A MODEL OF CONTINUOUS TIME POLYMER ON THE LATTICE
DAVID MARQUEZ-CARRERAS, CARLES ROVIRA, AND SAMY TINDEL

ABSTRACT. In this article, we try to give a rather complete picture of the behavior of
the free energy for a model of directed polymer in a random environment, in which the
polymer is a simple symmetric random walk on the lattice Z¢, and the environment is a
collection {W (t,z);t > 0,z € Z¢} of i.i.d. Brownian motions.

1. INTRODUCTION

After two decades of efforts, the asymptotic behavior of polymer measures, either in a
discrete [2, 4, 6, 14, 17, 19, 21, 22] or continuous [3, 8, 12, 13, 15, 23] time setting, still
remains quite mysterious. Furthermore, referring to the articles mentioned above, this
problem is mainly tackled through the study of the partition function of the measure. It
is thus natural to try to find a model for which a rather complete picture for the large
time behavior of the partition function is available. In the current article, we shall show
that one can achieve some sharp results in this direction for a model of continuous time
random walk in a Brownian environment.

Indeed, this paper is concerned with a model for a d-dimensional directed random walk
polymer in a Gaussian random medium which can be briefly described as follows: the
polymer itself, in the absence of any random environment, will simply be modeled by a
continuous time random walk {b;,¢ > 0} on Z?. This process is defined on a complete
probability space (€2, F, {P*},cz4), where P? stands for the measure representing the
random walk starting almost surely from the initial condition z; we write the correspond-
ing expectation as £} . Let us recall that under P?, the process is at x at time 0, it stays
there for an exponential holding time (with parameter o = 2d), and then jumps at one
of the 2d neighbors of z in Z¢ with equal probability. It stays there for an exponential
holding time independent of everything else and so on. Notice that a given realization of
b belongs to the space D of paths y : Ry — Z% such that v, = > o, Tl 7, (L), for a
given sequence of increasing positive times (7;);>o and a given path (z;);>¢ of a nearest
neighbor random walk x. We will denote by Dy 4 the restriction of such a space to [0, ].

The random environment in which our polymer lives is given by a family of independent
Brownian motions {W (¢, z); t > 0,z € Z}, defined on some probability space (2,G,P)
independent of (Qy, F,{P*},cze). More specifically, this means that W is a centered
Gaussian process satisfying

E[W(t, 2)W(s,y)] = (s AN1)d(x —y),

where E denotes the expectation on (€2, G, P), and ¢ stands for the discrete Dirac measure,
i.e. 9(z) = 1p(z). We will also call (G;)¢>o the filtration generated by W.

Date: February 14, 2008.

2000 Mathematics Subject Classification. 82D60, 60K37, 60G15.

Key words and phrases. polymer measure, random environment, gaussian estimates.
1



2 DAVID MARQUEZ, CARLES ROVIRA, SAMY TINDEL

Finally, our Gibbs type polymer measure is constructed as follows: for any ¢ > 0, the
energy of a given path b on [0,¢] is given by the Hamiltonian:

Hy(b) = /Ot W (ds,b,).

Observe that for a given path b, the last quantity has to be understood as a Wiener
integral with respect to W. In particular, it is a centered Gaussian variable with variance
t. Now, for any « € Z¢, any t > 0 and a given 8 > 0 which represents the inverse of the
temperature, we define the polymer measure by the formula:

eﬁHt(b)
dGy(b) = ——— dP"(b), with Z7 = Ef [¢""0)]. (1)
t

The normalisation constant Z; above is called the partition function of the model. In
the sequel, we will also have to consider the Gibbs average with respect to the polymer
measure, defined as follows: for any ¢ > 0, n > 1, and for any bounded measurable
functional f : Dﬁ)’t] — R, we set

Ly [f(bla cee b")eﬁzl@ Hy (b))
(f)e= - |
(ZF)

where {b',...,b"} are understood as independent continuous time random walks.

Let us say now a few words about the partition function: the first thing one can
notice, thanks to some invariance arguments, is that the asymptotic behavior of Z7 does
not depend on the initial condition z. We shall thus consider generally x = 0, and set
ZY = Z;. Moreover, it can be checked (see Section 2 for further explanations) that the
following limits exist:

p(B) = lim1 EllogZ;] =P —a.s. — lim1 log Z;, (2)

tloo ¢ tToo ¢

and it can also be shown that p(8) < (%/2 by an elementary Jensen’s type argument.
The quantity p(3) is called the free energy of the system. It is then possible to separate a
region of weak disorder from a region of strong disorder according to the value of p(3), by
saying that the polymer is in the strong disorder regime if p(3) < 5%/2, and in the weak
disorder regime otherwise. It should be mentioned that this notion of strong disorder
is rather called wvery strong disorder in [8], the exact concept of strong disorder being
defined thanks to some martingale considerations e.g. in [12, 23]. It is however believed
that strong and very strong disorder coincide (see [8] again). Furthermore, these notions
have an interpretation in terms of localization [8] or diffusive behavior [13] of the polymer.

