ROUGH EVOLUTION EQUATIONS

MASSIMILIANO GUBINELLI AND SAMY TINDEL

ABSTRACT. We show how to generalize Lyons’ rough paths theory in order to give a pathwise
meaning to some non-linear infinite-dimensional evolution equation associated to an analytic
semigroup and driven by an irregular noise. As an illustration, we apply the theory to a class
of 1d SPDEs driven by a space-time fractional Brownian motion.
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1. INTRODUCTION

This paper can be seen as part of an ongoing project whose aim is to give a pathwise definition
to stochastic PDEs. Indeed, the rough path theory [8, 13, 17, 18] and its variants [9, 7] have
now reached a certain level of maturity, leading to a proper definition of differential equations
driven by irregular signals and in particular by a fractional Brownian motion [2]. Starting from
this observation, we have tried in [12] to define and solve the following general problem: let B
be a separable Banach space, and A : D(A) — B the infinitesimal generator of an analytical
semigroup {S¢; ¢ > 0} on B, inducing the family {B,;a € R} with B, = D((—A)%). Let also
f be a function from B to L(B_,,B_,) for a given a > 0 and z a noisy input, considered as a
function from Ry to B_,. Then, for T' > 0, consider the equation

dyy = Ayedt + f(yi)dzy, t€[0,T], (1)

with an initial condition yg € B. The main example we have in mind is the case of the 1-
dimensional heat equation in [0, 1], namely B = L?([0,1]), A = A with Dirichlet boundary
conditions, the usual Sobolev spaces B, = Hy = W2*2, and x a fractional Brownian motion
with Hurst parameter H taking values in B_,. Notice in particular that we wish to consider a
noise x which is irregular in both time and space. Then, in [12], we gave a local existence and
uniqueness result for equation (1), by considering it in its mild form

t
Yt = StYo +/ Sts f(ys)dxs, (2)
0

where we let Sis = S;_s and interpreting the integral in this mild formulation as a Young
integral. Once the equation is set under the form (2), the main problem one is faced with is to
quantify the regularization of the semi-group S;s on the term f(ys)dzs, and then to elaborate
the right fixed point argument in order to solve the equation. The general results of [12] could
be applied in the case of the stochastic heat equation driven by a fractional Brownian motion
with Hurst parameter H > 1/2. They should be compared with the reference [19], where a
non-linear fractional SPDE is solved thanks to some fractional calculus methods, but where x
is a smooth noise in space.

In the current article, we would like to go one step further with respect to [12], and set the
basis of a real rough path expansion in order to define and solve equation (2), which would
allow to consider, in the case of the heat equation in [0, 1], a fractional Brownian motion with
Hurst parameter H < 1/2. This task is quite long and involved, but let us summarize at this
point some of the ideas we have followed:

(1) We will recast equation (2) in a suitable way for expansions according to the following
simple observation: we have tried to solve our evolution equation by means of its infinite
dimensional setting, since it allows to consider x and y as functions of a unique parameter ¢ €
[0, T], which makes its rough path type analysis easier (see [11] and [23] for a multiparametric
setting). However, when we come to the applications to the heat equation, we will consider
the evolution equation in [0, 7] x [0, 1] under the form

1 t 1
y(t,€) = /O Gl myyo(m)d + /O /O Gra(€. 00 (ys(n)) (ds, diy), (3)

where G stands for the fundamental solution to the heat equation, ¢ : R — R is a regular
function, and z(ds, dn) is understood as the distributional derivative of a real-valued continuous
process on [0, 7] x [0,1]. This definition of our equation is of course equivalent to (2) when
f is considered as the pointwise non-linear operator [f(y)](&) = o(y:(§)). Now, when written
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under its multiparametric form (3), the equation is also equivalent to

1 t 1
y(t,€) = /0 Gu(€, m)voln)dn + /0 /0 Gy o(€,m) 2(ds, dn)o(ys(n)),

and it happens that this simple reformulation is much more convenient for our future expansions
than the original one. When we go back to the original infinite dimensional setting, we can
recast (2) into

t
Yt = StyO +/ Sts d-rsf(ys)) (4)
0

where f is now a smooth function from B to B, and x will be understood as a Hélder-continuous
process taking values in a space of deregularizing operators from B to a distributional space
B_¢ for a certain ¢ > 0. The product dxf(ys) will then be regularized again by the action
of Sis, in a way which will be quantified later on. Notice that the form (4) of our evolution
equation is a little unusual in the SPDE theory, but makes sense in our context.

(2) Instead of considering Riemann sums like in [12] or like in the original Lyons’ theory
[17], our analysis will be based on the theory of generalized differentials, called k-increments,
contained in [9]. Roughly speaking, this theory is based on the fact that an elementary operator,
called 9, can transform an integral fst dgylhy — hs], seen as a function of the variables s and t,
into a finite difference product (g;—gs)(ht —hs). Furthermore, under some additional regularity
properties on g and h, the operator § can be inverted, and its inverse A, called sewing map
(from [7]), will be the building stone of our extension of the notion of integral. Notice that,
whenever g and h are Holder-continuous with Holder exponent > 1/2, this extension coincides
with the usual Young integral. When we consider an integral of the form fst dgu9(gy) for a
Hoélder-continuous function g with Hélder exponent in (1/3,1/2] admitting a Levy area, our
definition of integral also coincides with Lyons’ one, as shown in [9]. In fact, if the usual rough
path theory gives a richer point of view on the algebraic structure of the path x, it is worth
mentioning that our approach has at least two advantages:

(1) Once our unusual setting is assimilated, it becomes quite easy to figure out how a given
expansion in terms of x can be leaded. And indeed, it will become clear throughout the
paper, that the k-increments theory provides a tool allowing some natural computations
for our generalized integrals.

(2) The only step where a discretization procedure is needed is the construction of the A
map alluded to above, and this avoids some of the cumbersome calculations which are
one of the main ingredients of the rough path theory.

We hope that this paper will advocate for the use of the k-increments theory, which obviously
does not exclude the other approaches [17, 7].

(3) The fact that we are dealing with an evolution problem will force us to change some of the
algebraic structure we will rely on, especially if one wants to take advantage of the regularizing
effect of S;. This will lead us to introduce an operator a;s = Sis — Id for ¢ > s, and a modified
& operator, called 5 , defined by 5 = § — a. The whole increment theory will have to be build
again based on this modified operator, and we will see that it is really suitable for the evolution
setting induced by (4). In particular, we will be able to define analogs of the Levy area and
of the higher order iterated integrals, which are of course harder to express than in the finite
dimensional case, but can be written, in the bilinear case (that is o(r) =7 in (3)), as

t u t
X2 = / Spudiy, / Sy Sys, X3 = / Spudr, X2, ete. (5)

Obviously, a convenient definition of iterated integrals is the key to reach the case of a Holder
continuous noise of order < 1/2.
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(4) The whole integration theory can be expressed in an abstract way, by just supposing a
certain set of assumptions on some incremental operators like X? and X?3. However, we will
try to check these assumptions in some interesting cases, like the infinite-dimensional fractional
Brownian motion for our Young type integration, or the infinite-dimensional Brownian motion
for our step 3 expansion, based on X? and X3. Notice that the rough expansions for the
fractional Brownian motion should be investigated in details too, but one is faced with an
additional problem in this situation: on one hand, a Stratonovich type integration requires a
lot of regularity in space for the noise, due to the well-known presence of some trace terms.
On the other hand, the Skorokhod integral doesn’t fulfill the algebraic requirements we ask
for our integral extension. A discussion of these problems and some ideas to solve them will
be included at the end of the paper, but for sake of conciseness, we will postpone a complete
development of this part to a subsequent paper, and stick here to the Brownian case.

This paper is structured as follows. In Sect. 2 we recall the basic setup of [9] which allows
to embed the theory of rough paths in a theory of integration of generalized differentials,
called here k-increments. We wrote it with the aim of having a self-contained and pedagogical
introduction to the topic. However we give also a new and very elementary proof of the
existence of the basic integration map A of [9]. In Sect. 3 we introduce and study a modified
coboundary induced by the operator 5 on the complex of increments, using the additional
data provided by an analytic semigroup S, in such a way that the new complex can be shown
to act simply on convolution integrals of the form appearing in eq. (4) and on their iterated
versions. This new complex maintain many of the properties of the original complex (e.g.
its cohomology is trivial) and it is shown that when equipped with Hélder-like norms which
measures “smallness” of the increments, it admits a map, called A here, which is the main tool
for building an integration (or better, convolution) theory over those l-increments which are
good enough (again, in a suitable sense, to be specified in due time). A key feature of this
perturbed complex is that, due to the convolution with the semigroup S, “space” and “time”
regularity of increments depends on each other: we can gain space regularity by loosing some
time regularity and vice-versa. This property will be essential for the solution of the evolution
problem by fixed-point arguments. In Sect. 4.2 we use the theory outlined in Sect. 3.2 to
define the convolution integral in the Young sense and solve a class of non-linear evolution
problems, reobtaining some results of the work [12]. Notice that we will also improve some
of our previous results contained in [12], in the sense that we will be able to construct global
solutions to our evolution equations in the Young context. In Sect. 5 we study the (bi)-linear
evolution problem

t
v = Siyo + / Syudzsys. (6)
0

We will also introduce a notion of rough-path suitable for noises driving evolution equations.
By exploiting this path-wise technique we are able to obtain automatically the flow semigroup
of the equation and we will show how to express this semigroup as a convergent series of
iterated-integrals which are the lift of the step-3 rough path used in the construction of the
solution. Then in Sect. 6 we turn to a non-linear case of evolution system, namely the case of
the quadratic type equation

t
Yt = Styo +/ StsdrsB(ys @ ys),
0

where B stands for the pointwise multiplication of functions. This requires the additional
careful introduction of a collection of a priori increments indexed by planar trees, and an
associate notion of controlled path. Finally, all our results will be applied in the concrete case
of the stochastic heat equation on the circle, in a setting recalled at Sect. 3.4. The case of a
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fractional Brownian case is handled in the special situation of the Young theory, while we stick
to the example of an infinite-dimensional Brownian motion in the rougher situation. We build
the rough path associated to this latter noise and provide concrete conditions where the theory
outlined in the previous sections can be fruitfully applied. A systematic study of the regularity
properties of the incremental operators defined as X2 or X3 in (5) will also be provided at
Sections 6.5 and 6.6, thanks to some Feynman diagrams techniques.

2. ALGEBRAIC INTEGRATION IN ONE DIMENSION

The integration theory introduced in [9] is based on an algebraic structure, which turns
out to be useful for computational purposes, but has also its own interest. Since this setting
is quite non-standard, compared with the one developed in [17], and since we will elaborate
on it throughout the paper, we will recall briefly here its main features. We also provide an
elementary proof of the existence of the A map.

2.1. Increments. As mentioned in the introduction, the extended integral we deal with is
based on the notion of increment, together with an elementary operator § acting on them.
However, this simple structure gives raise to a nice topological structure that we will describe
briefly here: first of all, for an arbitrary real number T' > 0, a vector space V', and an integer
k > 1, we denote by Cx(V) the set of functions g : [0, T]¥ — V such that g;,.., = 0 whenever
t; = ti+1 for some i < k—1. Such a function will be called a (k — 1)-increment, and we will set
C«(V) = Ur>1C(V'). The operator ¢ alluded to above can be seen as a coboundary operator
acting on k-increments, inducing a cochain complex (C, d), and is defined as follows on Cy(V):

k+1

5 : Ck(v) - Ck+1(v) (6g)t1"'tk+l = Z(_]‘)igt1~~£i“'tk+1’ (7)
i=1
where f; means that this particular argument is omitted. Then a fundamental property of d,
which is easily verified, is that 66 = 0, where 09 is considered as an operator from Cr(V') to
Ci+2(V). We will denote ZCi(V) = Cr(V) N Kerd and BCr(V) := Cx(V) N Imd, respectively
the spaces of k-cocycles and of k-coboundaries, following standard conventions of homological
algebra.

Some simple examples of actions of ¢, which will be the ones we will really use throughout
the paper, are obtained by letting g € C; and h € Cy. Then, for any ¢, u, s € [0,T], we have

(59)7&3 =gt — Gs, and (5h)tus = hts - htu - hus- (8)

Furthermore, it is readily checked that the complex (Cy,d) is acyclic, i.e. ZCr11(V) = BCr(V)
for any k£ > 1, or otherwise stated, the sequence

0=R—C (V) -2 Co(V) -5 Cy(V) -2 Cu(V) — - (9)

is exact. In particular, the following basic property, which we label for further use, holds true:

Lemma 2.1. Let k > 1 and h € ZC1(V). Then there exists a (non unique) f € Ci(V') such
that h =40 f

Proof. This elementary proof is included in [9], see also Prop. 3.1 below. Let us just mention
that fi, ..+, = h¢,..1,0 is a possible choice. O

Remark 2.2. Observe that Lemma 2.1 implies that all the elements h € Ca(V) such that
dh = 0 can be written as h = §f for some (non unique) f € C;(V). Thus we get a heuristic
interpretation of §|c,(y: it measures how much a given l-increment is far from being an ezact
increment of a function (i.e. a finite difference).
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Notice that our future discussions will mainly rely on k-increments with & < 2, for which
we will use some analytical assumptions. Namely, we measure the size of these increments by
Holder norms defined in the following way: for f € Co(V) let

Iz swp 2!

5,t€[0,T] ’t - S‘H’

and  C(V) ={f € Ca(V); [ flln < o0}
In the same way, for h € C3(V), set

|htus|
[hllyp = sup —
P s,u,t€[0,T] ‘u - $|'Y|t - u‘ﬂ

inf {Z 1Bl pia—pii =D Py 0 < ps < u} :

where the last infimum is taken over all sequences {h; € C3(V')} such that h = ), h; and for
all choices of the numbers p; € (0,2). Then || - ||, is easily seen to be a norm on C3(V'), and we
set

i

C5 (V) :=A{h € C3(V); ||hllu < o0}
Eventually, let C37 (V) = U,51C4 (V), and remark that the same kind of norms can be consid-
ered on the spaces ZC3(V), leading to the definition of some spaces ZC (V) and ZC3T (V).

With these notations in mind, the following proposition is a basic result which is at the core
of our approach to path-wise integration:

Proposition 2.3 (The sewing map A). There exists a unique linear map A : ZC3T(V) —
Co (V) (the sewing map) such that

A = Idzeyvy -

Furthermore, for any p > 1, this map is continuous from ZC§(V) to C§(V) and we have

1
Il < 5l he ZCEHY). (1)
Proof. For sake of completeness, we include a proof of this result here, which is more elementary
than the one provided in [9], and which will be generalized at Theorem 3.5. For notational
sake, we will omit the dependence in V' in our functional spaces, and write for instance Cs
instead of C3(V). Let then h be an element of ZC{ C ZC3™" for some p > 1.

Step 1: Let us first prove the uniqueness of the 1-increment M € C4 such that 6M = h. Indeed,
let M, M be two elements of CY satisfying 0M = M = H and set Q = M — M. Then 6Q = 0
and Q € C4'. Invoking Lemma 2.1, there exists an element ¢ € C; such that @ = dq, but since
i > 1, q is a function on [0, 7] with zero derivative, i.e. a constant and then @ = 0.

Step 2: Let us construct now a process M € C, with p > 1, satisfying M = h. Since éh = 0,
invoking again Lemma 2.1, we know that there exists a B € Cy such that §B = h. Pick
s,t € [0,T], such that s < ¢ in order to fix ideas, and for n > 0, consider the dyadic partition
{rl;i < 2"} of the interval [s,t], where

for i< 2" (12)

Then, for n > 0 set
on 1

My =Bis— Y B . (13)
=0
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Then it is readily checked that M}, = 0. Furthermore we have

2" —1
n n+1

M- M =S (B wit nit = Bt mit — Bt nﬂ)
: T2i42:T2; T2i41:T24 T2i+2:72i41
1=0
2" —1 2" -1

== 5B n+l n+l n+l — hn+1 n+1l _n+1

Z{J( )T2i+2v7"2i+177"2i — T2t T2k 12
1= 1=

and since h € C§ with p > 1, we obtain

1l (t = 5)*

+1
M7 — M| < ST

which yields that My = lim,, o, M} exists, and satisfies inequality (11).

Step 3: Let us consider now a general sequence {m,; n > 1} of partitions {rg,r{,..., 7} |
Te 1) of [s,t], with s = rff <o < ... <wrp <rp . =t We assume that m, C w41, and
lim,, o0 ky, = 00. Set

kn
M = Bis— > By - (14)
=0

It is easily seen that there exists 1 <[ < k,, such that

rif — il < (15)

Pick now such an index [, and let us transform #n™ into #, where

A n n n n n n
™ = {7“0,7“1,... ,7’[71,7““»1,.. .,rkn,rkn+1} .
Then, as in the previous step,
T _ e
M, = M — (0B)

Tn
n n .n = M — h n n n.n
LANE LY LA ] st LANREL LY N

using the definition of the space C§ and the bound (15) we have

t—s\"
<2l ()

Repeating now this operation until we end up with the trivial partition 79 = {s, ¢}, for which
M7 =0, we obtain:

T Tn
‘Mts - Mts

kn [e'e)
MR < 22t = sl Y 5 < 2X|hllult = s> 5T = cpnlt — sl
=1 j=1

Hence, there exists a subsequence {m,; m > 1} of {m,; n > 1} such that M;™ converges to an
element My, satisfying M;s < ¢, |t — s|*. With the same considerations as in [13], it can also
be checked that that the limit M does not depend on the particular sequence of partitions we
have chosen, and thus coincides with the one constructed at Step 2.

