ROUGH VOLTERRA EQUATIONS 1: THE ALGEBRAIC
INTEGRATION SETTING.

AURELIEN DEYA AND SAMY TINDEL

ABSTRACT. We define and solve Volterra equations driven by an irregular signal, by
means of a variant of the rough path theory called algebraic integration. In the Young
case, that is for a driving signal with Holder exponent v > 1/2, we obtain a global
solution, and are able to handle the case of a singular Volterra coefficient. In case of
a driving signal with Holder exponent 1/3 < v < 1/2, we get a local existence and
uniqueness theorem. The results are easily applied to the fractional Brownian motion
with Hurst coefficient H > 1/3.

1. INTRODUCTION

This article is the first of a series of two papers dealing with Volterra equations driven
by rough paths. For an arbitrary positive constant 7', this kind of equation can be written,
in its general form, as:

t
Y =a +/ o(t,u,y,)dzx,, for se0,T], (1)
0

where z is a n-dimensional Holder continuous path with Holder exponent v > 0, a € R?
stands for an initial condition, and ¢ : Ry x R; x R — R%" is a smooth enough function.

Motivated by the previous works on Volterra equations driven by a Brownian motion
or a semi-martingale |2, 3, 15, 21|, often in an anticipative context [1, 4, 5, 19, 18, 20],
we have taken up the program of defining and solving equation (1) in a pathwise way,
allowing for instance a straightforward application to a fractional Brownian motion with
Hurst parameter H > 1/3. This will be achieved thanks to a variation of the rough path
theory due to Gubinelli [11], whose main features are recalled below at Section 2 (we refer
to [9, 13, 14] for further classical references on rough paths theory). To the best of our
knowledge, this is the first occurrence of a paper dealing with Volterra systems driven by
a fractional Brownian motion with H < 1/2.

More specifically, the current article focuses on the 3 following cases:

(i) The Young case: When z is a y-Holder continuous path with v > 1/2 (in particular
for a n-dimensional fBm with Hurst parameter H € (1/2,1)), and assuming that o :
0, 7] x R* — R%™ is regular enough (with respect to its three variables), we shall prove
that equation (1) can be interpreted and solved in the Young sense (Section 3).

(ii) The Young singular case: Under the same conditions as in the previous case for x,
we are able to handle the case of a coefficient ¢ admitting a singularity with respect to
its first two variables ¢,u. Namely, if o can be expressed as o(t,u,z) = (t — u)"“¢(2),
for some a > 0 and 1 : R — R%" regular enough, then under some conditions on a, &,
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it is still possible to interpret f[f o(t,u,y,) dr, as a Young integral when y belongs to a
space of k-Holder functions, denoted below by Cf([0, 7], RY). This extension of the Young
integral requires however a careful analysis, which will be detailed at Section 4. We can
then solve equation (1) in the space Cf([0, 7], R%).

(iii) The rough case: When z is a y-Holder signal with v € (1/3,1/2) (this applies
obviously to a n-dimensional fBm with Hurst parameter H € (1/3,1/2)), the integral
appearing in equation (1) has then to be interpreted in some rough path sense. As
mentioned before, we shall resort in this case to the formalism introduced in [11], which
allows us to prove the existence and uniqueness of a local solution, defined on a small
interval [0, Tp] for some Ty € (0,7] (Section 5). We will then point out the technical
difficulties one must cope with when trying to extend this local solution.

Here is a brief sketch of the strategy we have followed in order to obtain our results:
the algebraic integration formalism relies heavily on the notion of increments, which are
simply given, in case of a function y of one parameter t € [0,7], by (0y)st = Yyt — Ys.
At a heuristic level, the main difference between classical differential equations driven by
rough signals and our Volterra setting lies in the dependance of the increment (dy)s of
the possible solution on the whole past of the trajectory. Indeed, if y is a solution to
equation (1), then one has

(0y)st = / o(t,u,y,)dr, + /08 [o(t,u,yu) — o (s, u, yy)] da,. (2)

As one might expect, the first integral in (2) can be dealt with just as the classical
diffusion case treated in [11]. In other words, under suitable regularity conditions on o,
the variable t appearing in the integrand does not play a prominent role. The second
term in the right hand side of (2) is the one which is typical of the Volterra setting, and
involves the whole past of x. It is still possible to retrieve some |t — s|-increments from
this term thanks to the regularity of ¢ with respect to its first variable, in order to solve
our equation by a fixed point argument. However, as we shall see at Section 5.3, the
term fos [o(t,u,yy) — o(S,u,yy)] dx, will eventually induce some severe problems in the
classical arguments allowing to get a global solution for our differential system in the rough
case. This explains why we have decided to change radically the setting presented here
in the companion paper [7]. In this latter reference, by means of what we call generalized
convolutional increments, we show how to get a global solution to equation (1) in case of
a rough driving noise x, for a wide class of coefficients o. It was however important for us
to include also a direct treatment of Volterra systems by existing rough paths methods,
mainly because (i) It allows to consider a more general driving coefficient . (ii) The
method presented here works perfectly well for the Young setting, and can be further
extended in order to cover the case of a singular coefficient o.

Here is how our paper is structured: we recall at Section 2 the notions of algebraic
integration which will be needed later on. Section 3 is devoted to the study of equation (1)
driven by a y-Hoélder continuous process with v > 1/2, when the coefficient o is regular.
Section 4 deals with the same kind of equation, with a singular coefficient . Section 5
treats the case of a rough driving signal x, and finally the proof of some technical lemmas
are postponed to the Appendix.

