WEAK APPROXIMATION OF A FRACTIONAL SDE
X. BARDINA, I. NOURDIN, C. ROVIRA, AND S. TINDEL*

ABSTRACT. In this note, a diffusion approximation result is shown for stochastic dif-
ferential equations driven by a (Liouville) fractional Brownian motion B with Hurst
parameter H € (1/3,1/2). More precisely, we resort to the Kac-Stroock type approxi-
mation using a Poisson process studied in [4, 7], and our method of proof relies on the
algebraic integration theory introduced by Gubinelli in [13].

1. INTRODUCTION

After a decade of efforts [2, 6, 13, 20, 21, 26, 27], it can arguably be said that the basis
of the stochastic integration theory with respect to a rough path in general, and with
respect to a fractional Brownian motion (fBm) in particular, has been now settled in a
rather simple and secure way. This allows in particular to define rigorously and solve
equations on an arbitrary interval [0, 7] with T > 0, of the form:

dy, = o (y,)dB, + b (y) dt, yo=a€R", (1)

where o : R* — R™? b : R® — R" are two bounded and smooth functions, and B
stands for a d-dimensional fBm with Hurst parameter H > 1/4. A question which arises
naturally in this context is then to try to establish some of the basic properties of the
process y defined by (1), and this global program has already been started as far as
moments estimates [15], large deviations [19, 23], or properties of the law [5, 25] are
concerned (let us mention at this point that the forthcoming book [11] will give a detailed
account on most of these topics).

In the current note, we wish to address another natural problem related to the frac-
tional diffusion process y defined by (1). Indeed, in the case where B is an ordinary
Brownian motion, one of the most popular method in order to simulate y is the following:
approximate B by a sequence of smooth or piecewise linear functions, say (X¢).~o, which
converges in law to B, e.g. an interpolated and rescaled random walk. Then see if the
process y° solution of equation (1) driven by X¢ converges in law, as a process, to y. This
kind of result, usually known as diffusion approximation, has been thoroughly studied in
the literature (see e.g. [16, 30, 31]), since it also shows that equations like (1) may emerge
as the limit of a noisy equation driven by a fast oscillating function. The diffusion ap-
proximation program has also been taken up in the fBm case by Marty in [22], with some
random wave problems in mind, but only in the cases where H > 1/2 or the dimension
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d of the fBm is 1. Also note that, in a more general context, strong and weak approxi-
mations to Gaussian rough paths have been studied systematically by Friz and Victoir in
[10]. Among other results, the following is proved in this latter reference: let (X¢).~o be
a sequence of d-dimensional centered Gaussian processes with independent components
and covariance function R°. Let X be another d-dimensional centered Gaussian processes
with independent components and covariance function R. Assume that all those processes
admit a rough path of order 2, that R® converges pointwise to R, and that R® is suitably
dominated in p-variation norm for some p € [1,2). Then the rough path associated to X*
also converges weakly, in 2p-variation norm, to the rough path associated to X.

This result does not close the diffusion approximation problem for solutions of SDEs
like (1). Indeed, for computational and implementation reasons, the most typical processes
taken as approximations to B are non Gaussian, and more specifically, are usually based
on random walks [18, 31, 28] or Kac-Stroock’s type [4, 7, 17, 29] approximations. However,
the issue of diffusion approximations in a non-Gaussian context has hardly been addressed
in the literature, and we are only aware of the aforementioned reference [22], as well as
the recent preprint [9] (which deals with Donsker’s theorem in the rough path topology)
for significant results on the topic. The current article proposes then a natural step
in this direction, and studies diffusion approximations to (1) based on Kac-Stroock’s
approximation to white noise.

Let us be more specific about the kind of result we will obtain. First of all, we consider
in the sequel the so-called d-dimensional Liouville fBm B, with Hurst parameter H €
(1/3,1/2), as the driving process of equation (1). This is convenient for computational
reasons (especially for the bounds we use on integration kernels), and is harmless in terms
of generality, since the difference between the usual fBm and Liouville’s one is a finite
variation process (as shown in [3]). More precisely, we assume that B can be written as
B = (B,..., B%), where the B"s are d independent centered Gaussian processes of the
form

t
B;’—/ (t—r)zdW?,
0

for a d-dimensional Wiener process W = (W', ..., W9). As an approximating sequence
of B, we shall choose (X¢).~, where X is defined as follows, for i = 1,...,d:
t
X5 (t) = / (t+e— r)H_%QE’i(r)dr, (2)
0
where .

0 (r) = Z(~1)"®), 3
for N, i = 1,...,d, some independent standard Poisson processes. Let us then consider
the process 3 solution to equation (1) driven by X¢ namely:

dy; = o (y;) dX7 +b(y;)dt, yo=a€R", t€0,T]. (4)

Then our main result is as follows:

Theorem 1.1. Let (y°).~0 be the family of processes defined by (4), and let 1/3 < v < H,
where H 1is the Hurst parameter of B. Then, as ¢ — 0, y° converges in law to the process

y obtained as the solution to (1), where the convergence takes place in the Hélder space
C7([0, T]; R™).
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Observe that we have only considered the case H > 1/3 in the last result. This is of
course for computational and notational sake, but it should also be mentioned that some
of our kernel estimates, needed for the convergence in law, heavily rely on the assumption
H > 1/3. On the other hand, the case H > 1/2 follows easily from the results contained
in [7], and the case H = 1/2 is precisely Stroock’s result [29]. This is why our future
computations focus on the case 1/3 < H < 1/2.

The general strategy we shall follow in order to get our main result is rather natural in
the rough path context: it is a well-known fact that the solution y to (1) is a continuous
function of B and of the Lévy area of B (which will be called B2), considered as elements
of some suitable Holder (or p-variation) spaces. Hence, in order to obtain the convergence
y*—y in law, it will be sufficient to check the convergence of the corresponding approxi-
mations X¢ and X?¢ in their respective Holder spaces (observe however that X2 is not
needed, in principle, for the definition of 3°). Then the two main technical problems we
will have to solve are the following:

(1) First of all, we shall use the simplified version of the rough path formalism, called
algebraic integration, introduced by Gubinelli in [13], which will be summarized in
the next section. In the particular context of weak approximations, this allows us
to deal with approximations of B and B2 directly, without recurring to discretized
paths as in [6]. However, the algebraic integration formalism relies on some space
C., where k stands for a number of variables in [0,7], and ~ for a Holder type
exponent. Thus, an important step will be to find a suitable tightness criterion in
these spaces. For this point, we refer to Section 4.

(2) The convergence of finite dimensional distributions (“fdd” in the sequel) for the
Lévy area B2 will be proved in Section 5, and will be based on some sharp estimates
concerning the Kac-Stroock kernel (3) that are performed in Section 6. Indeed, this

latter section is mostly devoted to quantify the distance between fOT f(u)6f (u)du
and fOT f(u)dW, for a smooth enough function f, in the sense of characteristic

functions. This constitutes a generalization of [7], which is interesting in its own
right.

Here is how our paper is structured: in Section 2, we shall recall the main notions of
the algebraic integration theory. Then Section 3 will be devoted to the weak convergence,
divided into the tightness result (Section 4) and the fdd convergence (Section 5). Finally,
Section 6 contains the technical lemmas of the paper.

2. BACKGROUND ON ALGEBRAIC INTEGRATION AND FRACTIONAL SDES

This section contains a summary of the algebraic integration introduced in [13], which
was also used in [25, 24] in order to solve and analyze fractional SDEs. We recall its main
features here, since our approximation result will also be obtained in this setting.

Let 2 be a Holder continuous R-valued function of order «y, with 1/3 < v < 1/2, and
o:R" — R™4 p:R" — R"” be two bounded and smooth functions. We shall consider in
the sequel the n-dimensional equation

dyr = o (y;)dvy +b(y)dt, yo=a €R", t€][0,T]. (5)

In order to define rigorously and solve this equation, we will need some algebraic and
analytic notions which are introduced in the next subsection.
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2.1. Increments. We first present the basic algebraic structures which will allow us to
define a pathwise integral with respect to irregular functions. For an arbitrary real number
T > 0, a vector space V and an integer £ > 1 we denote by C(V') the set of functions
g:10,T]F — V such that g;,..;, = 0 whenever ¢; = t;, for some i < k—1. Such a function
will be called a (k — 1)-increment, and we will set C,(V) = U>1C,(V). An important
elementary operator is defined by
k+1
0:C(V) = Conn(V), (09t = D (1) "0t (6)
i=1
where #; means that this particular argument is omitted. A fundamental property of 6,

which is easily verified, is that 60 = 0, where 60 is considered as an operator from Ci (V)
to Ci42(V). We will denote ZC, (V') = Cr(V) N Kerd and BC,(V) = Ci(V) N Imd.

