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Abstract

This paper is devoted to a detailed study of a p-spins interaction
model with external field, including some sharp bounds on the speed
of self averaging of the overlap as well as a central limit theorem for
its fluctuations, the thermodynamical limit for the free energy and the
definition of an Almeida-Thouless type line. Those results show that
the external field dominates the tendency to disorder induced by the
increasing level of interaction between spins, and our system will share
many of its features with the SK model, which is certainly not the case
when the external magnetic field vanishes.
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1 Introduction

The high temperature regime of the Sherrington-Kirkpatrick model of spin
glasses, with or without external field, is now understood in many of its
essential features: the overlap R; 2 of two configurations has been shown to
be a central object of study for the whole system (see [5]), the thermody-
namical limit of Ry 2 and of the free energy Zy have been computed (see
e.g. [6]), and a number of Central Limit Theorems for the fluctuations of
those quantities have also been established in different contexts (see [1], [4],
[9]), giving a rather complete picture of the model.

On the other hand, the results concerning a natural generalization of the
SK model, namely the p-spins interaction model, are scarce (see however [7]
on the low temperature regime and [3] for some fluctuation results for the
free energy), especially when an external field is considered. The purpose
of the present paper is then to fill this gap: we will consider a spin glass
model, whose configuration space is ¥y = {—1,1}V. Let uy be the uni-
form measure on 5. The energy of a given configuration o € ¥y will be
represented by a Hamiltonian H (o), and we are concerned with the Gibbs
measure G = G, whose density with respect to uy is Z&le*H , where Zy
is the normalization factor

ZN = Z exp (—H(0)).

oEXN

The Hamiltonian under consideration here will be defined by

N
—Hngn(o) = Bun Z Gir,..sipTiy - - Oy + hzau
i=1

(ilv---viP)EAll)\]

with

pl\?
uN = QNP1 )

AN = (i, i) eNP1<ip <o <idp <N},

where the parameter § represents the inverse of the temperature and where
9 =AGi1,..ip: (i1, ..., ip) € AR} is a family of independent standard Gaussian
random variables. The strictly positive parameter h stands for the external
magnetic field, under which the spins tend to take the same value +1. We
will denote by (f) the average of a function f : ¥y — R with respect to G,
as well as the average of a function f : ¥’y — R with respect to G%”, without



mentionning the number n of independent copies of the spins configurations,
i.e.

(fy=2zy" Y. flo',....o"exp | > Hygn(o)

(o1,....,0™)ELY, I<n

We write v(f) = E(f). Our aim here is then to give a detailed account on
the limiting behavior of this system when N — oo, when ( is bounded from
above by a constant (3.

Notice that some of the features of the SK model are shared by our
p-spins interaction model. For instance, the study of the overlap of two
configurations, defined by

1
1.2
RM:NE 0,05,
i<N

where 0!, 02 are understood as two independent configurations under Gy,
will be again one of the main steps to understand the limiting behavior of
the system, though it generally appears under the form Rﬁ);l (for instance in
our first occurrence of the cavity method, yielding Proposition 2.1) , leading
to some technical complications. Our first result will then be to show that,
for 3 small enough, R will self average into a constant ¢ = g, implicitely
given as the unique solution to

tanh? (6 (g) %q%Y + h)

where Y stands for a standard Gaussian random variable. In particular, it
will be easily shown that g, will tend to tanhQ(h) as p grows to oo, showing
that the natural tendency to the disorder induced by the increasing level
of interaction between the spins will be dominated by the presence of the
external field h.

It will be natural then to obtain some extra information on the exponen-
tial moments of N(R; 2 — ¢), from which we will be able to get the estimate

v(Rip—q) < 2P (1)

q=E

)

giving a sharp bound on the speed of self averaging of R;2. All those
considerations on the overlap will yield the following replica-type formula



for Zn:

; — @2 p—1 D
]};glopzv(ﬁ,h,p) =7 [1—pg" "+ (p—1)¢"]

1o
+log 2 + E | log cosh [ﬁ(g) 2qulY + h]

Some further computations on the second moments of R{’;l will then lead
us to the definition of an Almeida-Thouless line, which should give the limit
of the high temperature region for our model, and is defined by

2 — 1gP2 i
1-— 5plp— )"~ 5 Ja E [cosh_4 <<g) 2q%Y + h)] > 0.

Notice that the fact that g, — tanh?(h) when p — oo will immediately
imply that, if we denote by 3., the boundary of this Almeida-Thouless line,
then f3,, — 0o when p — oo (see Remark 5.2).

Our last result will be a central limit theorem for Ry 2: we will show that,
for the typical disorder g, the quantity N/ 2(]%11?7_21 — ¢P~1) will converge to
a Gaussian random variable whose variance will be identified explicitely.
Notice that this behavior is quite different from the picture given by [3].
Indeed, when h = 0, the rate of fluctuation of Zy is shown to be of order
N®=2)/2 " increasing thus with the number of interactions. In our case,
the presence of the external field h will stabilize the behavior of the self
averaging, which will occur at the same speed as in the SK case.

Of course, our methods of proofs are much indebted to the great in-
fluence of [9], through the rigorous introduction of the cavity method as
well as for some key ideas for further computations of moments and limit
theorems. However, the presence of an increasing number of interactions
requires a careful analysis of the different quantities considered at each step
of our calculations, especially in the identification of all the negligible terms
involved. This is why we include almost all the details of the computations
in our proofs, which, we hope, will make the lecture of the paper easier,
though certainly cumbersome.

Our paper is organized as follows: at section 2, we will give some prelim-
inary results on the cavity method for the p-spin model, allowing to reduce
our system of size IV into a system of size N — k for arbitrary 1 < k < N.
Section 3 is devoted to a preliminary study of R 2, including the self averag-
ing result, the existence of exponential moments, and the bound (1). Section
4 will then give the limiting behavior of +E[log(Zy)]. Section 5 will focus
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on the definition of the Almeida-Thouless type line, while at Sections 6 and
7 we will establish the CLT for R; . Finally, in the Appendix we recall the
definitions of all the sets appearing througout the paper.

In the sequel, the size of a given finite set D will be denoted by |D].
Troughout the paper, P,,(N) denotes a polynomial of order m in N. We
will also denote by K almost all the constants, although their value may
change from line to line. We will omit their dependence on k (the size of
the cavity we will create) and n (the number of copies of G considered).

2 The cavity method

In this Section, we will introduce one of the basic tools we will use all along
the paper, namely the k-cavity method, that allows to quantify in a certain
way the difference between our original system and a system where the k
last spins are independent from the other ones. We will first introduce the
basic notations we will need further on, then get some general results for
the k-cavity, and eventually a simplified version of some of these results for
the particular case of a 1-cavity.

2.1 Notations and definitions

For ke {1,...,N —1} and 3 > 0, let

N—k\Z
ﬁk=< N ) B,

that will play the role of 3 for our reduced system. Define the following set:
Nk = {J="(i1,....ip) e NP;1 <y <---<ip < N,ip >N —k},

and, for J € QI]’VJ{, set m = max{j,i; < N — k}, and let I, ¢ be defined by

I= (i1, yim), I¢ = (img1s -5 0p)- (2)

Observe that we should write I = I(J),I¢ = I¢(J), but we will omit this
dependence for sake of readability. Using these sets, we define

UJ:HO-i]w &J = H i},

ijel ijele



and

9(k) (77’ 5) = ﬁuN Z Git,ipTin =" " Oy
ip>N—k

= Bun D, grnses

JEQR &

The basic idea of the k-cavity method is to regroup the Hamiltonian as
follows:

.
—Hypn(0) = —Hn_k5,0(0) + gy (m.6) + b e,
=1

with &; = on_ij+1. We will denote then by () the average with respect
to the Gibbs measure on X y_j, relative to the Hamiltonian Hy_j g, . As
usual in the spin glasses theory, the cavity method will become a powerful
tool through a construction of a continuous path between the original con-
figuration, and a configuration where the k last spins are independent of the
others. Set then, for ¢ € [0, 1] and a constant ¢ € [0, 1] to be precised later,

1 —1 1
Iy (:8) = t2gay(n,e) + Pung'z (1—1)2 Y zy ey, (3)
JeQ’j\,,k

where {z;;J € Qlfv,k} is a family of independent standard Gaussian random
variables, also independent of all the disorder g.

Let n > 1 and o',...,0" be n independent copies of a N-spins configu-
ration. Let us write

n k
gn,k:,t = €xp { Z (g(k),t(nl7 gl) + hzei) }7
=1

=1
Ziye = (AvELEt)

where Av means average over {el = £1,4 = 1,...,k,l = 1,...,n}. Then,
for f: X% — R, we define

(AVIEn i)k
Nt = ——4—,
Ll

Vk,t(f) = E<f>k,t~

Observe that v(f) = v 1(f) for any k.



