique is based on a frequency domain method and combines a contradiction

argument with the multiplier technique to carry out a special analysis for the resolvent.

The following theorem is a direct generalization of the result in [10], which we note, due

to a mistake in the choice of 8, the decay rate in the following t% has been written %4

(corresponding to a choice of # = 1 and not to 0 = 1/2).

Theorem 4.1. There exists a constant C > 0 such that, for all (u®,u') € D(Ap), the

solution of system (Py) satisfies the following estimate

1
E(t)<C 5 H(go,gl)H;(AQ) : Vit > 0. (4.38)

Proof. We will employ the following frequency domain theorem for polynomial stability
from [16] (see also [14, 22] for weaker variants) of a Cy semigroup of contractions on a

Hilbert space:

Lemma 4.2. A Cy semigroup ' of contractions on a Hilbert space satisfies
tc 1
e Uol| < CEHUOHD(L)

for some constant C > 0 and for 8 > 0 if and only if

p(L) D{iB | B € R} =R, (4.39)
and
lim sup — |8 — £)1]| < oo, (4.40)
8]0

where p(L) denotes the resolvent set of the operator L.

Then the proof of Theorem 4.1 is based on the following two lemmas.

Lemma 4.3. The spectrum of As contains no point on the imaginary axis.

Proof. Since As has compact resolvent, its spectrum o(.A3) only consists of eigenvalues

of Ay. We will show that the equation

AyZ =iBZ (4.41)
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with Z = (y, v)' € D(A2) and § # 0 has only the trivial solution.
By taking the inner product of (4.41) with Z and using

)

N—1
<|v2] l25) | +

Jj=1

dUQ j

N
R(<AZ 7 >p,) == (vzj 7 )

Jj=1

we obtain that

dUQj
dx

dvy; dvg;

’U2j(0) = U, (O) = O, ] = 1, ...,N and Ugj(lgj) = 0 dr (lgj) 0 j = 1, ...,N — 1.

Next, we eliminate v in (4.41) to get an ordinary differential equation:

(B2y2j—1 + Oy2j—1)(z) =0, z € (0,12j-1),5 = 1,..., N,
(B%yaj — Oryaj)(x) = 0, x € (0,15),5 =1,..., N,

y1(0) =0, yan(lon) =0, B2yan(lan) = 0,

92y2j(0) =0, j =1,..., N,

O2yai(laj) =0,5=1,..,N — 1,

y;i(lj) = yj+1(0), j =1,...,2N — 1,

O3y2j(0) 4+ Dry2j—1(l2j—1) =0, j =1,..., N,

D3yai(la;) + O3y2j+1(0) =0, j = 1,..., N — 1.

(4.43)

Then, we can easily see that the only solution of the above system is the trivial one. [

The second lemma shows that (4.40) holds with £ = A and 6 = 1.
Lemma 4.4. The resolvent operator of As satisfies condition (4.40) for 6 = 1.
Proof. Suppose that condition (4.40) is false with & = 1. By the Banach-Steinhaus

Theorem (see [15]), there exists a sequence of real numbers 3, — 400 and a sequence

of vectors Z, = (y, , v,)t € D(Az) with || Z,||7, = 1 such that

1B (iBT — A) Znllrs — 0 a8 n — oo, (4.44)
i.e.,
B2 (iBpyn — vn) = frn — 0 in V, (4.45)
12 ( dPyn,2j1 .9
B | 1Bnvn,2j—1 — g2 ) = Iz 0 in L%(0,l2;-1), (4.46)
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d*yn.o;
BL/2 (zﬂnvn,gj—i— jxff> = kpaj — 0 in L*(0,1z), (4.47)

since 671/ 2 < Bn.

