PATHWISE DEFINITION OF SECOND ORDER SDES
LLUIS QUER-SARDANYONS AND SAMY TINDEL

ABSTRACT. In this article, a class of second order differential equations on [0, 1], driven
by a v-Hoélder continuous function for any value of v € (0, 1) and with multiplicative noise,
is considered. We first show how to solve this equation in a pathwise manner, thanks
to Young integration techniques. We then study the differentiability of the solution
with respect to the driving process and consider the case where the equation is driven
by a fractional Brownian motion, with two aims in mind: show that the solution we
have produced coincides with the one which would be obtained with Malliavin calculus
tools, and prove that the law of the solution is absolutely continuous with respect to the
Lebesgue measure.

1. INTRODUCTION

During the last past years, a growing activity has emerged, aiming at solving stochastic
PDEs beyond the Brownian case. In some special situations, namely in linear (additive
noise) or bilinear (noisy term of the form uB) cases, stochastic analysis techniques can
be applied [14, 30]. When the driving process of the equation exhibits a Hélder continuity
exponent greater than 1/2; Young integration or fractional calculus tools also allow to
solve those equations in a satisfying way [10, 17, 25|. Eventually, when one wishes to
tackle non-linear problems in which the driving noise is only Hélder continuous with
Holder regularity exponent < 1/2; rough paths analysis must come into the picture. This
situation is addressed in [4, 11, 28].

It should be mentioned however that all the articles mentioned above only handle the
case of parabolic or hyperbolic systems, letting apart the case of elliptic equations. This is
of course due to the special physical relevance of heat and wave equations, but also stems
from a specific technical difficulty inherent to elliptic equations. Indeed, even in the usual
Brownian case, the notion of filtration and adapted process is useless in order to solve non-
linear elliptic systems, so that [t6’s integration theory is not sufficient in this situation.
A natural idea in this context is then to use the power of anticipative calculus, based on
Malliavin type techniques (see e.g. [18]). This method has however a serious drawback
in our context, mainly because the Picard type estimates involve Malliavin derivatives of
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any order, and cannot be closed. To the best of our knowledge, all the stochastic elliptic
equations considered up to now involve thus a mere additive noise. Let us mention for
instance the pioneering works [3, 20| for the existence and uniqueness of solutions, the
study of Markov’s property [5, 20|, the numerical approximations of [15, 26, 29|, as well as
the recent and deep contribution [22], which relates stochastic elliptic systems, anticipative
Girsanov’s transforms and deterministic methods.

With these preliminary considerations in mind, the aim of the current paper is twofold:

(i) We wish to solve a nonlinear elliptic equation of the form
Oazm = o(z)i, te[0,1], yo=y =0, (1)

where ¢ is a smooth enough function from R to R, and z is a Holder continuous noisy
input with any Holder continuity exponent v € (0,1). To this purpose, we shall write
equation (1) in a variant of the so-called mild form, under which it becomes obvious
that the system can be solved in the space C* of xk-Holder continuous functions, for any
1 — v < k <1 (see Section 2.1 for a precise definition of this space).

Let us observe however that, when dealing with a non-linear multiplicative noise, one
is not allowed to use the monotonicity methods invoked in [3]. This forces us to use
contraction type arguments, which can be applied only provided the Holder norm of x is
small enough. In order to overcome this restriction, we shall introduce a positive constant
M, and replace the diffusion coefficient ¢ by a function o, : R x 7 — R such that
y — on(y, x) is regular enough and oy (-, ) = 0 whenever |[z|, > M + 1. We shall thus
produce a local solution to equation (1), in the sense given for instance in [18| concerning
the localization of the divergence operator on the Wiener space. Once this change is made,
a proper definition of the solution plus a fixed point argument leads to the existence and
uniqueness of solution for equation (1).

(ii) Having produced a unique solution to our system in a reasonable class of functions,
one may wonder if this solution could have been obtained thanks to Malliavin calculus
techniques, in spite of the fact that a direct application of those techniques to our equation
do not yield a satisfying solution in terms of fixed point arguments. In order to answer
this question, we shall prove that, when x is a fractional Brownian motion (fBm in the
sequel), the solution is differentiable enough in the Malliavin calculus sense, so that the
stochastic integrals involved in the mild formulation of (1) can be interpreted as Skorohod
integrals plus a trace term, or better said as Stratonovich integrals. This will be achieved
by differentiating the deterministic equation (1) with respect to the driving noise = and
identifying this derivative with the usual Malliavin derivative, as done in [2, 13, 21|. As a
by-product, we will also be able to study the density of the random variable z; for a fixed
time t € (0,1).

We shall thus obtain the following result, which is stated here in a rather loose form
(the reader is sent to the corresponding sections for detailed statements):

Theorem 1.1. Consider x € C7 for a given v > 0, a constant M > 0 and a C*(R)

function o, such that ||cW)|| < g for any j = 0,1,2 with some small enough constants




PATHWISE SECOND ORDER SDES 3

;. Let oy be the localized diffusion coefficient alluded to above (see Definition 2.5 for
more details). Then

(1) The equation

Cs

o =om(w,z)i, te[0,1], 2=2=0 (2)
admits a unique solution, lying in a space of the form C* for any 1 —v < k < 1.

(2) Assume x to be the realization of a fractional Brownian motion with Hurst parameter
H > 1/2. Then for any t € [0,1], 2z is an element of the Malliavin-Sobolev space D2
and the integral form of (2) can be interpreted by means of Skorohod integrals plus trace
terms (see Section 4 for further definitions).

(3) Still in the fBm context, with a slight modification of our cutoff coefficient opr and
under the non-degeneracy condition |o(y)| > o9 > 0 for all y € R, one gets the following
result: for anyt € (0,1) and a > 0, the restriction of L(z:) to R\(—a,a) admits a density
with respect to Lebesgue’s measure.

The reader might wonder why we have made the assumption of a small coefficient o
here, through the assumption |0\, < 77 This is due to the fact that monotonicity
methods, which are essential in the deterministic literature (see e.g. [7]) as well as in the
stochastic references quoted above, are ruled out here by the presence of the diffusion
coefficient in front of the noise £. We have thus focused on contraction type properties,
which are also mentioned in [20]. Let us also say a word about possible generalizations
to elliptic equations in dimension d = 2, 3: the main additional difficulty lies in the fact
that the fundamental solution to the elliptic equation exhibits some singularities on the
diagonal, which should be dealt with. In particular, if one wishes to handle the case of a
general Holder continuous signal z, rough paths arguments in higher dimensions should
be used. This possibility goes far beyond the current article.

At a technical level, let us mention that the first part of Theorem 1.1 above relies on an
appropriate formulation of the equation, which enables to quantify the increments of the
candidate solution in a reasonable way, plus some classical contraction arguments. As far
as the Malliavin differentiability of the solution is concerned, it hinges on rather standard
methods (see |13, 21]). However, our density result for L£(y;) is rather delicate, for two
main reasons:

e The lack of a real time direction or filtration in equation (2) makes many usual
lower bounds on the Malliavin derivatives rather clumsy.

e One has to take care of the derivatives of our cutoff function oj; with respect to
the driving process, for which upper bounds are to be provided and compared to
some leading terms in the Malliavin derivatives.

Solutions to these additional problems are given at Section 4, which can be seen as the
most demanding part of our paper. It should also be pointed out that we are able to solve
equation (2) for any Holder regularity of the driving noise x, while our stochastic analysis
part is devoted to fBm with Hurst parameter H > 1/2. This is only due to the fact that
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Malliavin calculus is much easier to handle in the latter situation, and we firmly believe
that our results could be generalized to H < 1/2.

Here is how our article is structured: our equation is defined and solved at Section 2.
Differentiation properties of its solution with respect to the driving process are investigated
at Section 3. Finally, the Malliavin calculus aspects for fractional Brownian motion,
including the existence of a density, are handled at Section 4.

Unless otherwise stated, any constant ¢ or C' appearing in our computations below is
understood as a generic constant which might change from line to line without further
mention.

2. EXISTENCE AND UNIQUENESS OF SOLUTION

Recall that we wish to solve the one-dimensional second order differential equation (1).
Towards this aim, we shall change a little its formulation thanks to some heuristic con-
siderations, and introduce our localization coefficient ;. We will then be able to solve
the equation thanks to a fixed point argument.

2.1. Heuristic considerations. Assume for the moment that x is a smooth function
defined on [0, 1]. Hence, if o is small and regular enough, it is easily shown (see [20] for
similar arguments) that equation (1) can be solved thanks to contraction arguments.

It is also well-known in this case that equation (1) can be understood in the mild
sense. Specifically, let the kernel K : [0,1]*> — [0, 1] be the fundamental solution of the
linear elliptic equation with Dirichlet boundary conditions, and notice that this kernel is
explicitly given by

K(t.§)=tng—1g, t,£€0,1]. (3)
Then {z, t € [0,1]} solves (1) if it satisfies the integral equation

- /0 K(t,€)o(ze)dae, € [0,1], (4)

where the integrals above are understood in the Riemann sense as soon as x is continuously
differentiable.

