ON STRATONOVICH AND SKOROHOD STOCHASTIC CALCULUS
FOR GAUSSIAN PROCESSES
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ABSTRACT. In this article, we derive a Stratonovich and Skorohod type change of vari-
ables formula for a multidimensional with low Holder regularity v (typically v < 1/4).
To this aim, we combine tools from rough paths theory and stochastic analysis.

1. INTRODUCTION

Starting from the seminal paper |7], the stochastic calculus for Gaussian processes has
been thoroughly studied during the last decade, fractional Brownian motion being the
main example of application of the general results. The literature on the topic includes
the case of Volterra processes corresponding to a fBm with Hurst parameter H > 1/4 (see
[1, 12]), with some extensions to the whole range H € (0, 1) as in [2, 6, 11]. It should be
noticed that all those contributions concern the case of real valued processes, this feature
being an important aspect of the computations.

In a parallel and somewhat different way, the rough path analysis opens the possibility
of a pathwise type stochastic calculus for general (including Gaussian) stochastic pro-
cesses. Let us recall that this theory, initiated by T. Lyons in [20] (see also |9, 21, 13| for
introductions to the topic), states that if a y-Holder process z allows to define sufficient
number of iterated integrals then:

(1) One gets a Stratonovich type change of variable for f(x) when f is smooth enough.
(2) Differential equations driven by x can be reasonably defined and solved.

In particular, the rough path method is still the only way to solve differential equations
driven by Gaussian processes with Holder regularity exponent less than 1/2, except for
some very particular (e.g. Brownian, linear or one-dimensional) situations.

More specifically, the rough path theory relies on the following set of assumptions:

Hypothesis 1.1. Let v € (0,1) and = : [0,T] — R? be a y-Hélder process. Consider
also the n™ order simplex Spr = {(u1,...,uy) : 0 < uy < -+ < u, < T} on [0,7].
The process x is supposed to generate a rough path, which can be understood as a stack
{x™; n < |1/v]} of functions of two variables satisfying the following three properties:

(1) Regularity: Each component of x™ is ny-Hélder continuous (in the sense of the Hélder
norm introduced in (10)) for alln < |1/v], and x}, = x; — z,.
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(2) Multiplicativity: Letting (0X™)sut = Xy — X0, — Xby for (s,u,t) € Ssr, one requires
n—1

(6X™)qut (i1 - in) = D XBE(i1, iy )Xy ™ (g1 - ). (1)

ni=1

(3) Geometricity: For any n,m such that n +m < |1/v]and (s,t) € Sor, we have:

X)X G dm) = > X5 (R kg (2)
ke Sh(z,7)
where, for two tuples 1,7, Yz stands for the set of permutations of the indices contained

n (2,7), and Sh(z,7) is a subset of X defined by:
Sh(,7) = {0 € ¥z); o does not change the orderings of 7 and 7} .

With this set of abstract assumptions in hand, one can define integrals like [ f(z)dx
in a natural way (as recalled later in the article), and more generally set up the basis of a
differential calculus with respect to z. Notice that according to T. Lyons terminology [21],
the family {x™; n < |1/~]} is said to be a weakly geometric rough path above .

Without any surprise, some substantial efforts have been made in the last past years
in order to construct rough paths above a wide class of Gaussian processes, among which
emerges the case of fractional Brownian motion. Let us recall that a fractional Brownian
motion B with Hurst parameter H € (0,1), defined on a complete probability space
(Q, F,P), is a d-dimensional centered Gaussian process. Its law is thus characterized by
its covariance function, which is given by

1
E [B,(i)B,(i)] = 3 (" + 2 —t—sP") 142, s, t€R,. (3)

The variance of the increments of B is then given by
E [(Bt(z) _BS(Z))Z} = (t_s)sz (Sat) GSQ,Ta L= 17"'7d7

and this implies that almost surely the trajectories of the fBm are ~-Hdélder continuous for
any v < H. Furthermore, for H = 1/2, fBm coincides with the usual Brownian motion,
converting the family {B = Bf; H € (0,1)} into the most natural generalization of this
classical process. This is why B can be considered as one of the canonical examples of
application of the abstract rough path theory.

Until very recently, the rough path constructions for fBm were based on pathwise type
approximations of B, as in [4, 24, 29|. Namely, these references all use an approximation
of B by a regularization B¢, consider the associated (Riemann) iterated integrals B™¢ and
show their convergence, yielding the existence of a geometric rough path above B. These
approximations all fail for H < 1/4. Indeed, the oscillations of B are then too heavy
to define even B? following this kind of argument, as illustrated by [5]. Nevertheless,
the article [22| asserts that a rough path exists above any -Holder function, and the
recent progresses |26, 29] show that different concrete rough paths above fBm (and more
general processes) can be exhibited, even if those rough paths do not correspond to a
regularization of the process at stake.

Summarizing what has been said up to now, there are (at least) two ways to handle

stochastic calculus for Gaussian processes: (i) Stochastic analysis tools, mainly leading
to a Skorohod type integral (ii) Rough paths analysis, based on the pathwise convergence
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of some Riemann sums and giving rise to a Stratonovich type integral. Though some
efforts have been made in [3] in order to relate the two approaches (essentially for a fBm
with Hurst parameter H > 1/4), the current article proposes to delve deeper into this
direction. Namely, we plan to tackle three different problems:

(1) We show that, starting from a given rough path of order N above a d-dimensional
process x, one can derive a Stratonovich change of variables of the form

fw) = flas) = Z/ O f (wu) du(i) = Ju (V[ (2u) d) , (4)

for any f € CN*YR%R), and where 9;f stands for df/Ox;. This formula is not new,
and is in fact an immediate consequence of the powerful stability theorems which can be
derived from the abstract rough paths theory (see e.g [9]). However, we have included
these considerations here for several reasons: (i) This paper not being dedicated to rough
paths specialists, we find it useful to include a self contained, short and simple enough
introduction to equation (4) (1) Our proof is slightly different from the original one, in
the sense that we only rely on the algebraic and analytic assumptions of Hypothesis 1.1
rather than on a limiting procedure (i77) Proving (4) is also a way for us to introduce all
the objects and structures needed later on for the Skorohod type calculus. In particular,
we derive the following representation for the integral Js(V f(x,) dx,): consider a family
of partitions Iy = {s = to,...,t, =t} of [s,t], whose mesh tends to 0. Then, denoting
by N =[],
n—1 N—1

1 . ) .
‘75t (Vf(aju) d]}u = hm Z Z k' af:rl’blz 'Itq) Xg-qtq+1 (Zk) U X}qtq+1 (Zl) X?:flqtq+1 (Z) (5)
o0 & .

‘H5t|—>0

These modified Riemann sums will also be essential in the analysis of Skorohod type
integrals.

(2) We then specialize our considerations to a Gaussian setting, and use Malliavin calculus
tools (in particular some elaborations of |2, 6]). Namely, supposing that x is a Gaussian
process, plus mild additional assumptions on its covariance function, we are able to prove
the following assertions:

(i) Consider a C*(R% R) function f with exponential growth, and 0 < s < ¢ < co. Then
the function v — 14 (u)V f(x,) lies into the domain of an extension of the divergence
operator (in the Malliavin calculus sense) called 6°.

(7i) The following Skorohod type formula holds true:

<& 1 !
) = £ = (10 VI@) + 5 [ Afw) B du (©
where A stands for the Laplace operator, u — R, := E[|z,(1)|?] is assumed to be a

differentiable function, and R’ stands for its derivative.

It should be emphasized here that formula (6) is obtained by means of stochastic analysis
methods only, independently of the Holder regularity of . Otherwise stated, as in many
instances of Gaussian analysis, pathwise regularity can be replaced by a regularity on
the underlying Wiener space. When both, regularity of the paths and on the underlying
Wiener space, are satisfied we obtain the relation between the Stratonovich type integral
and the extended divergence operator.
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Let us mention at this point the recent work [19] that considers similar problems as
ours. In that article, the authors define also an extended divergence type operator for
Gaussian processes (in the one-dimensional case only) with very irregular covariance and
study its relation with a Stratonovich type integral. For the definition of the extended
divergence, some conditions on the distributional derivatives of the covariance function R
are imposed, one of them being that 02 R,; satisfies that ji(ds, dt) := 0% Ry (t — s) (that is
well defined) is the difference of two Radon measures. Our conditions on R are of different
nature, we suppose more regularity but only for the first partial derivative of R and the
variance function. On the other hand, the definition of the Stratonovich type integral
in [19] is obtained through a regularization approach instead of rough paths theory. As
a consequence, some additional regularity conditions on the Gaussian process have to be
imposed, while we just rely on the existence of a rough path above z.

(3) Finally, one can relate the two stochastic integrals introduced so far by means of
modified Wick-Riemann sums. Indeed, we shall show that the integral 6° (14 V f(z))
introduced at relation (6) can also be expressed as

n—1 N—-1
1 . . .
6 (I[St Vf( |Hst“>0 Hai—t.lilif(xtq)oxgqthrl (/Lk)o o Xl:flqtq+1 (21><>X1:5lqtq+1 (7/)7 (7)
q=0 k=0
where the (almost sure) limit is still taken along a family of partitions Iy = {s =
to,...,tn, = t} of [s,t] whose mesh tends to 0, and where ¢ stands for the usual Wick

product of Gaussian analysis. This result can be seen as the main contribution of our
paper, and is obtained by a combination of rough paths and stochastic analysis methods.
Specifically, we have mentioned that the modified Riemann sums in (5) can be proved
to be convergent by means of rough paths analysis. Our main additional technical task
will thus consist in computing the correction terms between those Riemann sums and the
Wick-Riemann sums which appear in (7). This is the aim of the general Proposition 6.7
on Wick products, which has an interest in its own right, and is the key ingredient of our
proof. It is worth mentioning at this point that Wick products are usually introduced
within the landmark of white noise analysis. We rather rely here on the introduction
given in [17], using the framework of Gaussian spaces. Let us also mention that Riemann-
Wick sums have been used in [8] to study Skorohod stochastic calculus with respect to
(one-dimensional) fBm for H greater than 1/2, the case of 1/4 < H < 1/2 being treated
n [27]. We go beyond these case in Theorem 6.8, and will go back to the link between
our formulas and the one produced in [27] at Section 6.3.

In conclusion, this article is devoted to show that Stratonovich and Skorohod stochas-
tic calculus are possible for a wide range of Gaussian processes. A link between the
integrals corresponding to those stochastic calculus is made through the introduction of
Riemann-Wick modified sums. On the other hand, the reader might have noticed that
the integrands considered in our stochastic integrals are restricted to processes of the form
V f(z). The symmetries of this kind of integrand simplify the analysis of the Stratonovich-
Skorohod corrections, reducing all the calculations to corrections involving x' only. An
extension to more general integrands would obviously require a lot more in terms of Wick
type computations, especially for the terms involving x¥ for k£ > 2, and is deferred to a
subsequent publication.
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Here is how our paper is organized: Section 2 recalls some basic elements of rough paths
theory which will be useful in the sequel. Then, as a warmup for the non initiated reader,
we derive a Stratonovich change of variable formula in the case of a rough path of order
2 at Section 3. The case of a rough path of arbitrary order is then treated at Section 4.
We obtain a Skorohod change of variable with Malliavin calculus tools only at Section 5.
Finally, the representation of this Skorohod integral by Wick-Riemann sums is performed
at Section 6.

2. SOME ELEMENTS OF ALGEBRAIC INTEGRATION

As already mentioned in the introduction, our stochastic calculus will appeal to the
algebraic integration theory, which is a variant of the rough paths theory introduced
in [13], and for which we also refer to [15] for a detailed introduction.

