
Stabilization of se
ond order evolution equationswith unbounded feedba
k with time-dependentdelayEmilia Fridman∗, Serge Ni
aise†, Julie Valein‡Mar
h 24, 2009Abstra
tWe 
onsider abstra
t se
ond order evolution equations with unboundedfeedba
k with time-varying delay. Existen
e results are obtained undersome realisti
 assumptions. We prove the exponential de
ay under some
onditions by introdu
ing an abstra
t Lyapunov fun
tional. Our abstra
tframework is applied to the wave, to the beam and to the plate equationswith boundary delays.Keywords se
ond order evolution equations, wave equations, time-varyingdelay, stabilization, Lyapunov fun
tional.1 Introdu
tionTime-delay often appears in many biologi
al, ele
tri
al engineering systems andme
hani
al appli
ations, and in many 
ases, delay is a sour
e of instability [7℄.In the 
ase of distributed parameter systems, even arbitrarily small delays inthe feedba
k may destabilize the system (see e.g. [5, 16, 24, 17℄). The stabilityissue of systems with delay is, therefore, of theoreti
al and pra
ti
al importan
e.There are only a few works on Lyapunov-based te
hnique for Partial Dif-ferential Equations (PDEs) with delay. Most of these works analyze the 
aseof 
onstant delays. Thus, stability 
onditions and exponential bounds were de-rived for some s
alar heat and wave equations with 
onstant delays and withDiri
hlet boundary 
onditions without delay in [25, 26℄. Stability and instability
∗S
hool of Ele
tri
al Engineering, Tel Aviv University, Tel Aviv, 69978 Israel,emilia�eng.tau.a
.il
†Université de Valen
iennes et du Hainaut Cambrésis, LAMAV, FR CNRS 2956, Insti-tut des S
ien
es et Te
hniques of Valen
iennes, F-59313 - Valen
iennes Cedex 9 Fran
e,Serge.Ni
aise�univ-valen
iennes.fr
‡Université de Valen
iennes et du Hainaut Cambrésis, LAMAV, FR CNRS 2956, Insti-tut des S
ien
es et Te
hniques of Valen
iennes, F-59313 - Valen
iennes Cedex 9 Fran
e,Julie.Valein�univ-valen
iennes.fr 1




onditions for the wave equations with 
onstant delay 
an be found in [17, 20℄.The stability of linear paraboli
 systems with 
onstant 
oe�
ients and internal
onstant delays has been studied in [8℄ in the frequen
y domain. Moreover werefer to [19℄ for the stability of se
ond order evolution equation with 
onstantdelay in unbounded feedba
ks.Re
ently the stability of PDEs with time-varying delays was analyzed in [3, 6,21, 22℄ via Lyapunov method. In the 
ase of linear systems in an Hilbert spa
e,the 
onditions of [3, 6, 22℄ assume that the operator a
ting on the delayed state isbounded (whi
h means that this 
ondition 
an not be applied to boundary delaysfor example). The stability of the 1-d heat and wave equations with boundarytime-varying delays have been studied in [21℄ via Lyapunov fun
tional.The aim of this paper is to 
onsider an abstra
t setting similar to [19℄ and aslarge as possible in order to 
ontain a quite large 
lass of problems with time-varying delay feedba
ks (whi
h 
ontains in parti
ular the results of [21℄ for thewave equation).Before going on, let us present our abstra
t framework. Let H be a realHilbert spa
e with norm and inner produ
t denoted respe
tively by ‖.‖H and
(., .)H . Let A : D(A) → H be a self-adjoint positive operator with a 
ompa
tinverse in H. Let V := D(A1/2) be the domain of A1/2. Denote by D(A1/2)′ thedual spa
e of D(A1/2) obtained by means of the inner produ
t in H.Further, for i = 1, 2, let Ui be a real Hilbert spa
e (whi
h will be identi�edto its dual spa
e) with norm and inner produ
t denoted respe
tively by ‖.‖Uiand (., .)Ui

, and let Bi ∈ L(Ui, D(A1/2)′).We 
onsider the system des
ribed by(1) 





ω̈(t) + Aω(t) + B1u1(t) + B2u2(t − τ(t)) = 0, t > 0,
ω(0) = ω0, ω̇(0) = ω1,

u2(t − τ(0)) = f0(t − τ(0)), 0 < t < τ(0),where t ∈ [0, ∞) represents the time, τ(t) > 0 is the time-varying delay, ω :
[0, ∞) → H is the state of the system, ω̇ is the time derivative of ω and u1 ∈
L2([0, ∞), U1), u2 ∈ L2([−τ, ∞), U2) are the input fun
tions. The time-varyingdelay τ(t) satis�es(2) ∃ d < 1, ∀t > 0, τ̇ (t) ≤ d < 1,and(3) ∃M > 0, ∀t > 0, 0 < τ0 ≤ τ(t) ≤ M.Moreover, we assume that(4) ∀T > 0, τ ∈ W 2,∞([0, T ]).Most of the linear equations modeling the vibrations of elasti
 stru
tures withdistributed 
ontrol with delay 
an be written in the form (1), where ω standsfor the displa
ement �eld. 2



In many problems, 
oming in parti
ular from elasti
ity, the inputs ui aregiven in the feedba
k form ui(t) = B∗
i ω̇(t), whi
h 
orresponds to 
ollo
ateda
tuators and sensors. We obtain in this way the 
losed loop system(5) 





ω̈(t) + Aω(t) + B1B
∗
1 ω̇(t) + B2B

∗
2 ω̇(t − τ(t)) = 0, t > 0,

ω(0) = ω0, ω̇(0) = ω1,
B∗

2 ω̇(t − τ(0)) = f0(t − τ(0)), 0 < t < τ(0).The abstra
t se
ond order evolution equations without delay or with 
on-stant delay of type (5) have been studied in [2℄ and [19℄ respe
tively. In thesetwo papers, the exponential stability (or polynomial stability) is shown, undersome 
onditions, via an observability inequality for solution of 
orresponding
onservative system. In our 
ase, for time-varying delay, this method 
an notbe applied due to the loss of the time translation invarian
e. Hen
e we introdu
enew abstra
t Lyapunov fun
tionals with exponential terms and an additionalterm, whi
h take into a

ount the dependen
e of the delay with respe
t to time.For the treatment of other problems with Lyapunov te
hnique see [6, 18, 22℄.Moreover, 
ontrary to [17, 19℄, the existen
e results do not follow from stan-dard semi-group theory be
ause the spatial operator depends on time due tothe time-varying delay. Therefore we use the variable norm te
hnique of Kato[9, 10℄.Hen
e the �rst natural question is the well-posedness of this system. Inse
tion 2 we will give a su�
ient 
ondition that guarantees that this system (5)is well-posed, where we 
losely follow the approa
h developed in [21℄ for the 1-dheat and wave equations. Se
ondly, we may ask if this system is dissipative. Weshow in se
tion 3 that the 
ondition(6) ∃ 0 < α <
√

1 − d, ∀u ∈ V, ‖B∗
2u‖2

U2
≤ α ‖B∗

1u‖2
U1guarantees that the energy de
ays. Note further that if (6) is not satis�ed, thereexist 
ases where some instabilities may appear (see [17, 20, 27℄ for the waveequation with 
onstant delay). Hen
e this assumption seems realisti
.In a third step, again under the 
ondition (6), we prove the exponentialde
ay of the system (5) by introdu
ing an appropriate Lyapunov fun
tional.Moreover we give the dependen
e of the de
ay rate with respe
t to the delay, inparti
ular we show that if the delay in
reases the de
ay rate de
reases. This isthe 
ontent of se
tion 4.Finally we �nish this paper by 
onsidering in se
tion 5 di�erent exampleswhere our abstra
t framework 
an be applied. To our knowledge, all the exam-ples, with the ex
eption of the �rst one, are new.2 Well-posedness of the systemWe aim to show that system (5) is well-posed. For that purpose, we use semi-group theory and an idea from [17℄. Let us introdu
e the auxiliary variable3



z(ρ, t) = B∗
2 ω̇(t − τ(t)ρ) for ρ ∈ (0, 1) and t > 0. Note that z satis�es thefollowing transport equation






τ(t)∂z
∂t + (1 − τ̇ (t)ρ)∂z

∂ρ = 0, 0 < ρ < 1, t > 0

z(0, t) = B∗
2 ω̇(t)

z(ρ, 0) = B∗
2 ω̇(−τ(0)ρ) = f0(−τ(0)ρ).Therefore, the system (5) is equivalent to(7) 













