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Abstract

In this note, we consider a SK (Sherrington-Kirkpatrick)-type model on Z¢ for
d > 1, weighted by a function allowing to any single spin to interact with a small
proportion of the other ones. In the thermodynamical limit, we investigate the
equivalence of this model with the usual SK spin system, through the study of the
fluctuations of the free energy.
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1 Introduction

This paper is concerned with a localized version of the Sherrington-Kirkpatrick model
with external field, which can be described in the following way: for N,d > 1, our
space of configurations will be ¥ = Xy = {—1,1}“~, where Cy is the finite lattice box

Cn = [-N; N]¢in Z%. For a given configuration o € ¥y, we will consider the Hamiltonian
2 R
—Hy (o Z ( J) Ginoios +h'Y oy (1.1)

where ( stands for the inverse of the temperature of the system, N = 2N + 1, (i,7)
is the notation for a pair of sites ¢, j € Cy (taken only once), {gu ) : (i,j) € Cn} is a
family of IID standard centered Gaussian random variables, and h represents a constant
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positive external field, under which the spins tend to take the value +1. Our localization
is represented by the function ¢, which can be thought of as a smooth frame, and which is
only assumed to be defined on [—1,1]¢ such that ¢? is of positive type, so that ¢? is non-
negative and invariant by symmetry about the origin. We also assume ¢? is a continuous
function, including at its periodic boundary —1 = 1. The aim of our article is then to
study the limit, when N — oo, of the Gibbs measure Gy (o) defined on ¥y by

e—HN(O')

Gy(o) = Zn where Zy = Zn(0) = Z o Hn(0)

gEXN

and more specifically, we will concentrate on the so-called free energy of the system,
defined by:

(Zn(B)). (12)

p(0) = lim E[py(B)] = as. — lim py(F),  where pn(f) = <

The model described by (1.1) can be considered as a finite range approximation of the
mean field SK model, associated with the Hamiltonian

_I:IN Nd/2 Z 93,500 + h Z o;,

,j ECN i€eCn

for which a large amount of information is now available [7, 10]. It seems then natural to
try to approximate the realistic spin glass system, on which we have very little rigorous
knowledge (see however [8]), by our localized model (1.1), capturing some of the geometry
of the physical spin configuration, but still of a mean-field type in the limit N — oo. One
could then hope to perform an expansion in N in order to quantify the difference between
the original SK model and our model (1.1).

In fact, this kind of idea is not new, and goes back at least, in the spin glass context, to
[4]. A version of our model with 2 = 0 has been studied then in [11, 1], and more recently,
the Kac limit of finite range spin glasses has been considered in [6, 3]. In these latter
references, a slightly different point of view is adopted: the finite range model depends
on a given parameter v > 0, (which would be 1/N in our setting), and this localization
parameter is sent to 0 after the thermodynamical limit in N is taken. It can be shown
then, by some nice and soft interpolation arguments, that in the limit v — 0, the free
energy of the localized system is the same as the free energy of the SK model, for any
value of the parameter 5 > 0. Notice that the results contained in [6, 3] cannot be applied
directly to our model, since in our case the limits v — 0 and N — oo are taken at the
same time. However, some slight modifications of the computations contained in these
papers would also show that our quantity py(3) defined at (1.2) behaves like the free
energy of the SK model for large N.

The goal of our paper is then, in a sense, more modest than [6, 3], since we will only
deal with the high temperature region of the model, i.e. small values of 5. On the other
hand, our scope is to show that the equivalence between the SK model and our localized
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model still holds, in the thermodynamical limit, for a second order expansion of the free
energy, that is in the central limit theorem regime. More specifically, we will show the
following limit result: let 7 be the L?>-norm of ¢ in [—1,1]%. For 3,h > 0, let also s be
the unique solution to the equation

s = E [tanh*(821/s + h)] , (1.3)
and SK(f3,h) be the function
SK(8,h) = #(1 — 5)*/4 + log 2 + E [log [cosh (8zv/s + h)]], (1.4)

which represents the free energy of the SK model in the high temperature region. Set also
p(B,h) = SK(’yé/Qﬁ, h). Then, under suitable conditions on ¢, we have

(€)= lim N2 [pn(8) = p(B,h)] =Y,
where Y is a centered Gaussian random variable with variance 7 = 7(f3,h,70). The
announced equivalence, at the CLT level, between the SK model and the localized one,
springs then from the fact that 7(3,h,1) is also the variance of the Gaussian random
variable which shows up in the central limit theorem of the SK case (see [5, 9]).

