STOCHASTIC HEAT AND WAVE
EQUATIONS ON A LIE GROUP

SzZYMON PESZAT AND SAMY TINDEL

Abstract. We study nonlinear heat and wave equations on a Lie group. The noise
is assumed to be a spatially homogeneous Wiener process. We give necessary and
sufficient conditions for the existence of a function-valued solution in terms of the
covariance kernel of the noise.

1. INTRODUCTION

In the paper we are concerned with the existence of a solution to the Cauchy
problem for the stochastic heat equation

%(t) = Lu+ F(t,u(t)) + B(t,u(t))W(t), u(0) = ug (1.1)

and the stochastic wave equation

0%u . ou
w(t) = Lu(t) + R (t,u(t)) + B (t,u(t)) W(t), u(0) = uo, 5

In (1.1) and (1.2), £ = 22:1 X? is a sub-elliptic operator on a Lie group G, see
Section 1.1, W is a spatially homogeneous Wiener process taking values in the space
of tempered distributions §’(G) on G, see Section 1.2, and

F (tvu(t)) ([L‘) =f (t,l’, u(tv $)) ) (B (tv u(t)) ]() (QZ) =b (t,.ﬁlﬁ, U(t,l’)) ]((JJ),
l

R (ta u(t)) (twr) =f (twra u(ta :C)) + 2%1 (fz (ta Z, u(tv :l))))

i=1

are generalized Nemytskii operators corresponding to functions f, f;,b : [0,00) X
G xR — R and vector fields {X;} on G. In the definition of B, f belongs to the
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Reproducing Hilbert Kernel Space of the Wiener process, see Section 4 for more
details.

This article is part of a global attempt, initiated during the last past years, of
studying stochastic heat and wave equations on spaces of dimension greater than 1.
The existence, uniqueness and regularity problems are addressed in [D], [DF] and
[MS] using Walsh’s martingale measure technique, while this program is taken up in
[Brzl], [Brz2], [BP], [KZ1], [KZ2], [P1], [P2], [PZ1] and [PZ2] considering solutions
to the corresponding stochastic evolution system. On the other hand, our work is
also a continuation of [TV], where an effort was made in order find conditions that
had to be imposed on the spatial covariance of the noise to ensure the existence
of a function-valued solution to the stochastic heat equation on a compact Lie
group. Since we chose to work with Markovian solutions to our equations, we will
be inspired by methods given in [P2], [PZ1], and [PZ2].

Although we refer the reader to [P3] for bibliographical information on the equa-
tions on RY, we recall, see [KZ1], [KZ2], and [PZ2], that the stochastic heat equation
on R? admits a function-valued solution provided that the coefficients f and b are
Lipschitz, and the space correlation I' of W is a measure bounded from below and
satisfying the following condition

{ Jiw1<1y oy~ T (dy) < oo if d =2,

1.3

Jewi<ny ly| 720 (dy) < 0o ifd > 2. (1:3)
If d = 1 then the existence of a solution follows from the fact that I' is a tem-
pered measure. Furthermore, (1.3) is a necessary condition provided that b is non-
degenerate. It turns out, see [DF], [MS], [KZ1], [KZ2], and [PZ2] that (1.3) is also a
sufficient, and in a sense necessary condition for the existence of a function-valued
solutions to the stochastic wave equation.

In this paper we are concerned with Markovian solution. Thus (1.1), or (1.2)
will define a Markov family on a given function state space. We consider scales of
state spaces. Namely let 0 be the Carnot—Cathéodory distance associated with £,
see Section 1.1, and let 9,(x) = e "), Let Lh = LP(G,9,(x)dz), and let C, be
the space of all continuous ¢ : G — R such that |¢(z)|d,(z) — 0 as 0(x,e) — oo.
We will deal with the heat equation in spaces Lb and C,, p € R, p € [2,00). We
consider the wave equation in X, = (L5, H, '), where L2 = L*(G, 6, dz) and 6, is
a certain regularization of ¥,, see Section 2 for more details. We will assume that
the space correlation of the noise is a measure bounded from below, see (2.1). Then
we will show that the necessary and sufficient condition (2.2) for the existence of
a solution to (1.1) and (1.2) arises from (1.3) by replacing the Euclidean distance
by 0. However in general the characteristic d appearing in (1.3) is bigger than the
dimension of the space G, see (1.5).

Our Theorem 2.2 dealing with the regularity of a solution to the stochastic heat
equation is knew even in the Euclidean case. It gives conditions for the space-time



continuity of a solution. Using the same method one can obtain conditions for
its Holder continuity. The fact that we deal with general Lie groups causes the
following additional difficulties:

(1) The complexity of Fourier’s analysis, which was an important tool in the
works mentioned above, on general non-compact Lie groups makes it diffi-
cult to use in a fashionable way for our purposes. We will try to avoid most
references to this tool in the sequel, though a characterization of our main
hypothesis (2.2) in terms of the Fourier transform of the covariance of the
noise will be given in case of the Heisenberg group, see Section 11.

(2) As a consequence of (1), the reproducing Hilbert space kernel of the noise
W will not be given in an explicit way.

(3) To our knowledge, the fact that the wave operator generates a Cp-semigroup
on the weighted space X,, defined by (2.6), is not a known fact. We will
prove it in Section 8.

The paper is organized as follows. In the next two subsections we recall the def-
initions of a sub-elliptic operator on a Lie group G and the corresponding Carnot—
Carathéodory distance, and we introduce the definition of a spatially homogeneous
Wiener process on G. In Section 2 we formulate the main results; Theorems 2.1,
2.2, and 2.3, on the existence and regularity of a solution to (1.1) and (1.2). Sec-
tion 3 is devoted to basic properties of the heat semigroup on weighted spaces. In
Section 4 we recall main facts concerning stochastic integration in L9-spaces. Then
in Section 5 we establish some estimates for the so-called y-radonifying norm of a
multiplication operator. These estimates are the crucial ingredients of the proofs of
the Theorems 2.1 and 2.2, see Sections 6 and 7. The next two sections are devoted
to the proof of Theorem 2.3 dealing with the existence of a solution to (1.2). Our
results present conditions ((2.1) and (2.2)) for the existence of a solution in terms
of the spatial correlation I' of the noise. In Sections 10 we deal with two examples;
I" being a bounded function, which on RY corresponds to the case of W being a
random field, and T of the type (J— £)~“. In Section 11, G is the Heisenberg
group. We formulate our main condition (2.2) using Fourier transform. In the
appendix we present the definition and basic properties of the Fourier transform on
a Lie group.

1.1 Lie group G and the sub-elliptic operator £. In the paper G is a locally
compact connected Lie group of a dimension N, with the Lie algebra G and identity
element e. The group G is assumed to be equipped with a left invariant metric g
given by a scalar product on G, and with a left invariant volume element, denoted
by dz, which is unique up to a multiplicative constant. We assume that G is
unimodular, so that the Haar measure dz is also right invariant. Moreover, see e.g.
[F, p. 48], dz is invariant with respect to the inverse mapping z — z~1.

Let {X;1,...,Xn} be an orthonormal basis of G, and let {X;,... ,%;} be a fixed

Hormander system taken out of this basis. In the present paper we are concerned
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with the sub-elliptic operator 22:1 X2, It is known, see e.g. [CSV, p. 21], that
2221 X? with the domain C§°(G) is a symmetric negative defined operator on
L? = L?(G, dz). We will denote by £ its Friedrichs extension, see [CSV, p. 20].
Then £ is a negative defined self-adjoint operator on L2.

Let C'x be the set of absolutely continuous paths fy [0,1] — G satisfying 4(t) =

S ai(t)Xi(y(t)) for all t € [0,1]. Set |y| = [ |a(t)|p: dt. Then

o(x,y) = inf {|y];7v € Cx,7(0) = z,v(1) =y}

defines the Carnot-Cathéodory distance associated with £. Topologically, the dis-
tances q and 0 are equivalent, see e.g. [CSV, p. 39]. We write d(z) = 0(x,e). As
o(z,y) = 0(zz, 2y) (see [CSV, p. 40]) we have d(z) =0 (z71).

We assume that G is of polynomial growth, i.e. the volume of the ball B(e,r) =
{z € G: o(x) < r} does not grow faster than a polynomial in r as r — oo.

Let S = {S(t),t > 0} be the semigroup on L? generated by £. Thus for any
u(0,-) € L?, u(t,-) = S(t)u(0,-) is a unique solution to the equation

ou
E(tv 'T)

Then S is a symmetric Cy-contraction semigroup. In the paper we deal with the
weighted LP-spaces Lb) = LP (G,9,(r)dz), p € [1,00), p € R, where

= Lu(t,z), (t,z) € (0,00) x G.