Still assuming that x is continuously differentiable, let us retrieve some more information
about the increments of the solution y to our elliptic equation. In order to do so, set first

5f5t:ft_f87 OSSStglv

for any continuous function f. Let us also give an expression for the increments of K, by
noticing that this kernel can be differentiated with respect to its first variable. Indeed,
one has

auK(“”S) = 1{U§§} _E = K(taé) - K(‘Saf) = / (1{u§§} - f) du.
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Then, thanks to an obvious application of Fubini’s theorem, the increments of z can be

written as
1 t
o st — u<é}y — d d
0= [ ([ (g - Oau) ateopte

t 1
=/ du | (Liucey — &)o(2¢)dxe
s 0
t 1

:/S du (/u U(Zg)d;tg) —(t—3) /01 §o (2 )dure.

The latter equation is the one which is amenable to generalization to a non-smooth
setting, and we will thus interpret our elliptic system in this way: we say that a continuous
function z : [0,1] — R is a solution to (1) if, for any 0 < s <t <1,

Sam = / du ( / la(z§)dx§> _(t—s) /O ' eo(ze)de, (5)

where the integrals with respect to the driving noise x are interpreted in the Young sense.

2.2. Holder spaces and cutoff. Though it could be intuited from the original equation,
our formulation (5) of the elliptic system indicates clearly that the candidate solution
should be k-Holder continuous for any k < 1, independently of the smoothness of x.

More precisely, let C? be the space of continuous functions f € C([0,1]) such that
| f]l4 < 400, where

0fs
12 = Wl + sup 20

<s<t<1 |t —s[V

and where we recall that ¢ fo = fi — fs. We shall define the integrals in (5) thanks to the
following classical proposition (see [32])):

Proposition 2.1. Let f € C?, g € C* with v+ > 1, and 0 < s <t < 1. Then
the integral f; gedfe is well-defined as limit of Riemann sums along partitions of [s,t].
Moreover, the following estimation is fulfilled:

t
/%mkwwmwmm—w, (©)

where the constant c . only depends on v and k. A sharper estimate is also available:

t
/ gsdfs‘ <Agsl IFlI5 [t = sI” + comll £l llgllult = s (7)

The following straightforward property will also be used in the sequel: if f, g € C7, then
the product fg defines an element in C such that || fg|l, < | fll+llgll,-
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Remark 2.2. Tt might be clear to the reader that the solution to our elliptic system will
live in fact in a space of Lipschitz functions. We have chosen here to work in the Young
setting because this does not induce any additional difficulty, and is more likely to be
generalized to higher dimensions of the parameter ¢.

The following Fubini type theorem for Young integrals is a slight modification of 13,
Proposition 2.6] and shall be needed in the sequel:

Proposition 2.3. Consider v;, \; € (0,1), i = 1,2, such that v;+X; > 1 foralli,j=1,2.
Let g€ C and f € C2, and h: {(t,s) € [0,1]*0 < s <t <1} — R a function such that
h(-,t) (resp. h(t,-)) belongs to C*([t,1]) (resp. C*2([0,t])) uniformly in t € [0,1], and

Hh’(rla ) - h(?"g, ')H)\Q S O|T1 — TQ"Yl ||h(7 U1) - h(, U2)||)\1 S O|U1 — U/Q|’Y2. (8)
Then
t pr t ot
| [ rewdndgs, = [ [ wdidg, 0<s<i<r (9)

t 1 1 tAr
/ / h(r,u) df,dg, = / / h(r,u)dg,df,, 0<s<t<T.

Let us describe now our cutoff procedure on the coefficient o. Recall that we wish
to produce a smooth function o)y : R x C7 — R such that op(-,2) = 0 whenever
|z||, > M + 1. This also means that the Holder norm of = should enter into the picture
in a smooth manner. To this purpose, let us consider the Sobolev type norm

1 el _ 2% 2
o= ([ [ LD dcay) ™ torpz 1

It will be seen below that || f[|?? can be differentiated with respect to f in a suitable
sense. Furthermore, Garsia’s lemma (see e.g. [9, Lemma 1]) assesses that, whenever
2py > 1, we have |||, < C||f|l,p- Otherwise stated, we have the following:

and

Remark 2.4. Let v € (0,1). Assume that € > 0 and p > 1 satisfy € > 2ip. Then:

JEC™ = ||l < oc.

This being said, our local coefficient is built in the following manner: let M > 0 be an
arbitrary strictly positive number. We introduce a smooth cutoff function ¢,, satisfying:

Definition 2.5. We consider a function op € Cg((0,00)) such that op(r) = 0 for all
r>M+1, and pp(r) =1 forr < M. For any x : [0,1] — R for which ||z, < oo, for
some vy € (0,1) and p > 1, set

Gu() = pum(l|=[I3,)- (10)

FEventually, for such x and any y € R, we define
oum(z,y) = Gu(x)o(y). (11)
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Hence, in particular, op(x,y) = 0 whenever ||z|2P, > M + 1.

We shall consider now the modified elliptic integral equation:

t 1 1
02g = / du (/ om(z, z§)d:c§> — (t— s)/ Eom(m, ze)dre, 0<s<t<1 (12

That is, we will solve Equation (5) for any control 2 € C7 such that [|z?”, < M. Notice
in particular that the solution z to (12) depends on M, though we have avoided most of
the explicit references to this fact for notational sake.

2.3. Fixed point argument. After the preliminary considerations of Sections 2.1 and 2.2,
we now consider a driving signal x in a Hoélder space C?, and we will seek for a unique
solution to equation (12) in C* with 1 — v <k < 1.

As it will be illustrated in the proof of Theorem 2.7, we will need some regularity
properties of ¢ when considered as a map defined on C* with values into itself. More
precisely, we will make use of the following result:

Lemma 2.6. Suppose that 0 : R — R is a bounded function that belongs to C*(R) and
has bounded derivatives. Then, for any k € (0,1), o : C* — C" satisfies the following
properties: for all y,z € C*,

lo@)llx < 10" loclylls + llo oo,
lo(y) = o(2)llx < Clly = 2llx {llo"lloc + llo” oo (lyllx + lly — 2[1x)} -

Proof. The first part in the statement is an immediate consequence of the fact that o and
o’ are bounded functions.

For the second part, let us fix s,¢ € [0, 1] and y, z € C*, so that we need to analyze the

increment
6(o(y) —0(2))st = o(ye) — (2) — 0 (ys) + o (2s).
To this aim, let us consider the following path: for any A, i € [0, 1], set
CL()\, :u) =Ys + )‘(Zs - yS) + :u(yt - yS) + Aﬂ(ys — Yt — 2+ Zt)'
Notice that, in particular, a(0,0) = y,, a(0,1) = v, a(1,0) = 2z, and a(1,1) = 2. Then,

we can write

5(0(y) — (=) = / 0\ / dp1 00,0 (a(\ 1))

/ ax / A1 [0 (a(r, 1)Drdua(\, 1) + 0" (a(\, 1)) DraX, 1)\, )]
(13)
On the other hand, we have the following estimates:
|OxOua(X, )| < ly — 2|lxlt — 5[,
|Oxa(X, 1) Bpa(A, w)| < Clly = 2ll([lyllx + Iy = 2llx) [t — s[*.
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Using these bounds and expression (13), we end up with

16(0(y) = 0(2))st] < Clly = 2llx {llo" oo + o ooyl + Iy = 2ll)} [t = 5"

Therefore, we conclude the proof.
O

We are now in position to state the following existence and uniqueness result for Equa-
tion (12):

Theorem 2.7. Let v,k € (0,1) be such that v+ k > 1. Assume that € > 0 and p > 1

satisfy € > Qip and let x € C7™. Suppose that 0 : R — R is bounded, belongs to C*(R)

and has bounded derivatives. Suppose also that the derivatives of o satisfy the following
condition:

G < 4
loW e < 3757

for a small enough constant ¢y < 1. Then, there exists a unique solution of Equation (12)
in C*. Moreover, it holds that

j=0,1,2, (14)

2]l < C(M), (15)
where C (M) is a positive constant depending on M.

Proof. As mentioned above, we will apply a fixed-point argument. Let us thus consider
the following map on C*: for any z € C*, I'(z) is the element of C([0, 1]) given by

I(2), :/Otdu (/1 UM(x,zg)da:g) —t/olfoM(:c, s)dae, e [0,1].

Owing to Lemma 2.6 and the definition of o, one easily proves that, for all z € C*, T'(z)
is well-defined and belongs to C*. We aim to prove that I : C* — C* has a unique fixed
point. For this, we will find an invariant ball in C* under I' and check that I', restricted
to that ball, defines a contraction.

To begin with, let us fix a real number K > 1 and consider the following closed ball in
the Holder space C*:

B :={z€C" |z]l. < K}.

