SOME DIFFERENTIAL SYSTEMS DRIVEN BY A FBM WITH
HURST PARAMETER GREATER THAN 1/4

SAMY TINDEL AND IVAN TORRECILLA

ABSTRACT. This note is devoted to show how to push forward the algebraic integration
setting in order to treat differential systems driven by a noisy input with Holder regularity
greater than 1/4. After recalling how to treat the case of ordinary stochastic differential
equations, we mainly focus on the case of delay equations. A careful analysis is then
performed in order to show that a fractional Brownian motion with Hurst parameter
H > 1/4 fulfills the assumptions of our abstract theorems.

1. INTRODUCTION

A differential equation driven by a d-dimensional fractional Brownian motion B =
(BY,..., BY) is generically written as:

yt:a+/0ta(ys)dBS, t €[0,7], (1)

where a is an initial condition in R?, o : R® — R™? is a smooth enough function, and 7 is
an arbitrary positive constant. The recent developments in rough paths analysis [4, 13, §|
have allowed to solve this kind of differential equation when the Hurst parameter H of the
fractional Brownian motion is greater than 1/4, by first giving a natural meaning to the
integral fot o(ys) dBs above. It should also be stressed that a great amount of information
has been obtained about these systems, ranging from support theorems [7] to the existence
of a density for the law of y; at a fixed instant ¢ (see |2, 3]).

In a parallel but somewhat different direction, the algebraic integration theory (in-
troduced in [9]), is meant as an alternative and complementary method of generalized
integration with respect to a rough path. It relies on some more elementary and explicit
formulae, and its main advantage is that it allows to develop rather easily an intuition
about the way to handle differential systems beyond the diffusion case given by (1). This
fact is illustrated by the study of delay [16] and Volterra [5] type equations, as well as
an attempt to handle partial differential equations driven by a rough path [11]. In each
of those cases, the main underlying idea consists in changing slightly the basic structures
allowing a generalized integration theory (discrete differential operator §, sewing map A,
controlled processes) in order to adapt them to the context under consideration. While
the technical details might be long and tedious, let us insist on the fact that the changes in
the structures we have alluded to are always natural and (almost) straightforward. Some
twisted Lévy areas also enter into the game in a natural manner.

However, all the results contained in the references mentioned above concern a fractional
Brownian motion B with Hurst parameter H > 1/3, while the usual rough path theory
enables to handle any H > 1/4 (see [4] for the explicit application to fBm). The current
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paper can then be seen as a step in order to fill this gap, and we shall deal mainly with two
kind of systems: first of all, we will show how to solve equation (1) when 1/4 < H <1/3,
thanks to the algebraic integration theory. The results we will obtain are not new, and
the algebraic integration formalism has been extended to a much broader context in [10]
by means of a tree-based expansion (let us mention again that the case H > 1/4 is also
covered by the usual rough path theory). This study is thus included here as a preliminary
step, where the changes in the structures (new definition of a controlled path, introduction
of a Lévy volume) can be exhibited in a simple enough manner.

Then, in a second part of the paper, we show how to adapt our formalism in order to
deal with delay equations of the form:

dyt = U(yta Yt—ryy- - 7yt—rq) dBt le [07 T]a (2)
Yt = gtv te [_rqao]v

where ¥ is a R"-valued continuous process, ¢ is a positive integer, o : R»%*1 — R™4 ig
a smooth enough function, B is a d-dimensional fractional Brownian motion with Hurst
parameter H > 1/4 and T is an arbitrary positive constant. The delay in our equation
is represented by the family 0 < r; < ... <17, < 00, and the initial condition £ is taken
as a regular enough deterministic function on [—r,,0]. Though this kind of system is
implicitly considered in [12] in the usual Brownian case, and in [6] for a Hurst parameter
H > 1/2, the rough paths techniques have only been used in this context (to the best of
our knowledge) in [16], where a delay equation driven by a fractional Brownian motion
with Hurst parameter H > 1/3 is considered. Our paper is thus an extension of this last
result, and we shall obtain an existence and uniqueness theorem for equation (2) in the
case H > 1/4, under reasonable regularity conditions on ¢ and &.

From our point of view the example of delay equations, which is interesting in its own
right because of its potential physical applications, is also worth studying in order to
see the kind of algebraical structures which pop out when changing the type of rough
differential system we are trying to handle. In case of a delay equation driven by a rough
path of order 3 like ours, we shall expand the notion of delayed controlled path, and
have to assume a priori the existence of some doubly delayed elements of area and volume
associated to B. This rich structure induces some cumbersome computations when one
decides to expand all the calculations explicitly. However, in the end, one also gets the
satisfaction to see that the algebraic integration setting is flexible enough to be adapted
naturally to many situations.

It should be mentioned at this point that another way to deal with delay systems
like (2) is to reduce them to ordinary (noisy) equations, by enlarging the dimension of
the state space. More specifically, this means that the accurate variable to consider for
the delay system is 7, = (Y, Yi—ri»-- -, Yt—r,), Which allows to write (2) as an ordinary
rough system, driven by the frame process B, = (B¢, By, - .., Bi—y,). This point of view
has to be traced back to the analysis of deterministic systems. It is explained at length
in [14] in the Brownian setting, and is also investigated in the (Brownian) rough path
setting in [12], though the explicit application to delay differential systems is not given
there. However, for the current work, we have chosen to stick to the delayed controlled
paths setting of [16]. This approach is morally equivalent to the frame point of view,
and has one main advantage: the delay structure can be read directly on the increments
of the solution y to (2), without recurring to a higher dimensional process. This simple
representation might lead to some simplifications in the analysis of the process y itself,



FRACTIONAL DIFFERENTIAL SYSTEMS 3

like numerical schemes, Malliavin calculus properties, or continuity/discontinuity with
respect to the delay parameters rq,...,7,. On the other hand, it is not very hard to go
from one setting to the other, though this additional effort has not been undertaken here
for sake of conciseness.

Let us also mention that, as in other examples of fractional differential systems, an
important part of our work consists in verifying that the fractional Brownian motion
satisfies the assumptions of our abstract theorems. The main available tools we are
aware of for this kind of task are based on Russo-Vallois approximations [19], analytic
approximations of the fBm (like we did in [5]) or Malliavin calculus . We have chosen
here to work under the latter framework, since it leads to reasonably short calculations,
and also because it allows us to build on the previous results obtained in [16], where this
formalism was also adopted. Notice however that this approach leads to the same areas
and volumes as the Russo-Vallois setting, as stressed at Section 5.1.3.

Here is how our article is structured: Section 2 is devoted to recall the basic ingredients
of the algebraic integration setting. The diffusion case is treated at Section 3, and the
computations concerning delay systems can be found at Section 4. Finally, the application
to fractional Brownian motion is given at Section 5.

2. INCREMENTS

To begin with, let us present the very basic algebraic structures which will allow to
define a pathwise integral with respect to irregular functions.

2.1. Basic notions of algebraic integration. For an arbitrary real number 7" > 0, a

vector space V and an integer k > 1 we denote by Ci(V) the set of functions g : [0, T]* —

V,g(ti,....tk) = i1, such that g;..., = 0 whenever t; = ¢, for some 1 <i <k — 1.

Such a function will be called a (k — 1)-increment, and we will set C,(V') = U>1C (V).
On Ci(V') we introduce the operator ¢ defined as follows:

k+1

6:Cu(V) = Cna(V), (09t = D (1) " Gupiny (3)

i=1

where ¢; means that this particular argument is omitted. A fundamental property of ¢,
which is easily verified, is that § o 6 = 0. We will denote ZC(V) = Cx(V) N Kerd and

Throughout the paper we will mainly deal with actions of § on C;, i = 1,2. That is,
consider g € C; and h € Cy. Then, for any s,u,t € [0,T], we have

(5g)st =gt — Gs, and (6h)sut - hst - hsu - hut- (4)
Furthermore, it is easily checked that ZCp1(V) = BCr(V) for any k£ > 1. In particular,

we have the following property:

Lemma 2.1. Let k> 1 and h € ZCy1(V'). There exists a (non unique) f € Cr(V') such
that h = 6 f.