Step 4: It remains to show that M = h. Consider then 0 < s < u <t < T, and two sequences
of partitions 7}, and m, of [s,u] and [u,t] respectively, whose meshes tend to 0 as n — oo.
Set also 7}, = 7, U, From the previous step, one can construct easily some subsequences

m m m 3 Y — m m
Ty T, Te, With 7 = mj U %, such that

. ey . Tm . T
lim M,/ = My, lim M = M,s, lim M,}* = M.
m—0o0 m—0o0 m—00
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Call now kj? (resp. ki, ki) the number of points of the partition 7} (resp. m, m,%). Then,
a direct computation, using definition (14), shows that for any 0 < i < 2™ we have:
M — M — M
k441 kil 4k +1
:(5B)tus - Z Brlel - Z BTlel - Z Brlmrﬂl = (5B)tus = htus-
I=k7" +1

Taking the limit m — oo in the latter relation, we get (0 M )yys = hius, which ends the proof.
L]

We can now give an algorithm for a canonical decomposition of the preimage of the space
ZC§+(V), or in other words, of a function g € C2(V') whose increment dg is smooth enough:

Corollary 2.4. Take an element g € Co(V'), such that 6g € C§(V) for p > 1. Then g can be
decomposed in a unique way as

g=404f+ Adg,
where f € C1(V).

Proof. Elementary, see [9]. O

At this point the connection of the structure we introduced with the problem of integration
of irregular functions can be still quite obscure to the non-initiated reader. However something
interesting is already going on and the previous corollary has a very nice consequence which
is the subject of the following property.

Corollary 2.5 (Integration of small increments). For any 1-increment g € Co(V'), such that
dg € C , set 6f = (Id—A6)g. Then

(5 ts — lim Z gtl+1 ti»

‘Htsl_’

where the limit is over any partition ;s = {tg = t,...,t, = s} of [t,s] whose mesh tends to
zero. The 1-increment 6 f is the indefinite integral of the 1-increment g.

Proof. Just consider the equation ¢ = §f + Adg and write

SH = Z Gtiz1t; = Z((Sf)ti+l ti + Z(Aag)ti-u ti

1=0 1=0
= (6f)ts + Z(A59)ti+1 i+
i=0
Then observe that, due to the fact that Adg € C37(V), the last sum converges to zero. O

2.2. Computations in C,. For sake of simplicity, let us assume, until Section 3, that V =R,
and set Cx(R) = Ck. Then the complex (C.,J) is an (associative, non-commutative) graded
algebra once endowed with the following product: for g € C, and h € Cp,, let gh € Cp1, the
element defined by

(Gh)t1,tmins = Gt1restntntiin1s tls- s tmgmt1 € [0,T7. (16)

In this context, the coboundary ¢ act as a graded derivation with respect to the algebra
structure. In particular we have the following useful properties.

Proposition 2.6. The following differentiation rules hold true:
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(1) Let g, h be two elements of Ci. Then
d(gh) = dgh + g dh. (17)
(2) Let g € C; and h € Cy. Then
d(gh) =0gh + gdh, d(hg) = 0hg — hig.
Proof. We will just prove (17), the other relations being equally trivial: if g, h € Cy, then
[0(gh)lss = gthe — gshs = g (he = hs) + (90 = gs) hs = g1 (6h)y + (09) s s,

which proves our claim.

0

The iterated integrals of smooth functions on [0, 7] are obviously particular cases of elements
of C which will be of interest for us, and let us recall some basic rules for these objects: consider
[, g € C°, where C$° is the set of smooth functions from [0, 7] to R. Then the integral [dg f,
which will be denoted by J(dg f), can be considered as an element of C5°. That is, for

s,t €[0,T], we set
t
Jis(d = d = dgy fu-
ts(dg f) (/ gf>ts /sgf

The multiple integrals can also be defined in the following way: given a smooth element h € C5°

and s,t € [0,T], we set
t
u7ts(dg h) = </ dgh) :/ dguhus-
ts s

In particular, the double integral Jis(df3df? f1) is defined, for f1, f2, f3 € C{°, as
t
xwﬁ%ﬂ#{/#ﬁ%ﬂ:i/ﬁzMWﬁy
ts S
and if f1,..., f*T € CS°, we set

t
JgOUMJWm-~deU::/)Wﬁ*ﬂﬂwﬁﬁn~-ﬁafﬁv (18)

which defines the iterated integrals of smooth functions recursively.

The following relations between multiple integrals and the operator § will also be useful in
the remainder of the paper:

Proposition 2.7. Let f, g be two elements of C3°. Then, recalling the convention (16), it holds
that

of =Jdf),  6(J(fdg)) =0,  d(IT(dgdf)) = (6g9)(df) = T (dg)T(df),
and, in general,

n—1

S(T(df™---df")) =D T (df*---df ) T (dft---dft) .

i=1
Proof. Here again, the proof is elementary, and we will just show the third of these relations:
we have, for s,t € [0,T],

t t
u/flfs(dgdf) = / dgu(fu - fs) = / dgufu - Kts;

with Ky = (gt — gs) fs- The first term of the right hand side is easily seen to be in ZCs. Thus
0 (j(dgdf))tus == (5K)tu5 = [gt — gu]lfu — fsl;

which gives the announced result.
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O

2.3. Dissection of an integral. The purpose of this section is not to provide an account on all
the computations contained in [9]. However, we will go into some semi-heuristic considerations
that, hopefully, will shed some light on the way we will solve rough PDEs later on: with the
notations of Section 2.2 in mind, we will try to give, intuitively speaking, a meaning to the
integral [ ¢(z)dz = J(¢(z)dz) for a non-smooth function x € C;. Notice that, in the sequel,
x should be considered as a vector valued function, since the whole theory can be handled via
the Doss-Soussman methodology in the real case. However, we will present the main ideas
of the algorithm below as if x were real valued, the generalization from R to R™ being just a
matter of (cumbersome) notations.

2.3.1. The Young case. The first idea one can have in mind in order to define J(dxp(z)) is to
perform an expansion around the increment dx: indeed, in the smooth case, we have

J (dep(x)) = 6z p(z) + T (dedp(x)) . (19)

If we wish to extend the right hand side of (19) to a non-smooth case, we see that the first
term is harmless, since it is defined independently of the regularity of x, by

[0z ()]s = (21 — zs) p(xs) = [0z p(x)],s, for s,t€]0,T).

The last term of (19) is more problematic and we proceed to its dissection by the application
of §: invoking Proposition 2.7, we get, in the smooth case, that

6 (J(dxdp(x))) = 0xd(p(x)), ie. [0(T(drde(x)))]s = 0]y, [0(0(2))],s-  (20)

Now the r.h.s. of (20) is well defined independently of the regularity of . Thus, if dz §(¢(x)) €

C§+, which happens when z € Cf* with o > % and ¢ € CY(R), then Proposition 2.3 can be

applied, and A[dz §(¢(x))] is defined unambiguously. Hence, owing to (20), we set
J (dxdp(x)) = A (62 0(p(2)))
and
J(dp(z)) = bz p(x) + A (62 5(p(2))) = (Id —Ad)[dxp(x)], (21)

where the last equality is due to Proposition 2.6 and to the fact that §0x = 0. Notice once again

that this construction is valid whenever z € C{ with o > } and ¢ € C'(R), and it is easily

shown, along the same lines as in the proof of Proposition 2.3 that the integral J(dzp(z))
defined by (21) corresponds to the usual Young integral.

2.3.2. Case of a a-Hoélder path with % <a< % The construction (21) doesn’t work if = ¢

Cll/ ot However, if x € C{* with a > %, we can proceed further in the expansion of equation
(19) by observing that, still in the smooth case, we have, for s,t € [0,T],

/ (@), = / dnag @) = o — () + / e, / o (@),

or according to the notations of Section 2.2,

() = T (dp(2)) = T (dz ¢'(2)) = oz ¢/ (x) + T (dwd¢/(2)) . (22)
Injecting this equality in equation (19), thanks to (18), we obtain
J (dz p(z)) = bz p(z) + T (dzdz) ¢'(x) + T (dvdz de'(z)) . (23)

Let us assume now that we are given a process J (dz dz) € Cq, usually (and somewhat improp-
erly) called the Levy area of x, such that

§(J(dzdzx)) =dxdéx and J(drdx) € C3°. (24)
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This assumption is of course not automatically satisfied, but it can be checked for instance in
the Brownian and fractional Brownian cases. Then the right hand side of (24) is again well
defined independently of the regularity of x, except for the last term. However, recast eq. (23)
into:

T (dzda dg () = = (do () + 02 o(a) + T (dzda) &/ (x),
and apply again ¢ to both sides of this last expression. Invoking Proposition 2.7 and recalling
that 0(J (dz dx)) = dx dz, we obtain:

—0J (dzdzdy' (z)) = —dzdp(z)+ dzdz ¢ (z) — T (dzdz) 6¢'(x)
= —bz [6p(z) — bz ¢ (z)] — T (dz dz) 0¢'(z). (25)

Everything in the r.h.s of equation (25) is well defined at this stage, and if we assume that all
the terms belongs to C{ with p > 1 (which can be justifyed via Taylor’s expansions whenever
z € Cf with a > § and ¢ € C*(R)), we can conclude that

J(dxp(z)) = dx o(x) + J (dedx) ¢ (x) — A {\7 (dz dz) 0¢'(z) — 6z (8p(z) — dz ¢/ (2)) ],
or stated otherwise
J(drp(x)) = (Id=Ad) [0z ¢(z) + T (da dz) ¢'(z)],

where we used the fact that 0.7 (dz dx) = dzdx to put in evidence the fact that we are actually
integrating (in the sense of Corollary 2.5) the 1-increment dz ¢(x) +J (dx dzx) ¢'(z) which can
be thought of as a corrected version of the more natural integrand dx ¢(z). It is worth noticing
at that point that this integral has now to be understood as an integral over the (step-2) rough
path (z,J(dzdz)) introduced in [9] and it coincides with the notion of integral over a rough
path given by Lyons in [18].

Remark 2.8. This algorithm has an obvious extension to higher orders if we assume that a
reasonable definition of the iterated integrals J(dz dx - - - dz) can be given. To proceed further
however we need the notion of geometric rough path (for more details on this notion see [18])
which must be exploited crucially to show that some terms are small enough and belong to the
domain of A. For a more general approach which do not rely on geometric rough-path see [10].

3. ALGEBRAIC INTEGRATION ASSOCIATED TO A SEMIGROUP

The aim of this section is to set the basis for our future computations: after recalling some
basic facts about analytic semi-groups, we will define a set of increments C. and a modified
operator ) adapted to our evolution setting. Then we will give some basic calculus rules for
((f*, 5) and eventually, we will fix the notations for the main application we have chosen, that
is the stochastic heat equation.

3.1. Analytical semigroups. As in [12], we will be able to develop our integration theory
in the abstract setting of analytical semigroups on Banach spaces, whose basic features can
be summarized as follows: let (B,|-|) be a separable Banach space, and (A,Dom(A)) be a
non-bounded linear operator on B. We will assume in the sequel that (see [21, Sections 2.5
and 2.6]) A is the generator of an analytical semigroup {S;;t > 0}, satisfying

|S:] < Me™™,  for some constants M, A > 0 and for all ¢ > 0,

where | - | also stands for the operator norm on B. Set now A, = —A. This allows in particular
to define the fractional powers (A%, Dom(A%)) for any a € R.

For a > 0, let B, be the space Dom(AS) with the norm |z|g, = |AJx|. Since A;? is
continuous, it follows that the norm |- |g, is equivalent to the graph norm of AS. If a = 0,
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then B, = Band AY = Id. If o < 0, let B, be the completion of B with respect to |z|s, = |A%z],
which means in particular that B, is a larger space than B. We will also set B_ = UpecrBa-

Among the important facts about these spaces, note the following ones: For any o € R and
any p = 0,

A,” maps B, onto B4, for all « € R, p >0, (26)
|z|B, < Caplz|s, for all z € B, and all a < p. (27)
Moreover, for all o, 8 € R,

A% AP = AP on B, (28)

with v = max{«, 3, a + $}. The semi-group (S;):>0 also satisfies
S; may be extended to B, for all & < 0 and all £ > 0, (29)
St maps B, to B, forall a € R, p>0, ¢t >0, (30)
for all t > 0, a >0, [A%S;| < Mot~ %™, (31)
for 0 < a <1, z € By, |Six — | < Cot®|Agx|. (32)

We will denote with £(B, B’) the space of continuous linear operators from the Banach space
B to the Banach space B'. We let £(B) = L(B,B). In order to be coherent with our previous
notations, we also set S;_s = S5 for a generic semigroup S, and 0 < s <t < T.

3.2. Convolutional increments. Let us turn now to the main concern of this section, that
is the definition of a complex (Cs,d) which behaves nicely for the definition of our evolution
problem.

Notice that, due to the fact that the operator St ¢, is well defined only for ¢; > ta, our
integration domains will be of the form S,, where S,, stands for the n-simplex

Sn={(t1,...,tn) : T >ty >ty > >, > 0}.

Let Ehen V be a separable ]?)anach space. The basic family of increments we will work with
is {Ch(V);n > 0}, where C,(V) denotes the space of continuous functions from S, to V.
Observe that an operator 0 : C, (V') — Cpy1(V) can be defined just like in (7). In particular, if

A€ C (V) and B € Co(V), the relation (8) is still valid. However, let us see now why ¢ is not
adapted to the resolution of equation (4).

What made § an interesting operator in Section 2 was the simple fact that, if F' € éfo(R),
then, for t,s € [0,T)?, we have

t
[0F]s = / fudu, with f=F". (33)
However, if S; is the semigroup defined at Section 3.1, and if we set
¢
Ft = / Stufu d’LL, for t> 07 f S CSO(B),
0

then the same kind of relation doesn’t hold true for F. Indeed, for s < t, if we define the
operator a;s : B — B as

Qg — Sts — Id, (34)
where Id : B — B is the identity operator, then it is easily seen that

t
[5F]ts = Ft — Fs = CLtsFS + / Stufu du,
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and hence, in order to get a similar relation to (33) in this new context, one should consider
an operator ¢ : C,(B) — Cp1(B), defined by

[8A]t1...tn+1 = [5A]t1.“tn+1 - at1t2At2...tn+17 for A€ én(B)a (tl .- -tn-‘rl) € An-i-l- (35)

In the remainder of the paper, we will write SA = 0A—aA, where we made use of the convention
(16). As in Section 2.1, one can define, for n > 1,

ZC(B) = Cp(B) Nker(d), and BC,(B) = Cp(B) NIm()

Then the perturbed operator 5 preserves some important properties of the original cobound-
ary o:

Proposition 3.1. The couple ((f*,g) 18 an acyclic cochain complex: Zén+1 = BC, for any
n > 0.

Proof. Let us prove first that §is a coboundary, i.e. 66 = 0. Indeed, if F € C, according to
the fact that 46 = 0 and thanks to the forthcoming Lemma 3.2, we have

60F = (6—a)[(6 —a)F] =66F — §(aF) — adF + aaF
= —daF 4+ adF — adF + aaF = aaF — daF.
Furthermore, it is readily checked that
(0a)tus = ruQys, (t,u,s) € Ss,
which gives 60F = 0.
The fact that Imglén = ker $|én+1 can be proved along the same lines as for the (Ci,Jd)

complex [9]: pick A € Cy, 41 such that 0A = 0, and set By, 1, = A4y ..t,s, With s = 0. Then

[SB]tl...t [5B}t1...tn+15 + (—1)n+1At1...tn+1 — Aty ts

= [514]161...15”“3 + (—1)n+1At1...tn+1 = (_1)n+1At1...tn+1~

Thus, setting C' = (—1)"T1B, we get 6C = A.

n+1

O

The cochain complex (é*, 5) will be the structure at the base of all the constructions in this
paper. Let us also mention at this point that, when the meaning is obvious, we will transpose
the notations of Section 2 to our infinite dimensional setting. Furthermore, whenever this
doesn’t lead to an ambiguous situation, we will write C,, instead of C,,(B).