2.1. Increments. The extended pathwise integration we will deal with is based on the
notion of ‘increments’, together with an elementary operator § acting on them. The
algebraic structure they generate is described in [13, 15|, but here we present directly the
definitions of interest for us, for sake of conciseness. First of all, for an arbitrary real
number 7" > 0, a vector space V' and an integer £ > 1 we denote by Cx(V') the set of
functions g : [0, 7]* — V such that g;,...,, = 0 whenever ¢; = t;1, for some i < k—1. Such
a function will be called a (k —1)-increment, and we set C.(V') = Ug>1C(V). We can now
define the announced elementary operator § on Ci(V):

k+1

d: Ck(v) - C/H-l(v)? (5g>t1“'tk+1 - Z(_l)k_igtl---fi---tkﬂv (8)

=1

where ; means that this particular argument is omitted. A fundamental property of 6,
which is easily verified, is that 60 = 0, where 60 is considered as an operator from Ci (V)
to Cr42(V). We denote ZCi(V') = Cx(V') N Kerd and BCy(V) = Cr(V) N Im.

Some simple examples of actions of 9, which will be the ones we will really use through-
out the paper, are obtained by letting g € C; and h € Cy. Then, for any s,u,t € [0,7],
we have

(59)515 =Gt — Ys, and (5h)sut = hst - hsu - hut' (9)

Furthermore, it is easily checked that ZCy1(V) = BCk(V) for any k > 1. In particular,
the following basic property holds:

Lemma 2.1. Let k > 1 and h € ZC1(V). Then there ezists a (non unique) f € Cx(V)
such that h =0f.

Proof. This elementary proof is included in [13], and will be omitted here. However, let
us mention that f;, ;, = (—1)*"hg,. 4, is a possible choice. O

Observe that Lemma 2.1 implies that all the elements h € C3(V) such that 6h = 0
can be written as h = ¢f for some (non unique) f € C;(V). Thus we get a heuristic
interpretation of d|¢,(v): it measures how much a given l-increment is far from being an
exact increment of a function, i.e., a finite difference.
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Notice that our future discussions will mainly rely on k-increments with & < 2, for
which we will make some analytical assumptions. Namely, we measure the size of these
increments by Holder norms defined in the following way: for f € Co(V) let

fs
1l = sup et

5,t€[0,T] |t — |’

and  Cy(V) ={f € Co(V); [ fllx < o0} (10)

Obviously, the usual Holder spaces C}'(V) will be determined in the following way: for a
continuous function g € C;(V'), we simply set

glle = 110911, (11)
and we will say that g € C{'(V) iff ||g||, is finite. Notice that || - ||, is only a semi-norm on
C1(V'), but we will generally work on spaces of the type

Cla(V) ={g:[0,T] = V; g0 = a, [lgll, < oo}, (12)

for a given a € V, on which ||g|, defines a distance in the usual way. For h € C3(V) set
in the same way

|hsut|
h = sup
Wollop = S0 sPle—ulp

Hh”# = inf {Z | hi piu—pis = thﬁ 0<p < M} )

where the last infimum is taken over all sequences {h; € C5(V')} such that h =), h; and
for all choices of the numbers p; € (0, z). Then || - ||, is easily seen to be a norm on C3(V'),
and we set

(13)

Cy (V) :={h € C3(V); |||y < o0}

Eventually, let C;7(V) = U,=1C{(V), and notice that the same kind of norms can be
considered on the spaces ZC3(V), leading to the definition of some spaces ZC4 (V') and
ZC3H(V).

With these notations in mind the following proposition is a basic result, which belongs
to the core of our approach to pathwise integration. Its proof may be found in a simple
form in [15].

Proposition 2.2 (The A-map). There exists a unique linear map A : ZC3T(V) — Cy (V)
such that

In other words, for any h € Ca* (V) such that §h = 0 there exists a unique g = A(h) €
C3t (V) such that 6g = h. Furthermore, for any p > 1, the map A is continuous from
ZCLH(V) to CY (V) and we have

IARll, < S 1l he Z2C5(V). (14)

Let us mention at this point a first link between the structures we have introduced so
far and the problem of integration of irregular functions.
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Corollary 2.3. For any I-increment g € Co(V') such that 6g € C3T, set 0f = (Id— Ad)g.
Then

(5f st — lim th tit1s

|Hst|_’ i=0

where the limit is over any partition gy = {ty = s,...,t, =t} of [s,t], whose mesh tends
to zero. Thus, the 1-increment 6 f is the indefinite integral of the 1-increment g.

Proof. Just consider the equation g = § f + Adg and write

n—1 n—1
SHst th tiy1 — Z 5f)t7, tiv1 + Z(Aég)titﬂ»l
=0 =0
n—1

= (6f)st + > _(ASG)t,.s,

=0

Then observe that, due to the fact that Adg € C;7(V), the last sum converges to zero.
O

2.2. Computations in C.. Let us specialize now to the case V = R, and just write C;
for CJ(R). Then (C.,0) can be endowed with the following product: for g € C, and h € C,,
let gh be the element of C,,,, 1 defined by

(gh)tl ..... tmtnt1 - gt1 ..... tnh‘tn ..... tmin—1- tla cee 7t’m+n—l S [07 T] (15)

In this context, we have the following useful properties.

Proposition 2.4. The following differentiation rules hold true:
(1) Let g € C; and h € Cy. Then gh € C; and

d(gh) = dgh + gdh. (16)
(2) Let g € C; and h € Cy. Then gh € Cy and

d(gh) =0d0gh — goh. (17)
(3) Let g € Co and h € Cy. Then gh € Cy and

d(gh) = 0gh + gdh. (18)

Proof. We will just prove (16), the other relations being just as simple. If g, h € Cy, then
[0(9)] 5 = gehe — gshs = gs (he = hs) + (9¢ — gs) he = g5 (Oh) , + (89) 5, P,

which proves our claim.

O

The iterated integrals of smooth functions on [0, 7] are particular cases of elements of
Cy, which will be of interest

for us. Let us recall some basic rules for these objects: consider f € C{® and g € C*°
where Cf° denotes the set of smooth functions on [0,7]. Then the integral [ f dg, which
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will be denoted indistinctly by [ fdg or J(f dg), can be considered as an element of C5°.
Namely, for (s,t) € Sor we set

Tl f dg) = ( / fdg> = / ' fudg..

The multiple integrals can also be defined in the following way: given a smooth element
h € C3° and (s,t) € So.r, we set

t
st s

In particular, for f1 € C®, f? € C® and f? € C® the double integral J.(f3df?df!) is
defined as

Tl dfdfY) = ( / f3df2df1) - [ gura) .

Now suppose that the nth order iterated integral of f"*ldf™-.-df?, which is denoted by
J(frHdfm™ - - - df?), has been defined for f7 € C{°. Then, if f! € C{°, we set

%t(f”+1df”---df2dfl)=/ Tou (fTHf"™ - df?) df,, (19)

which recursively defines the iterated integrals of smooth functions. Observe that an nth
order integral J(df™---df*df') can be defined along the same lines, starting with

J(df) =df,

Tuldf df) = / Toldf?) dft = / (65).. df?,
and so on.

The following relations between multiple integrals and the operator § will also be useful.
The reader is sent to [15] for its elementary proof.

Proposition 2.5. Let f € C° and g € C{°. Then it holds that
69 =J(dg),  6(J(fdg)) =0,  &(T(dfdg)) = (6f)(6g) = T(df)T (dg),

and
n—1

S(T(df"---df)) =D T (dfr---df ™) T (df*---df*) .

i=1

3. STRATONOVICH CALCULUS OF ORDER 2

This section is devoted to establish an Ito-Stratonovich change of variable formula for
a process x € C](RY), with 1/3 < v < 1/2, provided this process generates a (weakly
geometric) Lévy area. It is intended as a warm up for the general change of variable of
the next section, especially for those readers who might not be acquainted to rough paths
techniques.
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3.1. Weakly controlled processes. Recall that we have in mind to give a change of
variable formula for f(x) when z is a function in C{ (R?) with v > 1/3 and f is a sufficiently
smooth function. In this case, the rough path above x is reduced to a second order iterated
integral, and the multiplicative property (1) of the path can be read as:

Hypothesis 3.1. The path = is R¢-valued v-Holder with v > 1/3 and admits a Lévy area,
that is a process x* € C3 (R%%) satisfying

x2=x'oxt, e [(6x2)sut] (3,7) = [X*()]su[X*()]uts
for s,u,t € Ssr and i,j € {1,...,d}.

Let us now be more specific about the global strategy we will adopt in order to obtain
our Stratonovich type formula. First of all, we shall define integrals with respect to = for
a class of integrands called weakly controlled processes, that we proceed to define. Notice
that in the following definition we use for the first time the convention of summation over
repeated indices, which will prevail until the end of Section 4.

Definition 3.2. Let z be a process in C] (R") with 1/3 <~ < 1/2 (that is, N := [1/v]| =
2). We say that z is a weakly controlled path based on x and starting from a if zy = a,
which is a given initial condition in R™, and 6z € CJ(R™) can be decomposed into

§2(1) = C(i,i)x (iy) + (i), de (02(1)s = C(i,i1)xL, (i1) 4+ 74 (3), (20)

for all (s,t) € Sor. In the previous formula, we assume ¢ € C(R™), and r is a reqular
part such that r € CSV(R”). The space of weakly controlled paths starting from a will be
denoted by Q. ,(R"), and a process z € Q. ,(R") can be considered in fact as a couple
(2,¢). The natural semi-norm on Q, ,(R¥) is given by

Nz Qya(RM)] = Nz €] (R™)] + NG € (R™)] + NG €] (R™)] + N €7 (R™)],
with N'g; CY] defined by (11) and N'[(; C7°(V)] = supyc,<r [Gslv-

With this definition at hand, we will try to obtain our change of variables formula in
the following way:

(1) Study the decomposition of f(z) as weakly controlled process, when f is a smooth
function.

(2) Define rigorously the integral [ z,dz, = J(zdz) for a weakly controlled path z
and compute its decomposition (20).

(3) Compare the decompositions of f(x) and [ V f(z) dz, and show that they coincide,
up to a term with Holder regularity greater than 1.

In this section, we will concentrate on the first point of the program.

Let us see then how to decompose f(x) as a controlled process when f is a smooth
enough function, for which we first introduce a convention which will hold true until the
end of the paper: for any smooth function f : R — R, k > 1, (iy,...,ix) € {1,...,d}*
and ¢ € R?, we set
oFf
Oiy..i P ————(9).
O = G ()

With this notation in hand, our decomposition result is the following:

(21)
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Proposition 3.3. Let f : R — R be a C? function such that f(x¢) = a, and set z = f(z).
Then z € Q. 4, and it can be decomposed into 0z = (ox + r, with

) =0f(x) and 7 =0f(z) — Bif(2) X().
Furthermore,

N[Z; Q%a] S Cf7T (1 +N2[$,C?<Rd)]) . (22)

Proof. The algebraic part of the assertion is straightforward. Just write

(62)st = f (@) — f(xs) = Ouf () X34 (0) + 7, (23)

which is the desired decomposition.

In order to give an estimate for Nz; Q, ,(R™)], one has of course to establish bounds
for Nz; CJ(R™)], N[¢; €7 (RD)], N[¢; C°(RY)] and N[r; C27]. These estimates are readily
obtained from decomposition (23), and details are left to the reader.

O

Remark 3.4. The algebraic part of the above proposition remains true if we only suppose
that f € C2(R%). Indeed, since f together with its first and second order partial derivatives
and z are continuous functions on a compact set, we have that ((i) = 9;f(z) € C{ and
r=208f(z)—0;f(x)x'(i) € C3. Nevertheless, the inequality norm (22) fails and Nz; Q, ]
cannot be bounded by terms only depending on the Holder norm of x.

3.2. Integration of weakly controlled paths. Let us now turn to the integration of
weakly controlled paths, which is summarized in the following theorem.