Lemma 2.1 implies that all the elements h € Cy(V') such that 6h = 0 can be written
as h = 0f for some (non unique) f € C;(V). Thus we have a heuristic interpretation of
dley(vy as a measure of how much a given 1-increment is far from being an exact increment
of a function, i.e., a finite difference.
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Remark 2.1. Here is a first elementary but important link between these algebraic struc-
tures and integration theory. Let f and g be two smooth real valued functions on [0, 7.

Define I € C; by
t v
I :/ (/ dgw> df,, for s,t€][0,T].

Then, (60)sue = [gu — 9s][ft — ful = (09)su(0f)uwe- Hence we see that the operator §
transforms iterated integrals into products of increments, and we will be able to take
advantage of both regularities of f and ¢ in these products of the form dgdf.

Let us concentrate now on the case V = R? and notice that our future discussions
will mainly rely on k-increments with £ < 2, for which we will use some analytical
assumptions. Namely, we measure the size of these increments by Hoélder-type norms
defined in the following way. For f € Co(V) and p € (0, 00), let

|fst|
= sup ;
71 seelo.r) |t — sl
and set Cy' (V') = {f € Co(V); || fll. < o0}

The usual Holder spaces C}'(V') will be determined in the following way. For a continuous
function g € Cy(V'), we simply set

(5)

glle = 110911, (6)

where the right-hand side of this equality is defined after (5); we will say that g € C{'(V)
iff || g|,, is finite. Notice that |||, is only a semi-norm on C; (V). However we will generally
work on spaces of the type

Cla(V)={9:10.T] = V; g0 = a, |lgll. < oo},

for a given a € V, on which ||g||,, then becomes a norm. For h € C3(V') we set

|h'sut|
h = sup
|| H%P s,u,t€[0,T] |u - S|Fy|t - u|ﬂ

1A, = inf {Z il psu—pis o= Zhi» 0<pi < M} 5

where the last infimum is taken over all sequences {h; € C3(V)} such that h = > h;.
Then || - ||, is easily seen to be a norm on C3(V'), and we set
Ci(V) :={h € Cs(V); ||h]lu < o0}

Eventually, let C]H(V) = Uu>1C5(V), j = 1,2,3, and remark that the same kind of norms

can be considered on the spaces ZC3(V), leading to the definition of some spaces ZC4 (V)
and ZC31(V).

With these notations in mind, the crucial point in our approach to pathwise integration
of irregular processes is that, under mild smoothness conditions, the operator § can be
inverted. This inverse is called A, and is defined in the following proposition, whose proof
can be found in [9, 11]:

Proposition 2.2. There exists a unique linear map A : ZC37(V) — C3* (V) such that
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In other words, for any h € C3* (V) such that §h = 0 there exists a unique g = A(h) €
Cot (V) such that 6g = h. Furthermore, for any p > 1, the map A is continuous from
ZCL(V) to CY (V) and we have

1
IARI, < 5 llAlle, he ZC5(V).

It is worth mentioning at this point that A gives raise to a kind of generalized Young
integral, which is a second link between the algebraic structures introduced so far and a
theory of generalized integration:

Corollary 2.3. For any 1-increment g € Co(V') such that 6g € C3™*

(Id—Ad)g = lim th .

[MLat[—0 4

where the limit is over any partition Uy = {to = s,...,t, =t} of [s,t], whose mesh tends
to zero. Thus by setting 0 f = (Id — Ad)g, the 1-increment § f is the indefinite integral of
the 1-increment g.

We can now explain heuristically how our generalized integral will be defined.

Remark 2.2. Let f and g be two real valued smooth functions, and define I € C, like in
Remark 2.1. Thanks to this remark and Proposition 2.2, the following decomposition-
recomposition for I = [ df [ dg holds true:

Jdg [df > (69) (5f) = [dg [df ,

where for the second step of this construction, we have only used the fact that the product
of increments (dg) (6 f), considered as an element of ZCs, is smooth enough. This simple
procedure allows then to extend the notion of iterated integral to a non-smooth situation,
by just applying the operator A to (dg) (6 f) whenever we are allowed to do it.

2.2. Some further notations. We summarize in this section some of the notation which
will be used throughout the paper.

A multilinear operator A of order [, from R% x ... xR% to R", is denoted as an element
A € R™di-4i_n order to avoid tricky matrix notations, we have decided to expand all our
computations in coordinates, and use Einstein’s convention on summations over repeated
indices. The transposed of a matrix M € R%% is written as M*.

We shall meet two kind of products of increments: first, for g € C,(R*?) and h € C,,(R?)
we set gh for the element of Cpyp—1(RY) defined by

(9h)trtminas = GtrsotnPcctiinrs t1 - b1 € [0, T1. (7)
If now g € C,(R%) and h € C,(R?) we set g - h for the element of C,(R!) defined by
(g . h)t1 ..... tn — gt1 ..... tnhtl ..... tn> tl) .. 7tn € [07 T] (8)

In order to avoid ambiguities, we shall denote by Nf; C#] the x-Holder norm on the
space C;, for j = 1,2,3. For ¢ € C;(V), we also set N[(;C°(V)] = supgc,<r ||y

The integral of a real valued function f with respect to another real valued function g,
when properly defined, is written indistinctly as [ fdg or J(fdg).
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3. THE DIFFUSION CASE

In this section, we will recall the basic steps which allow to define rigorously and solve
an equation of the form:

= a—i—/o o(ys)dzrs, t€0,T], (9)

where @ is an initial condition in R?, o : R® — R™? is a smooth enough function, 7" is
an arbitrary positive constant, and x is a generic d-dimensional noisy input with Holder
regularity v > 1/4. In the algebraic integration setting [9, 10|, this task amounts to
perform the following steps:

(1) Definition of an incremental operator ¢ and its inverse A.

(2) Definition of a suitable notion of controlled processes, and integration of those
processes with respect to x.

(3) Resolution of the equation thanks to a fixed point procedure in the space of con-
trolled processes.

Having dealt with the first of those points at Section 2.1, we turn now to the second one,
that is a definition of a useful notion of controlled processes.

3.1. Weakly controlled processes. Before giving the formal definition of a weakly
controlled process in the context of equation (9), let us recall that when the regularity
of the noise is 7 > 1/4, the rough path setting relies on the a priori existence of an area
(resp. volume) element x?2 (resp. x3) satisfying the so-called Chen’s relations:

Hypothesis 3.1. The path R?-valued x is v-Hdlder continuous with v > 1/4, and admits
a Lévy area and a volume element, that is two increments x2 € Ca'(R%%) and x3 €
CI(RMD) (which represent respectively J(dxdzx) and J(dzdrdz), with the conventions
of Section 2.2) satisfying:

0x?=0r®dx, e (0(x*))eu = (00")su(027)us
0x2=x2@dxr +dr@x2, e (5(X3)ijk)5ut = (X?u)ij((hk)ut + (5xi)5u(x2 )jk,

ut

for any s,u,t € [0,T], and any i,j,k € {1,...,d}.