Our goal is to derive from (4.44) that ||Z,||, converges to zero, thus there is a contra-

diction. The proof is divided into four steps:

First step. We first notice that we have

H/Bn(zﬂnf - -AQ)ZHHHQ > ’ER (<ﬂn(zﬂn1 - AQ)va Zn>H2) ‘ (4'48)

Then, by (4.42) and (4.44),

d’Un 2]

1
/ﬁﬂ% Un,2j(0) - 07 ﬁn ( ) - 07 j = ]-a aN (4'49)

and
d’Un 27

1
BT% ’Umgj(lgj) — O, Bn ( Qj) — 0, j = 1, ...,N — 1. (450)

This further leads, by (4.45) and the trace theorem, to

dyn,2j

3 3
Bl s — 0, 15,

(0)' —0, j=1,..,N, (4.51)

and

3 3 | dyp, .
1Bal? gy (la)] = 0, Bl ]y %00 0, jotN-1  (452)

Moreover, since Z,, € D(A3) and thus satisfies (2.18), we have, by (4.49) and (4.50),

d d?
|Bn|’ ‘ y“J(O)‘ —0,7=1,..,N, |ﬁny* ‘ y“ﬂ ()| = 0,7 =1,..,N—1. (4.53)

Then, note that, by continuity at the interior nodes and by (4.51) and (4.52), we have

3 ‘ 3 .
1Bn|? |Yn2i—1(0)] = 0,7 =2,... N, |Bn]? |yn2j—1(l2j—1)] — 0, j=1,...,N. (4.54)

Second step. We now express v, as a function of y from (4.45) and substitute it into

(4.46)-(4.47) to get

d*yp.0i— » '

B2 <—ﬂ2yn72j—1 — %) = gnajo1 +iBufazjo1, j=1,..N,  (4.55)
12 ( _ g2, . d'yn2i\ P o N

ﬁn nYn,2j + dat = vn,2j + Zﬂnfn,2]7 ] = 1, ey IV (456)
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Next, we take the inner product of (4.55) with go;—1(: in L?(0,12j_1) where

q2j—1 € Cl([(),lgj_l]) and qgj_l(O) = 0. We obtain that

laj—1 d2 ) A o
1/2 2 Yn,25—1 Yn,25—1
/0 an/ ( — 5nyn,2j—1 - A2 )q2j_1($)7 dx

laj—1 . dn.2i—1
= / <gn,2j—1 + i, fn,2j—1> %j—l(@%’ij dx
0 X

loj—1 dijn 2 laj_1 dfn 2i
2j—1 . n,25—1 _
= i () —/—=—dx —1 i _1dx
/0 9n,2j—1 925 1( ) du /0 q25—1 du: Bnyn,2] 1

f2j-1 daa;—
—i/ fn,2j—l% BnYn,2j—1 dx + i fn2i-1(l2j-1)q2j—1(12j—1) BnYn,2j—1(l2j—1)-
0
(4.57)

)dyn,ijl
dzx

It is clear that the right-hand side of (4.57) converges to zero. Indeed, fy2;—1 and
gn2j—1 converge to zero in H'(0,lg;_1) and L%(0,l2j_1) respectively, [Znlly, = 1 and

(4.54) holds, and, finally, |B,yn2j—1| =

f"’fﬁl + ’Un’gjl‘ is bounded in L%(0,l2;_1).

By a straight-forward calculation,

loj 1 A2 1
e {/ —B2Yn,2j-1 QQj—l% dx} = _§CI2j—1(l2j—1)’ﬁnyn,Qj—l(l2j—1)|2
0

1 21 dgojq
+/ | Brtn2j—1]*dx
0

2 dx
and
laj—1 d2y o dii o 1 p ' )
_ n,2j—1 . yn,2y—1 _ . . M .
§R{/0 drz T dw} 5 42i-1(l2j-1) - (Igj—1)

1 [l dyn,2j—1 2 dg2;—1
B ’ dx.

