DELAY EQUATIONS DRIVEN BY ROUGH PATHS
A. NEUENKIRCH, I. NOURDIN AND S. TINDEL

ABSTRACT. In this article, we illustrate the flexibility of the algebraic integration formal-
ism introduced in M. Gubinelli (2004), Controlling Rough Paths, J. Funct. Anal. 216,
86-140, by establishing an existence and uniqueness result for delay equations driven by
rough paths. We then apply our results to the case where the driving path is a fractional
Brownian motion with Hurst parameter H > %

1. INTRODUCTION

In the last years, great efforts have been made to develop a stochastic calculus for
fractional Brownian motion. The first results gave a rigorous theory for the stochastic
integration with respect to fractional Brownian motion and established a corresponding
It6 formula, see e.g. [1, 2, 3, 6, 18]. Thereafter, stochastic differential equations driven
by fractional Brownian motion have been considered. Here different approaches can be
used depending on the dimension of the equation and the Hurst parameter of the driving
fractional Brownian motion. In the one-dimensional case [17], existence and uniqueness
of the solution can be derived by a regularization procedure introduced in [21]. The case
of a multi-dimensional driving fractional Brownian motion can be treated by means of
fractional calculus tools, see e.g. [19, 22] or by means of the Young integral [13], when
the Hurst coefficient satisfies H > % However, only the rough paths theory [13, 12] and
its application to fractional Brownian motion [5] allow to solve fractional SDEs in any
dimension for a Hurst parameter H > }L. The original rough paths theory developed
by T. Lyons relies on deeply involved algebraical and analytical tools. Therefore some
alternative methods [8, 9] have been developed recently, trying to catch the essential
results of [12] with less theoretical apparatus.

Since it is based on some rather simple algebraic considerations and an extension of
Young’s integral, the method given in [9], which we call algebraic integration in the sequel,
has been especially attractive to us. Indeed, we think that the basic properties of fractional
differential systems can be studied in a natural and nice way using algebraic integration.
(See also [16], where this approach is used to study the law of the solution of a fractional
SDE.) In the present article, we will illustrate the flexibility of the algebraic integration
formalism by studying fractional equations with delay. More specifically, we will consider
the following equation:

{ Xe=6&+ [ 0(Xe, Xoorps ooy Xomn )ABs + [70( X, Xgorys o, Xgopy)ds, ¢ €[0,7T7,
Xt - gta te [_Tk,()]-
(1)
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Here the discrete delays satisfy 0 < r; < ... < rpy < oo, the initial condition £ is a
function from [—7y, 0] to R”, the functions o : R 1 — R%d p : RWAL - R™ are
regular, and B is a d-dimensional fractional Brownian motion with Hurst parameter H >
%. The stochastic integral in equation (1) is a generalized Stratonovich integral, which
will be explained in detail in Section 2. Actually, in equations like (1), the drift term
fg b(Xs, Xs—rys -y Xs—r, )ds is usually harmless, but causes some cumbersome notations.
Thus, for sake of simplicity, we will rather deal in the sequel with delay equations of the
type

{ Xo=&+ [ 0(Xo, Xoorys oo Xoop )ABs,  t€1[0,T7, @)

X =&, t € [—rg,0].

Our main result will be as follows:

Theorem 1.1. Let £ € CH([—1, 0;R"), o € CH(R™ 1, R™) and let B be a d-dimensio-
nal fractional Brownian motion with Hurst parameter H > % Then equation (2) admits
a unique solution on [0,T] in the class of controlled processes (see Definition 2.5.)

Stochastic delay equations driven by standard Brownian motion have been studied
extensively (see e.g. [15] and [14] for an overview) and are used in many applications.
However, delay equations driven by fractional Brownian motion have been only considered
so far in [7], where the one-dimensional equation

{ Xo =&+ fyo(Xap)dB+ [y b(X,)ds, € [0,T], (3)
X = 6157 te [—7“, 0]?

is studied for H > 5. Observe that (3) is a particular case of equation (2).

To solve equation (2), one requires two main ingredients in the algebraic integration
setting. First of all, a natural class of paths, in which the equation can be solved. Here, this
will be the paths whose increments are controlled by the increments of B. Namely, writing
(02)s¢ = 2z — zs for the increments of an arbitrary function z, a stochastic differential
equation driven by B should be solved in the class of paths, whose increments can be
decomposed into

Zt_zs:Cs<Bt_Bs)+psta fOl" 0§5<t§T?

with ¢ belonging to C] and p belonging to C;7, for a given v € (3, H). (Here, C! denotes
a space of p-Hélder continuous functions of i variables, see Section 2.) This class of
functions will be called the class of controlled paths in the sequel.

To solve fractional differential equations without delay, the second main tool would be
to define the integral of a controlled path with respect to fractional Brownian motion and
to show that the resulting process is still a controlled path. To define the integral of a
controlled path, a double iterated integral of fractional Brownian motion, called the Lévy
area, will be required. Once the stability of the class of controlled paths under integration
is established, the differential equation is solved by an appropriate fixed point argument.

To solve fractional delay equations, we will have to modify this procedure. More specif-
ically, we need a second class of paths, the class of delayed controlled paths, whose incre-

ments can be written as
k

2 — 2g = CS(O)(Bt — B,) + Z Céz) (Bi—y, — Bs—y;) + pst, for 0<s<t<T,

=1
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where, as above, () belongs to C] for i = 0,...,k, and p belongs to C%7 for a given
1

3 < 7 < H. (Note that a classical controlled path is a delayed controlled path with
(W =0fori=1,...,k) For such a delayed controlled path we will then define its
integral with respect to fractional Brownian motion. We emphasize the fact that the
integral of a delayed controlled path is actually a classical controlled path and satisfies a
stability property.

To define this integral we have to introduce a delayed Lévy area B?(v) of B for v €
[—rk,0]. This process, with values in the space of matrices R%? will also be defined as an

iterated integral: for 1 <14, < dand 0 < s <t <T, we set
B()(i.) = [ a8, [ dB = [ (Bl - BLOCE,
s s+v S

where the integral on the right hand side is a Russo-Vallois integral [21]. Finally, the
fractional delay equation (2) will be solved by a fixed point argument.

This article is structured as follows: Throughout the remainder of this article, we
consider the general delay equation

dyt - U(yu yt—'r’17 oo 7yt—7‘k>dxt7 t e [07 T]7 (4)
Y = £t7 te [_rkao]v

where x is y-Hoélder continuous function with ~v > % and £ is a 2y-Holder continuous
function. In Section 2 we recall some basic facts of the algebraic integration and in
particular the definition of a classical controlled path, while in Section 3 we introduce the
class of delayed controlled paths and the integral of a delayed controlled path with respect
to its controlling rough path. Using the stability of the integral, we show the existence
of a unique solution of equation (4) in the class of classical controlled paths under the
assumption of the existence of a delayed Lévy area. Finally, in Section 4 we specialize our
results to delay equations driven by a fractional Brownian motion with Hurst parameter

1

2. ALGEBRAIC INTEGRATION AND ROUGH PATHS EQUATIONS

Before we consider equation (4), we recall the strategy introduced in [9] in order to
solve an equation without delay, i.e.,

dyt = U(yt)d.flft, te [O, T], Y = & € Rn, (5)

where z is a R%valued ~-Hélder continuous function with v > %

2.1. Increments. Here we present the basic algebraic structures, which will allow us
to define a pathwise integral with respect to irregular functions. For real numbers 0 <
a <b<T < oo, avector space V and an integer £ > 1 we denote by Ci([a,b]; V)
the set of functions g : [a,b]* — V such that Gt,--1, = 0 whenever t; = t,4, for some
1 <i < k—1. Such a function will be called a (k — 1)-increment, and we will set
Ci(la,b]; V) = Up>1Ck([a, b]; V). An important operator for our purposes is given by

k+1

0 Ck([a7 b], V) - Ck’-i-l([a’ b]’ V)? <5g)t1"'tk+1 - Z(_l)k_igtl"'fi"'tk+l’ (6)

i=1



4 A. NEUENKIRCH, I. NOURDIN AND S. TINDEL

where ¢; means that this argument is omitted. A fundamental property of § is that 66 = 0,
where 6 is considered as an operator from Ci([a, b]; V') to Cri2([a,b]; V). We will denote
ZCi([a,b]; V) = Ci([a, b]; V') N Kerd and BCx([a,b]; V) = Cr([a, b]; V) N Imé.

Some simple examples of actions of § are as follows: For g € C;([a,b]; V), h € Co([a, b]; V)
and f € C3([a,b]; V') we have

(5g)st = 09t — Ys, (5h)sut = hst - hsu - hut and (5f)suvt = fuvt - fsvt + fsut - fsuv

for any s, u,v,t € [a,b]. Furthermore, it is easily checked that ZCy1([a, b]; V') = BCx([a, b];
V) for any k > 1. In particular, the following property holds:

Lemma 2.1. Let k > 1 and h € ZCy41([a,b]; V). Then there exists a (non unique)
f € Ci([a,b]; V) such that h = df.

Observe that Lemma 2.1 implies in particular that all elements h € Cy([a,b]; V) with
dh = 0 can be written as h = 0f for some f € Cyi([a,b]; V). Thus we have a heuristic
interpretation of d0|c, (fa,5;v): it measures how much a given 1-increment differs from being
an exact increment of a function, i.e., a finite difference.