The idea of what are going to state is that vy o(f) (or a slight modifi-
cation of this quantity) should be simpler to compute than v 1(f) in some
interesting cases of functions f. On the other hand, we will relate these two
quantities by means of

1
vk (f) — vko(f) = /0 jtht(f) dt, (4)

or higher-order versions. We will generally write

d

= glfk,t(f)-

2.2 The k-cavity

We will give here some basic relations, allowing to estimate quantities like
(4) in great generality. First, we will compute the derivative of v ,(f) with
respect to t in the following way:

Proposition 2.1 Fort € [0,1] and f : ¥%, — R, we have

viaf) = Bl Y [m(f > Gl - ) €heh)

JeQ, 1<i<l'<n
_ndt(fZ L — gy ef,s?“)

+n(n2—i— 1) (f(nf}“nf}“ - 1) 5’}+159+2>] (5)

Proof: This proof is an extension of [9, Proposition 2.4.2], whose details
are given for sake of completeness. We have

p—1 n
dgnkt _ [ Zg l M Z ZJZEG]gn’k’t’
=1

27 201-t)7 ;i

NI

and hence v} ,(f) = A1 — Az, with

Al - 1 E
2t2

252 (Avgu . e") Enre).
=1
~nZ\V AV (€Y Enyie)
(k),t g(k‘) n y€ n+1,kt /g |
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and

,3 p=1

ung 2

= T S
21-1)2 4ot

n

2y <AVfZJ £y nkt>
=1

k

N

Z(k§n+ ) (Avfzy et 5n+1,k,t>k] :

Notice that, in order to obtain the last formula, we have used the basic fact
that, for ¢ : ¥ — R and ¢ : E% — R, we have

(6 (o, 0™), <¢§ <al,...,am)>k
:<¢(017'“76m)q3<0m+1,...,am+m)> .

k

Let us first study As: integrating this expression with respect to zy, and
invoking the fact that E[zF(z)] = E[F’(z)] for a standard Gaussian random
variable z, we get

p—1 1
8ZJgn,k,t :/Bqu 2 1_t 2 (ZEJ> n,k,t»

I'=1

and hence

n n

Zwye D2 <A"f5551} gn,k,t>k
I=110=1

/I —

2,2 p—1

2
JeQﬁ,,k

—nZ N (AVFE e Eui)
=1
. n+1
—nZ(_kgtltJr ) Z <Avf€{]€7}+1 5n+1,k,t>
=1

k
+f€nZ(k§n+2 <AVf€n+1 n+2 5n+2,k,t>k] 7

with &, = n(n + 1). Note that, for any [ € {1,...,n},

255, (Avseye, gn’k’t>k: 230 (AT Ene)



and, since f depends only on (¢!,...,0™), we have

nZ(_kgzﬂ) (Avfeie™ Epine), = ”Z@gzﬂ) (AV Entipily

= nZ(iknyt <AVf gn,k,t)k :

Thus

Ay =Fufgt > E

QR

255, > (Avfehe Eune),

1<i<l'<n

—nZ, S"H) i <Avf€f,€7}+1 gn+1,k,t>k
=1

K (n+2) 1_n+2
5 By (AVfeTTEr” gn+27k7t>k]’

where we recall that &, = n(n + 1). This can be read as

AQZﬁQU%qu_l Z [ vt | f Z erJ —m/kt<fz<€l ”+1>

JeQ% 1<i<l'<n

n(n+ 1) nilon+2
_ €
SRt (e |.

The same kind of computations can be lead for A, integrating first by
parts with respect to the variables g;. In this case, we obtain

=Bk Y [ vee (Y il €l

JEQY 1<i<ll<n

—Nj 4 <f277ﬂ]”+1 6J57}+1>
=1
n(n+1)

1 2 1 2
S (o enrient )].

Substracting A; and As, we get the desired result. O
As a consequence of the last proposition, we can bound vy, .(f) by vk 1(f)
as follows:



Proposition 2.2 Let f : X% — Ry be a non-negative function. Then, for
N large enough, we have

via(f) < exp {26%0°p(k + 1) ju(f) (6)

Proof: Appealing to relation (5), we obtain, for a non-negative f, and since
Iy — ¢t < 2,

vha(f) = 4602 QR v ().

Using the expression of uy and the estimate of Lemma 8.4 (see the Ap-
pendix) on QY .|, we get, for a constant K (p,k) > 0 depending only on p
and k,

vholh) = =200 (k4 S0 Y ),

Hence, for N large enough,

Vl/c,t(f) > —Qﬂznzp(k + v (f).

Integrating this relation between ¢ and 1, we get

log (v(f)) —log (v (f)) = =26°n°p(k + 1)(1 = t) > =26°n"p(k + 1),

which yields the announced relation.
O
We will finish this subsection with a useful result for the p — 1-cavity.
This lemma gives an idea of how our computations will become explicit when
Vp—1,0 is considered instead of v.

Lemma 2.3 Let f~ : X% — R be a function depending on {all, ... ,Uév_pﬂ;

Il < n}. LetY be a standard Gaussian random wvariable. For | < n, we
designate by M, an arbitrary subset of {1,...,p—1}. Then, for a constant
Ll(ﬂ) > 0,

Vp—1,0<f7 11 €fnl)—’/p—1,o(f’)

I<n,m;eM;
P, p\z pt Li(B), -
< [T B|tanh =toev (5 (2)7 "'y +n) || < 25207
Jj<p—1
Remark 2.4 In the sequel we use the following notation:
_ 1
Gn = E[tanh" (ﬁqul (g)ﬂ/—l—h)}. (7)
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In order to prove this lemma, it will be useful to split QX; , into

r = QU Ql])\f,lw (8)
where
Noe = JeQf,im<p-1},
]]DV,k = {JEQ?\/,Mmzp_l}'

Recall that m is defined in (2) as the maximum of {j,i; < N — k}. Hence,
Rk can also be defined as

’g’wz {J=(i1,....ip) €QN s 1< <lpyip1 >N —k}.

Finally, we need to introduce some additional notation and to give a
technical lemma that we will only use in the proof of Lemma 2.3, and that
expresses the fact that, in (3), the main part of ZJEQ@’” zjey is given by

> 1", zjej, which is easier to handle: let us write

En o = €xp { Z (ﬂqupT_1 Zzz el + hzfé)}v

I<n i<k i<k
where {Z;,i = 1,...,k} are independent zero mean Gaussian random vari-
ables with variance (J;:f) For f = f(all, el 52,[ < n), we define
X Av(f€uro
Vk,O(f) —E (Ainw) ’
Z’VL
(k)

with Z(k) = AVél,k:,O‘
Lemma 2.5 Let [ = f(sll,...,eﬁc,l <n). Then

: K(9)
hof) = Pho(F)] < N e

Proof: The arguments are similar to Proposition 2.1. Consider

n
5 5 p—1l 1 1
En et = En k0 X €XP { d Bun gz otz Y oz 5]}7
I=1

JEQY k

11



where {z;,J € QI]JV .} are independent standard Gaussian random variables,
and define R
Av(fE k1)

Z k)t

ei(f) = E

)

with ZA(]C%t =Av gl,k,t-
Note that 7y, 1(f) = vk o(f). Indeed, Z; ~ N(O, (]Zjlk)) and thus

k
. 1 (@) 1
Sad? ¥ al

=1

JEQR .

The quantity 7y +(f) can be differentiated once again in ¢, and we have

M = 1% Z (ﬂuN q Bt Z 2J 6{]) én,k,t.

TEQY &
Then,
3 =1
N UN q 2
o) =P B 25,3 Av(s RELS
2t2 1EQ%,
—nZkng)A (f Z 2y et E n-‘,—lkt)]
TEQR

An integration by parts formula with respect to the random variable z;
implies

BudigP! O L . | _n+1
./
) = PR (S (1) - S (1257)
seqr, Limtr= =1

n+1

_ Z Ve <f€z n+1> +n(n+ 1wy (f63+163+2)]

Now, from Lemma 8.4, we obtain easily

2|

U%V‘QZ])\HJ <

that gives us the desired result. O

12



Proof of Lemma 2.3: Since f~ dependson {d},..., va,p;l < n}, invoking
Lemma 2.5, we only need to work with ﬁp*LO(ngmmleM, ely,)- Indeed,

Vp—1,0 (f_ H Efm) = vp-10(f7) Vp*1,0< H Efm)’

I<n,meM, I<n,m;eM;
and
K(B)
l ~ l
VP_LO( H 8ml> o Vp—l,O( H €ml) < N
I<n,m;eM; I<n,m;eM;

We will now divide our proof in two steps:

Step 1: By the construction of ,_1 g, é’n,p,w and M;, using independence
(of the €; with respect to the uniform measure on {—1;1}"” and of the
random variables Z;), we get

Av g,
I)p—l,O( H 557”) — E[ (HlSn,mlFMl my n,p , )

n
I<n,mieM, Z(P—l)

=E H tanh (ﬂqu%éml + h)

I<n,m;eM;

P
H {tanh (5qup21£’j+h)} =1 {JEMZ}]

Jj<p—1

:HE

Jj<p—1

=E

Pn -1
tanh =1 "iemp (ﬂqupTéj + h)

Step 2: By Lemma 8.4 and the fact that Z; is a centered Gaussian random
variable with variance (];[:Ik ), we have

Buk) =5+ O(%) 9)

For s > 0, set now 9 (s) = E[tanh™ (Xs+h)], where X is a centered Gaussian
random variable with variance s2. Then

1 /OO 1.2
s) = tanh™(u + h) e 2:2% du
VL= g e )

! /oo tanh™ (vs + h) e 2% d
= — I vSs e U.
V2T J o

13



Note that [¢'(s)] < K(m). Then, using the fact that Y is a standard
Gaussian random variable and (9), we have

‘E [tanhm <ﬁ (g)é q% Y + hﬂ —E [tanhm (ﬁuN qul Zj + h)} ‘
- ' v(8a"7\/5) — v (0" un | /E(2) ‘
< K" |\ /8- R EE)
_ K(m.p)
< N
which shows our claim. O

2.3 Particular case: The 1-cavity

The results of the previous subsection sometimes take a simpler form when
expressed for a cavity of order 1. It is then useful to summarize them in this

particular case: let
p—1
N-1\ =
ﬁ— - ( N ) ﬁ:

and (-)_ the averaging with respect to the Gibbs measure on ¥ _; at inverse
temperature 3_.