Some simple examples of actions of § are obtained for g € C;(V') and h € Co(V'). Then,
for any s, u,t € [0,T], we have

(59)515 =Gt — Gs, and (5h)sut = hst - hsu - hut' (7)
Furthermore, it is easily checked that ZCy.1(V) = BCi(V) for any k > 1. In particular,
the following basic property holds:

Lemma 2.1. Let k > 1 and h € ZCx.1(V'). Then there exists a (non unique) f € Cp(V)
such that h =0f.

Observe that Lemma 2.1 implies that all elements h € Co(V') with 6h = 0 can be written
as h = ¢f for some (non unique) f € C;(V)). Thus we get a heuristic interpretation of
Sley(vy: it measures how much a given l-increment is far from being an exact increment
of a function, i.e., a finite difference.

Note that our further discussion will mainly rely on k-increments with & < 2. For the
simplicity of the exposition, we will assume from now that V = RY. We measure the
size of these increments by Holder norms, which are defined in the following way: for
f € CQ(V) let

|fst|
Hf”u = Sup

stefor] [t — s

and  Cy(V) ={f € C(V); || f[l < oo}

Obviously, the usual Holder spaces C}'(V) are determined in the following way: for a
continuous function g € C;(V') simply set

g1l = 110911, (8)
and we will say that g € C{'(V) iff ||g|,, is finite. Note that | - ||, is only a semi-norm on
C1(V), but we will work in general on spaces of the type

Cla(V)={9:[0,T] = Vi go = a, ||gllu < oo}, (9)
for a given a € V, on which ||g||,, is a norm. For h € C5(V') set in the same way
|Psu
[Ally,e = sup t (10)

s,u,t€[0,T ‘U - Sh’t - u’p

HhHN = inf {Z th Pisti—pi> h = Zhh 0<pi < N} )
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where the infimum is taken over all sequences {h; € C5(V')} such that h =), h; and for
all choices of the numbers p; € (0, ). Then || - ||, is easily seen to be a norm on Cs(V),
and we set

Ci(V) :=={h € C5(V); ||hll. < oo}

Eventually, let C;7(V) = U,=,C5(V), and note that the same kind of norms can be
considered on the spaces ZC3(V), leading to the definition of the spaces ZC4(V) and
Zet (V).

With these notations in mind, the crucial point in the current approach to pathwise
integration of irregular paths is that the operator § can be inverted under mild smoothness
assumptions. This inverse is called A. The proof of the following proposition may be found

n [13], and in a more elementary form in [14]:

Proposition 2.2. There exists a unique linear map A : ZC3T (V) — C;7(V) such that

In other words, for any h € C3* (V) such that Sh = 0 there exists a unique g = A(h) €

Cat (V) such that 6g = h. Furthermore, for any p > 1, the map A is continuous from
ZCH(V) to CY (V) and we have

1
IARI < 5 llAlle,  he ZC5(V). (11)

Moreover, A has a nice interpretation in terms of generalized Young integrals:

Corollary 2.3. For any 1-increment g € Co(V') such that 6g € C37(V) set 6f = (Id —
Ad)g. Then

(5f st = lim th tir1s

[TI¢s|—0

where the limit is over any partition gy = {to = s,...,t, =t} of [s,t], whose mesh tends
to zero. Thus, the 1-increment o f is the indefinite integral of the 1-increment g.

2.2. Weakly controlled paths. This subsection is devoted to the definition of general-
ized integrals with respect to a rough path of order 2, and to the resolution of equation (5).
Notice that, in the sequel of our paper, we will use both the notations f; fdg or T4 (f dg)
for the integral of a function f with respect to a given increment dg on the interval [s, t].
The second notation Js(f dg) will be used to avoid some cumbersome notations in our
computations. Observe also that the drift term b is generally harmless if one wants to
solve the equation (5). See e.g. Remark 3.14 in [25]. Hence, we will simply deal with an
equation of the form

dyt =0 (yt) dﬂft, te [0, T], with Yo = a (12)
in the remainder of this section.

Before going into the technical details, let us make some heuristic considerations about
the properties that a solution of equation (5) should have. Set 6, = o (), and suppose
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that y is a solution of (12), with y € C for a given 1/3 < k < 7. Then the integral form
of our equation can be written as

t
Y = a+/ Gudy, t€[0,7]. (13)
0

Our approach to generalized integrals induces us to work with increments of the form
(0y)st = y: —ys instead of (13). However, it is easily checked that one can decompose (13)
into

t t
(5y)st = / a—udl'u - 65((51')575 + Psts with Pst = / (C}u - &s)dxua

if our integral is linear. We thus have obtained a decomposition of y of the form dy =
oox + p. Let us see, still at a heuristic level, which regularity we can expect for ¢ and r.
If o is a C}-function, we have that ¢ is bounded and
|01 — 05| < [[Vollollyllalt — 5],

where [|y||, denotes the Hélder norm of y defined by (8). Hence we have that 6 belongs
to Cy and is bounded. As far as p is concerned, it should inherit both the regularities of
56 and x, provided that the integral f;(&u — 64)dx, = f;(é&)sudmu is well defined. Thus,
one should expect that p € C2*, and even p € C5"”. To summarize, we have found that a
solution dy of the equation should be decomposable into

Sy = 60z +p, with & € C] bounded and p € C3*. (14)
This is precisely the structure we will demand for a possible solution of (12):

Definition 2.4. Let z be a path in C{(RF) with k < v and 2k +~ > 1. We say that z
is a controlled path based on x, if zo = a, which is a given initial condition in R*, and
6z € C5(R®) can be decomposed into

dz=Cox+r, de (02)sg=C(00)st + pst, s,t€]0,T), (15)

with ¢ € CE(R*™9) and p is a reqular part belonging to Ca%(R¥). The space of controlled
paths will be denoted by Q. .(R¥), and a path z € Q, ,(R*) should be considered in fact

as a couple (2,¢). The natural semi-norm on Q, .(R¥) is given by
Nz Qra(®Y)] = N[z CERY)] + NG CLRE)] + NG CF (RM)] + Np; €5 (RY)]
with N'(g; Ci(V)] defined by (8) and N'[¢;Cy(V)] = supg<,<r [Cslv-

Having defined our algebraic and analytic framework, we now can give a sketch of the

strategy used in [13] in order to solve equation (12):

(1) Verify the stability of Q ,(R¥) under a smooth map ¢ : RF — R™.

(2) Define rigorously the integral [ z,dz, = J(zdz) for a controlled path z and com-

puted its decomposition (15).

(3) Solve equation (12) in the space Q, (R¥) by a fixed point argument.
Actually, for the second point one has to assume a priori the following hypothesis on the
driving rough path, which is standard in rough path type considerations:

Hypothesis 2.5. The R¥-valued v-Hélder path x admits a Lévy area, that is a process
x2 = J(dzdz) € C2'(R™9) satisfying

0x* =0z @0z, ie [(0x%)su] (i,7) = [62')sul02" ), s, u,t € [0,T], 4,5 € {1,...,d}.
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Then the following result is proved in [13], using the strategy sketched above:

Theorem 2.6. Let x be a process satisfying Hypothesis 2.5 and o : R® — R"™4 be a C?
function, which is bounded together with its derivatives. Then

(1) Equation (12) admits a unique solution y in Q. .(R™) for any k < v such that
26+ > 1.

(2) The mapping (a,z,x2) — y is continuous from R™ x CJ(R%) x C37(R¥>4) to
Q,.a(R™).

We shall see in the next subsection that this general theorem can be applied in the fBm
context.

2.3. Application to the fBm. Let B = (B!,..., B%) be a d-dimensional Liouville fBm
of Hurst index H € (%, %), that is B!,..., B% are d independent centered Gaussian pro-
cesses of the form

t
Bi= [(¢-n)"iaw;
0

where W = (W',..., W% is a d-dimensional Wiener process. The next lemma will be
useful all along the paper.