0, (x) = e "), (1.4)

Obviously ¥y = 1. For brevity we write L? instead of L5. We will show, see Lemma
3.3, that ¥, € L' N L? for p > 0, and the heat semigroup S is a Cp-semigroup on
any LP-space.

Let Z(I) be the set of multi-indexes I with values in {1,...,l}. For I =
{i1,... ia} € (1) we define X1 = [X;,, (X, ..., [Xi,_,,Xi.]...]]. Givenj >0 we
set K; = Span {X1;1 € Z(l),|I| < j}. Then, the Hérmander condition implies the
existence of a minimal s € N such that Ky = G. Define ng = 0 and n; = dim K},

4 >0, and
d= Z —n;). (1.5)

1.2. Spatially homogeneous Wiener process on G.
Let us denote by S(G) the space of all infinitely differentiable functions ) on G
for which the seminorms

DPmn(¥) = sup sup |D(m)”%i1 X () |7 m,n € N
z€G IEZ(): |I|1<m

are finite. The dual §'(G) of S(G) is then the space of tempered distributions on
G. In what follows we denote by (£, %) the value of £ € S'(G) on ¢ € §(G).
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Definition 1.1. Let A = (2, F,P) be a complete probability space with a filtration
(§t)t>0. We say that an S’'(G)-valued process W defined on A is Wiener iff

(i) for arbitrary finite sets {¢1,...,%¥,} C S(G) and {t1,... ,t,} C [0,00) the
random vector ((W(t1),¢1),...,(W(tn),v¥y)) is Gaussian,

(ii) for any test function ¢ € S(G), (W(t),v), t > 0 is a real-valued (§:)-
adapted Wiener process.

Let {TIL C T € G} and {Tf C T E G} be the groups of left and right translations
on §'(G), e.a. for £ € S'(G), Y € S(G) and z,y € G,
<TxL£7 ¢> = <§7 Tfolw> ) Tiﬁﬂﬁ(y) = 1/} (x_ly) )
(ra&) = (&), Thad(y) =9 (yr).
Definition 1.2. An S'(G)-valued Wiener process W is called spatially homoge-

neous iff for any ¢ > 0 the law of W (¢) is invariant with respect to the group of left
translations {7 : x € G}, that is for all z € G and X € B(S'(G)),

P(W(t) € X) =P (W(t) e (rH)™ (X)) .
Given two functions ¥ and ¢ on G we set

Yxp(x) = /Gw (zy~") o(y) dy.

We call a bilinear form A on S(G) left translation invariant iff for all ¢, ¢ € S(G),
and x € G,

AW, ) = A (159, 779)
Given a function ¢ on G we set ¢*(z) = ¢ (z71).
Remark 1.1. Let A(y, ) = E(W(1),¢)(W(1),¢), ¥, ¢ € S(G) be the covariance
form of an S'(G)-valued Wiener process W. Then, since W is Gaussian, it is
spatially homogeneous iff A is invariant with respect to the group of left translations.

Since for all z € G and ¥,p € S(G), Y* x ¢ = (TZLI/})*  (tF¢) we have the
following result.

Proposition 1.1. Assume that T' € S'(G). Then

AW, p) = ([0 x9), ¥, €S(G) (1.6)
is a continuous left translation invariant bilinear form on S(G).

Remark 1.2. Tt is known, see e.g. [GV] that any translation invariant continuous
bilinear form on S(RY) is of the form (1.6). Moreover, by Bochner’s theorem it is
positive definite iff " is the Fourier transform of a positive measure.
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Remark 1.3. Assume that the kernel theorem holds true on S(G), that is any
continuous bilinear form A on S(G) is of the form A(y, p) = (£,9 ® @), where
¢ € 8'(G x G). Then one can adopt the proof from [GV], and show that any left
and right translation invariant continuous bilinear form on S(G) is of the form (1.6)
with a I’ € §'(G) satisfying 7/i7 ,' =T, z € G. We note that the kernel theorem
holds true, see [GV], if S(G) is nuclear, that is its topology is given by an increasing
sequence of Hilbertian seminorms {¢,}, such that the injections H,, 1 — H,, are
Hilbert—Schmidt, H,, being the completion on S(G) with respect to g,.

Remark 1.4. Tt is easy to show that if G is nilpotent, than S(G) is nuclear. For, see
[CG], Appendix A.2, the Sobolev spaces on G are isomorphic to Sobolev spaces in
RV . Professor Malliavin has pointed out that if G is semi-simple, then the nuclearity
of S(G) can be obtained using the techniques developed in [Ma]. Namely, G can
be first decomposed as G = K x V, where K is a maximal compact subgroup of
G, and V = G/K is a symmetric space. Clearly, it is sufficient to prove that S(K)
and S(V') have a nuclear structure, where S(K) and S(V') are defined in a standard
way. The nuclear structure of S(K) is obvious, since K is a compact Lie group.
The fact that S(V) is also nuclear is reduced, in [Ma], using Iwasawa coordinates,
to the study of a space S(A), where A is an abelian group, and S(A) is defined via
a second order elliptic operator.

Remark 1.5. Having a positive-definite translation invariant continuous bilinear
form A one can ask if there is an §’(G)-valued Wiener process with the covariance
form A. This holds true if §’(G) is nuclear, see [I], or [KX].

2. MAIN RESULTS

Let A(v, ) = E(W(1),¢)(W(1),¢), ¥, € S(G) be the covariance form of W.
In what follows we assume that A is of the form (1.6) with a distribution I'. We call
I' the space correlation of W. Recall that d is defined in (1.5). In our exposition
the following assumption plays an essential role.

ICr >0: I'+Crdz is a non-negative measure. (2.1)

Definition 2.1. Let p € [2,00) and p € R. We say that a function h : [0,00) X
G x R — R belongs to the class Lip (p, p) iff for any T' < oo there are a constant L
and a function [y € Lg such that

\h(t,x,2)] < L(lp(x) + |2]) and |h(t,z,z) — h(t,z,2)| < L|z — Z|.
Our first theorem provides conditions for the existence of a solution to the sto-

chastic heat equation (1.1). By a solution to (1.1) we understand the so-called mild
solution, that is, a solution to the following integral equation

u(t) = S(t)u(0) + /0 S(t —s)F(s,u(s))ds + /0 S(t — s)B(s,u(s)) dW (s),
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where S is the semigroup generated by £, and the stochastic integral is understood
as Ito’s integral with respect to an infinite dimensional Wiener process, for more
details see Section 4.

Theorem 2.1. Let p € [2,00) and p € R. Assume that (2.1) is satisfied, and the
coefficients f,b are of the class Lip (p, p).

() If

{ Jp(enylog (0(z)71) I(dz) < oo ford =2, (2.2)

fB(e71) o(z)79?I'(dz) < o0 for d # 2,

then for any ug € LY there is a unique mild solution u to (1.1) such that for every
T < o0,
sup E|u(t)|3r < oo. (2.3)
t€[0,T7] r
(17) Assume that p > 0. If there are T > 0 and by > 0 such that |b(t, x, z)| > by for
allt € [0,T], x € G, and z € R, then (2.2) follows from the existence of a solution
to (1.1) satisfying (2.3).

Remark 2.1. Note that as I' is a tempered distribution, for d = 1, (2.2) follows from
(2.1).

Let C, be the class of all continuous functions ¢ : G — R such that |¢(z)|d,(x) —
0 as 0(x) — oco. Then C, equipped with the norm [¢|c, = sup,cq |[¢(2)0,()| is a
Banach space. Our next result deals with time and space-time continuous solutions
to the stochastic heat equation on G.

Theorem 2.2. Let p € R and p € [2,00). Assume that (2.1) holds and the coeffi-
cients f,b are of the class Lip (p, p).
(7) If there is an a > 0 such that

/ o(x) 42T (dx) < oo, (2.4)
B(e,1)

then for any ug € LL there is a unique mild solution u to (1.1) having continuous
trajectories in LY and satisfying

E sup |u(t)|], < oo for all T < o0, q € [2,00).
t€[0,7] :

(i7) If 2d/p < 1 and there is an « > 2d/p such that (2.4) holds true, then for
any ug € LHNC,), there is a unique mild solution u to (1.1) having continuous

trajectories in LENC,/, and satisfying

E sup (\u(t)\g + |u(t) qu> < 0o for all T < oo, q € [2,00).
t€[0,T] p/P P



We are able to show the existence of a solution to the stochastic wave equation
in a space with the weight 6, being a regularization of ¥,, see Lemmas 3.5 and 8.1.
It is obtained in the following way

0, = S(1)0,, (2.5)

S being the heat semigroup. Let L2 = L*(G,0,(x)dz), p € R. Let r = 1, and let
p € R. Define a Sobolev space H, as the completion of Cg° (G) with respect to the
norm

Wy = |3 - £)7/2(0)/%0)

L2

X (L;i) D (H;> A (0 3) (2.6)
p H;l ) p Li Iy 0)" :

We will show, see Lemma 8.2, that A with the domain Dom A = D, generates a
Co-semigroup U = {U(t)} on X,. We define an X -valued solution X to (1.2) as a
process satisfying the following stochastic evolution equation

Let

X(t)=U(t)X(0)+ /0 (t—s)F(s,X(s))ds+ /0 U(t —s)B(s, X(s))dW(s),

where X (0) = (uo,v0)T, and for X = (u,v)T,

F(t,X) = ( R((z,u)> and  (B(t,w)f) = ( B((i’u) f) . (2.7)

The theorem below provides sufficient conditions for the existence of an X,-valued
solutions to the stochastic wave equation on G. In its formulation the coefficients
are required to be from the following Lipschitz class.