Let us say a few words about the method we have used in order to get our result:
since we are in the high temperature regime, we are allowed to use a cavity type method
in order to compute the limit of the overlap of the localized spin system. This yields then
the limit of the free energy in a straightforward manner. It has also been shown in [9]
that the stochastic calculus tools developed in [2] could be adapted to the case of spin
glasses with external field. This induces a powerful method for obtaining central limit
theorems for the free energy, and interestingly enough, in this context, a dynamical point
of view gives some insight on a static stochastic problem. We will elaborate here on this
method in order to treat the localized case, by taking advantage systematically of the
Fourier decomposition of q.

Our paper is divided as follows: at Section 2, we compute the simple limit of the overlap
function and of py(f3), recovering the results obtained in [3] for the high temperature
regime. At Section 3, we derive the announced central limit theorem thanks to stochastic
calculus tools.

2 Simple limit of the free energy

Recall that we are dealing with the system induced by the Hamiltonian (1.1), and let us
define some additional notations about Gibbs averages: let f : X% — R be a function of
n configurations, with n > 1. Then we set

p(f)=—= Y flo',....0") exp (—ZHNw’)), and  v(f) =E[p()]. (21)



In the sequel of the paper, we will also write d, instead of d¢/0u for the derivative of a
function ¢ with respect to a parameter u, and py(3) = E[py(5)]. With these notations
in hand, our strategy in order to get the limit of py(3) will follow the classical steps of
the cavity procedure, namely:

1. Find an expression for dspy(3) in terms of an overlap-type function R'2.

2. For a general function f : X% — R, find a useful expression for d,p,(f) along a
suitable path defined for v € [0, 1], involving a Hamiltonian Hy (o).

3. Compute p,(R"?) inductively and deduce an expression for dspy(3), and then for
pn(B)-

We will start by the first of these steps, for which we will introduce a little more notation:
first of all, we assume for the moment the following basic hypothesis on g¢:

Hypothesis 2.1. The function q is continuous on [—1,1]%.

In this case, the function ¢® : [-1,1] — R, can be decomposed, as a function of
L?([-1,1]%), into a Fourier series of the form:
i (z) = Z Re™ T with Z yi<oo and TI'= Z Ye < 00. (2.2)
kezd kezd kezd

Set also RV2 = N4 > icon 0107, and for any k € Z¢,
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RE == Y e alal kA0 ad R =R (2:3)

i€Cn

where 7 is a positive constant, whose exact value will be determined later on. Eventually,
we will denote by gy the function ¢(-/N) defined on [—~N; N|¢ and Z¢ = Z¥\{0}. Then
the following relation holds true:

Proposition 2.2. For all 3 > 0, we have

r
INd

Qin(0) = < 30 ahi—0) =5 3 WE [(RE)] — 5o [p(R')] +

2
(4,7)€CnN keZd

Proof. Set B(c) = e fv(?) Then the previous definitions and an elementary Gaussian
integration by parts yield (see [10]):

_ 3 . gy (i — j)ojojoioiB(o')B(o?)
OpnB) =—E| > @Qli—-j)— D D o
4 2
N? (i,/)€CN (,/)€CN o102 2N
B 2 2 112 2
= _NQd E qn(i—j) — qn(i —J)E [P(Uzajaz‘ ])]
(i,5)eCn (4,5)€CN



Hence, using the decomposition (2.2) of ¢, we obtain

aﬁmﬂ):%E SN o@di-n- > p<zwe’“w”’“aio;afaf)

(3,7)€CN (4,7)eCN kezd
B . . V&
=Bl D @l-H-> o

2d
N (i,5)€CN kezd
Yk
+ ?,0 (
kezZd ieCpn

from which the desired expression is deduced easily.

We are now ready to start the second step of the strategy mentioned above.

2.1 The cavity method

The cavity method will consist here in suppressing in a continuous way the interactions
between a certain site m € C'y and the remaining spins. This will be done in the following
way: set OV = {i € Cy;i # m}. We decompose, for all o € Xy,

—Hy (0) = —HZ (pm) + 0m (h + gm (pm)) ,

where p,, denotes the ordered spin values except for the m-th spin, that is, the (N d_1)-
tuple (057 € C3) and we denote

g

W Z gn(m — i)g(m,i)gia

ieCy

G (Pm) =

and we also use the notation

—HY (pm) = Y ami = §)gugoioj +h Y o

(4,5)€CH ieC
This new Hamiltonian is similar but not identical to the Hamiltonian —Hy_1 on Xy_1.