The geometrical assumption for rough paths (which is satisfied by the fractional Brow-
nian motion in the Stratonovich setting) also states that products of increments should
be expressed in terms of iterated integrals:

Hypothesis 3.2. Let x2 be the area process defined at Hypothesis 3.1, and denote by
x25 the symmetric part of x2, i.e. x25 = %(x2 + (x?)*). Then we suppose that for
0<s<t<T we have:

2;s

1
Xt = 5(537)& X (555)5,5.

With these hypotheses in mind, the natural class of processes which will be integrated
against x are processes whose increments can be expressed simply enough in terms of the
increments of x:

Definition 3.1. Let z be a process in C{(RY) with k < 7 and 3k +~ > 1, such that
20 = a € R, We say that z is a weakly controlled path based on x if 6z € C5(R!) can be
decomposed into

521 = (9007 + (YO 41t e (02 = (G (60) () (E)H 41, (10)
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forany 1 < i <[, 1< 9,k <d. In the previous decomposition, we further assume that
¢t e CE(RM) s a path with a given initial condition ¢} = b € R4, such that 6¢* € C5(RH)
can be decomposed itself into:

0(¢H)Y = (¢1)Roa™ + p, e (8(CH)Y)o = (C2)TH(00) st + i
for all st € [0, T), where ¢? is a given path in Cf(R“4). Notice also that in the previous
equations, v and p are understood as regular remainders, such that r € C3*(R') and
p € C3(RM).

The space of weakly controlled paths will be denoted by Q. .5(R"), and a process z €
Qr.an(RY) can be considered in fact as a triple (z,¢,¢?). The natural semi-norm on
Q..ap(RY) is given by

N Qua(R)] = Nz CHRY] + N[C G ()] + NIC CHRE)
+ NGO (RH4)] + NG CER)
+ Np; €M (RM)] + Nr; €37 (R')],
where the notations N'g; C§(V')] and N[(;C°(V)] have been introduced at Section 2.2.
Remark 3.1. With respect to the case v > 1/3, the link between ¢! and (2 in the definition
of controlled processes is new. This cascade relation between z, ¢! and (? is reminiscent of

the Heinsenberg group structure of Lyons’ theory, and is really natural for computational
purposes.

We can now study the stability of controlled processes by composition with a regular
function.

3.2. Composition of controlled processes. The results of this section can be summa-
rized into the following:

Proposition 3.1. Assume Hypothesis 3.2 holds true. Let z € Q. .p(R') with decom-
position (10), consider a regular function ¢ € C3(RLR) and set 2 = p(z), a = ¢(a),
b= 0up(a)b’. Then z € Q, ,;(R), and this latter path admits the decomposition
02 = (C'You? + (CYF ()M + 7, (11)
with
(CY =[0ip(2) - (¢)7], (V" = [Bip(2) - ()] + Oninip(2) - (€)1 - (¢4,
and where 7 can be further decomposed into # = ' + 2 + 73, with:
P = Oip(2)r',
2 = $M0npl) - () () (2] + 20, ()
+[Onp(2) - () ()] [0 - (x*)M]
+[0np(2) - ()]0 - 1] + [Bra,p(2) - (C)MI1(x)S - 2],
7 = 0p(2) — 0ip(2)dz" — §8Z-jg0(z)[6z’ -027].

As far as (fl)j 1s concerned, for 1 < 7 <d, it can be decomposed into

5(CH = (CP)yRoak + p (12)
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where the remainder (' can be expressed as p? = (p*)? + (p?)?, with:
(p') = Bip(2)p" + [00ip(2)] - 6(¢1)]
+ [0 (2) - () - (C)2PR2)(x2)7 + [Oni,0(2) - (C1)™M ],
(0%) = (¢1)0[0:(2)] = [(C1)" - Duyiip(2)] 02"
Finally, the following cubical bound holds true for the norm of z:
N2 Q, 45 (R)] < cour(L+ NPz Quas(R))). (13)

Proof. This proof is a matter of long and tedious Taylor expansions, and we shall omit
most of the details. Let us just mention that we start from the relation:

<5'§>5t = (,O(Zt) - QD(ZS) = aigp(’zsxézi)st + %aiﬂz(p(zs)(ézil)st<52i2>st

+ ¢<Zt> - 90(25) - GiSO(ZS)((SZi)st - %ailizw(%)(5zi1)8t(52i2)st'

The desired decomposition (11) is then obtained by plugging relation (10) into the last
identity, and expanding further. It should also be noticed that some cancellations occur
due to Hypothesis 3.2. Relation (12) is obtained in the same manner, and our bound (13)
is a matter of standard computations once the expressions (11) and (12) are known.

O

3.3. Integration of controlled paths. It is of course of fundamental importance for
our purposes to be able to integrate a controlled process with respect to the driving signal
x. This is achieved in the following proposition:

Proposition 3.2. For a giveny > 1/4 and k < 7, let x be a process satisfying Hypothesis
8.1. Let also m € Q,p.(RYM) with decomposition my = b € RV and

(6m")st = (1) (627 )5t + ()" (x2)V + 1y, 1< i< d, (14)
where pt € CHRYY), pub = ¢ € RY, and where du' € C5(R*) can be decomposed into
(B(") )t = (12) 7 (62" )st + P, (15)

with p? € CF(RY®) p € C2%(R%4), r € C3F(RYY). Define then z by 2o = a € R and
5z = midxt + (1) (k2 + (u2) TR A (o + p (x4 3(i2) IR (). (16)
Finally, set
J(m'dx") = dz. (17)
Then,

(i) z is well-defined as an element of Q. .p(R), and J(m'dz') coincides with a Rie-
mann integral in case of some smooth processes m and x.
(ii) The semi-norm of z in Q, 4 p(R) can be estimated as

N2 Quap(R)] < cor{1+ [blgra + T (|blgra +N[m; Qup (R} (18)
Furthermore, we obtain

102 < er 2T (|blgra + N[m; Qupe(RED)). (19)
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(iii) It holds

Tt (m'dax?)

= i Sl 60+ ()G ) ), )T (20)
q=0

for any 0 < s <t < T, where the limit is taken over all partitions llg = {tg =
Sy... tn =1} of [s,t], as the mesh of the partition goes to zero.

Proof. Here again, the proof is long and cumbersome, and we prefer to avoid most of the
technical details for sake of conciseness. Let us just try to justify the second part of the
first assertion (about Riemann integrals).

Let us suppose then that z is a smooth function and that m € C{°(RY?) admits the
decomposition (14) with p! € C2(R*9), p? € C3°(R4%), p € C°(R%?) and r € C3°(RYY).
Then J(m'dx") is well-defined, and we have

[ =it~ )+ [t
for s < t, which can also be read as:
J(midx") = miox’ + J(dm'dx?). (21)
Let us now plug the decomposition (14) into the expression (21). This yields
J(m'da’) = m'ox’ + J([(n")?d2"|da") + T ()" (x*)]da’) + T (r'da’)
= midal 4 (u VIR ()R T (), (22)

and observe that the terms mdx?, (u')¥(x?)7 and (u?)“*(x3)*! in (22) are well-defined
provided that z, x2 and x® are defined themselves. To push forward our analysis to the
rough case, we still need to handle the term J(r‘dz?). Owing to (22) we can write

T(ride’) = T(mida') — misat — (1) (x2) — (u2)* (x3)4, (23)

and let us analyze this relation by applying ¢ to both sides of the last identity. Invoking
standard rules on the operator §, and the fact that x satisfies Hypothesis 3.1, we end up
with:

ST (rda®)] = 0(u! Y (2P + 62 ()9 — (i) (2 ot
and thanks to the fact that §(u')¥ = (u?)¥*§2* + p, we obtain:
ST (rda’)] = % (e + (1)) 4 i (24)
Assuming now that p¥(x2)7% §(u?)7k(x3)Mi rigzt € C¥ with v > 1, then p¥(x2)7 +
§(p?)*(x3)k% 4 ri§z" becomes an element of Dom(A). Thus, applying A to both sides of
(24) and inserting the result into (21) we get the expression (16) of Proposition 3.2. This

justifies the fact that (16) is a natural expression for J(m'dz").
U
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3.4. Rough diffusions equations. In this section, we shall apply the previous consid-
erations to study differential equations driven by a rough signal, and recall that we first
wish to solve simple equations of the form

dy, = o(y,)dzy,  yo = a, (25)
where t € [0,7T], y is a Rl-valued continuous process, o : Rl — R4 is a smooth enough
function, = is a R%valued path and a € R! is a fixed initial condition.