Next, for z € By, we are going to analyze the norm ||I'(z)||.. Indeed, for any s,t € [0, 1],
s < t, we have that

(@)l < [ du wle=sl| [ €outo. )iz

1
/ om(x, ze)dxe

< CiGu )|zl llo(2) ||kt — s]

< Gy (@)[|]l5 (o' looll 21l + o lloo) [t = ],

where in the last inequality we have applied Lemma 2.6 and C'; denotes a positive constant.
Furthermore, the above estimate let us also infer that

IT()llee < CL&m ()]l (10" llooll2 ]l + Nlorlloo)-
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Hence,
IT(2)llx < CL&ar ()|l (o llsoll2llx + llolloo)- (16)
Since z € B and Gy ()|, < M, we get
IT(2)llx < CLM(K[0"]|oo + llofloc). < Cren(K +1),

thanks to (14). Moreover, recall that we have chosen a constant K > 1. Therefore, by
the hypothesis on o, if we take for instance ¢; < (2C1)~!, we obtain ||T'(2)]|. < (K +1)/2,
and thus

IT(2)||x < K whenever |z, < K.

This implies that Bk is invariant under T'.

Let us now prove that F‘BK : By — By is a contraction. For this, it suffices to show
that I'|, is Lipschitz with a Lipschitz constant smaller than 1. Namely, we shall prove
the existence of a constant L < 1 such that, for all y, z € By,

IT(y) = L(2)ll« < Llly — 2|
Let s,t € [0,1], s <t, and y, z € Bg. Then,

500 == [ [ lotrnse) - oute. 2l

4%&Aﬂm@w—mm@mg (17)

By Lemma 2.6 and the properties of the Young integral, it turns out that the absolute
value of both terms on the right-hand side of (17) can be bounded, up to some positive
constant, by

G (@) [zl lly = 2l {llo" oo + llo" oo (lylls + Iy = 2llx)} [ = s].
We have a similar bound for ||[I'(y) — I'(2)||c as well. Thus, because y,z € Bg, we
eventually end up with
IT(y) = L)l < C2MK([l0”]loo + 10" loo) 1y = 2[]s-

It suffices now to consider that ||0'||o and ||0”||o are sufficiently small (that is we can
take ¢; < (CoK +1)7' A (2C)7!, where C is the constant of the first part of the proof)
so that the right-hand side above is bounded by L||y — z|| ., with L < 1. Therefore, I has
a unique fixed point in By, which means that Equation (12) has a unique solution in C*.

Eventually, using (16) one proves that
121l < CLM(Jlo"[loo Izl + lloloo)-
In addition, invoking (14) and the fact that ¢; < (2C;)™!, we obtain

Mol
< C(M),
— oo = 4D

el < 5

which concludes the proof.
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Remark 2.8. Having been able to solve equation (12) in C* for any x < 1, one can now
apply the Fubini type Proposition 2.3 in order to assess that z is the unique solution to
the integral equation

1
2 :/ K(t,&)om(x, ze)dre, t€[0,1],
0

where we recall that the kernel K(¢,&) is defined by K (t,£) =t A& — t€.

3. DIFFERENTIABILITY OF THE SOLUTION WITH RESPECT TO THE CONTROL

This section is devoted to show that the solution of Equation (12) is differentiable, in
the sense of Fréchet, when considered as a function of the control x driving the equation.
For this, we need two auxiliary results.

Let us remind that the diffusion coefficient under consideration (see Equation (12))
is introduced in our Definition 2.5. Furthermore, the following differentiation rule holds
true:

Proposition 3.1. Let v,k € (0,1) be such that y+rx >1,p > 1 and e > Qip. Assume that

o € CHR) is bounded together with all its derivatives and let oy be given by Definition 2.5.
Consider x an element of CY™¢ and define the following map:

F: 0 xCf — CF,
where, for all h € C7*¢ and z € C*,

Fh, )y = 2 — /Ot du (/1 oar( + hy ze)d(z + h)g) ot /01 Eoni(a+ by ze)d(x + h)e.

Then, the map F 1is Fréchet differentiable with respect to the first and second variable
and the Fréchet derivatives are given by, respectively: for all t € [0,1], k € C' and
gecr,

(DuF(h,2) - B) s
—— [au] [ oute+hzgdher [(DGuta+0) Do) i+ vy

+t Mlg op(z + h, ze) dk,5+/01§(DGM(37+h) k) o(z) d(x+h)g] )

and
(DoF(h,2)-g)i = g1 — /Ot du {/ul Gu(z+h)o'(z) ge d(x + h)g}
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Remark 3.2. In the above formulae (18) and (19), the Fréchet derivative of Gi;(-) is well-
defined and can be computed explicitly. Indeed, ), is defined on the Holder space C7*,
takes values in R and is defined by Gy (x) = @u((|2]3%,), with some p > 1. Moreover,
wu is a smooth function which fulfills Hypothesis 2.5. Hence, the Fréchet derivative
DGy (x) at any point = € C'*¢ defines a linear map on C?*¢ with values in R, and it is
straightforward to check that it is given by

o (P 5
DG(w) - k = 2p G2, // g, he o

Moreover, we have that
DGy ()] = DG (@)l ceoesmy < Cpllzllye, (20)

where the norm on the left-hand side denotes the corresponding operator norm.

Remark 3.3. As in Remark 2.8, one can apply Fubini’s theorem for Young integrals in
order to obtain some more compact expressions for the derivatives of F. Indeed, it is
readily checked that

(DF(h2) ke = ~Gurla -+ 1) [ K (6. €)oo di

— (DG y(x+h) - / K(t,&)o(z)d(x + h)e (21)
and
1
(DaF(1h.2) ) = 0= Galo +1) [ K (10 () dla + e
where K is the kernel defined by (3).

Remark 3.4. As it will be explained later on in the paper, we will apply the results of
this section to the case where z is a fractional Brownian motion with Hurst parameter
H > %, defined on a complete probability space (€2, F, P). In particular, the paths of x
are almost surely y-Holder continuous for all v < H, with y-Ho6lder norm in LP() for
any p > 1. Thus, if we fix v < H, we will be able to find ¢ > 1/(2p) satisfying v +¢ < H.
This opens the possibility to apply the results of the current section to this particular
case.

Proof of Proposition 3.1. Though the following considerations might be mostly standard
(see [13, 21| for similar calculations), we include most of the details here for the sake of
clarity. We will develop the proof in several steps.

Step 1. First of all, let us prove that F'is continuous. For this, let A, heCr*eandz, 2 € C,
so that we need to study the increment §(F'(h, z) — F'(h, 2))s, for 0 < s <t < 1. Indeed,

we have that 3
|0(F(h,z) — F(h,2))s| < A1 + Ay + As, (22)
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where

Ar =102 = 2)al,

1 1
/O’M<£L'+h,25)d(l'+h)§—/ O'M(Q?—Fh,gg)d(l’—i‘h)g‘,

t
AQ_/dU

A3:(t—$)

1 1
/ fOM(.CE‘{'h,Zg)d(QT—Fh)g—/ SO'M(Z'—FiL,gg)d(l’—i‘iL)g
0 0

It is clear that
Ay < |z = Z]|.(t — 9)".
On the other hand, the term A, can be decomposed as Ay < Ay + Aqo, with:

t 1
A = [ ] [ (ot iz - onto . 29) dlo

t 1
A12 = / du / O'M(l’ + h, 25) d(h — h)g' (23)
In addition, our bound (6) on Young type integrals easily yields

Ars < Gur(@ + ) ([10']|so |2l + lollso) 1o = Bl 4e(t = 5). (24)
We still need to bound the term Ay; by a sum B; + Bs, where the latter terms are defined

by: t
Blz/ du

By = /t du /1 (JM(QC +h, Z) —op(z+ h, 2§)> d(x + h)g‘ :
Now, invoking Lemmsa 2.6, vZe get
By < CGu(x + h)||z + hllyrello(z) — o (2)]|x(t = s)
< CGu(z+h)lle + hllyse (10100 + lo”loo (12l + N2 = Zl1x)) 12 = Zl|a(t — 5). (25)

Concerning the term Bsy, notice that we clearly have

/ d(z+ h)e

< |Gurlw + 1) = Ga(a + B)| 12 + Bl 102l + 1o l)(E = 5).

/ (om(z 4+ h,ze) —op(z+ Ry Ze)) d(x + h)e

By < ‘GMHh ~ Gule ‘/ du

Let us eventually analyse the difference |Gy (2 + h) — Gar(x + h)| on the right hand-side
above: by definition of GGj; and the properties of ¢, summarized in Hypothesis 2.5, we
can argue as follows:

Gar(x + h) — Gar(z + h)| = |oa([|z + hlIZ2) — oar(llz + 2|22
< OM7p|||x + h”%p - Hx + h||%p|
< CM,th - hH%p (26)
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and this last term may be bounded, up to some constant, by ||k — k||, because we have
chosen ¢ to be small but verifying ¢ > 2ip (see Remark 2.4) . This implies that

By < O||h = hllysell + hllyae(llo" ool 2llx + llolloo) (t = 5). (27)
Plugging the bounds (24), (25) and (27) in (23), we obtain that
Ao < Ci(ll0"loolIZ s + lolloo) (Gar (@ + R) + [l + hllyse) 1R = hlly4e(t = 5)
+ CoGur(z + W)z + hllyse (110" loo + 0" oo ([2]1x + 12 = Zll)) 12 = Zlla(t — 5), (28)

where (', C; denote some positive constants.