ω̈(t) + Aω(t) + B1B
∗
1 ω̇(t) + B2z(1, t) = 0, t > 0,

τ(t)∂z
∂t + (1 − τ̇(t)ρ)∂z

∂ρ = 0, t > 0, 0 < ρ < 1,

ω(0) = ω0, ω̇(0) = ω1, z(ρ, 0) = f0(−τ(0)ρ), 0 < ρ < 1,
z(0, t) = B∗

2 ω̇(t), t > 0.If we introdu
e
U := (ω, ω̇, z)T ,then U satis�es

U ′ = (ω̇, ω̈, ż)
T

=

(

ω̇, −Aω(t) − B1B
∗
1 ω̇(t) − B2z(1, t),

τ̇ (t)ρ − 1

τ(t)

∂z

∂ρ

)T

.Consequently the system (5) may be rewritten as the �rst order evolution equa-tion(8) {

U ′ = A(t)U
U(0) = (ω0, ω1, f

0(−τ(0).)),where the time dependent operator A(t) is de�ned by
A(t)





ω
u
z



 =





u
−Aω − B1B

∗
1u − B2z(1)

τ̇(t)ρ−1
τ(t)

∂z
∂ρ



 ,with domain(9)
D(A(t)) := {(ω, u, z) ∈ V ×V ×H1((0, 1), U2); z(0) = B∗

2u, Aω+B1B
∗
1u+B2z(1) ∈ H}.We note that the domain of the operator A(t) is independent of the time t, i.e.(10) D(A(t)) = D(A(0)), ∀t > 0.Now, we introdu
e the Hilbert spa
e

H = V × H × L2((0, 1), U2)equipped with the usual inner produ
t(11) 〈 ω
u
z



 ,





ω̃
ũ
z̃





〉

=
(

A
1
2 ω, A

1
2 ω̃
)

H
+(u, ũ)H +

∫ 1

0

(z(ρ), z̃(ρ))U2
dρ.4



A general theory for equations of type (8) has been developed using semi-group theory [9, 10, 23℄. The simplest way to prove existen
e and uniquenessresults is to show that the triplet {A,H, Y }, with A = {A(t) : t ∈ [0, T ]} forsome �xed T > 0 and Y = D(A(0)), forms a CD-system (or 
onstant domainsystem, see [9, 10℄). More pre
isely, the following theorem gives some existen
eand uniqueness results (for proof see Theorem 1.9 of [9℄ and also Theorem 2.13of [10℄ or [1℄).Theorem 2.1 [9℄ Assume that(i) Y = D(A(0)) is a dense subset of H,(ii) (10) holds,(iii) for all t ∈ [0, T ], A(t) generates a strongly 
ontinuous semigroup on Hand the family A = {A(t) : t ∈ [0, T ]} is stable with stability 
onstants C and
m independent of t (i.e. the semigroup (St(s))s≥0 generated by A(t) satis�es
‖St(s)u‖H ≤ Cems‖u‖H, for all u ∈ H and s ≥ 0),(iv) ∂tA belongs to L∞

∗ ([0, T ], B(Y, H)), the spa
e of equivalent 
lasses of es-sentially bounded, strongly measurable fun
tions from [0, T ] into the set B(Y, H)of bounded operators from Y into H.Then, problem (8) has a unique solution U ∈ C([0, T ], Y )∩C1([0, T ],H) forany initial data in Y .Our goal is then to 
he
k the above assumptions for system (8).Let us suppose that(12) ∃ 0 < α ≤
√

1 − d, ∀u ∈ V, ‖B∗
2u‖2

U2
≤ α ‖B∗

1u‖2
U1

,where d is given by (2). Note that the 
hoi
e of α is possible sin
e d < 1 by (2).The following lemma gives a su�
ient 
ondition to obtain (i):Lemma 2.2 Assume that X = {u ∈ V : B1B
∗
1u + B2B

∗
2u ∈ H} is dense in H.Then(13) D(A(0)) is dense in H.Proof. Let (f, g, h)⊤ ∈ H be orthogonal to all elements of D(A(0)), namely

0 =

〈





ω
u
z



 ,





f
g
h





〉

= (ω, f)V + (u, g)H +

∫ 1

0

(z(ρ), h(ρ))U2
dρ,for all (ω, u, z)⊤ ∈ D(A(0)).We �rst take ω = 0 and u = 0 and z ∈ D((0, 1), U2). As (0, 0, z)⊤ ∈

D(A(0)), we get
∫ 1

0

(z(ρ), h(ρ))U2dρ = 0.Sin
e D((0, 1), U2) is dense in L2((0, 1), U2), we dedu
e that h = 0.5



In a se
ond step, by taking ω = 0, z = B∗
2u and u ∈ X , we see that

(0, u, B∗
2u)T ∈ D(A(0)) and therefore (u, g)H = 0, for all u ∈ X . As X isdense in H by hypothesis, we dedu
e that g = 0.The above orthogonality 
ondition is then redu
ed to

0 = (ω, f)V , ∀(ω, u, z)⊤ ∈ D(A(0)).By restri
ting ourselves to u = 0 and z = 0, we obtain
(ω, f)V = 0, ∀(ω, 0, 0)⊤ ∈ D(A(0)).But we easily 
he
k that (ω, 0, 0)⊤ ∈ D(A(0)) if and only if ω ∈ D(A). Sin
e

D(A) is dense in V (equipped with the inner produ
t < ., . >V ), we 
on
ludethat f = 0.Remark 2.3 As, by (12), the kernel ker(B∗
1 ) of B∗

1 is in
luded in X , if ker(B∗
1 )is dense in H , then D(A(0)) is dense in H.�Now, we will show that the operator A(t) generates a C0-semigroup in Hand, by using the variable norm te
hnique of Kato from [9℄, we will prove thatsystem (8) (and then (5)) has a unique solution.For that purpose, we introdu
e the following time-dependent inner produ
ton H

〈





ω
u
z



 ,





ω̃
ũ
z̃





〉

t

=
(

A
1
2 ω, A

1
2 ω̃
)

H
+ (u, ũ)H + qτ(t)

∫ 1

0

(z(ρ), z̃(ρ))U2
dρ,where q is a positive 
onstant 
hosen su
h that(14) 1√

1 − d
≤ q ≤ 2

α
− 1√

1 − dwith asso
iated norm denoted by ‖.‖t . This 
hoi
e of q is possible sin
e 0 < α ≤√
1 − d by (12). This new inner produ
t is 
learly equivalent to the usual innerprodu
t (11) on H.Theorem 2.4 Under the assumptions (2), (3), (4), (12) and (13), for an initialdatum U0 ∈ D(A(t)), there exists a unique solution

U ∈ C([0, +∞), D(A(t))) ∩ C1([0, +∞),H)to system (8).Proof. We �rst noti
e that(15) ‖φ‖t

‖φ‖s

≤ e
c

2τ0
|t−s|, ∀t, s ∈ [0, T ],6



where φ = (ω, u, z)⊤ and c is a positive 
onstant. Indeed, for all s, t ∈ [0, T ],we have
‖φ‖2

t − ‖φ‖2
s e

c
τ0

|t−s|
=

(

1 − e
c

τ0
|t−s|

)

(

∥

∥

∥A
1
2 ω
∥

∥

∥

2

H
+ ‖u‖2

H

)

+q
(

τ(t) − τ(s)e
c

τ0
|t−s|

)

∫ 1

0

‖z(ρ)‖2
U2

dρ.We note that 1− e
c

τ0
|t−s| ≤ 0. Moreover τ(t)− τ(s)e

c
τ0

|t−s| ≤ 0 for some c > 0.Indeed,
τ(t) = τ(s) + τ̇ (a)(t − s), where a ∈ (s, t),and thus,

τ(t)

τ(s)
≤ 1 +

|τ̇(a)|
τ(s)

|t − s| .By (4), τ̇ is bounded and therefore, there exists c > 0 su
h that
τ(t)

τ(s)
≤ 1 +

c

τ0
|t − s| ≤ e

c
τ0

|t−s|
,by (3), whi
h proves (15).We now prove that A(t) is dissipative up to a translation for a �xed t > 0.Take U = (ω, u, z)⊤ ∈ D(A(t)). Then