Theorem 3.5. For a given 1/3 <~ < 1/2, let x be a process satisfying Hypothesis 3.1.
Furthermore, let m € Q. ,(R?) with decomposition mg = b € R? and

om(i) = p(i, i) x (i) + r(i), where p e CJ(RY), reCy(RY). (24)
Define z by zo = a € R and
6z =m(i) x" (i) + p(i, i1) x> (i1, 1) — A (r(0) x* (1) 4+ 0p(i, i1) x (i1, 7)) - (25)

Finally, set

t
Jst(mdz) = / (M, dy)ga 2 (02)g.

Then:

(1) z is well-defined as an element of Q. (R), and coincides with the Riemann-Stieltjes
integral of z with respect to x whenever these two functions are smooth.

(2) The semi-norm of z in Q. .(R) can be estimated as
N[Z; Q%a(R)] < (1 —I—N[m; Q”/,b(Rd)J) ) (26)

for a positive constant c, which can be bounded as follows:

c; <c (N[xl; CJ(RY)] + N[x3; Cg”(Rdz)D ., for a universal constant c.
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(3) It holds

n—1

Falmdr) = lim S [mtq (D) %L o (@) + ey (i) X2, (i) (27)
q=0
for any 0 < s <t < T, where the limit is taken over all partitions lly = {s = tg,...,t, =

t} of [s,t], as the mesh of the partition goes to zero.

Before going into the technical details of the proof, let us see how to recover (25) in the
smooth case, in order to justify our definition of the integral. (Notice however that (27)
corresponds to the usual definition in the rough paths theory [21], which gives another
kind of justification.)

Let us assume for the moment that x is a smooth function and that m € C{*(R?) admits

the decomposition (24) with p € C{°(R*?) and r € C5°(R?). Then fst<mu, dx,) is well-
defined, and we have

[ s s =m0 i) = )+ [ ma9) = (0] )
for s <t, respectively
J(mdx) = m(i) x*(i) + J (0m(i) dz(i)) .

Let us now plug the decomposition (24) into this expression, which yields

TJa(mdz) = m,(i)xL(i) +/ ps (i, 1) x5, (i) day (4) + T (r dx)

= my(i) x5 (1) + ps(i, 1) X2 (i1,1) + T (r dx). (28)

Notice that the terms mdx and px? in (28) are well-defined as soon as x and x? are
defined themselves. In order to push forward our analysis to the rough case, it remains
to handle the term J(rdx). Thanks to (28) we can write

J(rdx) = J(mdx) —m(i) x* (i) — p(i,i1) x3 (i1, 1),

and let us analyze this relation by applying 0 to both sides. Using the second part of
Proposition 2.4 and the Proposition 2.5 yields

§[T(rdz)] = —6[m(i)x"(1)] — 6 [p(i, 1) x*(i1,7)]
= —0m(i)x' (i) — Su(i,i1) x3(i1, 1) + p(i, i) x"(iy) x*(7)
— [, 00) xH(in) +7(0)] x1 (@) = (i, n) X2 (in, 7) + (i a) x* (i) X (3)

= Sl i0) X (i, ) — 1) X (0). (29)
Assuming now that the increments du(i,i1) x2(i1,7) and r(i) x' (i) are all elements of CY
with g > 1, du(i, 11) x2(41, 1) +7(¢) x* (i) becomes an element of Dom(A), and inserting (29)
into (28) we obtain

0z = J(mdz) = m(i)x" (i) + p(i, i) x?(i1, 1) — A (r(0) x* (i) + 6p(i, 1) x> (in, 7))

which is the expression (25) of our Theorem 3.5. Thus (25) is a natural expression for

J(mdx).
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Proof of Theorem 3.5. We will divide this proof into two steps.

Step 1: Recalling the assumption 3y > 1, let us analyze the three terms in the right hand
side of (25) and show that they define an element of Q. , such that dz = ((¢) x* (i) + 7
with

C6) =mli) and  F = i i) 33, 1) = A (1) X(0) + Op(i,in) x3(in, 1))

Indeed, on one hand m € C](R?) and thus ¢ = m is of the desired form for an element of
Q... On the other hand, if m € Q. 4, u is assumed to be bounded and since x2 € 57 (R%9)
we get that (i, 1) x2(i1,7) € C3'. Along the same lines we can prove that (i) x'(i) € C3"
and 6pu(i,4,) x2(iy,1) € C3". Since 3y > 1, we obtain that (3) x(i) + 6pu(i, 1) x2(iy, 1) €
Dom(A) and
A(réz+oux?) € co.

Thus we have proved that

P o= pu(i,in) x2(in,3) — A (r(i) x*(4) + Sp(i, i) x(i1, 1)) € C37
and hence that z € Q, ,(R). The estimate (26) is now obtained using the same kind of
considerations and are left to the reader for the sake of conciseness.

Step 2: The same kind of computations as those leading to (29) also show that
§ (m(i) XM(0) + i, i) X201, 1)) = — [(5) X2 (3) + (i, 1) X3 (i1, 3)]
Hence equation (25) can also be read as
J(mdz) = [Id — Ad] (m(i) x" (i) + p(i, i1) x3(i1, 1)),

and a direct application of Corollary 2.3 yields (27), which ends our proof.
0

3.3. Ito6-Stratonovich formula. We are now ready to obtain a change of variable for-
mula for f(x), according to the strategy given in Section 3.1. For this, we need to assume,
on top of the multiplicative Hypothesis 3.1, the following geometric rule which is (2) in
the case N = L%J =2

Hypothesis 3.6. Let x2 be the area process defined in Hypothesis 3.1. Then we assume
that, for all (s,t) € Sar, we have

X:t(i) Xit(]) = X?t(ivj) + X?t(jv i).

With these assumptions in mind, our change of variable formula reads as follows:

Proposition 3.7. Assume that x satisfies Hypothesis 3.1 and 3.6. Let f be a C3(R%R)
function. Then

6(F(2))y = Tt (V(2) da) = / (VF(2a), dra)pe (30)

where the integral above has to be understood in the sense of Theorem 3.5.
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Proof. Consider a partition Iy = {s =ty < --- < t, =t} of [s,t]. We have that

—_

n—

flae) = fles) = ) = fla)

q=0
n—1
= alf<xtq) tqtq+1 Z Z 1112 xtq Xt tg+1 (Z]-) thtq+1 (22)
q=0 q=0 i1,ia=1
1 1 1 '
| Z Z 111223 7.1221'3) thtq+1 (21) thtq+1 (7’2> thtq+1 <Z3)’ (31)
q=0 11,i2,i3=1

for a certain element &, . € [t4,t441]. Invoking now Hypothesis 3.6 and Schwarz rule,
one can express the sum 2 Z“ g1 Oy fe) Xy () xE,  (i2) as

2 .
: : 7,112 ‘,’th tqtq+1 (217 Z2) + Xt qtq+1 Z27 7’1 § : 1112 xtq tqtq+1 (Zl7 22) .

11,22 1 i1,02=1

So, going back to our convention on repeated indices, one can thus recast expression (31)
into

n—1
fla) = fla) = 0if(ze,)xt, . () Z 2 f (@) %2, | (ir,d2) + Ry, (32)
q=0

where R, can be written as Ry = 3 Zq 0 Ptytyss With

ptqtq+1 = 87:,311223](.( fq ) Xg-qtq+1 (Zl) X}qtq+1 (7’2) ngtq+1 <Z3)

114213
Furthermore, it is readily checked that for any 0 < g <n—1wehave p; ¢ ., < C |tq+1—tq|37,
with C' a constant depending on f and z, owing to the fact that f is a C® function and z is
continuous on [0, 7. Thus, since 3y > 1, it is easily seen that limym,,—o ZZ;& Ptytysr = 0.
Plugging this relation into (32), we have proved that

tgt+1

f(:vt) - f = hm Z a f 'rtq tqtq+1 Z 1112 xtq tqtq+1 (Z]-? 7’2) (33)

‘Hstl_’o

On the other hand, Proposition 3.3 asserts that the decomposition of V f(x) as a weakly
controlled path is given by

(OVf(@)()) g = (00; f (), = O3, f(wo)xg(in) + ra(i),

where 7 lies into C;" Hence, using formula (27), we have that

Js(Vf(z)dz) = lim Z@f Ty,) XH+1 Z =i f (2, xtt+1(zl,z2) . (34)

[TIs¢|—0

Comparing this equality with (33), one obtain easily the desired Ito-Stratonovich formula.
O
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Remark 3.8. The following formula:

Tst(V f(z)dz)

) 1 .
B |Hhtrlri>0 Za T xtq th q+1 5 Z Z W12 :th Xt t +1(21) thqtq+1 (i2) | (35)

q=0 i1,i2=1

is also an interesting byproduct of the proof of Proposition 3.7.

4. GENERAL STRATONOVICH CALCULUS

We will now handle the case of a weakly geometric rough path based on x € C](R?)
as defined in the introduction, and we set N = |1/v]. We shall define an integration
theory and show an It6-Stratonovich formula for this kind of process. This being done
along the same lines as in Section 3, we may skip some details of computations here. In
any case, recall that we suppose the existence of a family {x™; n < N} of increments in
C, satisfying the regularity, multiplicative and geometric properties given at Section 1.

4.1. Weakly controlled processes. With respect to the case of order 2, the notion of
controlled process is obviously obtained here by introducing more iterated integrals of the
process . A new kind of cascade relation is also required, which is reminiscent of the
Heisenberg type structure of [21].

Definition 4.1. Let z be a process in C{(R™) with 1/(N +1) <~y < 1/N. We say that z
is a weakly controlled path based on x and starting at a € R, if zo = a and 0z € C5 (R")
can be decomposed into

N-1
CFiyin, . yig) X (i, . .., 01) + 70(3), (36)
k=1
for all (s,t) € Sor. In the previous formula, we assume ¢* € CJ(R™ x de), and ° is a
reqular part such that r € CQW(R”). We also suppose that for any 1 < k < N — 2, the
increment C* can be further decomposed into

N—-1-k

Sk, yin) = > i, i) X ks i) (A ), (3T)
where the remainder r belongs to CéN_kh(R” x R™).
As in Section 3, the space of weakly controlled paths will be denoted by Q. .(R™), and

a process z € Q. ,(R™) can be considered in fact as a tuple (z,¢, ..., ¢N71). The natural
semi-norm on Q, ,(R™) is given by

Nz Qa®)] = NzCIERM]+ 3 N CER™ x B™))

N-1
NICHC (R x RT)] + > N e8P (R™)],
k=0

with N'(g; Cy] defined by (11) and N'[(;C3*(V)] = supge et |Cslv -
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The decomposition of f(x) as a controlled process for a smooth enough function f can
now be read as follows:

Proposition 4.2. Let x be a path satisfying Hypothesis 1.1 and let f : R? — R be a CN
function such that f(xo) = a, and set z = f(x). Then z € Q,,, and it can be decomposed
mto

N—-1
52 = S Cin, i) X (i i) 17, (38)
k=1
with
Nl ok (xs)
Chlin, o yin) = OF o flas), 1% = 10f ()]s — = z’“ Hxst ij),  (39)
k=1
and

k+p

—k—
rh (i, yig) =0 [0F i f Z Oiigg.- fﬂ Hxst (o), (40)

where we recall our convention (21) for OF

B f Furthermore,

Nz Q4] < cpr (1 + N[z C?(Rd)]) . (41)

Proof. The algebraic part of the assertion is obtained by combining a simple Taylor ex-
pansion and our geometric assumption (2). Indeed, Taylor’s expansion directly yields

N—-1 ak k
f@) = Dt ol with D=3 eI Ty

k=1 ’ j=1

where 70 € C;"7. Moreover, appealing to (2), we have

1
Dy = ZH > ok f) Hxst i) (43)
k=1 d1,..i=1
N-1 1 d
= D0 2 @) D X i), (44)
k=1 d1,..i=1 TEX

Dst - Z Ll Z Z o (1) 20(1) CL’S) Xk(ia(l),...,ia(k))
k=1

11,y =1 0EXY
_ > Ok )X (i) (45)

Going back to our convention on repeated indices, we end up with

. 0
st_ § Zk Zl (Zly"'azk)_‘_rstv
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which is the announced formula (38). Further expansions of the coefficients 9} f(z),
leading to a relation of type (37), are performed in the same way and are left to the reader

for sake of conciseness.