Let n > 1 and o!,..., 0™ be n independent copies of a N-spins config-
uration. For any j € {1,...,n}, we denote 07 = (p/,&’), where p/ € Ty_4
and &/ = ¢} € {—1,1}. Set

N =17 =", sip-1, N) e NP1 <y <o <y <N =1},
and, in this case, for J € Q% |,
NJ = 0iy " Oip_qs €] =0N =E§,

and
gay(n,e) =< g(T(p)),
being
9(T(p)) = Bux > gsn.

Jle\,yl

Here, for one configuration, we have

—Hypgn(o) = —Hn_15_1(p) +[g9(T(p)) + h].

14



And we can also define

9gy.(n,€) =< g:(T(p)),

with ) - X
gu(T(p) = t3g(T(p)) + Buna"T (1= )7 3 2
Jlej’V,1

where ¢ € [0,1], ¢ € [0,1] and where {z;;J € QR ;} is a family of inde-
pendent standard Gaussian random variables, also7independent of all the
disorder g.

Let us write

Enre = exp{ D aT() + 4]},
=1
Zye = (AvEiy)- = (cosh [gt(T(pl)) + h})_.
For f: X% — R, we can define

<AVfgn71’t>_

(g = —5—,
2y

Vl,t(f) = E<f>1,t-

Then, for t € [0,1] and f : £% — R, the derivative of v ;(f) with respect to
t takes the exact form of relation (4) with p = 1. Moreover, as a particular
case of Proposition 2.2, we also get, for a non-negative function f and N
large enough, that

via(f) < exp {48%np}u(f). (10)

An important remark is the fact that in order to prove the equivalent to
Lemma 2.3 (which will also be given in a simpler form), we do not need
Lemma 2.5: let f~ : ¥%{,_; — R be a function depending on {O’ll, ey Ué\/—ﬁl
< n}. Let Y be a standard Gaussian random variable. Then, for a constant
Li(B) > 0,

7y en)]| < B0

N
(11)

N

‘l/l,o(f_sl L 5”) —Vl,o(f_)E[tanh” (ﬂ (g)

15



3 Behavior of the overlap

In this section we will study the limiting behavior of the overlap of two
configurations, namely

1 N
U
Ry = N E 0;0;
=1

where ¢! and ¢! are understood as two independent configurations under
Gn. In the sequel, the following assumption on 3, that determines our high
temperature region, will have to be made:

(H) The parameter $ > 0 is smaller than a constant (3, defined by

1

8p2ﬁ§ exp (16ﬁ§p) =35

We will see then that the constant ¢ = ¢, which will be the L? limit of Ry o,
is the unique solution to the equation

tanh? (B (g) %q’%ly + h)

Observe that ¢a = ¢, where ¢, is defined by relation (7).

First, at Subsection 3.1, we will obtain the self averaging result for R o,
one of the main steps towards the replica symmetric formula. Then, at
Subsection 3.2, using an elaboration of the arguments of Subsection 3.1, we
will get the existence of exponential moments for N(R;2 — ¢). This will
allow us, at Subsection 3.3, using higher order expansions, to get a sharp
bound for the quantity v(R;2) — g.

Along this paper we will use the following two deterministic results on
the overlap. The first one is taken from Talagrand [7, Lemma 5.11]:

q=E . (12)

1,10 Ppp-1 K
U%V Z 77J77J_§Rf,zf SN’ (13)
JeQﬁ’V’1

while the second one is an easy consequence of Lemma 8.4:

K
¢ =L < (14)

Let us first state an elementary Proposition, that will give some useful
information about the whole p spins system.

16



Proposition 3.1 Under assumption (H), equation (12) has a unique solu-
tion qp in [0, 1]. Moreover

lim g, = tanh?(h).

p—00

Proof: Let ¢, ¢, : [0,1] — [0, 1] be defined by

tanh? (ﬁ(g) 2ty h)

It is easily seen that ¢(0) = 0, ¢,(0) = tanh?(h) on one hand, and that
©(1) =1, ¢p(1) < 1 on the other hand. Furthermore, a simple Gaussian
integration by parts argument (see also the proof of Lemma 4.2) shows that

¢, (x) = ﬁQp(];_ Y r2g [d} (ﬁ (£>l/2 T Y + h)] ;

p() =z, ¢p(r) =E

2
where )
1 —2sinh*(u
lu) = cosh?(u)
A quick study of 1 shows that ||¢|l« = 1, and hence, for any x € [0, 1],
Fpp—1) ,-
()] < PPV a2 < 252 e (1682)

Hence, if (3 satisfies condition (H), the existence and uniqueness of the solu-
tion to (12) is trivially obtained. The second claim easily follows from the
fact that ¢,(0) = tanh?(h), and that for any a € (0,1)

lim sup |¢;)(x)| =0.
P 2€[0,a)

3.1 Self averaging property

This part of the paper is devoted to prove that R;2 converges to ¢ in a L?
sense. A 1-cavity will be enough to reach the conclusion of this Section,
and we refer to Section 2.3 for further notations and results on this method.
First of all recall that v1 1(f) = v(f).

17



Proposition 3.2 Let f be a function from X% to R, and a1,z > 1 such
that ozfl + a;l = 1. Then, there exists a positive constant Lo such that

v(f) — vi0(f)] < (npB)? exp (45°n’p)

L
1) (g = )+ 22).

Proof: Consider the term

=B > o (el s — )

JEQf\,yl

Then, by Holder’s inequality,

1 1 ’ 4|2
Up < B (e | ke 2 ol — Qe
TEQN 1

Using (13) and (14), we obtain

R Ol Gl (e

a9 L2
>+N>’

and since \Rl ro— P < p|lRiy — q|, we get

[e% o « [e% L
v < B gy (uié  (Ris —qf 2>+2).

By relation (6), we then have

202
7 exp (45%n%p) v (1 1) (V” %2 (|Ry — q°%) + L2) .

Uy < N

Our result is then obtained by iteration of this kind of calculations for the
other terms in (5).
O

Proposition 3.3 Let q be the solution to (12). If B satisfies (H), then

2| =

v((Ri2—q)%) = E((Ri2 —q)*) <

18



Proof: The symmetry between sites implies that

v((Riz —q)?) = v(f), (15)

where B

f=("e? = q)(Ria—q) = A1 + Ag,
with

1
Al = N( 182 - Q)Za
_ N-—-1

and

| V-l
— Z 12
RLZ - N Ji O',L' .
i=1
Since |ele? — | < 2, it is obvious that

4
v10(Ar) < N

On the other hand, by relation (11) and the fact that ¢ is the solution to
(12), we get

v10(42) = v (Rig - % Q>
E[tanh2 (ﬁ <g>
- o)

and Proposition 3.2 for n = a1 = as = 2 yields

D=

X

qLElYJrh)} —q +0(%)

v(f) = v10(f)] < (2p8)° exp{165%p} v'/*(| fI?) (V”Q(!Rm —q’) + f@) .

Then (15) and the estimates for A; and Ay imply

z| >

I/((Rl,g — q)2) < 8p? (% exp{165°p} V((R1,2 — q)Z) +

Thus, if 3, satisfies (H), we obtain the desired inequality.

19



3.2 Exponential moments

The aim of this subsection is to bound the higher moments of Ri2 — q.
Notice that these bounds will be used in the next subsection in order to
control v(Ry 2 — ¢q).

Theorem 3.4 Let g be the solution to (12). If B satisfies (H), we have

A(Riz = a) = Bl(Ri2 — 0™ < (57).

where L does not depend on .

Remark 3.5 Theorem 3.4 implies that there exists M > 0 such that

V<exp {%(Rl,z - q)z}) < M,

and hence the title of this section. Indeed, this is an immediate consequence

l
of the equality e = leo ’”li,l and the fact (%) <<l

The proof of Theorem 3.4 goes along the same lines as Theorem 2.5.1
in [9], except for the introduction of a two steps induction due to the high
number of interactions between spins. We will try to stress mainly on this
difference. We will proceed by induction over [, and the induction hypothesis
will be

_ N _
V((RLQ — q)m) < <LWOZ) , for any [ € {1,...,1}, (16)

being Ly a fixed number. The case [ = 1 has been proved in Proposition
3.3, and if Ly is large enough, we will show that

l/((Rl’Q _ q)2l+2) <

(L(l i 1))l+1. (17)

N

First of all, since |R1 9 — ¢| < 2, for any [ > N assuming Lo > 4, we have

. o TNT
v((Ris—q)%) <4l < LfJ(N) .

So, we can suppose | < N — 1.
In order to prove (17) we will need the following lemma.

20



Lemma 3.6 Assume (16) and 1 < N — 1. Then, if Lo > 4 we have

. Lo(5+1)\3/2 .
v(|Rig—qf) < <0({7\7)> ) Vi <2,
- Lo(l+1)\!
V((R1,2 - Q)Ql) < 3<T) :
Proof: See the proof of Lemma 2.5.1 in [9]. O

Proof of Theorem 3.4: Our goal is to prove (17) assuming (16). By
symmetry we have

v((Rig — 0)*?) = v(f) = vio(f) + [v(f) — v1.0(f)], (18)

where B -~
f=(E"e—q)(Riz2—q) i
Applying Proposition 3.2 with n =2, ay = ;;—ﬁ and as = 2] + 2, and using
lele? — g < 2 we obtain
= - Lo 241
[v(f)—vio(f)] < 8p? 32107 [V((R1,2 —q)**?) + ﬁ%z’“ ((Ri2— Q)QZH)] :
(19)
Assuming condition (H) and plugging (19) into (18) we get, for 8 < 3,
- Lo 2i+1
v((Rip = 0)"2) < 2010(f) + w22 (Ra = @) (20)

This inequality, which was sufficient in the case of the SK model (see [9]),
does not allow us to reach our conclusion here, and we will have to perform
a second step in our induction: using that

(z+y)* <2 +y°,

for ,y > 0 and a € (0, 1), from (20) we easily obtain, for g < 3,

v((Ri2 —q)*"?) < Ay + Ag + A3, (21)
where
A = 2w0(f),
4 = Z2oEE 0,
a1
Az = f\? <€VQ % (Ri2 — q)21+2)>



Let us study first A3. Using (16) we get for 5 < (3,

9 o] Gris)”
A (a0
<
°o= NIt
4 L2 (Lo 1)

2041 20412
]\71Jr 20+2 H( 20+2 )

4 L2 (Lo 1)

- Ni+1 (22)

In order to study Aj note that

D1 % a0~ 55— )
+‘V1,D((6182 —q)(Ry 5 — q)21+1)‘,

The independence between !

