WEAK APPROXIMATION OF FRACTIONAL SDES:
THE DONSKER SETTING

X. BARDINA, C. ROVIRA, AND S. TINDEL

ABSTRACT. In this note, we take up the study of weak convergence for stochastic differential
equations driven by a (Liouville) fractional Brownian motion B with Hurst parameter H €
(1/3,1/2), initiated in [3]. In the current paper, we approximate the d-dimensional fBm by
the convolution of a rescaled random walk with Liouville’s kernel. We then show that the
corresponding differential equation converges in law to a fractional SDE driven by B.

1. INTRODUCTION

The current article can be seen as a companion paper to [3], to which we refer for a further
introduction. Indeed, in the latter reference, the following equation on the interval [0, 1] was
considered (the generalization to [0, 7] being a matter of trivial considerations):

dys = o (y1) dBy + b (y) dt, yo=a € R", (1)

where o : R?® — R™ 4 b : R® — R" are two bounded and smooth enough functions, and B
stands for a d-dimensional fBm with Hurst parameter H > 1/3.

Let us be more specific about the driving process for equation (1): we consider in the sequel
the so-called d-dimensional Liouville fBm B, with Hurst parameter H € (1/3,1/2). Namely,
B can be written as B = (B!,..., B%), where the B"s are d independent centered Gaussian
processes of the form

t
B = [ ¢y iaw, @
0

for a d-dimensional Wiener process W = (W1, ..., Wd). This process is very close to the usual
fBm, in the sense that they only differ by a finite variation process (as pointed out in [1]), and
we shall see that its simple expression (2) simplifies some of the computations throughout the
paper. In any case, B falls into the scope of application of the rough paths theory, which means
that equation (1) can be solved thanks to the semi-pathwise techniques contained in [6, 7, 10].
The natural question raised in [3] was then the following: is it possible to approximate equations
like (1) in law by ordinary differential equations, thanks to a Wong-Zakai type approximation
(see [9, 13, 14] for further references on the topic)?

Some positive answer to this question had already been given in [5], where some Gaussian
sequences approximations were considered in a general context. In [3], we focused on a natural
and easily implementable (non Gaussian) scheme for B, based on Kac-Stroock’s approximation
to white noise (see [8, 12]). However, another very natural way to approximate B relies on
Donsker’s type scheme (see [11] for the case H > 1/2 and [4] for the Brownian case), involving
a rescaled random walk. We have thus decided to investigate weak approximations to (1) based
on this process.
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More precisely, as an approximating sequence of B, we shall choose (X¢).~0, where X &1 g
defined as follows for i = 1,...,d: consider a family of independent random variables {n;; k >
1, 1 <i < d}, satisfying the

Hypothesis 1.1. The random wvariables {n};; k> 1,1 < i < d} are independent and share
the same law as another random wvariable 1. Furthermore, n is assumed to satisfy E (n) =
0,F (772) =1 and is almost surely bounded by a constant k.

We then define X** in the following way:
t
Xe(t) = / (t+e— T)H_%Gi’g(r)dr, (3)
0
where
4 1 & ”
i,e I 7 o
) = 2 3k e (=) 4)

Notice that X¢ is really a process given by the convolution of the rescaled random walk ¢ with
Liouville’s kernel.

Let us then consider the process y° solution to equation (1) driven by X¢, namely:
dy; = o (y;) dX7 +b(y;)dt, yo=a€R", t€[0,T] ()
Our main result is as follows:

Theorem 1.2. Let (y°)o>0 be the family of processes defined by (5), and let 1/3 < ~v < H, where
H is the Hurst parameter of B. Then, as € — 0, y* converges in law to the process y obtained
as the solution to (1), where the convergence takes place in the Hélder space C7([0, 1];R™).

This theorem is obtained invoking many of the techniques introduced in [3]. In the end, as
explained at Section 2, most of the technical differences between the two articles arise in the
way to evaluate the moments of quantities like fol f(r)0%(r) dr for a given Holder function f,
and to compare them with the moments of Gaussian random variable. This is where we shall
concentrate our efforts in the remainder of the paper, mostly at Section 3.