Let us finish this introduction by fixing some notations which are used throughout the
paper: we call D f the gradient of a function f, defined on R", and when we want to stress
the fact that we are differentiating f with respect to the ;" variable, we denote this by
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D;f. As far as the regularity of o is concerned, the following spaces come into play. If
E, F are Banach spaces and U an open set of E, denote C™®(U; F) the set of n-times
differentiable mappings from U to F' with bounded derivatives. For each x € (0,1), let us
also introduce the subset

D™ — D)
C"’b’“(U;F) = {0 € C”’b(U; F): sup | o(x) @l < oo} )

zyeU lz =yl

2. ALGEBRAIC INTEGRATION

The current section is devoted to recall the main concepts of algebraic integration, which
will be essential in order to define suitable notions of generalized integrals in our setting.
Namely, we shall recall the definition of the spaces of increments C, of the operator 9,

and its inverse called A (or sewing map according to the terminology of [8]). We will also
recall some elementary but useful algebraic relations on the spaces of increments.

2.1. Increments. As mentioned in the introduction, the extended integral we deal with
is based on the notion of increment, together with an elementary operator ¢ acting on
them. The notion of increment can be introduced in the following way: for two arbitrary
real numbers ¢, > ¢; > 0, a vector space V', and an integer k > 1, we denote by Ci(V)
the set of continuous functions g : [¢1,¢s]" — V such that g;,..;, = 0 whenever t; = t;,,
for some ¢ < k — 1. Such a function will be called a (k — 1)-increment, and we will set
Ci(V) = Up>1Cr (V). The operator ¢ alluded to above can be seen as an operator acting
on k-increments, and is defined as follows on Ci(V):

k41
0:Ce(V) = Cenn(V) (09t = (1) sty (3)
i=1
where t; means that this particular argument is omitted. Then a fundamental property
of §, which is easily verified, is that 60 = 0, where §0 is considered as an operator from
Ce(V') to Crra(V). We will denote ZCi(V) = Ci(V)) N Kerd and BCy(V') = Cx(V') N Imo.
Some simple examples of actions of §, which will be the ones we will really use through-
out the paper, are obtained by letting g € C; and h € Cy. Then, for any ¢,u,s € [{1, (5],
we have
(5g)st =Gt — Gs, and (6h)sut = hst - hsu - h'ut~ (4)
Furthermore, it is readily checked that the complex (C.,d) is acyclic, i.e. ZCi(V) =
BCi(V) for any k& > 1. In particular, the following basic property, which we label for
further use, holds true:

Lemma 2.1. Let k > 1 and h € ZCx.1(V'). Then there exists a (non unique) f € Cp(V)
such that h =4f.

Observe that Lemma 2.1 implies that all the elements h € Co(V') such that 6h = 0 can be
written as h = 0 f for some (non unique) f € C;(V'). Thus we get a heuristic interpretation
of 6|c,(vy: it measures how much a given 1-increment is far from being an exact increment
of a function (i.e. a finite difference).

Notice that our future discussions will mainly rely on k-increments with k£ < 2, for
which we will use some analytical assumptions. Namely, we measure the size of these
increments by Holder norms defined in the following way: for f € Co(V) let

1= sup

S,tE[ﬂl,Eg] |t - S|“’

and  CY(V) ={f € C(V); [|fll, < oo}
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In the same way, for h € C3(V), set

|hsut|
h = sup
[172]]-, o e sPlt—ap

[hll, = inf {ZHM pogimpis = D, 0 < pi < u} :

where the last infimum is taken over all sequences {h; € C5(V')} such that h =), h; and
for all choices of the numbers p; € (0, z). Then |[|-||,, is easily seen to be a norm on C3(V'),
and we set

C5(V) == {h € C3(V); |||, < oo}
Eventually, let C3*(V) = U,~1C5(V), and remark that the same kind of norms can be
considered on the spaces ZC3(V), leading to the definition of some spaces ZC (V) and
ZC3* (V). In order to avoid ambiguities, we shall denote by N[f; C] the x-Holder norm
on the space C;, for j = 1,2,3. For ¢ € C;(V), we also set N[(; CJ(V)] = supyeie, i 1Csllv-

Recall that Lemma 2.1 states that for any h € ZCs, there exists a f € Cy such that 0 f =
h. Importantly enough for the construction of our generalized integrals, this increment
f is unique under some additional regularity conditions expressed in terms of the Holder
spaces we have just introduced:

Theorem 2.2 (The sewing map). Let u > 1. For any h € ZC5([0,1]; V), there exists a
unique Ah € C5(]0,1]; V) such that §(Ah) = h. Furthermore,

IAR], < cu NTR; CE(V), (6)

with ¢, = 242137 k™", This gives rise to a linear continuous map A : ZC§([0,1]; V) —
Cy([0,1]; V) such that SA = Idzep0.1),)-

Proof. The original proof of this result can be found in [11]. We refer to |7, 12] for two
simplified versions.

O

At this point the connection of the structure we introduced with the problem of in-
tegration of irregular functions can be still quite obscure to the non-initiated reader.
However something interesting is already going on and the previous corollary has a very
nice consequence which is the subject of the following property.

Corollary 2.3 (Integration of small increments). For any 1-increment g € Co(V'), such
that 0g € C3%, set 0f = (Id—Ad)g. Then

(5f)st = lim thiti+l7

Itst| =0 =5

where the limit is over any partition Iy = {tg = s, ..., t, =t} of [s,t] whose mesh tends
to zero. The I1-increment 0 f is the indefinite integral of the 1-increment g.

Proof. For any partition II; = {s =ty <t; < ... <t, =t} of [s, 1], write

(6F)st = D _(6f)tstis th o = O A, (89).
i=0 i=0
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Observe now that for some p > 1 such that dg € C¥,

1D At 09)lv < D16t (69) v < 1AGG) 0 Tl [t — ],

=0 i=0

and as a consequence, limyr,|—o Do Ave,y, (0g) = 0. O

2.2. Computations in C,. We gather in this section some elementary but useful alge-
braic rules for increments. We refer again to |7, 12] for the proof of these statements.