The path we will build is now of the following form: consider a collection {B; ,,(v);i €
om v e [0,1]} of independent standard Brownian motions, and {X (v);v € [0,1]} an in-
dependent reversed time Brownian motion, all defined on the probability space (2, F, P).
Notice that g ) can be seen as the final value B, ,,(1) of the Brownian motion B, ,, and
that X is the solution to a stochastic differential equation of the form

X(v) =y — /O ffsids L W), we 0], (2.4)



where 7 is a standard Gaussian random variable and W another Brownian motion, inde-
pendent of the remainder of the randomness. Notice that, for notational sake, we have
written B, instead of B(; . Set then 7 = 70/27" and for v € [0, 1], define

—Hy, (0) = —HY (pm) + d/2 Z qN(m —1)0,01, Bi _{_5741/2 Z o X(t)+h Z o,
ieCy ieCy el

For f : 3% — R, denote also by p,(f) the associated Gibbs average, defined in a similar
way to (2.1), and v, (f) = E[p,(f)]-

Recall now the following elementary lemma from [9]:

Lemma 2.3. Fork > 1, let {By; | < k} be a collection of independent standard Brownian
motions. Let also X be the solution to (2.4), and ¢ : R*¥1 — R be a C? function having
at most exponential growth together with its first two derivatives. Then, for any v € [0, 1],

E[p(Bi(v),. X(v))]

/ 02, 0(Bi(s), ..., Bi(s), X(s))] ds

-3 / [aik+lxk+lso<31<s>, L Bis), X(5))] ds.

These preliminary tools yield the following differentiation rule:

Proposition 2.4. For any f : X% — R and v € [0, 1], the derivative of vy, »(f) is given
by

OV () =5 Vkemm'k/N< > e (f]_%f;l/af;ofn>

kezd 1<I<l/<n

n 1 3
—-n Z Vi ( Rl ol fnagfl) + —n(n2—l— >Vm7U (fRZ+1’n+20':Ln+10'Z;F2) ) . (2.5)
=1

Proof. This result stems from an easy application of Lemma 2.3 to the function

© (Bim(v),1 € CF; Xin(v)) = pmn(f)-

The computations of the second derivatives of ¢ are a matter of easy (though cumbersome)
calculations, and are left to the reader for sake of conciseness.

]

Now that the variations of v, ,(f) have been computed, we can proceed to get some
bounds on the overlaps R,lf’2



2.2 Bounds on the overlap

Let us start with three lemmas whose proofs follow essentially that of the corresponding
result in the cavity method for the standard Sherrington-Kirkpatrick model, and which
will be combined with the explicit expression for v, , in Proposition 2.4 and a separate
calculation of v, , for v = 0 to obtain information on the actual expected overlaps, under
V= Upa, le forv=1

Lemma 2.5. There exist two positive constants ¢, 45 and c,, , 5 that depend only on n, q
and 3, and are uniformly bounded in [ for 5 € [0, 1], such that if f is a positive function
on X}, then for allm € Cy

Vmw (f) < Cn,qB8V (f) ) (26)
and

Vineo (F) = Vo (F)] < ¢, 580 (F1F) [Z w2 (| Ry )] (2.7)

kezd

Proof. See [10, Propositions 2.4.6 and 2.4.7].
]

For v = 0, the expression of v,(f) can be simplified for a large class of functions f on
YN

Lemma 2.6. For fired m € Xy, let f be a function on XY that does not depend on the

values ol o2 . ... 0" . Then for any subset I of {1,...,n} we have
( I ) [tanh (Y)'”] Vo (f)
lel

where Y is the Gaussian random variable defined as:

Y = Bzy/r + b,

with a standard normal variable z.

Proof. See [10, Lemma 2.4.4].
[

On the other hand, some symmetry properties for v = 1 yield the following kind of
estimate:

Lemma 2.7. Set

0y = Z ViV (\R}f]?) ,  for wvel0,1]. (2.8)
kezd
Then
0 = YoV ((RI,Q — 7") (0‘1}'10'3'1 Nd i k/N Rl )2 1 2)
kezdieCn



Now, in order to exploit Lemma 2.6, we must modify the above expression for §; by
completing the following two tasks:

(i) estimate the error made by replacing the arguments of v; ¢ by functions that are of
the same form as those in Lemma 2.6;

(ii) estimate the error made by replacing v by v, (or v, as appropriate).