〈A(t)U, U〉t =

〈





u
−Aω − B1B

∗
1u − B2z(1)

τ̇(t)ρ−1
τ(t)

∂z
∂ρ



 ,





ω
u
z





〉

t

=
(

A
1
2 u, A

1
2 ω
)

H
− (Aω + B1B

∗
1u + B2z(1), u)H

−q

∫ 1

0

(

∂z

∂ρ
(ρ), z(ρ)

)

U2

(1 − τ̇(t)ρ)dρ.Sin
e Aω + B1B
∗
1u + B2z(1) ∈ H, we obtain

〈A(t)U, U〉t =
(

A
1
2 u, A

1
2 ω
)

H
− 〈Aω, u〉V ′, V − 〈B1B

∗
1u, u〉V ′, V − 〈B2z(1), u〉V ′, V

−q

∫ 1

0

(

∂z

∂ρ
(ρ), z(ρ)

)

U2

(1 − τ̇(t)ρ)dρ

= 〈Aω, u〉V ′, V − 〈Aω, u〉V ′, V − ‖B∗
1u‖2

U1
− (z(1), B∗

2u)U2

−q

∫ 1

0

(

∂z

∂ρ
(ρ), z(ρ)

)

U2

(1 − τ̇(t)ρ)dρ,by duality. By integrating by parts in ρ, we obtain
∫ 1

0

(

∂z

∂ρ
(ρ), z(ρ)

)

U2

(1 − τ̇ (t)ρ)dρ =

∫ 1

0

1

2

∂

∂ρ

(

‖z‖2
U2

)

(1 − τ̇ (t)ρ)dρ

=
τ̇ (t)

2

∫ 1

0

‖z‖2
U2

dρ +
1

2
‖z(1)‖2

U2
(1 − τ̇ (t))

−1

2
‖B∗

2u‖2
U2

.7



Therefore
〈A(t)U, U〉t = −‖B∗

1u‖2
U1

− (z(1), B∗
2u)U2 −

q

2
‖z(1)‖2

U2
(1 − τ̇ (t)) +

q

2
‖B∗

2u‖2
U2

−qτ̇ (t)

2

∫ 1

0

‖z‖2
U2

dρ.By Young's inequality and (12), we �nd
〈A(t)U, U〉t ≤

(

α

2
√

1 − d
+

qα

2
− 1

)

‖B∗
1u‖2

U1
+

(
√

1 − d

2
− q(1 − d)

2

)

‖z(1)‖2
U2

+κ(t) 〈U, U〉t ,where(16) κ(t) =
(τ̇ (t)2 + 1)1/2

2τ(t)
.Observe that α

2
√

1−d
+ qα

2 − 1 ≤ 0 and √
1−d
2 − q(1−d)

2 ≤ 0 sin
e q satis�es (14).This shows that(17) 〈A(t)U, U〉t − κ(t) 〈U, U〉t ≤ 0,whi
h means that the operator Ã(t) = A(t) − κ(t)I is dissipative.Moreover κ̇(t) = τ̈(t)τ̇(t)

2τ(t)(τ̇(t)2+1)
1
2
− τ̇(t)(τ̇(t)2+1)

1
2

2τ(t)2 is bounded on [0, T ] for all
T > 0 (by (3) and (4)) and we have

d

dt
A(t)U =





0
0

τ̈(t)τ(t)ρ−τ̇(t)(τ̇(t)ρ−1)
τ(t)2 zρ



with τ̈(t)τ(t)ρ−τ̇(t)(τ̇(t)ρ−1)
τ(t)2 bounded on [0, T ] by (3) and (4). Thus(18) d

dt
Ã(t) ∈ L∞

∗ ([0, T ], B(D(A(0)), H)),the spa
e of equivalen
e 
lasses of essentially bounded, strongly measurablefun
tions from [0, T ] into B(D(A(0)), H).Let us now prove that λI−A(t) is surje
tive for a �xed t > 0 and any λ > 0.Let (f, g, h)T ∈ H. We look for U = (ω, u, z)T ∈ D(A(t)) solution of
(λI −A(t))





ω
u
z



 =





f
g
h



or equivalently 8



(19) 





λω − u = f
λu + Aω + B1B

∗
1u + B2z(1) = g

λz + 1−τ̇(t)ρ
τ(t)

∂z
∂ρ = h.Suppose that we have found ω with the appropriate regularity. Then, wehave

u = −f + λω ∈ V.We 
an then determine z. Indeed z satis�es the di�erential equation
λz +

1 − τ̇ (t)ρ

τ(t)

∂z

∂ρ
= hand the boundary 
ondition z(0) = B∗

2u = −B∗
2f + λB∗

2ω. Therefore z is ex-pli
itely given by
z(ρ) = λB∗

2ωe−λτ(t)ρ − B∗
2fe−λτ(t)ρ + τ(t)e−λτ(t)ρ

∫ ρ

0

eλτ(t)σh(σ)dσ,if τ̇ (t) = 0, and
z(ρ) = λB∗

2ωe
λτ(t)
τ̇(t) ln(1−τ̇(t)ρ) − B∗

2fe
λτ(t)
τ̇(t) ln(1−τ̇(t)ρ)

+τ(t)e
λτ(t)
τ̇(t)

ln(1−τ̇(t)ρ)

∫ ρ

0

h(σ)

1 − τ̇ (t)σ
e−

λτ(t)
τ̇(t)

ln(1−τ̇(t)σ)dσ,otherwise. This means that on
e ω is found with the appropriate properties, we
an �nd z and u. In parti
ular, we have, if τ̇ (t) = 0,(20) z(1) = λB∗
2ωe−λτ(t) + z0,where z0 = −B∗

2fe−λτ(t) + τ(t)e−λτ(t)
∫ 1

0 eλτ(t)σh(σ)dσ is a �xed element of U2depending only on f and h, and, otherwise(21) z(1) = λB∗
2ωe

λτ(t)
τ̇(t)

ln(1−τ̇(t)) + z0,where z0 = −B∗
2fe

λτ(t)
τ̇(t)

ln(1−τ̇(t))+τ(t)e
λτ(t)
τ̇(t)

ln(1−τ̇(t)) ∫ 1

0
h(σ)

1−τ̇(t)σe−
λτ(t)
τ̇(t)

ln(1−τ̇(t))dσis a �xed element of U2 depending only on f and h.It remains to �nd ω. By (19), ω must satisfy
λ2ω + Aω + λB1B

∗
1ω + B2z(1) = g + B1B

∗
1f + λf,and thus by (20),

λ2ω + Aω + λB1B
∗
1ω + λe−λτ(t)B2B

∗
2ω = g + B1B

∗
1f + λf − B2z

0 =: q,where q ∈ V ′, if τ̇ (t) = 0, and by (21)
λ2ω + Aω + λB1B

∗
1ω + λe

λτ(t)
τ̇(t)

ln(1−τ̇(t))B2B
∗
2ω = g + B1B

∗
1f + λf −B2z

0 =: q,9



where q ∈ V ′ otherwise. Assume τ̇(t) = 0. We take then the duality bra
kets
〈., .〉V ′, V with φ ∈ V :

〈

λ2ω + Aω + λB1B
∗
1ω + λe−λτ(t)B2B

∗
2ω, φ

〉

V ′, V
= 〈q, φ〉V ′, V .Moreover:

〈

λ2ω + Aω + λB1B
∗
1ω + λe−λτ(t)B2B

∗
2ω, φ

〉

V ′, V

= λ2 〈ω, φ〉V ′, V + 〈Aω, φ〉V ′, V + λ(〈B1B
∗
1ω, φ〉V ′, V + e−λτ(t) 〈B2B

∗
2ω, φ〉V ′, V )

= λ2 (ω, φ)H +
(

A
1
2 ω, A

1
2 φ
)

H
+ λ((B∗

1ω, B∗
1φ)U1

+ e−λτ(t) (B∗
2ω, B∗

2φ)U2
)be
ause ω ∈ V ⊂ H . Consequently, we arrive at the problem(22) λ2 (ω, φ)H +

(

A
1
2 ω, A

1
2 φ
)

H
+ λ((B∗

1ω, B∗
1φ)U1

+ e−λτ(t) (B∗
2ω, B∗

2φ)U2
)

= 〈q, φ〉V ′, V , ∀φ ∈ V.The left hand side of (22) is 
ontinuous and 
oer
ive on V. Indeed, we have
∣