For sake of simplicity, let us assume for the moment that V' = R (the multidimensional
version of the below considerations can be found in [16]), and set Cx(R) = Ci. Then the
complex (Cy,d) is an (associative, non-commutative) graded algebra once endowed with
the following product: for g € C,, and h € C,, let gh € C,,1,,, the element defined by

(gh)t1 ----- tmtn—19t1, . tn htn ----- tmdn—17 tla s 7tm+n+1 € [517 KQ] (7)

In this context, we have the following useful properties.

Proposition 2.4. The following differentiation rules hold true:
(1) Let g, h be two elements of C;. Then

d(gh) =0gh + gdh. (8)
(2) Let g € C; and h € Cy. Then
d(gh) =0gh+ gdh, 0(hg) = 0hg — hig.

The iterated integrals of smooth functions on [¢1, ¢5] are obviously particular cases of
elements of C which will be of interest for us, and let us recall some basic rules for these
objects: consider f,g € C°, where C° is the set of smooth functions from [¢1, 5] to R.
Then the integral [dg f, which will be denoted by J(dg f), can be considered as an
element of C3°. That is, for s,t € [(, (5], we set

Tst(dg f) (/dgf)st = /:dgufu.

The multiple integrals can also be defined in the following way: given a smooth element
h € C3° and s,t € [(y, {5], we set

¢
Tst(dg h) = (/ dgh> :/ dguhs-
st S

In particular, the double integral J,(df3df? f1) is defined, for f1, f2, f3 € C3°, as
t
Ta(df*df* 1) = ( / df*df* fl) = / dfy Jus (df* f1) -
st S

Now, suppose that the n'® order iterated integral of df™ - - - df? f*, still denoted by J (df™
---df? f1), has been defined for f1, f2... f* € C;°. Then, if f* € C5°, we set

jst(dfn+1dfn . df2f1) / df;LJrl jus (dfn . df2 fl) ’ (9)

s

which defines the iterated integrals of smooth functions recursively. Observe that a nth
order integral J(df™---df?df') (instead of J(df™---df*f')) could be defined along the

same lines.
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The following relations between multiple integrals and the operator ¢ will also be useful
in the remainder of the paper:

Proposition 2.5. Let f,g be two elements of C5°. Then, recalling the convention (7), it
holds that

of =J(df),  6(J(dgf)) =0,  5(T(dgdf)) = (09)(0f) = T (dg)T (df),

and, 1 general,
n—1

) (j(dfn .. dfl)) — Zj (dfn . ..dfi+1) J (dfi . dfl) .

i=1
3. THE YOUNG CASE

In this section, we assume that the driving process x of equation (1) is a continuous
process in C{([0,T];R"), for some v € (1/2,1). If z € C{([0,T);R%"), the formalism
introduced in the previous section enables to give a meaning to the integral fst Zy Ay
when p 4+ v > 1, in the Young sense. This is the issue of the following proposition,
borrowed from [11, Proposition 3|:

Proposition 3.1. If z € C{([0,T];R®"™) for some p > 0 such that p +~v > 1, we can
define, for any s,t € [0,T],

Tst(zdx) = z5(0x)sg — At (62 0x). (10)
Then J(zdz) € C3([0,T); R?) and
NT (2dx); C3([0, T, RY)] < e {N[2:CY([0, T R™™)] + TN [z CL ([0, TR} (11)

Remark 3.2. Thanks to Corollary 2.3, Jy(z dx) can also be seen as a Young integral, that
is

JTst(zdx) = lim Z 2, (02 )8, - (12)

A|—0
A1=0 4

Nevertheless, as we shall see in a moment, the exact expression (10) of the integral is
easier to deal with for computational purposes than the limit expression (12), owing to a
better knowledge of the remainder A(dz dz).

With this definition in mind, the Volterra equation (1) will now be interpreted in the
Young sense, and is written as:

Y = a+n70t(0<t7'>y.)dx)' (13>
The next lemma ensures that the latter integral is well-defined:

Lemma 3.3. If y € C]([0,T};R?) and o € CH°([0,T]? x R% RE™), then, for any t > 0,
o(t,.,y) € Cl([0,T]; R*") and

Nlo(t,.y.);Cl] < eo(T"7 + Ny €7)). (14)

Proof. This is obvious: recall that we denote by Do the gradient of o. Then, if 0 < u <
v < T we get:

o (t, v, y0) — ot w, yu)|| < 1Doleo (Jv —ul + Ny; Cl|v — ul") .
Hence No(t,.,v.);C!] < [|Dol|oo(T7 + Ny; C{]).
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We are now in position to prove the announced existence and uniqueness result for the
Volterra equation in the Young case:

Theorem 3.4. Assume that the driving process x is an element of C]([0,T];R™) with
v > 1/2. Let k € (0,1) such that k(1 +7) > 1, a € RY, o € C*>*([0,T]* x R%R®™).
Then Equation (13) admits a unique solution in C{ ([0, T]; R?).

This theorem can be obviously applied to the fractional Brownian motion, in the fol-
lowing sense:

Corollary 3.5. Let B be a n-dimensional fractional Brownian motion with Hurst param-
eter H > 1/2, defined on a complete probability space (2, F, P). Then almost surely, B
fulfills the hypotheses of Theorem 3.4.

We divide the proof of Theorem 3.4 into two propositions: first, we will look for a
local solution defined on some interval [0, 7] with 0 < Ty < 7', and then we will settle a
patching argument to extend it onto the whole interval [0, 7).

Notations. Before going into the details of the proof, let us mention a few conventions
that will be used in the sequel. We assume that we always work with a fixed (finite)
horizon T to be distinguished from the intermediate times T}, Ty, .... In particular, this
means that the constants that will appear in the below calculations may depend on T
without explicit note.

For the sake of conciseness, let us denote Y, = (u,y,,) € [0,T] x R? and o*(V,,) = o (t, V).