In order to give an estimate for N'[z; Q. ,(R™)], one has of course to establish bounds for
Nz C](R™)], N[¢C*; CT(RD], N[¢F;C2(RY)] and N [r*; CJ7]. These estimates are readily
obtained from the expressions in decomposition (39), and details are left to the reader.
The analytic bound (41) is also obtained in a straightforward manner.

O

Remark 4.3. As in the case n = 2, we point out that the algebraic conclusion of this
proposition is still true for a f € CV(R?), without boundedness restrictions. However,
inequality (41) would take a different form, since the multiplicative constants depend on
the derivatives of f composed with x.

4.2. Integration of weakly controlled paths. The formula which defines the integral
of a controlled process with respect to x is now defined similarly to the one in Theorem 3.5,
in spite of the roughness of x.

Theorem 4.4. For a given v > 0 with |1/v| = N (that is, 1/(N+1) <~y <1/N), let x
be a process satisfying Hypothesis 1.1. Furthermore, let m € Q. ,(R?) with decomposition
mo =b € R? and

=

-1
5m<l) - uk(2721772k> Xk(ilm”‘ail) +T0(i)7 (4'6)
1

i

where the increments u* satisfy the further assumptions of Definition 4.1. Define z by
zo=a € R and

N-1

0z =m(i)x* (i) + > pF(iyin, o i) X (i, i, 6) (47)

k=1
N-2
—A (Z Py, i) X g i 1) 0N T (G i) XN (i ,il,z’)> .
k=0

Finally, set

t
Jse(mdz) = / (My, dy)ga 2 (02)g.
Then:

(1) z is well-defined as an element of Q, .(R), and coincides with the Riemann integral
of z with respect to x whenever these two functions are smooth.

(2) The semi-norm of z in Q, .(R) can be estimated as
N2 Qya(R)] < o (1+N[m; Q,5(R)]) (48)

for a positive constant c, which can be bounded as ¢, < ¢ Zivzl N[xk; C;”], where ¢ stands
for a universal constant.
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(3) It holds

n—1
. . . k+1 .
\78t(m dﬂf) = |1'[htr\ri>0 Z |:mtq( t(]7tq+1 + Z utq U Zl’ T )th—:f_q+1 (Zk7 AT Z) (49)
s 4=0
for any 0 < s <t < T, where the limit is taken over all partitions lly = {s =tg,...,t, =

t} of [s,t], as the mesh of the partition goes to zero.

Proof. Relying on what has been done at Section 3, we mainly derive here the expres-
sion (47) for J(mdx). Once this expression is obtained, the other estimates follow like
in Theorem 3.5, except for the higher number of terms which have to be taken care of.

Hence let us assume for the moment that m and x are smooth functions, and try to
define J(m dx) in an appropriate way for generalizations to rougher cases: one can write,
using decomposition (46),

J(mdz) = m(i)x'(i) + J(6m(i) dz) (50)

= m(i)xl(i)—i—z_:,uk(i,il,...,i) X (g, .. yin, ) + T (0 dx).  (51)

Hence, like for equation (29), one can deduce that

S(T(rdx)) = —6m(i) Zéu Bty )X (g, 4)
N-1
+ Gy, i) 0K (i, g, ).
k=1
We now plug relation (46) for dm, relation (37) for du* and the multiplicative relation (1)
for 6x¥*1 into the latter equation. This yields
§(J(r° dz)) ZH iy i) Xk, - i) XE) — () x (i) — M
N-2
—5}JJN 1(Z 21,...,Z'N,1)XN(7;N,1,.. Zl, ZTkZ 21,...,' ) k+1(2k,...,’i1,i)
k=1
N-1
+Zu i1, . Zx By ipigr) X iy, i, ), (52)
k=1
where
N-2 N-1-k
M = ( Z (G zl,...,ikH)xl(ikH,...,ikH)) XKL ).

k=1

Moreover, a simple change of index allows to write

N—-1 qg—1
M=y, ig) > XMig o) X gy, i),
q=2 =1
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and hence (52) simplifies into

(T (' dzx))
N—-2
= =) R i, )X gy i, 1) — 0N T (i) XN (vt - B, ).
k=0
(53)

It is now readily checked that the operator A can be applied to the latter increment when-
ever x € C] and generates a weakly geometric rough path. Putting together relations (50)
and (53) we thus end up with expression (47) for the integral J(m dzx).

The analytic bounds are now a matter of standard calculations, and are left to the
reader for sake of conciseness.
OJ

4.3. It6-Stratonovich formula. Now that we know how to define integrals of controlled
processes with respect to z, our change of variable formula for f(z) is obtained quite in
the same way as in the second order setting. The formula can then be read as follows:

Theorem 4.5. For a given v > 0 with [1/vy] = N, let x be a process satisfying the
regqularity, multiplicative and geometric hypotheses of Section 1. Let f be a CNTHRY R)
function. Then

B0 = T (V) ) = [ (950, drd, (54)
where the integral above has to be understood in thz sense of Theorem 4.4. Moreover,
n—1
JTst (Vf(x)dx) = |Hljtni>oz [8 f(wy,) th te (1) + Z («)ﬁjlm Ty, xi‘qﬁquJrl(z'k, i, 2)}
n—1 - N— 1
- IHlth‘ILO % [8if($t‘1) thqtq-&-l (Z) + kz k_allijllllf(mtq) X}qtﬁ-l (Zk) e ngtq+1 (21) thqtq-H (7’):|
(55)
forany 0 < s <t < T, where the limit is taken over all partitions llg = {s =tg,...,t, =

t} of [s,t], as the mesh of the partition goes to zero.

Proof. The proof goes exactly along the same lines as for Proposition 3.7. The first
expression for J(Vf(z)dz)s given in (55) is a consequence of the decomposition as a
weakly controlled path of V f(z) and Theorem 4.4. The second one follows from the first
one by using Schwarz rule and the geometric property (2).

On the other hand, applying Taylor’s formula up to order N to the decomposition

Fa) — fle) = 3 flan) — flan),

comparing it with (55) and using that (N + 1)y > 1, one obtain easily the Stratonovich
type formula.
0



STOCHASTIC CALCULUS FOR GAUSSIAN PROCESSES 19

5. SKOROHOD TYPE FORMULA VIA MALLIAVIN CALCULUS

We take now a completely different direction in our considerations: the pointwise point
of view which had been adopted previously is abandoned in this section, and we try
to construct an integral with respect to a (Gaussian) process x by means of stochastic
analysis tools. We then prove that for any 0 < s <t < oo, the function 1,4V f(x) is in
the domain of an extended divergence operator with respect to z, and prove an associated
Skorohod type formula. As we shall see, this mainly stems from an extension of [2] to the
d-dimensional case, which is allowed thanks to the symmetries of V f(z).

5.1. Preliminaries on Gaussian processes. >From now on, we specialize our setting
to a centered Gaussian process x = (x(1),...,2(d)) with i.i.d coordinates, and covariance
function

Ry = E[z,(1)z,(1)], and Ry := E[|z:(1)]*] = Ry, s,t € 0,7). (56)
We will add later some hypotheses on these functions. We can also assume that zy(j) = 0.

The Gaussian integration theory is based on a completion (in L?*(€2)) of elementary
integrals with respect to x, which can be summarized as follows (see [25] for more details):
consider the space of d-dimensional elementary functions

n;—1

S = {f:(fl,...,fd); fi = Zag1[tgﬁtg+l), O=ty<t] <---<t) <t} =T,
i=0

for j = 1,...,d}.

For any element f in S, we define the integral of first order of f with respect to = as
d njfl .
L(f) = Z Z ag(xtg_,_l(j) - xtz(])) :
j=1 i=0

For § : R — R, and j € {1,...,d}, denote by AV the function with values in R? having
all the coordinates equal to zero, except the ;' coordinate which is equal to 6. It is readily
seen that . "

j k
E[L (1) (X)) = L=k Rt
So, we can define for some indicator functions of S the following symmetric and semi-

definite form
k

<1E)},s)’ 1{0}0)8 = 1(j—k) Rt
and extend it to all elements of S by linearity. If we identify two functions f and g in &
when (f — g, f — g)s = 0, then (-,-)s becomes an inner product on S (actually, on the
quotient space obtained by this identification). Therefore, for f and g in S we have that

E[L(f)(9)] = (. 9)s

and [; defines an isometric map from S, endowed with the inner product (-,-)s into a
subspace of L?(£2). This map can be extended in the standard way to an isometric map,
denoted also as I;, from a real Hilbert space that we will denote by H into a closed
subspace of L*(2). >From now on, denote the inner product of this extended isometry
by (-, ). We will assume that H is a separable Hilbert space (which is satisfied whenever
R is continuous).
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Let {e1, €0, } be an orthonormal basis of H and let ® denote the symmetric tensor
product. Then

= Z fih... Vineh(fi) s ®€Z‘", fi1,~~' in € R (57)
finite
is an element of H®" with the Hilbert norm
1fall3en = D firo il (58)
finite
Moreover, H®" is the completion of all the elements like (57) with respect to the norm (58).

For an element f, € HE", the multiple Ito integral of order n is well-defined. First, any
element of the form given by (57) can be rewritten as

Fa = firin € & - Qe (59)

finite

where the ji, . .., jm are different and ki + - - - + km, = n. Then, if f, € H®" is given under
the form (59), define its multiple integral as:

ijl Hkl Il<631))"'Hkm<II(ejm)>7 (60>

finite

where Hj denotes the k-th normalized Hermite polynomial given by

2 db 2 (—1)7k! k—2j
) = (' g = 2 i
J<k/2

It holds that the multiple integrals of different order are orthogonal and that
E|L(fa)* = nl | fallen-

This last isometric property allows to extend the multiple integral for a general f, € HEn
by L*(2) convergence (notice once again that this kind of closure is different in spirit
from the pathwise convergences considered at Sections 3 and 4). Finally, one can define
the integral of f, € H®" by putting I,(f,) = In(fn), where fn € H®" denotes the
symmetrized version of f,,. Moreover, the chaos expansion theorem states that any square
integrable random variable F' € L?(Q,G, P), where G is the o- field generated by z, can
be written as

F=> I(f) with E[F? = anuanH@n. (61)
n=0

We will introduce now the (iterated) derivative and dlvergence operators of the Malli-
avin calculus. We denote by C>°(R") the set of infinitely continuously differentiable func-
tions f : R™ — R such that f and all its partial derivatives have polynomial growth. Let
S denote the class of smooth random variables of the form

F = f(Li(h), .., (k). (62)

where f € C;°(R"), hy, ..., h, are in ‘H, and n > 1. The derivative of a smooth random
variable ' € S of the form (62) is the H-valued random variable given by

DF:ﬁé&ﬂhwﬂw~JNMDm, (63)
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where 0; denotes as usual %. One can also define for h € 'H and F' € S the derivative of
F in the direction of h as D, F = (F, h)y.

The iteration of the operator D is defined in such a way that for a smooth random
variable F' € S the iterated derivative D*F is a random variable with values in H®*. We
also consider for h* € H®* the k-th derivative of F in the direction of h* defined as

DiF = (D"F, h*)pen.