(10) and Lemma 3.6 yield

e? and R{ 5 under 11, inequalities (11) and

‘V1,O((51€2 —q)(Ryy — q)QHl)’ < ‘1/1,0(5152 - q)Hyl’O((Rl_,Q _ q)21+1)‘
Ll elG,@gp B
S ToN v ((Brs = 0)**)|
< 31, s Lot D)

Ni+1 ’

with Ly := L1(0,) given by (11). On the other hand, using the inequality
|22HL — 2 < (20 + 1) |z — y[ (2 + y?!) and similar arguments as before,
we get

22



"/1,0 ((5182 —)[(Ri2 = )**" = (R, - Q)QZHD ’

< 2‘V1,0 <(R1,2 — )" — (R, — Q)QlH)‘

< 2(23\;'—1) [1/1,0 <(R1,2 - Q)2l> + V10 ((Ri2 - Q)mﬂ

e +;\; - [V<(Rl,2 - q)2l) + V((Riz - Q)Ql)}

220+ 1) €957 [/ LolNt s Lo(l+1)y\!

< Lol Lot +1)

<5 —(F) =(F)
4 e'%P [(Lol)! +3(Lo(l +1))'] (L + 1)

< Ni+1

L1+ 1)1

N

IN

S 8 816651)
So, it follows that

Al < 9 616ﬂ;27p (3L1 + 8) O(JVH-]_)

Lh(l+ 1)t
S 2 616p (3L1 + 8) OJVT
It is also easy to check that

20+1

Lh (14 1)t |2
Ni+1
4 Ly €' (3Ly +8) Ly (1 +1)!*!
NHUH)(%)
4 Lo e'P (3Ly +8) L} (1 + 1)1
- Ni+1 ’
Puting together (21), (22), (23) and (24) we obtain, for 5 < 3,

Loy

A < 2 2 e'% (301 +8)

(24)

_ Ll l+ 1 l+1
V((Rl,z - Q)2l+2) < KO(Nl-H)’

with B
K=413+ 2¢"% (3L +8) (1+2Ly).

So, if Lo > K the proof is completed. O
An easy consequence of Theorem 3.4 is the following
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Corollary 3.7 Let q be the solution of (12). If B satisfies (H), we have

LNt
p—1 _ p—1N20y (22
(R —a ™)) < (5)

Proof: This result is an obvious consequence of Theorem 3.4. Indeed,

p—2
_ _ 9 2
B(RG - %) < B{(Rip -0 [ R
k=0
< (p=1)" E((Ri2—9)*)
L(p —1)%1y!
< N
< (),
which is the desired result. O

Another immediate Corollary of the expoenential inequalities for the overlap
is a useful result on the expansions of v(f), that we label for further use.

Corollary 3.8 If § satisfies (H) we have, for a function f on X% andk > 1,
K

v(f)—v Ve (f2 25
) = ol < < rd (), 2
K 1
V)~ ol ) ~ o] < T2 () (26)
Proof: We refer to [9] for the proof of this corollary. O

3.3 Upper bound for v(R; 2 — q)

The main goal of this part of the paper will be to prove the following The-
orem, that gives a sharp rate of convergence of Ry 2 towards q.

Theorem 3.9 Let q be the solution of (12). Then, if § satisfies (H), we
have

=

(B2 —q)| <
An immediate consequence of this theorem is the following result.

Corollary 3.10 Let q be the solution of (12). If B satisfies (H), we have

‘V( 717712_qm)|§ N

for allm > 1.
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Proof: For a fixed m > 1, by Taylor’s expansion, we have

m(m — 1)

5 €™ 2(R12 —q)% (27)

R =q¢"+m ¢" H(Ri2—q) +

where £ € (RLQ Ng, Ri2V q). So

m(m — 1) .

5 (§m_2(31,2 - Q)Q)-

V(RYy — ¢™) =m " 'w(Rip —q) +

Since [£] < 1 and using Theorem 3.9 and Proposition 3.3 we obtain

v(RE, — 7)< .
O

Conversely, the next proposition will show that, in order to prove Theorem
3.9, it will be enough to establish the following upper bound:
K

RO gy < 28
v( 1,2 ") < N (28)
Proposition 3.11 For N large enough, there exist positive constants Ls

and Ly such that, for any m > 1,

Ly

[v(R12 —q)| < Ls|v(RY% — q™)| + N

Proof: By (27), and since ¢ is a strictly positive number, we have

1 m—1

_ m m m—2 2
(Ri2—q) = W(RI’Q -q") - S §"(Ri2 —q)7,

where £ € (R12/\q,R12V q). Using Proposition 3.3 we can bound v[(Ry 2 —
q)?] by %, finishing the proof. O

We will now prepare the proof of (28) by a series of lemmas, beginning
with some deterministic estimates for the overlap.

Lemma 3.12
p-1 _ (p—1)! 1,2 1
Riy = 1 Z 77j77j+0(ﬁ> (29)
JeAr !
_ (=1 12 1
N1 > ”j’?jJFO(N)v (30)
Jear~!



Proof: Let Np_1 = {(i1,...,ip—1) € {1,..., N}P71}. We can easily check

p—1 1 1 2 2
RLQ - Np—1 Z Oy " O-ipfla-il e O-ipfl (31)
(41,0yip—1)ENp—1
1 1 1 2 2
== Np*l Uil Uip710i1 'O-ip71
(415eyip—1)ENp_1
1 1 2 2
+ Tiy " Oip 104" " Oy |
(i1, esip—1)ENS_4
where Np_1 is the set of elements (i1, ...,7,—1) belonging to N,_; such that
all the elements i1, ..., 4,1 are different and N7, is the complementary set
of Np_1 with respect to N,_1, that means, the set of elements (i1,...,%p—1)

belonging to N,_; such that at least two values iy, i,k # k', are equal.
Then, Lemma 8.6 imply (29). Moreover, the equality

~1 ~1
AR A (A1) = Ppoa(N)
gives us (30). O
Corollary 3.13
2 1,2 _ Ppp—1 1
UNA pzl ﬁjﬁj—§R1,2 +O<ﬁ)~
Jeart |

Proof: Trivial from the definition of uy. O

Lemma 3.14 Let f be a function from X% to R, k a positive integer, and
t €10,1]. Then

‘U?v > Vk,t<f(n§n3—qp‘1) 6563)

JEQ?V,p*I
p
_ K 1
—uy Yy Y Vk,t<f(77}n§ — ) 6;15?)‘ < S wre(f2)2
=1 jear

N—(p—1)

Proof: Using Lemma 8.4 we have
- K
U?V|Q€V,p—1| < N
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Then, the decompostion of the set Q]])\,’]F1 given in (8) (see also Definition
8.3) yields

uyo Yy Vk,t(f(n}m%—qp’l) 6383)
JEQY , 1

_ K 1
= U?V Z Vit (f(n}m? - 5}1*?3) + N(Vk,t(fQ)V-
JEQR 1

Note that we can write

~ -1

Q?V,p—l = A?V—(pfl) X {61, . ,Ek}.
For J € QN,p—ly 1y only depends on A?V_f(pil), and ey is of the form g
for | < k. So we can write n; = n; for J e AIJ’Vf_l(p_l) instead of n; for

J e QN,p,l. Then, using

> ke (f (nyn7 —¢" ") 6563)

JEQR , 4
p
1.2 -1y _1.2
= Z Vk,t(f(njnj_qp )5151)7
=17 -1
=1 jear !
the proof is completed. O

Theorem 3.15 Let q be the solution to (12). If B satisfies (H), we have

_ K
v(RYS =) < (32)

Proof: Using (13), the symmetry among sites Lemma 8.4 we get

_ _ 2 _ 1
v(RIG —a") = V(;)u?\f > - ) +0(5)
JeQR
_ 2 9140 .1 1.2 2 -1\ 4 o 1
= Vv EUN‘QN,1|€1'”Epflgl'”gp—l_q + N
- 1
- ()
v(F)+0(5

where

F= 10 s

Jj<p—1
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The estimate (26) for k = p — 1 yields

_ _ - K 1
V(F) = vp10(F) = vpr,0()] < V2 (F)- (33)
Moreover, Lemma 2.3 and the equation satisfied by ¢ imply
_ I e 1
Vp—10(f) = H E | tanh? <ﬂ <§> ? quY + h) — ¢+ O(N>
J<p—1
1
— -1 _ p-1 il
¢ T O(N)
1
- O(N). (34)

Let us now study I/Z/;_LO(]F). Applying (5) for Kk = p — 1, Lemma 3.14
and the symmetry property among the €;, we get

v, olf) = Buk D [Vp—l,O(f(n}In?]_qpl) 5},53)

P
JeQN 1

—4rp-10 (f (nymy — ") 655?7)

+3vy-1.0(FOrins — ¢ 7) 636?)]

p—1

= IBQ’U,?V Z Z [Vp—l,(] (f(n(ljn?j - qp—l) 5l1512>
1

F- AP—1 =
JEAN (p-1)

—4vp-1,0 (f (% — ") & 6?)