Definition 2.2. Let p € [2,00) and p € R. We say that a function h : [0,00) X
G x R — R belongs to Lip(2,p) iff for any T' < oo there are a constant L and a
function [y € ]L% such that

|h(t,z,z)| < L(lo(x) 4+ |2|) and |h(t,z,2z) — h(t,z,2)| < L|z — Z|.

Note that in Definition 2.1 of Lip (2, p) the function Iy belongs to L2, whereas in
the definition of Lip (2, p) it belongs to L.

Theorem 2.3. Let p € R. Assume that (2.1) and (2.2) are fulfilled, and the
coefficients f, f;,b € Lip(2,p). Then for any (ug,v0)" € X, there is a a unique
solution to (1.2) with continuous trajectories in X, and such that

E sup |[X(t)|§ < oo for all T < oo, q € [1,00).
t€[0,T] ’



3. PROPERTIES OF THE HEAT SEMIGROUP

Let H; be the heat kernel on G, see [CSV, p. 106]. Thus for any v € L2,
S(O(@) =¥+ Hu(w) = [ He (r7a) v0)

Note as S is symmetric we have H} = H;. Set b (r) = t=9/2 exp{—r?/t}. For a
proof of the lemma below we refer the reader to [CSV, Th. 8.2.9].

Lemma 3.1. There are constants ¢,C' > 0 such that for allt >0 and x € G, and
ie{l,... 1},
che (0(x)/c) < Hi(z) < Che (0(2)/C),

ct™7hy (3(x)/c) < XHy(x) < Ct72h, (2(2)/C),
ct™ b, (0(z)/c) < LHy(z) < Ot 1, (0(2)/C) .

Obviously, Hi(x) > 0 for all  and ¢. Since the constant function 1 is the unique
solution to 5
8_1: = ’qu U(O, ) =1,
we have fG H: (y_lx) dy=1,t>0, z € G.
Lemma 3.2. For each t > 0, H; € S(G), and v — {H,(y'z); y € G} is a con-
tinuous mapping from G into S(G). Moreover, the restriction of the heat semigroup

to S(G) is a Cy-semigroup on S(G).

Proof. Clearly it is enough to show that for all n € N, I = (i1,... ,i,) € Z(I) and
Xr=X;...X;, ,and a fixed z € G,

lim  sup Il (y,x, z) =0,
0(z,2)—0 yeG

where

Ht(y7xv Z) = o(y)n%u, yin, (Ht (y_lib") - Ht (y_lz)) .
Note that for any a € (0,1), II;(y,z, 2) < Hga)(y,a}, z)Hglfa)(y,a:, z), where

«

™ (y, 2, 2) = o(y)" (1%, o He (v ) [+ (X0 He (7 2) )7
Hil_a)(y,x,z) = ’ffil,...,inHt (yilw) — Xiy, i He (yilz) il_a'

Let y be such that 0(y) > 30(z). Then, observing that for z € B (z,0(x)/2) we
have
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we obtain

™ (y, 2, 2) <
2" (0 (y~ )" Ry T (7 2) | 40 (5702) " X e (5712))

and hence
sup {Hga)(y,m,z) : 0(y) > 30(x), z€ B (m,b(m)/Q)} < o0.
By boundedness of all the derivatives of the heat kernel, we also have
sup {Hga)(y,x,z) : 0(y) <30(x), z€ B (a:,b(x)/Z)} < 00,
and thus

sup Hga)(y, z,z) = M@ < 0. (3.1)
yeG, zeB(z,0(z)/2)

Consider now a normalized Cantor geodesic v, see Section 1.1, joining x and z.
Then

l

(1—a) 1/(1—a) o(2,2) .
(M) =0 [ )% M (5 00)) o
i=170
and setting
C= sup |XX,. .. H(2)|
i=1,...,l,z€G
we get
—a 1/(1-a)
(' (g, 2, 2)) < Co(z,z). (3.2)

Putting (3.1) and (3.2) together we obtain
I (y, ,z) <T@ (Co(x,2)' ™% for z € B(z,0(x)/2),

which completes the proof. [

In Lemmas 3.3 and 3.4 below we show that the heat semigroup is Cy on the
weighted spaces LP and C,. In the proofs we will use arguments of Funaki, see [Fu,
Lm. 2.1].
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Lemma 3.3. Let p € R, and let 9, be given by (1.4). Then 9, € L*NL? for p > 0,
and the heat semigroup S has the unique extension from C§°(G) to a Cy-semigroup
on L for arbitrary p € [2,00) and p € R. Moreover, TR, () < elPRWyY (x) for
all x,y € G.

Proof. Recall that V(r) = [ Ble.r) dz has a polynomial growth. Hence for any p > 0

we have -
/ e ) g = / e PV (dr) < oo
€ 0

which proves the first part of the lemma. Since C§°(G) is dense in L it is enough

to show that for all T > 0, p € R, and p € [2,00) there is a constant C' such that

for all 1 € C§°(G) and t € [0,T] one has |S(t)Y|}, < Cll],. Let us fix T, p and
p p

p. Let

= [ 5@ a) v an (33)
Taking into account Lemma 3.1 it is enough to show that
3C: W e CE(G), te (0,T], Sty < C . (3.4)
Note that
be (2 (y7'2)) Do) = £ exp {~2% (.y) /t — po(a >}
=12 exp {—0% (z,y) /t — po(x) + po(y) } Y, (y
< t™ 2 exp (=0 (2,y) /t + |pfo(2,9)} 9, (v)

< exp{tp? /20, (0 (2719) /V2) D, ().

Since [ H: (z7'y) dy = 1, Lemma 3.1 yields that there is a constant C; = C1(T)
such that

(3.5)

/ be (a (z7'y) /\/§> dr <C;  forallte (0,T]. (3.6)
G

Combining (3.5) with (3.6) we can find a constant Cy = Co(T, p) such that
/ be (0 (v~ ') V() dz < C29,(y) for all y € G and t € (0,7]. (3.7)
G

From this and (3.6) one can easily obtain (3.4). In order to show the last part of
the lemma note that since 7% (z) = (e, zy) = o(y ™!, x), we have

—rl(x) <o(y™h) —o(z) = o(y) — o(2),
7,0(x) <o(y~t) +0o(z) <0(y) +0(x).
(

Consequently 7/te™"?(z) < elPPWe=r?(z). O
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Lemma 3.4. Let p € R. Then the heat semigroup S is Cy on C,. Moreover, for
all p € [2,00) and t > 0, S(t) is a bounded linear operator from LY into C,,,, and
for any T there is a constant C' = C(T,p, p) such that

1SO)|nzze,,,) < CYCP fort e (0,T). (3.8)

p/p

Proof. Let us fix T, p and p. Let S be given by (3. 3) Clearly it is enough to show
that there are constants C; = C1 (T, p) and Co = Cy(T, p,p) such that

(1L, < Crlple,  forall t € (0,T), ¢ € S(G) (3.9)

and that
1S(t)le,,, < Cot™ P p|,n forall t € (0,T], ¢ € S(G). (3.10)

We have

S| < [ 5@ a) o)l dy
< / be (3 (y~'2)) V-, ()9, (W) [ ()| dy
G
< lec,,/ be (0 (y~'z)) I_,(y) dy.
G

Combining this estimate and (3.7) with p being replaced by —p we obtain (3.9).
To show (3.10) note that using first Holder’s inequality we get

Sou]| <l ([ 0 @) 0 _p*p/pw)dy)l/p*,

where p* = p/(p — 1). Using now (3.7) for p being replaced by —p*p/p, one can
easily obtain

. 1/p*
( [ <y—1x>)ﬁp*p/p<y>dy) < CorUeRy_, (),

which proves (3.10). O

Lemma 3.5. Let p € R, and let 0, be given by (2.4). Then 6, >0, 0, € L' N L?
for p > 0, and the heat semigroup S has the unique extension to a Cy-semigroup
on LD = LP(G,0,(z) dx) for arbitrary p € [2,00) and p € R.