Let us give now a simple and useful extension of Proposition 2.6, which has already been
used in the last proposition:

Lemma 3.2. Let L € C,_1(B) and M € Co(L(B)). Then
§(ML)=6ML— MSéL.
P?"OOf. Let th"'tn = Mtltth2~--tn- Then

n+1 '
[6G]t1"'tn+1 = Z(_l)zth...{i...thA
=1
n+1 '
= _Mtgtthg---tn+1 + Mtltthg---tn+1 + Z(_1)1Mt1t2Lt2"‘£i"'tn+1
=3

n+1

= [Mltytots Ltgtupn + Mists Y (=1)'Lyy gy
1=2
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which yields our claim.
0

3.3. Computations in C.. Here again, like in Section 2, we will try to move from a smooth
setting to an irregular one. And we will start by giving the equivalent, in our new setting, of
Proposition 2.3, which will require first the introduction of some analytical structures on the
spaces Cp:

3.3.1. Holder type spaces. First of all, we have to define some Hélder type subspaces of Cr,
k < 3 related to the spaces By, a € R: for > 0 and g € C3(B,), we set

Gts|Be, 5L, 5
lglloa = sup (%15 a4 = {g € B glha < o} (36)
t,s€S2 |t - 8’“

and the definition above also induces some semi-norms on Cy: for v > 0, € R, we say that
fec it

[fllva = [10f]ly,a < oo
Another useful subspace of C; will be é?’a, the space of bounded paths in B, with the supremum
norm | fllo,a = SUP¢c(0,1] | fila-

As far as C3 is concerned, (?i’,f " can be defined in the following way: set

‘htus|8
h = _ 37
” ”v,p,a t,us,lslé)Sg; ’t o u|7|u o S’p ( )

HhHu,a = inf {Z ||hi||pi,ufp¢,a§ h = Zhiv 0<p < H} )

where the last infimum is taken over all sequences {h;}; such that h =, h; and for all choices
of the numbers p; € (0,z). Then || - ||, is again easily seen to be a norm, and we set

65 = {h € Co(Bu); [0 < 0}

Eventually, we will need to introduce a slight extension of the spaces we have just defined
above: for j = 1,2, let £/"" be defined by

g;ﬁ,& — ﬂ CAJH_E’OH_E, (38)

e<uNl—

where ¢ < p A 17 stands for the condition € € [0, ] N [0,1), and where the intersection is
considered along any arbitrary family {0 < e} < -+ < e, < uA17} for n > 1. Obviously,
some families of operators will play an important role in the sequel, and this will lead us to
the following specific definitions for operator-valued increments:

Definition 3.3. For > 0 and o, f € R, we will call CYLP* the space CY'(L(Bgs; Ba)), and
will denote by Egﬁﬁ’“ the space

5556704 — ﬂ (fg—fﬁﬂ,a—&-a,
e<uAl—

where the intersection is still considered along any arbitrary finite family {0 <e; < -+ < &, <
wA 17} forn > 1. The natural norm on Cgﬁﬁ’“ will be defined by

A
= s 1l

39
t,s€S2 |t - S|u ’ ( )

1A]
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and when we consider some Hilbert-Schmidt operators, the corresponding spaces will be denoted
byC“ﬁ He andé’“ﬁ

3.3.2. The convolution sewing map and related properties. Here is a first proposition showing
how the analytical structures introduced above interact with our previous algebraic notations:

Proposition 3.4. If i > 1, then for any o € R, ZC4* = {0}.

Proof. Take h € ZC*. Then, according to Proposition 3.1, there exists f € C; such that
h =4§f. Consider the telescopic sum

hts = (&f)ts - Z Stt,'_;,_l (Sf)ti_;,_lti?

1=0

with respect to the partition II}, = {to<i<n+1 : to = S, tn+1 = t} of the interval [s,¢]. Since
6f € ZCH with p > 1, we have

n

n
0fVisla < D 10 tetila < N8f e D ltier —til"
=0

=0

which converges to zero as the size of the partition goes to zero. Since t,s are arbitrary we
have 6 f = h =0 in C{"“. O

We can now state and prove the equivalent of Proposition 2.3 in our evolution setting, which
is the main aim of this section:

Theorem 3.5. Let n > 1, a € R. There ezists a unique sewing map A : Z(fi’,f’a — EFY such
that 6\ = Idzég' Furthermore, for any 0 < e < uA 17, there exists a strictly positive constant
Cue such that

||Ah||;ﬁs,a+s < Cu,sHhHu,a, (40)
for any h € ZC§*.

Proof. Like in the proof of Proposition 2.3, we will divide our computations in two steps:

Step 1: The uniqueness part of our theorem simply stems from the fact that if we have Sa=h
and da’ = h with a,a’ € C{"®, then b = a — a’ € ZC}"* and since u > 1, by Prop. 3.4 we must
have b = 0.

Step 2: The existence part can be adapted from Proposition 2.3, and we will construct a
process M € EY"® such that M = h starting from any B € Cy(B,) satisfying 0B = h (this

increment B exists thanks to Lemma 3.1). Now, similarly to (13), we will set, for a given
n>1, and (¢, s) € Sa,

2" —1

n _
Mts = Bis — § Str?+1Br?+1,rz’-L;
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where s,t and r* have been defined at (12). Then M = 0 and
M — My

2" —1
== S n+1 B n+1 n+1l — S n+1 B n+1 n+l — S n+1 B n+1 n+1>
z; ( troiho” ToitoTa, oo Toiho i1 i1 T2it1"24
7=
2" —1
- E S n+l ( n+1 n+l B n+1 n+1 —_ B n+1 n+1)
oo T2i+2:724 T2i+25T2i41 T2i+1:724

- S n+1 |:Srn+l Tn+1 - Idi| B n+1 ,r_n+l

troiyo 2i+272i4+1 T2i+15T2i

Thus, according to the definition (35) of §, we get

2" —1
M — M = S B
ts — ts = n+1 n+1 ,rn+1 T,n+1 —Qa n+1 T,n+1 ,r_n+1 T,n+1
27,+2 27,+2’ 21417 27 2'L+17 2i+1 21427 21
2"m—1 2n—1

== S n+1 <5B> == E S n+1h n+1 n+1 n+1.
Z - 17940 ntl  ntl  nil troiye Toiyo 2172
1=

T2i+2:72i4+1572i

Hence, for any € < p, we get, invoking (31),
n—1
AT (MET = M) < e Y [t =il T hlualt — s

- 1
< celt — s|" %Rl w<du,
on(u—1) 0

which gives, like in Proposition 2.3, that M;s = lim,,_. M]% exists, and is an element of £5"“.

Now, the fact that 6M = h can be shown analogously to the case of Proposition 2.3, and the
proof of (40) is straightforward.
O

A direct consequence of the existence of the A—map is a result of convergence of finite sums:

Corollary 3.6. Let g € Cy such that §g € CAém for some u > 1. Then the I-increment
Of = (Id—Ad)g € C¢ satisfies

(5 ts = |H1H|n Z Sttlﬂgtzﬂtl,
ts|—0
for all (t,s) € Sa.
Proof. Tt follows the lines of the proof of Corollary 2.5. 0
We will now define an equivalent of the iterated integrals of Section 2.2 in our convolution

context: consider some smooth functions g € C°(L(B,)) and f € C®(B,), for some «a € R.

Then 7 (dg f) will be defined as an element of C°(B) by Jis (dg f) = fst dgy fv, for (t,s) € Sa.
We will also need some integrals of processes weighted by the semi-group .S, defined as follows,
for0<s<t<T:

t
ts (dg f) = / St'udgv f'u-
Once these elementary blocks have been defined, the iterated integrals

T (7 fr .. df1) for  fr,..., fo € C(L(B)), f1 € CX(Ba), (41)
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where d*7 f; stands for any of the increments of the form df; or d fj, can be defined recursively

along the same lines as in Section 2.2. In particular, the operator-valued increment 7 (cZgS ) is
defined by

t
xjts(dgs):/ Studgusus-

The relations between 6 and these integrals, which will be useful for our purposes, can be
summarized in the following:

Proposition 3.7. Let a € R, and g € C3°(L(By)), f € C°(Ba). Then

5(76n) =0, 5(aWgn) =0, 5(I(dedf)) =T (deS)d(f),
and

5 (7(dgdf)) = T(dg$)T(df), & (T(dgdf)) = T (dg)T (df).

Proof. The proof of these results is elementary. We will give some details about the last relation
for sake of completeness. For any (t,u, s) € Ss, invoking the definition of §, we have

[8 (j(dgdf))} = [5 (j(cfgdf))Lus — gy Tus(dgdf)

t v t v u v u v
_ / Siudgs / df — / Siudgy / df — / Sundgy / A — [Stu — 1d] / Sundgy / df.

which proves the claim.
O

3.4. Fractional heat equation setting. In this section, we will give the general setting un-
der which we will try to define and solve the stochastic heat equation driven by an infinite
dimensional fractional Brownian motion: as mentioned in the introduction, the main applica-
tion we have in mind is the situation where A = A —1Id, and A is the Laplace operator on the
circle S, assimilated to [0,1]. This operator can be diagonalized in the trigonometric basis of
L?([0,1]; C), namely {e,;n € Z}, where

en(r) =™ 1€ [0,1].

Associated to these eigenfunctions are the eigenvalues A\, = —1 — (27n)2. We have chosen

to deal with A = A — Id instead of A itself for computational convenience, since this choice
avoids the problem of a null eigenvalue for constant functions. Notice that in this case, A
is the generator of an analytical semigroup, and all the constructions of Section 3.1 goes
through. Then B, can be identified with H,, the usual Sobolev space based on L?([0,1]), for
the definition of which we refer to Adams [1], and {S;;¢ > 0} stands for the heat semi-group,
which admits a kernel G¢(&,n) for ¢t > 0 and z,y € [0,1]. In this context, set G(£,n) for the
kernel of the operator ASS;, and GP(&,n) for the kernel of the operator Ay A, Then, for « € R
and # > 0, Gf and G? admit the following spectral decomposition:

Gr(&m) =) Ae Pren(©en(n), and  GP(&m) =D AP (). (42)

neZ nez

Let us specify now the noise X we will consider: we will try to stick to the existing literature
on the topic, and choose a fractional Brownian noise in time, defined on a certain complete
probability space (€2, F, P), which will be homogeneous in space, with a spatial covariance
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function ). Namely, X will be a centered Gaussian field indexed by functions on [0, 7] x [0, 1],
such that if ¢ and v are smooth enough, then

Ewwmw:w/

0,772

</[0 12 Q€ —no(u, (v, n)dﬁdn) lu — v* 2 dudv, (43)

with ¢y = H(2H — 1), for H > % Notice that, in order to simplify our statements, we will
generally assume that @ can be decomposed itself on the basis {e,;n € Z} in the following
way:

Q) = anen(§), with ¢, = \,", for v € [0,1), (44)

nez

and notice that the case v = 0 corresponds to the white noise in space, while the case v > 1/2
corresponds to a noise admitting a density in space. Some explicit construction of such kind
of noise, as well as an account on the related stochastic calculus, can be found in [25]. The
methodology we will develop in the rough case will also enable us to handle the Brownian
motion case, which means a covariance structure given by

EX(0)X(W) = [ (j;Pwm@Q@—mwmm&m>mh (15)

(0,77

We give here a slight extension of a result result of [9], which will be used below to prove
existence of regular versions of some stochastic processes, following the well-known approach
of Garsia-Rodemich-Rumsey. In order to state this extension, we shall introduce for the first
time a variant of the operator 5, called 5, acting on operator-valued increments which turns
out to be useful in the sequel, and which is defined by:

0Q =0Q — Qa=06Q — aQ — Qa, Q€ C*(L(B)). (46)
With this additional notation in hand, our regularity lemma is the following:

Lemma 3.8. For any v > 0, a,B € R and p > 1, there exists a constant C' such that for any
R € Co(LP®), we have

IRl 50 < CUysa/pp.p.0(R) + 10R],50), (47)

‘Rts|ﬁoé>p ]1/10
U o(R) = / < : dtds .
vpso(R) [32 It — sp

Proof. The proof of this result is similar to that appearing in [9]. The crucial step in modifying
that proof is to note that, for any triple (¢, u, s) € S we have, writing S,s = Sys for u > s,

Rts - Rtu + Rus + <5R)tus - RtuSus + StuRus + (SR)tus

where

which implies that
|Ris|p.o < |RiuSus|ga + |SiuBRus| .o + |(OR) tus|g.a
< M|Reuls.a + M|Rus|ga + [(OR) usls.a-
where we used the fact that |S;|q,o < M for any a and any 7 > 0. O

4. YOUNG THEORY

We are now ready to analyze the Young integration in the evolution setting along the same
lines as in Section 2.3: we will first define the integral J (cf:z:z) for two Young paths z, z in an
abstract setting. Then we will solve Young SPDEs, and eventually, check our main assumptions
in the fractional heat equation setting of Section 3.4.
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4.1. Young integration. The extension of the notion of integral weighted by an analytical
semi-group will be performed through the following algorithm, which will be used in fact
throughout the remainder of the paper:
(1) Assume first that x is a regular operator-valued increment, and z a regular B-valued
function and let Jts(chz) = fst Studxy, 2y, for (t,s) € Sy, as an element of Cs.
(2) Through the application of 5 and A, try to get an expression for J (sz) which depends
only on minimal regularity requirements for x and z.
(3) Extend the notion of integral using the previous step, and see that it induces the
convergence of some well-chosen Riemann sums.

Here is how this general strategy can be implemented here: suppose for the moment that x
is a smooth operator-valued function and z a smooth function. Then it is easily checked that

J(dz 2) = J(dzS)z + T (dx 6z). (48)

Note that in this last equality appears for the first time an incremental operator which will
play a fundamental role in the sequel, namely the operator X! € Co(£(B)) defined by

t
ths = J]ts(d$5) = / Studxy Sys. (49)

And here is an important point of our strategy: the noise x does not appear by itself but always
inside a convolution of the form (49), so its action is milded by the regularizing properties of
the semigroup.

Applying § to the last term of eq. (48) and invoking Proposition 3.7, we get
8T (dxd2)] = T (dzS)dz = X1oz.
If the 2-increment X4z is small enough, namely if X 152 e CAS * for some & and some w>1,
then we can express J(dx z) as

J(drz) = X'z 4+ A[X16z] = (Id —Ad)[X'2]. (50)

The last equality is justified by noting that when x is a smooth incremental operator, we have
6X! = X'a (i.e. X! =0), and thus by Lemma 3.2 one obtains that 6(X'2) = —X1jz.

Let us turn now to the second point of our general strategy, which consists in inverting the
process which lead to (50): indeed, if we can define properly the right hand side of (50), then
we will be able to extend the notion of integral by a procedure which is coherent with the basic
properties required to any integral J. Notice that this step only relies on the definition of an
operator X! associated to x, satisfying 6X' = 0, and such that X' is regular enough. This
will be formalized in the following Theorem (recall that the space B_,, has been defined at
Section 3.1. ):

Theorem 4.1. Let then x be a path from [0,T] to B_o such that the operator X' associated
to x is well defined as an element of C§£ﬁ’a, where B, k are positive constants, and o € R. We

also assume that X' satisfies the algebraic relation 6X1 = X'a. Let z € CY’ﬁ, with Kk +n > 1,
and set

J(dzz) = X1 24+ A[X162] = (Id—Ad)[ X! 2. (51)
Then
(1) J(dzz) is well defined as an element of E5°.
(2) For a constant ¢ > 0, we have
17 (de2)llxa < 1X np.allzlos + call2lln.0),
where the norm || - || 8o has been defined at relation (39).
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(3) It holds that, for any 0 < s <t <T

n%s(dxz |H1t1r|20 g Si— t7,+1 1+1 t; %t
s

where the limit is over all partitions Hts ={to=1t,...,tn, = s} of [s,t] as the mesh of
the partition goes to zero.

Proof. Since X'z is a well defined element of Cy®, in order to show that the r.h.s. of eq. (51)

is well defined, it only remains to check that X 15z is in the domain of A. However, since we

have assumed that X! € C5£7* and §z € ég,ﬂ, we obviously get that X'z € C5™. Thus,

according to Theorem 3.5, X4z € Dom(f\), yielding the first assertion of our theorem.
Moreover, thanks to the second part of Theorem 3.5, we have

H[\[Xl 02][| g0 < CMHXluﬁ,ﬁ,aHZ”n,ﬁv (52)
and it is also readily checked that

X" 2llna < 1X e gallzlo0,s: (53)

which shows our second claim, by using eq. (52) and eq. (53) to estimate the r.h.s. of (51).
Eventually, the third part of the theorem is a direct consequence of Corollary 3.6.
O

Remark 4.2. 1t is worth stressing at this point some elementary properties enjoyed by the
extension of the notion of integral given by Theorem 4.1:

e The third part of the theorem states that [Js (afacz) is associated to some natural Rie-
mann sums involving the processes x (through X1!) and 2.

e The arguments leading to relation (50) also show that, in case of some smooth processes
x and z, our integral jts(cixz) coincides with the usual one.

These first properties seem to imply that our integral extension is a reasonable one.

4.2. Young SPDESs. Recall that we wish to solve an equation of the form
dyt = Aytdt + d%tf(yt), te [0, T], (54)

with an initial condition yg = ¢ € By, where x is an operator-valued process which represents
our noise and f : B — B is a (possibly) non-linear regular map. As mentioned in the intro-
duction, we will consider equation (54) in the mild sense, i.e. we will say that y is a solution
to (54) if, for a given k > 0 (specified below) we have y € C{"" and if, for any ¢t € [0,T], y
satisfies

t A
Yt = Sﬂb + /0 Stud$uf(yu) = Sty() + %O(dxf(y))a (55)

where the integral Jjo(dz f(y)) is understood in the sense of Theorem 4.1. In fact, we will focus
here on a slight extension of the problem given by (55): we will search for a (unique) process
y € C1°" satisfying, for any (t,s) € Sa,

Yt = Stsys + jts(CZCCf(y)), Yo = 7/}7 (56)

from which one recovers obviously (55) by taking s = 0. Now, (56) can be expressed in terms
of convolution increments, since it it equivalent to the following one:

Bules = Tuldef (1) = [ -ROX )] . for (k) €So and  w=v.  (57)

which sticks better to the algebraic formalism introduced in the previous sections.
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Let us specify also some of the assumptions under which our computations will be performed:
first of all, the incremental operator X! defined by (49) will be assumed to be in the following
class:

Hypothesis 1. Assume that X' € Cjﬁo’*” N (f;oﬁ”’” for some ¥ > ko > k > 1/4 such that
Y+Kr>1, ¥ — Kk > Ko, Kk <1/2.
Notice that in the hypothesis above, the condition x < 1/2 is somehow redundant. Indeed,
if ¥ > K+ ko > 2k, this forces the relation k < 1/2.
As far as the function f is concerned, we will also assume that the following holds true:
Hypothesis 2. Let x be the strictly positive constant defined at Hypothesis 1. We assume
that the function f : B, — B, is locally Lipschitz, and satisfies |f(x)|p, < cf(1 + |z|B,).