" 2 /0 dx ar v

We then take the real part of (4.57), and (4.54) leads to

loj—1 dga; laj-1 g - d . 2
j—1 2 q2j—1 | AYn,2j—1
1% d d
/0 dx [Bntin.25-1 $+/0 dx dx v
A2 2
— q2j-1(l2j-1) %(lzj—l) — 0. (4.58)
dYn,2j

Similarly, we take the inner product of (4.56) with go;(-) in L%(0,ly;) with go; €

C3([0,124]) and g2(la;) = 0. We then repeat the above procedure. Since

la; 2 1 l2;j d? ~ . 1 loj d2 ~ .
Yn,2j . Yn,2j
de = —— VUn.2j - — i i — Up.2j dx
/() Zﬂn /0 n,2j dz2 15” /0 ( Bn Yn,2j n,2]) da2

dgn,? dgn,?
- 2(0) yn,25(0) + W](by‘) Yn,25(l2j),

dyn,Q j
dzr
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2 .
then, from the boundedness of vy, 25, 16,Yn2; — Un,2j, dg;f] in L2(O,l2j) and (4.51)-

(4.52), dy;fj converges to zero in L%(0,ly;). This will give, after some calculations,

25 dgo. lzjd‘d2n'2
/ si]|ﬁnyn,2j’2dl'+/ T;]i‘j 7;&32’2] dx
0 0
dPyn 2 dijn,2j
— 2R ==2(0)g2;(0) === (0 0. (4.59
(“252 0w %2 ) ~ 0. (@50)
. dyn,2j—1 Byn,2
Third step. Next, we show that T(lgj_l) and e (0) converge to zero. We
x x

take the inner product of (4.56) with ﬁe‘ﬁimx in L?(0,15;). We have, with (4.56),

l2; d4 n.2i 1/2 loj 1 12
/ <_/87%yn,2j + ;xf]> e’ Tdy = / kaje—ﬁn .
" o P (4.60)

It is clear that the first term of the right hand side of (4.60) tends to zero by (4.47).

Moreover, by integration by parts,

l2j 1/2 l2; d : 1/2 1/2
/ B2 f e “dwz/ 7{;’% e PP dw — fr2i(laj)e” 1 4 fo(0),
0 0 €L

which tends to zero since f,, 2; tends to zero in H? and by the trace theorem.

This leads to

= / 12, A0
/ <5,216_5711 o Yn2j — € W ynﬁ) dx — 0. (4.61)
0 dx
Performing four integrations by parts in the second term on the left-hand side of (4.61),
we obtain
l2j 1/2 1/2 d4 . d3 . d2 .
2 _1671 . —Mn yTL,Q_] _ y’)’L,2] 1/2 yn72]
A <ﬁne v Yn2j — € v dxt > dr = dz3 (O) + 577,/ W(O)
d .

+ Bn %(0) + B3 2 yn2;(0) + 0(1), (4.62)

with (4.52)-(4.53) and since

3 2 laj | g4 A 2
dYn 2; I _BY2, gV, [P d*yn.2; d
3 (2J)e > € 4 (ZE) z
dz 0 dz
2
laj
1/2 ik, os
—28, a5 n,2] .
< e B 2]/ 1/2 _Zﬂnvn,Qj dx
0 n

IA

2 1/2, loj
e ZZJ/ [k 25 dee
ﬁn 0

I,
_opl/2; . J
+2[32e 2 123/ |vn,25]% dz — 0,
0
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because || Zy[ 4, = 1.

Thus, according to (4.51) and (4.53), we simplify (4.62) to

dgyn 27
7:,;1(0) — 0. (4.63)

Consequently, since Z,, € D(A2) and thus satisfies (2.9), we obtain

dyn, 25—1
——= (ly;_1) — 0. 4.64
ML, ) (1.69)
Then, (4.51) and (4.63) lead to
dyn2j -\ dYn,2;
! : . 4.
s ) Tndi ) g (4.65)

In view of (4.64)-(4.65), we simplify (4.58) and (4.59) to

l2j71 d . lgj,l d . d - 2
/ qfij | Bryn 2j—1|*da +/ qflj 1 317221 L e — 0, (4.66)
0 r 0 x x
23 dgy i dgoi | d2yna; |2
/0 —|Bnyn o da +/0 2 ;;2’ i de -0 (4.67)
respectively.
dgoi_
Fourth step. Finally, we choose g2;—1 and g2; such that % is strictly positive and
x
dao
% is strictly negative. This can be done by taking
q2j-1(z) =" — 1, qoj(x) = 272 _ 1,