Proof. Clearly 9, > 0. By Lemma 3.3, 9, € L N L? for p > 0. Hence, by Lemmas
3.1 and 34, 6, > 0 and 6, € L' N L? for p > 0. To show that S is Cy on any
[LP-space it is enough to show that for every T' > 0 there is a constant C' such that
S(t)0,(x) < CO,(x) for t € (0,T]. This follows from (3.7);

S8, =S(t)S(1)v, <CS(1)v, =C4,.

O
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4. DISTRIBUTION-VALUED WIENER PROCESSES

Let W be S'(G)-valued Wiener process. Then, see e.g. [BJ], [I], or [KX], there
is a unique real separable Hilbert space Hyy C 8’(G) such

W(t) = Wi(t)f, (4.1)
k

where {fi} is an arbitrary orthonormal basis of Hy and {W}} is a sequence of
standard independent real-valued (§;)-adapted Wiener processes. The series con-
verges in §’(G), in the sense that for any test function 1, and for any ¢, (W (t),v)
is the L?(Q, §,P)-limit of the series Y, W (t)(f, ). We call Hy the Reproducing
Hilbert Kernel Space of W, RHKS in short.

4.1 Stochastic integration in Hilbert spaces. In this section we recall the
construction and properties of Itd’s integral with respect to an §’(G)-valued Wiener
process W defined on probability basis 2 = (Q,§, (F¢)t>0,P). We denote by Hy
the RHKS of W. Given ¢ € [2,00) and a Banach space V' we denote by P?(V) the
space of all measurable (§;)-adapted processes o with values in V' such that the

seminorms
1/q

lo|lr = (E/O lo ()|} dt) , T € (0,00),

are finite. Assume that V' is a separable Hilbert space. Let Lyg)(Hw,V') be the
space of all of Hilbert—Schmidt operators from Hy, to V. Let us fix an orthonormal
basis {fx} of Hw, and let {W}} be a sequence of independent real-valued Wiener
processes for which (4.1) holds true. Let us denote by II,, the projection onto
the space spanned by fi,...,f,. Let Pqy (L(HS)(HW,V)) denote the class of all
o € P? (Lwus)(Hw,V)) such that

o(wt) =3 a5(Wix(e, 1,01 (1)
j=1

for some positive integers n and ¢, and 0 < ¢; < ... < 41 < oo, and 0, €
L? (0, 3,,P; Lias)(Hw, V). For o € Py (Lns)(Hw,V)) and t € [0, 00) we put
t i
Vo = / o(s)dW(s) =D Y (Wi(tjy1 At) — Wilt; At))ojfn.
0 j=1 k=1

It is easy to see that Z}V can be extended continuously to P2 (L(HS)(HW,V)).
Moreover, for any o € P? (L(HS)(HW, V)) the process Z)V o, t € [0, 00) is a contin-
uous square integrable martingale in V', and

t
E\I}VU\ZV:E/O 0(5) 2 oy A5 € [0,00). (4.2)

It is easy to see that the stochastic integral does not depend on the particular choice
of orthonormal basis {f;}.
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Lemma 4.1. Let A(¢,¢) = E(W(1),¥)(W(1),¢), ¥, € S(G) be the covariance
form of a Wiener process W with the RHKS Hyy. Then for an arbitrary orthonor-
mal basis {fr} of Hw one has

Apyo) =Y ) (), 0 €S(G),

k

where (-,-) stands for the bilinear duality form on §'(G) x S(G).

Proof. Let {fx} be an orthonormal basis of Hy, and let {W}} be a sequence of
independent standard Wiener processes such that (4.1) holds true. Then

AW, @) = E(W(1),$)(W(1), ¢)
= E (- (i )W) (D0 (1)) = 3 (e )i ),

k k k

which is the desired conclusion. U

In the next result we compute the Hilbert—Schmidt norm of an integral operator
on the RHKS of W.

Lemma 4.2. Let v be a non-negative measure on a measurable space (O,Q0), let
L?(v) = L*(0,0,v), and let K be a measurable mapping from O into S(G). Con-
sider the operator Kf(x) = (f,K(x)), f € Hw, © € O. Then for any orthonormal
basis {fr} of Hw one has

gmmmwzéAmmxmwww

Proof. Since
S 1K) = 3 [ G K@) v(do),
k kO

Lemma 4.1 gives the desired conclusion. [J

4.2 Stochastic integration in weighted LP-spaces. Let v be a non-negative
measure on a measurable space (0O, 0), and let LP(v) = LP(O, O,v). In this section
we present basic facts on the stochastic integral in LP(v)-spaces with respect to
a spatially homogeneous Wiener process W. Most of results presented here are
particular cases of the more general theory of stochastic integration in Banach
spaces, see e.g. [Brzl], [Brz2|, [BP], [De], and [Ne].

In this section we fix p € [2, 00), an orthonormal basis {fx} of Hy, and a sequence
{Bk} of independent standard real-valued normal random variables defined on a
probability base 2.
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A bounded linear operator K : Hyy — LP(v) is called «y-radonifying, iff the series
> ey BuKfy converges in L? (2, F,P; LP(v)). We use R(Hw, LP(v)) to denote the
class of all y-radonifying operators from Hy into LP(v). Given a linear operator
K from Hy into LP(v) write

2

K2 a1y (o)) = limsup E ‘ Zﬁkmk)m( ) (4.3)
n k=1 v

Then, see e.g. [Ne], K is v-radonifying iff ||K||r(z,, ,zr@)) is finite. Note that
R(Hw, L?(v)) equipped with the norm ||K||r(g,, ,zr)) is a Banach space. Note
that if p = 2, that is if LP(v) is a Hilbert space, then the spaces R(Hy, L?(v)) and
Lusy(Hw, L*(v)) and the radonifying and Hilbert-Schmidt norms are equal.

The lemma below provides an useful estimate for the v-radonifying norm of an
operator given by a kernel, and it is an analogue of Lemma 4.2 from the present
paper. It is a reformulation of [BP, Prop. 2.1].

Lemma 4.3. Assume that K € L(Hw,LP(v)) is given by (Kf)(z) = (f,K(x)),
x € O, f € Hy, where K is a measurable mapping from O into S(G). Then there
15 a constant C' independent of K such that

1Kty v < € [ A0 K@) 2 w(a) "

Proof. Since for each x the real-valued random variable > _, i (K(x), fi) is Gauss-
ian, there exists a constant C depending only on p such that

(£[> i
k=1

2

i) = ([t )

<8 [ 5= ot Kot

p/2

p/2

<0 [ (=[S sntne kn[) " stan
k=1
<0 /G\ifmumf\””u(dx).
k=1
Thus by Lemma 4.1,

K%ty 1 (vy) = limsup E ’Z B Kfr
" k=1

‘2
Lr(v)

< ([ A Ko uan)
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which is the desired conclusion. [

The stochastic integral with respect to W can be defined first for simple processes
Po(R(Hw, LP(v))) and then extended to the space P?(R(Hy, LP(v))). We have
the following consequence of general theorems on stochastic integration in Banach
spaces, [Brzl], [De], and [Ne].

Theorem 4.1. For any o € P?(R(Hyw, LP(v))) the stochastic integral

/ta(s) AW(s), >0
0

is an LP-valued square integrable martingale with continuous modification and 0
mean. Moreover, for every q € [2,00) there is a constant C' independent of T and
o, such that

q/2

t q T )
E sup ‘/0 o (s) AW (s) <0E(/0 1o () rrar o) 95)

0<t<T Le(v)

5. MAIN ESTIMATES

Throughout this section we assume that (2.1) is fulfilled with a constant Cr > 0,
that is I' 4+ C dz is a non-negative measure, and {f;} is an orthonormal basis of the
RKHS Hyy of a spatially homogeneous Wiener process W with the space correlation
I'. Given ¢ € §(G) we define the multiplication operator on Hy by My f = f. We
extent My, for 1 equal to the constant function 1 taking M;f = f. In fact, we will
show, see Corollary 5.1 that if (2.1) is satisfied, then M has a unique extension,
denoted also by M, to a bounded linear operator from any L-space to R(Hw, Lg).
Recall that ||K||g(my,,zz) € [0,00] is given by (4.3), and that K is y-radonifying iff
K| Rty .22) < 00. Moreover, ||K|[r(ry,r2) = K| L) (Hw,22)-

Let "> 0, a > 0. For r > 0 we set

T oo
k(a, Tyr) = / t~%e "/t dt and k(a,r) = / t~%e"te/tdt.  (5.1)
0 0

Lemma 5.1. (i) for all « > 0, n € N, and T > 0, r"k(a,T,r) — 0 and
r"w(a,r) — 0 as r — oo,