2.2.1 Task (i). Separation of cavity variable from others

It is sufficient to replace RY? by the same quantity with the m-th term omitted: define

B2, = > olo? =R ! }nafn:Rl’QJrO(}),
™ N N N4

and similarly let

2 271'1 k/N

k777

= R,i,’z — #J}nafne”m'km = R,i’z + 0 <]{17d> )
Then we have the following relation, whose elementary proof is omitted:
Lemma 2.8. For any v € [0,1] and J, defined at (2.8), it holds that:
90 = YoVm,0 ((R?m — 7’) (01 o2 — r))

+Z ’Ykz vio ( ZJZ )zﬂzk/N+O( )

keZd 1eCpn

Thanks to a Lemma by Lattala and Guerra, we can now choose r in order to eliminate
one of the terms in our overlap calculation dy (at v = 0 with separated spins), as an
immediate consequence of Lemma 2.6.

Lemma 2.9. For any choice of the parameters 3,9, h > 0, the equation

= E [tanh?® (82\/70r + h)] (2.9)

has a unique solution r € [0, 1], and we have

Um0 ((Rl,2 — 7") (afnafn — 7“)) =0.

Let us take advantage of this relation, and try to write g in terms of r: going back to
the expression in Lemma 2.8, we get

S0 = Z Zewrzk/NyZ Rllg2_z ll 22)4—0(]\}%)

k’EZd ZECN
1
— e At A +0 (55) (210)
kezd



with

_ 1 _ B '
=S (RP). A= LS (B2 - e

ieCn
A= 3 o (BY) — v (RE)] e,
N ieCy
where we have set ) |
Sk = 3 EZCN e, (2.11)

We can bound now d, in the following way:

Lemma 2.10. Recall that T has been defined at (2.2). Then there exists a constant k
that depends on B and q but is bounded for 3 bounded such that
) (2.12)

]50|§/£< Ty 1/2(R12‘)[Z’ykul/2<R12‘>
kezd

Proof. Go back to relation (2.10), and let us bound the terms A}, A5, A% for k € Z%. First

of all, the estimation of A} is controlled by Sy. However,

d
H [ )¥1 Lk, 20) + N1<k1=0)} ;

by an elementary argument on sums of geometric sequences. Hence,

|Sk| < NZ(k) where  Z(k) = number of components of k that are non-zero, (2.13)
and thus,
_ kI
kezd kezd
Furthermore, it is easily checked that
A < and 143 < et (| [Z !l (\Riﬂf)] SENCAL)
kezd

by applying inequality (2.7) in Lemma 2.5. Our claim is then proved easily by putting
together (2.14) and (2.15).
O

Remark 2.11. In the remainder of the article, k will stand for a positive constant de-
pending on 3 and q and that is uniformly bounded in the range of our parameter (3; we
will allow Kk to change from line to line



Notice that, for our result on the fluctuations of Zy, we will need an improved bound
on Aj. This can be achieved under the following additional condition:

Hypothesis 2.12. Going back to the decomposition (2.2), we assume that there exists
an integer d > d/2 such that, for every k € 7¢ such that vy # 0, the number Z(k) of
components of k that are non-zero satisfies Z(k) > d.

Then Lemma 2.10 can be enhanced in the following way:

Corollary 2.13. Assume q satisfies Hypothesis 2.1 and 2.12. Then

r 2 2
160] < & (ﬁ + 322 <‘Ri2} > LEZZ;’WI/Z <‘Ri2‘ )]) .

Proof. This is trivially checked by going through the computations of Lemma 2.10 again,
and taking into account (2.13).
O

2.2.2 Task (ii). Difference between the overlaps at v =0 and v =1
We are ready to state and prove the result which completes task (ii).

Lemma 2.14. There exists a constant k that depends on [ and q but is bounded for (3
bounded, such that

161 — 0| < +RBT Y (|R};2 2) . (2.16)

kezd

Proof. We can first write, using Lemma 2.5,

Z'Yk

kezd

< k3 Z 2 <‘RI1€,2|2> [Z 2 <‘R1152|2>

keZd keZd

1
Nd

Z v (R}JQU%U?) — Vi (Ri’zgilgz,?)] ovmick/N

1€CN

. (2.17)

Similarly we can obtain

Yo v ((RY =) (0,07, = 7)) = vio (R = 1) (0,07 = 7))

< 70H52V1/2 <‘Ré’2|2> [Z %V1/2 <‘RI1€,2|2>

kezd

. (2.18)

We now get, by putting together (2.17) and (2.18) and applying Jensen’s inequality, that

2
’(51 — (50| = :‘iﬁQ [Z ’)/kl/l/Q <|R]1€72‘2) S F&ﬁzr Z YV <‘R11972|2> )

kezd keZad

which proves the lemma.
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2.2.3 Self-averaging overlap limit

We are now in a position to estimate 6;. We show that for small 3, this expected total
overlap, which is recentered using the value r, converges to 0 at the speed 1/N as long as
q is a continuous function.