+3Vp-1,0 (f(n§n§ —¢" ) 6?8?) + O(%)
= Fuy ) > (p—1)[W - 4Ws + 3Ws] + (’)(%),
JeA?V*_l(p_l)
with
= o)
Wa = vporo(J0} — ) i)
Wa = vposo(fln = ) st



By means of independence we obtain

vpolf) = Bk Y (p—l)[%—4vz+31@]+o(%),

. =
Jear

with

o = Vp_lv“”?f”?_qp_l)!’/p—l,()(( H €55 )5127—152—1>

Vi = Vp—1,0(77§7754f - qpfl) !up_m (( H 531»632 )55’,_15;_1)

Now, clearly,

Vp-1,0(6p-165-1) = Wp-10(6p_16p-1) + 3¥p-10(gp-18p-1) =0.  (35)

So, using Lemma 2.3 together with (35) we have

violf) = Bk > (- Dp-10(njn’ — ¢ ")
- —1
JEA}DV,(,,,D

1
X [qp-2(1 _4q+ 3@;)} + o(ﬁ).
On the other hand, Lemma 8.2 implies
2 -1 _p 1
Then, Corollary 3.13 gives us

_ 2 —
vy10(f) = PP m21 g 4 3a0)w, o (B )+ 0( ). (36)
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Invoking inequalities (33), (34) and (36), we now get that

2
-1
V(Rzl)’—21 o qp—l) _ ﬂ p(]; )
p—2 ~ p—1 p—1 K
xq" 2 [1 = 4q 4 34]vp10(RYy —¢"7 )| < N (37)
Finally, using (25) and Corollary 3.7 for | = 1, we have
p—1 p—1 p—1 p—1 K
’V(R1,2 —q )_VP—LO(R1,2 —q )’ < N (38)
Then, (37) and (38) ensure that for 8 < [3,, (32) is satisfied. O

4 Study of the free energy

Set

o (8, h.p) = - B10g Zn(5,1)] = B[ log ( 3 exp(~Hn (o)) )].

TEXN

This quantity is the expected density of the logarithm of the partition func-
tion, and sometimes, we will write py instead of pn (3, h,p). The quantity
pn is closely related to the free emergy considered by physicists, up to a
scaling factor, and we will call it the free energy of our system by usual
analogy.

The main aim of this section is to prove the following result.

Theorem 4.1 If § satisfies condition (H), we have

[1—pd"' + (0~ 1)d’]

2
li h - =
z\}%?opN(ﬁ’ ,D) 1

+log2+E

Y

1 —
log cosh {ﬁ(g) 2q%Y + h}

where Y is a standard Gaussian random variable and q is the unique solution
to the equation (12).

Before proving Theorem 4.1, we will need to introduce some notation and to
prove some preliminary results: consider the function F': Ry xR x[0, 1] xN*
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defined by

3 -
F(B.h.qp) = “[1=p" "+ (p—1)d"]
I
+log2 4+ E | log cosh [ﬁ(g) 2q%Y + h}
We set
(B, h,p) = F(B,h,q,p),
where ¢ satisfies (12).
Lemma 4.2 We have the following two facts
. . oF
q is solution of (12) = ?(ﬁ,h,q,p) =0, (39)
q
0P 164
—(B,h ==(1-4¢"). 40
wﬂ@ p) =51 —¢") (40)

Proof: We first prove (39). Using integration by parts formula and (12) we
obtain

OF 2
e Bhap) = b -0 po - Ve
p—1/p\3 »=s p\z 2t
+855=(5) 0" B[V tanh [5(5) 65 Y + 4]
= 572 _ _ p—2 _ p—1
= T l=po=1¢" " +pp-1)¢""]
+ﬂ2p(p4— 1)qp*QE cosh™2 {B(g) 5qu_IY + h}

which proves (39). We now show (40). This previous result together with
integration by parts and (12) yield
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0P oF oF 0
%(57}7’71)) = %(BJ}LQ([%}LPLP)+aiq(/87h7Q(ﬂ7h7p)7p) %(ﬂahﬂp)

= g[l —p¢"~ + (p—1)¢”]

1 1
P\2 p=1 P\2 p=1l
+(§) ¢"= E|Y tanh [5(5) ¢ Y+h]

[1—pd"! + (p— 1)d”]

i (2

™

N

p

+35¢" " B TY + h]

p
= —(1—4¢").
5(1—d)
O
The following result, that relates the free energy and the overlap, has
been proved by Talagrand [7, Proposition 2.9].

Lemma 4.3 We have

1 Olog Zy

Olog Zy K
N~ 0B

B| |0 B )| < &

Now we are going to prove the following theorem which implies Theorem
4.1.

Theorem 4.4 Whenever [ satisfies (H), we have

z| =

‘pN(ﬁa hap) - q)(ﬁv h7p)‘ <
Proof: We only need to prove that px (0, h,p) = ®(0, h,p) and

(9pN 0P
7(57 h’ap> - 875

K
8ﬁ (67h7p) S N? (41)

for any 8 < [,. For the case f = 0, it is obvious since py(0,h,p) =
®(0, h,p) = log(2cosh h). On the other hand, Lemmas 4.2, 4.3 and Corollary
3.10 imply (41). O
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5 Almeida-Thouless Theorem

In this section we prove a result given in [2] for the Sherrington-Kirkpatrick
model. Since the quantity Ag_l defined above is almost surely positive, it
gives a straightforward condition on 3 for the self averaginng to hold, namely
that

1— ])(1)2—1)qp_2(1 —2q+¢4)3% > 0. (42)

In fact, this inequality should give the physical limit of the high temperature
region.

Proposition 5.1 If 3 satisfies (H), we have

4(p — 1)2¢*P=D(1 — 2q + du)

K
V(Ai_l) - N(l — 2ol gr-2(1 — 9q + q4)ﬁ2) NE

N"

<

[SII¥Y

where
_ pp—1 p—1 p—1 p—1
Apq = RLS — R174 — R273 + R274 .

Remark 5.2 Denote by [3,, the limit of the region defined by (42), that is

2 2

Bue = Bulp) = pp =121 =2q+d1)  p(p — D)gr—2Elcosh 4 (2)]

where )
7= 5(52’) 2T Y + b

Then, since q tends to tanhQ(h) as p — oo, the exponential decay of ¢P~2
implies that

lim f,(p) = oc.

p—00

Proof of Proposition 5.1: Invoking (13) it follows that

v(851) = ;un?v > (g —u3) ) —nj) + Vi

IeQhs

with

Ap—l) )
K

VNl < - (43)

The symmetry property implies now that
2
o(82) = 20([RIQh e = ) — &) + ValBpma),
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where we have used the notation g/ =} x --- x 5%_1 for1=1,2,3,4.
First of all we will check that Vi gives raise to a negligible term: indeed,
Corollary 3.7 yields
K
u(Ag_l) = (44)
Then, estimates (43), (44) together with Lemma 8.4 give

V(A§_1> = 1/((51 — N - M)A, ) + O<N2>

For (1,1') € {(1,3),(1,4),(2,3),(2,4)}, we will now decompose R, into
a part involving only the N —(p—1) first spins on one hand, and a remaining
term on the other hand, as follows:

p—1 p—1 1 p—1-k
—1 LU p— 1
Rfl’ = Rll/+ ZE ] = < kj ) Rll’ 25 ] s
k=0
where
1 N—(p—-1) ,
R?l/ = N Z UlUl
7=1
Now, set

1= (RT,?))p_l - (RTA)p_l - (35,3)])_1 + (R§,4)p_1'

Using this decomposition we have
p—2
p—1
p—1t < 2 >yk
k=0

Z/(Ag_1> = u<(51—52)(53—54)
1 1.3 o k|1 = 1.4
N;%‘%‘ = ( N;%%

with
1 p—1—k p—1—k
NZ€ ] R24 NZE ] .

We will deal now with the different terms appearing in (45) separately, and
we start with all the terms containing y;. By the construction of y; it is
easily checked that for any k € {0,...,p — 2},

p—1-k
Ye = ( T,3)k

23

K
lye| < No—1-F"
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These bounds and inequality (25) in Corollary 3.8 yield, for any k € {0

p— 2}5
P ) = (= — ) [ < = (o)
(% —eh)yr).