∣

∣λ2 (ω, φ)H +
(

A
1
2 ω, A

1
2 φ
)

H
+ λ((B∗

1ω, B∗
1φ)U1

+ e−λτ(t) (B∗
2ω, B∗

2φ)U2
)
∣

∣

∣

≤ λ2 ‖ω‖H ‖φ‖H +
∥

∥

∥A
1
2 ω
∥

∥

∥

H

∥

∥

∥A
1
2 φ
∥

∥

∥

H
+ λ(‖B∗

1ω‖U1
‖B∗

1φ‖U1

+e−λτ(t) ‖B∗
2ω‖U2

‖B∗
2φ‖U2

)

≤ Cλ2 ‖ω‖V ‖φ‖H +
∥

∥

∥A
1
2

∥

∥

∥

2

‖ω‖V ‖φ‖V

+λ(‖B∗
1‖2

L(V, U1) ‖ω‖V ‖φ‖V + e−λτ(t) ‖B∗
2‖2

L(V, U2)
‖ω‖V ‖φ‖V )

≤ C ‖ω‖V ‖φ‖V ,and for φ = ω ∈ V

λ2 ‖ω‖2
H +

(

A
1
2 ω, A

1
2 ω
)

H
+ λ(‖B∗

1ω‖2
U1

+ e−λτ(t) ‖B∗
2ω‖2

U2
)

≥
∥

∥

∥A
1
2 ω
∥

∥

∥

2

H
≥ C ‖ω‖2

V .Therefore, this problem (22) has a unique solution ω ∈ V by Lax-Milgram'slemma. We 
an easily prove the same results in the 
ase where τ̇ (t) 6= 0.Moreover Aω + B1B
∗
1u + B2z(1) = g + λf − λ2ω ∈ H. In summary, we havefound (ω, u, z)T ∈ D(A(t)) satisfying (19). Again as κ(t) > 0, this proves that(23) λI − Ã(t) = (λ + κ(t))I −A(t) is surje
tivefor some λ > 0 and t > 0.Then, (15), (17) and (23) imply that the family Ã = {Ã(t) : t ∈ [0, T ]} isa stable family of generators in H with stability 
onstants independent of t, byProposition 1.1 from [9℄. Therefore, the assumptions (i)-(iv) of Theorem 2.1 areveri�ed by (10), (13), (15), (17), (18) and (23), and thus, the problem

{

Ũ ′ = Ã(t)Ũ

Ũ(0) = U010



has a unique solution Ũ ∈ C([0, +∞), D(A(0))) ∩ C1([0, +∞),H) for U0 ∈
D(A(0)). The requested solution of (8) is then given by

U(t) = eβ(t)Ũ(t)with β(t) =
∫ t

0 κ(s)ds, be
ause
U ′(t) = κ(t)eβ(t)Ũ(t) + eβ(t)Ũ ′(t)

= κ(t)eβ(t)Ũ(t) + eβ(t)Ã(t)Ũ (t)

= eβ(t)(κ(t)Ũ (t) + Ã(t)Ũ(t))

= eβ(t)A(t)Ũ (t) = A(t)eβ(t)Ũ(t)
= A(t)U(t),whi
h 
on
ludes the proof.3 The de
ay of the energyWe now restri
t the hypothesis (12) to obtain the de
ay of the energy. For that,we suppose that (6) holds, namely

∃ 0 < α <
√

1 − d, ∀u ∈ V, ‖B∗
2u‖2

U2
≤ α ‖B∗

1u‖2
U1

,where d is the one from (2). Note that is possible sin
e d < 1 by (2).Let us 
hoose the following energy(24) E(t) :=
1

2

(

∥

∥

∥A
1
2 ω
∥

∥

∥

2

H
+ ‖ω̇‖2

H + qτ(t)

∫ 1

0

‖B∗
2 ω̇(t − τ(t)ρ)‖2

U2
dρ

)

,where q is a positive 
onstant satisfying(25) 1√
1 − d

< q <
2

α
− 1√

1 − d
,that exists by (6). Note that this energy 
orresponds to the time-dependentinner produ
t on H de�ned before.Proposition 3.1 If (2) and (6) hold, then for all (ω0, ω1, f0(−τ.))T ∈ D(A(t)),the energy of the 
orresponding regular solution of (5) is non-in
reasing andthere exists a positive 
onstant C depending only on α, d and q su
h that(26) E′(t) ≤ −C

(

‖B∗
1 ω̇(t)‖2

U1
+ ‖B∗

2 ω̇(t − τ(t))‖2
U2

)

.Proof. Deriving (24), we obtain
E′(t) =

(

A
1
2 ω, A

1
2 ω̇
)

H
+ (ω̇, ω̈)H +

qτ̇ (t)

2

∫ 1

0

‖B∗
2 ω̇(t − τ(t)ρ)‖2

U2
dρ

+qτ(t)

∫ 1

0

(B∗
2 ω̇(t − τ(t)ρ), B∗

2 ω̈(t − τ(t)ρ))U2
(1 − τ̇ (t)ρ)dρ.11



Sin
e ω̈ = −(Aω + B1B
∗
1 ω̇ + B2B

∗
2 ω̇(t − τ(t))) ∈ H,

E′(t) = 〈Aω, ω̇〉V ′,V − 〈ω̇, Aω + B1B
∗
1 ω̇ + B2B

∗
2 ω̇(t − τ(t))〉V, V ′

+
qτ̇ (t)

2

∫ 1

0

‖B∗
2 ω̇(t − τ(t)ρ)‖2

U2
dρ

+qτ(t)

∫ 1

0

(B∗
2 ω̇(t − τρ), B∗

2 ω̈(t − τ(t)ρ))U2
(1 − τ̇ (t)ρ)dρ.Then

E′(t) = 〈Aω, ω̇〉V ′,V − 〈ω̇, Aω〉V, V ′ − 〈ω̇, B1B
∗
1 ω̇〉V, V ′ − 〈ω̇, B2B

∗
2 ω̇(t − τ(t))〉V, V ′

+
qτ̇(t)

2

∫ 1

0

‖B∗
2 ω̇(t − τ(t)ρ)‖2

U2
dρ

+qτ(t)

∫ 1

0

(B∗
2 ω̇(t − τ(t)ρ), B∗

2 ω̈(t − τ(t)ρ))U2
(1 − τ̇ (t)ρ)dρ

= −‖B∗
1 ω̇‖2

U1
− (B∗

2 ω̇, B∗
2 ω̇(t − τ(t)))U2 +

qτ̇ (t)

2

∫ 1

0

‖B∗
2 ω̇(t − τ(t)ρ)‖2

U2
dρ

+qτ(t)

∫ 1

0

(B∗
2 ω̇(t − τ(t)ρ), B∗

2 ω̈(t − τ(t)ρ))U2
(1 − τ̇ (t)ρ)dρ.Moreover, re
alling that z(ρ, t) = B∗

2 ω̇(t−τ(t)ρ) and thus zρ(ρ, t) = −τ(t)B∗
2 ω̈(t−

τ(t)ρ), we see that
∫ 1

0

(B∗
2 ω̇(t − τ(t)ρ), B∗

2 ω̈(t − τ(t)ρ))U2
(1 − τ̇ (t)ρ)dρ

= − 1

τ(t)

∫ 1

0

(

z(ρ, t),
∂z

∂ρ
(ρ, t)

)

U2

(1 − τ̇(t)ρ)dρ

= − 1

2τ(t)

∫ 1

0

∂

∂ρ

(

‖z(ρ, t)‖2
U2

)

(1 − τ̇ (t)ρ)dρ

= − τ̇ (t)

2τ(t)

∫ 1

0

‖z(ρ, t)‖2
U2

dρ − 1 − τ̇(t)

2τ(t)
‖z(1, t)‖2

U2
+

1

2τ(t)
‖z(0, t)‖2

U2

= − τ̇ (t)

2τ(t)

∫ 1

0

‖B∗
2 ω̇(t − τ(t)ρ)‖2

U2
dρ − 1 − τ̇ (t)

2τ(t)
‖B∗

2 ω̇(t − τ(t))‖2
U2

+
1

2τ(t)
‖B∗

2 ω̇(t)‖2
U2

.Consequently,
E′(t) = −‖B∗

1 ω̇‖2
U1
−(B∗

2 ω̇, B∗
2 ω̇(t − τ(t)))U2

−q(1 − τ̇ (t))