(17) if a € ]0,1), then k(a, T,-) and k(a,-) are bounded functions,

(iit) there are constants Cq1,Cs € (0,00) such that for every r € (0,1],

Cilog (|r|™") < (1, T,7r) < Calog (|r| 1),

C1log (|r]_1) < k(1,7r) < Cylog (|7’]_1) ,
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(iv) if @ > 1, then there are constants Cy,Cy € (0,00) such that for every r € (0,1],

Cilr)' = < k(a, T,r) < Colr|* ™ and  Cilr|*™* < k(a,r) < Colr|' 2.
Proof. Since k(a,7) > e 'k(a, 1,7) and

k(a,r) < k(a,1,7) +/ e"teT/tdt
1

max {/r,1} S
< k(a, 1,7) —l—e_\/F/ et dt—i—e_\/F/Q/ e /2 dt
1 max {/r,1}

< rk(a,1,7)+ eﬁ/z/ ™2 dt < k(a,1,7) + 2 V7/?
0

it is enough to check (i) — (iv) for k(a,T,-). After changing variables s = t/r we

get k(a, T,r) =rl"2 fOT/T t~>e~1/tdt. Hence (i) follows from

li% mm/ e Yt qt =0 for all &« > 0 and m € N.
x 0

If « € (0,1) then k(a,T,7) < fOT t~*dt < oo, which proves (i7).
Let a = 1. Then (¢ii) follows from
Jyt eVt At g le /=

lim = lim ———— = lim e Y/*=1.
z—+o00 log = z—4oo g1 z—+00

Finally, (iv) follows from

a—1 xt—a 71/tdt )
lim 2 Jo 10 :/ t=e~tdt € (0, +00).
0

r——+00 ro—1

U

Lemma 5.2. For allt € (0,00) and p >0, S(t)M, € R(Hw, L2). Moreover, one
has

1S Ml s,y 2y = A(Ht,Ht)/Gq‘}p(x) dz,  t>0.

Proof. Let us fix t. First note that A (H;, H;) < oo. For, by Lemma 3.2, H; € S(G).
Let K(z)(y) = H; (y~'z). Then, by Lemma 3.2, K is a measurable mapping from
G into S(G). Hence, since S(t)Mif(x) = (f, K(x)), Lemma 4.2 yields

1= IS0 = | AK@) K@) 9, (a) .

Since A is left translation invariant and H; = H; we have
I(z) := A (K(2),K(2)) = A (K(e), K(e)) = A (H;, Hy) = A (Hi, He) -
O
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Lemma 5.3. Letp € [2,00) and p € R. Then for ally) € S(G)NLY and t € (0, 00),
S(t)My, is a y-radonifying operator from Hyy into LP. Moreover, there is a constant
C € (0,00) such that for all ¢p € S(G) N LY and t € (0,00) one has

1S (&) Myl (pry 12y < CeCH (D + Crdz, b (0(-)/ON? [ 2. (5.2)

Proof. Let us fix ¢ and ¢, and let K(z)(y) = H; (y~'z)¢(y). By Lemma 4.3,
S(t)My € R(Hw, Lb) and

T = 1ISOMllh1y 17y < ¢ [ A0 K@)0,(a) do.

Let I(z) = A (K(z),K(z)), and let ' = I'+ Cr dz, Cp > 0. Then for and ¢ € S(G),

2
(Crdx, o™ * ) C’p// (yx 1 y) dedy = Cr (/ gp(a:)dx) > 0.
G

Hence
I(z) .= A(K(z),K(x)) = A (TxLIC(a:), TQCLIC(aj))
= (0, (K@)« (rEK(@))) < (T, (rEK (@) + (rEK(@)) ) = I(2).

Hence, as K(z)(y) := 72K (z)(y) = Hi(y)eb(zy), we have

//IC z) (y) T(dz) dy

/ / H (521 [0 (=) | Ha (9) 46 ()| T( d2) dy.

Igc/G (/G/G\w(xyz‘l)\!Iw(fcy)lut(dz, dy))p/Qﬁp(w)dx,

pe(dz, dy) = He (y2 ) Huy )T(dz) dy.

By Jensen’s inequality,

c(/G/Gut(dz, dy) )MH
///W’ ryz- p/ (zy) [P 9, () dz py (dz, dy).

Thus

where
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Using Lemma 3.1, the semigroup property H; * Hs = Hi+s, and the identity H; =
H: we obtain

/G/Gﬂt(dz, dy) = <f‘,7'(;gk * Ht> <4 <f‘, f)t(a(.)/cl)>‘
Note also that

L(zy) = /G [ (g ) "2 [ ()2 0,() da

= </ W(xyz_l)‘pﬂp(x)dx)m (/ W(W)\pﬁp(x)dg;)m
(/ [(@)[” 9 (z2y ™! dx)1/2< (@) 9, (zy )dm)l/2'

Hence, by Lemma 3.3, we have

L(z,y) < W|LP exp{ 1 (D (Zy—lg +0 (y—l)) }’

and consequently,
- p/2—1
1< Golulh, (T0,00)/C) R (5.3)

where

re= [ f exp{ L) FO WD Wy 1) 1, ) Fa) .

Now Lemma 3.1 and the inequality

(P o) P (20 o)) 2, s
imply
exp{ |,0|02(u) }Ht(u) < C3eY " He, i (u), te0,00), u€QqG.
Hence

R < C5ec5t/ / Hegt (yz_l) HCGt(y)f‘(dz) dy
cJa
< Cre%st <f,H(*;6t * Hc6t> < Cge! <f7 f)t(b(')/07)> :

Combining this estimate with (5.3) we obtain the desired conclusion. [

Since for all p and p, S(G) N LY is dense in LB we have the following corollary
to Lemma 5.3.
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Corollary 5.1. If (2.1) is satisfies, then for arbitrary p € [2,00) and p € R,
the multiplication operator M is bounded from Lb into the space of v-radonifying
operators R(Hyy, LY). Moreover, for any 1 € L} one has (5.2).

Lemma 5.4. Assume that the space correlation I' of W is equal to the Haar
measure dxz. Then for all ¥ € L2 and t € (0,00), S(t)My € R(Hw,L2) =
L(HS)(HW,L?)). Moreover, there are constants C1,C, such that for all ¢ € Lﬁ
and t € (0,00) we have

ISEM Iy i) < Coe® iy [ br(0(@)/Cr)do < O

Proof. By Corollary 5.1, there is a constant C; such that

ISEM el i) < Coe® iy | b0/ Cr) o

Applying Lemma 3.1, we obtain

/Clht /Cl)d$<CQ/HC3t )d.’E—CQ

6. PROOF OF THEOREM 2.1
Assume that £ € §'(G) is a measure such that { + C¢dz > 0 for a certain Cg.
Let n(d,§) € (—o0,+o0] be given by
S €(dz) ifd=1,
n(d.&) =3 [pelog (0(@) ') &(de) ifd=2, (6.1)
fB(e,l) o(x) "2 ¢(dr) if d > 2.

Proof of Theorem 2.1(i). Let p € R and p € [2,00), and let T € (0,00) and
q € [2,00) be fixed. Let B(t,u)(z) = b(t,z,u(x)), t > 0, x € G, u € Lb. Since
f;b € Lip (p, p), there is a constant L such for all ¢ € [0,7] and 1, ¢ € L} one has

[F(t,9) = F(t,9)l oy + |B(t.9) = B(t,9)lrp < LIY — ¢l

~ (6.2)
F(t,9) 0 + 1B )] 1n < L(1+ lolps)-

Note that B satisfies
B = Mj (6.3)
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where My f = 9f is a multiplication operator. Recall that S is a Cp-semigroup on
LP, see Lemma 3.3. We will show that there is a function a € L?(0,T;R) such that
for all ¢, s € [0,7] and ¥, ¢ € LD,

1S B(s, )| r(trw 22y < alt)(1+[elzz),

1) B(s.¥) — SOB(s. )l Ing gy < o)l — ¢l o4

Having (6.2) and (6.4), the existence and uniqueness of a solution to (1.1) satisfying
(2.3) follows by means of the contraction principle, see e.g. [PZ1], [PZ2], [BP].
Taking into account (6.3) with B satisfying (6.2) one can easily see that to show
(6.4) it is enough to prove that there is a b € L?(0,T;R) such that

1S(8) My peity 1) < bOly  forall ¢ € L2 and t € [0, T). (6.5)

By Corollary 5.1, we have (6.5) with b(t) = C(I' + Crdz, bt(b(-)/0)>1/2. Thus
what is left is to show that

/OT (I'+ Crdz, b (0(-)/C)) dt

T (6.6)
= / / he(0(z)/C) (I'(dz) + Cr dz) dt < oc.
0o Ja
Let I' =T + Cp dz. To show (6.6) note that by Lemma 5.4,
/ / he(0(z)/C) dxdt < oc. (6.7)

Recall that x(a, T, -) is given by (5.1). We have

/0T<f,ht(a<) // b, (2(x)/C) dtT(dx)

:/G/i(d/Q,D (z)/C) I'(dz)
<a / ()2, CoT, 0% (1)) T(d) := C1(T, + I),
G

where

11:/ k(d/2,CoT,0%(z)) I(dz) and I = Cr/li(d/2,CQT,02<.’L‘)) dz.
G G
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By (6.7), Iz < co. In order to show that [; < co note that

I = / k (d/2,CoT,0%(z)) T'(dz) -l—/ K (d/2,CoT,0%(z)) I'(dz)
B(e,1) G\B(e,1)

=:I11 + I12.