Our further discussion will mainly rely on k-increments with k£ < 2. For simplicity of
the exposition, we will assume that V' = R? in what follows, although V could be in fact
any Banach space. We measure the size of the increments by Hélder norms, which are
defined in the following way: for f € Cy([a,b]; V) let

|fst|
[fllp = sup

s,t€la,b] ’t - S|N

and

C5 ([a, b; V) = {f € Calla, b; V); [ f]lu < o0}
Obviously, the usual Holder spaces Ci'([a,b]; V') are determined in the following way: for
a continuous function g € Cy([a,b]; V') set

gll = 11991,

and we will say that g € C{([a, b]; V') iff ||g||, is finite. Note that |- ||, is only a semi-norm
on Cy([a,b]; V'), but we will work in general on spaces of the type

Clalla,0; V) ={g:[a,0] = V; ga = o, [lgll,, < o0},
for a given o € V, on which ||g|,, is a norm.

For h € C3([a,b]; V) we define in the same way

|hfsut’
h = sup
|| ”%p s,u,t€[a,b] |u_8|’7|t_u|ﬂ

(7)

|h]|, = inf {Z |\ Rill pipi—pis (Pis Bi)ien With h; € Cs([a, b]; Zh h,0 < p; < u} .

Then || - ||, is a norm on Cs([a, b]; V), see [9], and we define
Cs ([a, b; V) := {h € Cs([a, 0]; V); ([l < 00}

Eventually, let C3*([a,b]; V) = U,=1C4([a,b]; V) and note that the same kind of norms
can be considered on the spaces ZCs([a;b]; V), leading to the definition of the spaces
2C4([a;b]; V) and ZC5* ([a, b]; V).
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The crucial point in this algebraic approach to the integration of irregular paths is that
the operator 0 can be inverted under mild smoothness assumptions. This inverse is called

A. The proof of the following proposition may be found in [9], and in a simpler form in
[10].

Proposition 2.2. There exists a unique linear map A : ZC3% ([a,b]; V) — Cy" ([a,b]; V)
such that

(5A = Id C1+ ([a,b];V) and A5 = [dC1+ ([a,b];V)*

In other words, for any h € C3([a,b]; V) such that 6h = 0, there exists a unique g =
A(h) € C1+([a b; V') such that 59 = h. Furthermore, for any p > 1, the map A is
continuous from ZC4([a,b]; V') to C§([a,b]; V) and we have

IAR]], < 3 h e 2Cy([a,b]; V). (8)

This mapping A allows to construct a generalised Young integral:
Corollary 2.3. For any 1-increment g € Ca([a,b]; V) such that g € C3T([a,b]; V) set
df = (Id— Ad)g. Then

(0f)se = lim thztzﬂ

|Hst‘—>

for a < s <t <b, where the limit is taken over any partition llg = {to = s,...,t, =t}
of [s,t], whose mesh tends to zero. Thus, the 1-increment [ is the indefinite integral of
the 1-increment g.

We also need some product rules for the operator 6. For this recall the following
convention: for g € C,([a,b);R") and h € Cp([a,b];R4P) let gh be the element of
Covem1([a, b RI?) defined by

(gh)tl ..... tmtn—1 — Gt1,..., tnlit, ., tngn—19 (9)
for t1,...,tmin-1 € [a,b].
Proposition 2.4. It holds:
(i) Let g € Ci([a,b]; RY) and h € Cy([a,b], R?). Then gh € Ci(R!) and
d(gh) =d0gh+ goh.
(ii) Let g € Cy([a,b]; RY) and h € Co([a, b]; RY). Then gh € Co([a,b]; R!) and
d(gh) = —0gh + goh.
(iii) Let g € Ca(la,b]; R) and h € Cy([a,b]; R?). Then gh € Ca([a, b]; R") and
d(gh) = dgh + gdh.
(iv) Let g € Co([a,b]; RY) and h € Cy([a, b]; RP). Then gh € C3([a, b]; R"P) and
d(gh) = —0gh + goh.
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2.2. Classical controlled paths (CCP). In the remainder of this article, we will use
both the notations fst fdg or Js(f dg) for the integral of a function f with respect to a
given function g on the interval [s,¢]. Moreover, we also set || f||c = supera: |f(2)] for a
function f : R* — R™". To simplify the notation we will write C; instead of C}([a, b]; V),
if [a,b] and V' are obvious from the context.

Before we consider the technical details, we will make some heuristic considerations
about the properties that the solution of equation (5) should enjoy. Set 6, = o (y;), and
suppose that y is a solution of (5), which satisfies y € Cf for a given % < Kk < 7. Then
the integral form of our equation can be written as

t
Y = « +/ Gudx,, te[0,7]. (10)
0

Our approach to generalised integrals induces us to work with increments of the form
(0y)st = y+ — ys instead of (10). It is immediate that one can decompose the increments
of (10) into

t t
(0Y)st = / udy = 05(0x)s + psr With  pg = / (G — O5)dxy,.

We thus have obtained a decomposition of y of the form dy = 6ox + p. Let us see, still
at a heuristic level, which regularity we can expect for ¢ and p: If ¢ is bounded and
continuously differentiable, we have that ¢ is bounded and

160 = &s| < [10”|o |y llslt — 17,

where ||y||. denotes the r-Holder norm of y. Hence ¢ belongs to Cf and is bounded.
As far as p is concerned, it should inherit both the regularities of d¢ and x, provided
that the integral f;(&u — 0g)dx, = f;(&})sudmu is well defined. Thus, one should expect
that p € C3". In summary, we have found that a solution dy of equation (10) should be
decomposable into

Sy=60x+p with & €C} bounded and p € C". (11)

This is precisely the structure we will demand for a possible solution of equation (5)
respectively its integral form (10):

Definition 2.5. Let a < b < T and let z be a path in Ci([a,b]; R™) with k < v and
2k +v > 1. We say that z is a classical controlled path based on x, if z, = a € R™ and
dz € C5([a,b]; R™) can be decomposed into

dz=Cox+r, de (02)g="C(0T)s + pst, St € [a,b], (12)

with ¢ € C([a,b]; R™) and p € C2*([a, b]; R™).

The space of classical controlled paths on [a,b] will be denoted by Q ([a,b];R™), and a
path z € Q, o([a, b]; R™) should be considered in fact as a couple (z,().

The norm on Q, »(la, b]; R™) is given by

Nz; Qu.al[a,b];R")] = sup —’<5Z>St| + sup [pst] + sup |G|+ sup —|(5C)St’

s,t€[a,b] |S - t|'{ s,t€(a,b] |S - t|2'$ t€[a,b] s,t€[a,b] |S — t|’§‘
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Note that in the above definition « corresponds to a given initial condition and p can
be understood as a regular part. Moreover, observe that a can be negative.
Now we can sketch the strategy used in [9], in order to solve equation (5):
(a) Verify the stability of Q, »([a,b]; R") under a smooth map ¢ : R" — R™.
(b) Define rigorously the integral [ z,dz, = J(zdx) for a classical controlled path z
and compute its decomposition (12).
(c) Solve equation (5) in the space Q, ([a,b]; R™) by a fixed point argument.
Actually, for the second point we had to impose a priori the following hypothesis on the
driving rough path, which is a standard assumption in the rough paths theory:

Hypothesis 2.6. The Ré-valued v-Hélder path = admits a Lévy area, i.e. a process
x2 = J(dzdz) € C2([0,T); R%%), which satisfies 6x* = dx & 0z, that is

[(0%®)sut] (i, 7) = [62"|su[627)ue,  for all s u,t €[0,T], 4,5 €{1,...,d}.
Then, using the strategy sketched above, the following result is obtained in [9]:

Theorem 2.7. Let x be a process satisfying Hypothesis 2.6 and let o € C*(R™; R™%) be
bounded together with its derivatives. Then we have:
(1) Equation (5) admits a unique solution y in Q. .([0,T];R™) for any k < 7 such
that 2k +~ > 1.
(2) The mapping (o, z,x2) — vy is continuous from R™xC7 ([0, T]; RY) xC37 ([0, T]; R%4)
to Qu.a([0,T];R™), in a sense which is detailed in [9, Proposition §].

3. THE DELAY EQUATION

In this section, we make a first step towards the solution of the delay equation

dyt = U(ytv Ytorys - - 7yt*7"k)d$t’ te [O’ T]’ (13)
v = &, t e =0,

where z is a R%valued -Hélder continuous function with v > %, the function o €

C3(R™F+1; R™4) is bounded together with its derivatives, ¢ is a R"-valued 2y-Holder
continuous function, and 0 < ry < ... < r, < oo. For convenience, we set 7o = 0 and,
moreover, we will use the notation

S(Y)t = (Ytorys -+ s Ytery, ), te|0,7T]. (14)

3.1. Delayed controlled paths. As in the previous section, we will first make some
heuristic considerations about the properties of a solution: set 6; = o(y, s(y)¢) and
suppose that y is a solution of (13) with y € Cf for a given % < Kk < . Then we can write
the integral form of our equation as

¢ ¢
(0Y)st = / Oudr, = 05(0x) s + ps With  pg = / (Gy — G5)dxy,.