Furthermore, we suppose that f can also be seen as a map from B to B, and when considered
as such, it holds that f is globally Lipschitz.

With these assumptions and notations in mind, we are now able to solve our evolution
equation in the Young sense:

Theorem 4.3. Assume Hypothesis 1 and 2 hold true, and that ¥ € B,. Let éim be the subspace
of C1 defined by the norm R
12l = IZllo.s + 1102 . (58)

Then there exists a unique global solution to (57) in C{"". Furthermore, this solution enjoys
the following properties:

(a) For any t € [0,T], y; can be written as y; = Syp + (6y)so.

(b) Let us call ® the map (¢, X!) — @(w,X}) =y, where y is the solution to (57). Then

® is Lipschitz continuous from By, x (CJLY =P N C5OLE") to CP".

Proof. A classical fixed point argument will be sufficient to obtain the global solution. Let us
introduce the map I' : C;”" — C;"" defined in the following way: if y € C;"", we set I'(y) = z,
where z satisfies

[02]ss = Tis(daf(y)) = X f(y) + [A[Xlé f(y)]LS, for (t,s) € Ss, and zo=1. (59)
Let also B be the ball defined by

B=A{yivo =, [[yller <201+ [4lB,)} - (60)
Then the fixed point argument can be decomposed into two usual steps:
(1) Show that, on a small enough interval [0, 7], the ball B is left invariant by T.
(2) Prove that I, restricted to the ball B, is a contraction.

We will mainly focus, in this proof, on the first of these steps, since it contains most of the
technical difficulties associated to our method.

Take y € B, and let us show that z = I'(y) € B whenever T is small enough (recall that

So depends on the parameter T'). To this purpose, we will first bound the term f\[X 15 f(y)] in
(59). Recall that

[6F )]s = [0 W)]s + arsf (us), (61)

and let us estimate the terms in the right hand side of (61) separately: on one hand, recalling
the notations of Section 3.3.1, and thanks to the fact that f is Lipschitz on B, we have

BFWlsls < erl09)ials < er (|18ylesls + lassyels)
< e llylleo + gl It — sl"
< cplyllaslt sl (62)
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where ¢y is a positive constant which may change from line to line, but which depends only
on f. On the other hand, according to Hypothesis 2, it is readily checked that |f(ys)|s. <
c(1+ ||yllo,x). Thus, invoking (32), we obtain that

|ass f(ys) |5 < cp (1 [lyl
and plugging (63) and (62) into (61), we get

|05 W)es| 5 < e (14 [[yllaw) It = s]™. (64)
However, we know that X' € Cj £9%7% and this fact, together with the last estimate, yields

‘[)(lgf(:l:/)]tus}Bif€ < CfHXlH’y,O,fn (1 + ||y

wm) [t = 8", (63)

we) [t = ul|u — s|".

Furthermore by Hypothesis 1 we have 7+ > 1. This means that Theorem 3.5 can be applied
here to obtain that A(X'0f(y)) € & ". In particular, invoking the definition (38) of the
space £ 77" and since 2k < 1 and kg < 7 — K, we get A(ndf) € C]~"" C C5°". Moreover,

1A RS ) llkow < cr7lln

5.0, (L+ lylle) - (65)

A bound similar to eq. (65) can be found for the term X! f(y) appearing in the definition
of 0z in eq. (59). Indeed, owing to the fact that X' € C5°L™" and that f has linear growth in
B, we get

|thsf(y8)|gn < CfHXlHNO,V»,n (1+ |yslg,) [t —s]™ < CfHXlHno,mi 1+ ly

o) [t — 5" (66)
Hence, plugging (66) and (65) into (59), one obtains that ||c§z||,{0,,.C <crxtan (14 |lyl/«,x)- Note
here a crucial point: starting from y € C;"" we have constructed z € C7*" with e = kg — r > 0.
This little regularity gain can be used in order to write

102llwn < epx1 5 (L IYlle) T, (67)

Now, the quantity T° can be made arbitrarily small as T' — 0. Moreover recall that we still
need a bound on |||/« defined by (58), and thus an estimate on ||z||o . is needed at this point.
However, it is easily checked that

|2el5, < 1Sels, + 1(62)wl5. < [¥l5, + T 182]lwo,n- (68)
Putting together (67) and (68), we finally get, on [0,77], that
[2len < [lBe + (U [yllen) T7, with e =cpx1 54,

which yields that, whenever ¢7 < 1/2, the ball B defined by (60) is left invariant by the map
I.

Now that the invariance of B has been shown, the contraction property for I' in a small
interval [0, T is a matter of standard arguments, and is left to the reader for sake of conciseness.
Let us just mention that f is only supposed to be locally Lipschitz when considered as a function
from B, to B.. However, we are able to establish the contraction property here, due to the fact
that we are confined to the ball B. This gives the existence and uniqueness result for equation
(57) in the small interval [0,7] whose size does not depend on the initial condition . The
construction of a global unique solution from the solution in [0,77] is also quite standard, and
its proof will be omitted here.

O
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4.3. Application: the fractional heat equation. Let us see now how the abstract results
of Section 4.2 can be applied in the case of the heat equation driven by a fractional Brownian
motion defined at Section 3.4. Recall that this means that we wish to solve equation (55) in
case A = A — Id, where A is the Laplace operator on the circle, x is a fractional Brownian
motion defined by the covariance function (43), B, stands for the usual Sobolev space on
[0,1], and f : B, — By is defined by [f(y)](§) = o(y(§)) for £ € [0,1] and a smooth function
0 :R — R. In other words, we will try to solve the equation

1 t 1
y(t,6) = /0 Gul&, my(n)dn + /0 /0 Gy, )X (ds, dn) o (ys(1)), (69)

where the last integral has to be understood in the sense of Theorem 4.1. Notice that we
have chosen here a multiparametric formulation for our equation, for computational purposes.
However, as mentioned in the introduction, this setting can be translated easily into the infinite-
dimensional one. Now, the application of Theorem 4.3 in this context amounts to define an
incremental operator X! related to our problem, and then to show that Hypothesis 1 and 2
are fulfilled.

Let us give then a natural definition of the operator X! associated to our equation: we will
set, for ¢ € B and (t,s) € Sa,

(XL = [Tis(dXS)](8) )
= /t/l Gi—u(&m)X (du,dn) (/lG _s(m 772)¢(n2)d772>
s Jo uls ’ 0 v—§ y ,

which has to be understood now in the Wiener sense, as a centered Gaussian random variable
whose variance is given by (43). In this context, the regularity result we obtain on X! is the
following:

Proposition 4.4. Let X be an infinite dimensional fractional Brownian motion defined by the
covariance function (43) for a given H > 1/2, with Q given by (44) for v € [0,1). Suppose
that H + v/2 > 3/4, with the convention 7 = v A (1/2). Let X' be the incremental operator
defined by (70). Then for any ¥y < H —1/4+1v/2, Kk € (1/4,1/2), ko =75 — k and v < H we
have i

X' e )Ll N e LsEnCILhs "
almost surely.
Remark 4.5. The reader will probably notice that the assumption x > 1/4 is not necessary in
order to prove the proposition above. However, we include it already at this stage, since this
restriction is crucial for Proposition 4.10 to hold true.

The proof of Proposition 4.4 relies on the following elementary lemmas, that we label for
further use:

Lemma 4.6. For any a < 8 such that o+ 3 > 1/2 there exists a constant C' such that

—ay-B —a—F+1/2
ST <o ,
1,510+ j=k
where 3 = min(3;1/2).

Lemma 4.7. Let a and b be two positive constants, and H > 1/2. Then the integral

1l
/ / lu — o722 — u — v| 7w + v| bdudv
0o Jo

1s finite whenever 2H —a > 0 and 2H — b > 0.
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We leave the easy proof of these results to the reader.

Proof of Proposition 4.4. We need to prove that the r.v. X! has a version with the claimed
regularity. For random operators, up to our knowledge, no standard method is available to
prove regularity properties. So we have chosen the following simple (though arguably non-
optimal) strategy in order to obtain a regular version: first we determine the kernel associated
to the operator X!, then using the kernel we estimate its Hilbert-Schmidt norm in some L?
space. This will be enough to apply the modified Garsia-Rodemich-Rumsey lemma 3.8 and
conclude the proof. We will develop now this strategy into several steps, discussing in detail
the proof of X! € é; L’%’S_ . The other path-wise statements can be proven similarly.

Step 1: Definition of a random kernel.

For (t,s) € Sz, Xj is considered as an operator from B = L2([0,1]) to B_,, and thus
| X4 |las, 8—8_,, = [|A;*Xk|lus, 55, which is the expression we are going to evaluate. Pick
1 € B smooth enough. Applying Fubini’s theorem for the fractional Brownian motion, we get

A7) @ = A [ t / G (€)X (du ) ( / 1 Gu—s(m,mW(?h)an)
= /:/01 G5, (& m) X (du, dny) (/01 Gu_s(m,nz)w(nz)dm)

1
_ /0 Ko (€, 12)00 ()

where the kernel G, has been defined at Section 3.4, and where Kys(§,n) is the random
kernel on [0, 1]? defined by the Wiener integral

t 1
Kos(Em) = / /0 Gt (6,1) Cus(mry 1) X (dut, dy ).

Hence, the Hilbert-Schmidt norm of X

45, Seen as an operator from B to B_, will be given by

1 1
1XL 2 = /O /0 (K oa(E, )] dédn. (71)

Our next aim will then be to evaluate this last quantity.

Step 2: L? computations.
A direct application of (43) gives

Bt =en | [ ( G601, 2)Q0 )
X Gi" (€,2)Gy_s(n, 2)dzdz> lu — o212 dudv.
Furthermore, for z, Z € [0,1], it holds that
/0 1 G5 (6 2)G5, (6, 8)dE = Gy (2,2)

1
/ Gy (0, 2)Goms (1, 2)d) = Guso_ns(2:5).
0
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Thus, going back to relation (71), we obtain

A = B[|IXG ] (72)

t t
= cpy / / ( Q2 — 2)Gyrv_2s(2,2)G525 (2, 2)dzd£'> lu — v 2 dudv.
s Js [0,1]2

3 3
= CH/ / F(u,v)|u — v/ 2 dudv,
0 JO

where we have set ¢ =t — s, and with F : [0,¢]?> — R, defined by
Flu) = [ QU = 2)Guna(e 20652, (s 2)deds, (73)
[0,1]2

Furthermore, plugging the definitions (42) and (44) into (73), and invoking the fact that
{en;n € Z} is an orthonormal basis of L2([0,1]), we get

F(u 1) Z A V)\—Qm f)\m(quv) -\ (2e—u— v)
m,n,leD
where D = {m,n,l € Z*> :m+n+1=0}. Then

,/\m (u4v) e~ (2e—u—v)

As=cu Y NN / / — o dudv.

m,n,l€D

Owing now to the fact that x — z% ™" is a bounded function on Ry for any a > 0, we obtain,
for a constant ¢ which may change from line to line,

dudv
v 2K
Ats < Z >‘ )‘ )‘ // |u—’U|2 2H U+U)
m,n,leD
< e T AN, (74)
m~+n—+I1=0

where we have used Lemma 4.7 under the condition a < 2H. Let us now analyze the sum. Of

course we can write
Z )\71/)\—2!{)\7(1 < Z )\—2/-6 Z )\70,)\7?
n l m — l m '‘n
m~+n-+Ii=0 L,k:l+k=0 m,n:m+n=~k

Moreover, taking a = 1/2 — U + 7 for some small > 0 and using Lemma 4.6 we have
Do ONINTNS<e 3 AT e BT A,
mAn+1=0 1k:l+k=0 1k:l+k=0

and this sum is always finite under the condition x > 1/4. Then, going back to (74), we
have found that A;s < ce?¥', for any ¥/ = H — a/2 < H — 1/4 + 7/2, where we recall that
v =inf(v;1/2).

Step 4: LP estimates.
We will prove now that, for any p > 1, we have

EIXLIR] alt— 57, for 0<s<t<T. (75)
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Indeed, a simple application of Holder’s inequality yields

p
plixiie] = [ E|[]KAE ]| dednr...den,
o120 |
- 2
< /{01]2 HEl/p [th(fiﬂ?i)} d&ydm ... d&pdny,
A =1

and since Ks(n;, ;) is a Gaussian variable, we get

IN

p
BlIXAE] < e [ T18 G 0)] dadn ..y
’ =1

. ( | ElxAED] dsdn)
[0,1]

cpBP [Hths”%S] )

which easily yields (75).

Step 5: Conclusion.
Recall that X7 is considered as an element of Co(£5"). We can use now inequality (47), which
can be read here as:

1X U150 < C [Usiappo,-n(m) + 15X 5.0, (76)

in order to bound || X*||5,0,_ for any ¥ < 4 < H —1/4+7/2. Indeed, if p is large enough, we
have that 5+ 2/p < ¥/, and the term Us_ 5/, ,0 —x(X") is easily handled thanks to (75). This
yields

E Uy po—x(X")] < 0. (77)
We are now left with the estimation of ||0X'|s. However, remember that 6X' = 0 in case
of a regular signal x, and it is readily checked that this relation is still valid in the current
fractional Brownian setting, so this term is identically zero. Thus, we have obtained that

E |:||X1”:§/7077K1| S CE [U:y/7p707_H(X1)i| < OO’
which implies that || X[|5,0,_x < co almost surely, concluding the proof.
Along the same lines as in the preceding steps, some L? bounds state that

E [IXL s o5, | St =)0, for 0<s<t<T (78)

and
E[IXb s cw o m] Sclt—9. for 0<s<t<T, (79)

for any ky < H—1/4—k+7/2 and 7' < H respectively. Following the same strategy as before,
these bounds are enough to prove the remaining assertions of the proposition.
O

Let us see now how this results can be related to our Hypothesis 1. Recall that the restriction
k > 1/4 is dictated by the fact that we need to work in a space B, embedded in the space
C([0,1]) of continuous functions on [0, 1] in order to prove Proposition 4.10 below.

Corollary 4.8. Suppose X is an infinite dimensional fractional Brownian motion defined by
the covariance function (43) for a given H > 1/2, with Q given by (44) for v > 0. Assume
moreover that H > 7/8 —U/2. Then the incremental operator X' satisfies Hypothesis 1 for
some

ke (1/4,1/2), ko< H-1/4—k+7/2, FA=kKo+k
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Proof. By the previous result we have that X! has the required regularity for any 1/4 < k <
1/2, ko< H—1/4—k+7/2and 4 = kg +k < H—1/447/2. In order to check Hypothesis 1,
we now need to require that 4 + x > 1. In fact, there exists 1/4 < k < kg satisfying this
inequality if and only if 4 4+ ko > 1, i.e. 2H —1/2 — k + 7 > 1. This is equivalent to assume

H>3/44+k/2-7/2>T7/8—7/2.
In this latter case, it is easily seen that there exist 7, k, kg satisfying our requirements. O

Remark 4.9. If we are only interested in obtaining a local solution for our Young PDE, then
the estimate (64) can be replaced by a bound in By, which will be quadratic in y. Hence, using
the fact that

Xt ecjLrrncsoLs-
for any v < H and 1/4 < k < kg < H —1/4 — K+ 7/2, the condition for the construction of
the (local) fix-point map I" becomes v + xk > 1. To fulfill this requirement with our fractional
Brownian noise we only have to impose H > 3/4 — v/4. This condition is comparable (but a
bit worser) with the results of [12], where the Hilbert spaces W?2%2 were considered, and where
we found H > 3/4 — /2. One of the drawback of the approach presented in this paper is that
the esimation of the random operators like X! in Banach spaces W?2%P for p > 2 seems very
difficult. Moreover it seems that the estimation in the Hilbert-Schmidt norm causes another
small loss of regularity, which means that even in the case of a “regular” noise v = 1/2, our
bound on H is H > 5/8 and not H > 1/2 as should be natural to expect and found in [12].
On the other hand, as we will see later, the operator approach seems better suited than the
approach of [12] for a true rough-path expansion of SPDEs.

Now that we have checked the assumptions on X!, let us turn to the hypothesis on the
non-linear coefficient o in equation (69). In order to deal with the Sobolev norms, it is worth
mentioning that, instead of working with the spaces B, = H, we have used so far, characterized
by their Fourier decomposition, we will consider the Sobolev spaces W22 induced by the

norms 9
_ 9~ ¥(0)
W = Iolaqony + [ e

These spaces are obviously more convenient than the spaces B, for the computations on f,
and they are closely related to these latter spaces, since the following classical relation holds
true (see [1]):

dédn. (80)

Boie C W2 C Be_., forany &>0.

Using these embeddings we can consider the operator X, going from a space W?2%2 to a
space B, by just loosing a little regularity in t,s. Then we can verify that f satisfy a slight
modification of Hyp. 2:

Proposition 4.10. Let ¢ € C(R) be a real-valued function. Then, for any r > 1/4, the
function f : W22 — W22 defined by [f(y)](€) = o(y(€)) is locally Lipschitz, satisfies
|f(2)|were < cp(1+ [x|pexz) and is globally Lipschitz as a map f: B — B.