2. REDUCTION OF THE PROBLEM

We shall recall here briefly some preliminary steps contained in [3], which allow to reduce our
problem to the evaluation of the moments of a specific type of Wiener integrals.

First of all, we need to recall the definition of some Holder spaces, in which our convergences
take place. We call for instance C;([0,1];RY) the space of continuous functions from [0, 1}/ to

R?, which will mainly be considered for j = 1 or 2 variables. The Holder norms on those spaces
are then defined in the following way: for f € C2([0,1]; R?) let

Il = sup —Lo!

$,t€[0,T] ‘t - S‘IN

and C(]0,1];RY) = {f € Co([0, 1; RY); || £l < OO}'

The usual Holder spaces C}'([0, 1]; R?) are then determined by setting ||g||, = [|0g|, for a con-
tinuous function g € C1([0, 1]; R?), where g € C2([0, 1]; R?) is defined by dgs; = g¢ — gs. We then
say that g € CI'([0,1];R9) iff ||g||,, is finite. Note that || - ||, is only a semi-norm on C; ([0, 1]; R%),
but we will work in general on spaces of the type

Cra([0.1:RY) = {g: [0,T] = V; g0 = a, [lgll,. < o0}, (6)

for a given a € V, on which ||g|,, is a norm.

The second crucial point one has to recall is the natural definition of a Lévy area for Liouville’s
fBm:
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Proposition 2.1. Let B be a d-dimensional Liouville fBm, and suppose that its Hurst parameter
satisfies H € (1/3,1/2). Then

(1) B is almost surely a v-Hélder path for any 1/3 <~y < H.

(2) A Lévy area based on B can be defined by setting

t u t u
B = [(aB,o [dB. ie B = [ aBl [ Bl ije{i...a)
S S S S

for 0 < s <t <T. Here, the stochastic integrals are defined as Wiener-1to integrals when i # j,
while, when i = j, they are simply given by

L T 9
/dB;/ dijzi(B;—Bg).

(3) The process B? is almost surely an element of C;W([O, 1); R4 and satisfies the algebraic
relation

B?t - B?u - Bgt = (Bu — Bs) ® (Br — Buy)
forall0<s<u<t<l1.

These algebraic and analytic properties of the fBm path allow to invoke the rough path
machinery (see [6, 7, 10]) in order to solve equation (1):

Theorem 2.2. Let B be a Liouville fBm with Hurst parameter 1/3 < H < 1/2, and o : R" —
R™? be a C? function, which is bounded together with its derivatives. Then

(1) Equation (1) admits a unique solution y € C{ (R™) for any 1/3 < v < H, with the additional
structure of weakly controlled process introduced in [7].

(2) The mapping (a, B, B?) — y is continuous from R™ x C] (RY) x ng(RdXd) to C{(R™).

One of the nice aspects of rough paths theory is precisely the second point in Theorem 2.2,
which allows to reduce immediately our weak convergence result for equation (1), namely The-
orem 1.2, to the following result on the approximation of (B, B?):

Theorem 2.3. Recall that the random variables 772 satisfy Hypothesis 1.1, and let X be defined
by (3). For any e >0, let X2 = (th’s(i,j))s,tzo;z',j:l,..‘,d be the natural Lévy’s area associated
to X¢, given by

t
X2 (i) = [ (X - X3, g
S
where the integral is understood in the usual Lebesque-Stieltjes sense. Then, as e — 0,
(X°,X?%) = (B,B?), (8)

where B2 denotes the Lévy area defined in Proposition 2.1, and where the convergence in law
holds in the spaces C}'(R?) x Cg”(RdXd), for any p < H.

The remainder of our work is thus devoted to the proof of Theorem 2.3.

As usual in the context of weak convergence of stochastic processes, we divide the proof into
weak convergence for finite-dimensional distributions and a tightness type result. Furthermore,
the tightness result in our case is easily deduced from the analogous result in [3]:

Proposition 2.4. The sequence (X¢,X2%).~q defined at Theorem 2.3 is tight in C}'(R?) x
Cg“(RdXd).