The integral I15 is finite since I' is a tempered measure and since by Lemma 5.1 for
every m > 0, r"k(d/2,CoT,r) — 0 as r — oo. To show that I;; < oo note that
by Lemma 5.1, there is a constant ¢ such that I;; < en(d,T"). Hence the desired
conclusion follows from (2.2). O

Proof of Theorem 2.1(ii). In the proof we use the ideas from [PZ2]. Let p > 0,
p € [2,00), and let b satisfies the assumptions of Theorem 1.2(ii) on a time interval
[0, 7). Finally let u be a solution to (1.1) satisfying (2.3). Then, since 9, € L', u
satisfies (2.3) with p = 2. Since F satisfies (6.2) it is easy to see that

E < 00.
L2
Thus
T 2
E / S(T — 5)B(s, u(s)) AW (s)| < oc.
0 L%
Hence (4.2) yields
T
| EISE = 9B IR 10,53 05 < . (6.9)

By Lemma 4.2,

ST — 8)B(s, u())|13 ) (11 12) = /G (T, Kal)"  Kul@) 9, () da,

where Ky(z)(y) = Hr—s (y'x) B(s,u(s))(y). By Lemma 5.4 there is a constant
Cy such that

T
I:/O IE/GICS(S)**Ks(x)(y)dyﬁp(a:)dx§Cl sup E[B(s,u(s))]%%.

s€[0,T]

Hence by (6.2) we obtain I < co. Consequently, (6.8) yields

/OTE /G <f,lcs(x>* x ;cs(g;)> J,(z) dz ds < oo.



23

where I' = I' + Cp dz is a non-negative measure. Since B(s, u(s))(z) > by > 0 we
have

:/OT/G@HTS*HT_S(x)>ﬁp(x)dxds<oo.

Hence, since 9, € L' for p > 0, we have fOT<f,H28) ds < co. Thus there are T7 > 0
and a constant C such that

//Tl b (0(z)/C) dtT'(dzx) //T b (0(2)/C) dtT(dz) < co. (6.9)

Since .
/ bt (0(2)/C) dt = k (d/2,T1,0%(2)/C?),
0
where £ is given by (5.1), (2.2) follows from (6.9) and Lemma 5.1. [

7. PROOF OF THEOREM 2.2

Given q € [2,00), T > 0, and a Banach space V' we denote by K% (V') the Banach
space of all adapted processes Z with continuous trajectories in V' such that

1/q
1 Z1[|xca vy = (E sup IZ(t)|qv> < 0.
t€[0,T]

We equip the space LENC,,,, with the norm |- |ng +|-lc,,,- In the proof of Theorem
2.2 we will use the contraction principle for the functional J given by

J(Z)(t)=S(t)X(0) + /0 S(t—s)F(s,Z(s))ds + /0 S(t—s)B(s, Z(s))dW(s).

Our goal will be to show that under the hypothesis of the theorem for ¢ large
enough one can chose 7' = T'(q) > 0 such that J is a contraction from K7, (Lb) into
K4(LB), or from KH.(L N C,/,) into K7.(LE N C,/p). Having regular solution on a
small time interval one can easily prolong it to an arbitrary time interval. Let

L(Z)(t) = S(t)X(0) + /0 S(t—s)F(s,Z(s))ds,

Z(Z)(t) :/0 S(t—s)B(s, Z(s))dW (s).

Since the heat semigroup is Cop on L¥ and C, spaces it is not difficult to show that
L is a contraction on a proper space. In the proof we will concentrate on showing
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this for Z. Let B(t,u)(z) = b(t,z,u(z)). Note that B is a Lipschitz mapping from
K (LB) into K7, (LB). Thus it is enough to show that

HZ)0 = [ 80— )Mz dW(s) (1)

where M is a multiplication operator, is a bounded linear operator from K’}(Lg)
into K (Lb) in the point (i), and from K7,(Lb) into K. (LENC,p) in (ii), and that
its norm goes to 0 as T" — 0. To do this we will use the Da Prato-Kwapien—Zabczyk
factorization, see [DP];

I(Z2)(t) = RpY5(2)(1), (7.2)

where
sin Wﬁ

Ra(t) = s)771S(t — s)ib(s) ds,

(7.3)

Ys(2)(t) = / (t—s)" ﬁs<t — $)M(p) AW (s).

In the proof of Theorem 2.2 we will need the following lemma.

Lemma 7.1. Let p € [2,00) and p € R, and let Rg be given by (7.3). Then:
(i) for arbitrary B > 0, T > 0, and q € [2,00) such that (8 —1)¢* > —1, Rz is a
bounded linear operator from L4(0,T; Lb) into C([0,T]; LP) and

||RB||L(L‘1(O,T;Lg),C([O,T];Lg)) — 0 asT — 0.

(ii) For arbitrary > d/(2p), T > 0, and q € [2,00) such that (6—1—d/(2p))q* >
—1, Rp is a bounded linear operator from L4(0,T; Lb) into C([0,T];C,,,) and

‘|Rﬂ||L(L‘1(0,T;L§),C([O,T] ) — 0 as T'— 0.

Proof of (i). Tt is enough to show that R transforms continuously L4 (0,7’ Lb) into
Lo°(0,T; Lh) with the norm decreasing to 0 as T' — 0, see [DZ]. This follows from

Holder’s inequality. Namely given T > 0 one can find a constant C4 depending on
S and T such that for any T' < T,

t 1/q"
HRﬁHL(Lq(OTLp) Lo (0,T;LY)) < sup (/ (t— 5)(5_1)(1*“5(75 - 3)||%(Lg,yg) ds)

te[0,T]

T(B-1)q"+1) \ /¢
<Cy (—)
(B-1g*+1
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Proof of (ii). Again it is enough to show that Rg maps continuously L4(0,7’; Lb)
into L>°(0,7;C,/,) with the norm decreasing to 0 as 7' — 0. Let T > 0. Using
Lemma 3.4 and arguments from the proof of the first part of the lemma one can
find a constant C' such that for T'< T,

IR 5l C ( T(B-1-d/2p)a"+1) >1/q*
q - ILP oo . S
O

Proof of Theorem 2.2(i). Let us fix p, and p, and T € (0,00). Let be such that
(2.4) holds, and let 5 = «/4. Clearly, we may assume that 5 < 1/2. Let g € (2, 00)
be such that (3 — 1)¢* > —1. Let Yz be given by (7.3). Taking into account (7.2)
and Lemma 7.1(¢) the proof will be completed as soon as we show that

T T
30 VT < T, 7 € KL(L2), IE/ Ya(2)(0)]1, dt < CIE/ Z(1)[7, dt. (7.4)
0 g 0 ?
By Theorem 4.1, there is a constant C; independent of T" and Z such that for all
t e [0,7T],
t qa/2
B0k < CE ([ (-9 180 - 90zl pyds) - (79
By Lemma 5.3 the left hand side of (7.5) is less or equal to
t a/2
G2y oy ([ (097200 = )as)

where b(s) = (I' + Cr dz, b, (9(-)/C4)). Since

/O (t— )20t — 5)ds < (T + Crda, s (d/2+26,T,0%()/C3) ).,

we conclude by Lemma 5.1(1). O

Proof of Theorem 2.2(ii). Let p > 2 such that d < p, and let @ > 2d/p be such
that (2.4) holds true. Since d/p < 1, we may assume that 8 = a/4 < 1/2. Let
q € [2,00) be such that (8 — 1)¢* > —1. Since § > d/(2p), Lemma 7.2(ii) yields
that for any 7' > 0, R is a bounded operator from L?(0, T; LP) into C([0,T7;C,/p).-
Thus as in the proof of (i) it is enough to show that for any T > 0 there is a C
such that for all T < T and Z € K7 (LB), one has

T T
IE/ Y5(2)(0)]1, dt < CIEJ/ Z(8))9, dt.
0 i 0 ?