Proof. Recall that, for our particular situation, B = L?([0,1]), and it is easily checked that,
whenever o € CZ(R), the function f : B — B is bounded and globally Lipschitz.

With these considerations in mind, it is readily seen that f : W2%2 — W?2%2 has linear
growth. In order to check that f is also locally Lipschitz, note that its gradient can be
computed as follows for y, h € W2%2:

VEy) : W2 — W22 [V f(y) - b (€) = o' (y(€)h(E).
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Let us estimate now the norm (80) of V f(y) - h: first, if ¢’ is a bounded function, then
IV £ () - hllzzo,) < llo'llsollPllz2qo,1) < llo"lloollRlly2e2 (81)

As far as the variational term of (80) is concerned, notice that we have assumed x > 1/4,
which means that W2%2 c C([0,1]), and for any h € W2%2_ ||h||oc < c||h|lyy2x,2. Thus,

[V5() ) €) ~ [V £(3) - B ()
déd
/[0,1}2 € — n|ttis dn
e [ QR 7' (4(€)) ~ o' )P,
< [ e+ Al [ Ty
< collMlRpama [1+ o 12l aes] - (52)

Putting together (81) and (82), we have thus shown that

IVl zowamzy < co (14 [[yllwes2)

which easily yields that f: W22 — WW2%2 is locally Lipschitz.
O

Remark 4.11. Notice that, in spite of the fact that o is assumed to be a nicely behaved
coefficient, its interpretation as an application from W?2%2 to W22 does not enjoy the usual
assumptions of boundedness made on coefficients in rough path theory (see e.g. [18, 17, 13]).
This is one of the major sources of problems in our computations, and in general in the
extension of rough path theory to SPDEs.

Let us summarize now the considerations of the current section into the following theorem:

Theorem 4.12. Let X be an infinite-dimensional fractional Brownian motion on [0,T] %[0, 1],
defined by the covariance function (43) and (44), with H > 1/2 and v € [0,1) such that
H >7/8—7/2 and let 0 € C}(R). Then, there exists k € (1/4,2H — 3/2 + V) such that for
any initial condition ¢ € By, the equation

Y(0,8) =), Y (t,§) =AY (t,§)dt +o(Y(t,€)) X (dt,dE), t€]0,T],§€[0,1], (83)

with periodic boundary conditions, understood in the mild sense given by (57), has a unique
global solution in C".

Proof. By Prop. 4.10 the map f is Lipshitz and with linear growth from By to B,_. for
arbitrarily small . As already noted this little mismatch of regularity can be compensated by
the time-regularity of X'. Then by a small modification of the arguments of Theorem 4.3 and
by Proposition 4.4 we can directly to solve the equation

BY (£,€) = (A —TA)Y (¢, &)dt + o (Y (¢, €)X (dt, dE), te[0,T),¢ € [0,1]

as a rough evolution equation in éf . Now, if one wants to solve (83), it is sufficient to get an
existence and uniqueness result for the equation

Y (,€) = (A —IQ)Y (t,€)dt + Y (t,6)dt + o(Y (£, €)X (dt,dE), te[0,T),€€]o,1],

which can be done along the same lines as for Theorem 4.3, by taking care of the additional
drift term Y'dt. This step is left to the reader. O

5. ROUGH EVOLUTION EQUATIONS: THE LINEAR CASE

We pass now to the development of an expansion which allows to consider equation (54) in
a case which goes beyond the Young theory, in terms of the Holder regularity of the driving
noise z. We start with a simple linear case, i.e. f = Id, which will hopefully lead to a better
understanding of our method.



ROUGH EVOLUTION EQUATIONS 29

5.1. Strategy. Recall that we wish to get some existence and uniqueness results for the equa-
tion

t
5:’-/153 = / Studxuyu = u%s(dx y), and Yo = ¢ (84)

Just like in the case of the Young integral, sketched at the beginning of Section 4.1, we will
proceed as follows:

(1) Expand (84) as if x were a regular process, until we get some terms which can be
analyzed through the application of the operators § and A.

(2) Define a natural extension of the notion of integral thanks to the first step, and show
that this allows to integrate a reasonably wide class of functions.

(3) Solve the equation in the sense given by this notion of integral.

In the current section, we will mostly address the first of these three steps.

If x is a regular process, equation (84) can be solved by means of the classical evolution the-
ory. Furthermore, if y designates the unique solution to (84), then according to our expansion
strategy, y also satisfies, for ¢,s € Sa:

t t t
5yts = /Studxuyu_/ Studxususys+/ Studxufsyus-

However, the last term of this equation cannot be defined by applying the map A when z has
low time regularity. In order to cope with this difficulty, let us expand again dy by plugging
relation (84) into the previous equation. Doing this twice, we get

t t u
5yts = /Studxususys+/ Studxu/ Suvdxvyv

t t u
= / Studmususys + / Study, / Suvdxvsvsys
s s s

t u v
+ / Study, / Suvd, / vadl'wswsys
s s s

t u v
+ / Study, / Suvd, / vadl'w(syws-
s s s

Thus, going back to our notations on iterated integrals (41), we can recast (84) into
by = X'y + X%y + X3y + J(da dx dz dz y), (85)
where, for t,s € S and ¢ € B, the operators (Xi)i:17273 are defined by:

t
Xisoi= o (42X ) 0= [ Sudn, X0, (36)

with X{. = Sis. These operators are the new building block we will need in order to solve
equation (84), and they play the role of the iterated integrals of rough path theory in our bilin-
ear evolution context. Notice that the last term in equation (85) is considered as a remainder:
suitable assumptions should be made to ensure that it will be small enough. Notice also that
we stopped our expansion at the third order. We will see that this is the minimum order which
allows to handle the Brownian case.

Let us say a few words now about the algebraic properties of the operators X*: when z is a
smooth process, we have for example

t v t v
5Xt2us = /Stvdxv/ vadl'wsws_/ St’udxv/ SvowdTwSwu,
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and using some elementary algebra, we end up with

t u t v
0X2, = / StodTy Sy / SuwdTwSws + / Syody / Sy S [Sus — 1d]
= thuXis—i_XtQuaUS

Thus, taking into account our algebraic convention (16) and the definition of & given at (46),
we have obtaind the relation 0X? = X' X!, In a more general way, it is not difficult to show
by induction that

n—1
SXn _ ZXan_iv
i=1

which are exactly the Chen relations in this setting.
We can now specialize our previous program into the following;:

2a. Assume that the operator-valued 1-increments X', X2, X3 are defined by some kind
of operation which preserves the usual algebraic relations between integrals (e.g. use
stochastic calculus with respect to an Hilbert space valued fractional Brownian motion
or some other limiting procedure on discrete sums). They will be our (step-3) rough
path.

2b. Using (X!, X2, X3) define an integration theory for a sufficiently large class of functions
Q so that it will be possible to give a meaning to integrals of the form z; = fot St dTy Yy
for any y € Q. We will call Q the space of paths controlled by X.

3’. Study the map I' : @ — Q defined by I'(y); = fg Studryyy, and prove that it has a
fixed point y = I'(y) which will be then a solution of the evolution problem (84).

5.2. Integration of weakly controlled paths. We start by postulating some reasonable
properties for X".

Hypothesis 3. We will assume that the process X allows to define some operator-valued
increments Xl,XQ,X?’, representing morally (49) and (86) respectively. This amounts for us
to suppose that the X*’s satisfy the algebraic relations

oXx'=0, 6X’=Xx'X' X3 =X'X%24+Xx2X"
and that the following Hélder-regularity properties holds true:
Xi e ¢yt bropn—pq oropnn =123,
for some n,p > 0 and v, kg such that v = ko +n+ p and v+ 3kg > 1.

We will define now the class Q of processes we wish to be able to integrate against z: in the
current situation, it will include any process which can be decomposed into a part depending
on X', X2 plus a remainder term which is assumed to be small enough. For the sake of a
contraction argument needed below (compare to the Young case) we fix a given time regularity
k such that 0 < k < K.

Definition 5.1 (Weakly controlled paths). Let ¢ € B, be a given initial condition. A path
JAS éf’n is said to be weakly controlled by X', X2 if yo = 4 and Sy can be decomposed into

5y — lel +X2y2 _i_yT" Syl — X1y2 +y1,r (87)

57+2K,m 1,r 5Y+K,m
C, , € Gy

with y* € éf’n i = 1,2, and a reqular part y" € Y with Kk < Ko A 1.
Furthermore, we asssume that the regularity of y',y? and y",y"" can be related to those of X
by the following relation: v + 3k > 1, a condition that can be always fullfilled by o suitable
choice of k whenever v + 3kg > 1. Denote this space of controlled paths by Q p ., or when
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this does not lead to an ambiguous situation, simply by Q... or Q. Moreover, one can define
a semi-norm N on Q. in the following way:

J\/[y; Q,.i] :N[y;éf’n] + Z N[yi;éfom] + Z N[yi;é'f’n] +N[yr;é;+2n,n] +N[y1’r;ég+”’n].
i=1,2 i=1,2
Remark 5.2. Even if a weakly controlled path is, strictly speaking, given by a tuple (y, 3!, y?, y",

y>") we will, with a slight abuse of notations, denote it with its first component, i.e. simply .

Remark 5.3. The notion of weakly controlled path appeared first in [9] in the finite dimensional
context as a way to linearize the space of rough paths around the driving control. Even if this
linearization does not preserve the whole structure of the space of rough paths, it is enough to
find solutions of rough differential equations.

With these notations at hand, we will try to implement now the strategy designed at the
beginning of Section 4.1 in order to integrate a weakly controlled process y: let us first assume
 is a smooth process, and y € Q. Then J(dzy) is well defined, and thanks to equations (48)
and (87), we have

J(dzy) = T (dzS)y + T (dzdy) = T (dzS)y + T (dz X y') + T (dx X2y?) + T (dz y").
Furthermore, for s <t, the term Jis (dz X'y') above only involves y}, and hence the increment
Jis(dx X1yb) is equal to Jis(dz X 1)yl, that is XZyl. This yields:

J(dzy) = X'y + X2y' + X3 + T (dzy"). (88)
Note that, in this last expression, the terms X'y, X?y' and X3y? are well-defined under

Hypothesis 3. In order to have a well-defined expression for J (dxy) in the rough case, it
remains to handle the term J(dzy"). Then, let us write

J(dey") = T (dey) — X'y — X?y' — X%,
and let us analyze this relation by applying § to both sides. This gives
6| (dey)] = =8 [x'y] - 5 [x%"] -8 [x*y?], (89)

and notice that in the last expression, 87 (dzy"™)] # 0, since y" belongs to Cy instead of Cj.
Moreover, a slight extension of Lemma 3.2 shows that, for M € Co(L£(V)) and L € C1(V), we
have

S(ML)=06ML—MGSL=0ML~—MSJL.
Applying this elementary relation to (89), we end up with

A~

0 {j(dﬂ:yr)} = 65X y+ X0y — X2yl + X2yt — 6X3 % + X3 5y?
_ Xl(gy_lel — X% +X2(<§y1 — X1y?) —|—X3(§y2
— le’r +X2y1,7" +X35y2 (90)
under our hypothesis on y and X we have the following regularities:
ler c CAng&%,fp’ X2y1,7‘ c ég+ﬁo+2ﬂ,fp’ X3$y2 € é;JanoJrn,fp’

so if v + 3k > 1 we can apply the operator A and express J (cZa:y) in terms of 6 and A only.
Plugging (90) into (88) we get

J(dzy) = X'y + X2y  + X392 + A (ler + X2yt 4 X33y2) . (91)

Similarly to what we did in the Young case, we are now able to invert the procedure which
lead to relation (91), by just invoking the assumptions made on X* and y:
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Theorem 5.4. Let x be a path such that X*,i = 1,2,3 are well-defined, and such that Hypoth—
esis 8 holds true. Let also y € Q. for 0 < k < kg <7 — kK and k < 0. Define z € C1(By)

such that zo = v and 5z satisfies:
bz = J(dzy) = X'y + X2y  + X392 + A (ler + X%y 4 X35y2> .

and let 2t =y, 22 =y, 217" = X%9y% + 4" so that 6z = X122 4 217, Then
(1) z is well-defined as an element of Qxp, and coincides with the usual Riemann convo-
lution of y by x in case x and y are smooth processes.
(2) The semi-norm of z in Q. , can be estimated as:

Nz; Qu] < exT™ " ([[¥lls,. + Ny; Qrpml) (92)

for a positive constant cx depending only on X*, i =1,2,3.
(3) It holds that, for any 0 < s <t <T

n

tjts(dxy) = |Hhr‘n OZ Sttprl |:thi+1,tiyti + Xt2¢+1,tiyt1i + X1i+1,tiyl?i ’ (93)
B i=0
where the limit is over all partitions ;s = {tg = t,...,t, = s} of [s,t] as the mesh of

the partition goes to zero.
Proof. We will divide again this proof in several steps.

Step 1: Let us start by evaluating the regularity of the terms in the right hand side of (91),
i.e.

A= X1y, B = X2, C = X392, D=A (ler+X2y1,r+X3(§y2)’
under our standing assumptions.

In order to bound A, we will first estimate |lys||s itself for s < T: if y € Q,, we have
Ys = Ss¥ + dys0, and hence

1ylloo,5, < [¢ll5, + T*Ny; C;™". (94)
In particular, y is bounded in B, on [0,7]. Thus, if X' e é;ﬁ"’_p N (fgoﬁn’”, we have X'y €

Cy ", and also X'y € C5*". Moreover,

X hpelsr < 1X gyt = 5 (el + My CE)

and thus R )
NIX 3 G5 < X nganar (161, + Ny €5) T, (95)
Let us estimate now the term B, that is N[X?y"; CJ™"]: since y! € C;*" and X2 € C2%0 L7,
we obtain again that X2y' € C3™"™" and we have
NPy C™ ) < X2 oo Nyt 1T 7). (96)

The term C can now be bounded along the same lines as for A and B. Moreover for
the term D, as we already observed above, X'y" € (fg+3”’_p, X2ylr ¢ (?g+'€°+2”’_p and
X3(§y2 € (fg“'{ﬁ”’*p, and observe that we have assumed that v + 3x > 1. Thus the operator
A can be applied to X'y" + X2y + X3§y2, and invoking inequality (40), we get that

HA (ler + X%y 4 ngy2> ly+8r,—p < o[ Xty + X2y + X3(§y2||~,+3,.;,_p

A3 b PY AN 52 ) . 5 k]
<c (||X1||%n,fp-/\/’[yr§czn n] + HX2||'Y+NO’777*PN[y1 rvczﬁ n] + HX3||7+2,€0,,,,,,,N[3/2,C§ n]) .
(97)
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Summarizing inequalities (94)-(97), we have obtained that z is a well-defined element of C}",
and that it satisfies

162l < enm T (141l +Ny; Qu.al) -

Step 2: Let us estimate now z as an element of Q ,. The natural decomposition of 5z is
obviously 6z = Xz + X222 + 2", with

=y, Z=y' and " =X3+ A (ler + X2ybr 4 X33y2> .
It is now easily checked, along the same lines as for Step 1, that z satisfies relation (92).

Step 3: In order to see how to get the convergence of the Riemann sums to J (cfxy) it is enough
to remark that 0z can be written as 6z = (Id —AJ) [le + X2yt + X3y2]. Applying Corollary
3.6, we now get relation (93).

O

Remark 5.5. The space of weakly controlled paths is a vector space with respect to the action
of R but not with respect to other interesting linear endomorphisms of B. The problem lies in
the fact that for general linear L : B — B we can have 5Ly #* L5y since L does not necessarily
commute with the semigroup (which appears in the definition of §=0— a).

5.3. Linear evolution problem. Let us turn now to the main aim of this section, which is
to get an existence and uniqueness result for equation (84):

Theorem 5.6. Assume that Hypothesis 3 holds for the triple of incremental operators X', X2, X3
with v, ko, K, M, p such that v = ko +n+p, v+ 3k0 > 1 and & < kg. Then
(1) Equation (84) admits a unique solution y € Q.
(2) The map (1, X', X2, X3) — y is continuous.
(3) For (t,s) € Sa, the map Py = B, — B, such that @it = y; when ys = 9 and
Syts = jts(da:y) is a bounded linear endomorphism of B,, and it satisfies the cocycle
property O Dys = Pys-

Proof. Like in the Young case, the solution y will be identified as the fixed point of the map
I': Quy — Quy defined by z = I'(y), with 29 = ¥ and 0z, = Jis(dry). And here again, we
will concentrate on the fact that, on a small interval [0, 7], the ball

B = {y; yo = ¥, Ny; Qun] < [V, }
is left invariant by the map I'.

Indeed, whenever y € B, then Theorem 5.4 asserts that for z = I'(y), the following estimate
holds true:

Nz; Q] < exT™7" ([¥lls, + Ny Quenl) -

Hence, if one chooses a small enough T', so that ¢, ,»,T"° ™" < 1/2, it is readily checked that
Nz; Qen] < |[¥]lB,, which proves that z € B. The contraction property is now a matter of
standard arguments, and the remainder of the theorem follows easily.