Lemma 2.7. There exists a positive constant c, depending only on H, such that
s t
E|B! — B!|* = / [(t — T)H*% — (s =)~ } dr +/ (t —r)2B 7 dr < |t — s (16)
0 s

forallt > s> 0.
Proof. Indeed, it suffices to observe that

/05 [(t—r)2 — (s —r)2]%ar = /08 [(t— s+ 1) % — 73]

and that f r)2HLdr = %

Let £ be the set of step-functions on [0, 7] with values in R?. Consider the Hilbert
space H defined as the closure of £ with respect to the scalar product induced by

<(1[0,t1}7--'71[0,td})7(1[0,81]7" 1[05d] ZR tlasz Si7ti € [OaT]a 1= 17"'7d7
where R(t,s) := E[B/B!]. Then a natural representation of the inner product in H is
given via the operator ¢, defined from & to L*([0,T7]), by:

1

#ol0) = (T =050 = (5 - 1) [ o) = et0lr - 0" 2,
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and it can be checked that £ can be extended as an isometry between H and the Hilbert
space L%([0,T]; R?). Thus the inner product in H can be defined as:

() ¢>H 2 (A, ‘%/¢>L2([O,T};Rd) .

The mapping (14, - - -, Lo,]) — S B; can also be extended into an isometry between
H and the first Gaussian chaos H;(B) associated with B = (B!, ..., B%). We denote this
isometry by ¢ — B(p), and B(y) is called the Wiener-1t6 integral of . It is shown in [8,
page 284] that C](R?) C ‘H whenever v > 1/2 — H, which allows to define B(y) for such
kind of functions.

We are now ready to prove that Theorem 2.6 can be applied to the Liouville fBm, which
amounts to check Hypothesis 2.5.

Proposition 2.8. Let B be a d-dimensional Liouville fBm, and suppose that its Hurst
parameter satisfies H € (1/3,1/2). Then almost all sample paths of B satisfy Hypothesis
2.5, with any Hélder exponent 1/3 <~ < H, and a Lévy area given by

t U t U
B;::/"dBu@l/ B, i e B;@_n::/°d35/“d35 ijefl,...ay,

for 0 < s <t <T. Here, the stochastic integrals are defined as Wiener-Ito integrals when
1 # j, while, when i = j, they are simply given by

t u
i i 1 i i\2
/sdBu/s dB} = (Bj - B))".

Proof. First of all, it is a classical fact that B € C](R?) for any 1/3 < v < H, when
B is a Liouville fBm with H > 1/3 (indeed, combine the Kolmogorov-Centsov theorem
with Lemma 2.7). Furthermore, we have already mentioned that C](R?) C ‘H for any
v > 1/2 — H. In particular, if H > v > 1/3, the condition v > 1/2 — H is satisfied
and, conditionaly to B, fst dB! fs“ dBJ is well-defined for ¢ # j, as a Wiener-Ito integral
with respect to B?, of the form B'(p) for a well-chosen (. Hence, B2 is almost surely a
well-defined element of Co(R¥*9).

Now, simple algebraic computations immediately yield that §B2 = §B ® 6 B. Further-
more, Lemma 6.4 yields

E[|IB3,(i,j)P] < cft — s[*".

Invoking this inequality and thanks to the fact that B2 is a process in the second chaos
of B, on which all L? norms (p > 1) are equivalent, we get that

E [|B§t(i,j)|p} < Cp|t - 3|2pH-

This allows to conclude, thanks to an elaboration of Garsia’s lemma which can be found
in [13, Lemma 4] (and will be recalled at (32)), that B2 € C3"(R%*9) for any v < 1/3.
This ends the proof.

O

With all these results in hand, we have obtained a reasonable definition of diffusion
processes driven by a fBm, and we can now proceed to their approximation in law.
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3. APPROXIMATING SEQUENCE

In this section, we will introduce our smooth approximation of B, namely X¢, which
shall converge in law to B. This will allow to interpret equation (4) in the usual Lebesgue-
Stieltjes sense. We will then study the convergence in law of the process y* solution to
(4) towards the solution y of (1).

As mentioned in the introduction, the approximation of B we shall deal with is defined
as follows, for i =1,... d:

t
X (t) = / (t+¢e— T)H_%Qs’i(r)dr, (17)
0
where
, 1 i(r
() = ~(~1)™'®),
€
for N*,i=1,...,d, some independent standard Poisson processes. Furthermore, we have

recalled in Theorem 2.6 that the solution y to (1) is a continuous function of (a, B, B?),
considered respectively as elements of R%, C](R?) and C;7 (R%*¢) for 1/3 < v < H. Thus
our approximation theorem 1.1 can be easily deduced from the following result:

Theorem 3.1. For any € > 0, let X?° = (X?f(i,j))&tzo;i,j:lwd be the natural Lévy’s
area associated to X<, defined by

u

t
X3 (0) = [ (X0 - XEF)axe (18)
where the integral is understood in the usual Lebesque-Stieltjes sense. Then, as € — 0,

(X%, X29) 2% (B, B?), (19)

where B? denotes the Lévy area defined in Proposition 2.8, and where the convergence in
law holds in spaces C'(RY) x C3*(R¥4), for any p < H.

The remainder of our work is devoted to the proof of Theorem 3.1. As usual in the
context of weak convergence of stochastic processes, we divide the proof into the weak
convergence for finite-dimensional distributions (Section 5) and a tightness type result
(Section 4).

Remark 3.2. A natural idea for the proof of Theorem 3.1 could be to use the methodology
initiated by Kurtz and Protter in [18]. But the problem, here, is that the quantities we
are dealing with are not “close enough” to a martingale.

4. TIGHTNESS IN THEOREM 3.1

From now, we write C!* (resp. C3*) instead of C¥(R?) (resp. C3*(R%*?)). We first need
a general tightness criterion in the Hélder spaces C* and C2.

Lemma 4.1. Let & denote the set of (x,x2) € C] x C37 verifying xo = 0 and
vsatZOa v%.]:]-)ad X?t(zh]):X(2]t(7'7.]>_xgs(z’j>_‘r;(xg_‘rg) (20)

Let p such that 0 < p < . Then, any bounded subset 2 of &7 is precompact in Cy' X Cg“.
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Proof. Let (z",x%") be a sequence of 2. By assumption, (z,x2") is bounded and
equicontinuous. Then, Ascoli’s theorem applies and, at least along a subsequence, which
may also be called (2", x3"), it converges uniformly to (z,x2). Using (20), we obtain in
fact that (z",x*™) converges uniformly to (z,x?). Moreover, since we obviously have

(L, < liminf [2"]|, and ||x*l5, < liminf [|x*"]|,,
n—oo n—oo

we deduce that (x,x2) € C!* x C5*. Finally, we have

2 __X2m

o — 2", —0 and | —0,

‘Qﬂ

owing to the fact that

1-£ 1— K
lz = 2"y < lz = 2"y lz = 2"loe 7 < (l2lly + 12" |3) |z — 2"l >

and similarly:

1
I* = %[l < (1125 + [ [l ) 1x* = x*" [l 7.

O

We will use the last result in order to get a reasonable tightness criterion for our

approximation processes X¢ and X?¢ by means of a slight elaboration of [20, Corollary
6.1]:

Proposition 4.2. Let X¢ and X?¢ be defined respectively by (17) and (18). If, for every
n > 0, there exists v > p and A < oo such that

sup P[|X?l, > A]<n and sup P[[|X*, > A] <, (21)

0<e<1 0<e<1
then (X¢,X22) is tight in CI* x Co".

Proof. Recall the Prokhorov theorem relating precompactness of measures on a space
to compactness of sets in the space. This result states that a family M of probability
measures on the Borel sets of a complete separable metric space S is weakly precompact
if and only if for every n > 0 there exists a compact set K, C S such that

sup pu (S'\ Ky) <.

neM
Furthermore, it is readily checked that the couple (X¢ X?€) satisfies the assumption
(20), which allows to apply Lemma 4.1. Hence, combining this lemma with Prokhorov’s
theorem, our proposition is easily proved.

O

Let us turn now to the main result of this subsection:
Proposition 4.3. The sequence (X, X2).oq defined in Theorem 3.1 is tight in C!* x C3".