With these preliminaries in hand, we will see now that some sharp information on the
partition function can be obtained for the model under consideration. Namely, to begin
with, the weak and strong disorder regimes can be separated as follows:

Proposition 1.1. Let Z; = Z? be the normalization constant given by formula (1), and
define a Gy-martingale (My)>0 by My = Z;exp(—(3*t/2). Then:
(1) Wheneverd=1,2 and 3 > 0, we have lim;_,o, My = 0 in the P-almost sure sense,
which means that the polymer is in the strong disorder regime.
(2) For d > 3 and (3 small enough, the polymer is in the weak disorder regime, i.e.
lim;_,o M; > 0, P-almost surely.
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(3) For any dimension d and 3 > [34, the polymer is in the very strong disorder regime,
which means that p(3) < 3*/2.

This kind of separation for the weak and strong disorder regime has already been
obtained for other relevant models, based on discrete time random walks [6] or Brownian
motions [5, 13, 23|. However, the third point above can be sharpened substantially, and
the following almost exact limit holds true in the continuous random walk context:

Theorem 1.2. Let p(3) be the quantity defined at (2), and £y be a given arbitrary positive
constant. Then, there exists By = Bo(d) > 0 such that
3 B
Co————— (1 — < < Co——— (1 f >
Olog(ﬁ) (1—e0) <p(B) < Olog(ﬁ) (1 +¢0), or 3 > [,

where Cy is a strictly positive positive constant which will be defined by relation (18).

Putting together Proposition 1.1 and Theorem 1.2, we thus get a remarkably precise
picture as far as the free energy of the system is concerned.

Remark 1.3. Many of our results would go through without much effort for a wide class
of spatial covariance of the medium W, as done in [5]. We have sticked to the space-time
white noise case in the current article for sake of simplicity.

Our paper is divided as follows: at Section 2, we recall some basic facts about the
partition function of the polymer model. Section 3 is the bulk of our article, and is
devoted to a sharp study of the free energy in the low temperature region, along the lines
of the Lyapunov type result [9, 11, 18]. At Section 4, the first two items of Proposition
1.1 are shortly discussed.

2. BASIC PROPERTIES OF THE FREE ENERGY

Since it will be essential in order to show Theorem 1.2, we will first devote the current
section to show briefly that Z; converges almost surely to a constant p(3), which can
be done along the same lines as in [23]. First of all, some standard arguments yield the
following asymptotic result:

Proposition 2.1. Fort > 0, define p,(3) = % E [log ZF]. Then, for all 3 > 0, there exists
a constant p(3) > 0 such that
p(3) = limp,(3) = sup p:(B).

tToo t>0
Furthermore, p(8) < 5%/2.

Proof. 1t can be proved e.g. as in [23]. More specifically, we should first show a Markov
decomposition for ZF as in [23, Lemma 2.4]; then we can argue as in [23, Proposition 2.5]
in order to get the announced limit for p;(3). The bound p(8) < (3*/2 can be checked
using Jensen’s inequality.

O

Remark 2.2. Due to the spatial homogeneity of W, the above limit does not depend on
x € Z. Hence, from now on, we will choose z = 0 for our computations. Furthermore,
in the sequel, when z = 0 we will write Z; and E, instead of Z) and E}, respectively.
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In order to get the almost sure convergence of p,(/3), we will need some concentration
inequalities which can be obtained by means of Malliavin calculus tools. Let us briefly
recall here the main features of this theory, borrowed from [20]. First of all, let us notice
that our Hamiltonian H;(b) can be written as follows:

/stb / > 8. (bW (ds, ).

xC€Z4

This leads to the following natural definition of an underlying Wiener space in our context:
set H = L*(Ry x Z%), endowed with the norm |h|2, = fR+ > weza [h(t, x)[?dt. Then there

exists a zero-mean isonormal Gaussian family {W(h); h € H} defined by
= / > h(t,x)W(dt, x),
Rt veza

and it can be shown that (Q2,H,P) is an abstract Wiener space. Denote now by S the
set of smooth functionals defined on this Wiener space, of the form

F=f(W(hy),...,W(h)), for k>1, hy€H, feCZRF).
Then its Malliavin derivative is defined as
k
i=1
As usual, the operator D : & — 'H is closable and we can build the family of Sobolev
spaces D', p > 1, obtained by completing S with respect to the norm || F||f , = E [|F|’]+

E[|DF3,]. The following chain rule is also available for FF € D'?: if ¢y : R — R is a
smooth function, then ¢(F) € D' for any ¢ < p and

Dy(F) = ¢'(F)DF. (3)
We are now ready to prove the almost sure limit of log(Z;)/t.