In our algebraic setting, we rephrase equation (25) as follows: we shall say that y is a
solution to (25), if yo = a, ¥ € Qy.4.0(a) (R!) and for any 0 < s <t < T we have

(0y)st = Tst(o(y)da), (26)

where the integral J(o(y)dz) has to be understood in the sense of Proposition 3.2.
With these notations in mind, our existence and uniqueness result is the following:

Theorem 3.3. Let x be a process satisfying Hypotheses 3.1 and 3.2, and o : R — R4
be a Cp-function. Then
(i) Equation (26) admits a unique solution y in Qa0 (R') for any k <~ such that
3+ > 1.
(ii) The mapping (a,x,x2,x3) — y is continuous from
R' x C7(RY) x C37(R*) x €37 (R to CF(R),
in the following sense: let z be the unique solution of (26) in Qa0 (R') and z
the unique solution of (26) in Qa0 (R'), based on x, T, respectively. Then, there
extsts a positive constant C, 5z depending only on o, x,x such that

Nz = 2 CHRY) < é0{Ja — ] + Nz — C](RY)]
—1—./\/[)(2 N 5&2; Cgv(Rd,d)] +N[X3 N 5&3; CS’Y(Rd’d’d)]}.
Proof. As in [9, 11], we first identify the solution on a small interval [0, 7] as the fixed
point of the map I' : Q, 4 o(a)(R) = Oy a0(a)(R') defined by I'(z) = 2 with 2y = a and
0z = J(o(z)dz). The first step in this direction is to show that the ball
By = {2 2= a, Nz Qra,0(a) ([0, 7]; Rl)] < M} (27)

is invariant under I' if 7 is small enough and M is large enough. However, due to Propo-
sition 3.2 and Proposition 3.1, invoking the fact that o is bounded together with its
derivaties and assuming 7 < 1, we obtain

NTL(2); Qraotay(R)] < ex{1 + o) |rra + 77 (|o(a) s + No(2); Q, 5 5 (R}
< Coo{l+ 7N o(2); Q45 (RM)]}
S Cz,a{l + 7‘7_5(1 + N?’[Z'; Qx,a,o(a) (Rl)])}

< Coo{1+ TNz Quao(a) R, (28)
. , 1
where @ = o(a) and b = 0;0(a)c* (a). Taking M > ¢,, and 7 < 79 = (M+c“ —115) AL
we obtain that ¢,,(1 + 777"M?) < M. Therefore, the ball By, defined at (27) is left
invariant by I'.

It is now a matter of standard considerations to settle a fixed point argument for I" on
[0, 7], and also to patch solutions on any interval of the form [k, (k+ 1)7| for k > 1. The

details of this procedure are left to the reader, as well as the continuity property (ii).
O
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4. THE DELAY EQUATION CASE

This section is devoted to show how to change the diffusion setting in order to cover
the case of delayed systems, having in mind to solve an equation of the form:

dyr = o (Yo, Yo—rys - - Yor,) dxy T €0, T, (29)
Yr = &t t€[-ry0],

where z is R%valued y-Hélder continuous function with 1/4 < v < 1/3 (see [16] for the
case v > 1/3), the function o is smooth enough, £ is a R"-valued 3y-Hélder continuous

function, and 0 < r < ... < 1, < oo. Notice that for notational convenience, we set
ro = 0 and we shall also use the notation
5<y)t = (yt—ma s 7yt—7‘q)7 te [07 T]a (30>
which means that equation (29) can be written as:
dyt = 0<yt—T075(y>t) dxt te [07T]7
(31)
Yr = &t t € [—rg, 0.

As mentioned in the introduction, we have chosen here to follow the steps of [16], and
rely on the notion of delayed controlled paths in order to capture the structure of our
equation. We shall thus first define this new class of paths, and see how to integrate them
with respect to the driving process x.

4.1. Delayed controlled paths. As in the diffusion case, our analysis will rely on some
a priori increments based on our driving noise . More specifically, we set §(z(v))gy =
(0)5—yt—y for s,t,v € [0,7], and we assume the following:

Hypothesis 4.1. The path x is a R%-valued y-Hélder continuous function with v >
1/4, and admits two doubly delayed Lévy areas and two doubly delayed volume elements.
Namely, for v,v" € {rq,...,ro}, we assume that there exist four paths

x2(v',v),x2(v' —v,v) € G ([0, T; R,  x3(v/,v),x3(v' — v,v) € C37([0, T]); RE%%),
satisfying the relations 6x%(v",v) = §(x(v +v")) ® §(x(v)) and
ox3 (v, v) = x2(v",v) @ §x + §(z(v + v")) @ x*(v,10),
which can also be written as:
W) Vst = (02" s pmvr i (027 )yt
(5(X3(U"7 U))ijk>sut = (X?u(vﬂ7 U))ij((sxk)ut + (&Ei)s—v—v”,U—v—v” (th(v, T0)>jk7
for v" =" orv' —w, for any s,u,t € [0,T], and any i,j,k € {1,...,d}. The following

notational simplification will also be used in the sequel: we may set x2(v") = x2(v",v)
whenever v = 1.

Remark 4.1. This hypothesis takes a more complex form than in [16], where the case
v > 1/3 was treated. However, in case of a regular process z, it should be noticed that
the increments x?(vy, v2) and x®(v1, v2) can be defined as:

t—wvo t
X2 (v, 1) = / (62(v1))s—vpw @ dTy, and  x3,(vy,vy) = / x2 (v1,02) ® d,

v
which means that x? (resp. x®) takes the usual form of a double (resp. triple) iterated

integral. It is also easily conceived that these objects can be expressed in terms of iterated
integrals of the frame process introduced in [12].
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As in Hypothesis 3.2, one should also express the fact that products of increments can
be expressed in terms of iterated integrals. The following hypothesis is then easily shown
to be a natural extension of what can be obtained in case of a smooth function z, and
can be interpreted in terms of geometricity of the frame process:

Hypothesis 4.2. For v,v' € {r,,...,70}, let x2(v',v) and x*(v' — v,v) be the area pro-
cesses defined at Hypothesis 4.1. Then we suppose that for all 0 < s < t < T, we have
X2 (v, 0) = %7, (v, 7o) and
[ (v)]s @ [02(0)]or = x5 (v — V', 0") + (x%, (v = v,0))".
With these hypotheses in hand, the delay equation will be solved in the space of delayed
controlled processes, which can be defined as follows:

Definition 4.1. Let —co < a < b < T, a given initial datum o € R™ and z € C{([a, b]; R™)
with k < v and 3k+v > 1. We say that z is a delayed controlled path based on x if z, = «,
and if 0z € C5([a, b]; R™) can be decomposed into

02" = (¢")9oa7 + (CBD)I(EE (ra )M + R, (32)
for all 1 < i < n, and where the index i' is summed over the set 0 < i’ < q. Just as in

Definition 3.1, the process ' above has to admit the further decomposition: ¢} = € R™¢,
where B has to be interpreted as another initial datum, and for 1 < j k <d

B¢ = (¢ (i) + o 3
The regularity of the processes introduced above has to be the following: ¢! is an element
of Ct([a,b];R™), () € C¥([a,b];R™9), and the remainders R, p must satisfy R €
C3*([a, b]; R") and p € C3*([a, b]; R™?).
The space of delayed controlled paths on [a,b] will be denoted by D, p([a,b];R™), and
a path z € D, o 5([a,b]; R™) should be considered in fact as a (q+ 3)-tuple (2,1, ¢ ...,
CZD). The natural semi-norm on Dy 5([a,b]; R™) is then given by
N2 Dy.as(la, b; R")]
= Nz Cf ([a, 0; R™)] + N[ C°([a, B R™)] + N ¢ CF ([, B R™)]

q q
+ D NI ([a, b R + 3 NICH; € ([, bl R™ ).
i"=0 =0
+Np; € ([a, b; R™)] + NR: €5 ([a, bl R™)],
where we recall that the notations N'[g; Ci([a,b]; V)] and N[g;C°([a, b]; V)] have been in-
troduced at Section 2.2.