Thus, we have again obtained a decomposition of y of the form dy = ¢dx + p. Moreover,
it follows (still at a heuristic level) that & is bounded and satisfies

k

60— 64 < 110" lloo 3 1o = Yol < G+ 1)1 [cllyllo ¢ — s
i=0
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Thus, with the notation of Section 2.1, we have that ¢ belongs to C{ and is bounded. The
term p should again inherit both the regularities of 66 and x. Thus, one should have that
p € C2%. In conclusion, the increment dy should be decomposable into

Sy =60x+p with &€ bounded and p € C3". (15)

This is again the structure we will ask for a possible solution to (13). However, this
decomposition does not take into account that equation (13) is actually a delay equation.
To define the integral fs § o.dx,, we have to enlarge the class of functions we will work
with, and hence we will define a delayed controlled path (hereafter DCP in short).

Definition 3.1. Let 0 < a < b < T and z € C{([a, b]; R") with 5 < xk <. We say that z
is a delayed controlled path based on x, if z, = « belongs to R™ and if 6z € C§([a, b]; R™)
can be decomposed into

k
(5Z)st = Z Cgl) ((51’)8,,,2.7,5,” + Pst fOT‘ Sat € [CL, b]: (16)
i=0
where p € C2%([a,b]; R") and ¢ € Cf([a,b]; R™?) fori=0,... k.
The space of delayed controlled paths on [a,b] will be denoted by Dy o([a,b];R™), and a
path z € Dy o([a, b]; R™) should be considered in fact as a (k + 2)-tuple (2,0, ... ¢®).
The norm on D, ([a, b]; R™) is given by

5Z)St‘ ’pst|
Nz Dyalla,b; R")] = sup I + sup -
’ s,t€[a,b] |S - tln s,t€[a,b] ‘5 — t’2H
Zk: 1) Zk: [(6¢7) ot
+ sup + sup —————.
i—o t€lab] ' i—o St€lab] |S — t!”

Now we can sketch our strategy to solve the delay equation:
(1) Consider the map T, defined on 9, o ([a,b]; R") x Q, a([a — i, b — r1];R™) by

(Ty(2,2)) = oz, 8(3),),  telab] (17)

where we recall that the notation §(2) has been introduced at (14). We will show
that T, maps Q, »([a, b]; R™) x Q, 4([a — 7k, b — r1]; R™) smoothly onto a space of
the form D, 4([a, b]; R™9).

(2) Define rigorously the integral [ z,dz, = J(zdz) for a delayed controlled path
z € Dypala,b]; R™), show that J(zdz) belongs to Q, . ([a,b];R?), and compute
its decomposition (12). Let us point out the following important fact: 7, creates
“delay”, that is T,(z,%) € D, al[a,b];R™?), while J creates “advance”, that is
J(zdz) € Q. o([a, b]; R™).

(3) By combining the first two points, we will solve equation (13) by a fixed point
argument on the intervals [0, 7], [r1, 2rq], ... .

3.2. Action of the map 7 on controlled paths. The major part of this section will
be devoted to the following two stability results:
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Proposition 3.2. Let 0 < a < b < T, let a, @ be two wnitial conditions in R™ and let
¢ € C3(R™HLRY) be bounded with bounded derivatives. Define T, on Q, o([a;b]; R™) x

Qualla—1eb—r;R™) by T,(2, 2) = 2, with

2 = (,O(Zt,5(§>t), te [CL, b]
Then, setting & = p(a,5(2,)) = (@, Zaerys - -+ Zary_,» @), we have Ty(2, 2) € Dy a[a; b];
R!) and it admits a decomposition of the form

k
(82)y = G (02) + 3 CO () soryimrs + Psts 5.t € [a1)], (18)

i=1

where é, f(i) are the R -valued paths defined by
. 0 . 0 -
(= (i(zs,s(z)s), o —Sp(zs,s(z)s)) Cs, s € [a,b],

81'17() ’ 8$n70
and
» 0 0 5
{0 = (Wii(zs,s(%)s), e Wi(zs,ﬁ(%)s)) Cs—ris s € la, b],
fori=1,... k. Moreover, the following estimate holds:

N2 Do b RY] (19)
S CLp,T (]- —|—N2[Z, Qn,a([aa b]uRn)] +N2[2; Qn,&([a — Tk, b - Tl]anﬂ) )
where the constant c,r depends only ¢ and T.

Proof. Fix s,t € [a,b] and set
, Oy . Op .
(1) — ( 2 —r
(0N (Gxu (25,8(2)s)s -+ » Do (25,5(z)s)> )

forv=0,...,k. It is readily checked that

(62)515 = gp(’zt*T07 Zt*TN R 515*77@) - gD(’ZS*T()? 5877'17 e 7’%877%)

k
- wg())cs(éx)‘% + Z wgi)gs—n((sx)s—m,t—m + ﬁit + pft?
=1

k
ﬁ;t = wgo)pst + Z @ngz)ﬁs—m,t—rw
i=1
Pst — Sp(zt—roa 2t—r17 sy zt—rk) - Qp(zs—roa 25—7“17 ey 2s—rk)

k
O F2)0 = 3 OG0 i
i=1

(i) We first have to show that p!,p? € C2%([a,b];R"). For the second remainder term
Taylor’s formula yields

k
. 1 _
|p§t < 5”90/,”00 <|(52)8t|2 + Z |(52)S_Ti7t_ri|2> ’

=1
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and hence clearly, thanks to some straightforward bounds in the spaces O, we have

lb\S n n
% < 519"l (N?[ Qo[ B R") +ZN2 2 Quulla—rib— 1R >]> .
(20)
The first term can also be bounded easily: it can be checked that

|t'fs;| _||so||oo( [p;cgﬂqa,b];w+ZN[ﬁ,C§“<[a—mb—m%R">]) (1)

Putting together the last two inequalities, we have shown that decomposition (18) holds,
that is

(6 ) w CS 55(] 3t+zw(l s i (51’)5 7 t— rl‘i‘pst

with pg = py + p3 € C3%([a, D RY).
(i) Now we have to consider the “density” functions
=%, (=900,  selabl

Clearly Qc , é (@) are bounded on |a, b],~ because the functions ¢® are bounded (due to the
boundedness of ¢') and because ¢, (V) are also bounded. In particular, it holds

sup |G| < [l¢'flo sup |Gl sup [C17] < [1¢/lloo sup [Corl (22)
s€la,b] s€la,b] s€la,b] s€la,b]
fori=1,...,k. Moreover, for i = 1,...,k, we have

¢ — (0|

< (W8 = NGy v + [(Cormr = Coar D)

k
<" llool2s, — 25, sUpP |Cs vl + ||90”||o<>2|251 —r; 552—r]-| sup [Cs—r,|
s€la,b] j=1 s€la,b]

+ ”¢ 7 HOO|C81—7%' - <S2—n'|

< N¢"lleo N2; €7 ([a, b]; R™)] sup |Cs—ri| [$52 — s1]" (23)
s€la,
k ~
+ HQDHHOO ZN[27C?([CL - rj>b - rj];Rn)] sup ‘Csfm S92 — 81 "

j=1 s€[a,b]

+ 1D NG CF([a = 75 = 7il; R)] |55 — 1"

Similarly, we obtain

oo = Gl < 19" lloo Mz CE ([ BER™)] sup G| |52 — 5]

s€la,b]

s€la,b]

k
H" oo Y N CF([a =1y, b— i R™)] sup |G [s2 — 51/
j=1

Do NG CF ([, B R™)] [ 52 — 51" (24)
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Hence, the densities satisfy the conditions of Definition 3.1.

(#i) Finally, combining the estimates (20), (21), (22) and (23) yields the estimate (19),
which ends the proof. 0

We thus have proved that the map T, is quadratically bounded in z and Z. Moreover, for
fixed Z the map T,,(+, 2) : Q, o([a;b]; RY) — D, 4([a; b); RY)] is locally Lipschitz continuous:

Proposition 3.3. Let the notation of Proposition 3.2 prevail. Let 0 < a < b < T, let
2 22 e 9, .([a,b];R") and let Z € Q. a([a — ry, b —r1];R™). Then,

NTp(2W, 2) = T (2, 2); Do ([a; b RY)] (25)
< cyr (1 + C'(z(l), 22 2))2/\/[Z(1) — 2. Qu.ol[a, b]; R™)],
where
C(zW, 2@ %) = N[ Qralla — 74, b — r1]; R™)]
N[ Qualfa, B R + N[z®: Qpa(la, B R™)] (26)
and the constant c,r depends only on ¢ and T

Proof. Denote 29 = T,(z1), ) for j = 1,2. By Proposition 3.2 we have

k
(52(j))st = és(j) (&E)St + Z <As(m.) (5m)s—m,t—m + ﬁg)a s,t € [av b]

=1
with
(O = @A) (D = @I g€ a, bl

where

W = (agp(s%s(z)s),m, e <z§j>,s<%>s>>’ selob)

691:1 i &’Um-

A(L7) | A(2:9)

fori =0,...,k, 7 =1,2. Furthermore, it holds ﬁﬁ? = pg" + psi”, Where

(1,5 -
pgt]) =¢ pst +Z¢ J):Os Tit—Tis

A(20) _ () @ = 5
pst (Zt ro? i (SRR 7275*%) o U(Zs—ro7 Rs—ris e~ ZS*TJC)

%UO] 52(] szj 528 Ti,t—7;*

Thus, we obtain for 2 = 2 — 22 the decomposition
k

(52)% = As(i) (555)5—”,75—” + Pst
=0

with §§0) = ¢§°’”§§1> — ¢§0’2)C§2), the paths (@ are defined by fsi) = (¢§’71) — ¢§i’2))§s_”

forve=1,...,k, and py = ﬁg) — ﬁg)
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In the following we will denote constants (which depend only on 7" and ¢) by ¢, regard-
less of their value. For convenience, we will also use the short notations N[Z], Nz(V],
N[z?] and N[z(V) — 2] instead of the corresponding quantities in (25)-(26).