Proposition 2.15. Let 8 > 0 and let v = r () be the solution of (2.9). Let k be the
constant defined in Lemma 2.8 and Lemma 2.14, i.e. Kk is a constant that depends on (3
and q but is bounded for B bounded. Assume that q satisfies Hypothesis 2.1, and that (3 is
so small that 2k3°T < 1. In that case, we have, for N large enough, with R,lf defined by

relation (2.3),
1,2 2 rI
0=v (Z B ) =1 _2n@DN

kezd

Proof. We have, using (2.12) and (2.16),

0<6,=v (Z Vi ‘Ri72|2> < ‘50 —(51’ +7’|(50|

kezd

< 2k3°Tw (Z Vi \R,ﬁ’?f) +0 (%) : (2.19)

kezd

where we recall that O(N ') is a function that tends to zero as fast as N~! and that
this convergence holds uniformly in all parameters. Moreover, since x is bounded for (3
bounded, for 3 sufficiently small we can make 2rx3°T" smaller than 1. The result of the
proposition follows.

m

Corollary 2.16. Under the same assumptions as in Proposition 2.15, but assuming addi-
tionally that condition 2.12 holds true, then the conclusion of Proposition 2.15 holds with
N replaced by N<.

Proof. This follows trivially from the proof of Proposition 2.15 if we modify the argument
in order to take into account Corollary 2.13.
O

2.3 Consequence for the partition function

We can now apply the previous computations in order to get the simple limit of py(03),
which recovers, in the high temperature region, the results contained in [3].

Theorem 2.17. Under the hypotheses of Proposition 2.15, we have

cB)

pv (8) = Sk (3/%8.h )| < == (2:20)

where the constant C' depends on h, q, and 3, and is bounded for B € [0, Go).
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Proof. Recall from Proposition 2.2 that

OsPn = % ST oAi-j) -5 Z e (|1B[) - é%y (1RS> +7[*) + ;w (2.21)

(1.4)€CN keZd

The first term on the right-hand side can be handled easily: indeed, we have

ﬁ Z QIZ\I(Z _ ]) — 2d Z Z ,.ykewrk 7,/N —rk-j/N

(4,7)€CN (4,7)€ECN kezZd
_ k- ’L/N —rk-j/N
.
i#j kezZd
1 , T
- 5 Yo + Z%C'Sk’ - Nd )
kezd

where Si, has been defined at (2.11). Thus,

g o DB m
a2 M- -
(i,5)€Cn

and Proposition 2.15 then easily yields, for 3 < (3,

< % + vor3 |1/ (Ré’z)‘ . (2.22)

PN — —( —

b ﬁ% 7”2705
A 2 2

Furthermore, it can be shown, along the same lines as in [10], that for 5 < (3, we have
v (R§®)| < K (8,9) /N,
where K (3, q) is bounded for § bounded. This inequality and (2.22) now imply

o -5 (17

K
<
- N

where r depends only on 3, h,q and is bounded for 5 € [0, 5]. The theorem follows
by integrating Jgpn, and using trivial calculations and known facts about the function
SK. m

The final result we present in this section shows that while the complete structure of ¢
does not seem to effect the limiting behavior of the partition function beyond the average
value 7 of ¢?, the speed of convergence towards this value may depend heavily on the
behavior of g. We show that the speed can be increased to the order N~ as long as the
hypotheses of Corollary 2.16 hold.

Corollary 2.18. Under the hypotheses of Corollary 2.16, we have

o (9) = K (9,0 < <12

where the constant C' depends on h, q, and 3, and is bounded for 3 € [0, Bo].

12



Proof. In the proof of Theorem 2.17, some estimates are already of order N—¢. For
the others, we may use Corollary 2.16 instead of Proposition 2.15 in all its occurrences.
This improves all estimates that were originally of order N~! to the order N~¢, with
the exception of the estimation of the first term on the right-hand side of (2.21). But
here again, one can easily check that this term is of order N ~d ynder the conditions of
Corollary 2.16.

O

3 Fluctuations of the free energy

In this section, we will turn to our main aim, that is the central limit theorem governing
the fluctuations of Zy. More specifically, we will get the following:

Theorem 3.1. For (3 small enough, t € [0,1], if q satisfies Hypothesis 2.1 and 2.12, then

(£) — lim N2 [py(B) — p(B,h)] =Y,

N—o0

where Y is a centered Gaussian random variable with variance T, and T is given by

2, .2
T=7— b 7207" ,  where T = Var [log(cosh(B+v/orz + h))] (3.1)

with r defined by (2.9), and a standard Gaussian random variable z.