Proof. The proof follows exactly the steps of [3, Proposition 4.3], the only difference being that
our Lemma 3.1 has to be applied here in order to get the equivalent of inequality (28) in [3].
Details are left to the reader.

O
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With these preliminaries in hand, we can now turn to the finite dimensional distribution
(f.d.d. in the sequel) convergence, which can be stated as:

Proposition 2.5. Under the assumption 1.1, let (X¢,X2) be the approzimation process defined
by (3) and (7). Then
f.d.d. — hr%(Xf,X%) = (B,B?), (9)
E—

where f.d.d. — lim stands for the convergence in law of the finite dimensional distributions.
Otherwise stated, for any k > 1 and any family {s;, t;; 1 < k,0 < s; < t; < T}, we have

£~ lim (X; X% XD, X2 )= (By,,B2,,,..., By, B2, ). (10)

t19 “¥s1t10 s1t10

Proof. The structure of the proof follows again closely the steps of [3, Proposition 5.1], except
that other kind of estimates will be needed in order to handle the Donsker case.

To be more specific, it should be observed that the first series of simplifications in the proof
of [3, Proposition 5.1] can be repeated here. They allow to pass from a convergence of double
iterated integrals to the convergence of some Wiener type integrals with respect to X¢. Namely,
fori=1,2and 0 <u<t<1, set

Yitut) = [ (B~ B,

and for 0 <u <t <1 and (ug,...,ug) in a neighborhood of 0 in RY, set also

t
Zy = ui+usB? 4+ uzY?(u,t) + U4/ (v— u)H*%dWE

u

Fus /ut dw/uw(w — )5 (w—w)T% — (v —u)2) dW?

t u
+u6/ dw/ (w—v)H*%(w—u)H*% dW?.
u 0

Consider the analogous processes Y#e 7% defined by the same formulae, except that they are
based on the approximations 6“¢ of white noise. We still need to recall a little more notation
from [3]: for f € L?([0,1]) and t € [0, 1], we set

. rt e,1 1 1
b.(f) = B (¢80 00y g [ P@PW e endedy, ()

and
‘I)(f) - E (eif(ff(u)dW&) _ e% f(f f2(u)du'
Then it is shown in [3, Proposition 5.1] that one is reduced to prove that lim._,ov¢ = 0, where
v is given by
U? —E ((I)E(Zs)eiw fot GE’Q(U)du) _E (‘I)(Ze)eiw fg 95’2(u)du> ’

for an arbitrary real parameter w in a neighborhood of 0. Furthermore, bounding e Jo 6% (u)du
trivially by 1 and conditioning, it is easily shown that v¢ is controlled by the difference E[|®.(Z¢))—

®(Z¢)|], for which Lemma 3.3 provides the bound
[@:(Z7)) — @(Z°)]

1 1
<FE 4\/gw3(¢€zs)2 125 p2k;) exp(4w? k]| 25|17 2) + w?e® (| Z°||al| Z° || 2 exp(w?|| Z2°||72)

8 1 1
+ ﬁw4(¢‘€zg)2 12813 2K exp(4w2kg\|Z€||%z) + §w4¢€zs exp(w?(|Z°12.)] ,
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for any a € (0,1). In order to reach our aim, it is thus sufficient to check the following inequal-
ities:
sup B (|| 2°[17) < M, lim E ((¢%:)*) =0
£ —>

and for w < wg, where wy is a small enough constant,
2 e112
sup F (ew 12 HL2> < M.
g

However, these relations can be deduced, as (39), (40) and (41) in [3], from Lemma 3.1 (it should
be noticed however that a one-parameter version of [2, Lemma 5.1] is needed for the adaptation
of the latter result to our Donsker setting). The proof is thus finished once the lemmas below

are provern.
O

3. MOMENTS ESTIMATES IN THE DONSKER SETTING

In order to deal with our technical estimates, let us first introduce a new notation: set
p1 = (1 —5Y2)/2 and p, =(1+ 5'/2)/2. Then the moments of any integral of a deterministic
kernel f with respect to 6“¢ can be bounded as follows:

Lemma 3.1. Let m € N, f € L%([0,1]), i € {1,2} and € > 0. Recall that the random variable
n is assumed to be almost surely bounded by a constant k,. Then we have

1 ' 2m
([ soecyar) ] 12)
< ERIAIEE + sk (= A e A,

and

2m +1)!
LA C AR ICAR I )

</01f(”92’5<r>dr> Wl]

where ¢% is the quantity defined at (11).