The analysis for the term Aj is very similar to that of A; and, indeed, for the former
we end up with a similar bound as in (28). Therefore, going back to expression (22), we
have proved that

HF(h7 Z) o F(h7 g)”ﬁ < C(M7 0,%,%, 27 h> h)(Hz - gHF» + Hh - h”’y+6)7
which implies that F' is continuous.

Step 2. Let us prove now that the Fréchet derivative of F' with respect to h is given by (18).
First of all, let us check that Dy F(h,z) : C?** — C", as defined by expression (18), is a
continuous map. Indeed, owing to inequality (6) and Remark 3.2, one can easily check
from expressions (18) and (20) that

ID1E (R, 2) - klle < C(l0” ool 2lln + llolloo) (Gar(@ + B) + [l + A5 ) 1 e

which implies that D; F'(h, z) is continuous.

In order to prove that (18) also represents the Fréchet derivative of F' with respect to
the first variable, we fix h € C7"*¢ and z € C*, so that we need to prove that

[Klle—0 K[|+

For this, let 0 < s <t < 1, h,k € C7" and 2z € C*, and we proceed to analyze the
increment

—0. (29)

|0(F(h+k,z) — F(h,z) — D1F(h, 2) - k)g. (30)
According to (18), the above increment can be split into a sum of four terms, which we
denote by F;, ¢t = 1,...,4, and are defined as follows:

E, = /tdu/l[GM(:p+h)—GM(erthk;)—DGM(x+h)-k]a(zs)d(quh)g,
B, — /tdu/l[GM(erh)—GM(erthk)]a(zg)dkg,
By = (1=9) [ [Gule+h) ~ Guulo+h-+K) — DGua + ) Kl €o(ze)da + e

E, = (t—s)/o [Gu(x+h) — Gz + h+ k)| o (z) dke.
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We will only deal with the study of the terms £, and Ej, since the remaining ones involve
analogous arguments. First, note that we have the following estimates:

/: du /u1 o(z) d(z + h)g‘

<C|Gy(x+h)—Gyur+h+k)— DGy(x+h) -kl
X |1z + hllyte(llo"loollzlls + lofloo) (E = 5).  (31)

By Remark 3.2, the map G : C"¢ — R is Fréchet differentiable and its derivative can
be computed explicitly. Hence,

. |Gy (z+h) — Gz +h+k)— DGy +h) - K

1Klly 42 —0 1K 4e

B <|Gu(z+h)— Gu(z+ h+ k) — DGpy(z + h) - K|

=0,

and this implies that the contribution of |E;| is of order o(||k|],+<).

On the other hand, using the same arguments as in (26), we have:
|Eo| < ClGum(e +h) = Gu(z + b+ B) [Ellyre(lo[looll2lls + llofloo) (E = s)
< CllkS<llo lsell2lle + llolloc) (£ = 5). (32)

which is obviously also of order o(]|k||y+<).

For the terms | 3| and | Ey| we obtain, respectively, the same bounds as in (31) and (32).
Eventually, plugging all these estimates in (30), we end up with the limit (29).

Step 3. In this part, we prove that the Fréchet derivative of F' with respect to the second
variable is given by (19). The continuity of DyF'(h, z) in (19) can be proved as we have
done in Step 2 for Dy F'(h, z). Hence, we will check that, for all h € C7" and z € C*, it
holds:

|F'(h, z+g) — F(h,z) = DyF(h, 2) - g«

lgll=—0 9]l

Throughout this step we will use the fact that o, considered as a map defined on and
taking values into C", is Fréchet differentiable and its derivative is given by (see Lemma
3.5 below):

—0. (33)

(Do(z)-g)y=0"(21)g:, 2,9 €C".
This means that, for all z € C",

lim lo(z+g) —o(z) — Do(z) - g«
lgll—0 lgllx

In order to prove (33), let us fix 0 < s < t < 1 and observe that
6(F(h, 2+ g) — F(h,2) — DoF(h,2) - g) | < Fi + By

= 0.

where
Fom | [ [ Gute+ )lote+ 90) = o(ze) = o e)gelda + e du

< CGu(z+ )|z +hllyiello(z +9) —a(2) = o'(2)gllx(t = 9)
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and

Fyi= (t—s) /0 Gr( + h)E [0(ze + ge) — 0(z¢) — o' (2¢)geld( + el

for which the same inequality as for Fj is available. Therefore, we obtain that
[F(h, 2+ g) = F(h, 2) = D2F(h, 2) - g1
< CGu(z+h)llz + hllyiello(z + g) — o(z) = o' (2)g]lx,

and the latter k-norm, as we have mentioned above, is of order o(||g||.) whenever | gl
tends to zero. This implies that (33) holds, and ends the proof.
O

Let us quote now the relation needed in the previous proof in order to compute the
Fréchet derivative of the process o(z):

Lemma 3.5. Let 0 € CYR) be a bounded function with bounded derivatives. Then o,
understood as a map o : C* — C*¥, is Fréchet differentiable and its derivative is given by:

(Do(z)-g)e =0'(z)g, 2,9 €C".

Proof. We refer to |13, Proposition 3.5] for the proof of this fact, and in particular for the
identification of (Do (z2) - g); with the quantity o’(z;) - ¢
O

As in |21], a crucial step in order to differentiate z with respect to the driving noise x
is to solve the following class of linear elliptic PDEs:

Proposition 3.6. Let v, € (0,1) be such that v+ k > 1. Assume that we are given
x € CY and w, R € C" such that the k-norm of R verifies

C2
R|x < —,
1Rl < 2
for some small enough constant co < 1. Then, there exists a unique solution {y;, t € [0,1]}
in C* of the following linear integral equation:

(34)

1
Yp = wy — GM(x)/ K(t,§)Reyedxe, te]0,1].
0
Moreover, there exists a positive constant ¢(M) that only depends on M such that

[yllx < e(M)]|w]],. (35)

Proof. As for Theorem 2.7, we will use a fixed point argument, and solve our equation
under the form

(50)a = (G~ Gue) [ (/ R ez ) + (¢ )G (2) | CReyedre, (36)
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for any 0 < s <t < 1. More precisely, let us define the map © : C* — C" by

¢ 1 1
O(y) == wy — GM(x)/ du (/ Ry ygd:vg) —l—tGM(:c)/ € Re yedue,
0 u 0

for any y € C* and t € [0,1]. Using elementary properties of Young integrals, one easily
checks that the map © is well-defined, that is O(y) belongs to C* whenever y € C*.

On the other hand, in order to prove that © defines a contraction, we will show that it
exhibits a Lipschitz property with Lipschitz constant L < 1. Indeed, let us fix y,y € C*
and proceed to study the increment 6(O(y) — O(7))s for any 0 < s <t < 1:

6(0(y) — O(9))s|

< Gulo) [ du| [ Reye =) doe| + (= ) Gualo)
< CGar(a) ol |-l ly = 3lale = 5)

1
/0 § Re (Ye — Je) dawg

Hence, taking into account that Gy (z)||z||, < M and the assumptions on R, we conclude
that

CM
— 0. <
1©(y) — 0@« < T

Choosing the constant ¢y conveniently, we get that © is Lipschitz with Lipschitz constant
L < 1. Therefore, © defines a contraction and it has a unique fixed point, which solves
equation (36).

1y = 3llx-

Eventually, the bound (35) can be easily obtained using similar arguments as the ones
developed so far. Indeed, observe that we have

|0y) | < CM[R|[u[lyllx(t = ) + [[w]](t = )"
and also [|y[lec < CM|R|c[lylls + [[]|oo. Thus
1yllx < CM|[Rxllylls + lwlls,

from which one deduces (35), provided our constant ¢, is chosen small enough.

At this point, we can proceed to state and prove the main result of the section.

Theorem 3.7. Let v,k € (0,1) be such that v+ k > 1. Let ¢ > 0 and a sufficiently
large p > 1 so that € > %p. Assume that o € C*(R) is a bounded function with bounded

derivatives such that:

i c3
o < -2,
for some constant cs < HE—Q(M) Acy, where ¢y and C(M) are the constants in the statement
of Theorem 2.7, and co the one of Proposition 3.6.
Let z(x) = {z, t € [0,1]} be the solution of Equation (12) with control x € CY*¢

and diffusion coefficient oy (see (10) and (11)). Then, the map x — z(x), defined in

J=0,1,2, (37)
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C7*e with values in C* is Fréchet differentiable. Moreover, for all h € C7*¢, the Fréchet
derivative of z(x) is given by:

(D2(z) - h); = /0 ,(t)dh,, (38)

where the kernels ®4(t) satisfy the following equation:

1
0.(1) = W.(0) + Gur(a) [ (0. () (6)dae (39)
with
U (t) = Gu(x) o(z) K(t, s) + 200, ([12]127) s 2, (40)
and ) -
s = /0 /S pen dCdn,  where  pe, = Zp%. (41)

Proof. We will adapt the arguments used in the proof of Proposition 4 in [21|. That is,
we will apply the Implicit Function Theorem to the functional F' defined in the statement
of Proposition 3.1. For this, notice first that we have proved there that, for any h € C7*¢
and z € C*®, F(h, z) belongs to C* and F' is Fréchet differentiable with partial derivatives
with respect to h and z given by (18) and (19), respectively. Moreover, since z is the
solution of (12), we have that F'(0,z) = 0.