The local existence and uniqueness result for our Volterra equation is contained in the
following;:

Proposition 3.6. Under the hypothesis of Theorem 3.4, there exists Ty € (0,T] such that
Equation (13) admits a unique solution in C] ([0, Tp); RY).

Proof. We are going to resort to a fixed point argument. To this end, let us associate to
each y € C]([0,Tp]) the element z = I'(y) defined by

2 =T(y): = yo + Joe(c'(Y) dx).
The solution we are looking for will then be constructed as a fixed point of T.

Step 1: Invariance of a ball. Fix a time T} € (0,T] (71 will be chosen retrospectively).
Let y € C{([0,T1]) such that yo = a and set z = I'(y), where, of course, the application I'
has been adapted to [0, T7].

At this point, let us remind the reader of some specificity of the Volterra setting that
we evoked in the introduction. As in (2), the increment (§z);s can be decomposed as a
sum of two terms that will receive a distinct treatment: I, = J.(c*(Y)dz) and I% =
Tos([0t — ®](Y) dx). In order to estimate those two integrals, we shall of course resort to
inequality (11). However, as far as I% is concerned, it is clear that the latter inequality
will not be sufficient so as to retrieve |t — s|-increments (remember that we are looking
for an estimation of N[z;C]], hence a relation of the form ||I%]] < |t — s|” f(y)). This is
where the following lemma, which also anticipates the contraction argument, will come
into play.

Lemma 3.7. Let I = [a,b] C [0,T] and y, 4 € C](I;R?) such that y, = §a. Then, under
the hypothesis of Theorem 3.4, for any s,t € I,
Nllo" = o J (V) ¢l (D] < o [t = s| {1 + Ny; CI (D]} (15)
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No' (V) = o' (V)7 (D)] < eo {1+ Ny: €1 (D] + N[g:CH(D]} Ny — g: €1 (1)], (16)

N[o* = o*|(¥) = [0" = o*)(¥); €17 (1)]
< o ft = s[{1+ Ny; L (D" + Ng: (D]} Ny — 5: ¢ (1)) (17)
Proof. See Appendix. O
Now, let us go into the details. To deal with I, use (11) to get
Il < et = s" {No"(¥); 7] + TYN[o"(V): €11}
< ot — s {1+ TYNe"(V); €T}
and thus, thanks to Lemma (3.3), N[I*;C]] < ¢, o {1 + TYNy; C{]}-
Split 12 into I? = I*! + I?*?, with
L' =[0" = o)) (62)os  and 15" = Noy(3([0" — 0°)(D)) d2).
First, notice that ||I5']| < || Dolls |t — 8| N[z; CJ]TY, which gives N [I*:C)] < o 0Th. As
for 1*?, use the contraction property (6) and the estimate (15) to deduce
17l < eeNTlo" = a®)(); G T
< oo [t s {1+ Ny I T,
so that N1%2%:C)] < oo TV (1 + Ny; C7]).
Therefore, putting together our bounds on I' and I?, we have obtained N|[z;C{] <

Ceo {14+ T7Ny;C{]}. We can thus pick 77 € (0, 7] such that for each 0 < Ty < T3, there
exists a radius Ar, for which the ball

By = {y € C([0,To)) : wo = a, Ny;C1([0, Th])] < Ar}

is invariant by I'. Notice that the radius Ay, is an increasing function of 7y, a fact which
will be used in the second step.

Step 2: Contraction property. Fix a time Ty € (0,73] and let y,§ € B?OT,?I. Set z =
['(y), 2 = I'(g) and decompose again §(z — Z) into d(z — 2) = Jb! + JY2 + J?, with

I = (@) =o' D) G2l I = A (30" () = 0'(V) 0z,

T3 = oo (8(0" = o] ¥) = [0* = 0*]()) 6.
Let us now estimate the y-Holder norm of each of these three terms.

Case of J4': We have N[JY1C3] < || Dol Ny — 7; CY) Nx; C]]. However, since yo =
jo = a, we have ys — g = ys — §is — (yo — fo), N[y — §:C{] < Ny — §;C]] 77, so that

NTMC) < e Ny — 95C1] T
Case of J%*: Inequalities (6) and (16) yield:
12l < eN[o'(Y) =o' (P): N [2:CY] Jt — s
< oot =" (L+ Ny G+ N5 G Ny — 9; G T,
which gives N[J5% 03] < ey (1 4+ Ny; Ol + NT{g; CI)) Ny — 45 CIT
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Case of J*: By (6) and (17),
1731 < eNlo" = o*|(V) = [o" = o*|(V); €17 N s €71 T5

< Calt— s Ty Ny — 5;CT{1 + Ny; CT1° + N3 €117}
or in other words N[J%CJ] < couTy "Ny — 7;C71{1 + Ny; C7]* + N[35;C])7}

Therefore, N[z — 2;C{] < ¢,.T) Ny — 9;C]] {1 + Az, }. Since the radius Az, decreases
as Ty tends to 0, we can choose a sufficiently small time T, € (0,7}] such that the
application I, restricted to the (stable) ball B?OT,?L, is a strict contraction. Hence the

existence and unicity of a fixed point in this set.
O

The next proposition summarizes our considerations in order to get the global existence
and uniqueness for solution to equation (13):

Proposition 3.8. Under the hypothesis of Theorem 3.4, the local solution y) defined by
the previous proposition can be extended to a global and unique solution in C{([0,T]; RY).

Proof. In fact, we are going to show the existence of a small ¢ > 0, which shall not
depend on y!), such that y") can be extended to a solution on [0, Ty +¢]. The conclusion
then follows by a simple iteration argument.