Proposition 2.3. We have that
1
P—as. — Hm n log Z; = p(B).

Proof. 1t is easily shown that Z, € D2, and by differentiating in the Malliavin calculus
sense, we obtain, if s < ¢:

DouZy = BE, [(Dan Hy(b))e™®] = BE) [5,(b,)eH®)] |
Thus, if U; = % log Z;, we have, thanks to the chain rule (3),

Ds,th 6 M? S S ta
Ds,xUt = 7 =
t

0, s> t.
So,
2 2 t 2
|DUJF, = ﬁ /Z 0. (b1)0,(0%))ds ﬂ /(5(b1—52)>ds<5_.
0

t
z€Z4
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Now, since |DU|3, is bounded and tends to 0 as ¢ — 0o, we can prove the almost sure
limit by means of a concentration inequality (see, for instance, [23, Proposition 2.1]) and
a Borel-Cantelli type argument.

O

3. EXACT LIMIT FOR THE FREE ENERGY AT LOW TEMPERATURE

The aim of this section is to show our Theorem 1.2, by means of some Gaussian tools
which have been already used for various models of polymers [5] or stochastic PDEs
9, 10, 16]. It should be mentioned at this point that the reference [9] is especially relevant
for us: in fact, our aim here is to clarify some of the arguments therein, and adapt them
to the polymer context at the same time.

3.1. Strategy. In order to understand how the free energy will be computed, let us
introduce first some additional useful notations: let P, be the set of paths of a discrete
time random walk of length n starting at 0, and S,,; be the set of possible times of the
jumps of the continuous time random walk b in [0, ¢], namely:

Snt={s=0(50,---,50); 0=50<s1<...<s, <t}

For s € S,; and x = (x,...,2,) € P,, we also define
Bu(s,x) = > [W(sj1, ;) — W(sj,2;)].
=0

For any positive ¢, let N; be the number of jumps of b in [0,¢], which is known to be
a Poisson process with intensity 2d. Then one can decompose the Hamiltonian H,(b)
according to the values of IV, in order to obtain:

s t
7, = ZEb [eﬁfo W (ds,bs) ]-{Nf,:n}:|
n=0

_ Z (2dt)™ et |y [e,efg W(ds,bs)wt = n}

n!
n=0

_ Zedet Z / ePBn(sX) dg ... ds, . (4)

x€P, St

With these preliminaries in mind, we can now sketch the strategy we shall follow in
order to obtain the lower and upper bounds on p;(3) announced at Theorem 1.2. Indeed,
the basic idea is that one should find an equilibrium between two constraints:

(i) The more the random walk jumps, the more it will be able to see the peaks of the
energy, represented by
sup B;(s,x).
jgn,SES]"t,XEPj
We shall see that, roughly speaking, sup;<,;scs; , xerp, B;(s,x) is of order /2t for a given
r > 0.

(i) The number of jumps of the random walk has an entropy cost, which is represented
in formula (4) by the area of S,,;. It is a well known fact that this area decreases as n!.
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After reducing our calculations to this optimization problem, it will be easily seen that
the accurate choice for r is of order (3/log(3))?, a fact which has already been outlined in
[5]. This means that, under the influence of the environment when £ is large enough, the
random walk is allowed to jump substantially more -the typical number of jumps before
t is of order (3/log(3))%*t- than in the free case (for which this typical number is of order
2dt). By elaborating this kind of considerations, we shall obtain our bound Cy3?/log(/3)
for p(5).

We are now ready to perform our first technical step, which is the control on the
Gaussian random field B,,.

3.2. Control of the random field B,. Let us mention that, in order to control the
supremum of the random Gaussian fields we will meet, we shall use the following classical
results, borrowed from [1].

Theorem 3.1. Let G(t) be a mean zero Gaussian field over a set T with the associated

pseudo-metric
1/2
d(t, 1) = (E[G(h) - G()]) ",
and assume that the metric space (T,d) is compact. Let N'(n) be the metric entropy
associated with d, i.e. the smallest number of closed d-balls of radius n needed to cover T

Then, there exists a universal constant K such that

EsupG(t) < K / VIog Nn) dn,
T 0
provided that the right hand side is finite.