‘y((el — &%) -«
Hence, we are reduced to study terms of the form v, o((e! —&?)
P — 3}7
K

53 - 54)yk)‘ S N27

Since for any k € {0, ..
But the definition of

[vp-r0((e" = )

we only have to deal with the term involving y,_2

vp_10( (et = €¥)( = Vp—1,0| (€ b —e%)(
D ( ) Z p= (

[(Ria)"eled — (Ri)" %) gt (g 3] )

Yp—2 implies that
53—5 )Yp—2 53—84)

(47)

Observe now the first term of the right hand side of (47). Using the inde-

pendence, the meaning of ¢! and Lemma 2.3, we obtain
3 4 p=2_1.3
)(Ris) %‘%)

Vp—1,0 ((51 —e?)(e3 -«
g3 — 64)€]1D_1€f’,_1)

= vp-10 ( Tg)pfz Vp— 10((81—6 )
(48)

241

*
:ljp_LO (
3
1+5 € €p_1€p—1

XVp— 10(1_[61632[

=Vp 10((R13)p 2) q (1—QQ+Q4)+O(N>-

" (19)

Let us study now vp_q 0((R{73)p_2>. The inequality (25) in Corollary 3.8
N2

yields
v((R22)"?) = vpro( (BLa) )| <

the definition of R ; implies
(50)

* p*2_ p—2 5
|(Bia)"" - R <
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and on the other hand, Corollary 3.10 gives us
K
R - )| < & 51
‘V ( 1,3 — 4 =N (51)
So, putting togheter (49)-(51) we have

Vp—1,0 ((Ri:a)p_Q) =g 2+ 0(%) (52)

N2

The other terms in (47) can be studied in a similar way. Then, putting
together (46), (47), (48) and (52) we easily get

p—2
I/((&‘l N 82)(83 i 54) Z <P; 1>yk>
k=0

1
N3

_A(p—1)2¢2 P2 (1 — 2 + 4a)
- N + O(

). (53)
Now we will deal with the term containing Ay ; in (45), that means
with
V((sl ~2) (3 Y ;;_1).

To that purpose, we will use (26) in Corollary 3.8. First of all, note that

. K
Byt~ Ay < (54)
Then estimate (44) yields
« 2 o K
v((85)%) < 5 (55)

Since the independence ensures
Vp—1,0 <(51 —&?)(e? —54)A;—1> =Vp-1,0 ((51 —&%)(e’ —54))Vp—1,0 (A;q) =0,

we have, using (55)

* * 1
V((51_52)(53_54) pfl) = ;71,0((51_52)(53_{54) p*1)+O(N%)‘ (57)
Moreover, Proposition 2.1 yields

vpro((e' =) —eNap ) =% Y (DI +Df+D]), (59)
Jlej’V’pf1
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D} = vpro(B5a(et =) =) Y s - @ ebeh),

1<i<l'<4
Df = —dypro(Bpoi(e = ) ) Dl — @' T)Ee),
1<4
Df = 100, 10(8) (" =€) = e inG — ¢ )edel ).
We can check that
D2J =0, for any J € Qﬁ;;_l.

Indeed, for instance, when | = 1, we get that
V10 (Bp-a(e" =€) (e — )l — ¢ )ehed)
= vp-10(Apor 503 = @) )10 (1 = £2)(E = eh)ehed ).

Moreover,

vp-10( (! = €2)(E - eh)ebed)
= Vp_l,o((al — 52)836}163) —Vp—1,0 ((51 — 82)€4Eb€?]> =0.

This kind of argument, that will be repeated all along the remainder of the
paper, will be referred to as symmetry among the different copies of Gx.
Now the cases | = 2,3,4 in D4 can be studied with the same method, and
furthermore, by similar arguments,

Dg] =0, for any J € Q?{I}_l.

Thus, it only remains to deal with Di] . The summatory of Di] contains the
couples

(1,1 € {(1,2),(1,3),(1,4),(2,3),(2,4), (3,4)}.
We start studying the couple (1,2). Along the same lines as before, using
independence and symmetry between copies of G, we easily get that

V10 (A1 (" = ) =) mhnd — ¢ H)ebed)
= vp10(B51 (0503 = 7)) po10 (61— (% — £)ehe)
pu— 0,
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and the same argument can be applied to (3,4). Consider now the couple

(1,3) and the summatory of ZJEQ% ) D{. Lemma 3.14, (55), the proper-
P—

ties of independence and symmetry among all the €; imply

e Y vpro(Apn(et = ) — e - ¢ Nebed ),
JeQQp,l

= u3 Z Zup 10( p—1 77J77J—qp 1))

p—1 =
JeAl !

xup_lvo((al G 84)8116?) + O<J\i§>’

=Y (p—l)Vp—LO(A 1oy = pl))

p—1
JGA (p—1)

XVp—1,0 ((51 G 54)511, 1£p 1) + (’)(;g)

Notice also that by means of Lemma 2.3, we have

_ R 1
Vp—1,0 ((61 —e?)(ed - 64)511)_162_1> = P21 - 20+ Gu) + (’)(N)

Let us handle now the remaining couples in Di] : it is easily seen that the
couple (2,4) has the same structure as (1,3) and the couples (2,3) and (1,4)
also have the same structure as (1,3) but with the opposite sign. Plugging
now (53), (56), (57), and the study of D{, DJ, D{ in (58) into (45), we end
up with

4p— 1P (1~ 29+ - .
v(az,) ==Vl Do 102+ )
B S vpeno(Apa s = nl = 3+ n2nh))
JeAN’l( L
p—1)
+(’)( -).
N2

Moreover, (54), Corollary 3.13 and estimate (44) imply that

A(p — 1222 (1 — 2 4 ¢ _
V(A§71> —_ (p )q N( q q4) +62£( _1)qp 2

X(1—2q+ Ga)vp— 10<A )+O<N%)
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Finally, inequality (25) in Corollary 3.8 and an upper bound for A;_l ob-
tained from Corollary 3.7, and similar to the one obtained at (44), ensure

A(p — 12202 (1 — 2 + §4) p _
2 _ 2L o p—2
V(Ap,1> = N + 5 2(17 g

x(1=2q+ v (A2, + 0(N1)

This last estimate immediately gives the desired result. O

6 Second Moment Computations

The results of this section will be crucial to obtain our Central Limit Theo-
rems: in fact, the relations we will obtain in the next Section for any power
k will be a mere elaboration of the ones obtained here for k = 2.

For any J = (i1,...,i,_1) € Np_1 (see Definition 8.5) we define nj as

p—1
nj = H UZ'].. (59)
j=1

Then set
T(n)=1{nj; J € Np-1}

and

Let us define now
1

[ 4 1 G
Tir = 71 (P00 =) - (P01 =8) = 5= > O = b)(n5 )
jENp_l
1 ! 1 .
T :prl(T(n)_b)'b:Np71 Z (Uj—bj)bj
jENp_l
b-b
— _ p—1
o=

Equality (31) allows us to reconstruct the quantities Rﬁ ;1 by the formula
Tw+Ti+Ty+T =Rl — ¢ (61)

We finish this introduction with some more notation that we will use all
along this section. First, set

T(n') = {n}, ] € A"},
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On the other hand, note that the set A’])\,_1 can be decomposed into three
disjoint sets as follows

p—1 _ 4p—1 Ap—1 Ap—1
AN - ANf(pfl) U QN,p—l U QN,p—l' (62)
We are now ready to estimate the second moment of 7T} ,/, T; and T

Proposition 6.1 If 3 satisfies (H), we have

A2 K
v(T2,) — 7‘ < 2 63
w(Th) = | = 5 (63)
where 2. 2(p1)
1 p-1)(1 _ 5

1 Hegr2(1 = 29 + )5

Proof: As in the proof of Lemma 3.12, we will decompose T} 2 into two
terms

Ty =512+ V]\1/’27 (65)
with
(p—1)!
51,2 = Np—1 Z (77}; - bj)(n?j - bj))
JeAr
1,2 1 1 2
Jene_,

where 7 ; for J e Aﬁ’\fl or J € Ng_l (see the Appendix) are defined as in
(59). Then, it suffices to study v(Sf,). Indeed, from Lemma 8.6 we have

K
1,2
‘7’ < .

On the other hand, using the symmetry property, we get

v(s32) = (ﬁw?ji{ﬁmw—ﬂﬁg'&w%—ﬂﬁo
< (") = 1)) - (T0*) = T(n")) |

R 2 7~
D it u (e - e - ) (20r") - 707))




So, Lemma 8.2, Corollary 3.8, Lemma 3.12 and Proposition 5.1 imply

v(Siy) =0 (;f) :

Then, we clearly have

1
v(Tty) =v(Sis) +0 <3> : (68)
N2
Let us study now v(S7,). Relation (67), Lemma 8.2 and the decompo-

sition of A?V_l (see (62)) allow us to write

1
Z/(Siz) = M1 + MQ + M3+O<JVS>, (69)
2
with
M, = L_l)!l/ (e' —e?)(e? — &) Z (Y — %) (% —n%)
1 = Np—1 Ny —np)N;—n3)|>
5 —1
L JeAﬁ’V_(p_l)
M, = L_l)!l/ (e' —e?)(e3 — &) Z (nt =02 (1% —n8)
L jec}ﬁ’\,f;l J
= D) S - )
3 - Np_l 77J 77J T]J 77J ‘
L JeQR )y -

The term Mj is easily handled: Lemma 8.4 clearly yields

K
| M3| < ek (70)

We deal now with My. By symmetry, we have

My = %(}9— Dy | (et —e¥)(e3 —eh)
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Corollary 3.8 and the independence ensure that, up to a N —3/2 term, we
have

(p—1)!
My = W(P —-1)

X |vp-ro((e! =€) - 54)5},_155;_1)1/,,_1,0( > 77}?”3)

JeAR2 )
4 6 1,6

—2vp-10((e' —€*)(e* —¢ )5117—1510—1)”17—1,0( > ”j”j)
JeARZ 1)

+1p-10((e! —e*)(e® ~ 54)52—182—1)%—1,0( > 773”?)]

JeAﬁ’V’_Q(p_l)

Let us compute all the terms of the last equality: on one hand, Lemma 2.3
implies

- . 1
vp-10((e' =) —eMeprgp) =21 =20+ @) + O (N) ,
and an easy symmetry argument yields

vp-10((e' =€) (¥ —eNep 165 1) = vp10((e' =¥ (® —eM)ed_1e5 1) =0.