Therefore, (4.66) and (4.67) imply

[18nyn,2i-111220,12;1) = 05 [1Bnyn,25llL2(0,05) = 05 [[(Yn,2i—15 Yn,25)je 1, Ny llv — 0.
(4.68)

In view of (4.45), we also get
lvn2j-1llL200;-1) = 05 lvn25llL2(0,155) — 0 (4.69)
which clearly contradicts || Z, ||, = 1.

dx?

|[3n|5/4 |Yn,2;(0)] — 0 instead of (4.53) and (4.51) (since we only have (4.49) and (4.50)

Note that if we take § = 1/2, then we only have |ﬁn|1/4 ‘M(O)} — 0 and

with power 1/4 instead of 1/2), and consequently (4.62) does not necessarily imply
(4.63) which we need to conclude. O

The two hypotheses of Lemma 4.2 are proved by Lemma 4.3 and Lemma 4.4. Then
(4.38) holds. The proof of Theorem 4.1 is then finished. O

28



References

1]

[10]

[11]

(MR1824576) F. Ali Mehmeti, J. von Below, S. Nicaise (eds.), Partial differential
equations on multistructures. Lecture Notes in Pure and Appl. Math., vol. 219,

Marcel Dekker, New York, 2001.

(MR1814271) K. Ammari and M. Tucsnak, Stabilization of Bernoulli-Euler beams
by means of a pointwise feedback force, STAM J. Control. Optim., 39 (2000), 1160-
1181.

(MR1878795) K. Ammari, A. Henrot and M. Tucsnak, Asymptotic behaviour of
the solutions and optimal location of the actuator for the pointwise stabilization of

a string, Asymptotic Analysis, 28 (2001), 215-240.

(MR1923150) K. Ammari, Z. Liu and M. Tucsnak, Decay rates for a beam with
pointwise force and moment feedback, Mathematics of Control, Signals, and sys-

tems, 15 (2002), 229-255.

(MR2324731) K. Ammari and M. Jellouli, Remark in stabilization of tree-shaped
networks of strings, Appl. Maths., 4 (2007), 327-343.

(MR2371107) K. Ammari, Asymptotic behaviour of some elastic planar networks
of Bernoulli-Euler beams, Appl. Anal., 86 (2007), 1529-1548.

(MR1836048) K. Ammari and M. Tucsnak, Stabilization of second order evolution
equations by a class of unbounded feedbacks, ESAIM Control Optim. Calc. Var.,
ESAIM Control Optim. Calc. Var, 6 (2001), 361-386.

(MR2100033) K. Ammari and M. Jellouli, Stabilization of star-shaped networks of
strings, Diff. Integral. Equations, 17 (2004), 1395-1410.

(MR2131807) K. Ammari, M. Jellouli and M. Khenissi, Stabilization of generic
trees of strings, J. Dyn. Cont. Syst., 11 (2005), 177-193.

(MR2480421) K. Ammari, M. Jellouli and M. Mehrenberger, Feedback stabilization
of a coupled string-beam system, Netw. Heterog. Media., 4 (2009), 19-34.

(MR2646047) K. Ammari and S. Nicaise, Stabilization of a transmission wave/plate
equation, J. Differential Fquations, 249(2010), 707727.

29



[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

(MR933321) W. Arendt and C. J. K. Batty, Tauberian theorems and stability of
one-parameter semigroups, Trans. Amer. Math. Soc., 305(1988), 837-852.

(MR1313508) H. T. Banks, R. C. Smith and Y. Wang, Smart Materials Structures,
Wiley, 1996.

(MR2460938) C. Batty and T. Duyckaerts, Non-uniform stability for bounded semi-
groups on Banach spaces, J. Evol. Equ., 8(2008), 765-780.