Proof. Thanks to Proposition 4.2, we just have to prove that (X, X2<) verifies (21). For
an arbitrary n € (0,1), we will first deal with the relation

sup P[|IX7}, > 4] <, (22)
0<e<1
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for A = A, large enough, and 1/3 < v < H. To this purpose, let us recall some basic
facts about Sobolev spaces, for which we refer to [1]: for @ € (0,1) and p > 1, the Sobolev
space W*P ([0, T]; R™) is induced by the semi-norm

T [T _ P
Iz, = [ O dsar (23)

Then the Sobolev imbedding theorem states that, if ap > 1, then W*?([0, T]; R?) is
continuously imbedded in C](R?) for any v < a — 1/p, where the spaces C] have been
defined by relation (8), and in this case, we furthermore have that

£l < el fllaps (24)

for a positive constant ¢ = ¢,,. Notice that, in both (8) and (23), the sup part of the
usual Holder or Sobolev norm has been omitted, but can be recovered since we are dealing
with fixed initial conditions. In order to prove (22), it is thus sufficient to check that, for
any p > 1 sufficiently large and o < H, the following bound holds true:

Xe(t P
sup B [/ / | |t—3\1+0‘( 2l dsdt] < My, < 00. (25)

0<e<1

Invoking Lemma 6.1, we get, for any € > 0, any £ > s > 0 and any integer m > 1:
B [|X=(t) — X='(s)["] (26)

s 2m
< 2¥"1g ((t te—r)2 — (s4e—r)T2)6% (r)dr ]
) 2m
+22m-1 g / (t+e—r)205(r)dr ]
2m l o182 m
< (t+e—r)13—(s+e—r)32)

2m 1 m
( (t+¢e— 2H ldr)

gm—l1 2 m
< m (/ t—r ~3 —(S—T)H_%)2d7“) (27)
2m 1 ( 2H 1d7”)m
< c2m,H]t — s|2mH by Lemma 2.7. (28)

Note that here, and in the remainder of the proof, c{, denotes a generic constant de-
pending only on the object(s) inside its argument, and which may take different values
one formula to another one. From (28), we deduce that (25) holds for any o« < H and
p large enough, from which (22) is easily seen. Moreover, thanks to the classical Garsia-
Rodemich-Rumsey lemma, see [12], for any ¢,§,7 > 0 and i € {1,...,d}, there exists a
random variable GT*¢% such that, for any s,t € [0,T7:

X () — X5 (s)] < GTO%|t — o], (29)
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Since the bound in (28) is independent of €, it is easily checked that, for any integer
m > 1,any i € {1,...,d} and any 6,7 > 0 (4 small enough), we have

Come = sup F (|GT’5’5’i|2m) < +00.
0<e<1

Let us turn now to the tightness of (X?<)..¢. Recall first that X%°(i,7) = 1 (X;'—X2%)%.
Therefore, we deduce from (28) that

Ef- - m C4m,H m
E[IX% (0, )] < Sl — sffmt, (30)

Assume now that ¢ # j. We have, by applying successively (53), Lemma 6.1 and (29):

t
BIREGHP" < enB| [ (07 = X0 0= —up

m

+cm B

/ (X)e - Xg"e)Q((t fe—w) 2 —(s4+e— u)H’%)2du
0

t t 2 ™
/ (/ | X7 — X7¢| (u+e— U)H_gdu> dv
0 sVv

This last expression can be trivially bounded by considering the case ¢ = 0, and some
elementary calculations then lead to the relation

E[IXZ% (i, 5)|*™] < copr |t — s[*mH2m0, (31)

+Cm,H FE

In order to conclude that X? verifies the second inequality in (21), let us recall the following
inequality from [13]: let g € Co(V) for a given Banach space V; then, for any x > 0 and
p > 1 we have

' T T |gst|p 1/p
l9lle < ¢ (Uusasp(a) + I6gl,)  with Uw<g>=( / / —dsdt) 32
0 0

’t — S‘WP

By plugging inequality (30)-(31), for § > 0 small enough, into (32) and by recalling that
6X%¢ = §X° ® 6X° and inequality (29), we obtain easily the second part of (21).
0

5. FDD CONVERGENCE IN THEOREM 3.1

This section is devoted to the second part of the proof of Theorem 3.1, namely the
convergence of finite dimensional distributions. Precisely, we shall prove the following:

Proposition 5.1. Let (X¢,X2¢) be the approzimation process defined by (17) and (18).
Then

f.d.d. — lim (X, X?¢) = (B,B?), (33)

where f.d.d. —lim stands for the convergence in law of the finite dimensional distributions.
Otherwise stated, for any k > 1 and any family {s;,t;; i < k,0 < s; <t; <T}, we have

£ — lim (X X2 X, X2 )= (B,,B?

t12 s1t19c tr Sktk s1t1)

By, B2, ). (34)
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Proof. The proof is divided into several steps.

(i) Reduction of the problem. For simplicity, we assume that the dimension d of B is 2
(the general case can be treated along the same lines, up to some cumbersome notations).
Fori=1,2,e>0and 0 <u <t <T, let us consider

t
Yo (u, 1) = / (X5 — X0%) (0 — ) 3o

and ,
Y(u,t) = / (B! — B!)(v — u)H_%dv.

In this step, we shall prove that the fdd convergence (33) is a consequence of the
following one:

(/ 05’1(u)du,/ 05’2(u)du,/ X205 (u)du,
0 0 0

/ Y2y, Y05 () du, / X102 () du, / i, -)95’2(u)du>

0 0 0
b (Wl,w2, / B2dW,, / Y2 (u, )dWy, / BLAWy, / Yl(u,-)dwi).<35)
0 0 0 0

Indeed, assume for an instant that (35) takes place. Then, approximating the kernel
(t —-)f=1/2 in L? by a sequence of step functions (along the same lines as in [7, Proof of
Theorem 1, p. 404]), it is easily checked that we also have:

(Xl’a, X2, / (- +e— w77 X267 (u)du,
0

/ Y2y, Y65 () du, / (e —u)Th X0 22 () du, / i, ')95’2(u)du>

0 0 0

s (BI,B{/(-—U)H—%BMVV;,
0

/' Y2 (u, - )dW}, /'(- — )2 BLdw?2, / Y (u, -)dwj) .

0 0 0 (36)

In other words, we can add the deterministic kernel (- + & — u)? =3 in the first, second,
third and fifth components of (35) without difficulty. Let us invoke now the forthcoming

identity (53) in Lemma 6.3 for s = 0, which allows easily to go from (36) to:
(X', X% X55(1,2), X3°(2,1)) g (Bl, BQ,/ B%lBl,/ BldBQ) . (37
0 0

Finally, in order to prove our claim (34) from (37), it is enough to observe that X2e(i,1) =
(X;°)?/2 and

X (i, ) = XG (5,7) = XG5 (0,5) = Xp# (X7 = X7°).
(i) Simplification of the statement (35). For the simplicity of the exposition, we only prove
(35) for a fixed t, instead of a vector (t1,...,%,). It will be clear from our proof that the
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general case can be elaborated easily from this particular situation, up to some additional
unpleasant notations. Precisely, we shall prove that, for any u := (u1,...,us) € RS, we

have lim._,¢ . = Elexp(i(u, U))], where 0. := Elexp(i(u, U?))], U¢ is defined by

¢ ¢ ¢
Ut =wuy / 6=t (v)dv + u2/ 6% (v)dv + U3/ X205 (v)dv
0 0

0
t t t
g / Y2<(0, )05 (v)dv + us / X12052(0)dv + ug / Y1 (0, )02 () dv,
0 0 0

and

t
U=uW!+uyW? + us / B2dW}
0

t t t
—|—u4/ Y2(v,t)de1+u5/ B},dW3+u6/ Y(v, t)dW?.
0 0 0

In order to analyze the asymptotic behavior of d., let us first express U as an integral
with respect to 65! only. Indeed, Fubini’s theorem easily yields

t t t
/ Xﬁ’EHE’Q(v)dv:/ du&s’l(u)/ dv@E’Z(v)(v—%a—u)H’%,

0 0 u

and the same kind of argument also gives

t
/ Y1 (v, 1)0%% (v)dv

0

- /Otdueg’l(u) /utdw/uwdvﬁe’z(v) (0= o)1 (w4 2 — )=} — (04 ¢ — )H)
+ [ o) [ w [ a0 ) -0 e