Let us fix now a notation for the domain of the iterated derivative D*: for every p > 1
and any natural number £ > 1 we introduce the seminorm on S given by

k P

E(|F|p) + ZE(||DjF||§{®j)

i=1

||F||k7p =

It is well-known that the operator D* is closable from S into LP(Q; H®*). We will denote
by DFP the completion of the family of smooth random variables S with respect to the
norm || - |lx,. We will also refer the space DF? as the domain of the operator D* and
denote it by Dom DF. If F has the chaotic representation (61), we have that

E(IDF o) = > nln=1)--(n =k + ) nll full3e.

n=~k

and a useful characterization of Dom D* is the following: F' € Dom D* if and only if

o

> o nFnl | fall? on < 00
: nllyén .

n=1

We will denote by ¢° the adjoint of the operator D (this operator is also referred as
the divergence operator) and more generally, we denote by §° the adjoint of D*. The
operator 6°* is closed and its domain, denoted by Dom 6%, is the set of H®*-valued square
integrable random variables u € L?(Q; H®*) such that

[E(D*F, u)per| < O F|l2,

for all F € Dom D*, where C' is some constant depending on u. Moreover, for u € Dom §°*,
§°%(u) is the element of L?(2) characterized by the duality relationship:

E(F3*(u)) = E(D"F, u)yer), (64)

for any I € Dom D*. For u € Dom¢°, the random variable 6°(u) is usually called
Skorohod integral of u, because it coincides with the usual integral of v with respect to x
for a large class of elementary processes u (see [25] for further details).

5.2. An operator associated to x. Along this section we will consider a d-dimensional
continuous process satisfying the following set of assumptions:

Hypothesis 5.1. The process x = (z(1),...,x(d)) is a centered Gaussian process with
i.i.d. coordinates. Letting Ry and Ry being defined as in (56), we suppose that those two
functions are continuous and the following two conditions hold:
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(1) The variance function Ry := Ry is differentiable at any point t € (0,T) and

satisfies that
T
/ IR} dt < oo.
0

(2) The first partial derivative OsRy of Ry is well-defined a.e. on [0, T)? and verifies

T T
/ / |0s Ry | dsdy < oo. (65)
o Jo

We will try now to identify a useful operator for our future Gaussian computations.

Let ¢ = (p(1),...,0(d)) € (Dr)?, where Dy is the space of C* functions with compact
support contained in (0,77). We have that (see for instance [18|, where the 1-dimensional
case is considered) that ¢ € H and that

ho = [ o s,

where (-,-) denotes the ordinary Euclidean product in R¢. Moreover, (DT)d is a dense
subset of H. From now on, we use also the notation z(f) for I;(f).

Given a function h : [0, 7] — R, recall that hll denotes the function with values in R?
in which all the coordinates except the j-th one are equal to 0 and the j-th coordinate
equals to h. Therefore, for 3 € Dy and 0 < a < b < T, we have that

(1, 5%7{ = BE[L(1.y)ML(7)] = -E [(xb(l) - l’a(l))/o (¢, [ﬁm];) dt]

T T b
- - 1(j:l) /0 (Rbt - Rat) ﬁ; dt - — 1(]:1) /0 (/ 8SRst dS) 6; dt
b T

We will consider the first iterated integral appearing on the right hand side of (66) as
a linear operator defined on Dr. That is, we consider for s € [0,7] and § € Dy, the
following function:

T
Ap(s) =: —/ 0sRyy B, dy.
0
We will suppose from now on that the following hypothesis holds.
Hypothesis 5.2. For any 3 € Dy, A3 € L*([0,T]).

Remark 5.3. Condition (65) on Ry, stated in Hypothesis 5.1, implies that A belongs to
LY([0,T]) whenever 3 € Dr. We have imposed the additional condition A3 € L?([0,T}])
in order to guarantee the integrability of many terms appearing in the sequel. Although
one can weaken Hypothesis 5.2, this would complicate some of the next statements. We
have thus chosen to impose it for the sake of simplicity.
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Fxample 5.4. Hypothesis 5.2 is satisfied by the fractional Brownian motion. In fact,
T 8 T
A3(s) = [ RSy =~ [ H (1 s - P sigals — ) B0 dy
0 0
T

— / H (s — y|*" 'sign(s — y)) #'(y) dy,

0
because 3 € Dr. And from this, it is easily seen that Ag € L>(]0,T)) if 5 € Dr.

Let us now relate our operator A to the inner product in H: equation (66) tells us that
for any elementary function g = (¢(1),...,9(d)) € S and € Dr we have that

<6[j] ) 9(l)m>H = 1(jl)/0 gs(1)AB(s) ds.

Since for ¢ € (Dr)?, g € S, we have ¢ = Z?Zl ©(j)V and g = Zld:l g(D), we obtain
that

=3 [ aDAE s = [ o, Aplo) ds (o7

where we use the notation Ap = (Ap(1),...,Ap(d)). Extending this last relation by
continuity, the following useful representation for the inner product in H is readily ob-
tained:

Lemma 5.5. For any g € H N (L*([0,7]))¢ and ¢ € Dr, one can write

(@ @) = / (90, Ag(s)) ds, (68)

where (-,-) stands for the inner product in RY.

Going back to our example 5.4, notice that expression (68) is similar to the following
one pointed out in [2] for the one-dimensional fractional Brownian motion with Hurst
parameter H < 1/2:

T
(0, 9)y = 0?{/ g(s)DYD%p(s) ds,
0

where o = § — H; D¢ and D are the Marchaud fractional derivatives (see [28] for more
details about these objects), and cy is a certain positive constant.

5.3. Extended divergence operator. Let us take up here the notations of Section
5.1. Having noticed that fBm gives rise to an operator D¢D? which is a particular case
of our operator A (see Example 5.10), one can naturally try to define an extension of
the operator §° using similar arguments to those of [2|. The idea is to consider first

u € Domé° N (L2(Q x [0,T]))" and F = H,(z(p)) where H, is the n-th normalized
Hermite polynomial, and ¢ € (Dr)%. Since (L2(Q x [0,7)))" = L2 (Q; L*([0, T}; RY))
and Dom 6° C L2(Q: H), we have that u € (L2(Q x [0,7]))* N'H almost surely. Moreover,
DH,_1(z()) = Hp—1(2(9)) ¢ € (Dr)?, as.. So, using (68), the usual duality relationship
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between D and 0° can be written in the following way:
E [0°(u) H, (2(¢))] = E [(u, DHo(2(0)))5] = E [Hor(2(0)) (u,0)5]

T T
=B | Ha(o(0) [ e Apte) ds| = [ (B [H(w(0)0]  Apls) ds, (00)
0 0
and this motivates the following definition.

Definition 5.6. We say that u € Dom*6° if u € (L2(Q x [0,T)))" and there exists an
element of L*(Q), that will be denoted by §°(u), such that for any ¢ € (DT)d and any
n > 0, the following is satisfied:

E [0°(u)Hn (z())] :/0 (E [Hno1 (z(9))us) , Ap(s)) ds. (70)

Remark 5.7. Since the linear span of the set {H,(¢) : n > 0, ¢ € (Dr)?} is dense in
L?(92), the element 6°(u), if it exists, is uniquely defined.

Remark 5.8. One can easily see from our definition of the extended divergence that it is
a closed operator in the following sense: if {u*}rey C Dom*§° and satisfies (1) u* — v in

(L2(Q x [O,T]))d and (2) 0°(u*) — X in L?(Q2), then u € Dom*§® and 6°(u) = X.
We show in the following proposition that the extended operator §° defined above is
actually an extension of the divergence operator of the Malliavin calculus.
Proposition 5.9. The domain Dom®° is an extension of Domd° in the following sense:
Domé° N (L*( x [0, T)))* = Dom*s° N L*(;H).

Furthermore, the extended operator 6° restricted to Dom6° N (LA(Q x [0,T]))" coincides
with the standard divergence operator.

Proof. If u € Dom 6°N(L2(Q x [0, T)))* then u € (L2([0, T]))*NH almost surely. Thus (68)
can be applied to v and (69) holds true for §°(u) (the standard divergence operator). This

proves that Dom 6° N (L2(Q x [0,T]))* € Dom*6° N L2(Q;'H) and that §° is an extension
of the standard divergence operator on Dom d° N (L%(€2 x [0, T]))".

To see the other inclusion, take u € Dom*§° N L*(Q;H). By our Definition 5.6 of
Dom* §°, u belongs also to (L2(€2 x [0,77))". We will show that u € Dom 6°. First, we

will prove that the element 6°(u) defined by the equality (70) satisfies, for any ¢ € (Dr)*
and any n > 0, that

E [0°(u)H, (2(¢))] = E [(u, DHn(a:(gp)»H} : (71)

Indeed, since u € (L2([0,T]))" N H a.s. by assumption, we can apply again identity (68)
and so,

(1. DIy = Hoa o(9) [ (0 (o) ds.

Hence, using Fubini’s theorem and (70) we end up with

E (u, DH,(2(¢))),, = /0 ' (E [Ha-1(2(9)) us] , Ap(s)) ds =B [0°(u) Ha(2(0))]
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which is exactly (71).

By using density arguments (the linear space generated by the elements of the form
H,(z(y)), with ¢ € (Dr)?, n > 0, is dense in Dom D) we obtain that

E[(u, DF)y]| = E[0°(u) F]

for any F' € Dom D, and this finishes the proof.
O

Example 5.10. Go back to our fBm Example 5.4, and let us compare the extended diver-
gence operator introduced above with the one defined in [2]. First of all, we must point
out that in [2], the (standard) divergence operator is presented in a more general setting
than ours: the divergence can belong to any LP(£2), for p > 1. In our paper, we will only
consider this divergence over L? spaces for sake of conciseness.

According to the computations carried out in [16] (see identity (5.30) of that work), for
any element ¢ in the space of test functions Dy one has

T
4 DYDYy (s) = /0 H |s —y[*"'sign(s — y)v'(y) dy.

On the other hand, we have already seen at Example 5.4 that Ay(s) = fOTH |s —
y|* " tsign(s — y)¢¥'(y) dy. That is, on Dy, we have the following identity of opera-
tors: ¢;DYD* = A. Moreover, these operators can be extended (and coincide) by
density arguments to I%(Ex) (see [2] for the definition of this space). Finally, in this
case, H = I*(L?([0,T]) is a subset of L([0,T]). Using these observations, it is readily
checked that the extended divergence operator defined above coincides with the extended
divergence given in [2], restricted to L? spaces.

5.4. Change of variable formula for Skorohod integrals. We can now turn to the
main aim of this section, namely the proof of a change of variable formula for f(x) based
on our extended divergence operator 0°. Interestingly enough, this will be achieved under
some non restrictive exponential growth conditions on f.

Definition 5.11. We will say that a function f : RY — R satisfies the growth condition
(GC) if there exist positive constants C' and \ such that

1
A< 4d maxte[o ] Rt’ and |f($)| S CQAII‘Z fOT‘ all v € Rd. (72)

Notice that maxejo ) Ry = maxseo 1] E[|z¢|?]. Thus the growth condition above implies
that

E P CTE( rAmax;c(o, ] |zt|2)
[tgggz_g] |f(z)|] < e :

and this last expectation is finite (see, for instance [23|, Corollary 5.4.6) if and only if
1 B 1

2maxyeo,r E (| [?) - 2d maxejo.r] Re

So, if condition (72) is satisfied, there exists r > 2 such that

rA <

E "] < . 73
max |f(z)|"| < o (73)
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With these preliminaries in hand, we first state a Skorohod type change of variable
formula for a very regular function f.

Proposition 5.12. Let f € C®(R?) such that f and all its derivatives satisfy the growth
condition (GC) (with possibly different X’s and C'’s). Then, for any 0 < s <t < T,

1,4() Vf(x.) € Dom"6°

and

0° (Lo () V()] = f(ar) = fas) = %/ Af(z,) R, dp.

Proof. Since f and all its derivatives satisfy growth condition (GC) , the process 1,y V f(z)
is an element of (L%(Q x [0,7]))? and we also have

) = f(0) = 5 [ Afta,) Ridp € X9,

So, we only need to show that for any n > 0 and any ¢ € (DT)d the following equality is
satisfied:

B (5w - fw)— 2 [ A, Rdp) Ha(2(2)
( 1 ) (et

_ / (B [Hor(2(9) V()] . Ap(p)) dp. (74)

The proof of this fact is similar to that of [2, Lemma 4.3|, although some technical
complications arise from the fact that here we deal with the multidimensional case.