(MR0697382) H. Brezis, Analyse Fonctionnelle, Théorie et Applications, Masson,
Paris, 1983.

(MR2606945) A. Borichev and Y. Tomilov, Optimal polynomial decay of functions
and operator semigroups, Math. Ann., 347(2010), 455-478.

(MR2086175) R. Déger, Observation and control of vibrations in tree-shaped net-
works of strings, STAM J. Control Optim., 43(2) (2004), 590-623.

(MR1786019) R. Dager and E. Zuazua, Controllability of star-shaped networks of
strings, In Mathematical and numerical aspects of wave propagation (Santiago de

Compostela, 2000), pages 1006-1010. STAM, Philadelphia, PA, 2000.

(MR2169126) R. Déger and E. Zuazua, Wave propagation, observation and con-
trol in 1-d flexible multi-structures, volume 50 of Mathématiques & Applications

(Berlin), Springer-Verlag, 2006.

(MR1335452) T. Kato, Perturbation theory for linear operators, Reprint of the 1980
Edition, Springer-Verlag, Berlin, 1995.

(MR1279380) J. Lagnese, G. Leugering and E. J. P. G. Schmidt, Modeling, analy-
sis and control of dynamic elastic multi-link structures, Birkhauser, Boston-Basel-

Berlin, 1994.

(MR2185299) Z. Liu and B. Rao, Characterization of polynomial decay rate for the
solution of linear evolution equation, Z. Angew. Math. Phys., 56 (2005), 630-644.

(MR2552167) D. Mercier, Spectrum analysis of a serially connected Euler-Bernoulli
beams problem, Netw. Heterog. Media., 4 (2009), 709-730.

30



[24]

[25]

[26]

[27]

28]

[31]

(MR2356064) D. Mercier, V. Régnier, Spectrum of a network of Euler-Bernoulli
beams, J. Math. Anal. and Appl., 337 (2007), 174-196.

(MR2445246) D. Mercier, V. Régnier, Control of a network of Euler-Bernoulli
beams, J. Math. Anal. and Appl., 342 (2008), 874-894.

(MR2560973) D. Mercier, V. Régnier, Boundary controllability of a chain of serially
connected Euler-Bernoulli beams with interior masses, Collect. Math, 60 (2009),

307-334.

(MR2318841) S. Nicaise and J. Valein, Stabilization of the wave equation on 1-D
networks with a delay term in the nodal feedbacks, Netw. Heterog. Media, 2 (2007),
425-479.

W.H. Paulsen, The exterior matrix method for sequentially coupled fourth-order

equations, J. of Sound and Vibration, 308 (2007), 132-163.

(MR710486) A. Pazy, Semigroups of linear operators and applications to partial
differential equations, Springer, New York, 1983.

(MR2002140) M. Tucsnak and G. Weiss, How to get a conservative well-posed linear
system out of thin air. IT. Controllability and stability, SIAM J. Control Optim.,
42(3):907-935, 2003.

(MR2502023) M. Tucsnak and G. Weiss, Observation and control for operator
semigroups, Birkhduser Advanced Texts: Basler Lehrbiicher, Birkhduser Verlag,

Basel, 2009.

(MR2558320) J. Valein and E. Zuazua, Stabilization of the wave equation on 1-D
networks, SIAM J. Control Optim., 48(4)(2009), 2771-2797.

G.Q. Xu and N.E. Mastorakis, Stability of a star shaped coupled networks of strings
and beams, WSFEAS, Proceedings of the 10th WSEAS international conference on
Technique and Computations, Technical University of Sofia (Bulgaria), 2008.

(MR2519634) K.T. Zhang, G.Q. Xu and N.E. Mastorakis, Stability of a complex
network of Euler-Bernoulli beams, WSEAS Trans. Syst., 8 (2009), 379-389.

31



[35] E. Zuazua, Control and stabilization of waves on 1-d networks, Lecture Notes in
Mathematics, CIME subseries, ” Traffic flow on networks”, B. Piccoli and M. Rascle,
eds., 2011.

32