4.2. Rough delay differential equations. We shall now turn to the main goal of this
section, namely the resolution of equation (31), with initial condition y; = & for t € [—r, 0],
where we recall the convention (30) for s.

Theorem 4.1. Let x be a path satisfying Hypotheses 4.1 and 4.2, let o : R4t — R4
be a C}-function and let € € C'([—r,0];R™). Then

(1) Equation (31) admits a unique solution y in Dy ¢ o, (e)([0, T];R™), for any k < v such
that 3k +~ > 1 and any T > 0, where 0,.(&) = (&0, Erys - - . )

(i) The map

(57 2, X (rin) Yocincg, {X° (rjr, 1ie) Y<r jrags {X5 (rjr — v, Tz‘")}ogi",j”gq> =y
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18 locally Lipschitz continuous from
CY([=r, 0 R™) x €1 ([0, T]; RY) x (CSV([O,T];RCI’CI))(]Jrl % (CS’Y([O’T];Rd,d,d)>2q2+2q+1
to Cy([0,T];R").

Remark 4.2. As in [16], we could have handled the case of a controlled initial condition
&. We did not consider this possibility here for sake of simplicity.

Proof of Theorem 4.1. With the previous algebraic structures and computations in hand,
the proof of this theorem follows the lines of |16, Theorem 4.2|. Since our approach is also
arguably equivalent to solve an ordinary rough differential equation in the frame process
setting, we shall be very short in our arguments.

Indeed, the proof of point (i) relies on the introduction of a map
I': Dyaplla,b; R") x D&dﬁ([a — 14,0 —11);R") = D, 4 s([a, b]; R™),

defined for 0 < a < b < T as follows: for z € D, o s([a,b];R"), Z € D, 4 5([a—74, b—1]; R")
and a < s <t <b, set

(0T(2, 2)]st = Tt (0(2,8(2))dx) .
In the relation above, notice that the generalized integral 7 is defined in a similar way
to Proposition 3.2. When b — a is small enough, I' is shown to be a contraction along the
same lines as for Theorem 3.3, and a global solution is then shown by patching solutions
on small intervals, as explained in detail in [16, Theorem 4.2|. This proves our claim (i).

The tedious but elementary computations leading to point (ii) are left to the reader.
O

5. APPLICATION TO FRACTIONAL BROWNIAN MOTION

All the previous constructions rely on the specific assumptions that we have made on
the process x. In this section, we prove how our results can be applied to the fractional
Brownian motion. More specifically, we first recall some basic definitions about fBm, and
then define the delayed Lévy area B2. We shall then turn to the definition of the volume
B2, which is the main difficulty in order to go from the case H > 1/3 treated in [16] to
our rougher situation.

5.1. Basic facts on fractional Brownian motion. Recall that a d-dimensional fBm
with Hurst parameter H € (0,1) defined on the real line is a centered Gaussian process

B={B,=(B},...,BY; t ¢ R}

where B',..., B¢ are d independent 1-dimensional fBm, that is, each B’ is a centered
Gaussian process with continuous sample paths and covariance function
S 1
Ru(t,s) = B(B{B)) = S ([t + |5/ — [t — s[*"), (34)
for all : € {1,...,d}. In the sequel, all the random variables we deal with are defined on a

complete probability space (2, F,P), and we assume that F is generated by the random
variables (By; t € R). The fBm verifies the following two important properties:

e Scaling property: for any ¢ > 0, B©) = CHB./C is a fBm,
e Stationarity property: for any h € R, B.,, — B}, is a fBm.
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Notice that we work with a fBm indexed by R for sake of simplicity as in [16], since this
allows some more elegant calculations for the definitions of the double delayed Lévy area
and volume, respectively. Furthermore, since the case H > 1/2 or the Brownian case
H = 1/2 are less demanding than the rougher case, we shall mainly focus in this section
on the range of parameter H < 1/2.

5.1.1. Gaussian structure of B. Let us give a few facts about the Gaussian structure of
fractional Brownian motion, following Chapter 5 of [17]. All the considerations in this
direction will concern a 1-dimensional fBm B, which will be enough for our applications.

Let & be the set of step-functions on R with values in R. Consider the Hilbert space ‘H
defined as the closure of £ with respect to the scalar product induced by

<]1[t,t’}a ]1[573/]>H = RH(t,, S/) — RH(t/, S) — RH(t, S,) + RH(t, 8),

for any —oo < s < ¢ < 400 and —o0 < t < t' < 400, and where Ry(t,s) is given by
(34). The mapping

Il[t,t'] — By — By
can be extended to an isometry between H and the Gaussian space H;(B) associated with
B. We denote this isometry by ¢ — B(y).

The spaces H and H;(B) can be characterized more precisely in the following way:
first, we notice that a 1-dimensional fBm defined on the real line, with H # 1/2, has the
following integral representation in terms of a Wiener process W defined on R (See |21,
Proposition 7.2.6] for details):

1 H-1/2 H-1/2
B = (s — (=) aw,, ter, 35
= e L [ = o 3
where
o 2 1\
Ci(H) = (/ (14 )72 — sH712]7 s + —) , (36)
0 2H
and where ay stands for the positive part of a real number a, namely ay = Ir, (a)a.

Using the representation (35), the authors in [18| define the following stochastic integral
of a deterministic function with respect to a 1-dimensional fBm B:

fR( DY E) (dW,,  H<1/2,

fR< 712 )(u)qu, H>1/2,

provided that the stochastic integral with respect to the Wiener process W makes sense,
and where

(D) () = 57—y / flu rm“”)dr, (37)

(Z2f) (w) = r(la)/u (T_u)l —dr, (38)

for 0 < a < 1. The expressions (37) and (38) are respectively called right-sided fractional
derivative and right-sided fractional integral on the whole real line. We remark that, in
general,

6—>0F 1—a

(D2 f) (u) = lim——— / U T1+au+r)dr.
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We also notice that
(If((fo)) (u) = (Df (Iff)) (u) = f(u). (39)

When f is a function defined on an interval [a,b] with —oo < a < b < 0o, extend f by
setting f* = f1,4). Define then

(D) (u) = (D% f) () = —— I "

) o [P fw) = f(r)
I'(1l—a)b—u)> * I'(1—a) /u (r — u)tte dr,  (40)

(fo*) (u) = (Zfbf) (u) = L )/ ( f(r) dr, (41)

N r—u)l-e

for 0 < @ < 1, a < u < b. The expressions (40) and (41) are respectively called right-
sided fractional derivative and right-sided fractional integral on the interval [a, b]. In this
context, as in the case of the whole line (see [20] for details and also [22]), the following
relation holds true:

(D2,f) (u)

f(u) . « b (w) — f(r)
L1 —a)(b—u) + ll_{%p(l ) Jose (e dr.

With these notations in hand, it is proved in [18] that the operator
Dl_/HI) W, H<1/2,
I'(H+1/2) ( f)w /

KN = =51

() ), =172,
is an isometry between H and a closed subspace of L*(R). In fact,

<¢a ¢>H = <’C¢7 IC¢>L2(]R)7

for all ¢, 1 € H. This also allows to write B(y) as W (Ky) for any ¢ € H, where W (Kyp)
has to be interpreted as a Wiener integral with respect to the Gaussian measure W. In
particular, we have:

E[|B(9)"] = llelln = 1Ko r2w)- (42)

5.1.2. Malliavin calculus with respect to the fBm B. Let S be the set of smooth cylindrical
random variables of the form

F:f(B(QOl),,B(QOk», (,OZ'EH, ie{l,...,k’},

where f € C®°(R%* R) is bounded with bounded derivatives. The derivative operator
D of a smooth cylindrical random variable of the above form is defined as the H-valued
random variable

’ (B(1); - -+ B(or))pi-

This operator is closable from LP(Q2) into LP(€; H). As usual, D? denotes the closure of
the set of smooth random variables with respect to the norm

IFI3 > = EIF|* + E[[DFl7,.