We need to check now that DyF(0, z) defines a linear homeomorphism from C* into
itself for which, by the Open Map Theorem, it suffices to prove that it is bijective (we
already know that it is continuous). For this, we apply Proposition 3.6 to the case where
R¢ = 0'(%¢), so that

(DaF(0,2) - g)i = g1 — Goa(a) / K (t, €)' (2¢)ge dre (42)

defines a one-to-one mapping. Indeed, observe that condition (37) guarantees that (34)
in Proposition 3.6 is satisfied. On the other hand, if we fix w € C”, applying again
Proposition 3.6 we deduce that there exists g € C* such that w = DyF (0, 2) - g, which
implies that Dy F'(0, z) is onto and therefore a bijection.

Hence, by the Implicit Function Theorem, the map x +— z(z) is continuously Fréchet
differentiable and

Dz(z) = —DoF(0,2) o D1 F(0, 2). (43)

Moreover, by (42), for any h € C"™, Dz(z) - h is the unique solution to the differential
equation

(D=(z) - B, = w, + G (2) / K (t, €)' (2¢) (D= (x) - he dae.
with wy = —(D1F(0, 2) - h);.
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Let us proceed to prove (38). Consider Equation (39) and integrate both sides with
respect to some h € C7Te:

[ i~ [t ato) [ [ Kt Goni@an] an.

At this point, we can use the same arguments as in the proof of Proposition 4 in [21]:
apply our Fubini type Proposition 2.3 to the last term in the right-hand side of (44),
which yields

/O 1 ®,(t)dhs = /0 1 U, (t)dhs + G () /0 1 K(t,€)0' (%) { /0 1 <I>s(§)dhs} de. (45)

In order to conclude the proof, thanks to uniqueness part of Proposition 3.6, it is now
sufficient to show that w = —D;F(0, z) - h can be represented in the form

wy = /1 U (t)dhs. (46)

For this, let us observe that, by (21), it holds:

(D1F(0,2)-h); = —GM(x)/O K(t,&)o(z¢)dhe — (DG () - h) 2.

Hence, owing to Lemma 3.8 below, we obtain the representation (46) with ®4(t) given
by (40), which concludes the proof.
U

We close this section by giving an expression for DGy (z), which has already been used
in the proof above.

Lemma 3.8. For all h € C7¢, it holds that

1
DG(x) - h = 28 (|12l / iy dh,, (47)

where the function u is defined at equation (41).

Proof. As we have mentioned in Remark 3.2, the map Gj; : C7"¢ — R is Fréchet differ-
entiable at any point x € C7"¢, and its Fréchet derivative is given by:

ze — )P (ke — Ky
DGu(x) -k = 20 (I, // kb= e, weer,

|27p+2

According to the definition of p,, this derivative can be written in the form:

DGua) k= hylliel2,) [ [ oot~ bypacan (49
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Then, applying Fubini Theorem, one can argue as follows:

/ 1 / e (ke — )G
/ / Pcn (/ dkr) 1p<pdCdn + /1 /1 Pcn (/‘4 dkr) Lie<pdCdn
T Lo [ o] ] [

Plugging this expression in (48) we obtain (47) and we conclude the proof.
0

4. STOCHASTIC ELLIPTIC EQUATIONS DRIVEN BY A FRACTIONAL BROWNIAN MOTION

Let us first describe the probabilistic setting in which we will apply the results obtained
in the previous section. For some fixed H € (0, 1), we consider (2, F, P) the canonical
probability space associated with the fractional Brownian motion with Hurst parameter
H. That is, Q = Cy(]0,1]) is the Banach space of continuous functions vanishing at 0
equipped with the supremum norm, F is the Borel sigma-algebra and P is the unique
probability measure on € such that the canonical process B = {B;, t € [0,1]} is a
fractional Brownian motion with Hurst parameter H. Remind that this means that B is
a centered Gaussian process with covariance

1
é(szH + 12— |t — s|*H).

In particular, the paths of B are v-Hélder continuous for all v € (0, H). Then, we consider
Equation (12) where the driving trajectory is a path of B. Namely:

t 1 1
52’5,5 = / du </ O'M(B,Zg)ng) — (t - S)/ fO’M(B,Zf)ng, 0<s<t< 1,
s u 0

which can be written in the reduced form

4 = Gu(B) /0 K(t,&)o(z)dBe, teo,1]. (49)

RH(t, S) =

Assuming that o € C*(R) is bounded, has bounded derivatives and satisfies (14), Theo-
rem 2.7 implies that Equation (49) has a unique solution z = {z;, t € [0, 1]} such that
z € C" for any K € (1 —~,1), and almost surely in w € €.

4.1. Malliavin differentiability of the solution. This subsection is devoted to present
the Malliavin calculus setting which we shall work in, so that we will be able to obtain
that the solution of (49) belongs to the domain of the Malliavin derivative. Notice that,
in spite of the fact that we can solve Equation (49) driven by a fBm with arbitrary Hurst
parameter, our Malliavin calculus section will be restricted to the range H € (1/2,1).
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This is due to the fact that stochastic analysis of fractional Brownian motion becomes
cumbersome for H < 1/2, and we have thus imposed this restriction for sake of conciseness.

Consider then a fixed parameter H > 1/2, and let us start by briefly describing the
abstract Wiener space introduced for Malliavin calculus purposes (for a more general and
complete description, we refer the reader to [21, Section 3]).

Let € be the set of R-valued step functions on [0, 1] and H the completion of £ with
respect to the semi-inner product
(Lio,, Ljo,8) 4 := Ru(s, 1), s,t €[0,1].

Then, one constructs an isometry Kj; : H — L*([0, 1]) such that K}, (1104) = 1p.gKu(t,-),
where the kernel Ky is given by

t
Kt = ensh [ oS0

and verifies that Ry (t,s) = fOS/\t Ky (t,r)Kg(s,r)dr, for some constant cgy. Moreover, let
us observe that K7, can be represented in the following form:

1
[K}k{(p]t = / @rarKH(rv t) dr.
t

The fractional Cameron-Martin space can be introduced in the following way: let g :
L3([0,1]) — Hpy := K (L*([0,1])) be the operator defined by

[Cuh(t / Ky (t,s)h(s)ds, h € L*([0,1]).

Then, Hpy is the Reproducing Kernel Hilbert space associated to the fractional Brownian
motion B. Observe that, in the case of the classical Brownian motion, one has that
Ky (t,s) = 1p4(s), K}y is the identity operator in L*([0, 1]) and Hy is the usual Cameron-
Martin space.

In order to deduce that (€2, H, P) defines an abstract Wiener space, we remark that
‘H is continuously and densely embedded in €2. In fact, one proves that the operator
Ry :'H — Hpg given by

Rty = / K 8)[K39)(s) ds

defines a dense and continuous embedding from H into €2; this is due to the fact that
Rut is H-Holder continuous (for details, see [21, p. 9]).

At this point, we can introduce the Malliavin derivative operator on the Wiener space
(Q,H, P). Namely, we first let S be the family of smooth functionals F' of the form

F=f(B(h),...,B(h)),

where hy,...,h, € H, n > 1, and f is a smooth function having polynomial growth
together with all its partial derivatives. Then, the Malliavin derivative of such a functional
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F is the H-valued random variable defined by
pr=> !

i=1
For all p > 1, it is known that the operator D is closable from LP(Q2) into LP(§2;H) (see
e.g. [18, Section 1]). We will still denote by D the closure of this operator, whose domain
is usually denoted by D' and is defined as the completion of S with respect to the norm

1Fllp == (E(FP) + E(|DF|2))7 .

The local property of the operator D allows to define the localized version of D', as
follows. By definition, F € I,” if there is a sequence {(Q,, F},), n >} in F x D such
that €2, increases to {2 with probability one and F' = F), on €2,. In this case, one sets
DF :=DF,, on (),.

We will first prove now that the solution of (49) at any t € [0,1] belongs to D,”.
For this, we need to introduce the notion of differentiability of a random variable F' in
the directions of H, and we shall apply a classical result of Kusuoka (see [12| or [18,
Proposition 4.1.3]). Indeed, a random variable F' is H-differentiable if, by definition, for
almost all w €  and for any h € H, the map v — F(w + vRyh) is differentiable. Then,
the above-mentioned result of Kusuoka states that any H-differentiable random variable

F belongs to the space D?, for any p > 1. We have the following result:

loc?

(B(hy),...,B(hy))h;.

X

Proposition 4.1. Let v,k € (0,1) be such that v+ k > 1. Let € > 0 and a sufficiently
large p > 1 so that e > 2Lp and y+¢e < H (this latter condition guarantees that B € C71¢).
Assume that o satisfies the hypotheses of Theorem 3.7.