(i) We first control the supremum of the density functions ¢, i = 0,... k. For i = 0,
we can write

G =D = () + (@) = )
and thus it follows
: = [e] - + 00 |Z -z
171 < ool 6V = CPNCEPT + (19" ool 250 = 22|
<c(1+N[P]) NzW — 23] (27)
Similarly, we get
€9 < eNEN[ = 2. (28)
(7i) Now, consider the increments of the density functions. Here, the key is to expand the
expression ¥ — " for i = 0,..., k. For this define
ug(r) = (20 =)+ 22, re0,1], se€lab]

We have
0P ) o o9 ) /s Oy 3 A i
Oy, T 9 = —T(u(1 _ 9%
895[71,(23 ,5(2),) xl,’i(zs ,5(2),) 89@72-(“3( ):5(2)s) 8xl,i(us(0)’5(z)s>
= AL o)
where

%ﬂaf(—fﬂ4%mﬁ@an—fﬁ—%vM@m)w

83:1’08:6171 axn,Oaxl,i

Hence it follows
¢ w(zg _ ( lz)( £1) B z£2))’ o ’egn,i)(zgl) _ zf))) ' (29)

Note that 4% is clearly bounded and, under the assumption ¢ € C?3, it moreover satisfies:

169 — 90| < ¢ (NT2D] + N[2P] + NT2)) |t — s]*. (30)

For : = 0 we can now write
2(0) _ A0) — (,,01) _1(0,1) 1) _ A2 (0,1) 1) _ @y _ ) _ ~2)
Ct Cs wt ws (Cs Cs )+ wt (Ct gt ) (Cs Cs )
£ (O =) (= ¢ ¢ (@ = 00 = @D 0.
It follows
G = O < e WD)+ N [t = s]"NzW = 20] 4+ e N[z — 2] | — s
+CN[ ZINEPT - s

+N&wuwﬁn—ww»—wyw—%w». (31)
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Using (29) and (30) we obtain

(

00 — g 02) — (D — 02|
<c(1+NEW+ N+ N[2]) N[zW — 2@ [t — 5"

Combining (31) and (32) yields

G =

O < e (L+ N+ M)+ M) N = 22— )

By similar calculations we also have

G

— 0] < e (1+ N[2D) + N2®] + N[2]) N[zD = 2] |t — s
fori=1,... k.

(#i) Now, we have to control the remainder term p. For this we decompose p as

1
Pst = pgt) + pgt)a

where
1 _ o1 (1) 02
Pst = w Pst pst + Z ) pS ri,t—T;
2 1 ~ ~ 1 ~ ~
pgt) - (SO(ZIS,)TO, Zt—Tlu s 7Zt—'rk> - QO(Z£JTO7 ZS—T17 s 7Z5—7‘k)>

~ ~ 2 ~ ~
- (()0(215 )roazt ru"‘azt—rk) - ‘10( g)rowzs 7’17'--7zs—r;€)>

k
= (D320 = O 02)0) = D (U = 0) (02)s o
i=1

We consider first p(1: for this term, some straightforward calculations yield

0] < c(1+ NP+ NED N[O — 2] [t — s,

Now consider p. The mean value theorem yields

(2)

Ps

t

= (000 = ) (320) = (@ = 9 0) (622,
k
30 () = 9) = (U = 9lE) (02
i=1

= (%0,1) — ¢£0,1)) (6(zM — 2P,
+ ((%071) _ 1/7](0,2)) _ (wgo,l) _ wgo,Q))) (52(2))515

+ Z w(l 1) (1,2) ) (wglvl) — wg%Q))) ((52>377’¢,t7h‘
=S Q1 + QZ + QSa

13

(35)
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with

w@=416¢@mew3£@Wm)m

81‘1,1' 8:)37”

v (r) = (29 4 1() = 20), B+ 7 (s = Far)s o B, + e, — Ban))
We shall now bound @1, Q)2 and Q)3 separately: it is readily checked that
99 = 40| < ¢ (14 M=) + N2 + ) [t - o]

and thus we obtain

Q1 < c(L+N[ZW]+ N[2@] + N[2]) N[zW — 2] |t — s>, (36)
In order to estimate Qz and @3, recall that by (29) in part (i1) we have
Wi =g = (000 (Y — o), 00 (D - o)) (37)

where

gL — /01 <82—¢(us(r’),5(2)s), o a2—¢(us<r'),s(2)s)) .

81‘1 oal'li afn,oalﬂl,z‘
uy(r') = 2V + 1/ (2P — 1),
Similarly, we also obtain that
P =g = (0 (o) = =), 000 () — 27)) (38)
with

_ 82
o // us(r,r")), ..., m——e—(ts(r,")) | drdr’
’ 8:701 oaﬁl i (@), - 0y, 0071, (tsry)) ) drdr
as(r,r’) = M)+ (0P (r) = oP(r)) .
Now, using (37) and (38) we can write
(B0 — ) — (D) — i)
= (@50 — 00 — ) (@) — g () — L)

for any ¢ =0, ..., k. Since moreover
us(r, ') — (us(r'), 5(2)s)
=r <(2§1) — M) + r'(z,fz) e (zt(l) — 2N), By = Baryy e Bopy — 5571%) ,
another Taylor expansion yields
100D — 080)| < ¢ (N[zW] + N[2®] + NT[2)) |t — s
Hence, we obtain
(69— 562) — (0D — 62|
<c (MY + NP+ N2]) N[zW = 2Ot — 57, (39)

from which suitable bounds for s and Q3 are easily deduced. Thus it follows by (36)
and (39) that

10D < e (1+N[W] + N[z@)] +N[é])2 N[zW — @]t — s>
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Combining this estimate with (35) we finally have
pst] < ¢ (L+N[zW] + N[z —i—N[é])Q N[z — 27|t — 5| (40)

(iv) The assertion follows now from (27), (28), (33), (34) and (40).
U

3.3. Integration of delayed controlled paths (DCP). The aim of this section is to
define the integral J(m*dx), where m is a delayed controlled path m € D, ,([a, b]; R?).
Here we denote by A* the transposition of a vector or matrix A and by A; - A, the inner
product of two vectors or two matrices A; and Ay. We will also write Q, , (resp. Dy o)
instead of Q «([a,b]; V) (resp. Dy o([a,b];V)) if there is no risk of confusion about [a, b]
and V.
Note that if the increments of m can be expressed like in (16), m* admits the decom-
position
k
(0m*) g = 2(5517):_”,15_”@“* + Pas (41)
i=0
where p* € C2%([a,b]; R>) and the densities (), i = 0,..., k satisfy the conditions of
Definition 3.1.
To illustrate the structure of the integral of a DCP, we first assume that the paths
2,{™ and p are smooth, and we express J(m*dx) in terms of the operators § and A. In
this case, J(m*dx) is well defined, and we have

t t
/ mydr, = mi(z, — xg) + / (m: —m})dx,
S S

for a < s <t <b, or in other words

J(m*dzx) =m* dx + J(0m* dx). (42)
Now consider the term J(dm* dx): Using the decomposition (41) we obtain
t k
J(0m* dx) = / (Z (62) 3 G PL) dz, = Ag + Ts(p" dz) (43)
s \i=0

with
kot
S G L
i=0 Vs

Since, for the moment, we are dealing with smooth paths, the density ¢V can be taken
out of the integral above, and we have

with the d x d matrix x2(v) defined by

t u+tv t u+tv
X2 (v) = (/ (/ dxw) dzV, ..., / (/ dxw> dm&d)) : 0<s<t<T
s s+v s s+v
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for v € {—rg,...,—71o}. Indeed, we can write

t
/(51‘)5 T, U— TCsl)*dxu = / C 5$ s Ti U—Tq ®d$u]

S

Inserting the expression of Ay into (42) and (43) we obtain

Tst(m*dzx) = mi(0x) e + Z C(l —r;) + T (p" do) (44)

fora <s <t <hb.

Let us now consider the Lévy area term x2(—r;). If z is a smooth path, it is readily
checked that

[5X2(_Ti)]sut = X?t(_ri) - X?u(_ri) - Xit(_ri) = (02)s—ryyu—r; @ (02)ut,
for any ¢ = 0,...,k. This decomposition of dx2(—7;) into a product of increments is the

fundamental algebraic property we will use to extend the above integral to non-smooth
paths. Hence, we will need the following assumption:

Hypothesis 3.4. The path x is a R%*-valued v-Hélder continuous function with v > +

3
and admits a delayed Lévy area, i.e., for all v € {—ry,...,—ro}, there exists a path
x2(v) € C3([0, T); R%%), which satisfies

6x2(v) = 62 ® dz, (45)
that is
[(0x%*(0))sut] (i, §) = [0 svusol02”)ue  forall — su,t€(0,T], i,j€{l,...,d}.
In the above formulae, we have set xv for the shifted path x? = xsi,.