Therefore, integrating first with respect to the randomness contained in 5!, one is allowed
. t ne
to write 0, = E(®.(Z°) e2Jo 077 ()dv) where, for f € L'([0,1]), we set

d.(f):=FE <eifotf(“)9g’1(u)du> |

and where the process Z¢ is defined by:

t
78 = up +usX2t +ug Y (ut) + u5/ (v+e— u)H_%05’2(v)dv

+ug /ut dw /uw dv0= (v) (w — )72 (w+e — w72 — (042 —u)3)

1

+ug /ut dw /Ou dv 07%(v)(w — U)H_%(’LU +e—u)f s, (38)

Hence setting now, for f € L2([0,]),

O(f):=F (eifotf(“)dW&) = exp (—% /t f2(u)du> ,
0
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we have obtained the decomposition
0 = B (9(2)em") 402 4!

where the process Z is given by

t
Zy = uy+usB2+uY?(u,t) + u5/ (v— u)H_%dVVU2

D=

+ug /utdw/uwdl/Vv2 (w—U)H’%((w—u)H’% — (v—1u)2)

t U i )
+u6/ dw/ dW? (w—v)H’%(w—u)H’E, u € (0,1,
u 0

and with two remainders v%, v? defined as:

v = B (@u(20)eme ) (@(77)eie o070

® = E (CD(ZE)e“” Js 95’2<“>d“> o (@(Z)eiuzwf) .

The convergence of v® above is easily established: using again the same strategy than in
[7, Proof of Theorem 1] (namely reducing the problem to a convergence of Kac-Stroock’s
process to white noise itself via an approximation of Liouville’s kernel by step functions),
one has that

t
(Za, / 98’2(u)du) L—V(”; (Z,W2).
0 &
Note that the convergence in law in the last equation holds in the space € x R, where
¢ = %(|0,t]) denotes the space of continuous function endowed with the uniform norm
| - [|oo- In particular, it is readily checked that lim. o2 = 0.

Now, it remains to prove that lim._,v¢ = 0. To this aim, we notice that we can bound
trivially |ei“2Wt2] by 1, and then apply the forthcoming Lemma 6.2 in order to deduce that

9 9 u2 u4 |u| HZHZEHiQ
21 < B| (6| Zal 2102 + 62.0) + 020 492015 )
for any o € (0,1). Furthermore, it is well known that characteristic functions on a
neighborhood of 0 are sufficient to identify probability laws. Consequently, using Holder’s
inequality, we see that in order to get lim._,ov? = 0, we are left to check that, for a given
ug > 0,

sup E[]|Z.]2] < oo, (39)
0<e<1

. 2 o . 2 . : 2 _

lli%E[gng (6)} - 07 lg%Eth& (5)] - Oa lE%E[(pZE (5)} - Oa (40)
sup E[e“QHZEHiﬂ <M for all u < wy. (41)
0<e<1

We are now going to see that relations (39), (40) and (41) are satisfied.
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(i11) Simplification of inequality (41). Recall that Z° has been defined by (38), and
decompose it as Z5 = uy + usUs (u) + ugUs (u) + usUS (u) + uUs (u) + ugUE (u), with

t
Ui(u) = X0, Us(u) =Y*(u,t), Us(u)= / (r+& —u)"20°(r)dr

1

Usta) = s [ dw [ drg2)w = )" E (w42 =) (ke )

1

In order to obtain (41), it is sufficient to check that there exists M > 0 such that, for
k > 0 small enough and i = 1,...,5, we have

sup E <e“f0T Uf<u>2du) <M. (42)

0<e<1

Moreover, observe that U; can always be written under the form

Uf(u):/o Vi(u, 7, )05 (r)dr, (43)

for a deterministic function V;(u,r,¢), and it is thus enough to check that

T

C;:= sup sup / V2 (u,r,e)dr < oo, (44)
u€[0,T] 0<e<1Jo

Indeed, using Lemma 6.1 below, we can write

p(ewerre) 3> g T [oura) ]
: 0

m=0

1 N <T'L€)m g € 2m
< ?mzo - /OE[UZ»(U) |du

1 (TS 2m)(Tr)™ ) o
S 7 Vi, - ) || du < ThC)™,
< T/O mZ:% (e Vil )l du_m§:jo<9 KCY)

where we have used the bound (m/3)™ < m! < m™ in the last inequality, so that the
desired conclusion follows for x > 0 small enough.

(iv) Proof of (44). We shall treat separately the cases for ¢ = 1,...,5. During all the
computations below, C' > 0 will denote a constant depending only on H and 7', which
can differ from one line to another.

a) Case i = 1. We have X2>° = fOT Vi(u,r,€)0%%(r)dr with

NG

Vi(u,r,e) = L (r)(u+¢e — r)H’

Since

T u U
/ V2 (u,r,e)dr = / (u+e—r)*1dr < / (u—7r)*"tdr = v <C,
0 0 0 2H

we have that (44) takes place for ¢ = 1.
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b) Case i = 2. We have Y*¢(u,t) = fOT Va(u, r,€)0%%(r)dr, with
t
Vo(u,re) = 1pu(r) / ((w +e— T’)H_% —(u4e— T)H_%)(w — u)H_%dw
t
+ L) / (w+e— T)H_%(w - u)H_%dw.

Then fOT Vi (u,r,e)dr = As1(u,e) + Aga(u, ), where

Ay (u,e) = /Ou (/ut (w+e— T)H_% —(u+e— T)H_%)(w — u)H_gdw)Zdr,

Agolu,e) = /: (/Tt(w te—r)f2(w— u)H—idw)2 dr.

For any € (0,1) and w > u > r > 0, we can write, for some w* € (u+ &, w + €):
‘(w—i—s—r)H_% - (u—i—e—r)H_%‘

1-3
Clw — ul® ( 1 1 ) Clw — ul?
< < |—

Tt =G \Jwte—r|zH jute—r|zH T |u—r|ztAH

Then, choosing 3 =1 — H +§ (with § > 0 small enough), we can write

“ dr b dw ?
) = CJ =\, o) =6

where we have used the fact that 2 —4H < 1 whenever H > 1/4. On the other hand,
using that, for « € (0,1),v > 1 and A > 0, we have

/°° dy 1 /°° dy e
o Yy +NY Aty ye(y 1)y Akl
we obtain that

2
t t dw
Ago(u,e) < C’/ / - dr
22(,€) u ( r |w—r|2_H|w—u|3—H>
2
¢ o dy t dr
0/ / : drso/—sa
u ( 0o vy H(y+r—u)2H> u (r_u)2_4H

c¢) Case i = 3. We have

IN

=

t T
/ (r4+e-— U)H_%QE’Q(T)CZT = / Va(u,r,€)0%2(r)dr,
u 0

with V3(u,r,€) = 1p4 (r)(r+e—u)"~2, so that the desired conclusion follows immediately
since

1 t t (t — u)2H
/ Vi (u,r,e)dr = / (r+e—u)*"tdr < / (r —u)*"dr = —F < C.
0 u u
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d) Case i = 4. We can write
/t dw /w dr(w — T)H_% ((w +e— u)H_% —(r+e— u)H—%)fov?(?«)
as fOT Vi(u,r,€)0%2(r)dr, with
Vi(u,r,e) = L q(r) /t(w - T‘)H_% (w+e— u)H_% —(r+e— u)H_%)dw.

Then, according to the computations already performed for the analysis of Ay, above, we
obtain, for 6 > 0 small enough,

T t 1 t dw 2
2
/0 Vi(u,re)dr < C’/u —|7” BT (/T —\w — 7“’16) dr < C.

e) Case 1 = 5. We have

t w .,
/ dw/ dr(w — )" (w4 £ —w)"72072(r) = / Vs(u,r,€)0%(r)dr,
with
t
Vs(u, 7€) = Lo.(r) / (w — T)H_%(w +e— u)H_%dw.

Since |w—r|2~# > |w—u|""HHy —r|27 for r < u < w, we get (for > 0 small enough)
that

C C
<

H-3 H-3
w—r) 2(w+e—u) 2 =
‘( ) ( ) |w — rl%_le — u|%_H |u — r|%_5|w — U’

3 .
3_2H+s

Hence, invoking again the fact that H > 1/4, we end up with

2
T u dr t dw
2
/0 V5(Ua7”75)d7"§0/0 lu— =2 X /u ‘w_u|%—2H+§ =C.

(v) Proof of (40). In the previous step, we have shown in particular that, for any i =
1,...,5, we have supy_.; fOT E||Uf(w)[P]du < oo for all p > 1, which implies

T
sup / E[|Z;P]du < 0o, for all p > 1.
0

0<e<1

On the other hand, a simple application of Schwarz inequality yields

( / T(sze—?‘fdu) ] <ce [ " B[(2)du

El¢3-(e)] = E
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and the same kind of argument also gives

</dx/dyZ€ (22)? “”)]
oo (o )

gce/O E[(2)du.