Let z = {z, t € [0,1]} € C" be the unique solution of equation (49). Then, for any
t€0,1], z € D2 and we have:

: (Dzy, h)yy = [Dz(B)(Ruh)),, h e H. (50)

Proof. Recall that the process B is y-Holder continuous for any v € (0, H). Hence, in the
statement of Theorem 3.7, we will be able to find & (choosing p therein sufficiently large)
such that v+ ¢ < H and ||B||,,, is finite almost surely.

On the other hand, note that for all h € H, we have:
1
(Rih)(t) = (Ruh)(s)| = (E(IBe — Bsl*))* [|alla < [t = s|™ [|Rl|2.

Consequently, by Theorem 3.7 and Lemma 4.2 below, we can infer that z; is H-differen-
tiable. Therefore, Kusuoka’s result implies that z; € Dllf;z and we have

a.s., (51)

v=0

d
(Dzy, h)y = Ez’t(w +vRyh)

which, together with Lemma 4.2, allows us to conclude that
(Dzy, h)yy = Dzy(B)(Rgh) = [Dz(B)(Ruh)] (t).
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Lemma 4.2. Let v < H and € > 0 such that v+ ¢ < H, as in the statement of
Theorem 3.7. Let z be the solution of (49) and t € [0,1]. Then x +— z/(z) is Fréchet
differentiable from CY*¢ into R. Furthermore, for x € CY*¢, it holds:

Dz(x)(k) = [Dz(z)(k)],, kecCrte.

Proof. 1t is very similar to that of [13, Lemma 4.2|. Indeed, the following estimates are
readily checked:

2(z + k)i = 2(2); — [D2(2)kli| < [[2(z + k) = 2(2) = [D2(2)k]]|0
< lz(x + k) = 2(2) = [D2(2)K] ]|y

In addition, Theorem 3.7 ensures that the latter term is of order o(||k|/,4.), from which

our claim is easily deduced.
O

At this point, let us go a step further and prove that the solution z; of Equation (49),
indeed, belongs to D2,

Proposition 4.3. Let v,k € (0,1) be such that v+ k > 1. Let € > 0 and a sufficiently

large p > 1 so that ¢ > % and v+ ¢ < H. Assume that o satisfies the hypotheses of

Theorem 3.7.
Let z = {z, t € 0,1]} be the unique solution of equation (49). Then, for anyt € [0, 1],
2 belongs to DV2.

Proof. By (50), formula (38) and the definition and properties of Ry, we have the following
equalities: for any h € H,

(Dz¢, h)y = [Dz(B)(Ryh)]: = /0 O (1) d(Rih)s

_ /0 1 @S(t)( OS%(S,T)MM)(@ dr) ds

= [ i @) s)ucih)(s) ds = (@.(0)

This implies that, as elements of H, Dz, = ®.(t).

On the other hand, let us observe that L# ([0, 1]) C H continuously (see e.g. [18, Lemma
5.1.1]), and clearly any Hélder space C* is continuously embedded in L ([0, 1]). Therefore,
if we aim to prove that F(||Dz||3,) < +oo, it suffices to verify that E(||®.(¢)]],) < oo, for
any x € (0,1).

Taking into account that ®(t) satisfies the linear equation (39), we are in position to
apply Proposition 3.6 so that we end up with

1.()][« < C) (L), (52)
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where we remind that W,(¢) has been defined in (40). By the boundedness of G and ¢y,
the fact that K (t,-) is Lipschitz with Lipschitz constant bounded by 1 — ¢, Lemma 2.6
and estimate (15), we can infer that

PO« < CA+lulls), (53)

for some constant C' depending on M and o. Hence, it remains to study the xk-Holder
regularity of i (recall that this process is defined by (41)). Namely, for any 0 < 51 < s9 <
1, one easily verifies that

D) 1 S1 52
o= = [ [ oendiin— [ [ oy dcan
s1 S92 0 S1

At this point, let us observe that, in the statement, the condition relating p and ¢ is
slightly stronger than the one considered in Proposition 4.1. In fact, the former allows us

to infer that pg, < C HBH%’_’[;, almost surely, which guarantees that p € C* and

|l < O\ BIIZL (54)

Plugging this bound in (53) and using (52), we end up with
E(|Dz2,) < E(|®.(1)]2) < CE(|B||I2),

v+e

and the latter is a finite quantity since v +¢ < H and || B||,+. has moments of any order
by Fernique’s lemma [8, Theorem 1.2.3|. This concludes the proof.
O

4.2. Stratonovich interpretation of the fractional elliptic equation. Up to now,
we have succeeded in solving equation (49) by interpreting any integral with respect to
B in the Young (pathwise) sense. In this particular situation, it is a well known fact
[23] that our approach is equivalent to Russo-Vallois kind of techniques. Namely, if for
a process V' the integral fOT Vi dBs can be defined in the Young sense, then one also has
almost surely

T 1 /7
/ V,dBs = lim —/ Vi (Bsye — Bs_¢) ds.
0 e=02¢ J

The latter limit is usually called Stratonovich integral with respect to B (see [18, Definition
5.2.2|), and is denoted by fOT V, o dB,.

Our point of view in this section is slightly different: we wish to show that the integrals
with respect to B in equation (49) can also be interpreted as the sum of a Skorohod
integral plus a trace term. As we shall see below (see Proposition 4.4), this gives another
definition of Russo-Vallois symmetric integral in the particular case of smooth integrands
in the Malliavin calculus sense. In particular we shall see that, at least a posteriori,
Malliavin calculus might have been applied in order to solve our original elliptic equation,
though a direct application of these techniques lead to non closed estimations.
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Let us thus introduce the space |H|, which is composed of measurable functions ¢ :
[0,1] — R such that

1 1
llizy = / / rllulIr — w2 2drdu < +oo,
0 0

where oy = H(2H — 1), and we denote by (-, )3 the associated inner product. We define
Stratonovich integrals thanks to the following result, borrowed from [1, Proposition 3]:

Proposition 4.4. Let {u;, t € [0,1]} be a stochastic process in DV?(|H|) such that
11
/ / |Dyuq||t — s[*2dsdt < +o0  a.s. (55)
o Jo

Then, the Stratonovich integral fol us o dBy; exists and can be written as

1
/utodBt_é( //Dut|t—s\2H 2qsdt, (56)
0

where §(u) stands for the Skorohod integral of w.
We are now in a position to apply this result to our elliptic equation:

Proposition 4.5. Let z = {z, t € [0,1]} be the solution to equation (49). Under the
same hypothesis as in Proposition 4.3, the process z belongs to DV2(|H|) and also satisfies
the equation

2 = G (B) /0 K(t,6)0(2) 0 dBe, te0,1], (57)

where the Stratonovich stochastic integral with respect to B is interpreted as in (56).

Proof. Note first that the norm of z in D?(|H|) is given by

12115122y = E2llg) + EUD2[Bepm)-

By Theorem 2.7 (see (15) therein), we have

B(|12]3) / / ()l — w2 2drdu

< CE(||Z||§O)/ / I — u?P2drdu < C. (58)
0 0

On the other hand, owing to (52)-(54) we can infer that, for any r,u € [0, 1]:

E(|D.z]) < C,
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for some positive constant C'. Thus
E(|P=|feim) (59)

1 1 1 41
= / / dridrs |ry — 7"2|2H_2/ / duydus E (| Dy, 2uy | | Dry2u,|) 11 — uQ\zH_Q
o Jo o Jo
1 p1 1,1
< C’/ / dridry |r1 — T2|2H_2/ / duydugy |[uy — ug|*7? < +o0. (60)
o Jo o Jo

Putting together (58) and (60), we have seen that z € DV?(|H|), and one also de-
duces that (55) holds. By Proposition 4.4, this implies that z belongs to the domain
of the Stratonovich integral. Therefore, thanks to the regularity properties of ¢ and
the fact that K (t,-) is a deterministic function, we obtain that the Stratonovich integral
fol K (t,&)o (%) odBe is well-defined. By [24, Section 2.2, Proposition 3|, this Stratonovich
integral coincides with the pathwise Young integral on the right-hand side of (49), for
which we can conclude that z solves (57).

O

4.3. A modified elliptic equation. One of the major obstacles on our way to get the
absolute continuity of £(z;) is the following: associated to equation (49) is the process u
defined by (41), appearing in the expression for Dz;. This process happens to have some
fluctuations around s = 0 which are too high to guarantee the strict positivity of Dz, at
least in a small interval. This is why we consider in this section a slight modification of
our elliptic equation (49) and we will prove that its solution, at any instant ¢, has a law
which is absolutely continuous with respect to the Lebesgue measure. Specifically, the
cutoff term G (B) in equation (49) will be replaced by a new G (B), whose motivation
relies on a variation of Garsia’s lemma given below:

Proposition 4.6. Let f be a continuous function defined on [0,1]. Set, for p > 1,

4uAl |5fuv|2p 1/2p
(/ o[ d“) ’ (61)

and assume U, ,(f) < oo. Then f € C7([0,1]); more precisely,

11l = e Uya(F), (62)

for a universal constant ¢ > 0.