This useful theorem for the computation of the mean of sup,., G(t) has generally to
be completed by a control on the fluctuations of Gaussian fields, given by the following
result:

Theorem 3.2. Let G(t) be a mean zero Gaussian field over a set T, and suppose that the
sample paths of G are bounded almost surely. Then, we have Esup; G(t) < oo, and for

all y >0,
°{

where 7% = sup, E[G(t)?].

sup G(t) — Esup G(t)’ > y} < 27V
T T

With these Gaussian tools in hand, we can now control B,, as follows:

Proposition 3.3. Forr > 0, let T, be the space of paths of the continuous time random
walk starting at x = 0 with no more than rt jumps. Then, we have

E sup B,(s,x) < Cy/[rt]t, (5)

(n,s,x)€Tr

for some positive constant C, where [u] stands for the integer part of a real number wu.
Moreover,
1
lim -~ E sup B,(s,x) = F(r) < +oc. (6)
t—+o0 1 (n,s,x)ETr

Finally, the following scaling identity holds true for the function F': for any r > 0, we
have F(r) = /r F(1).
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Remark 3.4. Observe that, in order to describe an element of T,, we have to know the
number of jumps n, the times of jumps s € S,,; and the paths x € P,. Hence, the family
B,,(s,x) can be considered as a Gaussian field over T,. Moreover, the random variable
SUD (s x)eT, DBn(8,X) and its expectation only depend on the parameters r and .

Before giving the proof Proposition 3.3, let us also state the following corollary, which
can be proved along the same lines.

Corollary 3.5. Let T)? be the space of paths of the continuous time random walk starting
at x = 0 with no more than rt jumps, with the additional constraint that the jumps are
separated from each other and from the endpoints of the interval [0,t] by a distance of at
least 20. Then, the limit

1
lim — E sup B,(s,x) = F°(r) < 400

t—+oo (n,s,x)eT?
exists and, moreover, FO(r) = /r F™(1).

Proof of Proposition 3.3: In order to obtain the bound (5) we will use Theorem 3.1, which
involves the entropy of the Gaussian field B, (s,x) over T,. Let us then estimate this
entropy: for n > 0, s,s’ € S,,; and x € P,, we define the distance between (n,s,x) and
(n,s',x) as

d((n> 8, X)v <n7 sla X)) = \/E HBn(S,X) - Bn(sla X)P];

and let NV'(n) be the entropy function related with B, (s,x) and T;.. Since E [B,(s,x)?] = t,
the diameter of 7, is smaller than 2v/¢. Assume then that n < 2v/t. It is not difficult to
check (see [16] for a similar computation) that

d*((n,s,%), (n,8',%)) <2 |s; = s}].

J=0

Thanks to this identity, one can construct a n-net in 7, for the pseudo-metric d. It is simply
based on all the paths of the random walk with any position vector x, and j ump times in
the subset gn,t of S, defined as follows: S'n,t is the set of elements s = (so, ..., S,) € Sns
where all s; are integer multiples of 7%(4n)~! (notice that some of the s;’s can be equal).
It is readily checked that all these paths form a n-net in 7,., and furthermore, the cardinal

of Sm can be bounded as:
N 1 [4nt]" ct\"
= L) < ()

where in the last step we have used the inequality n! > (n/3)". So, owing to the fact that
4P, is bounded by (2d)", that n < [rt] and n < 2v/t, we obtain that

[ri]

2
n=0 n



8 DAVID MARQUEZ, CARLES ROVIRA, SAMY TINDEL

Thus, using Theorem 3.1, we end up with:

+o00 2V/t
E sup B,(s,x) < C/ V1og N (n) dn < C\/[rt]/ \/log (%) dn
(n,s,x)€Tr 0 0

< C\/[Tt]t/o v —logn? dn < Cy/[rtlt.

Our claim (6) is now easily verified thanks to a super-additive argument and, since W' is
a Wiener process in t, we also get, by Brownian scaling:

1 1
F(r)= lim - E sup B,(s,x)=+/r lim i E sup B,(s,x) = VrF(1).

t—too ¢ (n,s,x)€T, t—+oo (n,s,x)eTy
O
Notice that Corollary 3.5 depends on the discretization type parameter p, which is useful

for technical purposes. However, in order to get our final estimate on p(3), we will need
the following lemma, which relates F2(1) and F(1).