Finally, we have

El¢y(e)] = E <5||Z€||L2 + (/:(ZZ)QdU> 1/2)2
1/2

<22B(|Z) +2 [ B[z )au < 22802 + 22 ([ BlZ2)an)

and the proof of (40) follows immediately by putting all these facts together.

E[v7:(e)] =

1
2

(vi) Proof of (39). For all @ < B— 117’ the Sobolev inequality (24) yields || Z%||o < C||Z%]| 4,
where || f||g, has been defined by (23). Moreover, recall from (38) that Z° has the form

T
Zy — 75 = / G(s,t,r)07*(r)dr
0

for some G(s,t,-) € L*([0,T]). Hence, using the definition of 62, we can write, for any
even integer p > 2,
E|Z; = Z3IF
= s_p/ G(s,t,r1) - G(s, t,rp) E[(-1)" ()+-A+NCE ]dﬁ ~dry,
(0,7]

2(ry—79) Q(Tp 1 Tp)

= p!a_p/ G(s,t,r)---G(s, t,rp)e” < ---e L >emp,ydry - dry
(0,77

p! (—2/
= —— ¢ G(s,t,r1)G(s,t,r
Gl & oy O bIGS )

p' g2 NN (22) p/2
= 2\ G(s,t,r1)G(s,t,r2)E[(-1)Ne )] drdr
) (0,772

P e ge2yp/2
= ———(B|Z; — Z)"".
22(p/2)!

In particular, we see that, in order to achieve the proof of (39), it is enough to check that

Bz — 25 < CJt — 8|7 (45)

2(T1 T2)

p/2
1 {Tl >7»2}d7”1 dTQ)

for some 6 > 0 (small enough). Actually, we shall use again the decomposition of Z¢ in
terms of the U;’s, which means that it is sufficient to prove E|Uf (u)—Us (v)* < Clu—v|#~°
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for + = 1,...,5. But it is easily seen that
2

B|Uf(u) = U (0)]* = E/o (Vi(u,r,e)—%(v,r,s))Qa’Q(r)dr

T
< / (Vi(u,r,s)—Vi(v,r,e))er,
0

where V; is defined by (43), and are specified at step (iii). It is thus enough for our
purposes to show that fOT(%(u,r, g) — Vi(v,r,e))2dr < Clu —v[H =0 for 0 <u < v <t
where ¢ € [0,T], and we will now focus on this last inequality, for i = 1,..., 5.

a) Case i = 1. We have
T
/ (Vi(u,r,e) — Vi(v,r, &?))2dr
0
= / ((U+ € — T)H_% — (v +e— r)H—%)QdT +/ (u+€ _ 7")2H_1d7"
0 v
< / ((U — T)H—% — (v - r)H—%)er _|_/ (u _ 7")2H_1d7"
0 v
< clu—v* by Lemma 2.7.
b) Case i = 2. We can decompose fOT (V2(u, r, 5) o Vg(v, r 8))2d7“ into
t
/ (‘/2(“771’ 5) - ‘/2(/(],7", 8))2d’]" = B27]_ + B272 —|— B2’3 + 3274’
0
with

By, = /OU (/ut((w—l—a—r)H5—(u—|—5—r)H5)(w—u)Hgdw

and
2

Byy — /u (/Tt(w be—r)H b (w— U)H—édw) i

We will now study those terms separately, starting from Bsy;: this first term can be
further decomposed as BQJ S C(Bg’l’l -+ BQ’LQ —+ Bg’l’g), with

By

— /0” (/ ((w+5—r‘)H—% - (u+e—r)H—%) x ((w _u)H—% — (w _U>H_g)dw) dr

Njw

— (w— v)Hi)dw)er.
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and

2

Bors — /0 (/t ((u+e—r)H-%—(v+5—r)H-%)<w—v)H-3dw) dr
Byis = /0 (/u (wte—r)H"3 —(v4e—r)2)(w- U)H—idw>2dr.

Moreover, for 6 > 0 small enough, and by choosing 3; = H — ¢ and (5 = % — 260, we can
write

v t
1 1
B < _ /61
2= C/o (/u |U—r|/31(%—H)|w u |U—r|(%—H)(1—/31)
2
1 1
B2
X|w—u|52 7_H)\ — v |w—u|(3—H)(1—ﬂ2)dw) dr
5 v 1 t 1 2
— p|?P2
< Clu—1| /0|U—r|1+251_2H . |w_u’ng+62—,81dw dr

g5 [ 1 ! 1 i H—46
= Clu—v|"" dw | dr < Clu—ov|""
iy e A|w_u|z—zﬂ—a < Clu =7

since 5 — —H 0 < 1 whenever H > 1/3. The term Bs; 2 can be bounded in the same

way: for 5 > 0 small enough, and by choosing again § = - 0, we can write

2
1 1
B —vl|? dw | dr
a2 / (/ v — 7| ——H)' | v — 7| G=HA=B) |y — y[3-H )
1 1 ’
< Clu—ol" 4‘5/ T / 5w dr < Clu — v,
o |v—r? jw —v|272H 0
Finally, for 6 > 0 small enough, and still with 8 = H — 9, we can write
v “ 1 1 1 ’
B < C — |w—1|? dw | dr
213 = /0 (/U |v—r|5(%_H)‘ | |U_T|(%_H)(1—ﬁ) |w—v|%_H )
v 1 u 1 2
O/o _|v—7“|1_2‘5 (/v |—w—v\§2H+5dw> dr

v 1
< Clu— o172 ——dr < Clu —v|7%,
v —r[1=%
0

IN

By gathering the bounds we have obtained for By 1 1, B21,2, B21,3, we now easily get By <
Clu — v[#=° for any arbitrarily small constant ¢ > 0.
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Let us turn now to the bound concerning Bsy: for 8 = 5 — H + 6 with § > 0 small
enough, we can write, by using similar arguments to those used in the study of By 3,

2
1 1
B g
N / (/ u— 7"|’6( ‘ —u lu — 7~|(%—H)(1—6) lw — u|§—Hdw> dr
2
H-25
C/m(/mdw) dr < Clu — v|
In a similar manner we obtain, still for ¢ > 0 small enough,
1
Bys < C'/ / _dw ) dr
|w - 7’| M w — v|
2
H-25
< C'/U |U_r|2—4H+26 (/ |w—r|1 5dw> dr < Clu — v

Finally, by choosing f = 5 — 26 with 0 > 0 small enough, the same kind of arguments
allow to write

2
1
B < _ |8
24 S /(/ w—r[} H|w—u|ﬂ | v| |w—u|(§—H)(1—ﬂ)dw) dr

2
H—46 H— 45
< ot [ ([ et < clu-o

In conclusion, putting together the bounds we have obtained for all the terms B, we
end up with the announced claim fOT (Va(u,r,e) — Va(v,r, 5))2dr < Clu — v|=9 for any
0<0< H, assoon as H > 1/3.

c) Case i = 3. This case can be treated along the same lines as the previous ones: we
have

/0 (Vg(u,r, e) — Va(u,r, 5))2dr

2

<C (/vu(r — ) g 4 /ut ((r—uw)=7 — (r — U)H%)%zr) .

Now it can be shown, by using the same reasoning as in the proof of Lemma 2.7, that
fOl (%(U, r, 8) - ‘/3(7}7 r, 5))2d7" S C’]u — U|2H,

d) Case i = 4. Let us decompose again the integral under consideration into:

T
/ (‘/Zl(uv r, 8) - ‘/4(1)7T7 5))2dT = B471 + B4727
0
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with
Bai = /vu (/Ttw - T>H_%((w te—v) s —(r4e— v)H_é)dw)zdr
s = [[([re-m e remip oo

1 1 2
—(wHe—v)" T4 (r4e— U)H’i)dw) dr.