Consider thus the Gaussian kernel

_d 1|y
— 2 2 -
p(o,y) = (270) eXp< 5 o

>, for 0 > 0, y € R (75)
It is a well-known fact that d,p = 1 Ap. Moreover, E [g(z,)] = [pu p(Re,y) g(y) dy for any
regular function g : R — R such that g and all its derivatives satisfy (GC). Using these
identities, we can perform the following computations:

d d

—Elg(z;)] = 7 de(Rt,y)g(y)dyz/Rd a%p(Rt,y)Rig(y)dy

= 3R [ AolRe) ody =5 R [ pFe) MGGy
= L RE[Ag(x)]. (76)

This shows that the function £E[g(z,)] is defined in all ¢ € (0,7) and is integrable on
[0,7] . As a consequence, E[g(z;)] is absolutely continuous. Using this fact and identity
(76), we can now prove (74) when n = 0. Indeed, observe that in this case Hy(z) = 1
and, by definition, H_;(z) = 0. Hence, the right-hand side of (74) is equal to 0 while the
left-hand side gives:

B {70~ 1) - 5 [ Ar) Rao] = [ LBl a5 [ BIAS)] By do
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and this last quantity vanishes due to (76).
Let now n > 1. Define for j € {1,...,d} and t € [0, T],

- /OP Ap(j)(s)ds = (Lo, 9()7),, - (77)

Clearly, G7, is absolutely continuous and (Gi), = Ap(j) (a.e). Moreover, for a regu-
lar function ¢ satisfying (GC)together with all its derivatives and for any multiindex
(J1s -+ Jn) €{1,...,d}"™ we have

d , , 1 : :
3, Bl GL (o) -G (p) = 5 BlAg(x,)| B, G5 () - G (p)
Elg(z,)] > Ap(in)(p) | [ GLp)|, (78)
r=1 l:l#r
where we have used (76). Recall now our convention (21), allowing to write 07 , f for
%ﬂ—?ayﬁlf, and set M7'n = E[07 ; f(x)] T2, GE(p) for p € [s,t]. By integrating (78)
from s to t and taking g = 9} , f we obtain that
- 1t N L
Mtjlmjn - Mglen = 5/ ( [Aajl Jn f(u%)] R; HGgpl (P)) dp
s =1
t
+ [ (E[ (ZASOJr >HGa<p>)) ap
S l: l#r
Summing these expressions over all the multiindices (j1,...,7,) € {1,...,d}" and owing
to the fact that
t
> /E[m in (ZAWr [ G0) dr
Jseesdn 8 L lr
t
=N Z / Jnl Jn :Cp HG]l AQD jn ( )dp7
VARSI Jn 8
we end up with an expression of the form
i oin o 1 t N n 4
S0 [ vt = 5 S [ B(ag L sw) By TG0
J1sesdn J1yeerdn $ =1
. _
+n Z/E[@;ﬁ . H p) Ap(4,)(p) dp. (79)
J1sees Jn s =1

It should be observed at this point that, as in identity (55), the symmetries of the partial
derivatives of f play a crucial role in the proof of the current proposition. This symmetry
property appears precisely in the computations above.

We will see now how to obtain the desired identity (74) from (79). Indeed, it is a
well known fact (see [25] again) that H,_(z(¢)) ¢ € Domé® and 6° [H,—1(z(p)) ¢] =
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n H,(z(¢)). Using these last two facts, the duality relationship between D and 6° and
the definition (77) of G¥ we have that, for g satisfying (GC) as well as its derivatives,

1

E [, (2()g(z)] = —E(Hua(2(0))e, Dglwi)),,

— lE (Hp—1(z(9)) e, l[o,t)Vg(It)>H

n

n

d t
Hn—l(x<(70)) Z/o 9i9(x¢) Ap(4)(p) dP]

d

= S E[H (#(0) 2] GO

j=1
Iterating this procedure n times, one ends up with the identity
1 . : .
E [H,(2(¢))g(z)] = — Y E[0) 9] GE(t)-- Ginb).
jly---jn

As an application of this general calculation, we can deduce the following equalities:

B [Ha(o(0) fe)] = SR, f@)] GO GRO (50)
B[ (o) /()] = — SB[, f@)] GE6)-GRs) (8
B[ (o)A )] = =SSR Afw,)] GE) Gl (52)
and |
B [H,1 (w20, (5,)] = omgp 3 Bl0w @] GLo)-CE 7o) (89

Substituting now (80)—(83) in (79), we obtain

AE [H (0(0)) £ (0] = B [H (2(0) f(2.)] = 5t [ B[Ha(a(0)) A7 (s,)] Rydp

=1 [ 3B [Haa(000) 93, (20)] Aplin)(0)dp.

s Jn=1

and this is actually equality (74). The proof is now finished.
O

Since the Skorohod divergence operator is closable, we can now generalize our change
of variable formula:

Theorem 5.13. The conclusions of Proposition 5.12 still hold true whenever f is an
element of C2(R%) such that f and its partial derivatives up to second order verify the
growth condition (GC) .
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Proof. Let A\ be the constant appearing in the growth condition (GC). Given k > 2,
denote by pxr(y) = p(4,y) the Gaussian kernel defined in (75) and introduce fi(y) =
(f * pr)(y) where, as usual, * denotes the convolution product.

We first claim that there exist kg € N, C’ > 0 and X satisfying A < X < m,
such that 7
sup | fi(y)| < €' MW, (84)
k>ko

Indeed, condition (GC) easily yields

/2 ,
hls () [i=21e

d/2 2 d 22
<(5) o[ errea I (g [Q0e T ).
2 Rd i=1 27 R

On the other hand,

= k Ak
)‘(yz Zz) Z J— 2
Vor / k—QAeXp{<k:—2>\>y’}’

and limy_,., 2k Y 2/\ = ). Hence, given X' € (A é) there exists ky € N such that

? 4d maxcpo,7) R
for any k > kg the following inequalities are satisfied:

Ak V< 1
k— 2\ 4d maXt€[07T] Rt ’

A<

Our claim (84) is now easily deduced.

Notice that (84) means that for & > ko, fi also satisfies the growth condition (GC) (with
C” and X substituting C' and A, respectively). Moreover, we have that

E

sup sup |fk(xp)|2] < 0.
pE[0,T] k>ko

Thanks to this inequality, as well as similar ones involving the derivatives of f, one can
easily see that:

(1) fu(zs) — f(xs) and fi(ze) — f(ze) in L*(2),
2) [; Afilx,) Rydp — [ Af(x,) Ry dp in LX(Q) and
(3) 1 Vfi(z.) — 19V f(z) in (L*(Q x [0,77))".
The result is finally obtained by applying Proposition 5.12 and the closeness of the ex-

tended operator 0° alluded to at Remark 5.8.
O

6. REPRESENTATION OF THE SKOROHOD INTEGRAL

Up to now, we have given two unrelated change of variable formulas for f(x): one
based on pathwise considerations (Theorem 4.5) and the other one by means of Malliavin
calculus (Theorem 5.13). We propose now to make a link between the two formulas and
integrals by means of Riemann sums.
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Namely, let © be a process generating a rough path of order N. We have seen at
equation (55) that the Stratonovich integral Ju(V f(z)dz) is given by limyy,,—oS™,
where

n—1 N

1 . . .
St = Z Z Eaﬁmilf(gvtq) Xl}qﬁtqﬂ (i1) ng»tqﬂ(w) . .thtutq+1 (i)

q=0 k=1

In a Gaussian setting, it is thus natural to think that a natural candidate for the Skorohod
integral 6°(V f(z)) is also given by limy,, o S™**°, with

n N
1 . :
Sthee =0 0 (o) oxp, () o ox, (in), (85)

q=0 k=1

where ¢ denotes the Wick product. We shall see that this is indeed the case, with the
following strategy:

(i) One should thus first check that limyy,, S« exists. In order to check this convergence,
we shall use extensively Wick calculus, in order to write

af;;zlf(xtq) < thq,tq+1 (Zl) Y lelq,tq+1 (Zk) = alk]‘czl f(xtq) thq,tq+1 (21) e thfbthrl (Zk) _l— ptq7tq+17

where p is a certain correction increment which can be computed explicitly. Plugging this
relation into (85), we obtain

n—1

GHst0 = Qs 4 Z Ptgstgsr- (86)

q=0

(ii) Manipulating the exact expression of the remainder p, we will be able to prove that
limyr,,|—o ZZ;& p%q’tqﬂ =-1 fst Af(z,) R, dv. Hence, going back to (86) and invoking the
fact that St converges to Ju(V f(x) dz), we obtain

lin, §7° = Ju(V]@)de) 5 [ A B do =57~ 5 [ AT Ry

[TIs¢|—0

This gives both the convergence of S'st** and an It6-Skorohod formula of the form:

[(5f(37)]st — lim SHS“O + % /t Af(l‘v> R; dv.

‘Hst|_’0 s

(iii) Putting together this last equality and Theorem 5.13, it can be deduced that under
Hypotheses 5.1 and 5.2, the limit of S"+* coincides with the Skorohod integral §°(V f(z)).
This gives our link relating the Stratonovich integral J(V f(z)dz) and the Skorohod
integral °(V f(z)).

This relatively straightforward strategy being set, we turn now to the technical details of
its realization. To this end, the main issue is obviously the computation of the corrections
between Wick and ordinary products in sums like S"st°. We thus start by recalling some
basic facts of Wick computations.
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6.1. Notions of Wick calculus. We present here the notions of Wick calculus needed
later on, basically following [17]. We also use extensively the notations introduced in
Section 5.1.

One way to introduce Wick products on a Wiener space is to impose the relation

for any f, € H®" and g,, € H®™, where the multiple integrals I.(f,) and I, (gm) are
defined by (60). If F = 3" I,(f,) and G = Y2 I,.(gm), we define F o G by

N1 N2

FoG=>Y > ILin(fi®gn).

n=1 m=1

By a limit argument, we can then extend the Wick product to more general random
variables (see [17] for further details). In this paper, we will take the limits in the L?(()
topology.

For f € H we define its exponential vector £(f) by

£(f) == e = exp (Il(f) W) — e (100 - SR

In a similar way we can define the complex exponential vector of f by (¢ denotes here the
imaginary unity)

o0

1) = exp (z L(f) + %) = ;—nlll(f)on, (87)

n=0
With these notations in hand, an important property of Wick product is the following
relation: for any two elements f and ¢g in H, we have

E(f)o&lg)=E(f+9), (88)

an analogous property for the complex exponential vector being also satisfied.

We now state a result which is a generalization of [17, Proposition 4.8|.

Proposition 6.1. Let ' € Dom D* and g € H®*. Then
(1) F o I(g) is well defined in L*(Q).

(2) Fg € Dom&°*.

(3) FolIi(g) = 6°(Fyg).

Proof. Let F € Dom DF. This implies that F' admits the chaos decomposition F =
ZZO:() [n(fn)a Wlth

D onF | fall? 5. < 00 (89)
n=0

Define then Fy = 3> I,(f,). Consider also g € H®*. In order to check (1), we shall see
that the limit in L2(2) of FiyoI,(g) exists, as N — co. But Fxolix(g) = S0 Lk (£ ®9),
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and the limit in L?(Q) of this expression exists if and only if

oo

Z(n + k)' ||fn®g||3.[®n+k < o0.
n=0

This last condition is clearly satisfied thanks to (89).