Lemma 3.6. With the notations of Proposition 3.3 and Corollary 3.5 we have that
Fe(1) —  F(1).
0—0

Proof. Let us denote by ¢ and ¢¢ the quantities defined by:
¢°(r,t) =E sup B,(s,x), and ¢(r,t)=E sup B,(s,x).

(n,s,x)€T? (n,s,x)€T
We will prove that, for an arbitrary € > 0, we can find gy > 0 such that
o(r,t
F(1) = lim % <e, for o < go. (8)
Indeed, the triangular inequality implies that

F(1) - cbg(;“, t)‘ cb(?; t)

(9)

< 'F(l) —

8(rt) _ 0°0,1)
202 2D,

Now, according to Proposition 3.3, there exists ty such that, for any ¢ > t,

(10)

DO ™

‘F(l) - % o(r, t)' <

Furthermore, for a fixed ¢y, since ¢¢(r,tg) — ¢(r,ty) when o — 0, there exists gy > 0 such
that

1

i [p(r, to) — ¢°(r, to)]

Finally, a super-additivity type argument easily yields the fact that ¢¢(r,¢)/t is increasing
in ¢. This property, together with (9)-(11) implies (8), which ends our proof.

<> foro<o. (1)

O

Let us now complete the information we have obtained on the expected value of
sup B, (s,x) by a study of the fluctuations in s of the field B,(s,x). To this purpose,
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let us introduce a little more notation: for r,p > 0, let Y, , C T, x T, be the set defined
as:

Yo, = {((H,S,X), (n',s,x)eT, xTy;n=n"<|[rt], x =%,
|sj — 85| <pfor1<j< n} (12)
Proposition 3.7. For r,p > 0, let Y(r,p) = limsup,_, + Esupy, An(s,s',x), where
A(-,-,-) is a fluctuation Gaussian field defined on'Y, , as follows:
A, (s,s',x) = B,(s,x) — By(s',x). (13)
Then, Y(r,p) = /7 Y(1,rp) and
lim Y(r, p) = 0. (14)
p—0
Proof. The scaling property Y(r,p) = /r T(1,rp) is easily shown. Let us concentrate

then on relation (14): The bound (7) implies that the entropy for the field B, (s, x) over
T} is bounded as follows:

Ct
N(n)<1v<n2) : (15)
Hence, the entropy for the field A,(s,s’,x) over Y; , also satisfies:
n
Natn) < N3 (D). (16

The second ingredient to start the proof of (14) is a bound on the diameter of Y7 , in the
canonical metric associated to B:

Diam(Y;,) < 2sup EV/2 [A%(s,s',x)] < 2¢/pt. (17)

Yi,

Then, Theorem 3.1 together with (15), (16) and (17) yield

2/pt 2/pt 4 t
Esup A,(s,s',x) < V1og N4(n) dn < C/ Ulog C dn
Yiop
2v/pt 4C't p/C
= 20\/2t/ ’/log % dn < C’t/ v/ —2log ( dC.
0 n 0

The proof is now finished along the same lines as for Proposition 3.3.
O

It is worth mentioning at this point that the function F' emerging at relation (6) is the
one which allows us to define the constant C in Theorem 1.2. Indeed, this constant is
simply given by

1
Co = gF(1)2. (18)
With these preliminaries in hand, we are now ready to proceed to the proof of our Theorem
1.2. This proof will be divided between the lower and the upper bound, for which the

techniques involved are slightly different.
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3.3. Proof of Theorem 1.2: the lower bound. Recall that we wish to prove that, for
2
(3 large enough and an arbitrary positive constant €y, we have p(5) > COlogW (1 —&p).

Now, since p(3) exists and is non-random, we only need to prove that, for 5 > 3, and for
t large enough,

lo [r(i 2dt2/ BBn(s%) g d >Co(1—€o) >1 (19)
t52 & = T Tleg(®) (T2

where, as mentioned at Section 3.1, the parameter r(/3) will be chosen as:

Co

") = S o)

Step 1: Reduction of the problem. Observe that, on the one hand, we have

tfP log Z 2‘”2/ eMBneX)ds, - - ds,,

xEP, Sn,t
1
> — log sup g2t Z/ ePBnX) dg, . ds, (20)
tp r@0 s
2d 1
> —— 4+ — log | sup sup/ ePBrX) ds o ds, |
g2t n<[r(B)] xEPa J 5,0,

On the other hand, for § > (; and 3; large enough, we have d < Chen 5 log . Furthermore,

since n < & 8 od? (g)t7 we obtain:
2n10g(5) | log(3-") 1
— =L < Cy—— dh — > — .
= Clgy M T 2T Vi)