Proof. We focus first on inequality (12) and divide this proof into several steps.
Step 1: Identification of some key iterated integrals. Notice that

)
([ o)

< / D] 1 o) [EO (1) - - 6 (ram))|dry -~ dram.
[071}2'm

Transforming the symmetric integral on [0,1]*™ into an integral on the simplex, and using
expression (4) for 6°, we can write the latter expression as:

n(e) kg2 kome?
2m)! 1 2m
e S A A B
Tk k=1 TETDE emole

ki > > kom
X |E(77/Z:c1 e '777;%)|I{r12r22~--2r2m}d7“1 cdroy, (14)
where n(e) = [8%] + 1 and where we understand that f(x) = 0 whenever z > 1.

Let us study now the quantities E(n,iCl . ~nzl). If there exists [ such that k; # k; for all
j # 1 then E(nfgl '--n,il) = 0. On the other hand, when kg1 = ko > kojyq for any I, we
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clearly have E(nfCl : ~~n}'€l) = 1. Finally, in the general case, for all [ € N, |E(77,iCl : nfﬂ)| < k:,l7
Separating the cases in this way for |E(77/%'gl . -nizm)], we end up with a decomposition of the
form E[( fo )05 (r)dr)*™] = T} + T2, where

n(a)

. (Qm)! /k152 /kls /kms /kms
Tm: 2m
€ k1—1)e2 J(k1—1)e km—1)e2 J (kpm—1)e

l{I1, ceey k:m =1
k1> >k
|fro)l - [ f (rom)| % I{ﬁZwZWZsz}dTl <o drom,
and where the term T2, is defined by:
(2m)! k2™
T =g — > Uni,..nes (15)

ni,...,ng >2;s€{l,...m-—1}
ni+---+ns =2m

with

Unl,...,ns = / 7'1 ’f(TQm)|I{r12r22---2r2m}dr1 T dr2m7 (16)
ki, ..., k —1 7 Pr ks
ki > > ks

and where we have set Dy, ..k, = [[5_;[(k; — 1)e?, kje?mi

Let us observe at this point that we have split our sum into 77}, and T2, because T}, represents
the dominant contribution to our moment estimate. This is simply due to the fact that T. is
obtained by assuming some pairwise equalities among the random variables n,i, while T2 is based
on a higher number of constraints. In any case, both expressions will be analyzed through the
introduction of some iterated integrals of the form

1
K, (kv,w) = - /[(k A H Lf ()] Lfwzry >y >0pdry -+ - dry,

defined for v,k > 1l and 0 <v <w < 1.

Step 2: Analysis of the integrals K,. Those iterated integrals are treated in a slightly different
way according to the parity of v. Indeed, for v = 2n, thanks to the elementary inequality
2ab < a® + b?, we obtain a bound of the form:

€)
Ko (k;v,w) (17)

2

e
Il
N
()
NV

IN
]
“’m‘ -
\

3 =

H< (w2i-1) +f (3621)> I > samy oo} 1 -+ dan

=1 [(k—1)e2ke2]2n 5
n(e) 1

< —_ f2:c1~-f2xnlww >z, >oydTy - dTo,
Z/K I 4 GO AL —

3 >

(

m
~—

/ fQ(;L‘l) e f2($n)l{w2$122$n21}}d$1 e dl’n
[(k 1)82 k€2]n

o

|
i~

< 0.1] f2($1) e f2(xn)'[{xl_x"<52}‘[{w2$1Z"'Zmnzv}dxl e dﬂi‘n
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The case v = 2n + 1 can be treated along the same lines, except for the fact that one has to
cope with some expressions of the form