The first of these terms can now be treated by using similar arguments to those used in
the study of Bsy: for 3 =1 — H 46 (with § > 0 small enough), we can write

2
u t 1 1 1
< —_rlB d d
Bu = C/v </r jw—r|2=H !r—v|5(%_H)|w /! o —r|G=H0=H) )

“ 1 ! 1 ’ H—25
C’/v o = [ (/T \w—r!15dw) dr < Clu — v| )

In order to estimate By, we introduce an interpolated point (z*,y*) € (r+¢e,w+¢) x
(v,u) which allows to write, for u < r,

IN

(w+e—w)f=2 = (r+e—u)?"2 — (w+e—v)""7 4 (r+e—v)2]

. ] w—rlu—o
<(=—H)|(=—H)|z" =" 2w —r||lu—v| < C—-"%—-.
(2 ) (2 )| o il =0l < 1

Therefore, with G = % — 0 and 6 > 0 such that % — %H + 0 < 1 (recall again that this is
possible as soon as H > %), we get

B < of ([ 1 L e P a0) 4
b= w \Jr fw = r[z7H [r — PG aorEee [ — u|G=H0=A) )
2
t 1 t 1
< — |
< Clu—| /u|r—u!1+4ﬁ2H /r|w—r|g_H—,8dw dr

5 [ 1 ' 1 i s
Clu — o712 / _— / — d dr < Clu — o712,
lu — v By \w—r|%*%H+5 w r < Clu—v|

e) Case i = 5. Our last decomposition can be written fol (Vs(u,r,e) — Vs(v,r, 5))2dr <
C(B5’1 + B5,2 + B5,3)7 with

u t 2
Bs, = / (/ (w—r)H_g(w+6—u)H_§dw) dr
2

Bsy, = /Ov (/j(w—r)H_g((ije—u)H_%—(w+5—v)H_§)dw> dr

o [(ferr

IA

Nlw

2
(w4+e— U)Hédw) dr.
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Then, choosing § > 0 small enough, and thanks to the fact that

)3/2—H _ (w . r)1_2H+5(w _ 7,)1/2+H—6 > (u _ 7a)l—2H—|—6(w _ u)1/2+H—6 (46)

(w—r

forall v <r <u < w < t, we have

2
u t d
Bs, < C/ / . w . dr
v u |w—T|§_H|w—u|§_H

2
4H—-1-26 H— 25
< C/ T|2 1H126 (/ mdﬂ)) d?” < C|U ’ < C’]u |

On the other hand, for = 5 — 26 with 6 > 0 small enough, we can write, using similar
arguments to those used in the study of By 3,

2
v t
1 1 1
B < C u— v’ dw | dr
v /0 (/u |w—r|%—H w_apa T T >
< H-46
= | ‘ / |U—7"|1 26(/ ‘w_u

Finally, still for 6 > 0 small enough, invoking again inequality (46), we have

2
v u 1 1
Bss < O/ / dw | dr
o \Jo Jw—r|2""|jw—uv|z"H
v 1 u 1 ?
H-25
< C’/O _’v_r‘273H726 (/ﬂ —]w—u|1—'§+5dw> dr < Clu — v| )

Our estimates on Bj 1, Bs 2, Bs 3 yield trivially fol (Vg(u, r.e)—Vs(v,r, 5))2dr < Clu—v|H~°
for ¢ arbitrarily close to 0, and this last bound finishes the proof of our Proposition 5.1.
O

I\D\C»J

2
gHéalw) dr < Clu — |77,

6. SOME TECHNICAL LEMMAS

This section collect the technical results that have been used throughout the proof of
Theorem 3.1. The first lemma aims at giving some estimates concerning the Kac-Stroock
kernel (3), which can be seen as a elaboration of the ones contained in Delgado and Jolis
[7, Lemma 2]. Notice however that these latter results are not sharp enough for our
purposes, which forced us to a refinement.

Lemma 6.1. Let m € N, f, fi,..., fomn € L*([0,T]), k € {1,2} and € > 0. We have:

2m T - '
E\TL[ swetiar|| < 2201l .
and
T 2m+1 m
([ et ] < o5(0) 22 48)
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where )
= 2 ) 2d 2.
o5& = el flle +( [ )

Proof. For m € N, e > 0 and fi,..., fam € L*([0,T)), let us denote

H /0 fj(r)QE’k(r)dT] :

We will need to introduce some operations on the set of permutations (in the sequel,
Sy stands for the set of permutations on {1,...,k}): when 7 € Gy, and 0 € &,,, we
note o x 7 the element of &, defined by

(c*x7)(2) —1)=7(20(j) —1) and (o*x7)(2j) =7(20(j)).

A;m<f17 ey f2m) = E

Remark that we have id x 7 = 7 and ¢’ x (6 x7) = (00”) x 7, s0 x : &, X Gg,, — Gapy
defines a (right) group action of &,, on Sy,,. For any 7 € G,,,, the orbit of 7 has exactly

m! elements. Consequently, the set & of the orbits under the group action x has (Q—m,)'
elements and we have, by denoting 7; one particular element of the orbit o; = o(1;) € O
for ri,... 9y, €0,1],

1{V7’7é]7 ri#rj} = Z 1{TT(1)>"’>TT(27’VL)} = Z Z 1{TT(1>>"'>TT(2W1)}

TEGom 0,€0 TEO;

@m)!m1 m,

< Z H 1{r27i(j>*1>7"2fi(j)}' (49)

=1 j=1
For the reader who might not be completely convinced by this inequality, let us illustrate
it by an example: when m = 2 and 7; = id € &4, we have o; = o(7;) = {id, (13)(24)} and
we have used
Z 1{T7(1>>TT(2>>TT(3>>7"T(4>} = Losmorsn) t Lsnsnsrn) S Lnsemy s

TEO;
2
= H 1{7’27i(j)—1>"'27-i(j)}'
Jj=1

Let us apply now inequality (49). We introduce first a notation which will prevail until

the end of the article: for ¢ > 0 and r € Ry, we set Q.(r) := 6_%5/62. Notice then that,
for any ¢ > O:

|A;m(f1> .- '7f2m)|

1 2m i
S “om |f1(T1)| s |f2m(r2m)| ’E [(_1)Ei:1 N(52)] ‘ dT‘l e dr2m
€ [0,7]2m
1
=22 | Yo @n )] fom (r2m)|
0, €0 TEO; [0,7]2™

Q- ( (TT(zi—l) - TT(QZ‘))) dry - dram,
i=1

1
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and thus, according to (49), we obtain

|A£ (fl)" f2m)|

(2771)'/m|

< Z H/ Lirysro} | for, (-1 (P for () (r2) | Qe (11 — 72)drydiry

(2m)!
2m—m,\|f1HL2 o fam]l 22,

IN

the last inequality coming from

[t RO Qulrs = o
0,7

</“|Tfk(rl>|2 (@) d“)é (/ L) (/ Qu(r1 i) dm)é

1
< §||fk:||L2||fe||L2- (50)

IN

AN

This finishes the proof of (47), so let us now concentrate on (48). For m € N, we have

([ soeoar) o

2m+1

1 2m+1 T
< 82m+1/ - H | f(r1) |’E[ (2)] dry...dromq
0,T]2m
2m+1 N(%)+Zzi”1 N
- €2m+l |d8 e H If rl ’ ‘E |: € = € ] ‘ dTl ... dTQm

1 _2s
< @m+1) 85, (7] 1) / F(9) e Has

2s
Since for s > ¢, we have that E%e_?? < %, we get that

T
/ 1£(s) e_ﬂds—/ 1£(s) e e2ds+5/ |f(s)|€i26—£ds (51)

< ([ e \d)(/ Qs(2s>d8)é+§/;\f<8)lds§%</05|f<8)|2d8>é+§|!f||m,

and (48) follows easily.
U

The followmg lemma aims at measurlng the distance between the laws of the stochastic
integrals fo 7)6=*(r)dr and fo r)dWk, whenever f is a given (deterministic) function:
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Lemma 6.2. Let f € C%([0,T]) for a given a € (0,1), k € {1,2} and e > 0. For any
u € R, we have:

B[ o 000 _ ey S0

2 4

< [l +or@y + o +er@) |7 62

2
with ¢, = fooo x%e 2 dx and

- /jﬁ(m)e‘??dx, / da / dy (@) P y)e ="

Proof. The proof is divided into two steps.
1. First step: control of the imaginary part. We can write, thanks to (48):

)Im <E [GWIOT Fo=t(rdr] E[ewfoT f(r)dWr’“D‘ _ ‘ImE[e"“foT F)O )

e s

Z(2m—|—1

2. Second step: control of the real part. This step is more technical, and we will mainly
get a bound on the quantity L,, . defined by:

lu| 1172
< pple) e

1 . 1 [T Sm—1
Lm@:‘mam(f,...,f)—— 0 fz(sl)dsl.../o F(s)dsm| -

In order to express this quantity in a suitable way for estimations, notice that fooo e 2ds =
%. We can thus insert this term artificially in the multiple integrals involved in the
computations of Eet /o /W],

This gives:

@Asmm..,f)

T o0 T2m—3 [e'e)
- / f2 (Tl)drl / 6_2r2dT2 e f2 (TQm—l)d/er—l / e—QT’derzm .
0 0 0

0

Lm,a -

By a telescoping sum argument, we can now write L,,. as a sum of m terms, whose
prototype is given by My, . = M, .+ M}, . — M}, ., with

m,e)

= [1seoiins [(15e1Qutr = rars...