This kind of result is usually obtained by letting all the interactions between spins
tend to 0 at once, and this procedure can be somewhat simplified by considering the
computations from a stochastic calculus point of view. This leads us to consider a new
path ¢ — Hy (o) defined for ¢ € [0,1] by

g

~Hd) = Rap

> Bi(t)ai — j)oio; + B2 Xi(t)oy+ Y hoy,  (3.2)

(i,5)€CN i€eCn ieCn

where 7 = ~or and {B,;;(i,7) € Cy} is again a collection of independent standard
Brownian motions, and {X;;i € Cy} is a family of independent reversed time Brownian
motion, which can be seen as the solution to some stochastic differential equations of the
form (2.4), for a family {n;;7 € Cn} (resp. {W;;i € Cn}) of standard Gaussian random
variables (resp. of independent Brownian motions). Here again, we will assume that all
these objects are defined on the same probability space (2, F, P). Notice that, in order
to spare notations, we have called this modified Hamiltonian Hy; again, like in Section 2,
hoping that this won’t lead to any confusion. We will also denote by Zy(t) and p(f) the
partition function and the Gibbs average associated with Hy ;. Eventually, for t € [0, 1],
we define 2
PBht = g ZO (1 —7)* +log(2) + E [log(cosh (8072 + h))] ,

and we observe that pg 1 = p(f, h). Once this path has been defined, the strategy which
leads to Theorem 3.1 can be summarized as follows: apply It6’s formula in order to:

13



1. Compute the variations of t — e~ fn+(@),
2. Get an equation for the evolution of Yy (t) = N2[py(8) — ps.s.l-

3. Find a limit for E[eY¥®)] for any u € R.

We will detail now this global strategy.

3.1 Preliminary computations

Let us first study the dynamics of ¢ — e~ Hn.t(9);

Proposition 3.2. Fort € [0,1] and o0 € ¥y, we have

10 = o (5 ) + PR+ £,

1€Cn
with
ﬁ t
1 . . —Hpy s(o
Fy(t) = i Z qN(Z—j)O'iO'j/O e N*()dBivj(S)
(i,5)€Cn
t
+ﬁ721/2 Z O'i/ eiHN’s(J)dWAS),
1€CN 0
and

t
X;
F]%(t) = —5721/2 E Ui/ G_HN’S(J)l—dS
0

— S
i€Cn

1 s oo s [ He o)
+7 T Z qgxli—7)+ 7N i e N9,
(’L,])ECN

Proof. The exponential function being a C? function with a nicely controlled growth, we
can apply Ito’s formula and we obtain

t t
o—Hna(0) _ o~Hyolo) _ / N d T (o) + © / M@ gy )
,8 9 RYED
0 0

where (M), denotes the quadratic variation process of a semi-martingale M. Now, we
can evaluate the quantity (Hy.,.)s, since all of the B; j, W, are independent and using the
fact that any finite variation process have a null quadratic variation. We get

62

(Hy.) = 5T > @li— ooyt + B D ot
(i,j)GCN i€Cn
. 52 2 /- . 2~ nrd
= 7 Z qn(i — 7)t + BN,
(i,7)eCnN

from which our claim is easily shown.
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We will turn now to the fluctuations of py(3). Namely set, for t € [0, 1],

- 1
Vilt) = 59 (< low(Zn(0) ~ pan ). 33
and define also the function & : R — R by
®(z) = log(cosh(B#'/%z 4 h)).

Then the semi-martingale Yy can be decomposed in the following way:

Proposition 3.3. Recall that I' =}, _,a7k. Then, fort € [0,1], Yn(t) satisfies:

Yv(t) = Uy + Y Mn(t) = (Vin(t) = Van(t) + Van(t),

1<2

where the random variable Uy and the processes My and Vi, n are defined by:

Uy = N2 <$ Z (mi) — E‘I)(Z)>

i€Cn

B N
Ml,N(t):Nd Y ani—j) [ po(0io;)dBy(s)
(i) €Cn 0
B ﬁ,f.l/Q t
My (t) = T Z i ps(0:)dWi(s)
1€Cn
_ Bt ' Xi(s)
Vin(t) = Tz Z ; ps(0:) 11— Sds
1i€Cpn
. Cii ! 12
Van(t) = < Z 0 ps(1 — oto?)ds
1€CN
- F 2 2/ . Ad/2 ﬁ2t
Van() = | <0+ Soam 2 Mi—d) =N =
(i,j)ECN
Nd/2 2 t 9
_ f Z%/ oo (|BE[%) ds.
0

kezd

Proof. Notice that Zy(t) is almost surely a strictly positive random variable. Thus, [td’s
formula can be applied to log(Zy(t)), and we obtain

dZN(S) 1

log(Zn(t)) = log(Zn(0)) +/0 Ins) 5/0

Cd(Zn)s
Z3(s)