To this end, let us introduce the application I' defined for any z € CJ ([0, Ty + ¢]) such
that 2z =y as

) if £ € 0,7,
5 =T(2) = weelo.nl
a+ Jo(o'(Z)dx) ift e [Ty, Ty + €]
Just as in the previous proof, we are looking for a fixed point of I'.

Step 1: Invariance of a ball. In order to estimate N[Z;C{ ([0, To + ¢])], let us consider
the three cases (s,t € [0,Tp)), (s,t € [Ty, To +¢]) and (s < Ty <t < Ty +¢).

In the first case, we simply have N[2;C([0,To))] < Ny™:Cy([0,Ty])]. Consider the
second case s,t € [Ty, Ty + €], and decompose (62) as above, that is (62) = I 4+ I +
T2+ 1737 with

L' =0'(2) (0u)s Isltz = A (0(0'(2)) 62),
Lit =o' = 0*)(Z0) (dx)os 15" = Noy(8([0" — 0°)(2)) bx).
Let us now bound each of these terms: first, owing to (6) and (14), ;> can be estimated
as follows:

12 < eN[o'(2);C1([0, Ty + D] Nz ] |t = s

< Cou {1+ N[z;C([0, Ty + )]} |t — 57
It is thus readily checked that N[I% C3 ([T, To +¢€])] < o e? {1 + N[2;C{ ([0, Ty + €])]}-
Thanks to (6) and (15), we also have the following bound for I7”:

1] < eNlo® = o®)(2):C1 ([0, To + ) N a; 7] T

< Cop |t — s {1+ N2 C{([0,To +¢€])]},
which gives N[I%% Cy ([To, To + €])] < cowe' 7 {1 + Nz;C] ([0, To +€])]}. Since trivially
NI CH([To, To + €])] < ¢ for i = 1,2, we get

N1 CH([To, To +€])] < o {1+ TN [2:C([0, To +€])] } -
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Finally, let us treat the third case 0 < s < Ty <t < Ty + e: write

[1(02)stll = [[(02) 1y + (02) 70l
< Ny ¢l ([0, To)] Ty — s|” + N[2;C] ([To, To + €))] |t — To|”
< AN Cl ([0, To)] + N5 Cl([To, To + €])] } |t — s

Putting together the three cases we have just studied, the following bound is obtained
for Z on the whole interval [0, Ty + €])]:

N CU([0, Ty +€))] < g {1+ N[y €7 (10, To])] + NG ([0, Ty +€])] -
Therefore, set
= (20}7@)_1/(1 (¢ does not depend on y™) and Ny = 2¢,, {1 + Ny ¢l (0, To)]}

so that if Nz;C]([0, Ty +¢€])] < Ny, then N[%C]([0, Ty +¢])] < & + &t = Ny, In other
words, we have found that the ball

B = {70, To+el) : zpomy =y, Nz CT([0,To +¢])] < M}

yM,To,e
is invariant by T'.

Step 2: Contraction property. This second step consists in finding a small n € (0, ] such
that the previous application T' (adapted to [0, Ty + n]) satisfies a contraction property
when restricted to some (invariant) ball.

Let 2z, 22 ¢ BA([}) 1, 20d set 2 =T(zW), 2@ =T(2®3). Of course, since 21 and

22) share the same 1n1t1al condition on [0, Ty], we have N[2(1) — 22 CY([0, Ty + n])] =
N[EW — 2@ CV([Ty, Ty + n))]. Let then Ty < s < t < Ty +n and as in the proof of
Proposition 3.6, use the decomposition §(21) — 2®)),, = JL' + JL* + J2, where

Ji' = (@'(21) = o"(2P) Oa)e T = Aa(0(0"(2D) - o' (2?)) 62),

Ji = Dos(8([0" = 0°](2) — [0* — 0°](2?)) b2).
We will bound again each of these terms separately: for J%!, we have
1731 < 1Dollocl |2t — 22 [N T2 CI |t = s

But

128 = 220 = 1 = 2] = o) — 20 < N = 22510, To + )],
and so

N[Jl’l‘cy([To, To+ )] < oo N[2W = 22670, Ty + ). (18)
The term .J};* can be estimated as follows: by (6) and (16),
172°1 < eNlo'(2W) = o'(2®):C ([0 To + 77])],/\/’[$'C’y] [t — s
< ot = sI"m {1+ 2N N[ — 207 ([0, T +n))].

Finally, according to (6) and (17), we have:
I3l < eNlo" = a*)(2) = [o" = o")(Z2®); ¢ ([0, Ty + )N [ CF] 770
< Cop [t — 8T {1 F 2NFYN[2W — 2P C) ([0, To + 1))

As a result, putting together the bounds on Jsltl, gy L2 and J%, we end up with:

st

N = 22:¢7([0, Ty + 1)) < o™ {1+ NF + N} N —22:07([0, T + 1)
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We can now pick 7 € (0,¢] such that ¢ ,n'~7 {1+ Ny + N1} < 1, and the application

I' becomes a strict contraction on BA(/})

Yy To,m

that Bé\([}) Tom is invariant by I" too, hence the existence and uniqueness of a fixed point in
this set, denoted by 3.

Notice now that the arguments leading to uniqueness remain true on the (stable) ball
{2 €CH0, To+2n)) ¢ 2o =y, N30, T+ 20])] < M}

For instance, to establish the equivalent of relation (18) on this extended interval, notice
that if s € [Ty + n, To + 27,

. It is easy to check (see Lemma 3.9 below)

1 2
1280 — 2@ = |[2D — 2] — [28),, — 22 < N2 = 2@;¢7 (0, T + 20])] .