Plugging this inequality into (20), we get that in order to show (19), it is sufficient to
prove that, for 3, ¢ large enough, the following relation holds:

1 1 1
log | sup sup [ePBrsX) ds, o ds, | > Co(2 — £0/2) —— » > —.
{wz [ [r(8)1) XEPn J S, 1 0(2 = eof )10g(ff) 2

(21)

In order to show relation (21) set first #(3) = (26%)~!. For r, o > 0, define also a set
Yo by
Vi ={((n,8,%), (n,8',%)) € Y45 [sj01 — 5] = 20, for j=1...n}, (22)
where Y, , is defined by (12). Finally, for ((n,s,x), (n,s’,x)) € Y,(3)#3), we set

§a(s) = {s: |s; — 3l <7(B), L<j<n}.
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Using the definition of these sets, and recalling that the field A.(-,-,-) has been defined

by (13), we have that, for any (n,s’,x) € Tr(ﬁ() )7

/ BFrefBreX) s, . ds, > FPefBnE) / I N s, - ds),

Snt S’n,t

> refBnex) / A2 g, .. ds, (23)
£p(s’)

> PP exp (—sup{BA,(s. 8, x); s € &(s)}).

Since (23) is true for any (n,s’,x) € T( , and with (21) in mind, we obtain:

1
— log | sup sup/ 32reBBn(sX) gg .. ds,
tﬁ Snt

n<[r(B)t] x€Pn

1 1
> 5 Sup B,(s',x) — — sup Au(s,s,x). (24)
s T2 ZER AR
Step 2: Study of the term involving B,,. Let us consider £; > 0. According to Corollary 3.5,
there exists a constant F, > 0 such that for § > (5, we can find ¢’ = t/(e1, 3) satisfying,
for t > t":

lE sup B,(s',x)| > F%(B)(T(ﬁ))_fl T(ﬁ)]
ol _

| =+

v 2
_ ! MOre) (1) — L
= 5 r(B) [P - 2.
Notice that we have chosen r(3) and 7() so that
hm 7’( )r(B) = (25)

Hence, applying now Lemma 3.6, we get that there exists #3 > 0 such that for any g > (s,
it holds that

1 / t _
BE ;;(I;)Bn(s,X) Zﬁ r(B) [F(1) —&l].

r(8)
Thus, Theorem 3.2 for 72 ﬂQ and y = 51 B+/r(8) implies, for ¢t large enough,

P{ sup SB.(s,%) < /r(B) [F(1) — 221 gzexp{_t@%’”#}< (26)

1
28 B B — 4

7"(ﬁ)

Step 3: Study of the term involving A,,. Invoking Proposition 3.7, we have

limsup1 E sup A,(s,s,x) <Y(r(B),#B)) + °

t—00 Yi(8),7(8) 2
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Then, since (25) holds true, and using (14), we can choose 3, > 0 such that for ¢ large
enough and 3 > (3, we have:

gl s ﬁAn(s,s’,x)] <L /B <T(1,r(5)f(ﬁ)) n i) < eitB/r(B).
g Yr(8),7(8) g 2

Hence, Theorem 3.2 for 72 < 2 Landy =1L 5 L\/r(B) yields, for t large enough,

P{ sup %An(s,s’,x) > 251% T(ﬁ)} < 2exp {—tE%Z(ﬁ)} < 1. (27)

Yr(8),7(8) 4

Step 4: Conclusion. Choose By = 31V (2 V (B3 V (4, and consider 3 > (3;. Define also the
sets:

0 = { sup %An(s,s’,x)>2€1% r(ﬁ)},

Yr(8),7(8)
1 , t
QZ = sup _Bn(s 7X) <= T(ﬁ) [F(l) - 281] )
a3 ’

for a constant e, = £9y/2C)/16. Then, (26) and (27) yield P(2;)V P(Qy) < 1/4. Moreover,
inequality (24) implies

{t;Q log > Co(2 - 50/2)—1();(@}

>P{INQ5} =P{(UD)} 21 -P () - P () >

sup  sup 2reBrsX) g .. ds,,
n<[r(B)t] XEPn J S, 4

l\DI»—

which proves (21), and thus the lower bound of our Theorem 1.2.