To finish the analysis of the smooth case it remains to find a suitable expression for
J(p* dx). For this, we write (44) as

k
Tot(p* dz) = T (m" dzr) = m(62) — Y (x5 (~r) (46)
1=0

and we apply d to both sides of the above equation. For smooth paths m and x we have

(T (m*dx)) =0, d(m*dzx) = —dm” oz,
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by Proposition 2.4. Hence, applying these relations to the right hand side of (46), using
the decomposition (41) and again Proposition 2.4, we obtain

0(T (p" dx))] sut

(6m )su 51‘ ut + Z 6C(1 su X ZC@ 1))sut

k
=3 )y (O (52t + 5 (62t

=0
k k
+ Z((sc(i))su : th(_n) - Z ng) [(0)sri s @ (07) ]
i=0 =0
k
= P (0T )t + Z(éc(i)>su : X?t<_ri)-

=0
In summary, we have derived the representation

k
0T (p" dx)] = p* oz + > 5¢D - xP(=ry),
=0
for two regular paths m and x.
If m,z,(®", i =0,...,k and x2 are smooth enough, we have §[J(p* dz)] € ZC3" and
thus belongs to the domain of A due to Proposition 2.2. (Recall that 66 = 0.) Hence, it

follows )
J(p*dx) = A (p* oz + Y 8¢ x2(_7~i)> ,
i=0

and inserting this identity into (44) we end up with
k
J(m*dx) = m*dx + ZC —r;) + A (p*éx + Z 6¢ . xz(—ri)> . (47)
i=0

The expression above can be generalised to the non-smooth case, since J(m* dz) has
been expressed only in terms of increments of m and z. Consequently, we will use (47) as
the definition for our extended integral.

Proposition 3.5. For fized % < Kk <7, let © be a path satisfying Hypothesis 3.4. Fur-
thermore, let m € Dy, 4([a, b]; R?) such that the increments of m are given by (16). Define
2z by zo, = a with o € R and

(02)st = mi(0x)s + ZC X2 (=1) + Ay (p dx + Z 6¢CW . x2(— n)) (48)

=0
fora <s<t<b. Finally, set
J(m*dz) = dz. (49)
Then:

(1) J(m*dx) coincides with the usual Riemann integral, whenever m and x are smooth
functions.
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(2) z is well-defined as an element of Q ([a, b]; R) with decomposition §z = m*éx+p,
where p € C3*(|a,b]; R) is given by

k
@ x2(—r) + A (p*ém + Zéc(“ 'xz(—n)> :
i=0

(3) The semi-norm of z can be estimated as
Nz Qualla, B R)] < [mllos + cina(b — @) ™" Nm; Dya(la, b; RY)] (50)

where

>
|
M-
~

k
Cint = Crryp,T (le\w > HX2(—7’@-)H2w>

i=0
with the constant c. ~ v depending only on k,7y,¢ and T'. Moreover,
1]l < cina(b — a)="Nm; Dy a([a, b]; RY)]. (51)

(4) It holds

=0

N k
Jst(m*dzx) = lim Z [m;(éx)tiﬁtm + Z Ct(f) -xi}tm(—rj)] (52)

Mot |—0 =0

for any a < s <t < b, where the limit is taken over all partitions llg = {s =
to,...,ty =t} of [s,t], as the mesh of the partition goes to zero.

Proof. (1) The first of our claims is a direct consequence of the derivation of equation
(47).

(2) Set ¢ = ||z||, + Zf:o |1x2(—7)||2,- Now we show that equation (48) defines a classical
controlled path. Actually, the term m* dx is trivially of the desired form for an element
of Q... So consider the term h}) = S, ¢ x2(—r;) for a < s < t < b. We have

k k
BT <D T ICD ool (=) < (Z ||c<i>||oo) colt — s[>
=0 =0

k
= (Z HC“)Hoo> co(b— a0t — 5.
=0

Thus
1K [la < €2(b = a)* TN [m; Dy a([a, b); R)].
The term
k
h? = p*ox + Z 6CD - x%(—r)
i=0
satisfies 6h(® = 0. Indeed, we can write

k
0h® = 6p*ox + > 6¢W - 6x3(—ry)

=0
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by Proposition 2.4 and because d§ = 0. Applying (45) to the right hand side of the above
equation it follows that

k k
Sh®) = 6p 0w+ 8¢V - (527" @ bx) = dp oz + Y b6 dx
i=0 =0

k
= (6p" + > _ 627" 6¢") b

1=0

However, due to Proposition 2.4, it holds

k k
Sh® = (6" + ) 0a"6¢")ow = 6(p* + D 6700w
i=0 i=0
Since the increments of m are given by (16) we finally obtain that
6h'? = §(6m*)ox = 0.

Moreover, recalling the notation (7), it holds

lp*0x]|2nn < ca(b = a)"[[pll2w

and
HZ(SC@ —73)|ln2n < cx(b—a)’ - N)ZHCQH

Since y > k > 3 and 5h(2) = 0, we have h® € Dom(A) and
1hP][3 < co(14+T7)(b — a)” "N[m; Dy.a([a, b]; RY)].
By Proposition 2.2 it follows

IAGR) 5 <

23k _ 9 ||h(2) ||3H

and we finally obtain

237 — 1

A — A(R®)]| < cxm(l + T (b — a)" "N[m; Dy.q). (53)
Thus we have proved that p € C3%([a,b]; R) and hence that z € Q, .([a,]; R).

(3) Because of (62)g = m:(0x)s + pst and m € Dy, 4([a, b]; RY) the estimates (50) and (51)

now follow from (53).

(4) By Proposition 2.4 (ii) and the decomposition (16) we have that

k
5™ 82)gut = —(Om)su(02) st = — 1 (62)at — S (02)'_y, ey " (02

i=0
Thus, applying again Proposition 2.4 (i), and recalling Hypothesis 3.4 for the Lévy area,
we obtain that

<m 5w+ZC > [p 5x+25c< i)
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Hence, equation (48) can also be written as

k
J(m*dzx) = [Id — AJ] (m* o + Z ¢ Xz(—n’)> )
i=0
and a direct application of Corollary 2.3 yields (52), which ends our proof.
O

Recall that the notation A* stands for the transpose of a matrix A. Moreover, in the
sequel, we will denote by ¢, a constant, which depends only on the chosen norm of
R™?. Then, for a matrix-valued delayed controlled path m € D, 4([a, b]; R™?), the integral
J (mdx) will be defined by

J(mdz) = (j(m(l)*dx), ce J(m(”)*da:))* :

where m¥ € D, 4([a,b]; R?) for i = 1,...,n and we have set m = (m®, ... m™)*. Then
we have by (50) that
NI (m d); Qr.a(la, b;R")] (54)

S Cnorm (HmHoo + Cint(b - a)’YiNN[m; Dli,@([a7 b]u Rn’d)]) :

For two paths m™M, m® € D, 4([a,b]; R™?) we obtain the following estimate for the
difference of 2" = J(m® dz) and 2? = J(m® dz): As above, we have clearly

Nz =229, o([a, b]; R™)] < crorm|lm™ — m@]|o
+ Caorm Cint(b — @) "N [ = m®; Do ([a, 0 R™)]

However, since m® =m? it follows
NT2W =220, o([a, b R™)] < 26norm Cint(b — a)’ "N [mD — mP; Dy o ([a, b]; R™)] .
(55)
4. SOLUTION TO THE DELAY EQUATION
With the preparations of the last section, we can now solve the equation
dyt :O'(yt,yt_rl,...,yt_rk)dl't, te [O,T], (56)
Yt = 5757 le [_T7 0])

in the class of classical controlled paths. For this, it will be crucial to use mappings of
the type

T: Q,{ya([a,b];Rn) X Q,{ya([a — Tk,b— Tl];Rd) - Qn,a([aa b]v]Rn)

for 0 < a < b < T, which are defined by (z,2) — Z, where 2, = « and §Z given by
02 = J(T,(z,2)), with T, defined in Proposition 3.2. ;From now on, we will use the
convention that z;, = Z, = 2, = & for t € [—r,0]. Note that this convention is consistent
with the definition of a classical controlled path, see Definition 2.5: since £ is 2y-Hoélder
continuous, it can be considered as a part of the remainder term p.
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The first part of the current section will be devoted to the study of the map T'. By (54)
we have that

NI (T5(2,2)); Qralla, bl; R™)]
< Chorm (”UHOO + Cint(b — a) "N [T,(z, 2); Dy.a([a, b]; R”’d)]) )
Since

Tg(z, 2) = (T (1)(2, 5), e ,T (n) (Z, 2))* s

where 0 € C}(R™%RY) for i = 1,...,n and 0 = (¢V,... o™)* it follows by (19)
that

NIT5 (2, 2); Dra([as b; R™)]
< o (1 4+ N[z Qualla, B R")] + N?[2; Qralla — 74, b — mi]s R")]) .
Combining these two estimates we obtain
N [[(z,2); Qual[a; b; R")] (57)
< Corowth (1 + N?[7; Qualla — 14, b — 11 R”)]) (1 + (b —a)" "N?[z; Qr.a([a, b; R")]) ,

where the constant cgou, depends only on ¢in, Cpopm, 0, K, v and T'. Thus the semi-norm
of the mapping I' is quadratically bounded in terms of the semi-norm of z and Z.

Now let 2V 2@ € 9, ,([a,b];R") and Z € Q, s([a — 7%, b — 71]; RY). Then, by (55) we
have

N[F(z(l)’ ) — F(z(2), 2); Qn,O([a7 b; R™)] (%)
< 2enorm Cint(b — )N, (2, 2) = T, (22, 2); Dy ([a, b]; R™)].