2
‖B∗

2 ω̇(t − τ(t))‖2
U2

+
q

2
‖B∗

2 ω̇(t)‖2
U2

.Young's inequality, (2) and (6) yield
E′(t) ≤

(

α

2
√

1 − d
+

qα

2
− 1

)

‖B∗
1 ω̇‖2

U1
+

(
√

1 − d

2
− q(1 − d)

2

)

‖B∗
2 ω̇(t − τ(t))‖2

U2
.Therefore, this estimate leads to

E′(t) ≤ −C
(

‖B∗
1 ω̇(t)‖2

U1
+ ‖B∗

2 ω̇(t − τ(t))‖2
U2

)12



with
C = min

{(

1 − qα

2
− α

2
√

1 − d

)

,

(

q(1 − d)

2
−

√
1 − d

2

)}whi
h is positive a

ording to the assumption (25).Remark 3.2 The 
hoi
e to apply Young's inequality with a fa
tor √
1 − d inthe proof of the above proposition is made in order to give the stability resultunder the best assumption between α and d.�Remark 3.3 In the 
ase where the delay is 
onstant in time (and thus d = 0),we re
over some results from [19℄. �Remark 3.4 If (6) is not satis�ed, there exist 
ases where instabilities mayappear, see [17, 20, 27℄ for the wave equation with 
onstant (in time) delay.Hen
e this 
ondition appears to be quite realisti
. �4 Exponential stabilityIn this se
tion, we prove, under some assumptions, the exponential stability of(5) by using an appropriate abstra
t Lyapunov fun
tional, de�ned by(27) E(t) = E(t) + γ (E2(t) + (Mω(t), ω̇(t))H) ,where γ is a positive small 
onstant that will be 
hosen later on, E is thestandard energy de�ned by (24) with q verifying (25) and E2 is de�ned by(28) E2(t) := qτ(t)

∫ 1

0

e−2δτ(t)ρ ‖B∗
2 ω̇(t − τ(t)ρ)‖2

U2
dρ,where δ is a �xed positive real number. Moreover, the operator M : V → Hsatis�es the following assumptions(29)

∃C0, C1, C2 > 0,
d

dt
(Mω(t), ω̇(t))H ≤ −C0E0(t)+C1 ‖B∗

1 ω̇(t)‖2
U1

+C2 ‖B∗
2 ω̇(t − τ(t))‖2

U2
,where E0 is the natural energy for the problem without delay

E0(t) :=
1

2

(

∥

∥

∥A
1
2 ω(t)

∥

∥

∥

2

H
+ ‖ω̇(t)‖2

H

)

,and(30) ∃C > 0, ∀t > 0, |(Mω(t), ω̇(t))H | ≤ CE0(t).First we note that the energies E and E are equivalent, under (30).Lemma 4.1 Assume (30). For γ small enough, there exists a positive 
onstant
C3(γ) su
h that(31) (1 − Cγ)E(t) ≤ E(t) ≤ C3(γ)E(t), where 1 − Cγ > 0.13



Proof. It is easy to see that
E(t) ≤ C3(γ)E(t),with C3(γ) = max(1 + γC, 1 + 2γ) by (30), sin
e e−2δτ(t)ρ ≤ 1.For the se
ond inequality of (31), we note that, sin
e γE2(t) ≥ 0 and by (30),

E(t) ≥ E(t) − CγE0(t)
≥ (1 − Cγ)E(t),and thus we obtain (31) with 1 − Cγ > 0 for γ small enough (γ < 1/C).To prove the exponential de
ay of (5), we need the following lemma:Lemma 4.2 Assume (2). Then(32) d

dt
E2(t) ≤ −2δE2(t) + q ‖B∗

2 ω̇(t)‖2
U2

.Proof. Dire
t 
al
ulations show that
d

dt
E2(t) =

τ̇ (t)

τ(t)
E2(t) + qτ(t)

∫ 1

0

(−2δτ̇(t)ρ)e−2δτ(t)ρ ‖B∗
2 ω̇(t − τ(t)ρ)‖2

U2
dρ + J,where J is equal to

J := 2qτ(t)

∫ 1

0

e−2δτ(t)ρ (B∗
2 ω̇(t − τ(t)ρ), B∗

2 ω̈(t − τ(t)ρ))U2
(1 − τ̇ (t)ρ)dρ.Re
alling that z(ρ, t) = B∗

2 ω̇(t− τ(t)ρ) and then zρ(ρ, t) = −τ(t)B∗
2 ω̈(t− τ(t)ρ),we see that

J = −2q

∫ 1

0

e−2δτ(t)ρ

(

z(ρ, t),
∂z

∂ρ
(ρ, t)

)

U2

(1 − τ̇(t)ρ)dρ.By integrating by parts in ρ, we obtain
J = −J + 2q

∫ 1

0

e−2δτ(t)ρ ‖z(ρ, t)‖2
U2

(−2δτ(t)(1 − τ̇ (t)ρ) − τ̇ (t))dρ

−2qe−2δτ(t) ‖z(1, t)‖2
U2

(1 − τ̇ (t)) + 2q ‖z(0, t)‖2
U2

,whi
h yields
J = q

∫ 1

0

e−2δτ(t)ρ ‖B∗
2 ω̇(t − τ(t)ρ)‖2

U2
(−2δτ(t)(1 − τ̇(t)ρ) − τ̇ (t))dρ

−qe−2δτ(t) ‖B∗
2 ω̇(t − τ(t))‖2

U2
(1 − τ̇ (t)) + q ‖B∗

2 ω̇(t)‖2
U2

.Consequently
d

dt
E2(t) = −2δE2(t) − q(1 − τ̇ (t))e−2δτ(t) ‖B∗

2 ω̇(t − τ(t))‖2
U2

+ q ‖B∗
2 ω̇(t)‖2

U2
.We thus get (32) by (2).Now, we are able to state the main result of this paper:14



Theorem 4.3 Assume that (2), (3), (6), (29) and (30) hold. Then there existpositive 
onstants ν and K su
h that
E(t) ≤ Ke−νtE(0), ∀t > 0.Proof. We have, by the de�nition (27) of E ,

d

dt
E(t) =

d

dt
E(t) + γ

d

dt
E2(t) + γ

d

dt
(Mω(t), ω̇(t))H .By (26), (29) and (30),

d

dt
E(t) ≤

(

α

2
√

1 − d
+

qα

2
− 1

)

‖B∗
1 ω̇(t)‖2

U1
+

(
√

1 − d

2
− q(1 − d)

2

)

‖B∗
2 ω̇(t − τ(t))‖2

U2

−2δγE2(t) + γq ‖B∗
2 ω̇(t)‖2

U2
− γC0E0(t) + γC1 ‖B∗

1 ω̇(t)‖2
U1

+γC2 ‖B∗
2 ω̇(t − τ(t))‖2

U2
.Using (6), we obtain

d

dt
E(t) ≤

(

α

2
√

1 − d
+

qα

2
− 1 + γ(qα + C1)

)

‖B∗
1 ω̇(t)‖2

U1

+

(
√

1 − d

2
− q(1 − d)

2
+ γC2

)

‖B∗
2 ω̇(t − τ(t))‖2

U2
− 2δγE2(t) − γC0E0(t)We take now γ small enough, more pre
isely we take γ > 0 su
h that

γ ≤ min

(

1 − α
2
√

1−d
− qα

2

qα + C1
,

q(1−d)
2 −

√
1−d
2

C2

)

.Note that (1− α
2
√

1−d
− qα

2 )/(qα + C1) and ( q(1−d)
2 −

√
1−d
2 )/C2 are positive bythe 
hoi
e (25) of q. Then

d

dt
E(t) ≤ −γ(2δE2(t) + C0E0(t)).As τ(t) ≤ M (by (3)), we have

d

dt
E(t) ≤ −γ

(

C0E0(t) + 2δe−2δMqτ(t)

∫ 1

0

‖B∗
2 ω̇(t − τ(t)ρ)‖2

U2
dρ

)

,and then, in view of de�nition of E, there exists a 
onstant γ′ > 0 (dependingon γ and δ: γ′ ≤ γ min(C0, 4δe−2δM )) su
h that
d

dt
E(t) ≤ −γ′E(t).By applying Lemma 4.1, we arrive at

d

dt
E(t) ≤ − γ′

C3(γ)
E(t).15



Therefore
E(t) ≤ E(0)e

− γ′

C3(γ)
t
, ∀t > 0,and Lemma 4.1 allows to 
on
lude the proof:

E(t) ≤ 1

1 − Cγ
E(t) ≤ 1

1 − Cγ
E(0)e

− γ′

C3(γ)
t ≤ C3(γ)

1 − Cγ
E(0)e

− γ′

C3(γ)
t
.Remark 4.4 In the proof of Theorem 4.3, we note that we 
an expli
itly 
al-
ulate the de
ay rate ν of the energy, given by

ν =
γ

C3(γ)
min

(

C0, 4δe−2δM
)

,with C3(γ) = max(1 + γC, 1 + 2γ),
γ <

1

C
, γ ≤

1 − α
2
√

1−d
− qα

2

qα + C1
and γ ≤

q(1−d)
2 −

√
1−d
2

C2(by Lemma 4.1 and Theorem 4.3), where C, C0, C1, C2 are given by (29) and(30), α is de�ned by (6), q by (25) and δ is a positive real number. Re
allingthat M is the upper bound of τ , if the delay τ be
omes larger, the de
ay rate isslower. Moreover, we 
an 
hoose δ su
h that the de
ay of the energy is as qui
kas possible for given parameters. For that purpose, we note that the fun
tion
δ → 4δe−2δM admits a maximum at δ = 1

2M and that this maximum is 2
Me .Thus the larger de
ay rate of the energy is given by

νmax =
γ

C3(γ)
min

(

C0,
2

Me

)

.

�5 ExamplesWe end up this paper by 
onsidering di�erent examples for whi
h our abstra
tframework 
an be applied. To our knowledge, all the examples, with the ex-
eption of the �rst one, are new. In all examples, we assume that the delayfun
tion τ satis�es the assumptions (2) to (4).5.1 The wave equation5.1.1 The one dimensional wave equationIn this subse
tion, we show that our abstra
t framework apply to the 1-d waveequation:(33) 





















∂2u
∂t2 (x, t) − a∂2u

∂x2 (x, t) = 0, 0 < x < π, t > 0,
u(0, t) = 0, t > 0,
∂u
∂x (π, t) = −α1

∂u
∂t (π, t) − α2

∂u
∂t (π, t − τ(t)), t > 0,

u(x, 0) = u0(x), ∂u
∂t (x, 0) = u1(x), 0 < x < π,

∂u
∂t (π, t − τ(0)) = f0(t − τ(0)), 0 < t < τ(0),16



where α1, α2 > 0, a > 0. This system have been studied in [21℄, we also refer to[27℄ for a 
onstant delay. First, we rewrite this system in the form (5). For thatpurpose, we introdu
e H = L2(0, π) and the operator A : D(A) → H de�nedby
Aϕ = −a

d2

dx2
ϕwhere D(A) = {ϕ ∈ H2(0, π) ; ϕ(0) = ∂ϕ

∂x (π) = 0}. The operator A is self-adjoint and positive with a 
ompa
t inverse in H. We now de�ne U = U1 =
U2 = R and the operators Bi : U → D(A

1
2 )′ given by

Bik =
√

αi k δπ, i = 1, 2.It is easy to verify that B∗
i (ϕ) =

√
αi ϕ(π) for ϕ ∈ D(A1/2) and thus

BiB
∗
i (ϕ) = αi ϕ(π)δπ for ϕ ∈ D(A1/2) and i = 1, 2. Then the system (33)
an be rewritten in the form (5). We noti
e that (12) is equivalent to(34) ∃ 0 < α ≤

√
1 − d, α2 ≤ α α1.Taking α = α2/α1, (34) is equivalent to(35) α2

2 ≤ (1 − d)α2
1,whi
h is the 
ondition (10) from [21℄.In Lemma 3.1 from [21℄, it is proved that D(A(0)) is dense in H. Conse-quently, under the 
ondition (35), by Theorem 2.4, this system is well-posedand by Proposition 3.1 the energy de
ays for α2

2 < (1 − d)α2
1.To prove the exponential stability of (33), we introdu
e the Lyapunov fun
-tional (27) with the operator M : V → H de�ned by(36) Mu = 2x

∂u

∂x
.Then (29) holds with C0 = 2, C1 = π(1+2aα2
1) and C2 = 2aπα2

2 (see (48) from[21℄) and (30) holds with C = 2π max(1, 1/a). Therefore, our abstra
t frame-work applies here and system (33) is exponentially stable under the previoushypotheses. We then re
over the results from [21℄.5.1.2 The multidimensional wave equationIn this subse
tion, we study the stability of the wave equation with boundarytime varying delay. Let Ω ⊂ R
n (n ≥ 1) be an open bounded set with aboundary Γ of 
lass C2. We assume that Γ is divided into two parts ΓD and ΓN ,i.e. Γ = ΓD ∪ ΓN , with ΓD ∩ ΓN = ∅ and ΓD 6= ∅. Moreover we assume that

Γ2
N ⊆ Γ1

N = ΓN .17



In this domain Ω, we 
onsider the initial boundary value problem(37)






















∂2u
∂t2 (x, t) − ∆u(x, t) = 0 in Ω × (0, +∞)
u(x, t) = 0 on ΓD × (0, +∞)
∂u
∂ν (x, t) = −α1

∂u
∂t (x, t)χΓ1

N
− α2

∂u
∂t (x, t − τ(t))χΓ2

N
on ΓN × (0, +∞)

u(x, 0) = u0(x), ∂u
∂t (x, 0) = u1(x) in Ω

∂u
∂t (x, t − τ(0)) = f0(x, t − τ(0)) in Γ2

N × (0, τ(0)),where ν(x) denotes the outer unit normal ve
tor to the point x ∈ Γ and ∂u/∂νis the normal derivative. Note that system (37) have been studied for instan
ein [4, 11, 12, 13, 14, 15℄ without delay and in [17℄ with a 
onstant delay.Let us denote by v · w the Eu
lidean inner produ
t between two ve
tors
v, w ∈ R

n. We assume that there exists x0 ∈ R
n su
h that denoting by m thestandard multiplier

m(x) := x − x0,we have(38) m(x) · ν(x) ≤ 0 on ΓDand, for some positive 
onstant δ,(39) m(x) · ν(x) ≥ δ > 0 on ΓN .In the parti
ular 
ase where Ω = O1\O2, O1 and O2 being 
onvex sets su
h that
O2 ⊂ O1, the above assumptions (38), (39) hold with ΓN = ∂O1 and ΓD = ∂O2for any x0 ∈ O2.First, we rewrite this system in the form (5). For this purpose, we introdu
e
H = L2(Ω) and the operator A : D(A) → H de�ned by

Aϕ = −∆ϕwhere D(A) = {ϕ ∈ H2(Ω) ∩ V : ∂u
∂ν = 0 on ΓN}, where, as usual,

V = H1
ΓD

(Ω) = { u ∈ H1(Ω) : u = 0 on ΓD }.The operator A is self-adjoint and positive with a 
ompa
t inverse in H. Wenow de�ne U1 = L2(Γ1
N ), U2 = L2(Γ2

N ) and the operators B∗
i : V → Ui as(40) B∗

i ϕ =
√

αi ϕ|Γi
N

, i = 1, 2,where ϕ|Γi
N

is the tra
e operator for ϕ. The operator Bi : Ui → V ′ is thende�ned by duality:(41) < Biu, v >V ′,V =

∫

Γi
N

uv dΓ.Thus the system (37) 
an be rewritten in the form (5). We noti
e that (12) isequivalent to (34) and then, as previously, to (35).18



Note that the domain of the operator A(t) de�ned in (9) is here
D(A(t)) = {(u, v, z)T ∈

(

E(∆, L2(Ω)) ∩ V
)

× V × L2(Γ2
N ; H1(0, 1)) :

∂u

∂ν
= −α1vχΓ1

N
− α2z(·, 1)χΓ2

N
on ΓN ; v = z(·, 0) on Γ2

N},where
E(∆, L2(Ω)) = {u ∈ H1(Ω) : ∆u ∈ L2(Ω)}.The hypothesis (13) holds thanks to Lemma 2.2 and Remark 2.3 be
auseD(Ω) ⊂

ker(B∗
1) and D(Ω) is dense in L2(Ω).Consequently, under the 
ondition (35), this system is well-posed by Theo-rem 2.4 and the energy de
ays by Proposition 3.1 for α2