Now we will prove our claims (2) and (3) for /' with a finite chaos decomposition and
g=0g1 X - ® g, with g; € H, for i = 1,...,k. More precisely, we will see that for any
G € S the following relationship holds:

E [(F o In(9)) G} — E[(Fyg, D’“G>H®k] . (90)

This will be done by an induction argument. For & = 1, this is a consequence of [17,
Proposition 4.8| since F' ¢ I;(g) = 0°(Fg). Suppose now that (90) is satisfied for k = K.
Therefore,

E|[F o Ixii(9)] G] = E[(Foh(gl)oﬂc(gz@"'®9K+1)) G]

- E[<(F°[1(91))92 Q- ® Gy DKG>H®K}’

where in the last equality we have used that F' ¢ I;(g;) has a finite chaos expansion and
the induction hypothesis. The last expression can be rewritten as

E|(F o Li(91) Dl oo, ,, G|

Since DX G € S, we can apply the case £ = 1 to the above expression and we

: 92QRgK +1
obtain

E [[F o I (9)] G} —E [<F91 , DX G>H] —E [F D! (DX G)]

9o ®®Y g 1 9o ® @Yy

918950 @Yy q

=E |:F DK+1 G] = E|:<F g1 Q- Q gK+1 ) DK+1G>H®K+1]7

which finishes our induction procedure. Thus, (90) is satisfied for F' with a finite chaos
expansion and g a tensor product of elements of H.

To extend the result to a general I € Dom(D*) and g € H®*, we first consider the
case F' € Dom(D¥) and g = g1 ® - - - ® g. In this situation, identity (90) is a consequence
of the fact that this relationship holds for Fyy = ZnN:O I,,(f,) defined above and of the
part (1) of the proposition. Finally, for a general g € H®*, using the fact that both sides
of (90) are linear in g, we can generalize this identity to g belonging to the linear span
of elements of the form ¢; ® - -+ ® g, which is a dense subspace of H®*. So if g € H®F
and {gM}en is a sequence of elements of this linear span of tensor products such that
g™ — g in H®* one can easily see (by using (89)) that

FOIk<gM) — FO[k(g),
as M — oo in L*(). Since

E (Fo[k(gM))G} = E[(Fg", D"G)yer ],

the proof is completed by a limiting argument. 0
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6.2. One-dimensional case. In order to simplify a little our presentation, we first show
the identification of §°(V f(z)) with lim,,|—o S™*° when d = 1, that is when z is a one-
dimensional Gaussian process satisfying Hypothesis 5.1. The first step in this direction is
a general formula for Wick products of the form G(X)oY P, where X and Y are elements
of the first chaos (see Section 5.1 for a definition). Notice that the proof of this proposition
is deferred to the Appendix for sake of clarity.

Proposition 6.2. Let g,h € H and let G : R — R be differentiable up to order p such
that all its derivatives GY) are elements of L (py) for any j = 0,...,p and for some
r > 2, with pn, = N(0,]|gl3,). Define X = I,(g) and Y = I,(h). Then the Wick product
G(X) oY can be expressed in terms of ordinary products as

G(X) oY = G(X)Y?

_1\ym+l
i 0<l§n<p 2mm(!(p1>_ an!_ ) !Gm(X) EXY)] [BY2)]" yr2mt (1)

Example 6.3. In order to illustrate the kind of correction terms we obtain, let us write
formula (91) for p = 1,2, 3:
G(X)oY = GX)Y -G'(X)E(XY)
G(X)oY? = GX)Y?-GX)E(Y?) - 2G"(X)E(XY)Y + G"(X) [E(XY)]2
G(X)oY® = GX)Y?-3G(X)E(Y?)Y +3G"(X)E(XY)E(Y?)
—3G"(X)E(XY)Y? +3G"(X) [E(XY)]’Y — G"(X) [E(XY)] .

We are now ready to state our representation of the Skorohod integral by Riemann-Wick
sums:

Theorem 6.4. Let x be a 1-dimensional centered Gaussian process with continuous co-
vartance function fulfilling Hypotheses 5.1 and 5.2, and assume that x also satisfies Hy-
potheses 1.1. Let f be a function in C*(R) such that f*) verifies the growth condition

(GC) for k = 1,...,2N. Then, the Skorohod integral 0°(V f(z)) (whose existence is en-
sured by Theorem 5.13) can be represented as a.s. —limyy,, o S™=°, where St is defined

by

n—1 N
1 k
Sllsto — Z Hf(k) (m4,) © (x,;ll_ml)<> .
i=0 k=1
Moreover, we have
t t
(@)= [ Faddn— [ 7R (92

Proof. As mentioned at the beginning of the section, our main task is to compute S™s¢-°
in terms of ordinary products. This will be achieved by applying Proposition 6.2 to each

term in the above sum, with G = f, X =z, and Y =x}, =z, , — 2y,
1li+1 i+1 4

To this end, notice first that the integrability conditions on f required at Proposition 6.2
are fulfilled as soon as condition (GC) (see Definition 5.11) is met. Fix theni € {0,...,n—
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1}, recall that we set X =z, and Y = x{, , and consider the quantity S := ; f *) (2,,)0
(x}itm)“’“. A direct application of Proposition 6.2 yields

)l+m

kz Z 2. 2mml[l —om 1) FED(X) [EXY)) [E(Y?)]" yh2mt,

k=1 1+2m<k

Making a substitution ¢ = k + [ and [ + m = u, this expression can be simplified into

Zgli — Zf(q)(X) Z 2mmm(—l) m [E(XY)]Z [E(YQ)}myq—2l—2m
k=1 qg=1

LT (g — 21 — 2m)!

2N la/2] u r 27 ™
= sz(‘”(x)z((_”) S m(xy)) _—Eg/ W yo2

— (¢ —2u !Hm:u mli!
2N [q/2] qu
_1)u E(y2) B
= @) ST g xy ya-2u,
>N Y By) + 20 (93)

Moreover, recalling again that X =z, and Y =«

BOy)+ 200 = LB ) - B2)] = Lok, (94)

where we recall that 0 R, , stands for R, , — R;,. Therefore, summing now over ¢ €
{i,...,n — 1} we get

tisn — Tt;, it 1s easily seen that

n—1 N 2N [q/2] n—1
S D ITED I B eI )
=0 k=1 q=1 u=0

where the quantity Z.*" is defined by
u —2u
T = f () (ORue)" (5t )" (96)

We now separate the study into different cases.
Case 1: If u =1 and ¢ — 2u = 0 (namely ¢ = 2), then

n—1 n—1

,];qyu D) Z f” xtl RtH—l Rt’ T2 / (Z f// xt' t tHl)(p)) RLdp,
=0

where in the last equality we resort to the fact that R, is absolutely continuous (see
Hypothesis 5.1). From this expression, by a dominated convergence argument one easily

gets lim, .o Yoy T2 = %ft f"(x,) R, dp.

Case 2: f u > 2 or uw =1, ¢ —2u > 1, then lim, .o > ! 77" = 0. Indeed, recalling
definition (96) of 7,%“, we observe that

=0

n—1 t n—1
DTS max (ke 1172 [0 Re,, 11} / (; 9 @) Lty (0)) | B (0) | dp.

In the right hand side of the above inequality, it is now easily seen that

lim max 1 {|thiti+1 |q_2u’ |5Rtiti+l |u_1} - Ov

n—oo 0<i<n—
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while the integral term remains bounded by C f; | R, |dp, which is bounded by assumption.
This completes the proof of our claim.

Case 3: If u =0, then

n—1 n—1 N n—1
T = E:lf _|_§ § _qu )q
q| t tl+1 t; t itit1 .
=0 i=0 g=1 =0 g= N+1

Thus Theorem 4.5 asserts that the first sum above converges to fst f'(xy)dx,, while it is
easy to see that the second sum converges to 0, thanks to the regularity properties of z.

Plugging now the study of our 3 cases into equation (95), the proof of our theorem is
easily completed.
O

6.3. Relationship with existing results. Several results exist on the convergence of
Riemann-Wick sums, among which emerges [27|, dealing with a situation which is similar
to ours in the case of a one-dimensional process.

In order to compare our results with those of [27], let us specialize our situation to the
case of a dyadic partition of an interval [s, t] with s < ¢ (the case of a general partition is
handled in [27], but this restriction will be more convenient for our purposes). Namely,
for n > 1, we consider the partition 17, = {t};0 < k < 2"}, where t} = s+ k(t — s)/2™.
For notatlonal sake, we often write ¢, instead of ¢}'. We shall also restrict our study to
the case of a fBm B, though [27] deals with a rather general Gaussian process.

Let us first quote some results about weighted sums taken from [12, 10]:

Proposition 6.5. Let B be a one-dimensional fractional Brownian motion, whose covari-
ance function is defined by (3). Let g be a C* function satisfying Hypothesis (GC) together
with all its derivatives.

(i) Forn > 1, set
2n—1

2
V() = S g(B.,) {(B}k%l) - 22nH:| '
k=0
Then if 1/4 < H < 3/4, we have
t—s
£~ lim V() = o [ g(B)aw. (o7)
n—oo 0

where L — lim stands for a convergence in law, oy is a positive constant depending only
on H, and W s a Brownian motion independent of B.

(ii) Forn > 1, set
m_1

3
Z g Btk ( tktk+1)

Then if H < 1/2 we have

t—s
L2(Q) — lim n*V O (g) = —§/ g (By) ds.
0

n—oo 2

We can now recall the main result of [27], to which we would like to compare our own
computations, is the following:



36 YAOZHONG HU, MARIA JOLIS, AND SAMY TINDEL

Proposition 6.6. Let B be a one-dimensional fBm with Hurst parameter 1/4 < H < 1/2
and f be a C* function satisfying Hypothesis (GC) together with all its derivatives. For
0 <s<t<T, consider the set of dyadic partitions {I1%,; n > 1} and set

st

2" —1

Sm =" f(By) B, (98)
k=0

Then S™° converges in L*(Q) to 6°(f'(B)) (which is the Skorohod integral introduced at
Theorem 5.13).

Proof. Our aim here is not to reproduce the proof contained in [27], but to give a version
compatible with our formalism. We shall focus on the case 1/4 < H < 1/3, the other one
being easier.

Consider first 0 < u < v < T. According to Example 6.3, we have

J(B)oBl, = f(B,)BYL — /(B E[B,BY]

2
1 1
= F(B)BL = 5f/(B.) [0 =] 4+ S (B[t - o,
In a rather artificial way, we shall recast this identity into
3
1. ;
f,<BS) % Bqlw = Z Tf(J)(BU) (Biv)J - Rzlw - R?w? (99)
=
with
1 1
Rl =50"(B) [(BL) = lo—uP], and R, =298, (BL,)".

Plugging (99) into the definition of S™° we thus obtain
n—1

.1 Y 1 . y
§re = S =2 3 f'(By) [6 = 87+ VU + GVOU). (100)
k=0

| =

Now, invoking Proposition 6.5, it is readily checked that both Vn@)( f") and Vn(s)( @)
converge to 0 in L*(2) as n — oco. Hence

L*(Q) — lim 8™ = Ju(f'(B)dB) — H / t F(By) 1 du,

n—oo

which ends the proof.
O

The aim of the computations above was to prove that the results of [27] do not contradict
ours for H > 1/4. Note however the following points:

(i) Having a look at Proposition 6.6, one might think that the first order Riemann-
Wick sums S™°¢ are always convergent in L?*(€2). However, when H < 1/4, relation (97)

still holds true. This means that the term Vn(2)( f") appearing in equation (100) is now
divergent, due to the fact that 2H — 1/2 < 0. The same kind of arguments also yield the

divergence of ‘771(3)( f®) in (100). It is thus reasonable to think that first order Riemann-
Wick sums will be divergent for H < 1/4, justifying our higher order expansions.
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(#) In light of Proposition 6.6, it is however possible that expansions of lower order than
ours are sufficient to guarantee the convergence of sums like S™s° in Theorem 6.4. We
haven’t followed this line of investigation for sake of conciseness, but let us stress the fact
that almost sure convergences of our Wick-Riemann sums are obtained in Theorem 6.4
and Theorem 6.8 (for any sequence of partitions whose mesh tends to 0), while only L?(£2)
convergences are considered in Proposition 6.6.