(3.4)

The first two terms in the right hand side of (3.4) are easily computed. Indeed, it is easily
checked that

log(Zn(0)) = Ntlog 2 + Z log[cosh(B72n; 4 h)]. (3.5)

i€Cn
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Furthermore, invoking the fact that Zy(t) = > e~ Hx(@) and Proposition 3.2, we

€Y
have N
dZN t A1/2
Z - Nd/2 Z gn(i = j) ps(aiaj)dB” Z Ps o;)dW;(s
o 2l (4,1)<Cn .
; B N
57“1/22//)5 Ti stloer D G-+ —5— |t (39
eC - 2N ( )GC
N 2¥) N

Thus, putting together (3.4), (3.5) and (3.6), we have obtained that

- 1 [*d(Zy)s
Yn(t) = My n(t) + My () — t t) — —= :
V() = U+ M)+ Ma() = Vi) + Vo) = = [ G (3)
where
5 52 62 FNA/2 527 Nd/2¢
Ven(® = | S50 Y. ai-) G [t (=)
(1.j)eCN

Let us compute now the term d(Zy),/Z%(s): according to Proposition 3.2, Zy(t) is a
continuous semi—martingale whose martingale part is

MN(t) - Nd2 Z Z an(i — J) UZU]/ HN(S)dBi,j(S)

oeXy (4,7)€Cn

+ Bt Z ZJZ/ i(s).

ceXn i€Cn

Hence,

[ iz - /tZ%()dWms
=Y [0t I W

ZGCN (Zvj)ECN

Recall now that ¢*(z) can be decomposed into ¢*(z) = >, 54 Yxe™ . Thus,

/ ‘gf’v LY S e / oo (010 10%0?) ds
0 0

(1,5)€CN kez

In order to simplify this last expression, we will use the elementary identity

Soul =Y lalP+2 ) a7 (3.8)

1€Cn i€eCn (i,j)ECN
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valid for any family of complex numbers, and applied here to z; = e™/Nglo?. Recalling
furthermore the definition (2.3) of R.?, we end up with

d{Zy) N4 I't
/ Z<2N _ 5 Z%/ps RlZ‘ ds _5
0

kezd

2~ Nd [t R t

P 75 / ps<(R1’2)2) ds + BN / ps(R"?)ds.
0 0

Let us introduce now artificially the quantity Ry?, by writing (R“2)? = (Ry?)? +2rRy* +
r2. This gives

d(Zy) Ndﬁ Tt
/0 Z<2N Z’Yk’/ Ps |R 2

kezd

2Nd 2t R t
_ N o g Ry / po(R¥)ds. (3.9)
0

Similarly to [9], let us notice that, since X;(s) ~ N (0,1 — s), a simple Gaussian
integration by parts yields

E {Ps((fi)Xi(S)}

L= E [0x,5)ps(07)] = GPPE [ps(1 —0c}of)]. (3.10)

This elementary consideration will induce us to add and subtract = o S ps(1=ala?) to
the expression (3.7). By plugging moreover (3.9), we get

Y (t) = Uy 4+ Myn(t) + My n(t) — (Vin(t) — Van(t)) + Van(t), (3.11)

where

B 3 20
Vit Nd/QZ psl—cra d8+2N3d/2 Z ant — j)t

(1.7)€CN
BTAd/Q N/ﬁ / 1,2 BTt
4+ = t— s }% ) ds + —
2 kezzd% ’ | AN
2 Nd/2~ 24 . t 20 N4/2¢
N et 4%7’ - 52Nd/2f/0 pe(R2)ds — 0N 704 (1—7)*.

This last expression can be simplified a little to give

V() = | 4 — o | 2L
s (t) = WJFNM/? Z g —7) — e
(4,5)€CN
Nd/232 t
S [ e (IR s
0

that is Vi n(t) = Vs n(t). By reporting this equality in (3.11), the proof is now complete.
O
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The last preliminary result we will need in order to establish our CLT is a self-averaging
result for R;* under the measure p; at a fixed value of the parameter ¢ € [0, 1].