3.4. Proof of Theorem 1.2: the upper bound. As in the lower bound section, let us
recall that we wish to prove that, for § large enough and an arbitrary positive constant
g0, we have p(f) < Cp—2— Toa () (1+&p). Again, since p(3) exists and is non-random, we only
need to prove that, for 3 > (5 and for ¢ large enough

—a2dt B (s,x) Co(1 + &9) 3 1
{— log[Ze Z/ B -~-dsn]§<lo+(ﬁ))}2§.

xeP, St

Actually, we will prove the equivalent inequality

{— log [Ze 2dt Z / ePBr(sX) g o ds,

x€eP, Sn,t

(28)

Step 1: Setup. Let v = Cy(1 + &0)3%/log(B3). For t large enough, the probability defined
in (28) can be estimated from above by the sum of the probabilities of disjoint sets as
follows:

{ ey / PN g, - ds, > e”t} <> P (Mg (1), (29)
n= Sn.t =1

xEPy,
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where the sets Ag, p, (1) are defined by:

by tB>
log2(8)

Aalybz(yl) = E B_th E / eﬂBm(Sﬂx)d& <o dSy, > et )
ayt6? XEP,, ¥ Smt

”“::{10g2(5)‘*1}

and for [ > 1, the quantities a;, b;, v; are of the form

52
log(8)’
for two positive constants ¢ and ¢; which will be chosen later on, at relation (35). Notice
that the first set A, p, (11) starts at m = 0 instead of m = [a1¢3?/log*(8) + 1]. However,

this set can be handled along the same lines as the other ones. Observe also that the
estimate (29) holds true due to the identity ) ;°, e"! < e, satisfied for ¢ large enough.

a= (I —1)py, by =los, v = (Co(1+e9/2) — lo)

Step 2: Study the sets Ag, p,(v1). Computing the number of terms in each sum and the
area of Sy, ;, we obtain that

by tB>
log2(8)

Q= > e Z/ ePBn¥ sy - - dsyy,
Sm,t

art52 XEPm
m=| et 1]
b — a) 32 oyt "
< (ll 28&))6 6_2dt(2d) log2(3) exp { sup ﬁBm(Sa X) sup _'7 (30)
0g T o115 A
o [t e ]

where we have set b(3) = b5?/ log?(3). Furthermore, since z < (2d)*, we have that

2 t32
M < (2d> 1:é2ia)’

log®(13)
and hence the logarithm of @; in (30) is bounded by
20,13 tm
log(Q)) < g—ﬁlog(Qd) — 2dt + sup [B,,(s,x) + log sup —. (31)
log™(%) NG [ atp? +1} <m<{ bytp? } m:
logZ(8) ' | = = | 1og2(8)

Let us find now an estimate for sup ¢”/m! in the expression above: denote by K a generic
constant which depends only on d and can change at each step of our computations. Owing
to the bound (m/3)™ < ml!, notice that for [ > 2 and [ large enough this supremum is

attained at the initial point [h‘jgléf;) + 1] So, we have
tm t3? t3?
log sup — < % []ogt — log ( alf ) + K]
aytB2 1l <m< b, t62 m: log (ﬁ) 10g (6)
[log%) + ] s [logQ(m}

- 1:;?;) [K — log(a;) — 2log(B) + 21log(log(B))],
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for any [ > 2. Using this fact, the trivial bound b; < 2q; and plugging the last considera-
tions into (31) and (30), we end up with

1 < B (s, artf?
Og(Ql) = ﬁb];l(ls) ﬁ (S X) + 10g2(5)

With this inequality in mind and recalling the definition of A, p, (1), it is readily checked
that:

P (Aahbz(yl)) (32>

<P {;;1; Bp(s,x) > t % + % [21og () + log(a) — K — 210g(10g(6))]} } :

for any [ > 2.

[K —2log(3) — log(a;) + 2log(log(8))] -

In order to get an accurate bound on P(A,, 4, (7)), we will now use the information
about B, we have gathered at Section 3.2: notice for instance that Proposition 3.3 asserts

that b Ji3
! _ !
10g2(ﬁ)> ~ log(B) Q).

Then Theorem 3.2 applied to 72 = ¢ together with (32) and the last relation imply that,
for [ > 2, the probability of A, s, () can be bounded as

1
lim —E sup By(s,x)=F (

t—+00 (TL,S,X)ETbl (8)

_26—2:2
p (Aaubz (Vl)) < 2exp 9 logg(ﬁ) =l (> (33>
where, plugging the definitions of a;, b; and v;, we can write:
= _logf (v ap Vb3
2= 80 (s T ton(s) + sl — K —2logllon(3)] — 275 F(0)
. €o (l—1Do
= Co (1 + 5) —let ) [21og () + log((1 — 1)e1) — K — 2log(log(53))]
—Vl0eiF(1)
> Co (1+3) —lo+ 2o — 201 + % log(01) — & — 2log(log(8))] — /a1 F(1).