On the other hand, an obvious extension of (30) in Lemma 3.12 shows that
p—2 _ (p—2)! 1,2 1
Ry = N2 z_; nn;+ 0O v/
JEAL T,

Then, Corollaries 3.8 and 3.10 ensure that

1 1
My = —(p— 12202 (1 —2¢+ 4 . 1
9 N(p )°q ( q+da)+0O N (71)

It only remains to study M;. Set

—1)!
=2l - T w- -,
jGA?Vi_l(p_U
Then
My = v(f).
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Corollary 3.13 and Proposition 5.1 implies

1 K
va(ff) < —
N2
Furthermore, since by symmetry between the different copies of Gy,
vp—1,0(f) =0, Corollary 3.8 implies

o) = vhao)+0 (15 ).

2

Let us now compute v;,_; (f). Proposition 2.1 yields

vy_10(f) = BPuiy Z (Fljl + F2J/ + Fé]l)v
JEQR , 1

with

’ [ —IN U
F1J = Vp—l,O(f Z (mymy — ¢ 1)5J’5J’>7

1<i<l’<6

B~ —upas (fZ(nZ/HE/qp‘l)ef]/sE/),

1<6
F{ = 211/p_1,0<f(777]/n§,—qpfl)&?}s%/).

Using again the symmetry argument (again among the different copies of
Gy ), the quantities FQJI, Fg’l and all the couples of Fl‘]/ except for {(1,3),
(1,4), (2,3), (2,4)} vanish. Now, we will analize the couple (1,3) of Fy".
We follow the ideas given in the proof of Proposition 5.1. Properties of
independence and symmetry, Lemma 3.14, Proposition 3.3 and Lemma 2.3
ensure
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- 1)!
I P N DD DR (SR IE R

JEQR , Jear !

N—(p—1)
1 5 3 6 1.3 —1

X (n} = n3) s = n) (mlry — 7))
(p—1)!

= N1 (P = DA
D DEEED SRR (CES IR Ee Y

JeAR oy JEAR oy
) B 1

va—l,o((nff — )% =0 m5m% — ¢ 1)) +0 <N3>
(p—1)! _ )

= TNp-l (p— 1)Bung” (1 — 2¢ + da)

< Y. 10 ((n}i — ) (% = n5) (nm’%, — q”‘l))
j’eA’;\,’j@_l) jeA’;\,’_l(p_l)

1
0 <) ,
N2

Then, realizing similar operations for the other three couples and putting
together all the results we have, up to a N~—3/2 term,

—1)!
(prll)'(p ~ DB (1~ 20 + da)
<SS weo(h =W )b, — )0, — ).

7, p—1 7 p—1
IEAwafnJEAwafn

M, =

Finally, from Corollary 3.13, (67), and Corollary 3.8, we can obtain

M, = 521’(’72_1)(;?2(1 — 2+ q1)v (Siy) + O <N1 > ) (72)

3
2

Then, putting together (68)-(72) we finish the proof. O

It will be useful in the sequel to have some information about the cor-
relations between T, , T; and T. This is easily obtained in the following
Proposition: ’

Proposition 6.2 The following cancellations hold true.
1. If L <V and (1,1") # (1,2), we have
V(TLQ Tu/) = 0.
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2. For any [, we have
14 (TLQ T) = 0.

v(Th2 T;) =0,

3. For any l # 1, we have

v(Ty T) =0, v(TyT)=0.

Proof: This is trivially obtained by some symmetry considerations among
O

the different copies of Gy .
Let us turn now to the second moment estimate of T7.

Proposition 6.3 Whenever (3 satisfies (H), we have
B? K
) - | <=
W1 - Tl =1 (73)
(74)

(p— 1)gP % + g5 A°
L— PR r=2(1 — dq + 34a)

where

B*=(p—1)¢"*(q — qa) [

Proof: We can decompose 17 as follows

T1 = Sl + V]%]’T,
with
(p—1)! 1
S1 = S 2 —bpby
JeaAr
1
1 1
Vr = Np-1 Z <77j - bj)bj'
Jeng_,

The same kind of arguments as in Proposition 6.1 allow to state that
(75)

v(St) = 0<]17>
yaﬁ-—uw3+@<ﬂ), (76)
" v(S}) = My + M, + M3+O<;g>, (77)



with

Y (p—1)! - 1 2\.3 1 4y,5
Ml = Np—1 v (6 —¢€ )5 ) 2_1: (77J_77J)77J )
L JEAN ()
- (p—1) [ ]
My = “ov|(e =) Yy —upmj|,
L jeQ?\f_,pl—l J
- (p—1) [ _
My = “o—v|E =) Y ) —njn]
L jeQ?\f_,pl—l J
By Lemma 8.4 we easily get
~ L
M| < <5 (78)
Using exactly the same arguments as in the study of M, we obtain
W= (0~ 1’ g~ )+ 0 (5 ). (79)
N N%

Finally, we deal with M. Let

p—1)!
p= e Y
jeAﬁ’\j}(pfl)

Then, Proposition 5.1, Corollary 3.8 and one symmetry consideration yield

My = |vp_10(f)+ V;;—l,()(f)] + 0O <13>

2
, 1
= Vp10(f) +O(—=)-
2
Using Proposition 2.1 we can write
Vp_1,0(f) = BPuy Z (Fi] +F +F§,)7
J'eQﬁ,’p_l
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with

.’ - —IN U
Fy = Vp—l,O(f Z (mymy — ¢ 1)5J’5J/>,

1<i<l’<5

- %%L{}zmwﬁ—wﬂaéj,

<5
F3 = 15Vp_170 (f(?’]9/773/ — qpil)EGJ/&‘;/) .

The only non-vanishing terms in these expressions are the one induced by
the couples in Wy, where

W1 =1{(1,3),(2,3),(1,4),(2,4),(1,5),(2,5),(1,6), (2,6)},
We can then rewrite M 1 as follows:
~ ~ 1
M= Y, Fun+0(—).
(LINeW; N>
with
Fory = Buy ) l@l@(f@?ﬂ?—qp4kﬁf?>, I' #6,

D
JEQR

Fuy = s Y %mew~fﬂ$@)

P
JeQy p1

We first analize together the couples (1,6),(2,6). The most important re-
mark is the following consequence of Lemma 2.3:

foli)((fl-52)€3€§_1€g—1> =:-—Vp—li)((fl-52)6362_162_1> =" *(q—Ga).

Then, by means of the arguments used in Proposition 6.1 we can prove that

= = pp—1) ,_ . 1
Fli6) + Fla6) = _552(2)(1;) 2(q— da)v (S%) +0 <N3) :

Performing the same sort of computations, we can get
- 2 pp—1) 1
Fug) + Fog) = ﬁz(g)qp (—qv(87) +0 <N3> '
2
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We finish the study of M; by considering the last four couples. As usual,
independence, symmetry, relations between the different sets, Proposition
3.3, Lemma 2.3 and Corollary 3.8 imply that, up to a term of order N—3/2,

- - - - p(p—1) _ R p—1)! 2
Foay+ Fou + Fas + Fos) = ﬁ2¥qp *(q — da) <(NP—1) )

x> > V((n} —n)n5m — %) (5, + 77?,))
S AR oy Ty
Then, (30), (75), (61), Propositions 6.2, 3.3, 5.1, (63), (64) and (76) yield
Floay + Fa + Fas) + Flas)

plp—1) ,_ . _ _
= 52(2)qp 2((1 — qa)v (R‘Tl),g,l - R§,51>

1
p—1  pp—1  pp—1 p—1
. 1 R
= ﬁ2p(pz>q”2(q — qa)v ((Tl,g, —Tys+T) — T4)

1
X (T1,4 —To4—Tos+T15+ 211 — 2T2>) +0 <3>
N2

2P(p—1) 9 A 2 1

So,

i1y = 3221 2 [0 tg 3000 (53) + (-0 2] +O (57) o

Finally, putting together (76)-(80) we get (73) and (74).

3
2

O
The second moment of T" can also be estimated in the following way:

Proposition 6.4 If 3 satisfies (H), we have

i) - 57 =

N
where
C? =
(p—1)q"2 (@1 — @) [(p — 1)g?2 + 3?5 A%] + 3%p(2q + ¢* — 3G4) B
1 FRREgr2(1 — g + 34a)
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Proof: The proof of this relation goes along the same lines as Propositions
6.1 and 6.3, and we will only point out the main differences with the latter.
Observe that

. . 1
v(T?) = My + My +0 <3> (81)
N2
with
- p—1) [ - -
M, = (Np_l v|iEe - > - 1)],
2 -1
L JeA’]’\,_(p_l)

or (p—1)! i 1.2 p—1 3.4 p—1
My = “ov|(Ee =g D i -]
L JeQR )y

The same computation as in Proposition 6.3 yield, for the term My, the
following equality:

- 1 N 1
My = (0= 1" (@~ *) + O ( ) : (82)
2
In order to deal with M; we have to evaluate the derivative of v,_10(f),
where (v 1)
p—1) — —
=S5 @ = > -,
JeAfV*j(p_l)

As in Proposition 6.3, by arguments of symmetry, we can rewrite M as
- . 1
M, = Z F(l,l’) + 0 (3> , (83)
(L) EWS N2
where
Wy ={(1,2),(1,3),(2,3),(1,4),(2,4), (3,4), (1,5), (2,5),(3,5), (4,5), (5,6) },

and, for (1,1') € Wy,
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Fupy = Buiyp-11 Y w10 (f(nlmfz'/ —qp‘l)dwff}f), I' #5,6,