This follows from (2.4) in the same way as in the proof of (i). [
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8. WAVE SEMIGROUP

Recall that 6, is given by (2.5), the Sobolev spaces H) and H, ' are defined in
Section 2, and that the spaces X,, D,, and the operator A are given by (2.6). For
brevity we write X and D instead of Xy and Dg. Let

‘ ZZ} 0;1/21/}
(- ()
¥ Qp/go

Then j, is an isometry between X and X,, and D and D,,.

Lemma 8.1. Let p € R. Then:

(1) 6,'%:0, € L™(G, dx),

(11) 6,1£60, € L>(G, dx),

(1i1) X;, 1 =1,... 1 are bounded operators from H; mto L/% and from IL?, mto H;l.

Proof if (i). Note that

Op(x) _ Li(z)

1 _ )
0, X;0,(z) = V,(x)  I(z)

p(z)~1%;5(1
Vp(x)~15(1

By Lemma 3.1 there is a constant C' > 0 such that
hix) € [ exp{~0%(w.0)/C + po(a) = po(u)} dy
G
< C/GeXp{—Oz(ﬂc,y)/cvL lplo(z,y)} dy

< Cexp(Cp/2) [ exp{0)/(20)} d.

Hence I; is bounded from above as [, exp {—0%(y)/(2C)} dy < occ.
Applying Lemma 3.1 again we can find a constant ¢ > 0 such that

Ir(z) = c/GeXP{—OQ(%y)/CJrPD(w) —po(y)} dy
> /G exp {—0(z,9)/(2¢) — 0%(2,)/(20) — |po(, )} dy
> cexp{—cp?/2} /G exp {—0%(y)/(20)} dy.

Thus I5 is bounded from below, which completes the proof of (i). O

Proof of (7). One can easily prove (ii) using the arguments from the proof of ().
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Proof of (iii). First note that

Z/aw /¢ )£ (x dx</¢ W(z) dz
< /G (0-9"2) (@) d

Hence X;(J — £)7'/2, i = 1,...,1 are bounded operators on L?>. Now for any
Y € C°(G) we have

Xilys = |03/ 2%, =

xi (0)/%0) — vz}
X (3-8 V23— e)? (9;/%) Lt

L2

<

w0, /2,010

.
L3

This gives the continuity of X; from H1 into ]L2 since 8_1/23‘: 91/2 = 1/20‘1%,-@, is
by (i) a bounded function. To see that X; is bounded from IL2 into H,; ! note that

2 2 Ty _ pr—1
Hp<—>1L =) — (H,)"=H,".

Thus X; is bounded from L2 into H, *. Since for ¢, ¢ € C§°(G) we have, see [CSV,
21]7 <xi¢ﬂ0>L2 = —<¢,%i<p>L2, we have

Xip = —0,1%, (e;/%) S (9;1/23@9;/2) b — X,

Hence X; is bounded as 9;1/ 2%19;/ % is a bounded function. [
Since £ =Y, X? we have the following corollary to Lemma 8.1.
Corollary 8.1. Let p € R. Then the operator £ is a bounded linear operator from
Hp_1 into H ;.
Lemma 8.2. The operator A with Dom A =1, generates Co-semigroup on X,,.

Proof. Clearly A generates Cy-semigroup on X, iff A= jp_l.Ajp with Dom A = D
generates Cyy semigroup on X. Note that A = A+ P, where A has the domain D,

and
P 0 0
“(» o)
where

Py =012¢ (0 ( 1/%) = (e;/%:a;l/?) p+2y) (9},/23@9;1/2) X0,
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Now the fact that A generates Cy-semigroup on X follows directly from the fact
that £ is sefl-adjoint, see e.g. [CP]. Thus it is enough to show that P is a bounded
operator on X, or equivalently, that P is a bounded linear operator acting from L?
into H~!. Since

0L/220,1/% —% > 0,°%:(0,7%:8,) = 50,00, + Z 0,1%:0,)

and 01/2% 9_1/2 —1/20,'%;0,, we conclude by Lemma 8.1. [

Let ) (@) ) .
s (5<G>> wt waxi= (1)

for X = (u,v)T € S and f € 8'(G). Recall that n(d, £) is given by (6.1).

Lemma 8.3. Assume that (2.1) holds with the constant C'. Then for any p € R
there is a constant Cy such that for arbitrary X € S and orthonormal basis {fr} of
Hy, one has

Y IMxfily < Ci[X[g (9(d,T+Cdzx) +1).
k

Proof. Since Mx f = (0,fu)7 it is enough to prove that there is a constant C; such
that for arbitrary v € S(G), and orthonormal basis {f},

I=3 |Mufilyr < Crlulfz (n(d,T + Cdz) +1).
k
Set -
K(2)(y) = / et H, (y~12) 012 (y)uly) dt
0
Then

I:Z/G<fk,/C$

and consequently, by Lemma 4.2, I = [, A (K(x), K(x)) dz. Let I =T+ Crdz be
a non-negative measure, and let A (v, p) = <f, P* x <p>. Then

Jg/GA(/%(x),/@(x)) dz,

where

R - [ ety () 042 ()luly)| dt.
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Thus

1</ / —<t+s>/ (Ko(2), Ka(2)) da dt ds,

where K¢(z)(y) = He (v ') Gé/z(y)\u(y)]. Note that

T (Ki(2)) (y) = He ()05 * (zy)u(zy)|.

Hence

A (K@), Ks(2)) = A (77 Ke(2), 77 K (2)) =
Hy
G

/G [ e ) e )8 ) oy ) 6}/ ) [u(an) () dy,
Note that
/Gg;/2 (ey=) Ju (=) | 4/2 (o) u (ay)] do < [ufZs.
Therefore
A(Ka(w). K@) < e (TG 1) [ul?y < o (Db (00)/c2) ) Juf?s.

Summing up we have

I <ec <f,/ / e*(t+s)f)(t+s)(b(~)/02)ds dt> |u|i§ = <f‘,/% (02(-)/02)> |u|]%g,
o Jo

where

= / / e (9 (¢ 4 5) 7207/ (H3) d5 dt.
o Jo

Note that

/ / e~ —d/2 —r/s dsdt < / —t/2 /OO e—s/28—d/Ze—T/s ds dt
t

/ —8/2 —d/2 —T/sds < 22 d/2 (d/2 QT)
0

k being defined by (5.1). Thus the lemma follows from Lemma 5.1 and the fact
that I' is a tempered distribution. [
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9. PROOF OF THEOREM 2.3

Let p € R. By Lemma 8.2, A with the domain I, generates Cy-semigroup U on
X,. Let F' and B be given by (2.7). Lemma 8.1 and the assumption f, f; € Lip (2, p)
ensure that for any 7" < oo there is a constant L such that for all ¢t € [0,T] and
X, Y eX,,

[F(t,X)—F(t,Y)lx, <L X -Y|x, and |F(t,X)| <L+ |X|x,).

Lemma 8.3 and the assumption b € Lip (2, p) guarantee that for any 7' < oo there
is a constant L such that for all ¢ € [0,7] and X,Y € X,

1B, X)L sy (Hw x,) < L1+ | X]x, )

Having the Lipschitz continuity of the nonlinear coefficients one can prove the exis-
tence and uniqueness of the solution to (1.2) by means of the Banach fix point the-
orem, just applying known existence results, see e.g. [BP1], [PZ1], [PZ2]. Namely,
given T € [0, 00) and ¢ > 2 define K% (X,) as the class of all adapted continuous in
X, processes Z satisfying

E sup [[Z(t)[[%, < oo.
t€[0,T] ?

We define on K%.(X,) a functional 7,

J(Z)(t) =U(t)X(0)+ /0 Ut —s)F(s,Z(s))ds +/0 Ut —s)B(s,Z(s))dW(s).

For ¢ large enough one can chose T' = T'(¢) > 0 such that J is a contraction from
K%(X,) into K4.(X,). In this point the Da Prato-Kwapieri-Zabczyk factorization,
see (7.1)—(7.2), enables us to take supremum operator in the stochastic integral

B s H /Ot U(t — $)B(s, Z(s)) AW (s)

p
XP
outside the expectation operator, see e.g. [BP1], [PZ1], [PZ2], or the proof of
Theorem 2.2. U

10. EXAMPLES

Example 10.1. Assume that I is a bounded function. Then it satisfies (2.1) and

(2.2). For (2.2) is by Lemma 5.1 equivalent to f01<F, H;) dt < co. This is satisfied
by any bounded I as (dz, H;) = 1.
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Example 10.2. Given a € (—00,1) we set [n(z) = [t % "Hy(z)dt, z € G.
Then we have the following result.
Theorem 10.1. (i) ', is a non-negative finite tempered measure on G, and hence

it satisfies (2.1) with Cp, = 0. Moreover,

Ao(, ) = (Lo, " * @) Y, p € S(G)

is a continuous positive-definite left translation invariant bilinear form on S(G).
(7i) (2.2) is satisfied if d =1,2, or a < 1—d/2, or

d=N and o <2 — N/2, or d=N+1anda<1—N/2.