Proposition 3.4. Under the hypotheses of Corollary 2.16, let t € [0,1]. Then

1,212 1
S [P =0 (). (3.12)

N
kezd
for d > d/2, uniformly in t.
Proof. This is an easy elaboration of the computations leading to Proposition 2.15, by
considerering the path v € [0, t] — Hpy (o) defined by
—Hy0(0) = —Hy, (0 d/2 XC: (V)qn(i — m)oiom + B2 X0 (V) om + hop,,
6 m

with obvious notations.

3.2 Proof of Theorem 3.1

For an arbitrary u € R, we will try to control @y, (t) = E[e¥¥®)]. To this purpose, we
will apply Itd’s formula to the complex valued C? function x — e™*. We obtain, for any
t e [0,1],

8
6quN(t) — Dl,N -+ Z Dm,N(t)a

m=2
where
Dl,N — ezuUN
w
Dy n(t NB Z gn(i — j) / ") (030;)d B
(3,7)€CN
w2 /t v
D: t e™ v (s) s\ O3 dWl
s (t) =~ ch 0 ps(0)
w B/ Loy Xi(s)
Dyn(t) = —— NG (0) =2 d
welt) == ;/ (o) 7 as
w37 /t v
Ds n(t) = ——— ) (1 — oto?)ds,
5, (%) N2 Z;;V ; ps( )
and

Dont) =" L 2 S e gy geRn g
6,N 4 Nd/2 NBd/Q q J Yo o

wNY?3? b Vls 2
i E— E ’Yk/o "IN () g <‘R,1€’2 )ds.

kezd
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The terms D7 y(t) and Dg y(t)are the ones associated with the quadratic variation process
of Yx(t), that is:

u262 ‘ ) t " i
Dz n(t) = _2N2d Z qu\;(l—j)/o ¥ ( )ps(azla}a?a?)ds

- LS e [ (olaotot i

(1,5)€CnN kezd

Dgn(t) = — 2@2 Z /t e’“YN(S)pS(Uilaf)ds = _u2527: /t e’“YN(S)pS(Rl’z)ds.
' 2Nd iccy /0 2 0

Let us find some estimates for the expected value of all the terms we have obtained in
this decomposition. First of all, the usual central limit theorem for IID random variables
yields

BIDLA (0] = 740 (7). (31

where 7 is defined at (3.1). Furthermore, the terms D y(t) and Ds y(t) are obviously of
zero mean.

In order to control Dy n(t), let us perform again the Gausssian integration by parts
(3.10), which can be read here as

w B2 o

E[D4,N(t)] = - Nd/2 zc:/ 8X Y (s (O'Z))] ds
i€
6 1/2 t v
= Fae ; /0 E [0x,() (Yn(5))e™"™¥ P py(0)] ds — E[Ds v (t)].
Furthermore,
_ Oxy9(2n(s) _ Bl
Ot (Y(s)) = N2Zy(s) = N Ps(7i);

and therefore, we obtain

t
E[Dyn(t) + Ds n(1)] = u*B°F / E [, (R'2)] ds
0

t
= u?Fyr? | Pyu(s)ds+ O L : (3.14)
o Nd

owing to Proposition 3.4.

Let us turn now to the estimation of Dg n(t): notice that, under Hypothesis 2.1 and
2.12, it is easily checked that

1 200 Yo 1
NQd Z qN(Z_j)_E_O<NdA)7
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which together with a direct application of Proposition 3.4, shows that

1
E[Dsn(1)] =0 — ),
[Den(1)] (Nf)
where ¢ = d — d/2.

As far as D7 y(t) is concerned, notice that by relation (3.8), we have

D t) = U262 ! wYn(s) R1,22 d
7,N<>—_4 Z'Vkoe ps (|Ry°I?) ds

kezd

U2ﬁ2")/0 /t v ’LLQﬁQF t
_LP0 () (|RM2PR) ds + -2 / "N () s, 3.15

and thanks to proposition 3.4, we get

232, 2 [t 1
Dy n(t) = _uﬁ%/ "N ds 1 O (ﬁ) , (3.16)
0

and thus

2732 2 t
B[Dy (1)) = — 20 /0 Duvu(s)ds + 0 (ﬁ) |

Eventually, in a similar way we have

232, .2 [t
E [Dg n(t)] = _M/O Oy (s)ds + O (]\;d) .

2

Putting together the previous estimates on E[D; y(t)],...,E[Ds n(t)], we have finally:

1/2u2

2 t
Inalt) =3 + M / Yna(8)ds + Ry u(t),
0

with R p
RN,u(t)’ S ﬁu

which ends the proof by a Gronwall type argument.

O
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