O

5.4. Application: stochastic heat equation. In the sequel of the paper, for sake of sim-
plicity, the generic situation of a process X with y-Holder continuity in time with v < 1/2 will
be the case of an infinite dimensional Brownian motion, given by the covariance function (45).
For this special process, we will try to construct a pathwise solution to the linear stochastic
heat equation on [0, 1]. At the end of the section, we will give some hints about the way the
fractional Brownian case should be treated.
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5.4.1. The Brownian case. Like in the Young case, the key step in order to apply Theorem
5.6 to the Brownian setting is to define (X*);—123 in a reasonable way, and then to check
Hypothesis 3. We have chosen here to deal with an It6 type definition for X™, and we get the
following result:

Proposition 5.7. Let X be an infinite dimensional Brownian motion defined by the covariance
structure (45), with Q given by (44) for v € [0,1]. Forn =1,2,3, let X™ be the incremental
operators given by (70) and (86) respectively, where the stochastic integral has to be understood
in the Ito sense (see e.g. [3, 26| for a complete definition). Then, almost surely,

e G n iR Lyl
for anyn > 1/4, v > ko > k satisfying
ko <1/4—n+7/2, and ~y<1/2,
with v = inf(v;1/2).

Proof. We have already proved the regularity of X! in the fractional Brownian case. The proof
in the current case would be similar, and we omit it. It will be enough to take n = 1/4 + ¢,
ko =7/2—2candy=kKo+p+e, p=1/4—7/2 for a given small ¢ > 0.

Let us concentrate then on the regularity properties of X?: we will prove in fact first that
X2 ¢ ¢JtMoLphP, and for this, we will proceed along the same lines as for the proof of
Proposition 4.4. Let us sketch the main steps which have to be followed.

Step 1: First of all, we have to estimate ||A,” X2 A™"||us.5-8, and it is readily checked that
AP X2 AT is represented by the kernel

Kis(&,m) / / G L (& m) X (du, di) / / Gu—v(m1,m2) X (dv, dn2) G, (112, m).
Thus, when considered as an operator from B" to B_,, we obtain that
E [ X2 5] = /[0 " (Ko (€ m))?] déan. (98)

Moreover, some standard considerations about iterated integrals for Brownian noises (see e.g.
[26, 3]) yield

B[Rt n] = [(du [ G mIGAE Q0 ~ i) it i,
with
Hus(n,m1, 1)
/ dv o Gu—v(11,m2) G, " (12, M) QN2 — 12) Gu—v (11, 12) G, s (2, 1) diadia.

Plugging this equality into (98), we end up with
€
E [|IX215s] :/0 du o G;(iiu)(nlvﬁl)qlu(nlvﬁl)Q(nl — M1)dmdin, (99)
1

where we have set ¢ =t — s and

Uy (m,m) = /o dv o Guo (1, 12) G (1, 712) G2 (02, 112) Q (12 — T2 )dnadia.
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Furthermore, using the spectral decomposition of G; and @, introduced respectively by (42)
and (44), we obtain

/[O . Gueo(11,12) Gueo (711, 112) G (02, 12) Q (112 — 7i2) dnodiey
6—(Ai+>\j)[u—v]e—2/\kv

2
AL

= > elm)e;(in)

i,k IEZ

i k—i1=0y 1 {j+k+i=0}-

Injecting again this value into (99) and using the fact that A_; = \;, we have that

2112 1 S mle—u) [ 2N [u—v] —22p0
E [HthHHS] = i,j,k,%neEW/o due ( )/0 dv e~ 2Nilu—v] g2k 7
with
E={jkilmmneZ; m+n=jk+1=—j}. (100)
Thus, we get
E [||Xt23”%1$] = Z ﬁ /‘E i /u do e~ m(E—w) =225 [u—v] -2
ikLmmer Am AN AL Jo 0

IN

1 dv
2. AbAZOTa Y\ 2’7>\”/ du/ dv du (e —u)¥(u —wv)b

7k lmmneE 7]

1 dv
2—a—b
< e ) N\ 277)\1,/ du/ dv dur—- (w— o)

gklmmnelE 7]

The double integral above is finite whenever a,b € (0, 1), while the sum can be handled along
the following lines: first rewrite

1 1
S = > e Y
by 2p+a 2n ’
m,n,j:m+n—j= 0)\]A )\Zk:lk-i-l* ]/\ )‘;/
and observe that, thanks to Lemma 4.6 and according to our hypothesis 7 > 1/4, we have
1 1 .
> s T ooy
OV NOVaEs J
kl:k41=—j Ak A kl:k+1= /\ A

where C stands again for a positive constant which can change from line to line. Then
1 1 1
s<C Z )\b+u)\2p+a)\l, <C Z 2p+a Z )\b+l/)\z/

m,n,jm+n—j=0 ""J m m n,jm—j=—m "J

and choose b > 1/2 — 27, so that another application of Lemma 4.6 gives
S < CZ 1/)\%1+a+b+2571/2.
m

This latter sum is finite when a+b > 1—2p—27. Then for any 6 < §* such that 26* < 1+4+2p+20
we have found that E [|| X2 |%s] < ce?7%70 < e,

Step 2: One can go from L? to LP estimates for m just like in Proposition 4.4 Step 4: indeed,
we have

B [IXA15] < e / HEW [R22 (& m0)] déadn ... deydny.

7
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Moreover, Kts(éi,ni) is a variable of the second chaos Hsy with respect to the Gaussian field
X, and invoking [20, Relation (1.61)], the L? and L?” norms on Hs are equivalent. Thus, for
any integer p > 1, there exists a constant ¢, such that

2
B || X2%] < e (¢ — 9.

Step 3: We will conclude now thanks to Lemma 3.8, which reads here as:

1% s < ¢ [Unsiafppin-p(X3) + 13X ]
¢ [Uw+2/p7pﬂ77—p(X2) + HX1X1||72’7,7_,)] )

for any integer p > 1. According to the previous step, it is then easily checked that, for any
Yo < 0* =1/2+7T+ p, and p large enough, the term U72+2/p’p7n,_p(X2) can be bounded almost
surely by a finite constant. Recall now that we have chosen v = ko + p+ 1, kKo = V/2 — 2¢ and
n=1/4+¢. Thus

Y+ kKo =2ko+p+n=U-—-n+1/4+p <6,

and hence U, 2/pn —p(X?) < 00 for any 3 < v + ko.

P

Let us treat now the term X'X'. Along the same lines as in Proposition 4.4, it can be
shown that X! € é; L77P and X! € é;oﬁn’”. Hence, by composition of operators, we get
Xixte CAngOE"’_p, which means that || X! X?!||,,,—, is finite for any v3 < v + ko. Summing
up this short discussion, we have obtained that

| X2 .m,—p finite a.s. for any 3 < 7 + ro.

One can proceed then to prove that X2 € CE'{OUW by a slight elaboration of the computations
above. This easy exercise is left to the reader.

The proof for the operator X3 follows the same lines and will not be reported. Indeed,
we prefer to concentrate on the regularity properties of higher order operators in the more
complex situation of Section 6.4.

]

We are now able to apply our abstract results to the stochastic heat equation:

Theorem 5.8. Let X be an infinite dimensional Brownian motion on [0,T] x [0,1], defined
by the covariance function given by (45) and (44) with v > 1/3. Then there exists n > 1/4,
0 < Kk <7y <1/2 such that k < ko and v+ 3k > 1 such that, for any 1 € B, the equation

Y(0,6) =v(8), Y (t,§) = AY(t,§)dt + Y (¢, )X (dt,d§), t<0,T],¢€[0,1],
with periodic boundary conditions, understood as equation (84), has a unique solution in Q, p .

Proof. Like in the proof of Theorem 4.12, the claim is readily checked once we have shown
that X™, n = 1,2, 3 satisfy Hypothesis 3. This amount to check that there exist k9 > x and
v < 1/2 such that

ko <1/4—n+7/2, v+ 3k > 1.

However, thanks to Proposition 5.7, it is enough to take n = 1/4+¢, kg = V/2—2¢, kK = Ko —&,
p=1/4—1v/2 and v = kg + p + n for some small € > 0. The condition v + 3k > 1 can then
be read v 4 3kg = 1/2 + 37/2 — 4e > 1, which is possible whenever v > 1/3.

]
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5.4.2. The fractional Brownian case. In order to define an integration theory for the fractional
Brownian motion beyond the Young case one has to start, like in the Brownian case, by defining
the operators X' and X? in a natural way. We have already seen that X' could be understood
by means of Wiener integrals, and for X2, two reasonable choices for the definition of (86)
seem to be the use of either Skorokhod or Stratonovich integrals with respect to the fractional
Brownian motion X. However, it turns out that these two solutions are equally unsatisfactory,
for two different reasons that we proceed to detail now:

(1) When one computes moments of random variables of the second chaos defined by
Stratonovich integrals, some trace terms appear, a classical phenomenon which is ex-
plained for instance in [20] in the general case, in [24] for the stochastic heat equation,
or in [22] for the fBm. In the current situation, if we want these trace terms to be
convergent for a fractional Brownian motion X defined by (43) and (44), one has to
choose v > 1/2, which means in particular that ) is a bounded function of ¢ € [0, 1].
In other words, we are not allowed, even if H > 1/2, to consider a distribution-valued
noise in space, which was one of our main aim.

(2) The Skorokhod integral works better as far as convergences and regularity estimates are
concerned. But one of the basic ingredients of our algebraic manipulations on integrals
is the fact that one can write, under suitable hypothesis:

t t
/ Study, bs = |:/ Studxu:| bs,

an equality which is known to fail in the Skorokhod case (see [20] again for further
explanations). For instance, the relation X2 = X! X! which is useful in our analysis,
does not hold true when dX? is understood as a Skorokhod integral.

In order to cope with these problems, one can adopt the following strategy: compute the
correction term P, understood as a 2-increment operator-valued process, which allows to write

6X2=X'X'4+ P, (101)

when X2 is defined via Skorokhod integration. Notice that, since X? is an element of Hs, the
process P is deterministic.

Recall now that the operator 4 has been defined as follows: for a suitable Banach space V
and M € C*(V), set

oM =M — Ma = 6M — aM — Ma. (102)

Then the operator 5 enjoys the same kind of properties as 5, and in particular, 66 = 0 and

ker 6|5, = Imé|s, . Moreover, relation (101) can be read as 6P = 0. Thus, there exists another

process T' € CoL such that 8T = P. Consider then an explicit version of T and set X2 = X2—T.
Then X2 is still a Levy area type process, such that 0X2=X1X 1 which means that hopefully,
X2 will enjoy both algebraic and analytic properties allowing a nice extension of the notion of
convolution integral. However, an open problem is to understand in which sense the integrals
defined using this corrected Levy area X2 are useful and/or natural. We plan to report on this
possibility in a further paper.

5.5. The algebra of a rough path. Bilinear stochastic equations, in finite or infinite dimen-
sions, are often handled by means of chaos decomposition (see e.g. [16, 15]). In this section,
we will try to stress some relationships between our pathwise approach and this latter method.
Our basic Hypothesis 3 states that
n—1
OX" =Y Xkxnk (103)
k=1
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for n = 1,2,3 and moreover that
X" e ¢yt Ropn—p  and X e R, (104)

with v+ 3kg > 1,7 > 1/4 and p = 1/4 — /2. Furthermore, it can be shown, along the same
lines as for Theorem 3.5, that there exists an inverse A to 6 on C“ L%, Nker(d) for a certain
> 1.

Let us see now how to construct an operator X* satisfying the operator Chen relation (103):
by composition of operators, and invoking Hypothesis (104), it is easily checked that X X3 +
X3Xt 4+ X2X2 ¢ ég+3“°£”’_p. Furthermore, we have assumed that v+ 3kg > 1, and thus, by
analogy with Theorem 5.4, we will set now X* := A[X'X3 4+ X2X? + X3X!], which is well
defined as an element of &) 350 £1.~p and thus that belongs to 651“007,77 (since v = ko +n+p).
It turns out that this procedure can be iterated, and we obtain the following:

Proposition 5.9. Let X satisfying Hypothesis 3. Then one can construct a sequence {X™;n >
4} out of X', X2 X3, such that, for any k < ko = Y, — p, we have X™ € €;+(n_1)50£’7’*"’

X" lgnm0 zo,—p < C(n)™"
and such that the operator Chen relations (103) are satisfied.

Proof. The X™ are constructed by an induction on n. Then it is clear that X" € &) Fn=lro po—p

Moreover, for n > 4 we have nkg > 1, so that X™ = A( Z;% X"k X*) can be defined directly
as an element of £7". Then, the same kind of arguments as in the finite dimensional case [10]
prove that we have the inductive bound

HXnHCA;mOLn,n < CX(n!)ino- (105)
O

In such a setting, the lifted rough path allows to express the I[t6 map which sends initial
conditions to solution of the linear equation (84) by a convergent series of operators:

Corollary 5.10. Under the conditions of Proposition 5.9, there exists an operator T, defined
as an element of 5;“”71)'{0077_”, given by the strongly convergent series T := > 7~ | X* and
such that the solution of the linear problem (84) satisfy the equation Sy = Ty, or written in
another way

Yt = StsYs + TtsYs, (t7 S) €S%

In particular if we define X2, = Sy and set T = X°+T we have that T is a cocycle of operators:
ﬁs = ﬁuTusa (t7u, 8) € 83.

Proof. The convergence of the series for 7" in the operator norm follows from the bound (105)
on || X™||. The cocycle property is proven as in finite-dimension. The uniqueness of the solution
to the linear problem allows to identify the operator T' as the It6 map for the rough evolution
equation.

0

6. POLYNOMIAL NON-LINEARITIES

Going back to the general setting explained at Sections 3.2 and 3.4, we will consider now an
equation of the form

¢
yt=5t¢+/ Spuday My (ye™) (106)
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where y lives in the Hilbert space B, where M, : B" — B is some unbounded multilinear
operator from the Hilbert tensor B” = B®" to B, and where we understand ¢®" = o ®---®p €
B™ as the tensor monomial generated by ¢ € B. In fact, for sake of simplicity we assume that
M, is symmetric and we restrict our discussion to the case n = 2, letting Ms = B, the general
situation posing no more conceptual difficulties. Then our general strategy, like in the linear
case, will be first to expand equation (106) for a smooth driving process x in order to guess
the appropriate rough-path underlying this equation. It will be seen that those expansions
involve some increments indexed by trees. Studying the algebraic and analytic properties of
these increments, we shall obtain a reasonable notion of solution to our quadratic equation.

6.1. Formal expansions and trees. Let us first simplify a little our setting. Recall that we
wish to solve an equation of the form

t
v = St + / Spudea ByP2), (107)
0

where we specialize our situation in the following way: assume first that B = L?([0, 1]), which
means that we are back again to the heat equation setting of Section 3.4. Then B : B®? — B
is defined by [B(¢ ® ¥)](§) = ¢(£)y (&) for € € [0, 1], whenever this expression makes sense in
B. Assume for the moment that z € éllﬁ”’“ for k large enough. We can expand equation (107)
as:

t
Yt = Stsys ‘|‘/ StudmuB((Susys)®2)

t u
+2/ Studl'uB(Susys(@/ Suvdva((Svsys)®2))

t u u 108
+2/ Stud:qu(/ SuvdeB((Svsys)m)@/ SuvdeB((Svsys)m)) (108)

t u v
+4/ Studl'uB(Susys@/ Suvdva((Svsys)@)/ vad$wB((SwSyS)®2)))

+ h. o. iterated integrals

As we see, iterated integrals appear here in combinations which are not as easy to handle as in
the bilinear case of Section 5.3. A natural way to code this kind of expansion is to use planar
trees, as explained below.

Without entering too much into formal definitions involving trees, let us mention that we
shall consider planar binary rooted trees 7 of the form:

) 9 9 ) ) 9 ) 7etc"‘

which allow to give a compact expression of the iterated integrals appearing in the expansion
(108). Observe that each tree can be constructed from the trivial tree 79 = e by using the
binary operation V : 7 x 7 — 7 consisting in gluing two trees at a newly created root, so for
example:

=V (V(to, to), V(to, to))-
For any tree 7 € 7, we associate the function d(7) that counts the number of leaves on the
trees, so that d(m9) = 1 and d(V (11, 72)) = d(1) + d(m2).
Let us see now how to represent expansion (108) thanks to planar trees. Define recursively

an operator-valued increment X7 € égﬁ(Bg(T); B) for 7 € T as

t
X[ = S, and X0 = / Spudry B(XTL @ XT2). (109)

S
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)

Notice that X7 has always to be considered as an operator acting on Bf,l(T
understand that, if 7 = V (71, 72), we have:

. For instance, we

t
X, (@@ Pd(r)) = / Spudry B(X5(01 @ @ (7)) @ Xz (Pa(r)+1 @ - @ 9q(r)))-

This latter formula justifies also in a sense the use of planar trees, since in general XV (71:72) £
XV(m2m) - In order to illustrate this fact, consider the simple example where 71 = 7 and
19 = V(70,70). Then d(V (71, 72)) = 3 and:

t
X2 (01 © g © 3) = / Studr, B(X2(01) @ Xyl (05 @ 3)),

while
V(r2,m1) t V( )
Xig 7 (01 ® 2 ® p3) = / Studry B(Xys ™7 (01 @ p2) @ X33 (3)),
S

which are a-priori clearly different objects.