S S S

This enables to extend y™7 into a solution y™?" on [0,T} + 2], and then y™-" on
[0,Th + 3n)], ... until [0, + n] is covered, as we wished.
]

Lemma 3.9. With the notations of the previous proof, the sets
{z€Cl([0,To+ ) : 2jo1ta—1)y = yW=0m - Af 22 ([0, Ty + 1)) < N}
are invariant by I.
Proof. 1f z belongs to such a ball, set
gt:{zt ifte (0, T+t
2ry4rn it € [Ty +1n, Ty + €]

Clearly, z € BA&) ,
yHToe
B;V(}> 7~ Now, since yW-(=1 s a solution on [0, Ty + (I — 1)n], we have T'(2)|j07+(-1)s =

yM-(=11 swhich means that I'(Z) is an extension of I'(z) and as a result

NIL(2); €I([0, To + In))] < ND(2); €1 ([0, To + &) < M.

so that, thanks to the first step of the previous proof, I'(Z) €

4. THE YOUNG SINGULAR CASE

This section is devoted to the study of a particular case of Equation (1), when the
coefficient o admits a singularity in (¢,u) on the diagonal. Namely, we shall consider an
equation of the form

yo=a+ /0 (t — w) () dea, (19)

with ¢ : R — R%" a sufficiently regular mapping and z € CJ ([0, T]; R"), for some v and
a to be precised. Thus, the application o appearing in (1) tends here to explode when
approaching the diagonal

D xRY={(t,t,y), t€[0,T],y € R?}.

This singularity prevents us from directly applying the algebraic formalism introduced at
section 2 in order to define the integral f(f (t—u)~*tY(y,) dx,, above. However, as in Section
3, we shall see that this latter integral can still be defined thanks to a slight extension
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of Young’s interpretation, insofar as the integral will simply be seen as the limit of the
associated Riemann sums. In other words, we will be able to set

/S (t - U)_a@b(yu) dx, = kh_{n Z (t - ti)_aw<yti) (6'T)titi+17 (20)

o0

Ar([s,1))

where A ([s, 1)) = {s =1ty < t1 < ... <t <t} is any sequence of partitions whose meshes
tend to 0, and where t;, — t. In this context, Theorem 4.6 is quite close to Theorem 3.4.

Remark 4.1. The tedious calculations to come will give us an idea of how the A-formalism
used in the previous sections makes the writing more fluent (when it can be applied), by
avoiding the often cumbersome study of Riemann sums.

4.1. Young singular integrals. This section deals with a rigorous definition of integrals
like (20). A first technical lemma in this direction is then the following:

Lemma 4.2. Let a < b, f € C**([a,b];R), g € C([a,b;R*™), h € C}*([a,b]; R™) with
AL+ Ao > 1. Then

b b b
/d(fg)uhu:/ dfuguhu+/ dgufuhu,

the three integrals being understood in the Young sense.

Proof. Consider a partition A = {a =ty < --- < t, = b}, with mesh |A|, and use the
decomposition

Z 5(fg)titi+1hti = Z((Sf)titi-&-lgti hti + Z(ég)titi+l fti hti + Z(5f>titi+1 <5g>titi+1 hti'

7

Notice then that

HZ((Sf)titiH (5g)titi+lhti < N[f> CLb]N[g; Cl)\l] ‘A’)\l N[ha C?] ‘b - al )

which tends to 0 as |A| — 0. The proof is thus easily finished.
U

Lemma 4.3. If v > a and ¢ € CY°(R%; R4, then for any k such that (v —a) + K > 1
and any y € CE([0,T);RY), the integral Iy = fst(t — u)~*Y(y,) dzx,, exists in the Young
sense. More specifically, for any 0 < s <t <T and 0 < e <t—s, set IS, = fst_a(t —
u)~*Y(yy) dzy, defined in the Young sense of Proposition 3.1. Then I, converges to a
quantity, which is denoted again by f:(t —u) Y (yy,) dzy,.

Proof. Let € > 0. If u,v € [s,t — €],

(Y)Y I 1
| < W[y - o * [

a 1 , . o
< Wlloo o fo = ul + Zllv oo N Ty; CT ([0, T)] [0 — ul®,

(t —v)> (t—u)“” -

”w(yv) - ¢<yu)||

hence u — (f%‘)?x € C"([s,t —¢€]) and since kK +v > 1, the integral I5, is well-defined in the

Young sense of Proposition 3.1. We will now study the convergence of I, when ¢ — 0.
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It is easily checked from relation (10) that one is allowed to perform a integration by
parts in [, in order to deduce

o= [0 s = [ e de -
— V(i) (Tp—e — ) + w(yj (2 — x4) + /st_ad ((w(—yu)> (xy — 24)

8(1

= I+ I+ I
Let us analyze now the three terms we have obtained: since

Hw(y

< [llloeN T €T,

EZE) (Cm——

it is readily checked that I5' — 0 as ¢ — 0. In order to treat the term I’ observe that,
according to Lemma 4.2, we have

t—e Ty — Ty t—e du S31 39
- [ awen = v | e ) = I I (21)

u)a—f—l
Notice then that
Y(Yu)
(t —u)

1
a+1 (xt o .Tu)

]t B uyl—(v—a)’

< [[¥lloeN [2; €]
and thus u — %(wt — 1) is (Lebesgue-)integrable in ¢t. This trivially yields the
convergence of I5°% as ¢ — 0. As for the first term 15> in (21), we know that u —
¥(y,) € Cf. In order to study the convergence of I§£3’2, it only remains to prove that
the application ¢ : [s,t) — R", u — ((ﬁt__u:';’;) , continuously extended by 0 in ¢, belongs to

C{([s,t]), for some p > 0 satisfying p + r > 1.

However, if 0 < u < v < t,

[0 — ©ull
< Nl (6 = )2 = (£ =) + | — 2] o0 — 0 — (0 — )

1—(y—a) _ T
< Naelll-of (72w ) (o) 4 Nl -

|t_v|0¢ |t—U|a+1
< eNlzCll o —u]"™ + Nz; C{]|v —u]"™,

while if u < v =1t as ¢, =0,

|20 — 2|

o — pull = m < Nz; ¢ v —ul™".