In particular, considering a d-dimensional fBm (B?,..., BY), if DB'F denotes the Malli-
avin derivative of F € ]D)}g’? with respect to B, where ]Dg? denotes the corresponding
Sobolev space, we have DBiBg = 0jjl(—ooy for 4,7 = 1,...,d, where 0;; denotes the
Kronecker symbol.
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The divergence operator [ is the adjoint of the derivative operator. If a random variable
¢ € L*(Q;H) belongs to dom(I), the domain of the divergence operator, then I(¢) is
defined by the duality relationship

E(FI(¢)) = E(DF, ¢)n, (43)
for every F' € DY2. In additon, let us recall two useful properties verified by D and I:

e If ¢ € dom(7) and F' € D? such that F¢ € L*(Q;H), then we have the following
integration by parts formula:

I(F¢) = FI(9) — (DF, d. (44)
o If ¢ € D'*(H), D,¢ € dom([) for all r € R and {I(D,®)},er is an element of
L*(Q;H), then

D, 1(¢) = ¢ + I(D,9). (45)

One can relate the Malliavin derivatives with respect to B and W through the operator

K defined above. Indeed, relation (39) shows that /C is invertible. This allows to state,

as in the case of a 1-dimensional fBm B in an interval (see for example [17, Section 5.2

and also [1]), the following relations for the Malliavin derivative and divergence operators
with respect to the processes B and W:

(i) For any F € Dy;7 = D2, we have:
KDF = DV'F,

where D" denotes the derivative operator with respect to the process W, and ]D)Il/{/2
the corresponding Sobolev space.
(ii) Dom(I) = K~Y(Dom(/")), and for any H-valued random variable u in Dom([)

we have I(u) = IV (Ku), where IV denotes the divergence operator with respect
to the process W.

In addition, we have DM?(H) = (K~!)(L"?), where L'? = D"?(L*(R)), and this space

is included in dom(I"). Making use of the notations IV (¢) = [ u AW, for any ¢ €

dom(1"), and I(¢) = [, ¢u dB, for any ¢ € dom(I), we can write:

/R b dB, = / (K6)(u) dW,

This kind of relation also holds when one considers functions defined on an interval.
Indeed, for some fixed —0o < a < b < 0o, and H < 1/2, relation (40) yields

/a ¢y dB, = /R Gullip(u) dB, = /R (KoM ) (u) dW, = / @8 6) (u

where the operator K*! is defined by:
I'(H+1/2)
Kl £ (u _—

(o)) = =5
with C)(H) defined by (36). In case of an interval [a,b], it should also be mentioned
that an important subspace of integrable processes is the following: let £[*? be the set of

step-functions on [a, b] with values in R. As in [17, Subsection 5.2.3], we consider on this
space the semi-norm

L O el Y
2 _ r
H('OHHK([a,b]) _/ (b—u)'- 2Hdu+/ </ Wdr) du.

(Di/bz_Hf> (u), for a<wu<b,
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Let Hx([a,b]) be the Hilbert space defined as the closure of £1%% with respect to the
previous semi-norm. Then the space Hx([a,b]) is continuously included in M, and if
¢ € DY2(Hg([a,b])), then ¢ € Dom([).

5.1.3. Generalized stochastic integrals. The stochastic integrals we shall use in order to
define our doubly delayed Lévy area and volume are defined, in a natural way, by Russo-
Vallois’ symmetric approximations, that is, for a given process ¢:

b
\/a\ ¢w dOBZU = —ll_l’)r(l]%/ ¢w w+£ _a)dw,

provided the limit exists. It is well known that the Russo-Vallois symmetric integral
coincides with Young’s integral for H > 1/2, and with the classical Stratonovich integral
in the Brownian case H = 1/2. Since these two cases are not very demanding from a
technical point of view, we will focus our efforts on the case 1/4 < H < 1/2. This being

said, for v; € [—r,r|, vo € [0, 7], such that v + vy > 0, we will try to define the increments
B2 and B3 as

t—uvo U—v1 t—v2 ) U—v1 )
B2, (v, v2) :/ doBu®/ d°B,, i.e. (B2(vy,v2))" :/ dOBi/ d°B;

—v2 —vg—v1 S—v2 —vg—v1

t w—v2 Uu—v1
Bft(vl,'ug):/ d°Bw®/ d°B, ®/ d°B;,,
s S—v2 §—v2—V1
w—v2 uU—v1 )
i.e. (B3 Ul,Ug Zj /doBk/ dij/ dOB:Lm (46>

forall 4,5,k € {1,...,d}, 0<s<t<T < 0.

Interestingly enough, one can establish the existence of symmetric integrals thanks to
some Malliavin calculus criterions:

Proposition 5.1. Let ¢ be a stochastic process such that ¢ i,y € DV (Hg([a,b])), for
all —oo < a < b < 00. Suppose also that

1
Tr[a’b]Dqﬁ = [2 ll_r,l(l) 2_5/ <D¢u> ]l[u_€7u+€]>7-(du

is an almost surely finite random variable. Then fab b,d° B! exists, and verifies

b
/ Gud” B, = 1(0la) + Trpan Do

Furthermore, the following algebraic relation is trivially satisfied for this kind of inte-
grals:

Lemma 5.2. Let a = {ay, w € [a,b]} be a stochastic process such that its symmet-
ric Russo-Vallois integral with respect to a 1-dimensional fractional Brownian motion B
exists, and let F' be a random wvariable. Then Fa s integrable with respect to B in the

Russo-Vallois symmetric integral sense and f; Foa,d°B, = F f: Q,y d° By,

We are now ready to show the existence of delayed areas and volumes with respect to
fBm.
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5.2. Delayed Lévy areas. Before we turn to statements involving increments as func-
tions of two parameters, let us deal first with fixed times s, t:

Proposition 5.3. Let B be a d-dimensional fractional Brownian motion, with Hurst
parameter H > 1/4. Then, for s,t € [0,T], v € [=r,7], v2 € [0,7], such that v; + vy > 0,
the doubly delayed Lévy area, denoted by B2 (vi,vy) and defined by (46), is well defined.
In addition, we have E[|B2(vy,v0)[?] < |t — s|* for a strictly positive constant ¢ =
Cuuw 1 tndependent of vy, exhibiting the following discontinuity phenomenon: we have
limy,, o CH w7 = 00, but cpor 1s finnite.

Remark 5.1. The discontinuity result on cpg,, v alluded to above is not a surprise, and
had already been observed in [16].

Proof. As mentioned before, the case H > 1/2 is rather easy to handle, and we thus focus
on 1/4 < H < 1/2. It should also be mentioned that Lévy areas can be constructed
in a similar way to [16], though an extra attention has to be paid in order to treat
irregular cases, when H approaches 1/4. As a last preliminary remark, observe that, due
to the stationarity property of the fBm we shall work without loss of generality on the
interval [0,¢ — s] instead of [s — vg,t — vs] in the sequel, that is, B2 (vy,vy) behaves as
B(Z),tfs(vl) = B(z),tfs(vb 0)
1) Casei = j andv; > 0. Consider the process ¢ = (B'_, —B", J1jp;—g(-). When v; > 0,
the arguments in |16, Proposition 5.2| for 1/3 < H < 1/2 also hold for 1/4 < H < 1/3.
Thus , ,
(B(z)ﬂf_s(vl))“ = [Bl (¢) + Tr[O,tfs]DBl¢a

where I2'(¢) denotes the divergence integral of ¢ with respect to B? and

Bi 1t — )%, if v1 =0,
Troe—g D7 ¢ = { —Hv?H 7t — 5)2—|— 2t =s+v)* —of), ifv; > 0.