With these notations in hand, it is now checked that our previous expansion (108) can be
written in a simpler way as:

(&U)ts = th(ygga) + 2th(y§§3) + th (y§4) + 4th(y§)4) + T, (110)

where r € Cy (B) is some remainder term, and where we took care to distinguish the various op-
erators obtained by permuting the factors in the B-tensors. Of course we could have expanded
the solution further, and some operators associated to larger trees would have appeared. How-
ever, in a smooth enough situation, the strategy in order to solve (107) is now clear: we can
use the map A to eliminate the remainder from the equation:

oy = (1= AO)[X (¥*) +2X (™) + X (™) +4X (y*")] (111)
and try to solve this by fixed-point method. The only condition we need to check is that
X (™) +2X (™) + X (y™) +4X (y™")] (112)

should be in the domain of A, which means that its time-regularity should be greater than 1.
The computation of expressions like (112) requires a little algebraic preparation.

6.2. Algebraic computations. To ease some computations we introduce an “improper” in-
crement E;s = Id (improper because is does not vanish as t = s), where the Id has to be
understood, according to the context, as the identity operator on the vector space under con-
sideration. For example, we can write 6k = 6h — (S — E)h. Moreover we also introduce e;s = 1
taking values in R, so that for example, if z € ég(B), then (ze)ws = ZtwCus = Ztu-

It will also be useful to extend the action of § to the tensors B” by letting 6z = §z — (S—E)z,
where § : B" — B" is defined as S = S ® --- ® S for any n > 1. If the reader is unconfortable

with giving the same name at different operators, he can think that S is defined on the
direct sum @,>18"; furthermore, we will write explicitly S,, when the context is insufficient to

determine the actual space on which S is defined. Analogously to the case of 5, the operator
J defined by (102) can be allowed to act on C;L(B",B) as 0H =dH — (S— E)H — H(S — E).

We wish first to understand how the operators 5 and & act on tensor products. More
specifically, we shall need three relations which are summarized in the following:

Lemma 6.1. The following relations hold true:
(1) Let z,w € C1(B). Then

S(z@w) =82 0w+ 020 Sw+ 6z ® ow. (113)
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(2) Let z,w € Co(B). Then

5(z @ w) = ze @ dw + ze @ Sw + 6z @ we + Sz @ we + Sz @ ow + 6z @ Sw + 6z ® dw  (114)
Furthermore, it also holds that:

5(202)=8200240:082+0200z, 0(z202)=852002+0620 8524026z

(3) Let Z € CoL(B*, BY) and W e CoL(B¢, BY). Then

(Z@W)=2Z85Q00W +ZS@SW +0ZQWS+SZQWS +SZ W

+0Z @ SW +0Z ®6W, (115)
where an example of notational convention is given by:
(Z8 & SW)tus = Z1uSus @ SuWus € L(BYHE, BT,

Proof. These relations are easily checked by elementary computations. We include the proof
of the third one for sake of completeness: notice that

62 =2°-ZE—EZ—(S—E)Z—-Z(S—E)=2°-28-8Z,
= Zs, and thus

N(ZQW)=Z°QW° -SZ@SW —ZSQ WS

= (SZ+2Z8+062) R (SW + WS+ W) -SZ0SW — ZS @ WS,

which yields relation (115) by a straightforward expansion.

i
where 77,

O

We also want to understand how 5,5 act on the operators X7. A first relation in this
direction is to note that, according to Lemma 3.2, if X7 € CoL(B%"; B) and h € C,(B®"),

O[XTh] = (6X")h — X"6h, ie. O[XTh]=(6X")h— X"dh. (116)
It is thus gseful to compute quantities of the form 6X7. To this purpose, consider n > 1 and
define I : CoL(B",B?) — CoL(B™, B) by
¢
I(H);s = / Studxy BH ;. (117)

This kind of expression can be related to our tree-indexed increments, by noticing for instance
that:
X =1(8), X =1(X ®8), X =I&10X),

and generally speaking, (109) can be read as:
xVimm) — [(xm o x™), XV0r) =[S X7), and XV =[(XT®S). (118)
Hence, we shall compute differentials of terms of the form I(H):
Lemma 6.2. Let H € (leﬁ(B",BZ). The following formula holds true for the derivative of
I(H):
(OI(H))tus = Tru(S2) Hus + Tru(6(H)), and  (0I(H))ius = Tru(S2) Hus + Tr(0(H)).

Furthermore, if we assume that SH can be decomposed as (0H )yus = ngM Hg’j)Hg’j), for a

given M >1, HVI) ¢ 5%5(82,82), and HZJ) ¢ (f%E(B”,BQ), then we obtain:

SI(H) = 1(S)H + Y I(HM))H@),
J<M
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Proof. We have:
[SI(H)]tus = Its(H) - Itu(H)Sus - Stulus(H)

t t U
= / Stwdxyw BHys — / Stwdxy BHyyySus — Stu/ Suwd T BH s
s u s
t t
:/ Stwdw BHys / Stw Ay B Hyyy Sus
u u

t t
= / Stwdow(SwuHus) + / Stwdxw [Bst - B(SwuHus) - BkuSus]

= I1u(S2)Hus + i (6(BH)),

which proves our first assertion. The second one is now trivially deduced.
O

With these preliminaries in hand, we can now compute the action of 6 on the tree-indexed
increments we have met so far, in the following way:

Lemma 6.3. Let x be a smooth L(B)-valued path. Then we have:

60X =0, X =IS)X 05 =X (X ®5)
X = X(X®X)+X (X ®9+X (S©X),
and
X = X(X 99)+X (X ®85)
06X X(X @9 +X (S2@X)
X = X(S9X)4+X (X 98)
X = XX )+X ($9X)

Proof. All these relations are obtained by elementary computations, and we shall only sketch
the proof for some of them: first of all, invoking Lemma 6.2, we get:

0X =01(S) =1(82)Sy — 1(S2)S2 =0,

where we used the fact that 6S = —SS. As far as X s concerned, we have:
06X =6I(X ©8)=I(S)(X ®89),
since 6(X ® S) = 0 by a direct computation using formula (115). Similarly, it holds that:
06X =06[(X @X)=I(S)(X @X)+I(S@X )X @8)+I(X @9)(S®X ),

owing to the fact that

(X ®X)=8X 8 XS+XS®S8X.
Now, invoking (118), we have I(S® X )(X ® S)=X and I(X ® S)= X , which yields

X =X X ®@X)+X (X ®8)+X (S®X),

as claimed in our lemma.

0

It is important to note now that all the previous computations have been performed for a
smooth path z. However, we shall ask our driving process x to satisfy the following assumption:
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Hypothesis 4. We assume that the path x allows to define some increments X7 for any
T € T such that d(t) < 4. We also suppose that those increments satisfy the relations of
Lemma 6.3, and that the following Holder regularities hold true: setting |t| = d(7) — 1, we

have X7 € CA‘TWOC(BZ(T), B,) and X7 € CAV+(|T‘_1)“0£(BT?(T),B—p), with v 4+ nkg > 1 and
v =Ko+n+p, for a givenn>1/4.

Remark 6.4. Here again, it is important to work in spaces of the form B, with n > 1/4. Indeed,
these spaces are algebras, which ensures at least that, whenever ¢, € B,, then B(¢,v) € B.

6.3. A space of integrable paths. The general discussion of the bilinear equation requires
a deep understanding of the algebra of X. It is not the aim of this paper to enter into this kind
of considerations, and we prefer here to concentrate on a particular case where & is sufficiently
large to stop the expansions at some low (but non-trivial) order. So here we assume that
v+ 3k > 1.

In order to solve the fixed-point problem associated to (107), we introduce a new space of
weakly controlled paths, denoted by Qx ,, which enjoys some nice stability properties under
themapI':y— 2=SY+ I(y@vy).

Definition 6.5. Let ¢ € B, be an initial condition, and x a driving noise satisfying Hypothesis
4, with v + 3k > 1. We say that a path y € Cf(B) N CY(B,) belongs to Ox . if yo = ¥, and oy
can be decomposed into:

dy=Xy +Xy +Xy +¢, (119)
where y ,y andy can be written as:
Yy =wlw, Yy =w ®w, Yy =wRw,
and the following regularities hold true:
yeCi(B), wyeCli'(B), w eCP(B), y eC™(B),
where kK > K1 > Ko, K — K1 = K1 — K = p and ¥+ 3k2 > 1. On Qx ., we define the semi-norm
Nly; Qxn] = Ny: CF (B)] + N'w; C1 (B)] + N [w ;€7 (B%)] + Ny#; €)™ (B)].

Note that the constant path y, = Sy is a controlled path whenever 1) € By, and in this
case w,w ,y" are all identically zero. Furthermore, the space Q satisfies the following useful
stability property:

Theorem 6.6. Assume that x satisfies Hypothesis 4, where we recall that v + 3k > 1 and
ko > k. Fory € Q, x, define z =T'(y) € Qu x by 20 = and a decomposition of the form:

b2=Xz4X2z +X 2 —&—zﬁ, with z =w, Qw,, 2z =wW,QwW,, 2z =w,w,,
where w, =y, w, =y , and 2* € C3ro (B) is a remainder which can be written as
F=X (yoy)+X (y 9 +X (y @Y+ X Yoy )+X (yoy)-AWJ),

where J is defined by relation (121). Then
(1) T': Qu.x — Qy x is well defined.

(2) 6z coincides with I(y ®y) in the smooth case.
(3) The following estimate holds true: for 0 < a < b <T, we have:

N2 Qx o ([a,0])] < Cxyp (1+ (b — )N y; Qx([a,b])]) (120)
for a positive constant Cx which only depends on the rough path X.
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Proof. Start from two smooth paths = and y. If we apply the I map defined at (117) we obtain,
just as in the Young case (48):

A A ~

oz=Iyoy) = I0yoy) +Syxvy) =I1(S)(yoy) +I100(yey))
= I(S:)(y®y) + I(Sy® dy) + I(dy ® Sy) + I(0y ® dy),

where we have used Lemma 6.1. Expanding gy in this equation and invoking relation (118),
we thus obtain:

bz=X oy +X (y 9y)+X (yoy)
+X (yoy)+X (y @y +X (y @y +X Yy )+X (yoy)+2,

where z” has to be understood again as a remainder. Now, by our standard, argument we shall
define 2” in the non-smooth case by 2> = —A(J), where J is given by:

J=4X ey +X (y @y)+X (you)

121
+X (Yoy)+X (y @y +X (y 9y)+X (yey )+X (yoy ). 12y

_In order for this equation to be well defined we still need to check that J belongs to
C7T3%(B_,), which is in the domain of A since v + 3k > 1. Let us then compute J: ow-
ing to (116), we have

~

X (yoy) = [Xy®y) —X Byey)
= —X (Sy®dy) — X by ® Sy) — X (oy ® dy),

thanks to relation (113) and Lemma 6.3. The other terms can be computed along the same
lines, and here is a sample of what is obtained:

)X (y ®y)] = X (Xy ®@Sy)—X 0y ®Sy)—X (Sy ®dy) — X (by ®dy)
X (y ®y)] = X (X y @Sy +X (X @S)(y ®y)—X iy ®y),

and

X (yoy)l=XXyeXy)+X Xy @Sy )+X (Sy @Xy)
—X (Sy ®@y)—X (by @Sy ) —X (oy @y ).

Now, by gathering all the terms we have obtained, we obtain that J = Zi:l Jy, with:
J = X [Sy@(—gy—FXy + Xy +Xy)+(-y+Xy+Xy +X y )08y
0y @oy + (X ®X )(y ®y)}
Jy = X [—Sy ®oy—dy @Sy+ (S @ X )y ®y)—dy @0y
+HX @8)(y ®y)+(S®X ®9)(y ®y)}
and
J3 = X [—Sy®5y —dy@Sy +(X @S)(y ®@y)—dy®dy
HS2X )yey)+(SeX ©S)yoy )
Ji = =X dy@y)-X iy ®y)-X dy ©y)-X dyoy )-X dyey).
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Furthermore, notice that, using equation (119) for the increments of y, the quantity J; can be
simplified into:

S=X|-Syey -y oSy—dy @dy +(X @X )y ®y)].

We are now left with the cumbersome task which consists in analyzing the regularity of all
the terms we have produced so far. We shall just focus on one particular example, namely
X (Sy ® Sy), leaving the other ones to the patient reader. However, invoking again Lemma
6.1, we have

X 0y @8y) =X (bw®ow® Sy)+X (Swedw® Sy)+ X (bw® Sw® Sy).

Among the three terms in the right hand side of this relation, we shall analyze the first one, the
other ones being similar: recall that X € C;H”OE(B;?;,B_,)), dw € C§(B,) and Sy € CI(B,).

Thus X (dw ® dw ® Sy) € Cg”'iﬁk”(B_p), which is enough regularity to apply the A-map.
The other terms in the decomposition of J can be treated similarly, which ends the proof of
our first assertion.

Our second claim being immediate from the construction of our integral, let us say a few
words about the last one. Here again, many terms have to be estimated, and we shall focus
on a representative example, namely the term w, =y = w ® w. In fact the quantity N |w ®
w; éfz (B?)] has to be estimated, and recall that, according to Lemma 6.1, the following relation
holds true:

O(w ®w) = Sw @ dw + dw @ Sw + dw @ dw.

Thus, since w € @fl (B) and S; is a bounded operator on B for any positive ¢, we obtain:
Nwew;Cr(B%)] < ¢ (1 + (b — a) N2[w; € (82)])
< c(1+4(b—a) N?[y; Qxu([a, b])]) -

The other terms defining 6z can be treated along the same lines, which proves relation (120).
O

We can turn now to the main goal of this section, which is to get an existence and uniqueness
result for equation (107):

Theorem 6.7. Assume that x allows to define some incremental operators X7 for any 7 € T
such that d(1) < 4, and that these increments satisfy Hypothesis 4, for ~y, ko, k,n such that
Kk < Ko <7,7+3k > 1andn > 1/4. Then there exists a strictly positive To = To(X7; d(7) < 4)
such that equation (107) admits a unique solution y € Q. x ([0, To]; B).

Proof. The proof of this result is very similar to those of Theorems 4.3 and 5.6, and we shall
omit the details here. Just notice that inequality (120) allows to construct an invariant ball
for the map I" in Q,, x ([0, Tp]; B), whenever Tj is small enough. The contraction argument can
then be written in a standard way.

O

6.4. The Brownian case. In this section, we investigate the behavior of the operators X™
defined above, when x = X is an infinite dimensional Brownian motion, defined at Section
3.4. Our aim is of course to show that, under certain conditions, X satisfies Hypothesis 4. To
this purpose, for the remainder of the section, we will mainly consider some applications on
the space B,, for n = 1/4 4 ¢ and a small € > 0. Let us also introduce an additional notation:
for the remainder of the article, we will write A < B for two real quantities A and B when
A < ¢ B for a universal constant c.
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Proposition 6.8. Let X be an infinite dimensional Brownian motion defined by the covariance
structure (45), with Q given by (44) for v € (1/3,1/2]. Recall also that, for a planar binary

tree, we have set |t| = d(7) — 1. Let X7 be the incremental operator given by (109) where
the stochastic integrals have to be understood in the Ito sense. Then, almost surely, X7 €
CAS("T‘L:HS(BS;(T);BH) forr= ., ., , ,,, andforany kg satisfying 0 < kg < 1/4—n+7/2.

Moreover X7 € CA;J”{O('T‘_1)_1/4L’H5(Bg(7);B_p) forv =ro+n+p<1/2. Theorem 6.7 can
then be applied in this situation.

Proof. In all the cases the line of the proof is the same: we obtain an L? estimate on the
Hilbert-Schmidt norm of X7, which by Gaussian tools can be boosted to an LP bound for any
p. Applying Lemma 3.8, the result is then easily deduced.

Admitting for the moment the results of Lemma 6.10 below, let us give some details about
our method: since our incremental processes always belong to a finite chaos of the infinite-
dimensional Brownian motion X, it is easily deduced from Lemma 6.10 that

~

T ||P < (+ — g\PITI(ro+e+(1=1/I71)/2) < (4 _ o\pITl(Ko+e)
B IXE g | S () S(t-9)

for any 0 < kg < 1/4 —n+7/2 < n/2. Moreover, it also holds that:
SyvT 7l 7l 72 Tl T
10X 7l < D0 IXE Xl S (8= )70 (u = 5) 710 5 (¢ — )Tl
’7—177'2

where 71,72 denote the trees appearing in the expansion for gXtTUS given at Lemma 6.3, for
which we have always |7!|,|7?| > 1 and |7!| + |7?| = |7| + 1. So it is clear that using the
extended G-R-R Lemma 3.8, we obtain

IXFsll S (8 = )T,

for any 7 such that d(7) < 4. Finally, observe that the conditions v < 1/2, kg = 7/2 — ¢ and
3ko =y > 1 force us to choose v > 1/3.
O

An easy consequence of the last estimations is an existence result for a Brownian SPDE in
the rough-path sense:

Theorem 6.9. Let X be an infinite dimensional Brownian motion on [0,T] x [0, 1], defined
by the covariance function given by (45) and (44) with v > 1/3. Then there exists n > 1/4,
0 < k <7y <1/2 satisfying k < ko and v + 3k > 1 such that, for any ¢ € B, the equation

Y(0,6) =),  aY(t,§) =AY (t,&)dt + Y (1, X(dt, ), tel0,T],€¢€0,1],

with periodic boundary conditions, understood as equation (84), has a unique local solution in
Qrnw up to a time Ty which depends on the initial condition and on the operators X7, || < 3.