> Ka(kso,w) < Z / o |f (@) £ (@2) Luwsa, >ap5vydo1des
_ k—1)e2 ke

1
< 6/[01]2 |f(x1)|f2($2)I{I17$2<62}I{w2$1ZxQZ’U}dl‘ldx2' (18)

Combining (18) and (17) we can state the following general formula: let v > 1, and define a
couple (v*,0) as: (i) v* =v/2, 0 =01if viseven, (ii) v* = (v+1)/2, » =1 if v is odd. With
this notation in hand, we have:

€)

=y

1 —5
Kﬂmw<4WVMWf%ﬂmmwmmm@}

=
Il

1

X I{le“lZ'"le,* zv}dxl s dxye. (19)
Step 3: Bound on TJ,. Tt is readily checked that T}, can be decomposed into blocks of the form
Ks(k;w,v), for which one can apply (19). This yields

2

1 (2m ! kie? kme ) )
Tm S 2m Z k f (7”1) ce. f (Tm)I{TIZTQZ'“ZT‘m}drl . e drm

Kt ook =1" (F1=1)e m—1)e?

Step 4: Bound on Un17_,_7ns. Recall that Uy, .., is defined by (16). We introduce now a recursion
procedure in order to control this term. Namely, integrating with respect to the last ns variables,
one obtains that

2m— ns

1 1
e R N DV [ e——
Ei,... kso1 =1 kyeks
k1> >ksa
X K, (kSQ 0; 7“2mfns) dry--- d7“2mfnS
Plugging our bound (19) on K, into this expression, we get

1 1 n 5) 2m— ns -
o S | 2 £ 1)
kl?' . '7k571 =1 Dkl‘“k [0 1] l 1
k;l > > ks—l

*
g

x H f2(yj)l{y1fyn; <2 i >0 >ram . Zy12--~2yn;}d7“1 e droymen,dy1 - dyns.
j=2
We can now proceed, and integrate with respect to the variables r; for 2m —ng —ngs_1 <[ <
2m — ng. In the end, since Y ng; = 2m, the remaining singularity in ¢ is of the form JJe™".
However, each of the singularity e ™ comes with an integral that compensates the singularity
g (recall that ng < 1). Hence, iterating the integrations with respect to the variables r, we
end up with a bound of the form

1 2(m—2) 1
o Unteens < 0o )wwm¢ﬂw il 757> (20)
Notice that when one of the terms nqy,no,...,ns of the decomposition of 2m is even the last

bound is easily obtained. On the other hand, we will illustrate with an example how the bound
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can be obtained when all the terms are odd. Let us consider the case m = ny = ny = 3.
Following our procedure we obtain that

Ui < 5 [ L) ] P 1)

2
e” Jo,14

><I{y1 *yz<€2}I{y3*y4<€2}1{y32y42y12y2}dy1 e dys

1 2 2 ) + 2 (y3)
5 [ e ( )

IN

2

XI{y1—y2<52}I{y3_y4<€2}I{y32y42y12y2}dy1 e dy4
1
= ¢§c62/ f2(y4)I{0§y3*y4<82}dy3dy4
= |I£1172¢5.

Step 5: Bound on T?. Owing to inequality (20), our bound on T2 can be reduced now to an
estimate of the number of terms in the sum over ny,...,ns in formula (15). This boils down
to the following question: given a natural number n, how can we write it as a sum of natural
numbers (larger than one)?

This is arguably a classical problem, and in order to recall its answer, let us take a simple
example: for n = 6, the possible decompositions can be written as {6;2 42+ 2;2+4;4+2;3+
3}. Furthermore, notice that the decompositions of 6 can be obtained by adding +2 to the
decompositions of 4 or adding 1 to the last number of the decompositions of 5. Extrapolating
to a general integer n, it is easily seen that the number of decompositions can be expressed
as Up—1, where (up)n>1 stands for the Fibonacci sequence. We have thus found a number of
decompositions of the form

Ny =512 (5™ = o071,

where the quantities p1, p2 appear in formula (12). Moreover, the number of terms in 75 is given
by Na,, — 1, the —1 part corresponding to the term 77.