Applying Proposition 3.3, i.e. inequality (25), to the right hand side of the above equation
we obtain that

N, 2) = T(2?, 2); Quo([a, B; R™)] (59)
< Clip(l +C(z0, 2%, 5))2/\/[2(1) — 2%, Quo([a, O, R™)] (b —a) ™",
with a constant ¢, depending only on ¢ins, Crorm, 0, £, 7 and T, and moreover
C(zW, 2@ %) = N[2; Qralla — 74, b — r1]; R™)]
+ N[W; Qpalla, b RY)] + N2?; Qpalla, bl R™)).
Thus, for fixed Z the mappings I'(+, Z) are locally Lipschitz continuous with respect to the
semi-norm N-; Q, o([a, b]; R™)].

We also need the following Lemma, which can be shown by straightforward calculations:

Lemma 4.1. Let c,a >0, 7 € [0, T] and define the set
Ao ={u e RL: (14 7%u?) < u}.
Set also 7" = (8¢®)~V/. Then we have AS® # () and sup{u; u € A} < (44 2V/2)c.

Now we can state and prove our main result:

Theorem 4.2. Let x be a path satisfying Hypothesis 3.4, let & € C3*([—r,0]; R") and let
o € CH(RVM1RY). Then we have:
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(1) Equation (56) admits a unique solution y in Q¢ ([0, T);R™) for any 5 < k < v
and any T > 0.

(2) Let F = C7Y([—r, 0L R") x C7([0, TT: R?) x (€37([0, T, R*4))"™ — €5 ([0, T, R") be
the mapping defined by

F (f,x,xz(O),XZ(—rl), . ,x2(—rk)) =,

where y is the unique solution of equation (56). This mapping is locally Lipschitz
continuous in the following sense: Let T be another driving rough path with cor-
responding delayed Lévy area X2(—v), v € {—r, ..., —ro}, and € another initial
condition. Moreover denote by y the unique solution of the corresponding delay

equation. Then, for every N > 0, there exists a constant Ky > 0 such that

1y = Fllk.00
Ky (le — Zly00 + Zk;N[x2<—n) = X2 (=r:); G ([0, T RY)] + [J€ — 5||z%oo>
holds for all tuples (€, x,%2,x2(—r1), ..., x2(—=1)), (€, 2, %2, %2(—11), ..., X2(—=13))
with
ZN ):C2([0, T); RY)] +Z/\/ —r;);C2([0,T); RY)]

+ HxH'y,oo + 12500 + [I€ll2y.00 + € ll27,00 < N,
where || f|l 00 = | fllo + 0 f, denotes the usual Holder norm of a path f.

Proof. The proof of Theorem 4.2 is obtained by means of a fixed point argument, based

on the map I' defined above.

1) Existence and uniqueness. Without loss of generality assume that 7' = Nr;. We will

construct the solution of equation (56) by induction over the intervals [0, 7], [0, 2], ...
[0, N7q], where we recall that 7 is the smallest delay in (56).

(i) We will first show that equation (56) has a solution on the interval [0,r;]. For this

define
7= (8c1) O™ Ay,
where
1 = Cyrouun (1 + N[& €3 ([=ri, O R])
Moreover, choose 71 € [0,71] and N; € N such that Ny7; = 71, and define
Ly =[(i — 1)1, im], i=1,...,N;.

Finally, consider the following mapping: Let I'1; : Q¢ ({11;R") — Q¢ (L11;R") given

by 2 =T"1(2), where

(02)st = Tat(T5(2,€) dx)
for 0<s<t<T.
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Clearly, if 22V is a fixed point of the map ['(1,1), then 21 solves equation (56) on the
interval [, ;. We shall thus prove that such a fixed point exists. First, due to (57) we have
the estimate

N D11(2); Qugo (I, i; R™)] < cp (1 + TNz Qo (I 1 R™)]) . (60)

Thanks to our choice of 71 and Lemma 4.1 we can now choose M; € AV accordingly
and obtain that the ball

Buy, = {2 € Qug(I11;R"); N2; Qug,(11,1;R™)] < My} (61)

is left invariant under I'; ;. Now, by changing 7 to a smaller value (and then N; accord-
ingly) if necessary, observe that I'y; also is a contraction on By, see (59). Thus, the
Banach theorem implies that the mapping I'y ; has a fixed point, which leads to a unique
solution z('Y) of equation (56) on the interval I ;.

If 71 = ry, the first step of the proof is finished. Otherwise, define the mapping I's; :
QH’Z%J)([QJ; Rn) — Qn,z%’l) ([271; Rn) by zZ= F271(Z) where

(02)sr = Tut(T(2,8) dur)

for m <s<t<2m . Since 7 < ry, it still holds
N[Fg,l (Z), Qn,zq(—i’l) (]2,1; Rn)] S 01(1 + 7'17_’{./\/’2 [Z, Ql{,z%’l) (12’1; Rn)]) (62)

and we obtain by the same fixed point argument as above, the existence of a unique
solution 231 of equation (56) on the interval I .

Repeating this step as often as necessary, which is possible since the estimates on the
norms of the mappings I';1, j = 1,..., N; are of the same type as (57), i.e. the constant ¢;

does not change, we obtain that z = MG 1, s the unique solution to the equation
g _]—1 7,1
(56) on the interval [0, r].

Now, it remains to verify that z given as above is in fact a CCP. First note that by
construction z is continuous on [0, 7] and moreover that z is a CCP on the subintervals
I, with decomposition

1
(5Z)st = C (51‘) (J7 ), S,t - Ij71,
for s <t. Clearly, we have
Jt
(5'2)515 = Z(éz(J’l))s\/tj,t/\thFN Sat € [O7r1]7
J=Js
for s <t, where t; = (j — 1)7y and js,j: € {1,..., N — 1} are such that
tjs §S<tjs+1 < ... <tjt <t§t]’t+1.

Setting

Ny
Cs = Z <S(j’1) 1Ij,1 (S), S € [0,7”1]
j=1

and ‘
Jt
i1 . .
Pst = Z(Cs(jvtj) - ng 1))<55’: s\/t NZNZES + Z psj\/t) JAAE 41

J=Js J=Js
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we obtain
(5Z>st - Cs((;-r)st + Psts S, t € [07 Tl]
for s <t
Now, it follows easily by the subadditivity of the Holder norms that
Ny ;
52), 520D,
wp 102l S 1600
s,t€[0,71] ’S - t| =1 stel;y |5 - t|
and
Ny ;
. 5C) s NN
sup |G| = sup sup ¢, sup A0Sl tL <) sup 1= )al ),f|-
te[0,71] j=1,.,N=1tcl;; s5,t€[0,71] |5 - t| i1 St |8 - t|

Furthermore, we obtain

N (4:1) 5 N SCUD
0 SO 10 W N 17 VI S )

s,t€[0,71] |5 - t|2ﬁ a =1 s,telj 1 |3 - Zf|2"€ 8,t€[0,m1] |S - t|n =1 s,t€lj1 |S — t|” '
Thus, we have in fact that z € Q, ¢, ([0, 74]; R").
(11) Let | = 1,...,N — 1 assume that Z € Q, ¢ ([0,lr1];R™) is the solution of the delay
equation (56) on the interval [0,1r1]. Now we will construct the solution on the interval
[l’f’l, (l + 1)T1]. Set
Cl+1 = Cgrowth (]- + N2[2) Qn,il”_rk ([lrl — Tk, lrl]; Rn])
and define
Tiy1 = (8612+1>_1/(7_H) AT
Furthermore, choose 141 € [0, 7;11] and N1 € N such that N, 17,1 = 71, and define
Ii,l-i—l = [l?”l —|— (’L — 1)7[+1, l’l"l —|— iTl+1], Z = 1, e 7Nl+1~

Consider the mapping I'y ;41 : Qn,zm (11,z+1;Rn) - Qn,zlrl ([1,l+1§Rn) by z = F1,l+1(2)
where

(02)st = Tst(T (2, 2) dx)
for Ir; < s <t <lIr +74; . Again 2 is a fixed point of the map I'y ;4 if and only if
2L+ solves equation (56) on the interval I, ;41. However, by (57) we have the estimate

N[Fl,l+1(2); Qn,ilrl (I RY)] < eppn (1 + Tz+1%nN2 (2 Qn,zlrl (I3 R™)]).

Now we can apply the same fixed point argument as in step (7), which leads to a unique
solution z(1*Y of (56) on the interval I; ;.
If 741 # 71, define for the next interval I5;,; the mapping

| YA (I2141;R") — Q (I2041;R™)

by 2 = I'a41(2), where (02)s = Jst(T5(2, 2) dx) for Iry + 141 < s <t < Iry + 274 .
Since lr; + 741 < (I + 1)y, we still have the estimate

(12,l+1; Rn)] S Cl+1 (1 + Tll_lmNQ[Z; Q,{ Z(l,z+1) (1271_;,_1; Rn)])

lry+m

(1,141) (1,141)
H’Zl'rl +7 H’Zl'rl +7

N[F27z+1(2); Q

H’Zl(rlil:‘rll)
Now the existence of a unique solution 21 of (56) on the interval Ip;,; follows again
by the same fixed point argument.



DELAY EQUATIONS DRIVEN BY ROUGH PATHS 25

Proceeding completely analogous to step (i) we obtain the existence of a unique path z €
Qs z,, ([Ir1, (I+1)r1]; R™), which solves the delay equation (56) on the interval [Iry, (I41)r]
for a given “initial path” Z € Q¢ ([0,lr;];R™). Patching these two paths together, we
obtain (using the same arguments as at the end of step (i)) a path z € Q, ¢ ([0, (I +
1)r1]; R™), which solves equation (56) on the interval [0, (I 4+ 1)rq].