(#44) It is also worth reminding that we aim at considering a general d-dimensional Gauss-
ian process, while [12, 27| focus on 1-dimensional situations. It is an open question for
us to know if the methods of the aforementioned papers could be easily adapted to a
multidimensional process.

6.4. Multidimensional case. We shall now give the representation theorem for Skoro-
hod’s integral in the multidimensional case. Technically speaking, this will be an elabo-
ration of the one-dimensional case, relying on tensorization and cumbersome notations.

We first need an analogous of Proposition 6.2 in the multidimensional case, whose proof
is also postponed to the Appendix. To this aim, let us introduce some additional notation:
given gy, ..., ga € H define g = (g1, ..., ga) and denote by 5 the law in R? of the random

vector (I1(g1), - -, 11(ga)).

Proposition 6.7. Using the notations introduced above, let gy,...,94, h1...,hqg € H.
Consider the random variables X1 = I1(g1), ..., Xq = I1(ga), and Yy = I;(hy),..., Yy =
I (hq). Suppose that Yi,--- .Yy are independent and also that X; and Y}, are independent
for k # j. Let p = (p1,...,pa) be a multiindex and set |p| = Z;l:lpj. Assume that
G € CPI(RY) is such that 9°G € L"(ug) for any multiindex o = (v ..., a4) and for some
r>2, with oy, <pg, k=1,...,d. Then G(X1, -+, X)) oY o0 Y is well defined
in L*(Q) and the following formula holds:

GXp - Xa)o¥oro¥i= 3 0 T ghhG(Xy, e  Xy)
h+2mi<pr  lg+2mq<pqg
d
(—1)mtte)p, | ! 2\ 7k 1 pr—2mg—1
X E(X.Y:))* (E(Y, Y PRk 101

S ]1++J

where 97134 denotes L.

Oxy* -0z,

As in the one-dimensional case, the proposition above is the key ingredient in order to

establish the following representation formula for Skorohod’s integral:

Theorem 6.8. Let x be a d-dimensional centered Gaussian process with continuous co-
variance function fulfilling Hypotheses 5.1 and 5.2, and assume that x also satisfies Hy-
pothesis 1.1. Let f be a function in C*N(R?) such that O, f verifies the growth condition
(GC) for any multiindex o such that |a] < 2N. Then the Skorohod integral 6°(V f(z))
(whose existence is ensured by Theorem 5.13) can be represented as a.s. — limyy,, o St
where SMst° is defined by

-1 N 1
S = Z Z k_ llm 711 1) © thiti+1 (21) NORAAY Xw:tlitiﬂ (Zk)
=0 k
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Proof. We mimic here the proof of Theorem 6.4: decompose first S™* into > """, Zu 0
D it e WS, s Where
: 1 . oi o
Sjl ----- ja m@h """ jdf(xti(l)’ T ’mti<d)) © (leliti+1(1)) " O 0 (Xgitiﬂ(d)) " :
For a fixed i € {0,...,n — 1} and k € {0,...,d}, set now

X =x,(k), and Y,=x}, (k).

tzt7,+1
As in the one dimensional case, it is readily checked that if d,f satisfies the growth
condition (GC) for any |a| < 2N, then the integrability conditions of Proposition 6.7 are

also fulfilled for z;, = (z,,(1), ..., 2, (d)) = (L(1{g, ), ..., i(1]3,,)). This allows to write

N

N
oY S =y > S Y O tariaf (X, X)

u=1 ji+-+ji=u u=1 ji+-+ja=u l1+2m1<j1 lg+2mq<jaq

d _1)(mi+lk) .
X(H B <E<Y£>>m’“Y;k‘2mk‘lk)-

- 2yl (e — 2my, — L))

Making substitution I, + jp = q for k = 1,2,--- ,d, or jp = q. — l, the condition
I + 2my, < ji can be written as I, + my = uy with 0 < uy, < /2 and therefore the same
kind of manipulations as in (93) yield

N
Z Z SJZZ1 ----- ja = Z 8(11,~~,qdf(X1a T 7Xd)

u=1 j1+-+ji=u 1<q1++q4<2N
lgr /2] 2 Ug
(1) E(Y) 2
E E(X.Y, Y gt
XH ug!(qr — 2ug)! (Xe¥i) + 2

up=0

Furthermore, like in the proof of Theorem 6.4, we have E(X;Y;) + E(;/kz) = 0Rut,../2.

Summing over i € {4,...,n — 1} we thus end up with
n—1 d
1
SHSt’O = Z Z alIh"',!Idf(xti(l)v T 7‘/Etz(d>) H ( ), (Xil L1 (k>)qk

i=0 1<q1+-+qa<N o1 \dk
n—1 d 1

+Z Z O, g0 f (2, (1), H (_ t t1+1 ))qk
=0 N+1<q1+-+qq<2N k=1
1 n—1 d _

_5 Z a}%kf(xtz(l)v e 7$tz(d)) (th‘+1 - th) + @snt

d
— @11_151: + @12_[515 + Z@Hst + @Hst
k=1
In the last sum, the variables © correspond to the 3 cases we have distinguished in
the proof of Theorem 6.4: @lf“ denotes the sums in which the wu; are equal to 0 and
1<qg+--+qg <N; @g“ are the terms with upy =0and N +1<¢g; + -+ qq < 2N;
@31],7; corresponds to the terms with g, = 2, ¢; = 0 for all j # k and uj, = 1 (so that u; =0
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if j # k). Finally, O™ denotes the sums with either u; + - -+ 4+ ug > 2 or some uy, = 1
(and u; = 0 for j # k) but ¢, > 3. Referring again to the proof of Theorem 6.4, it is then
easy to argue that Ot and ©4** converge to 0, ©1'* converges to f;(Vf(xp), dz,)ra, and
S @gj; converges to —3 fst Af(x,) R, dp. -

7. APPENDIX

In this Appendix, we prove Propositions 6.2 and 6.7. For this, we will need the following
analytical lemma.

Lemma 7.1. Let i be a finite measure on (R B(RY)) and let G € CP(R?) be such that
0°G € L"(n) for some r > 1 and any multiindex o such that |af := Z?Zl a; < p. Then,
there exists a sequence (Gy)nen such that

(1) Fach G, is a trigonometric polynomial of several variables, that is Gy(xy, ..., x4) =
n ._'+ n
Zﬁnitealnl,...,ldezgllm—‘r Zgldxdy and where aﬁ,...,ld

(2) We have lim,,—,o 0°G,, = 0*G in L"(u) for any a such that |o| < p.

and 61’2 are real numbers.

Proof. This lemma is folklore, but we haven’t been able to find it in any standard text
book. For this reason and for the sake of completeness, we give here the main ideas of its
proof. First, given G € CP(R?), there exists a sequence of C*°(R?) functions with compact
support that converge, jointly with their derivatives, to G in L"(u). So, one only needs
to approximate a function G € C>(R?) with support contained in a rectangle of RY, say
K. Moreover, given € > 0, we can suppose that u(K¢) < e. For a such function, consider
its Fourier partial sums on the rectangle K that converge uniformly, jointly with their
derivatives to G' and its derivatives. Since these partial sums are periodic functions with
the same period, their sup-norm on all R? is the same that the sup-norm on the compact
K. With these ingredients, the result is easily obtained.

O

Proof of Proposition 6.2. We start with G(x) = %%, for an arbitrary £ € R, which means
that we wish to evaluate the Wick product e¥¥ o Y°P.

Recall that X = I;(g) and Y = I;(h). For £, € R, consider the random variable

2 2
Mg = exp (=5 BOC)) € o+ ) = oxp (-5 BOC) ) € gg) o )
= exp (X))o & (mmh) = Z Z;—?p exp (1€X) o VP,
p=0

where we have invoked relation (88) for the second equality and relation (87) for the last
one. It is thus obvious that X ¢ Y°? can be expressed as

p!

— X the coefficient of 7? in the expansion of M (&, 7).
i
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We now proceed to this expansion: we have

M(&,n) = exp {ZfX +wmY + %2E(Y2) + an(XY)}

X “7Y U oy o € !
Z mZ sy (P02 2 (BOO]
Hence, by computing the coefﬁment of »? in the above expression, it is easily checked that
—2m—I1 |
16X YoP — z&Xyp 16X fp' E(XY l E Y2 m Yp,Qm,l
e ‘ e Z 2mm!l!(p—2m—l)![ ( ) [ ( )}
0<l+2m<p
d (_1)m+lp!
— lEXYP X E(XY l E Y2 m Yp—2m—l
‘ +0<l;<p (dxle > 2mm!ll (p — 2m —1)! B B ’

which is the desired formula (91) for G(z) = e*°.

Let us now see how to extend this relation to a more general function G. By linearity,
we first obtain the result for any trigonometric polynomial G. Now, let G be such that
GU) ¢ L"(p,) for any j =0, ...,p and some r > 2. By Lemma 7.1, there exists a sequence
(Gp)nen of trigonometric polynomials such that

GS{’ — GY  in L"(py) forany j=0,...,p

This implies that G(X) € Dom(D?) and that
DIG(X)=GY(X)g® forany j=0,...,p

Indeed, G,,(X) € S and D'G,,(X) = fo)(X)g®j for any j =0, ..., p. Moreover, since
BIGY(X) - GO(X)] = |G — GI |,

(1g)
we have that
DIG,(X) = GY(X)g® in L"(Q;H®).
Using that the DU) are closed operators we obtain that G(X) € Dom(D?) and that
DIG(X) = GY(X)g® forany j=0,...,p. In particular, owing to Proposition 6.1 we
have that
G(X) oY =G(X) o I,(h®P) = §P(G(X)h®P). (102)
Let us go back now to our approximating sequence (G, )nen. It is readily checked that

relation (102) also holds for any G,,. Thus, putting together the relation G, (X)oI,(h®?) =
5P (G, (X)h®P) with equation (91) for a trigonometric polynomial, we get that

07(Gn(X)g™)

= G.(X)Y*+ ) mm'(“ (Qm;il Y SGU(X) [B(XY)] [E(Y?)]™ yP>7(103)

0<l+2m<p

Since G (X) — GU(X) in L"(Q) with 7 > 2 and the Y*~2™~! belong to all the LI(2),
the right-hand side of (103) converges in L?(2), as n — oo, to

O S i a0 B B
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Finally we obtain the general case of equation (91) by taking limits in both sides of
equation (103) and by resorting to the closeness of the operator §°7.

O

As in the previous section, the extension of Proposition 6.2 to the multidimensional
case is now an elaboration of the previous computations relying on some notational tech-
nicalities.

Proof of Proposition 6.7. As for Proposition 6.2, we first consider G(z) = €& where
r = (11,...,74) and £ = (&,...,&,) are arbitrary vectors in R%. The extension of the
formula to a G satisfying the general integrability conditions of our hypotheses is then
obtained following the same approximation scheme as in the one-dimensional case, and is
left to the reader for sake of conciseness.

In order to treat the case of G(x) = €“?) set

M(&,m) = exp (¢, X))OGXP( anYk>'

Along the samne lines as for Proposition 6.2, one can then identify e!&*) o V' 0. . o Y P4
with pﬁ—ﬂ,d x the coefficient of n}* - - - n}}* in the expansion of M (&, n). Moreover, thanks
to relation (88) and invoking the fact that X; and Y} are independent for k # j, we get
that

d d d d
1
M(g, 7]) = eXp (2 kg_l gka —+1 kg_l nkYk + 5 kg_l ﬁzE(YkZ) + kg_l SknkE(XkYk)

Expanding now the exponential according to formula (87), we end up with

o0

wen- ¥ [ X X [{ueress

p1y,pa=0  lLi+2mi<p1r  lg+2mg<pg k=1
X (B (B(Y2) ™ vt b e,

Taking into account the fact that szl(sz)lkezzzﬂ&xk = P lagr i &Xe | our for-
mula (101) is now easily deduced, which ends the proof.

2 (Pre—2my—2ly)

'lk (pk — ka — lk)

O
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