Proof. Let 0 < s <t < 1. We wish to show that
0 fst] < U, (f) [t — s/ (63)

To this end, let us construct a sequence of points (s )r>0, sk € [0, 1], converging to ¢ in the
following way: set sqg = s, suppose by induction that sy, ..., sy <t have been constructed,

and let
s+t

Vk = [ak,bk], with ar = 28k A ( ) 5 bk = 3Sk Nt. (64)
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Notice that the main differences between our proof an the original one by Garsia (or
better said the one given by Stroock in [27]) stems from this definition of ay, by. Indeed,
in the classical proof, ay = S’“TH and b, = t. Define then

6U?P
Ay = vGVk|I(U)>L(f) (65)
v — s
and ,
|5fs v| P 6[<3k)
By = Vi k > 66
k {U € Vi | [v — 5272 7 v — s (66)
where we have set
A ) P
](U) = /U m du

Let us prove now that Vj \ (Ax U By) is not empty: observe that, for t € [0, 1],
4uAl ‘(Sfuv ’2p 4uAt yéfuv‘Qp
\/v' —lv — u|27p+2 du Z /U —|'U — u|2'7p+2 du = ](U),

6 U2
v (f) > / Iy do > SUU)

A, b, — sk

and thus
f(Ag).

Moreover,
N |5 6 sul?
]— — Spu d > / Spu d
(Sk) /Sk |u _ Sk|2’yp+2 u = 5 |u — 8k|2’yp+2 )

- [ 61(s) g, > O10st) |y

) |u—sk| o |bk—8k|

All together one has obtained p(Ag), u(Bg) < @, so that p(Ag) + u(By) < @
Next we show that |by — s| = 2u(Vy) = 2|by, — ag|. This study can be separated in two

cases:

(i) If s < t/3, then ap = 2s;, and b, = 3s;. Thus by, — ar = s, and by — sp = 2s;. This

obviously yields |by — si| = 2u(Vy).

(i) If s > t/3, then a), = sk;t and b, = t. Thus b, — ai = t‘;" and by — s, =t — s;. Here

again, we get |by — sg| = 2u(V%).

We have thus proved that p(Ag) + pu(Bg) < w, which means that Vj \ (A U By)

is not empty. Let us thus choose s;; arbitrarily in this set. Note that, by construction,
s — t while staying inside [s, t].

Now, for an arbitrary n > 1, decompose 6 f, into

5fst = 5fsn+1t + Z 5fsksk+1‘ (67>
k=0
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Applying (66); and (65)x_1, one gets

Skt — Sk 7 sk — Sk| T |Sk41 — Swllsk — sk—1]
and hence
S — S
6 ot < CQuU(F) 501 — sif?7, where @y o= =5 (gg)

\Sk - 3k71| '
Notice that in our definition (64), we have ay = 2s; instead of (sp + t)/2 iff s < t/3.
Therefore, we can distinguish three cases in order to bound the quantity ;. above:
(i) If sj_1 > t/3, then sy — s <t — s and sp — sp_1 > (t — sg)/4. Thus Q) < 4.

(ii) If s, < t/3, then spi1 — sk < 3sp — sp = 28 and S — Sgp_1 > Sk — Sk/2 = Sk /2. Thus
Qr < 4 again.

(1) If s, < t/3 and s > t/3, then sp11 — sp <t — sk < 355 — S = 25 and s, — Sp_1 >
Sk/2 Thus Qk S 4.

Putting those estimates together, we end up with @)r < 4 in all cases, and plugging this
inequality into (68), we obtain

Now (67) reads

05l S 10 cpirel + 30 |8 ]| S 10 el + T D lsts = sal™. - (69)
k=0 k=0

It remains to bound ) ;_, |sk+1 —sk|” for an arbitrary n. This is achieved by separating
cases again:
(i) If s > t/3, then it is easily shown that a;, = £ and b, = ¢, for all k, for which we have
Sk+1 € [(sg+1)/2,t]. This implies that t — s < (t—s;)/2 and hence t — s, < 27%(¢t — ),
for any k > 0. Therefore

t+8k_1_t—8k_1 <t—8

Sk+1—8k§t—

2 2 T 2k
Plugging this into (69):
"1
|5f5t’ < ’6f3n+1t‘ + U’y,p(f) kz W“ — 8‘7.
=0

Let n — oo and use the continuity of f and the fact that s,,; — ¢t. Then
0 fse| < CU,p(f)IE = s]7,

where C' denotes a positive constant which may depend on 7. This concludes the proof
in the case s > t/3.
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(i1) If s < t/3, then by definition of s, we will have, for small enough k, that sz, =
Bri18k for some Fi, 1 € [2,3]. Thus

()

Set M := inf{k € N; H?Zl B; > t/(35)}, so that we wish to evaluate S 0 o |spr1 — se|”:

M-1 M-1 k v M—1 k Y
Do lsw ==Y (H ﬁjb‘) (Brr —1)7 <2787 Y <H 53‘) :
k=0

k=0 Jj=1 k=0 =1
Notice that by := H].Aigl B; <t/(3s), by definition of M, and
M—1 b
M
Hﬁ]_2l_1, for 1=1,..., M,
=0
since 3; > 2. Hence
M-1 [/ k v M
M
( 5]’) <3 g < OO < CO/y
k=0 \j=0 1=1
and
M-1
D sk — se[T S 29C(t/s)Y < O
k=0
Observe that ¢ — s > 2¢/3 whenever s < t/3. Therefore ¢ < 2(t — s) and

M—-1

Z |skr1 — sk|? < C(t—s)7.
k=0

Let us go back now to (69) and write

M-1 n
6F sl < 0o iuil + Una(F) (Z\skﬂ—skmz\sHl—skyv)
k=0 k=M

= ‘5fsn+1t‘ + U, ,(f) (An + Bur) - (70)

We have just seen that Ay < C(t — s)?, and one can also prove that By < C(t — s)?

uniformly in n by means of the same kind of argument as for step (i). This ends the proof
by taking limits in (70).

O

We will now take advantage of the previous proposition in order to build a slight

modification of our elliptic equation which is amenable to density results. Namely, as
before, let M > 0 be any real number and ¢y, € C5°((0,00)) such that ¢ (r) = 0 for all
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r>M+1, and ¢y (r) =1 for r < M. For any z : [0,1] — R for which U, ,(z) < oo, for
some v € (0,1) and p > 1, set

G~’(M(‘”E) = SOM(U%p(m)Qp)a
and, for such x and any z € R, we define
G, 2) = Gy(x)o(2). (71)

We shall thus consider another kind of modified elliptic integral equation driven by the
fractional Brownian motion B:

t 1 1
0zs = / du (/ 5M(B,zg)dB§> — (t— 3)/ Eom(B,ze)dBe, 0<s<t<1. (72)
s u 0

This equation can be equivalently formulated in its compact form:

2 = Gul(B) /0 K(LE)o(s)dBe  te01] (73)

We will prove that the probability law of the solution to (73) taken at ¢ € (0,1) is
absolutely continuous with respect to the Lebesgue measure.

First of all, let us point out that the results of Sections 2.3 and 3 remain valid for the
solution of Equation (73). Moreover, using exactly the same arguments as in the proof of
Proposition 4.3, one obtains that, for all ¢ € [0, 1], the solution z; belongs to the domain
of the Malliavin derivative. Altogether, we can state the following result:

Theorem 4.7. Let v,k € (0,1) be such that v+ k > 1. Let ¢ > 0 and a sufficiently
large p > 1 so that ¢ > % and v+ ¢ < H. Assume that o satisfies the hypotheses of
Theorem 3.7.

Then, there exists a unique solution z = {z, t € [0,1]} of (73), which is an element
of C*. For any t € [0,1], z belongs to DY? and the Malliavin derivative Dz; satisfies the

following linear integral equation:

1
Dyzy = W(t) + G’M(B)/ K(t,8)0'(2¢)Dsze dBe, s € [0,1], (74)
0
with )

V(1) = Gu(B) o(zs) K(t, ) + 203, (U, p(B)*) fis 2, (75)

and anAt 2p—1

) s Bc — B,)>"
flg 1= / / pen dCdn,  where  pep, = (2p — 1)%. (76)

Remark 4.8. The term fis in (75) comes from the fact that, as one can easily verify, the
Fréchet derivative of Gy at € C7¢ is given by

1
DGy (z) - h = 2@'M(U%p(x)2p)/ fisdhs, h e Cte.
0
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We can now give the technical justification for our change in the elliptic equation we
consider: the lemma below (whose proof can be immediately deduced from (76)) shows
that &1 can be made of order s? for an arbitrary large ¢ and s in a neighborhood of 0.
This simple fact will enable us to upper bound |D;,z| for s — 0 in a satisfying way. The
following result will thus be important in the sequel:

Lemma 4.9. Assume that the hypothesis of Theorem 4.7 are satisfied. Then, for all

s€(0,1) andp > 1:

s < |BIFE " as., (77)
where = (2p — 1)e — 7.

Fix ¢t € (0,1), and consider z; solution to (73). Observe that the random variable z
cannot have a density p,(y) at y = 0, since P(z; = 0) > 0 due to our cutoff procedure.
Hence we will prove the existence of density for the law of the random variable z; on the
subset of Q defined by Q, := {|z| > a}, for all a > 0. The fact that we are restricting
our analysis to {2, implies the following simple but useful properties:

Lemma 4.10. On €),, we have
1B, < Cy and  Gp(B)>Cy,  a.s.

where C, Cy denote some positive constants depending on a and M.