Thus we have shown that there exists a unique path z € Q, ¢ ([0, T];R™), which is a
solution of the equation (56). Moreover, by the above construction we obtain the following
bound on the norm of this path:

N[Z; Qméo([o? T]? Rn)] (63>
<f (N[SC;C?([O,T];R")] + ZN[Xz(—n);ng([OaT];R")] +N[§;C12”([0,T];R”)]> ,

where f : [0,00) — (0,00) is a continuous non-decreasing function, which depends only
on k,v,n,d,o,T and ry, ..., 7.

2) Continuity of the Ité map. Let y = F (&, z,x2(0),x2(—r1),...,x2(—ry)) . Since y solves
equation (56), we have (0y)s = Jst(0(ys, 8(y)) dzs). It follows by the Propositions 3.2 and
3.5 that

(0y)st = my(0x) g + Z( X2 (=1) + Ay (péx + Z 6CW . x2(— rz)> (64)
for 0 < s <t <T, with

, . . A O
_ (@) — (D) (i) _ Op
ms = 0(Ys,5(y)s), ¢ =" ms ., g <ax17i(ys,5(y)s),---,axn’i(ys&(y)s))
(65)

for i« = 0,...,k. Moreover, note that the remainder term p of the decomposition of y
satisfies the relation

et = Zc x2,(—1;) + Ay (,0535 + Z 5¢ (—ri)> . (66)

=0

Now consider (56) with a different initial path é , driving rough path = and corresponding
delayed Lévy area X2(v), for v € {—ry,...,—7ro}. If the assumptions of the theorem are
satisfied, then also the equation

{ dgt = q(gh gt—?"m s 7gt—rk) dj;ta te [07 T]7
u =& t€[-r0]

admits a unique solution g = F(&,2(0), %%, %2(—r1),...,X*(—r)). Clearly we also have
in this case

(09)st = Ms(0T) s + ZC 2(—1i))et + At (p&v + Z 6¢t) %3(— TZ)> (67)

=0 =0
for 0 < s <t < T, with 7, (V) and () defined according to (65) and (66).
(i) We first analyse the difference between p and p. Here we have

ot — Pt = €54 + Ay (e?), (68)
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with
k ~
e =Y ¢ Dt — 3 CO - (R2(—r))
i=0
k k 3
e® = por—poz+ Zéc(i) X2 (=) — 25((1) X2 (—r
1=0 i=0
Now set

Cly) = llello + llzlly + Z I (=ri)ll2y + Nys Qra10, T R™M] + [[€lloc + [1€]l25

define C(y) accordingly for g, and let R be the quantity

k
R = o= &lloo + o = &y + > 1% (=ri) = Z2(=ri)llay + 1€ = Elloe + 1€ = E]l2s-

=0
In the following we will denote constants, which depend only on k,~v,n,d,oc and T, by ¢
regardless of their value.

Fix an interval [a,b] C [0,T]. By straightforward calculations we have

e <c(L+CW)t—sP R+cC)lt — s sup |y, — G| (69)

TE[(s—rk) Tt

for s,t € [a,b]. Now, consider the term e(?). We have

k k
eg)t = psu(éx)ut - ﬁsu(dj)ut + Z(éc(l))su : X Z (SC Z) su )2 ’I“Z')
=0

=0

=(p— ﬁ)su(éx)ut + Psu(0(2 = Z))ut

+ Z su X T’L Z 6C Su ’ ut( Tl) Xut ( rl))

=0
for s,u,t € [a,b]. Clearly, it holds
(9 = Poul02)ul < Clw) It — uls — wf™ Np — 5 C([a, b R)),
1Psu(0(2 = 2))u| < [t = ul"]s — ul* N[p; C3"([a, ; R")] R

and
k ~
Z(é(g(z) - C(Z)))SU : Xit(_ri) < CC t - u|2’Y Z ‘ C(l su )
i=0
k ~.
S 50 (2 r) = R < = RS (5C9)sn
i=0 i=0
Furthermore, we also have, for any i = 0, ...,k that
5(¢® — ¢ SUp (g = ) = (9 = Gl |00 < C@s =l

T1,T2E[s—T;,t—1;)
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Recall that the Holder norm of a path f is defined by

|fri = ]
1 lpocfss = sup [fr| + Sup T——
TE[s,1] T1,T2€[s,t] ’7_2 - 7-1|
Set also C' = ¢(1+ C(y) + C(7)), where ¢ is again an arbitrary constant depending only
on K,v,n,d,o and T. Using these notations and combining the previous estimates, we
end up with:

k
< Clt—ul|s = ul* R+ Clt —ul™|s = ul* > |y = llnccfa—rbr]
=0

+Clt —ulls — u* Np — 5 C3([a, B;R")]. (70)

2

sut

Hence e® belongs to Dom(A) and we obtain by Proposition 2.2 that
k
1A lse < CR+C Y Ny = Gllnsofaris-rg + CNp = 565" (la, BLRY)]. (71)
i=0

Inserting the estimates for e(¥) and A(e®), i.e. (69) and (71), into the definition (68) of
p — p gives finally

k
Nl = p:C3*(a, B RM)] < Clo — a3 1y = Fllwooforimrg B
=0

+Clb—al™" R+ Clb = a["™ Np — p;C3"([a, b R™)],
and due to the subadditivity of the Holder norms, we get
N5 G~ (o B R")) < Clo=al™* Nlp—7: €3~ ([a, B R+-CPo—al ™™ ly~lojoss R
+Clb— ™ [y~ §lloofuroa R+ Clb—a " R. (72)

(i1) Now consider the difference between y and §. Completely analogous to step (i) we
also obtain that

Nly—5;C5 ([a, 0; R")] < Clo—a"™" Np—p; C3*([a, b]; R™)|+Clo—al" ™" [|y =Gl n.c0ap) B
+C1o = al"™" [ly = §llxocfaria B+ Clo—al™ R,
Moreover, since

s?pb] Yr = Ur| < |Ya — Tal + (b= a)* Ny — §;C{ ([a, b]; R")],
T€[a,

we also have
Hy - g”ﬁ;[a,b] < C’b - aP_HN[p =0 022»;([% b]? Rn)] + O‘b - al’y_ﬁi ||y - ?an,OO,[a,b] R
Ol = P ly = Flooacr) R+ It — Gal + Clb— al™ R. (73)

(iii) Now set
Afa,b) = Nlp — p; an([a’ b; R™)] + |y — §lls00,(a.0]-
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By combining (72) and (73) we finally have that
Aa,b) < C(1+R)|b—a|” " Ala,b) + C(1+ R)|b —a|" " A((a — )", a)
+ Yo — Jo| + C(1+ R)|b—a]"™™ R. (74)

1/(y=r)
) . In this case, we obtain from (74) that

Now choose a = 0 and b, = <m
1
A0, by) < §A(0 b1) + & — &ol + = R
which yields

A(0,by) < R+ 2|& — &| < 3R. (75)
For the next interval [by, 2b,], we obtain in turn that
1 1 . 1
Abr, 201) < SA(L 201) + SA0,00) + |y, — | + SR,
and hence

A(b172b1) < A<Oabl) + 2|yb1 - gbl‘ +R < 10R7

by (75).
Repeating this step |7/b; |-times we obtain that there exists a continuous non-decrea-
sing function g : (0,00) — (0, 00) such that

A(iby, (i + 1)by) < g(T/by) R

for all i = 0,...,[7/by]. Using the subadditivity of the Holder norms, we obtain the
estimate

A(0,T) < (1+T/b1)g(T/b1) R. (76)
Now recall that C' = ¢(14+C(y)+ C (7)) and note that R < ¢(C(y)+ C(g)). Thus we have
T/by =T (2C(1+ R))"O < o(Cly) + C())/ 0,

where

Cly) = llello + llzlly + Z I (=ri)ll2y + Nys Qra(0, TTR™] + [[€lloc + [1€]l25

and C(7) is defined accordlngly. However, by (63) it follows that
Cly) +C(§) <D+ f(D)+ D+ f(D),

where
= [[2]loo + [J2l, + Z 1% (=) l2y + € lloo + [I€]l25,

and D is again defined accordingly. Thus, we obtain now from (76) that there exists
a continuous function g : [0,00) — [0,00), which depends only on x,v,o,n,d,T and
ri,...,Tg, such that

A(0,T) < g(D + D) R.

Hence, the assertion follows.
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5. APPLICATION TO THE FRACTIONAL BROWNIAN MOTION

All the previous constructions rely on the specific assumptions we have made on the
path z. In this section, we will show how our results can be applied to the fractional
Brownian motion.

5.1. Definition. We consider in this section a d-dimensional fBm with Hurst parameter

H defined on the real line, that is a centered Gaussian process
B={B,=(B;,...,B); t e R},

where B',..., B% are d independent one-dimensional fBm, i.e., each B’ is a centered

Gaussian process with continuous sample paths and covariance function

Rt ) = 5 (15 + 27— |t — ") (77)

fori=1,...,d. The fBm verifies the following two important properties:
(scaling) For any ¢ > 0, B =B, is a fBm, (78)
(stationarity) For any h € R, B.,j; — By, is a {Bm. (79)

Notice that, for Malliavin calculus purposes, we shall assume in the sequel that B is
defined a complete probability space (€2, F, P), and that F = o(Bs; s € R). Observe also
that we work with a fBm indexed by R for sake of simplicity, since this allows some more
elegant calculations for the definition of the delayed Lévy area.