Putting together this expression with (20) and the result of Step 3, our claim (12) is now
easily obtained.

Step 6: Proof of (13). The proof of (13) follows the same arguments as for (12). We briefly
sketch the main difference between these two proofs, lying in the analysis of the term Uy, . n,.
Indeed, since we are now dealing with an odd power 2m + 1, the equivalent of (20) is an upper
bound of the form

m—1

ot I Pl za, yden - domo. (21)
9y ]:1

1 /ot
5/0 /0 ’f(yl)|f2(y2)1{|y1—y2|<52}dy1dy2

Furthermore, applying Holder’s inequality twice, we obtain

1A (y2+€?)

1 1 1 1 1
/ / If(y1)|f2(y2)1{|y1—y2<a2}dy1dyz:/ f2(yz)/ | (y1)|dyrdys
€Jo Jo € Jo 0V (y2—e?)

1

1 1 3 1
s( / / f2(yl)f2(yz)f{|y1—y2|<52}dy1dy2> 112 = (6% 1122,
0 0

and thus we can bound (21) by ﬁ_l),(qb‘;)% HinZ”*l, which ends the proof.
O

Our next technical lemma compares the moments of a Wiener type integral with respect to
0 and with respect to the white noise.
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Lemma 3.2. Let m € N, f € C%([0,1]), i € {1,2}, € > 0 and for m > 1, set
1 ) 2m 1
| rear) | = g [P Pl ds).
0 2mm) [071]771
Then

(1) We have Jy < 2| fl 22|l |-

(2) For any m > 1, the following inequality holds true, where we recall that pi,pa have been
defined just before Lemma 3.1:

1
(m—1)!

1
In =|—=——F
(2m)!

Jm < e fllall FI72

k™ 2m—1 _ 2m—1 2m—2 |
+ (" = ") (9 )z F1I2

V5(m — 2)!

Proof. We divide again this proof into several steps.

1 m—2) e
Al e ] A

Step 1: Variance estimates. We prove here the first of our assertions: Notice that

/ f2 (s1)ds1 = BY) Z/ 1)52/ 51 )dsads.

n(e)

(/01 F(r)6 (r)dr ) ] 222 Z/ /(:i)g2 f(r1) f(r2)dradry.

On the other hand

We thus get

Ji = / 1)52/ f(r2) = f(r1))dradry

T
= 252/ / flr)(f(r2) (Zf[k 1,k)2 <€§a€;)> dradry

and hence this quantity can be bounded as follows:

252/ / ’f 7’1 H 742 (7"1))’I{‘Tl_r2|<€2}d7“2d7“1

N T 1 AT A a—rer
£ 0 0
< fll2 )l fllas

which is the first claim of our lemma.

)

J1

IN

IN

Step 2: decomposition for higher moments: We can follow exactly the computations of Lemma
3.1, Step 1, in order to get

1 1 ' 2m _ ~
Tm),E [( /0 f(r)ew(r)dr) =T, +17,
with 77, = (QTil)! for 5 = 1,2. Furthermore, the term T,% can be bounded as in Lemma 3.1, and
btai
e 2 k" om—1 _ 2m—1 2m—2
Tl < == (02" = ") (¢ D12 (22)

~ Vo(m - 2)!
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Step 3: Study of Tﬁl : We analyze T#z in a slightly different way as in Lemma 3.1. Namely, we
first write

<1 1 kls k‘1€ kmE k‘mE

T = 55— / / / / o f(ram)

m 2 m
2megsm ko, k1—1)e2 J (k1 —1)e km—1)e2 J (km—1)e

m:1

kl > > kg
X I{{Tl77"2}2'"2{7’2m71,7“2m}}d741 e drom,  (23)

where we have written {a,b} > {c,d} for a Ab > ¢V d. We will now compare this quantity with
another expression of the same type, called 7'}, and defined by

. 1 /{071]771 f2(s1) - fPspm)dsy - - - dsp,.