.- / |f(7"2m71)|d7“2m71 / |f(7”2m) - f(T2m71)’Qs(7"2m71 - T'Qm) dram,
0 0
where M? _ is defined by

= /OTf(rl)drl /OTlf(rg)Qe(rl —ro)drs . ';Zm_z )

f2<72mfl)dr2mfl QE(TZm) drom,

0 T2m—1
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and where

T2m—3

T 1 [e%¢}
M??L,e = / f(’l“l)d’l“l / f(TQ)QE(Tl — 7‘2) d’l“z Ce fQ(’f‘Qm_l)dTQm_l / 6_2T2md’l“2m.
0 0 0

T2m—2

We will now bound those three terms separately: invoking first (50), we get

] ( / ()l JREICIEES d)m

T T2m—1
X ﬁf(r2m—l>|dr2m—1’|f|’a/ |7“2m - 7‘2m—1|aQe(T2m—1 - T2m) dram,
0 0

1 m— o
< m”f”ia I lacag™.

On the other hand, (50) and (51) also yield:

o< ot ( ()l [ 1691t dm)m_l

1 [ 1
<5 [P0 )Qurar) dra s € 0.

Finally, M;Z’%E can be bounded in the following way: observe that

My, < ﬁ (/OT|f(7‘1)’d7"1 /Onlf(7“2)|@e(7“1 —T3) dT2)m_2

1 T Tom—3 T2m—3
X 5 ﬁf(TZm—SNerm—?:/ |f(7‘2m—2)|Qa(7"2m—3 - 7”2m-2) drom—2 fz(rzm—1)d7“2m—17
0 0

T2m—2

which can also be written as

1
3 2m—4 3 r3,1
Mo < Gyt I Mo

with

T Tom—1 T
Mf’nls = / dT2m—1f2(7”2m—1)/ dT2m—2/ drom 3| f(ram—2) || f (ram—3)|
0 0

T2m—1

_2<T2m73*72m—1> _2(T2m7177‘2m72)
e €2 e e2

X

€ 9
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It is now readily checked that

T Tom—1 T
3,1 2
M. < /f (7”2m—1)d7“2m—1/ d7”2m—2/ drom—3
0 0 Tom—1

2(r2m—3—"T2m—1) 2(rom—1—T2m—2)
P rames) + Pramg)) e e
2 € c

1 T
S 5 /fQ(TQm—l)dTQm—l
0

T2m—1 9 -~ 2(r9m—1—"T2m—2) T 9 _ 2(r2m—3—T2m—1)
x dram—af*(ram—2)e e + drom—3f*(ram-3)e e
0

T2m—1
< 244(2)
—s(e).
< 5¥r
Consequently,

My < Wﬂﬂpm 1y

Our proof is now easily finished: plug our estimates on M), _, M7 _ and M} _ into the

definition of M,, ., and then in the definition L,, .. This yields

‘Re < Ble I S0t _ gl ld f(r)de?]) ‘

> u2m m)! T "

2 wtl “CIr2,
< [ “Co | Fllall fllz2u® + 6(2) Wf(g)ﬂ ©

which is our claim.

The following lemma gives an alternative form for X2 and B2:
Lemma 6.3. Fizi,j € {1,...,d}, andt > s> 0. For all e > 0, we have
X3 (i, )
= /t (X5 = X)) (t+e— u)H_%Qe’i(u)du - /S (X5 — X)) (s+e— u)H_%GE’i(u)du
0 0

t t
—ay / dvb (v) / du(X7® — X9 (u+e—v) 3, (53)
0 s

Vv

where we have set ag = 1/2 — H. In the limit e — 0, we also have
BZ(i. j)

/( Bﬁ)t—u 5dW;—/OS(Bg—Bg)[(t_u>H;_(s—u)Hé]de

w

—agy d du (B, — B})(u—v)" 2. (54)
0
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Proof. For any ¢ > 0, the process X*' is differentiable, and according to (17), we have
X&' (r) = 71205 (u) — ay /u(u + e — v) 3205 (v) dv.
0
Recall also that we have set X7 = X7° — X7 for any s,t € [0, T]. This allows to write:
X251, ) /5XJEdX”— /5X759“

—aH/ du(SXguE/ dv(u+e —v)7726%(v). (55)
s 0

Moreover, an elementary application of Fubini’s theorem yields:

t u ¢ ¢
/ du 5Xg;f/ dv(u+¢e — U)H*%Q‘E’i(v) = / dvd*"(v) / dud X2 (u+e — U)H*%
s 0

0 sV
3

t t , t ' t 4
:/ dvd®" (v) 6X§f/ dr(r—irs—u)Hg—l—/ dUGE’Z(v)/ dr §X75(r+e—wv)f 2

0 sV 0 sV

Integrating the kernel (r + & — u) =3, and plugging the last identity into (55), we obtain

the desired relation (53).
To get formula (54) for B4, j), it suffices to observe that
¢
B2 (i,j) = L* —lim | (B]— B!)dB.*

—
808

with Bi = [F(u+e—v)" ~2dW¢, and then to mimick the computations allowing us to
write (53) just above. Details are left to the reader (see also the proof of [3, Lemma 3]).
0

Finally, the following lemma gives an estimate for the variance of BZ(i,j) which is
useful in the proof of Proposition 2.8:

Lemma 6.4. There exists a constant ¢ > 0, depending only on H, such that E‘B?t(i,j)‘2
<clt—s|™ forallt >s>0andi,je{l,...,d}.

Proof. The case where ¢ = j is immediate by Lemma 2.7, so we only concentrate on the
case where i # j. Using formula (54), we see that we have to bound the three following
terms:

t
A = / E|BS — BIP(t — ) du
Ay = /E\Bg—Bgf((t—u)H—%_(s—u)H—é)Qdu
0
t t 32
Ag = /E/ du(B] — BI)(u—v)"2
0 v

dv.
Vs
Throughout the proof, ¢ will denote a generic constant (depending only on H, T') whose

value can change from one line to another. Owing to the fact that £|BJ— B ‘2 < clu—s]?*H,



WEAK APPROXIMATION OF A FRACTIONAL SDE 31

see Lemma 2.7, we can write

A < c/t(u — )21 (t —w)* M du < c(t — 5)*H /t(t — )2 = c(t — 5)*,

We also get

Ay < c/os(s — ) <(t—u)H’% — (s — u)Hé)Qdu

s

= cft—s)" /Ots u?? ((1 + )~

< et — 3)4H/ u?? <(1 + u)H_% - uH_%> du = c(t — s)*7,
0

[
|
I
i
(NI
N N—e—
[N}
QU
S

the last integral being finite since H < % Finally, we have

so that

2

t .
E / du(BI — BI)(u —v)"~}

Vs

= /: du /: dwE[(Bi — BI)(BJ, — BI)] (u — v)"~ 2 (w — v)7

t t
< c/ du/ dw(u — v)?H 2 (w — )2~
vVs vVs

[N

2

s t t )
A3 < c/ [(t —v)?3 — (s—v)QHé]de—irc/ /(u—v)mgdu) dv
0 s

e t
S C(t o S>4H/ [(1 + ,U)QH*% — U2H*%i|2dv + C/ (t . ’U)4H71d'U
0 s

= c(t—s)*.

This finishes the proof of the lemma.
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