Proof. Like in the proof of Theorem 5.8 the proof amounts to check the validity of Hypothesis 4
in the light of Prop. 6.8. ([

The rest of the paper is dedicated to the L? estimations for the operators X7. In fact we
will obtain a slightly stronger result than the one we claimed at Proposition 6.8.

Lemma 6.10. For the trees considered at Proposition 6.8, we have the following L? bounds:

A—
E ||X;||§{S’E(Bzm;8n) < (t — s)lmA-1/2,

where A =1 —2n+ v — € for some arbitrary small € > 0.
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Proof. 1t is conceptually easy to generalize the arguments of Prop. 5.7 to reduce the problem
to an estimation of a mixed sum (over eigenvalues of 4,) and integral over time variables (after
contraction of the stochastic integrals). This long and tedious task is left to the reader. We
prefer to give a diagrammatical algorithm which allows to go from the kernel on L? (associated
to each operator) to a simple sum estimation. This will be detailed in the next two subsections.

O

6.5. Diagrammatica. We will first show, at a heuristic level and on a simple example, how to
pass from an incremental operator to a graph for the computation of Hilbert-Schmidt norms.

(1) Case of the operator X . Consider first the operator X : 872] — B,). Recalling the nota-
tions of Section 3.4, an orthonormal basis for B, is given by {€;; j > 1}, where é; = )\j_nej.

Furthermore, the particular form (44) we have assumed on the covariance function ) implies
that x can be decomposed as

—v/2
ru=3 NPe, B, u>0,
pEZ

where {(P; p € Z} is a sequence of independent Brownian motions. Hence, setting (-,-) for the
inner product in L?(S), the matrix elements of X are given by:

t
[Xishie = (ei, Xis(€5 ® &) = <ei§ / Studwu(Suséj)(Susék)>

t t
= / (Seis dru(Susé;) (Susér)) = D AN/ / dBL(Suei, ep(Suse;) (Suser))
s peZ s
¢
_ Z )\;W}\;T])\];V/Q/ e Nilt—u)=X;(u—s)—Ak(u—s) e,
pyi=p+j+k s
Thus, the Hilbert-Schmidt norm of X,, in £(B%; B,) can be written as
2
||th||§{s,c(32,;8n) = Z )‘in |[th]z‘,jk:|2-
7’7]7kEZ
From this simple computation, the following rules pop out:

e Some multiple sums (involving terms of the form A") with constraints on the indices
appear, due to the fact that {e;; i € Z} is the trigonometric basis of L?(S).
e Some contractions in the sums take place, because of the Brownian stochastic integrals.

With the above considerations in mind, we can associate to X, the following graphical repre-
sentation:

J k

where the solid lines represent factors of S. This is a bookkeeping device for the relation
between the various indices and time parameters. The computation of E[HXtSH%& L(B?,;Bn)]
corresponds to putting side by side two specular copies of this graph and connecting the

corresponding top and bottom lines (to compute the HS norm), while contracting in all the
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allowed ways the dashed lines (to compute the contractions of the stochastic integrals). Doing
so we obtain the graph

, 1))
E Hthllfls,c(B%;Bﬂ - / tu \

where we use the following convention: solid lines correspond to factors of S, time parameters
are attached to vertices, crossed solid lines correspond to factors of A%"S (coming form con-
traction of output lines), crossed double lines correspond to factors of A=27S (coming form
contraction of input lines), dashed lines are associated to factors of @ (coming from the It6
contraction of the noise). We fix an orientation for each edge of the graph and associate an
index to each oriented edge. To each vertex corresponds a constraint that the sum of indexes
of incoming edges minus indexes of outgoing edges should be zero. According to these rules
the formula of the mean squared norm is then

B (1] = [ 3 NI e G a2
i+j+k4+1=0

and the reader can check that this is indeed the expression for the mean value of the HS norm
of X,,.

Consider now the expression
A= Z )\?ﬁ/\j—l/)\lz?nAl—Qnefz\i(tfu)f2/\k (ufs)fQ)\l(ufs)'
itj+k+1=0
We trivially have
A< Z )\?W}\;VAI;Qn/\;2ne—2>\i(t—u).
i+j+k+1=0

Furthermore, setting ¢ = k+1, applying Lemma 4.6, and recalling that we have chosen n > 1/4,
we can bound A as:

A 5 Z )\?77)\;1/)\;2776*2)\2‘ (tfu)’
i+j+q=0
where we used the relation ), ,_ g )\,:277)\;2" S A 2, Moreover, assuming that v < 27 we can
use again Lemma 4.6 to get

A<Z)\2nV—2A(t u)< Z/\ana

and choosing a = 1/2 4 2 — v + € so that the sum is convergent, we obtain < (t — u)2~3/2,
with A =1—2n+ v —e. So we proved the graphical equation
< (t—u)AT32 (122)
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and hence, if we suppose that A —3/2 > —1,i.e A > 1/2, we have obtained that

|:||Xt5||HS (B2, Bn):| / dut — u)A=3/2 < (¢ — 5)A-12,

which is the desired bound for Lemma 6.10. Let us say a few words about the condition
A >1/2: if n =1/4 + €, then one has A = 1/2+ v — e+ £. This means that the condition
A > 1/2 can be met as soon as v > 0, which simply rules out the possibility of considering a
space-time white noise at this stage.

(2) Case of the operator X . With the same kind of considerations as for X , it can be shown
that the the matrix elements of the operator X are given by:

p+j+n=i qg+k+l=n

t u
« / ef)\i(tfu) dﬂgef)\j (u—s) / e*)\n(ufv)dﬂgef)\k (vfs)ef)\l (v—s) )
Thus, its Hilbert-Schmidt norm in E(Bf;; B,) can be written as

2
HthHHS,ﬁ(B%;B,, E :)‘ ts ,]kl|
1,4,k,l

and the following graphical representation can be associated to this last expression:

z/:dﬂﬁ/:dﬂﬁ

t u
E [“XtS”%S,E(B%;B,,)} :/ du/ dv

and the corresponding formula:

||XtSHHS L BB B’] / dU/ dv Z )\2"7)\ l/)\—277

itj+k+1=0
> Z Ar_ny)‘;%?)‘o_ 776—2>\i(t—u)—2>\l (u—v)—2Ap (v—5)—2Xo(v—5) =2y (u—s) )
n+m+o=Il

The strategy to control this expression is now straightforward: bounding the exponential
and performing the time integrations gives, for two positive constants a, b such that a +b < 2,

2 2—(a+b 2n—ay—vy\—2ny—b —vy—2ny—2
E HthHHS,L(B%;Bn)] 5 (t - 5) (at) Z Ain a)‘j V)‘k 77>‘l Z )‘ml/)‘n 77)‘0 "
i+j+k+1=0 n+m+o=l
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Using the fact that 2 > 1/2 we can reduce this to the bound

_ 2m—a —v\—21\ — —uN—
B (1 X s ey S (-9 @ 30 amagacngt ST oagngm
i+j+1+k=0 n+m=l

Assuming moreover that v < 2n we get

_ Ml — v —2 + —
E [|’th||%s,z:(sg;8,,)] S (t—s)>lt0) Z AN °.
i+ k=0

At this point choose b = 2y — v, so that v + b = 2 and

—(a+b 2m—a 27y —2
E [HthH%s,g(Bg;Bn)] S (t—s)? 7@t N NN,
i+h+H=0

Hence this sum is finite if we choose a = 1/2 4 2n — v + ¢, and we get
A—
E [Hth”%s,L(B%;Bn)} S(t—s)?2712

Before proceeding to the estimation of the other more complex operators, let us make a
useful observation. Consider the following subgraph on the left of the previous graph:

1

After reduction of the crossed double lines (carrying the factors due to A™"7) by an iterated
application of Lemma 4.6, we obtain the following expression which corresponds to a bound

for this graph:
u u
</ dv)\A”e_Z)‘i(“_”)</ _dv A0
~ s ! ~ s (u_v)b ‘

so that choosing b = 2n — v, we get an estimate of the form < (v — S)A)\;zn. Summarizing
these considerations, we have obtained the graphical equation:

/Su dv < / <(u—s)? (123)

which we will use multiple times below.

6.6. More complex graphs. The tools we have introduce so far will allow us to treat the
two remaining cases we are left with, namely X and X
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(1) Case of the operator X . By using the same kind of arguments as in the previous subsection,
we obtain a representation of the form:

t u v
X, = / ds / dp / aa,

Thus, for the computation of E[[| X, |2 L(B4~B,,)]’ we obtain the graph:
I’ 7]7

9 t u u
E||thHHS,£(B;°’];B,7) :/ du/ dv/ dw
S S S

Now, invoking repeatedly relation (123), we can iteratively reduce the above graph to obtain
a bound for E[|| X [ 5(84-8,7)] of the form:
b 7’]7

< [ dutu— s D © [ dute = (e,

which is again what is needed for our Lemma 6.10.

(2) Case of the operator X . Using the same conventions as before, the operator X  can be
represented as:

t u u
X, = / dse / dp / ag

Now our current situation is slightly different from the previous ones, since in the triple Brown-
ian integral above, the last two are not iterated. This means that we have to handle some sums
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of the form E[(}", YaZa)?] for some centered Gaussian random variables (Y, Z,)q forming a
Gaussian vector. The standard way to compute such sums is to write:

B[(Y Yazaﬂ = 3 E[YaZaYsZy

a,B
= Y E[YaZJ|E[Y3Zs) + E[YaYp|E[ZaZs) + E[YaZs|E[YsZa).
o,

By extrapolating this elementary consideration to our situation, this implies that, in the com-
putation of E[|X,, |2 (8.5, three different kind of contractions are involved. Hence, we
) ny~n

also obtain three different graphs:

E[| X, ”%S,L(B%;Bn) =

t u u
/du/dv/dw

t U u
+/du/dv/dw

t U u
+/du/dv/dw

Observe that the first of those graphs already appeared in the study of X . We will then focus
on the two other ones.

The analysis of the second graph above can be started by reducing again the crossed double
lines, which gives a new graph of the form:

—— -
- =~
~

t u u | |
/du/ dv/ dw | | (125)

v

7

N -
-~

~ _—_—_— -
However, at this point, we cannot proceed as in the previous cases, with a sequence of reduc-
tion of subgraphs, in order to prove the convergence. Indeed, in the current situation, some
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irreducible triangular structures like the following appear, at the top and bottom of the graph
(125):

(126)

where the dotted lines stand for the remaining part of the graph, and where we put explicit
indexes on outgoing lines and on the edges of the subgraph. Note that by the rules we have
imposed on the graph, the constraint ¢ + j + k = 0 (we consider the dotted lines directed
inwards) holds true. The contribution of the triangular structure is thus given by

u
5i+j+k:()/ dwz)\;i’ke—kq(U—w)—Aq_i(u_w)’
S

q

and we can bound this last expression by:
' dw - —b/2y—b/2
5 5i+j+k:0/ 3 Z )‘qur/k)‘q / )‘qu/ ’

s (U - w) 7

for some b € (0,1). The latter sum is finite when v + b > 1/2, which means that, by choosing
b=1/2 — v + ¢, the triangular structure yields a bound of order

< Giyjrr=o(u—s)' 7"

Summarizing the previous discussion, it is now easily seen that the structure (126) behaves
like a simple vertex, up to an appropriate factor of (u — s):
i

j &

t
< / du(u — 52 | < (t— )12,

where the last bound has been obtained similarly to (122).
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Finally, let us associate a bound to the third graph in (124): first, notice that this third
graph can be reduced to

-———--

/// \\\

4 \

4 \

4 \
/ \
w ! U v\
\
t U u | :

/du/ dv/ dw I (127)

S S S /
| ,
v ” w

Furthermore, this graph contains the irreducible subgraph:

which corresponds to the expression

DE/ dv/ dw
=N (u=0) =g (u—w) = Aj_ 14 (u—0) = Ap— g1 (u—w) =X (wHv—28) = A g (WHv—25)

gpIpS AN N

Jj+k=i q,l q7j—1

Introducing an additional parameter b and bounding the exponential terms as usual gives:

v dv v dw
ps [ vt
A e A ey 3D BID B vyvy v

jt+k=i ql 7J

1
2n \2n

Z)\j—l)\k’—q

Now, using Lemma 4.6, we can bound the sums over ¢ and [ in order to obtain:

v dv v dw 1
D < —_
~ /s (u _ U)b /s (’LL _ w)b Z ' )\?+V)\z+u

Jjt+k=i

Thus, choosing b = 2n — v, we end up with:

D < (u—s)2N7,
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which means that we have obtained the graphical inequality:

Plugging this representation in the complete graph (127), we obtain:

[

u
5/ du(u N S)ZA ”/ S (t N 8)3A_1/2.
u

Going back to Lemma 6.10, we should still treat the case of X7 for r = , , . But these
estimates are now mere variations of the previous ones, and are left to the reader for sake of
conciseness.

[1]
2]

REFERENCES

R. A. Adams. Sobolev spaces. Academic Press, 1975.

L. Coutin and Z. Qian. Stochastic rough path analysis and fractional Brownian motion. Probab. Theory
Relat. Fields 122:108-140, 2002.

R. Dalang. Extending martingale measure stochastic integral with applications to spatially homogeneous
S.P.D.E’s, Electron. J. Probab. 4, Paper No.6, 29 p., 1999 (electronic).

G. Da Prato and J. Zabczyk. Stochastic equations in infinite dimensions, volume 44 of Encyclopedia of
Mathematics and its Applications. Cambridge University Press, Cambridge, 1992.

K.-J. Engel and R. Nagel. One-parameter semigroups for linear evolution equations, volume 194 of Graduate
Texts in Mathematics. Springer-Verlag, New York, 2000.

H. O. Fattorini. Infinite-dimensional optimization and control theory, volume 62 of Encyclopedia of Math-
ematics and its Applications. Cambridge University Press, Cambridge, 1999.

D. Feyel and A. de La Pradelle. Curvilinear integrals along enriched paths. Electron. J. Probab. 11:860-892,
2006.

P. Friz and N. Victoir. Multidimensional dimensional processes seen as rough paths. Cambridge University
Press, to appear.

M. Gubinelli. Controlling rough paths. Jour. Funct. Anal. 216:86-140, 2004.

M. Gubinelli. Ramification of rough paths. Preprint, 2006.

M. Gubinelli. Rough integrals in higher dimensions. In preparation.

M. Gubinelli, A. Lejay and S. Tindel. Young integrals and SPDEs Pot. Anal. 25:307-326, 2006.

A. Lejay. An introduction to rough paths. In Séminaire de Probabilités 37, volume 1832 of Lecture Notes
in Mathematics, pages 1-59. Springer-Verlag Heidelberg, 2003.

M. Ledoux, T. Lyons, and Z. Qian. Lévy area of Wiener processes in Banach spaces. Ann. Probab.,
30(2):546-578, 2002.

J. Leén and J. San Martin. Linear stochastic differential equations driven by a fractional Brownian motion
with Hurst parameter less than 1/2. To appear at Stoch. And Stoch. Reports.

S. Lototsky and B. Rozovsky. Wiener Chaos Solutions of Linear Stochastic Evolution Equations. Annals of
Probability 34(2):638-662, 2006.

[17] T. Lyons and Z. Qian. System control and rough paths. Oxford University Press, 2002.



56

MASSIMILIANO GUBINELLI AND SAMY TINDEL

[18] T. Lyons. Differential equations driven by rough signals. Rev. Mat. Iberoamericana, 14(2):215-310, 1998.
[19] B. Maslowski and D. Nualart. Evolution equations driven by a fractional Brownian motion. J. Funct. Anal.,

202(1):277-305, 2003.

[20] D. Nualart. Malliavin calculus and related topics. Springer, 1995.
[21] A. Pazy. Semigroups of linear operators and applications to partial differential equations, volume 44 of

Applied Mathematical Sciences. Springer-Verlag, New York, 1983.

[22] V. Pérez-Abreu and C. Tudor. Transfer principle for stochastic fractional integral. Bol. Soc. Mat. Mexicana

8:55-71, 2002.

[23] Ll. Quer and S. Tindel. The 1-d stochastic wave equation driven by a fractional Brownian motion. To

appear at Stoch. Processes Appl. 117(10):1448-1472, 2007.

[24] S. Tindel. Stochastic parabolic equations with anticipative initial condition Stoch. and Stoch. Reports 62:1-

20, 1997.

[25] S. Tindel, C. A. Tudor, and F. Viens. Stochastic evolution equations with fractional Brownian motion.

Probab. Theory Related Fields, 127(2):186-204, 2003.

[26] J. B. Walsh. An introduction to stochastic partial differential equations. In Ecole d’été de probabilités de

Saint-Flour, XIV—1984, volume 1180 of Lecture Notes in Math., pages 265-439. Springer, Berlin, 1986.

[27] L. C. Young. An inequality of Holder type, connected with Stieljes integration. Acta Math., 67:251-282,

1936.

[28] M. Zahle. Integration with respect to fractal functions and stochastic calculus. I. Probab. Theory Related

Fields, 111(3):333-374, 1998.

Massimiliano Gubinelli: Equipe de Probabilités, Statistique et modélisation, Université de Paris-Sud, 91405

Orsay, France. Email: Massimiliano.Gubinelli@math.u-psud.fr.

Samy Tindel: Institut Elie Cartan Nancy, Université de Nancy, B.P. 239, 54506 Vandceuvre-les-Nancy Cedex,

France. Email: tindel@iecn.u-nancy.fr