J'€EQNp-1

Fugy = —48%u(p-1)! Y Vp—l,o<f(nfw73/—qp_l)ffwffir}f),

JE€EQNp-1
Fse) = 105%u3(p—1)! Z Vp—1,0 (f(ﬁ?]’ng’ - qp_l)g?ﬂf‘?r)-
JIGQN,pfl
Let
2p(p —1) -2

Operating as in Propositions 6.1 and 6.3, we can obtain
Flao) = Kppg (1—¢*)v (%),
F(l,l’) = Kﬁ,p,q q(l - Q)[V (TQ) + B2]7 fOI‘(l, l/) = (173)7 (174)a (2a 3)’ (2a 4)7

Fag = Kgpg (41— ¢°)[v (T?) +2B* + A%,
Fupy = —4Kgpq q(1 — v (T?), for(l,V) = (1,5),(2,5),
Fupny = —4Kgpq (G — ¢ (T?) + B%, for (1,1') = (3,5), (4,5),

F(E),G) = 10Kp3,p,q (42 — ) (T2) :
(84)
Then, from (81)-(84) we can conclude the proof of this proposition.
U

7 Central Limit Theorems

The main result of this section will be a CLT for the fluctuations of R o,
though we will get, on our way to the proof of this theorem, some general
limit relations for the joint fluctuations of T, /, T; and T'. First, observe that,
as an immediate consequence of Propositioﬁs 6.1, 6.2, 6.3, 6.4 and equality
(61) we have the following

Proposition 7.1 If 3 verifies (H), we have

- 1
V((lejzl _ qp71)2> - = (42 +2B% + C?)| <

/=
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Our aim here will be to generalize this estimate, obtaining a similar relation

for <(Rp - 1>k>

Let us first state the result we obtain for the fluctuations of T, V& define

a(k) = Eg¥, for a standard Gaussian random variable g.

Theorem 7.2 Let 3 satisfying (H), n € N. For any couple 1 <1 <1’ <mn,
consider an integer k(1,1') > 0. Set k=3, k(I,I'). Then, we have

o (Te) - Tatwtya| < 248
2

k41 ¢
<t < N2

<

,_

Proof: We will follow the proof of Theorem 2.7.1 in [9], and we prove this
theorem by induction over k. The case k = 2 has been proved in Section 6,
Proposition 6.1.

We assume now that the result is true up to the order £k —1. Then, using
(65) and (66), we can easily check that if )7, _,, k(I,I") = j where j < k —1,

we have (H Slkl(’” ) _ (;;) (85)

<t

Furthermore, using the induction, (85), and relations (65) and (66), we

also have
k(U 1
v (H 1) )> (H i ) <Nk§1) . (86)

<t <t

Observe that [T, S; k(L)

HSZZ(}’V): I S

< 1<v<k

can be decomposed as

where, for any integer v < k, I(v),!’(v) are two integers such that
(I(v),I'(v)) = (1,2) <= v < k(1,2).

We can assume without loss of generality that k(1,2) > 1. We consider, for
1 <wv <k, integers j(v),j'(v), all different, and greater than n. Thus

(Hslkl('” )ZV I Swew | =v| I v |,

< 1<v<k 1<v<k
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dw:<gwﬂ¢%<gm_gm)

By the usual symmetry argument, and using (85) and Lemma 8.2 we have

kALY v '
() (o o) o () o

For any v > k, U(v) can be written as

U(U) = Ul(v) + UQ(U) + Ug(’l}),

where Uy (v), Ua(v), U3(v) are defined by means of A%~ ! (1) QNp 1 QNp 1
respectively. Similarly to Proposition 6.1, we can get

1
v|e(l) U(v) = v|e@) (Ur(v) + Uz(v)) | + 0O T
(8 2§vl_£k ) (8 231}1_£k ' ? ) <N2>

with

where H,U#u means that the product is over 2 < v < k, v # u.
We now study I. As in [9], Corollary 3.8 and the usual procedure imply,
if k£(1,2) > 2,

1= B0 122022+ gu) (H e ) °(v=)

3<v<k

If k(1,2) =1, I = 0.
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Now we deal with the other term of (88). Using again Corollary 3.8, we
should study particularly the derivative of

Vp—-1,0 8(1) H Ul(v)

2<v<k

Indeed, the following relation is not difficult to obtain:

v{e@ [ taw)

2<v<k
1
2<v<k N
-1 R 1
= 52])(]92)(1” 21 -2¢+ qu)v | U1(1) H Uw) | +0 ( k1> .
2<u<k N2
(90)
Putting together (86), (87)-(90) and reasoning by induction over k we can
conclude the proof of this proposition. O

In a similar way to the previous theorem we can prove the following
relations on the joint behavior of Tj;, T; and T' (we do not include the
proofs here, since they follow closely the lines of [9]).

Theorem 7.3 Let 3 satisfying (H), n € N. For 1 <1 <" < n, consider

integers k(1,1') > 0 and k1 = 33,y pep, (L), For 1 <1 <mn, let k(l) be a
positive integer and set ky =31, k(1). Then, if k = ki + ko, we have

” H ﬂl?lgl,l’) H le:(l)

1<I<l<n 1<i<n
1 L
- — I ak@.)) J] ak@)A®B*| < (Q
N2 di<n 1<l<n N

Theorem 7.4 Let 3 satisfying (H), n € N. For 1 <1 <" < n, consider
integers k(1,I') > 0 and k1 = Zl§l<l’§n k(1,I"). For1<1<mn,let k() >0
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Zl<l<n ( ) Let ks € N. Then, ifk = k1 + ko + k3, we have

and ky = <1<
y H le:l(,ll) H le(l)Tk3
1<I<l’'<n 1<i<n
L(k
(k@ 1)) TI ak(@)a(ks)A¥ B=C*s N(k*)

1
/
iy || a(riL,
1<I<n

N2 cici<n
All the preceding considerations allow us to get the following Central

Limit Theorem.
Theorem 7.5 Let 3 satisfying (H), k € N. Then
1 R k L(k
— — a(k) (A>+2B* +C%)2| < (k )1
N 2

(653

Proof: It is well-known that for any k € N
(2k)!

OB =S (o1)
a(2k4+1) =0.

By (61), a combinatorial property, Theorems 7.2, 7.3 and 7.4 and (91)

((Tl o+ T 4+ Th + T)k)

k+1

we have
v <<R117,_21 - qp71> )
ki ky ks ok
= 2y 12'k1'k2'k' (05 1 1 1)
1 —oalkig) alky) ake) alk) kD gy okitke b 1
- N% Z k1 Q'kl‘kQ‘k' ATE BT R0 N%
. E
b (T e eyt
NE 2 (’9172)1 (&1)1 (&2)1 (51 " NEE
von POAEL)(Z2 )0 (5)
)

a(k) (A* +2B* +C?)2 +(’)<
N 2

N%
where ) means the summatory of ki 2, k1, k2, k € N such that k12 + k1 +
means the summatory of k; 2, k1, k2, k € N such that
k O

ke +k=Fkand ¥,
all these numbers are even and k1o + k1 + ks +k =k
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Eventually, a CLT for R; 2, that can be considered as the main result of
this section, is easily obtained from the last theorem.

Corollary 7.6 Let 3 satisfying (H), k € N. Then, we have

(A2 +2B% 4 C2)* _ Lk

E+1 7
2

o
”((Rl’g_(’)k%zvé O v | Sy

(92)

Proof: ;From (27) and since ¢ is a strictly positive number we have
1
(p—1)g>~?

where £ € (R12 AN ¢, Ri2Vq).
Since £ < 1 we obtain (92) by means of Theorems 7.5 and 3.4. O

_ - -2 -
(RS =) = 222 a3 (Ry 5 — ),

(Rip—q) = - g7

8 Appendix

In this appendix we will recall the definitions of all the sets appearing in the
paper, as well as some results about their size that will be used throughout
this paper. Since the method and the tools needed to prove these results
are always the same, we will only give some examples. Recall that P, ()
denotes a polynomial of order m in N.

Definition 8.1 Forw >1 and 1 <r < w, set
A =A{(i1,...,ip) eNG 1<y <+ <ip <w}.

Lemma 8.2 For N > 1 and p > 1, we have

N NP
451 = () = 55 + B ()
Definition 8.3 Forw >1 and 1 <r < w, set
Q= {lir,...,ir) eN1 < iy < <y Sw,ip > w — j}.
The set Qfﬂjj can be split into
Quj = Quy Uy
where

Qu; = {1, i) €Qpyi in <o <lpyip1 >w—j},
Qr; = {(1,....in) €Qp; 1 i1 < <ipiry <w—j}
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Lemma 8.4 For N > 1 and k > 1, we have

1 plp—=1) e
(- D1Q%, = v PN g ),
(p=DNQX | = ENPT'+ Pyoa(N),
QN k] = Ppa(N),
‘QZ])V,p‘ = Pp—l(N)'
Proof: It is easily seen that
(p-NNQY, = (N=1)-(N-(p—1))
p—1
= NP = | ) G| NP2 4 Bs(N),
j=1

which implies our first claim. In order to prove the second one, we use the
following fact

- ()05

b
1 +p—1 p—1
= H( J— j)Np_l—i-Pp_Q(N)
) =k 7j=1
k
_ p—1
(- B lN)

Finally

= () - (7 ) (G or) = e

and this finishes the proof of the third claim. The last one is an easy
consequence of the previous results. O

Definition 8.5 Forr > 1, set
N, ={(i1,...,i,) €{1,...,N}"}.
The set N, can be split into
N, = N, UN¢,

where

N, = {(il,...,ir) €N, ; ij #ikforallj;ék},

o6



Lemma 8.6 For N > 1 and p > 2, we have

(r—1p-2)

5 NP=2 4 P, 3(N).

INp| =
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