1 _
T = 2mm)

Let us thus write T,}I as

1 m
e 2m/mmHf2<8j>f{s@...25m}d81---dsm

1 kie2 kg2 m
= 277” / / H S] I{s1> >5m}d81---d3m

k)l,..., km =1 (k1 —1)e km—1)e Jj=1
k1> >km
1 n(s k‘la kmE m ~3
= om Z / / H (85) sy >80} d51 - dsm + Thy,,
k1— 1)62 (km—1)e2 - -
ki,..., km =
k1> -
where T% represents the part of the sum taken over the indices k1, ..., k,, such that there exist
[ satisfying k; = kj41. However, this latter term can be bounded as in (20), yielding
-1
3 m—2) ¢ m—2)
721 < T g 507 < g M5 (24)

Step 4: Conclusion. Putting together the decompositions we have obtained so far, we end up

with
1 nz(e: kie2 /k1€2 / /km82
2me2m . (k1—1)e2 J (k1 —1)e2 Km “1)e2

)

k:1> >l€

Jm < T2+ |T3 | +

[F1) -+ Fram) = P20 208) -+ £ Fam1)] Iims s> ram s a3 471 -+~ drom

TR TR + g [ (50) S ram) = PO 5) P

[0,1]>
X I{\r17r2|<52} cee I{‘TQm—17r2m|<52} d’l’l s d’l"gm.
Invoking our estimates (22) and (24) on T2 and T2, our bound on .J,, easily reduced to check
that

1
2mmle2m

/ |f(r1) - f(ram) — f2(r1) f2(rs) -+ f(ram—1)|
[0’1]2’)’)‘1

1
X Ly —ryl<e?} * L{jram 1 —ram|<e2}dr1 - drom < ﬁ QQHfH ||f||2m -
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The latter inequality can now be obtained from the decomposition

|f(r1) - f(ram) = f2(r) f2(rs) -+ f2(ram—1)]
= |f(r)(f(r2) = f(r)) f(ra) f(ra) - f(ram)
+12(r1) f(rs)(f(ra) = f(r3)) f(rs) f(re) - f(ram)
+...
+£2(r1) 2 (r3) e 2 (rom—3) f (Tom—1) (f (r2m) — f(ram—1))] ,

the inequalities

1 1 1
252/0 /0 PPy —py)<c2dradry < || fI172,

1 1 1
gz [ ] HO0SC I cdradr <11

and from the estimate we have already obtained for J;. This finishes the proof.

Finally, the characteristic function of a Wiener type integral of the form fo 70" (r)dr can
be compared to its expected limit fo r)dWF in the following way:

Lemma 3.3. Let f € C*([0,1]) for a certain o € (0,1), k € {1,...,d} and € > 0. For any
u € R, we have:

‘E i ]0 (r)gk-s (r )dr] _ E[ iu ]0 de]

< 4(1/5) 20 (65)2 || f |l 2k exp(Au?k2| £132) + 12 fllall f]l 22 exp(u?] £]132)
+857 120 (¢5)2 | fI[3 k2 exp (4w k2| £[3) + (1/2)u" 65 exp(u?] [132).

Proof. Let us control first the imaginary part of the difference. Using lemma 3.1, and invoking
the fact that the odd moments of a Gaussian random variable are null, we get

‘Im (E[ iu [ f( 9k5(r)dr] B E[emfol f(r)dwﬁ])‘
|u|2m+1

00 2m+1
kz—:
z (/ sowei)

(03 = o) (692 117

<!
m=1

< 4(1/5) 20 (65)2 | £ 2k Z m=1) (4k3 1 flI72u)"

m—1

4(1/5) 20 (65)2 | £ 2K exp(4u2k?7||f||m)-
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In order to control the real part of the difference, we will use Lemma 3.2. This yields:
‘RG(E [eiufol f(r)ék,f(r)dr] _ [ mfo de] ) ‘

<Zu2m ] e fllall A7

+u <¢f>%7||f||p nZ oy )" -
4 Lusgs f TR
27 " £ (m—2)! L

The latter quantity can be bounded by

o 8 1
u?e | fllall Il 2 exp(u®(| £72) + ﬁ”4(¢§>2 |1 £172k5 exp(4u?ky | f1I72)
1
+ oo exp(u | 132),
which ends the proof.
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