2 < (1 − d)α2
1.To prove the exponential stability of (37), we introdu
e the Lyapunov fun
-tional (27) with the operator M : V → H de�ned by(42) Mu = 2m · ∇u + (n − 1)u.Then we 
an easily prove that (30) holds by Poin
aré's inequality. Moreover:Lemma 5.1 Condition (29) holds.Proof. Let u ∈ H2(Ω). Then the standard multiplier identity gives(43) d

dt

{∫

Ω

[2m · ∇u + (n − 1)u]utdx

}

= −
∫

Ω

{u2
t + |∇u|2}dx

+

∫

ΓN

(m · ν)(u2
t − |∇u|2)dΓ +

∫

ΓN

[2m · ∇u + (n − 1)u]
∂u

∂ν
dΓ.From (43) and Young's inequality, re
alling that by (39) m · ν ≥ δ on ΓN , wehave(44) d

dt

{∫

Ω

[2m · ∇u + (n − 1)u]utdx

}

≤ −
∫

Ω

{u2
t + |∇u|2}dx

+

∫

ΓN

(m · ν)u2
t dΓ − δ

∫

ΓN

|∇u|2dΓ +
c

ε

∫

ΓN

(

∂u

∂ν

)2

dΓ

+ε

∫

ΓN

(|∇u|2 + u2)dΓ,for some positive 
onstants ε, c. Using the tra
e inequality and then Poin
aré'sTheorem, we have, for some c′, c′′ > 0,
∫

ΓN

u2dΓ ≤ c′ ‖u‖2
H1(Ω) ≤ c′′

∫

Ω

|∇u|2dx.This estimate in (44) yields, for ε small enough (ε < min(δ, 1/(2c′′))),(45) d

dt

{∫

Ω

[2m · ∇u + (n − 1)u]utdx

}

≤ −C0E0(t)

+C

∫

ΓN

u2
tdΓ + C

∫

ΓN

(

∂u

∂ν

)2

dΓ,19



for suitable positive 
onstants C0, C. Therefore, using the boundary 
ondition(37) and Cau
hy S
hwarz's inequality in (45), we obtain (29).Therefore, our abstra
t framework still applies and system (37) is exponen-tially stable under the above assumptions.5.2 The beam equationIn this subse
tion, we show that our abstra
t framework 
an be applied to the1-d beam equation:(46) 

































∂2ω
∂t2 (x, t) + ∂4ω

∂x4 (x, t) = 0, 0 < x < 1, t > 0,
ω(0, t) = ∂ω

∂x (0, t) = 0, t > 0,
∂2ω
∂x2 (1, t) = 0, t > 0,
∂3ω
∂x3 (1, t) = α1

∂ω
∂t (1, t) + α2

∂ω
∂t (1, t − τ(t)), t > 0,

ω(x, 0) = ω0(x), ∂ω
∂t (x, 0) = ω1(x), 0 < x < 1,

∂ω
∂t (1, t − τ(0)) = f0(t − τ(0)), 0 < t < τ(0),where α1, α2 > 0. First, we rewrite this system in the form (5). For thatpurpose, we introdu
e H = L2(0, 1) and the operator A : D(A) → H de�nedby

Aϕ =
d4

dx4
ϕwhere D(A) = {ϕ ∈ H4(0, 1) ; ϕ(0) = ∂ϕ

∂x (0) = ∂2ϕ
∂x2 (1) = ∂3ϕ

∂x3 (1) = 0}, whi
h isa self-adjoint and positive operator with a 
ompa
t inverse in H. We now de�ne
U = U1 = U2 = R and the operators Bi : U → D(A

1
2 )′ given by

Bik =
√

αi k δ1, i = 1, 2.It is easy to verify that B∗
i (ϕ) =

√
αi ϕ(1) for ϕ ∈ D(A1/2) and thus

BiB
∗
i (ϕ) = αi ϕ(1)δ1 for ϕ ∈ D(A1/2) and i = 1, 2. Then the system (46)
an be rewritten in the form (5). We noti
e that (12) is equivalent to (34) andby taking α = α2/α1, (34) is equivalent to (35).By Lemma 2.2 and Remark 2.3, (13) holds, be
ause D(0, 1) ⊂ ker(B∗

1 ) and
D(0, 1) is dense in H . Hen
e, under the 
ondition (35), this system is well-posedby Theorem 2.4 and the energy de
ays by Proposition 3.1 for α2

2 < (1 − d)α2
1.To prove the exponential stability of (46), we introdu
e the Lyapunov fun
-tional (27) with the operator M : V → H de�ned by (36).The following lemma shows that (29) and (30) hold.Lemma 5.2 The 
onditions (29) and (30) hold.Proof. Condition (30) follows dire
tly from Young's inequality:

|(Mω, ω̇)H | =

∣

∣

∣

∣

2

∫ 1

0

x
∂ω

∂x
(x, t)

∂ω

∂t
(x, t)dx

∣

∣

∣

∣

≤
∫ 1

0

(

(

∂ω

∂x
(x, t)

)2

+

(

∂ω

∂t
(x, t)

)2
)

dx.20



For the other assertion, we note that
d

dt
(Mω, ω̇)H =

∫ 1

0

(

2x
∂2ω

∂x∂t
(x, t)

∂ω

∂t
(x, t) − 2x

∂ω

∂x
(x, t)

∂4ω

∂x4
(x, t)

)

dx.But, by integrating by parts, we obtain
2

∫ 1

0

x
∂2ω

∂x∂t
(x, t)

∂ω

∂t
(x, t)dx = −

∫ 1

0

(

∂ω

∂t
(x, t)

)2

dx +

(

∂ω

∂t
(1, t)

)2

.Moreover, again integrating by parts yields
∫ 1

0

x
∂ω

∂x
(x, t)

∂4ω

∂x4
(x, t)dx = −

∫ 1

0

∂ω

∂x
(x, t)

∂3ω

∂x3
(x, t)dx −

∫ 1

0

x
∂2ω

∂x2
(x, t)

∂3ω

∂x3
(x, t)dx

+
∂ω

∂x
(1, t)

∂3ω

∂x3
(1, t),with

∫ 1

0

x
∂2ω

∂x2
(x, t)

∂3ω

∂x3
(x, t)dx = −1

2

∫ 1

0

(

∂2ω

∂x2
(x, t)

)2

dx +
1

2

(

∂2ω

∂x2
(1, t)

)2

,and
∫ 1

0

∂ω

∂x
(x, t)

∂3ω

∂x3
(x, t)dx = −

∫ 1

0

(

∂2ω

∂x2
(x, t)

)2

dx+
∂ω

∂x
(1, t)

∂2ω

∂x2
(1, t)−∂ω

∂x
(0, t)

∂2ω

∂x2
(0, t).Consequently

∫ 1

0

x
∂ω

∂x
(x, t)

∂4ω

∂x4
(x, t)dx =

3

2

∫ 1

0

(

∂2ω

∂x2
(x, t)

)2

dx − ∂ω

∂x
(1, t)

∂2ω

∂x2
(1, t)

+
∂ω

∂x
(0, t)

∂2ω

∂x2
(0, t) − 1

2

(

∂2ω

∂x2
(1, t)

)2

+
∂ω

∂x
(1, t)

∂3ω

∂x3
(1, t).Therefore, the boundary 
onditions satis�ed by ω lead to

d

dt
(Mω, ω̇)H = −

∫ 1

0

(

∂ω

∂t
(x, t)

)2

dx+

(

∂ω

∂t
(1, t)

)2

−3

∫ 1

0

(

∂2ω

∂x2
(x, t)

)2

dx

− 2
∂ω

∂x
(1, t)

∂3ω

∂x3
(1, t).By Young's inequality, we have

∣

∣

∣

∣

−2
∂ω

∂x
(1, t)

∂3ω

∂x3
(1, t)

∣

∣

∣

∣

≤ ǫ

(

∂ω

∂x
(1, t)

)2

+
1

ǫ

(

∂3ω

∂x3
(1, t)

)2

, ∀ǫ > 0.Moreover by tra
e inequality and Poin
aré's inequality, there exists a 
onstant
C > 0 su
h that

(

∂ω

∂x
(1, t)

)2

≤ C

∫ 1

0

(

∂2ω

∂x2
(x, t)

)2

dx.21



Thus, by the dissipation 
ondition at 1 of (46),
∣

∣

∣

∣

−2
∂ω

∂x
(1, t)