Thus, ¢ € C{ ([0, ¢]), which achieves the proof since, by hypothesis, (y—a)+x > 1. 0O

It is also important to control the Hélder continuity of the singular Young integral
defined above. Before we turn to this task, let us quote an elementary estimate for
further use:
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Lemma 4.4. Let 0 < s <t <T. For any § € [0, 1], there exists a constant cg such that
for any u € (0, s),
[(t—u)™ = (s—u)"*| <cgls—ul” Bl — )P (22)
Then our regularity result is the following:
Proposition 4.5. Under the same assumption as in Lemma 4.3, set zz = Iy for all

t €10, T]. Then, for any Ty < T, the path z is an element of C{([0,To)), and the following
estimate holds true:

Nz CT([0,To))] < ey T5 ™" {1+ Ny; CT([0, To])]} -
Proof. We rely on the decomposition (6z)s = I + I1s, with

Ist:/(t—u)aw(yu)dxu and Ust=/os [(t=u)™ = (s —u) ™ Y (yu) daw.  (23)

Notice that the term I is exactly the one introduced at Lemma 4.3. Let us now bound
each of these terms.

Case of I: 1t is easily seen that I can also be obtained thanks to the following approxi-
mation sequence: for n > 1, set

2" —1

. . o
Jn = Z (t —s5) “P(ys, ) (07) 4 g+, where s, = s+ u

2n
=0

Then I is obtained as lim,, ., J,. Moreover, it is readily checked that

2" —1

st = = 30 (=SB ) = (= 520 e ,)| (02)00 20
21"2701
= [ = (= )T Yl )00) i
i=0 .
+ Y (t—si) " [@ﬁ(y 2i1) — lﬁ(ysggl)] (0) 21 2t
= A+ B. - (24)
But
A1 < ooV e Z (¢ = 2507 — (= 2,7,
and a telescopic sum kind of argument shows that
an—1
Z (= s3i) ™" = (¢ = s340) ™7 (25)

- (t—s)“i;l{(l - 2;1—11)_(1 - <1 - QSil)_a}

—« 2mtt —1 - —a/ont+l\a
<o (1-Tgmt) < ey
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Hence

. 1 n+1 ; o 1 n+1
41 < ot () Sewmli—sr T (55) o)

As for B, the following bound holds true:

on 1 K
2 —a / . n’t__S’ . v‘t__sw
||B|| S <1z:; (t - Sn—i—l) ) ||,(/) ||OON[y’C1] (2n+1),{N[I7C1] (2n+l)'y’
with
on_1 m_1 N
, 21 ¢ ontl b du
t _ 21 —Q — t_ —Q 1 _ <
St =0 (1 gm) S g ) g
2n+1 a
and accordingly
1 n+1
1Bl < cpaNTy;CEl It — "0 (2;{«}71) (27)

1 n+1
< cw,xn—srwy;cm&a( ) .

2/{—}—7—1
Going back to (24) and putting together our estimates for A and B, we get
[ Jnr = Jull S TG [t = 8" {1+ Ny; €T} va,

where v, is the general term of a converging series. Now, write Jy = J0+foz‘01 (Jos1—Jn),
so that, by letting n tend to infinity, we obtain

It only remains to notice that

t
/ (£ = w) ™Y (yu)dw|| < | Joll +T57 " [t = s|" {1+ Ny; (]}

[ Joll = [[(t = 8) P (ys) (02) st || < ([N [ CI][E— s <cyu |t —s["Tg " (28)
to conclude

el < T5"7" [t = s[" {1+ Ny C1} -

Case of I1: We use the same strategy as for I, with this time s¢ = ;—f; and

2" —1

= Z Fou(8)0(ysi ) (02) 5 gr1,  where fo,(u) = [(t —u)™ = (s —u)™*].
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Then
2n—1
S —Jn = Z {fst( )y 2%“) Foa(sng1)¥0 (ysiiH)} (0x) 2kl s2ir2
21:01
- Z {Faa(s20) = Faalsiya) } o (yae ) (02) 2o
2n—1
+ Z R C { yzier) = Oy, )} (02) piss 2iv2
= D+ FE. (29)
To deal with D, notice that u +— fs;(u) is a decreasing function on [0, s|, and hence
2n—1 ont1_q | bl _ 1
Z {fst 72::11 — fou(s n+1)| > Z ‘fst 1:;11 fs,t(3:1+1)| < | fsi (WS)‘ (30)
i=0

Furthermore, according to our elementary bound (22) applied with § = k, we have
Ix (2;:1115) | < o |t — s|F (20%)™, 5o that

1 n+1
1D < c||w||ooxv[x;cnsv-a-ﬂ|t—s|“( )

QV—a—kK

’Y*CM*K/ K ]' n+1
< ey Ty |t — s| ) (31)

27—04—/@

As far as F is concerned, use (22) with § = v — « to deduce

El| < "NooNy; CYIN [x; CT]8™ ¢ e (L N 1 20\
IEI < el Ny Wl it = s (5 ) 2 (1= 5

=0
1 S R
COR] R |4 |7
S C¢,$N[yacl]3 |t S| (25_‘_7_1) /0 (]_—ZE)W
S 1 n+1
< cNlCtlle == o (G ) (32

hence

; 7(1 . 1 n+1
VBN < couNTys CEITT |t — o (—) .

2&—1—'\/—1

Just as for I, gathering our bounds on D and E, we can then assert that
||/0 [(t—u)™ = (s =)™ W (ya) dwall < ol + e T ™" [t = " {1 + Ny; CT]} -

Since [t7* — s7¥ < ¢s™* " [t — |, the term Jy above can be estimated as:
Ioll = I{#7 = s} (9)oull < Na; 877" [t — 5], (33)
so that

[T l| = ||/0 [t =)™ = (s =) "] W (ya) daul| < cpTg™ 7" [t = s|" {1+ Ny: 7]} -
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Finally, going back to decomposition (23), our bounds on I and I7 yields
NIz Cr] < e Ty (1 + Ny; CF),

which was the announced result.