Proof. Note that on {2, we must clearly have that

Gu(B) = ou(U,,(B)?) >0 as.
Thus, by definition of ¢y, we get U, ,(B)* < M + 1 a.s. in €, and the first part of the
statement follows after applying Proposition 4.6.

Let us also estimate the integral appearing in equation (73): by (6), Lemma 2.6, The-
orem 2.7, and the first part of the lemma, on €2, we have

[ Kot

where the constant C' is positive, depends on M, o, k,v and indeed can be small enough
whenever ||o ||« and ||o’||» are small. Note that here we have used the fact that ||K (¢, ).
< Ct'=*, which can be easily deduced from the explicit expression of the kernel K.

< CIE®E ) sllo’llsellzlle + lollo) 1Bl < C, - as. (78)

On the other hand, still playing with equation (73),

G (B) /OIK(t,ﬁ)a(zg)ng >a a.s. on €.

Hence, (78) yields Gy (B) > & almost surely on €, which concludes the proof.
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4.4. Absolute continuity of the law. With the previous changes in the equation we
are considering, we are now ready to state and prove our result concerning the density of
the law for z:

Theorem 4.11. Assume that o satisfies the hypothesis of Theorem 3.7 and that |o(y)| >
oo > 0 for all y € R, for some constant oy. For any t € (0,1), we consider the random
variable z; € DY? and a > 0. Then, we have that | Dz|y > 0 a.s. on Q.

As a consequence, the law of z; restricted to R\ (—a,a) is absolutely continuous with
respect to the Lebesgue measure.

Let us say a few words about the methodology we have followed in order to prove the
result above: as in many instances, our density result will be obtained by bounding the
Malliavin derivatives from below. Let us go back thus to equation (74), which is the one
satisfied by the Malliavin derivative Dz,. We wish to prove that a density exists for the
random variable z; under a non-degeneracy condition of the form o(y) > oq for any y € R;
we can assume, without loosing generality, that o is positive. Our strategy will be based
on the fact that Dz; is a continuous function, and we will prove that, almost surely on €2,,
the Malliavin derivative is negative on some non-trivial interval. This necessarily implies
that the norm || Dz|y cannot vanish. Let us however make the following observations:

(i) We will take advantage of the leading term W,(t) in equation (74) and we will analyze
its increments. According to expression (75), these can only be assumed to be strictly
negative when s is small enough: we have not imposed any condition on jis, and thus we
can only rely on the upper bound (77), which is valid for s close enough to 0. Let us
insist again here on the fact that our change of cutoff in the elliptic equation we consider
is meant to have [i; very small in a neighborhood of 0.

(i1) The estimation of the integral part in equation (74) involves some Holder norms of
the function  — D,ze. It is thus natural to think that the same should occur on the left
hand side of this equation. Therefore, we are induced to consider increments of the form
Dz, — Dyzy, and perform our estimations on these quantities.

(i4i) We shall tackle those increment estimates in a slightly more abstract setting, similar
to Proposition 3.6: consider a function (¢,7) — w,!, depending on two parameters ¢,7 €
[0,1]. For n € [0,1], let 27 be the solution to

1
21— wl — C(B) / K(t,€) Re ! dBe. (79)
0

In the equation above, w and R satisfy some suitable Holder continuity assumption, and
we assume the increments of w to be also bounded from below. Notice that, for n < ¢,
the function ¢ — D,z satisfies an equation of the form (79). Our aim is then to get
an appropriate lower bound on the increments of z”7. This will be a consequence of the
following lemma:

Lemma 4.12. Let v < H and k € (0,1) be such that v+ > 1. For anyn € [0,1], let w"
be a function in C* satisfying the relation [0w] | < cilts —ti|n for anyn < t; <ty <1
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and ¢y < 1 small enough. Moreover, let R € C* such that
IR <

Co
M+1’
for a small enough constant co < 1 (see Proposition 3.6). Then the solution 2" to equa-
tion (79) is such that for allm <t; <ty <1,

‘52;717752‘ S |t2 — t1| n. (81)

If we further suppose that 6w?1t2 < —clty — t1|m for any n <t <ty < 1 and ¢ large
enough, then we also get the bound

52;]1,& < _C’t2 - t1| 7, (82)

for alln <t; <ty <1 and a small positive constant c.

(80)

Proof. Let us start by proving (81): the solution 2" to equation (79) is obtained as the
fixed point of an application © constructed as in the proof of Proposition 3.6. Namely,
let us define the map © : C* — C" by

5 t 1 B 1
@(y)t = w? - GM(B)/; du (/ Ré ygng) +tGM(B)/(; ngygng.

Then under our standing assumptions, z7 can be seen as the fixed point of the map ©. It
is thus enough to check that, if y verifies [dyy,,| < [t2 — t1|n for all n < ¢; <ty <1, then
y := O(y) fulfills the same condition.
Let us write then
Otrts = Atyts — Crity + Diyty
with A, = 0w/, and

to 1 ~ 1
Coe = Gu(®) [ ( / nggng), D= (12 = 1)Gur(B) [ € RepedBe
t1 u 0

We shall bound those 3 terms separately for n <t; <ty <1.
| A1, | is bounded by assumption by ¢;|ta —t1|n. Furthermore, |Cy,4,| is easily estimated
as follows:
Crita] < ARl [[yllex M [t — ta| < {[R|w M [t — ] n,
thanks to our induction hypothesis. Hence, by (80), we have

1Ciy 1, < oty — taln.

Some similar considerations also yield |Dy, 1| < 3|tz — t1]n for a small enough constant
c3. In order to complete the proof of (81), it suffices thus to consider that c¢;,co small
enough so that ¢; + ¢y + 3 < 1.

Let us turn now to the proof of (82): it is sufficient to go through the same computations
as for (81) and take into account the lower bound on 0wy, ;,. Details are left to the reader.
We only notice that the constant c¢; has to be taken such that ¢; > ¢y + ¢3, where the
¢, c3 are the same constants of the proof of (81).
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O

At this point, we already have the main tools in order to prove the main result of the
section.

Proof of Theorem 4.11. Taking into account that the Malliavin derivative Dz, satisfies
equation (74), we will apply (82) to the following situation: z; = D,z;, Re = 0(z¢) and
w; = W,(t), where we recall that

U,(t) = GM(B) 0(25) K(t,5) + 203 (Uy 5 (B)) fis 2

and /i, is defined by (76). We also remind that, throughout the proof, we have implicitly
fixed w belonging to €,.

First, note that the hypotheses on o guarantee that (80) is satisfied. Secondly, we
observe that (82) is still true is we replace n < t; <ty < 1 by n <t <ty <T, for any
T € (0,1]. In fact, we are going to apply that result for some small enough T

Let us prove that there exists T such that dwy ,, < —ci[ta—t1]s, forall s <t; <, <T.
We clearly have that

0ws, 4y = Wslta) = Wo(h) = =Gu(B)o(2)(t2 — 11)s + 200, (Us p(B)*P)fis(621,,4)-  (83)

By Lemma 4.10 and the non-degeneracy condition on o, the first term on the right-hand
side of (83) can be bounded by —c4(ts —t1)n, where ¢4 is some large enough constant (see
the proof of Lemma 4.10). We will check now that, for some small enough 7', then

200 (Usp(B))fis(021,40) < 5(t2 — t)s, (84)

for some (small) constant ¢5 (which may depend on w). For this, we use the boundedness
of ¢, apply Lemma 4.9 (thus take 7" small enough) and take into account the fact that,
as it can be deduced from the existence result Theorem 2.7, the solution z is indeed
Lipschitz continuous (with Lipschitz constant depending on M). Altogether this yields

200 (U p(B)*)fis (620, 1,) < C|| B2 8P (8 — 1) < es(ta — t)s,

with ¢; = C’HBH?Z’;1 TP-1 where we recall that 8 = (2p — 1)e — 7.

Therefore, taking p large enough such that ¢; < ¢4 and plugging (84) into (83), we
obtain

(510;17152 = \Ils(tg) — \I/s(tl) S —Cl(tg — t1>8, fOl” all s S tl S t2 S T,

where ¢; can be large enough (since ¢4 can be as well).
Then, we are in position to apply (82) and we obtain that

5<th)t1,t2 S —|t2 — 751|S7 for all s S tl S t2 S T.
This implies that we will be able to find 7Ty < T such that
§<th)t1,t2 S —To(tg — tl) < 0, for all TO S tl S t2 S T (85)

and this holds almost surely in €2,. At this point, we have two possible situations:
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(i) If Dr 2z # 0, the continuity of the Malliavin derivative implies that it does not
vanish in an interval around Ty. Thus the norm || Dzl must be strictly positive
a.s. on {1,.

(ii) If Dpyz = 0, condition (85) implies that Dsz; < 0 for s € (7o, T], therefore we
have again that ||Dz||z > 0 a.s. on Qg, by the continuity of Dz;.

This concludes the proof.
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