In addition, one can also prove, as in [16], that
ii |2
E|(Bf—(01)"]” < cmult —s|',
for any v, € (0, 7], where lim,, . ¢gr,, = 00. On the other hand, the computations above
also show that E[(BZ,_,(v1,0))"|* < e, [t — s|*.
2) Case i = j and vy < 0. When v; < 0, we will show that
(BR (1)) = 17 (9) + Ty D”'9, (47)
where now
i 1
Trppg D% ¢ = H(—vi)*" 1 (t — s) + §(|t — s+ [ — (—Ul)QH). (48)
Indeed, notice that D' ¢, = Iy, u—01) (7)o 4 (u) and furthermore, for u € [0, — s] and
e € [0, —vy], one can write

< ]1[—111 su—v1]» ﬂ[u—s,u—‘,-s] >’H

1
:§(|—v1+e\2H—\—vl—e\w—l—\—vl—u—glm—]—vl—u+€\2H)

1
:5((—vl+5)2H—(—vl—5)2H+|—vl—u—5|2H—|—vl—u+5|2H).

Performing now a Taylor expansion in a neighbourhood of ¢ = 0, we get
(—v1 4+ &) = (—vy — ) =4H(—v))*" e + 0 (%) .
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Thus, applying the dominated convergence theorem (details are left to the reader) we

obtain
t—s

ti | 4—15((—111 Lo (v — ) Ydu = H(—0) Nt — s). (49)

Along the same lines, by separating the cases —v; >t —5s, 0 < u < —v; < t—s and
—v; <u<t-—s, it can also be proved that

t—s

1
li o ., ~l2H _ 2H du =
alir(l)o 45(| v —u—g| | v —u+el)du=

We now obtain (48) by putting together (49) and (50).

Let us bound now Tr[o,t,s}DBigb from expression (48): in the case —v; > t — s, invoking
the fact that, for 0 < p < 1 and a > b > 0, the inequality a? — b” < (a — b)P holds true,
we obtain

(Jt = s+ v *" = (=v1)*). (50)

l\l)l»—l

Trige gD 6] = H(=en (e = ) + 5 ((—0a = (=1 = (0 = 5))")

< H(E =) 4+ 2 (=0 = (o) = (£ = 9)*M)) < (= 5",

and in the case —v; <t — s, we also have

i

1
Tr[o,t—s}DB ¢| = H(—v)*" 1t —s) + §|(t —s+u) - (—U1>2H}

< H(_U1>2H71T172H(t o 8)2H T %((t o S)2H 4 (—U1)2H + (_U1>2H)

S <H(—U1)2H1T12H 4 ;) (t . 8)2H.
Thus, we have found

i 3
| Trjo - D" gb| < (H(—vl)QH_lTl_QH + 5) (t—s)*, forall v, €[-r0). (51

We proceed now to bound the term I”'(¢) in (47): owing to (45), we have

DrBZ[BZ(¢) (B:‘ vy —v1)]1[0t ] (T) + IB ( ”1"71)1]]1[0”575](.))
(B:‘ v1 _B—m)]l[()t S]( )+IBZ( [v1+rt— 3}('))]1[*1’1715*3*”1}(76)

= (B;_y, = BL, ) ou—s(r) + (Bi_y = By i) Uy s (1) (52)
Hence, thanks to (52) and using the same arguments as in the proof of [16, Propositon
5.2], we obtain
E[I” ()" < cnlt — s, (53)
with a constant cy > 0 independent of v;.
Finally, (51) and (53) imply E|{(BF,_,(v1))"|* < ¢, [t — s|* for any v; € [-r,0), and
thus, according to our stationarity argument:
E| (B2 (01, 02))"|" < cap |t — 5|7, (54)
for any vy € [—r,0) and vy € [0,7].

3) Case i # j. This case can be treated similarly to [16, Proposition 5.2|, and yields the
same kind of inequality as in equation (54).
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Our claim E[|B2(vi, v9)[?] < c|t — s|*™ now stems easily from the inequalities we have
obtained for the 3 cases ¢ = j and v; > 0,7 =7 and v; < 0, and i # j.
OJ

We can go one step further, and state a result concerning B? as an increment.

Proposition 5.4. Let B2 be the increment defined at Proposition 5.3. Then B? satisfies
Hypothesis 4.1 and 4.2.

Proof. First, we have to ensure the almost sure existence of B2 (vy,v9) for all s,t € [0, T].
This can be done by noticing that B2 (v, v;) is a random variable in the second chaos of
the fractional Brownian motion B, on which all LP-norms are equivalent for p > 1. Hence
we can write:

E}(Bgt(vlv ,02))1‘3’|P < CH7017p|t - S|2pH’ (55)

for any i,7 € {1,...,d} and p > 2. With the same kind of calculations, one can also
obtain the inequality

E|[(B2,,,(v1,v2))7 — (B2, (v1,v2))7|" < carop (It — t1 [P + |52 — 51 [P7) .

Then, a standard application of Kolmogorov’s criterion yields the almost sure definition
of the whole family {B2(vy, v); s,t € [0,T]}, and its continuity as a function of s and t.

Moreover, a direct application of Lemma 5.2 gives
6B2(v1,v5) = 6(B(vy +v1)) ® 6(B(vy)), (56)

and Fubini’s theorem for Stratonovich integrals with respect to B also yield easily Hypoth-
esis 4.2. Finally, it is readily checked that B2(vy,vs) € C37(R%%) for any 1/4 < v < H,
vy € [—r, 7| (separating the case v; = 0) and vy € [0,7]. Indeed, it is sufficient to apply
Corollary 4 in [9] (see also inequality (90) in [16]), having in mind the bound (55) and
expression (56).

0

5.3. Delayed volumes. We study now the term B3(vy, vy), starting from a similar state-
ment as in Proposition 5.3:

Proposition 5.5. Let B be a d-dimensional fractional Brownian motion, with Hurst
parameter H > 1/4. Then, for s,t € [0,T], vy € [—r,7], v2 € [0,7], such that vy + vy > 0,
the doubly delayed volume, denoted by B3(vi,ve) and defined by (46), is well defined. In
addition, we have E[|B3(vy, v9)|?] < c|t — s[5 for a strictly positive constant ¢ = Crr 1.0, v,
such that it goes to co if v — 0 or vy — 0, but is also well defined if vy = vy = 0.

Proof. Here again, we focus on the case 1/4 < H < 1/2, and due to the stationarity
property of the fBm, we shall work without loss of generality on the interval [0,¢ — s]
instead of [s,?] in the sequel. For notational sake, we will also set 7 = t — s in the
remainder of the proof.

1) Case i = j = k. Consider the process 1) = (Bf (v1,v2)") Njo7(-). We will define

(B®(vy,v2))" as [ 1,d°Bi, which amounts to show that ¢ € D"*(Hx([0,7])) and to
compute the trace of the process .
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With this aim in mind, let us first compute the Malliavin derivative of : it is easily
seen that

D', (57)
= (Bvi“—vl - Bivg—vl)]l[—vzu—vz] (T) H[O,T](U> + 17 (]]‘[_UQ_U17‘_’01](T)]]‘[_U%U_UQ](')) ]1[0771 (u)
= (Bi—vl - Bivg—vl)ﬂ[—vmu—w] (7”) ]1[0,7]<u> + (Bi—vg - BiJrvl)]l[—vz—vhu—vz—vﬂ(r) ]l[O,T] (u>

From this identity, one can check that ¢ € D"“?(Hg([0,7])). We will now evaluate
Jy ¥ud°BL by separating the Skorokhod and the trace term in the symmetric integral.