∂3ω

∂x3
(1, t)

∣

∣

∣

∣

≤ Cǫ

∫ 1

0

(

∂2ω

∂x2
(x, t)

)2

dx +
2α2

1

ǫ

(

∂ω

∂t
(1, t)

)2

+
2α2

2

ǫ

(

∂ω

∂t
(1, t − τ(t))

)2

.Therefore it holds
d

dt
(Mω, ω̇)H ≤ −

∫ 1

0

(

∂ω

∂t
(x, t)

)2

dx − (3 − Cǫ)

∫ 1

0

(

∂2ω

∂x2
(x, t)

)2

dx

+

(

1 +
2α2

1

ǫ

)(

∂ω

∂t
(1, t)

)2

+
2α2

2

ǫ

(

∂ω

∂t
(1, t − τ(t))

)2

, ∀ǫ > 0It su�
es to take ǫ ≤ 2/C, to obtain
d

dt
(Mω, ω̇)H ≤ −

∫ 1

0

(

(

∂ω

∂t
(x, t)

)2

+

(

∂2ω

∂x2
(x, t)

)2
)

dx + C1

(

∂ω

∂t
(1, t)

)2

+C2

(

∂ω

∂t
(1, t − τ(t))

)2

,with C1, C2 > 0, whi
h 
orresponds to (29).Therefore, by our abstra
t framework the system (46) is exponentially stableunder the above assumptions.5.3 The plate equationIn this subse
tion, we study the stability of the plate equation with boundarytime-varying delay. Let Ω ⊂ R
n (n ≥ 1) be an open bounded set with aboundary Γ of 
lass C2. We assume that Γ is divided into two parts ΓD and ΓN ,i.e. Γ = ΓD ∪ ΓN , with ΓD ∩ ΓN = ∅ and ΓD 6= ∅. Moreover we assume that

Γ2
N ⊆ Γ1

N = ΓN .In this domain Ω, we 
onsider the initial boundary value problem(47)






























∂2u
∂t2 (x, t) + ∆2u(x, t) = 0 in Ω × (0, +∞)
u(x, t) = ∂u

∂ν (x, t) = 0 on ΓD × (0, +∞)
∆u(x, t) = 0 on ΓN × (0, +∞)
∂∆u
∂ν (x, t) = α1

∂u
∂t (x, t)χΓN

+ α2
∂u
∂t (x, t − τ(t))χΓ2

N
on ΓN × (0, +∞)

u(x, 0) = u0(x), ∂u
∂t (x, 0) = u1(x) in Ω

∂u
∂t (x, t − τ(0)) = f0(x, t − τ(0)) in Γ2

N × (0, τ(0)).We assume that (38) holds with the standard multiplier m(x) := x− x0, forsome x0 ∈ R
n. Note that the hypothesis (39) is not ne
essary.22



To rewrite this system in the form (5), we introdu
e H = L2(Ω) and theoperator A : D(A) → H given by
Aϕ = ∆2ϕwhere D(A) = {ϕ ∈ H4(Ω) : u = ∂u

∂ν = 0 on ΓD, ∆u = ∂∆u
∂ν = 0 on ΓN}.The operator A is self-adjoint and positive with a 
ompa
t inverse in H. Theoperators B∗

1 and B∗
2 are here given by (40) and B1, B2 by (41) with U1 =

L2(Γ1
N ), U2 = L2(Γ2

N ).Thus the system (47) 
an be rewritten in the form (5). We noti
e that (12)is equivalent to (34) and then, as previously, to (35).By Lemma 2.2 and Remark 2.3, we see that (13) holds be
ause D(Ω) ⊂
ker(B∗

1) and D(Ω) is dense in L2(Ω). Therefore, under the hypothesis (35), thissystem is well-posed by Theorem 2.4 and the energy de
ays by Proposition 3.1for α2
2 < (1 − d)α2

1.To prove the exponential stability of (47), we introdu
e the Lyapunov fun
-tional (27) with the operator M : V → H de�ned by (42). Then we 
an easilyprove that (30) holds by Poin
aré's theorem. Moreover:Lemma 5.3 Condition (29) holds.Proof. Dire
t 
al
ulation gives(48)
d

dt

∫

Ω

(2m · ∇u + (n − 1)u)utdx =

∫

Ω

2m · ∇ututdx + (n − 1)

∫

Ω

u2
t dx

−
∫

Ω

(2m · ∇u)∆2udx − (n − 1)

∫

Ω

u∆2udx.By Green's formula, we �nd
∫

Ω

2m · ∇ututdx = −n

∫

Ω

u2
t dx +

∫

Γ

(m · ν)u2
t dΓ.Moreover again two appli
ations of Green's formula lead to

∫

Ω

(2m · ∇u)∆2udx = 2

∫

Ω

∆(m·∇u)∆udx−2

∫

Γ

∂

∂ν
(m·∇u)∆udΓ+2

∫

Γ

∂∆u

∂ν
(m·∇u)dΓ,with

∆(m · ∇u)∆u = 2(∆u)2 + m · ∇(∆u)∆u = 2(∆u)2 +
1

2
m · ∇((∆u)2).Then

∫

Ω

(2m · ∇u)∆2udx = 4

∫

Ω

(∆u)2dx +

∫

Ω

m · ∇((∆u)2)dx − 2

∫

Γ

∂

∂ν
(m · ∇u)∆udΓ

+2

∫

Γ

∂∆u

∂ν
(m · ∇u)dΓ

= 4

∫

Ω

(∆u)2dx − n

∫

Ω

(∆u)2dx +

∫

Γ

(m · ν)(∆u)2dΓ

−2

∫

Γ

∂

∂ν
(m · ∇u)∆udΓ + 2

∫

Γ

∂∆u

∂ν
(m · ∇u)dΓ,23



by Green's formula. For the last term of (48), we use again two times Green'sformula,
∫

Ω

u∆2udx =

∫

Ω

(∆u)2dx −
∫

Γ

∂u

∂ν
∆udΓ +

∫

Γ

∂∆u

∂ν
udΓ.Consequently, (48) be
omes

d

dt

∫

Ω

(2m · ∇u + (n − 1)u)utdx = −
∫

Ω

(

u2
t + 3(∆u)2

)

dx +

∫

Γ

(m · ν)
(

u2
t − (∆u)2

)

dΓ

+

∫

Γ

(

2
∂

∂ν
(m · ∇u)dΓ + (n − 1)

∂u

∂ν

)

∆udΓ

−
∫

Γ

∂∆u

∂ν
(2(m · ∇u) + (n − 1)u) dΓ.As u = ∂u/∂ν = 0 on ΓD, ∇u = 0 on ΓD and

∂

∂ν
(m · ∇u) = m · ν ∂2u

∂ν2
= (m · ν)∆u on ΓD.Therefore the boundary 
onditions of (47) implies

d

dt

∫

Ω

(2m · ∇u + (n − 1)u)utdx = −
∫

Ω

(

u2
t + 3(∆u)2

)

dx −
∫

ΓD

(m · ν)(∆u)2dΓ

+

∫

ΓN

(m · ν)u2
t dΓ + 2

∫

ΓD

(m · ν)(∆u)2dΓ

−
∫

ΓN

∂∆u

∂ν
(2(m · ∇u) + (n − 1)u)dΓ.By (38), we obtain

d

dt

∫

Ω

(2m · ∇u + (n − 1)u)utdx ≤ −
∫

Ω

(

u2
t + 3(∆u)2

)

dx +

∫

ΓN

(m · ν)u2
t dΓ

−
∫

ΓN

∂∆u

∂ν
(2(m · ∇u) + (n − 1)u)dΓ.From Young's inequality, we dedu
e that

d

dt

∫

Ω

(2m · ∇u + (n − 1)u)utdx ≤ −
∫

Ω

(

u2
t + 3(∆u)2

)

dx + c

∫

ΓN

u2
t dΓ

+
C

ǫ

∫

ΓN

(

∂∆u

∂ν

)2

dΓ + ǫ

∫

ΓN

(

(∇u)2 + u2
)

dΓ,with C, c > 0. We 
on
lude the proof of this lemma by using a tra
e inequality,Poin
aré's inequality and the boundary 
ondition of (47).In 
on
lusion, our abstra
t framework applies again and system (47) is ex-ponentially stable under the previous hypotheses.24
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