5.2. Malliavin calculus with respect to fBm. Let us give a few facts about the
Gaussian structure of fractional Brownian motion and its Malliavin derivative process,
following Section 2 of [18]. Let £ be the set of step-functions on R with values in R?.
Consider the Hilbert space ‘H defined as the closure of £ with respect to the scalar product
induced by

(Mg, L), Loyt -5 Lisgust) )y
d
= Z (RH(tZ, Si) — RH(tZ, Si> — RH(tZ, Si) + RH(tz, Si)),
i=1

for any —oo < s; < s' < 400 and —oco < t; < t' < +00, and where Ry(t,s) is given by
(77). The mapping
d
(1[t1,t1}a ey 1[td7td]) — Z (BZZ - Bzz)

i=1
can be extended to an isometry between H and the Gaussian space H;(B) associated with
B = (B',...,B%. We denote this isometry by ¢ — B(y). Let S be the set of smooth
cylindrical random variables of the form

F:f(B(gpl)vaB@Ok)), @zEH, 221,,]€,

where f € C®°(R%* R) is bounded with bounded derivatives. The derivative operator
D of a smooth cylindrical random variable of the above form is defined as the H-valued
random variable

pF =3 L), ... Bl
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This operator is closable from LP(€) into LP(Q;H). As usual, D*? denotes the closure of
the set of smooth random variables with respect to the norm

IF|It2 = EIF|* + E|DF|f3,.
In particular, if D'F denotes the Malliavin derivative of F' € D"? with respect to B’, we
have DZBg = 6i,j1[0,t} for ’L,j = ]_, R ,d.
The divergence operator [ is the adjoint of the derivative operator. If a random variable

u € L*(;H) belongs to dom([), the domain of the divergence operator, then I(u) is
defined by the duality relationship

E(F I(u)) = E(DF, u)y, (80)
for every ' € D2, Moreover, let us recall two useful properties verified by D and I:

o If u € dom(/) and F € D'? such that Fu € L*(Q;H), then we have the following
integration by parts formula:

[(Fu) = FI(u) — (DF, u)y. (81)

o If u verifies E||ul|7,4+E| Dul|3,43, < 00, Dyu € dom([) for all € R and (I(D,u)),cr
is an element of L?(Q; H), then

D, I(u) = u, + I(D,u). (82)

5.3. Delayed Lévy area and fractional Brownian motion. The stochastic integrals
we shall use in order to define our delayed Lévy area are defined, in a natural way, by
Russo-Vallois symmetric approximations, that is, for a given process ¢:

t t
/ ¢ d°Bl, = L* — lim (25)—1/ ¢w (Blyie — Bi,_.)dw,

provided the limit exists. This pathwise type notion of integral can then be related to
some stochastic analysis criterions in the following way (for a proof, see [1]):

Theorem 5.1. Fiz t > 0 and let ¢ € DV*(H) be a process such that
. t .
TrpyD? ¢ = L? —11%(25)—1 / (D Gy Ljuc ey mdu
e— 0
exists, and such that, setting ((t,u) £ u* =1 + (t —w)*2~! for 0 < wu < t,

/O 33[@3] 0(t, w)du + /[O E [(Dfi%)Q] 0(t, w)dudr < oo.

]2

Then f(f ¢d°B? emists, and verifies

t . .
/ ¢d°B" = 1" (¢l 4) + Trp g D" .
0
With these notations in mind, the main result of this section is the following:
Proposition 5.2. Let B be a d-dimensional fractional Brownian motion and suppose

H > 3. Forve [—r0], let B¥(v) be the delayed Lévy area given by:

t u+v t u+v
B0 = [(dBus [ dB.ie B = [aBy [ dB. ige (i)
s s+v s s+v

Then almost all sample paths of B satisfy Hypothesis 3.4.
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Proof. When H = %, the desired conclusion is easily obtained, because the Russo-Vallois
symmetric integral coincides with the Stratonovich integral. Moreover, for H > % the
Russo-Vallois symmetric integral coincides with the Young integral, which is well defined
in this case, and the assertion still follows easily from the properties of Young integrals.

Now, fix § < H < 1. It is a classical fact that B € C{([0,T];R?) for any § < v < H.
Due to the stationarity property (79) we will work without loss of generality on the interval
[0,t — s] instead of [s, t] in the sequel.

1) Case i = j. When v = 0, it is easily checked that

3
St — s

1
EIB(0)G, i) = { BB — Bl =

Let us now consider the case where v < 0. For ¢ = (B’ , — B!)1j04—4(+), the conditions of
Theorem 5.1 are easily verified, hence fot ~* ¢,d° B! exists. Notice moreover that we have
DF ¢y = 1y us0)(r)Ljo4—s)(u) and, for u € [0, — s] and € € [0, —v] (which is always the
case, for a fized v < 0 and € small enough) it holds

1
<1[v,u+v}; 1[u—5,u+5]>7—( - 5 (’U + 5|2H - ’U - 5’2H + |U — U — 6‘2H — |U —Uu -+ €|2H>
1

=3 (—v—e)*!" = (—v+e) + (—v+u+e)’" — (—v+u—e)*").

Thus, we obtain

Trpp— D% ¢ = —H(—v)" 7} (t — 5) + % ((t—s—v)*" = (=v)*).

For z > 0, it is well-known that 0 < ((—v) + z)*" — (—v)*" < 2H(—v)*~'z. Applying
this inequality to the second term of the right hand side of Tr[o,t,s}Dqub, we get

TrioqDP ¢| < H(—v)* 71t — s). (83)

On the other hand, we have by (82)

DPIP(¢) = ¢ + IP(DFd) = (¢r + I7 (L o0)r0—s)) ) Liot—s) (7). (84)

When —v >t — s, then [r — v, +00) N [0,t — s] = 0 for any r € [0,t — s]. By using (80)
we deduce
E[I7(9)* = Ell¢ll3, = EI B, — Billios—s) = ENB [rypo—s)
= (t — )" E[ B'|}0,1): (85)
where the two last equalities are due to the stationarity (79) and scaling (78) properties

of fractional Brownian motion.
When —v <t — s, then

]Bi(l[rfv&w)ﬂ[o,tfﬂ) = (BZ_S - Bi—v)l[ﬂ,tferv] (T) (86)
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We deduce

E|T% (o)

E(DI”(¢), ¢)n by (80)

E\|¢|’$¢([0,ps]) + E<IBi(1[r—v,oo)m[o,t—s])7 <Z5>H([0,t—s]) by (84)
EH¢”$—[([O,7§—S]) + E<(B§—s - B?—v)l[O,tféﬁv]? ¢>H([07tfs]) by (86)

< Elélpr—sg + B (1(Bi_s = B) st lrcoi—s 1ellron—sp)
3 1 ; ;
< §EH¢H${([O,L‘—S]) + §E”<Bt—s - B»—v)l[O,tfer’U]H'?-{([O,t—s]) because ab < %(CL2 + 62)
= §(t — )" E||B|[30.17) + §El|(Bt—s+v — B)1jos—stu 3o by (78) and (79)
= 5(75 — 5)"E| B3 0.7 + 5(75 — s+ 0)""E|(B_s1s = Blsps—o)) o)
3 i 1 i i
= §(t — )" E||B[[30.17) + 5@ — s+ 0)"E[(B] = B30, by (78)
< 5(75 — )" (3E[B' 101 + EIl(B] — B) 300,11 - (87)

Finally, we can summarize (85) and (87) in
EIT” (@) < calt — |,
with a constant cg > 0, in particular independent of v. Putting together this last estimate
with inequality (83), we end up with:
E[BZ,(v)(5,4)|* < exr (1 + [ 7]t — s|*,
for any v € [—7,0].
2) Case where i # j. By stationarity (79), we have for any v € [—r, 0] that

(Biyo — B B)) = (Bl B)

u€[0,t—s]
Thus, the delayed Lévy area B, (v)(i, ) = gis(BiJrv — BJ)d° B!, for v < 0 behaves as in
the case where v = 0. But it is a classical result that B, ,(0) is well-defined for H > 1/3
(see, e.g., [20]). Moreover, it follows again by the stationarity (79) and the scaling (78)
properties that

E|B(2],t—s(v)(i7j)|2 = E|Bg,t—s(0)(z7])|2 =

Immediately, we deduce that

u€l0,t—s]”

t — s|"E[B,(0)(i, 7)|* < calt — "

B2 (v) (6, 5)|* < cult — s|*
for any v € [—r,0].
Both in the cases ¢ = j and i # j, the substitution formula for Russo-Vallois integrals
easily yields that dB?(v) = dB” ® 6 B. Furthermore, since B?(v) is a process belonging

to the second chaos of the fractional Brownian motion B, on which all LP norms are
equivalent for p > 1, we get that

E[BZ(v) (6, 5)I" < ¢ft — s|*" (88)
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for i # j and
E[I% (@) < cpft — s (89)

when ¢ = j. In order to conclude that B2(v) € C37(R*™?) for any 3 <7 < H and
v € [—r,0), let us recall the following inequality from [9]: let g € Cy(V) for a given
Banach space V; then, for any x > 0 and p > 1 we have

p 1/p
ol < ¢ Ueszmal) 1051 with Ut = ([ [ i) w0

|t — s|P

By plugging inequality (88)-(89) into (90), by recalling that 6B?(v) = §B* ® § B and (83)
hold, we obtain that B2(v)(4, j) € C37(R%) for any : <y < Hand4,j=1,....d. [
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