(i) Evaluation of the trace term. We start by observing that DB, can also be written
as:

D?Z?Du =17 (Il[~+v1,u—vz] (T) ]l[—vz—m u—v2—v1] ()) ]l[O,T} (u)
+17 (]l[—vz—v1,~—v1] (r) Ty u—vs] ()) Lo, 7) (u). (58)

Apply then Fubini’s Theorem in order to get

/(; <DBiwu7 ll[ufe,u+e]>Hdu

T—v9—v1 T .
= / (/ <]1[w+v1,u—v2}= ]l[u—e,u—I—E])H du) dB,, (59)
—v2—V1 w+v2+v1
T—v2 T )
+/ (/ <]l[—v2—v1,w—v1]7 ]][u—s,u—&—s})?'( du) deuv (60>
—v2 w-+vo

where the last two integrals have to be interpreted in the Wiener sense, and are well-
defined according to the criterions in [18].

Let us evaluate the scalar product in (59): for a fixed v > 0, u € [w + vy + vy, 7],
w € [—vg — v, T — vy — vq] and € € [0, vy], we can write

< ﬂ[w+v1 Ju—v2]) ]l[ufs,qus} >H

1
:§(|—U2+€|2H—|—U2—8|2H+|w+vl—u—5|2H—|w+vl—u+g]2H)

1
:5((02—6)2H—(v2+5)2H+(u—w—vl+5)2H_(u_w_vl_g)w)

=2H(—v3" "+ (u—w —v1)*" e+ o(e?).
If v = 0, one can prove similarly that for € small enough,
<]1[w+v17u—v2]7 ]1[%—8/&-&-8})71 =2H(u—w — 711)2H_1‘S + 0(52)'

This yields easily the relation

1

. H
1 o (Muoton u—valy Dueyurel) i = { (

—o3" T (u—w— )2 iy >0,
H(u—w — v )t if vy = 0.

The same kind of elementary arguments work for the scalar product in expression (60),
and one obtains:

.1 _ _
lli% 2_€<]1[7v27v1,w7v1}a ﬂ[ufs,u+s]>'H = H( - (U —w+ U1)2H ! + (UQ “+ v + U)QH 1).
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Thus, by an application of the dominated convergence theorem (whose details are left to
the reader) we get, for a fixed vy > 0,

TI“[OJ]DBZ‘@/) (61)

T—v3—v1 1
:/ (—HU%H_I(T—U}—UQ—Ul)—f—5[(T—w—U1)2H—02 ])dBZ

—U2—U1

1 [T ‘
+ 5/ ((vg + )" — (7 —w+v)* + (T v+ ) — (2ug + g + u;)m)dB:U7

and for vy = 0, we end up with:

—vg

T—V1

o1 .
Tryo D% = 5 / (1 —w—w)*"dB,,

—v1

1 [ .
+ 5/ (v%H (1 —w+v)* + (1 + ) — (v, + w)QH)dBfU.
0

For the remainder of the paper, the relation a < b stands for a < Cb with a universal
constant C'. Starting from equation (61), let us evaluate Tr[O,T]DBzw for vo > 0. Observe
ﬁrst that one can write E[|Try 1 DP'¢[?] < 321, Ji, where J; can be decomposed itself as

E[| [ Fi(w)dBi|?], with
Fi(w) = (1 —w), Fy(w)=(14+vy+v)* — (vg+v1 +w)
Fy(w) = (va +v)*# — (1 —w + vy +v)*,  Fy(w) = (1 —w 4 vy)?H — 02,
Thus, thanks to relation (42), we obtain:

2H

5= 1 FilBugory = e |[P22 ||

L2(] OT]

Furthermore, each [} is a power function, whose fractional derivative Dl,/f “MF} can be
computed explicitly. It is then easily shown that E|Tr[07T}DBZ¢|2 < ey, T, where
CHupT = cH’TUSQH_l) + ¢y Analogously, for vy = 0, we get E|Trj D ¢* < eyt

(ii) Evaluation of the Skorokhod term. We shall prove that E|I%(¢)]? < cpo o7
and to this aim, let us decompose ¢ into its Skorokhod and trace part. This gives
E|T5 (¢)? < 2E[T7 (1) [* + 2E[I (¢2)|?, where

w—vg

bi(w) = / B, — B, ,)dB:

—v9

¢2(w) = Tr[OﬂU}DBiQﬁJ with ¢ - ( - Bivg vl)]][—vz,lU—Uz]<')‘
The proof that
17 (12)|* < ey 7,

where cp,, 7 — 00 if v1 — 0 but is also well defined if v; = 0, can be obtained using the
same arguments as for Step (i), and we then concentrate on the Skorokhod term [/ B! (¢1).

To estimate |17 (1;)|?, we use first identity (43), which can be read here as E|I5" (¢/;)|?
= E[(¢y, DB TP (1)1))%]. Taking into account relation (45), the expression (57) we have
obtained for D5"t)1, and the isomorphism (42), we end up with

E I (6n)] S Qi+ Qz+ Qs (62)
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where ()1, 02, (3 are respectively defined by:

0, = E 1/2H¢‘

L2([0,7])

1/2—H i 7 7
Q2 = E D—/(T—vz) (/+ [B'—m _B—v2 vl]dB >

2

L2([~v2,m—v2])
2

1/2—H T i 7 %
Qs = E D—/(T—vz—vl) (/ [Bw v2 BH‘UJdBw)

~+v2tvg

L2([—ve—v1,7—v2—1])
We now estimate those 3 terms separately, starting with );: invoking the very definition
(40) of the fractional derivative Di/f _H, it is easily seen that @)1 < Ay + A,, where

_ 2
T r—uv2 : i i 1
Al = E/ (/ [Bu v B—’U2 v1]dBu) (7_ o T)lfQHdT

w— UQ ) 7 7 T—v2 7 (3 7 2
Ay = / (/ f s L Biw deBu — f [B..- v B*W vl]dB“dw> dr

(w — 7)3/2 H

The term A; is easily bounded: according to Fubini’s theorem and to our previous bounds
on B2, we have

_ 2
T r—uvog ) 1
A= E B: B dB! | —————=d
' /0 </_v2 B v T ”1] “) (1 —r)t—2H "

T 1 T 1 c
4H 4H _ CH 6H
< CH/O r —(T — r>1_2Hdr < cyT /0 —(T — r)l_QHdr = ﬁT .

The term A, is a little longer to treat. However, by resorting to the same kind of tools, one
is able to prove that Ay < cy7%%, and gathering the estimates on A; and A,, we obtain
Q1 < cy7® as well. Finally, after some tedious computations which will be spared to the
reader for sake of conciseness, we obtain the same kind of bound for ()5 and Q)s.

Now one has to reverse our decomposition process: putting together our estimates on
Q1,Q2, Q3 and plugging them into (62), we get E[|I5 (11)!] < cuyr%¥, with a constant
cg > 0 independent of vy, vy. Finally, gathering the bounds on the Skorokhod and the
trace term, one obtains E[|(B3(vy,v5))%|?] < c|t — 5|,

2) Other cases. The previous arguments and computations can be simplified to obtain
the desired result for the case i =k # jand j = k # 4. Thecasesi =) F# kand ¢ # j # k
can be treated by means of Wiener integrals estimations. This finishes the proof of our
claim E[|B3(vy, v2)]?] < |t — 5[,

O

As in the case of delayed Lévy areas, and with exactly the same kind of arguments, one
can push forward the analysis in order to deal with B3 as an increment:

Theorem 5.6. Let B3 be the increment defined at Proposition 5.5. Then B3 satisfies
Hypothesis 4.1. Taking into account Proposition 5.4, Theorem 4.1 can thus be applied
almost surely to the paths of the d-dimensional fBm with Hurst parameter H > 1/4.
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