(7i7) If G is nilpotent then (2.2) is satisfied if d = 1,2, or a < 2 —d/2.

Proof of (i). First note that I'y(x) € [0, 4+00] for every x € G. Moreover, by Lem-
mas 3.1 and 5.1 one has ', () < oo for x # e, and for every m > 0, 9" (z)I',(z) — 0
as 9(z) — oo. Thus T, € S'(G) follows from [, Hi(z)dxr = 1. Due to Theorem
1.1, A, is continuous and left translation invariant. Since

(Hi, 0™ x @) = (Hy 1, 0) = (S(t), @)

we have
At = | T e (S, ) di = / T eet (S(t/2), S(t/2)) .

and hence A, is positive-definite. []
Proof of (ii). Note that, by Lemmas 3.1 and 5.1 there are constants C, Cy € (0, 00)
such that for all x € B(e, 1),

C <Ty(x) < Cy ifa+d/2 <1,
Cilog (0(z)™!) <Ta(z) < Colog (0(z)™!) ifa+d/2=1,
C1o(z)%72074 < Ty (x) < Cyd(x)2-22—4 if a+d/2>1.

Thus (2.2) holds true iff d =1, or « +d/2 < 1, or

( Jpeny (og (3(2)71))” do < o0 if =0, d=2,

fB(e,l) 0(z) %" log (0(55)71) dr<oo fa>0,d=2,
Jp(en)2(@)? og (0(z) ") dz < oo ifatd/2=1,d>2,
\ fB(e 1) o(z)47272 dy < 00 ifa+d/2>1,d>2.

(10.1)
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Note that 0 dominates the original metric ¢ on G, and the exponential map is a
local isomorphism between G and RY. Thus (10.1) holds true if

([} (log (1)) tN At <00 ifa=0,d=2,

fol g2t N og (t71) dt <00 ifa>0,d=2,

Jy N og (171 dt <00 ifa+d/2=1,d> 2,
| [ 14220k N -1 g < oo if o +dj2>1,d>2.

(10.2)

Note that if d = 2 then N = 2, and consequently the first two conditions in (10.2)
hold true. It is easy to see that if &« < 1—d/2, or one of the last two conditions hold
true, than either d =N >2and a <2—-N/2,or N=d+landa<1—-N/2. O

Proof of (iii). Taking into account the second part of the theorem we can assume

that d > 2 and o > 1 —d/2. Let V(t fB( o dz, t>0. From (10.1) it is enough
to show that

Jytdlog (t71) AV (t) < oo ifa+d/2=1,d> 2,
i 142420 QY () < oo ifa+d/2>1,d>2

implies o € [1 —d/2,2 — d/2). This is a simple consequence of the fact that if G is
nilpotent, then there is a constant C' such that V(t) < Ct¢, ¢ > 0, see [CSV]. O

11. HEISENBERG GROUP

For n > 1, the Heisenberg group G,, is the group whose underlying space is
R™ x R™ x R or equivalently C™ x R, and whose group law is

(§1,m1,71) (§2,m2,T2) = (51 +&,m +m2, 71+ T2+ = (51772 — 77152))

Note that G,, is identified with its Lie algebra G,. The canonical basis of G,
will be denoted by (X1,...,%,,D1,...,Yn,T). The Haar measure on G,, is just
Lebesgue’s one on C™ x R, and the distance q is also the Euclidean distance.

In this section

&= Xn: X7+ 97)
=1

Note that since [X;,2);] = T for all i = 1,... ,n and N = 2n + 1, formula (1.5)
reads d = 2n + 2.
Let {hy;k > 1} be the L?(R)-orthonormal basis given by the Hermite functions

(-0t &

—t2y _t2/2
O AN aE e ”

hi(t) =
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let @o(z) = [[}—; ha, (2;) for « € N", 2 € R", and let

Ran(r) = Ao (IN?r), 1 e R™

Denote by T the Fourier transform of T' € L?(G,), see Appendix A and the proof

of the theorem below. In this case, T is well defined as a function from R* into the
space L(L?(R™)) of linear operators on L?(R"). For A € R*, a € N", set

~

120 = (PO Kar)

Then, see [F, p. 137], v2(\) > 0 for all a;, \.
Theorem 11.1. Assume that T € L?. Then T satisfies (2.2) iff

Ya M)A
> / TH ANl d\ < oco. (11.1)

aeNn

Proof. The Fourier analysis on G,, involves the set of representations {my; A € R*}
defined as follows. For all A € R*, z = (§,1,7) € G,,, mA(z) is an element of L*(R"™),
and

[ma(@)e](r) = dATFEFEEN g ) ¢ € LAR™), € R™.

Thus in the terminology of the appendix H, = L*(R"). If ¢ € L'(G,), then

the Fourier transform of v will be an L(L?(R™))-valued function {121\()\), A € R¥}.
Theorem A.1 from the appendix holds then with the Plancherel measure given by

A"

pldA) = (2m)n+1

dA.

The operator £ and the Fourier transform on G,, are related in tkle following way,
see [Th, p. 51]. If ¢» € S(G,,), then for every A € R*, (£ RN) = »(A)U(N), where

U()\) == ARTL - )\2|7“|2
is the scaled Hermite operator. Then, for all A € R*, U(\) has the eigenvectors
{Ka,n} with the corresponding eigenvalues o, x = —(2|a| + n)|A|. In particular,

U()) generates a Co-semigroup U (\) on L?(R™). Let H; be the heat kernel on G,,.
Our first goal is to show that

Hi(\) =U(N)  AeR* (11.2)
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For the function H; is the fundamental solution to the heat equation on G,. In
Fourier coordinates for any i € S(R™) one has

ou(t,r) =UN)v(t,r), (t,r) € [0,00) x R™
v(0,7) =(r), reR”

Since S(R™) is dense in L?(R™), we have H;(\) = U;(\), which gives (11.2).
By Lemma 5.1, (2.2) is equivalent to fOT (I',’Hs) ds < oo, which in Fourier coor-
dinates yields, using Plancherel’s formula,

/OT /]R Tr (TOYHI (V) 1(d)) < o

Then
Tr (PR N)) = 3 220 exp (—ans)

aeNn
which is equivalent to (11.1). O

A. APPENDIX

The material included here is taken mainly from [F, Chapter 7] and references
therein, and we refer to that book for further details. We say that 7 is a unitary
representation of G on a separable Hilbert space H, if it is a homomorphism from
G to U(H,), where U(H,) denotes the set of unitary operators on H,. Let G be
the set of equivalence classes of unitary irreducible representations (see [F, Chapter
3] for basic definitions of representation theory). We will still write 7 for the generic
element of G. R R

The Mackey Borel structure on G is the o-algebra M on GG which makes all the
functions

T = (7(2)u, V) (), = €G, u,ve€ H(m)

measurable. Suppose that G is of type I (see the definition in [F, p. 206]), which
occurs if G is either Abelian, or semisimple, or nilpotent, or a real algebraic group.
Then (G, M) is a standard measurable space (see [F, Th. 7.6]). For a given

measure v on (@,/\/l), and a family of separable Hilbert spaces {H,;7 € é} one
can associate, as in [F, Section 7.4], the direct integral of the spaces H, with respect

to v, denoted by
S
H,v(dr),
/, o

which is the space of measurable vector fields ¢ such that ¢ (7)) € H,, and

wwzéwmmﬂmm<w
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For a fixed element 7 € G and f € L*(G), the Fourier transform of 1 at 7 is
defined as the vector-valued integral

B(r) = /G (a)n(z) de.

Let us denote by Lg)(H) the space of Hilbert-Schmidt operators on a Hilbert
space H.

Theorem A.1l. Suppose G is a unimodular locally compact type I group. Then

there exists a unique measure |1 on (@,M) such that the Fourier transform can be
extended into a unitary map

S

VLG = e [ Lous(Houldn)

and the following Plancherel formula holds on L*(G);

[ v@eaya = [ T (53 u(am).

Furthermore, the Fourier transform has the following properties:
(1) Ify,p € LY(G) N L*(G), then, for all 7 € G,

(¥ * @P(r) = P(m)B(m).

(2) If X is a left invariant first order differential operator, and ¢» € Cg°(G) N
LY(G), then

(X fRr) = f(m)Ax (),

where Ax () is the skew-symmetric operator on H, defined by Ax(m) =
—drme(X).
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