Observe that inequality (33) has been obtained for [ > 2. The same kind of calculations
are also valid for [ = 1, except for the bound on ¢ /m/!. Indeed, in this latter case, owing
to the facts that the maximum of the function f(z) = (%)ac is attained at z = 2 and

that 2d > 3/e, we obtain that

tm 3t
log sup — < o
g2 1 Te
0= S[lzézfﬁ)]
which yield a coefficient =; of the form:
— €0 K

2=Go(145) - = JaiF(1).
1 oll+ 5 Q+Qllog(ﬁ) 01F(1)

Going back to inequality (28), it is also worth mentioning that all the previous consider-
ations only make sense if =; > 0 for all [ > 1.
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Step 3: Conclusion. In order to prove (28) and finish the proof of the upper bound,
according to (29) and (33), we only need to show, for ¢ large enough, that

R

with the additional restriction Z; > 0. Now, in order to satisfy this latter condition, we
choose Cy = ¢ F(1)?, which allows to get rid of the term —+/Ig; F (1) as follows:

2
_ o 2[91 0080 €0

= > (Jo (1 —)— —9 (2 — v
z_< Co<+4 1+%)+<4 .91>+ (91(4_1_50) Q>+Q1 I

and for any [ > 2:
((—1)
log(0)

Let us insist at this point on the fact that Cy =
such a decomposition. So, choosing

where we have set ¥V, := (

v

L= [log(01) — K — 2log(log(/3))] -

£ F(1)? is the largest value of Cj allowing

, (35)

we clearly have that
= s Coco

—l

ny C()Eg C()EO
=8 " '16(4+ey) 16

Thus, there exists (5 such that for any 7 > (5 and for any [ > 1, =, is strictly positive
and the following bound holds true:

C()&T() C()&T%

—_
—

=l =

Inequality (34), which ends our proof, follows now easily.

4. WEAK AND STRONG DISORDER REGIMES

This section is devoted to the proof of Proposition 1.1, starting from the result on weak
disorder:

Lemma 4.1. Assume d > 3. Then, for 3 in a neighborhood of 0, the polymer is in the
weak disorder regime.

Proof. Similarly to [12, 23], it suffices to show that

E(Z7] < Ki(E[Z])*. (36)
Indeed, recall that the martingale M has been defined by M; = Z, exp(—%Qt). Then,
inequality (36) yields that M is a martingale bounded in L? with E[M;] = 1, and hence

M, = lim;_.o M; > 0 on a set of full probability in €2, which corresponds to our definition
of weak disorder.
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In order to check (36), let us consider b' and b* two independent random walks. Then

we get
E[Z{] = B [exp (ﬁ2 (t + /Ot So(b! — bﬁ)ds)ﬂ
~ (B(Z))F, [exp (62 / ! — b§>d5)]

< (B2 B, [exp (#°10)) |

where b = b' — b2 and Ioo(b) = A({t > 0,b, = 0}) with ) the Lebesgue measure. Notice
that b is again a continuous time random walk on Z? with exponential holding times of
parameter 4d. Following our notation of Section 1, b is described by its jump times (7;);>0
and its positions (Z;);so. Then, if 8 < v/4d, introducing the obvious notation F; and Ej,
we end up with:

E; [exp (BQZOO(IA)))] =E;

exp <62 Z(ﬁ'-&-l - ﬁ')%@vz))]

[ oo oo 4d
= E:?: HE{- [eXp (ﬁ2(7ﬁi+1 —%1)50(:%1))) = Efg Hm]
Li=0 =0

Lo (2)
_g (A
4d — 32

= E; [exp (7L (2))],

where we have set v = v(3) = log(4d/(4d — ?)) and Loo(2) = #{j < n,&; = 0}, which
is the local time at z = 0 (and n = 00) of the discrete time random walk induced by Z.
It is now a well known fact that, in dimension d > 3 and for v small enough, we have
E; [exp (YLoo(Z))] < oo. Furthermore, limg_ov(5) = 0, from which our proof is easily
finished.

O

Let us now say a few words about the remainder of Proposition 1.1: point (3) is a
direct consequence of our stronger Theorem 1.2. As far as point (2) is concerned, we refer
to [7] for a complete proof of this fact. Like in [12, 23], it is based on an application of
[to’s formula to the medium W, which allows to prove that lim; .., E[M?] = 0 for any
6 € (0,1).
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