O

4.2. Solving Volterra equations. Thanks to the considerations of the last section, we
can now interpret equation (19), and especially its integral term, in the sense given by
Lemma 4.3 and Proposition 4.5. We are now in position to state the main result of this
section:

Theorem 4.6. Assume that x € C{([0,T];R™) for some v € (1/2,1), let 1) be a function
in CHP(REGREM), and « € (0,1/2) such that v — a > 1/2. Then, for any xk € (1 — (y —
a);y — «), equation (19) admits a unique solution in Cy([0,T]; R?).

Fix k € (1—(y—a),7—«a). As in Section 3, we shall solve our equation by identifying
its solution with the fixed point of the map I' defined, for any y € C#([0, T]; R?), by

z=Ty)r=a+ /Ot(t —u) " Y(yy) dx,,. (34)

We divide again our proof into two propositions, dealing respectively with local and global
existence and uniqueness for the solution.

Proposition 4.7 (Local existence). Under the hypothesis of Theorem 4.6, there exists
Ty € (0,T) such that Equation (19) admits a unique solution y™") in CF([0, Tp]; RY).

Proof. Fix a time Ty € (0,7] and let y € C*([0,T}]). Define then z = I'(y) as in equa-
tion (34).

Step 1: Invariance of a ball. A simple application of Proposition 4.5 allows to conclude
the existence of a stable ball

Qa,To = {y € CK([OaTO])a Yo = a, N[y,C?] S ATO}

for any Tj small enough and Az, large enough.

Step 2: Contraction property. Let y,§ € Q. r, and set z = I'(y), £ = I'(g). Thus,
5(2 - g)st = -[]-lst + ]‘/tsta with

= [0 ) — v e (3)
W = [ 6= = (5= 0] () = ()} o

We will now estimate these two terms, according to the same strategy as for Proposi-
tion 4.5, i.e. invoking approximations by dyadic partitions.

Case of I11: Denote
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Then
Ini1 — J,
on_1
= Yl - = = 5B [Blyen) — 6@en)| | 00) 00 0
- on_1
+ Z { (t—sm) ™" [@D(ysﬁ;) — (i) = P(ys2,,) + %D(?Jsgql)} } (0) 21 2t
= F+ G. (36)
For F', we have, since (y — 3)o = 0,
t—s]

HFHSN[x;C”]@nH) 1 lloN Ty = §:CEITE D 1t = s7) ™ = (8 = s70) ™,
=0

which, thanks to (25), gives

n+1
Pl < coaNy—gele—sT o () T 0
As far as G is concerned, use (16) to assert that
(g,20) — VGss) — V() + 0G|
< e {1+ Ny O] + MG Ny = i1l
Besides,
2"—1 o 2n+1 1 du
t_ Sn’L —Q S / ,
2T TS )y T
so that
1 n+1
161 < coaNly = i1 1L+ 2n} o= o (s ) o7 (39

Relations (37) et (38) entail

Ll < 1ol + D st = Jull < 1ol + ey T3~ {1+ 245} Ny — 5 CF] [t — 5|
i=0
Furthermore, we have
[Joll = [1(t =)~ [¥(ys) — ©(Fs)] (02)st]] (39)
< ft=sl [t = s TNz G DY oo Ny — 5 CF]s"
< e Tyt = 8" Ny = 5;CF]

which finally yields
I La|| < €y o Tg ™" {1+ 240, } Ny — 5;CT] [ — 5]

Case of IV : In this case, the approximating sequence is defined by:
. on_1
is

Sn =g = D faalsn) [0(ys) — ()] (00) -
1=0
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Hence, the difference J,,.1 — J,, can be decomposed into:

Jn1 — I
-1
= > {[fs,t(si’ff) — foa(sii)] [w(ysﬁ;) - w(ﬂsﬁg)] } (02) 2ia g2ivo
= 2" —1
+ ZO {Foals2i) [0y = o) = v(a) + 0, )| | 6) 20 o0
- HiK (40)

In order to bound these two terms, let us introduce first some A\ € (k,y — «). From (30),
and invoking (22) with 3 = X\, we obtain
2n 1
D el = fualsti)| < et — s
i=0
while [[¢(y2ie1) = (G20 || < [[¢]|NTy — : CT] 5™, and so

(2a+)\)n+1
gatA )

K —K ~ K K—Qa— 1 s
IHI < cpnlt— sl |t = s Ny — 5: €)™ ( ) (41)

27—&—)\

1 n+1
< ol o TNy - 50 (o)

To estimate ||/ ||, remember that

[y 2in) = D(G2irr) = (Y ) + (@2, )

n+1

SH

< ey {1+ Ny; C7] +N[?J;Cf]}/\/[y—?];cf]m-

which, together with (22) applied with 3 = v — «, gives

K[| < cwlt—s\”a{1+2ATo}N[y—ﬂ;Cﬂs”< ) Z(l Z)

Y+ B gn+1
1=0

IN

Cone [t — 8| |t = 7727 {1+ 247}

N 1 L gy
Ny - 5;Ci1T; (W) /0 A—up (42)

. Y o 1 n+1
< coalt= sl T (24 Ny - 5 (s )

As a result, combining the estimates for H and K along the same lines as for the term
111, we end up with:

[TVl < 1 Joll + cpe {1 + 247} Ny — 45 CT [t — s|" Ty
But Jo = [t7* — s~ [¥(v0) — ¥(%0)] (6x)os = 0, so that finally
11Vaell < e {1+ 247} Ny — 3;CT] [t — 5"
We have thus proved that
Nz = %€ < oIy {1+ 247} Ny — 5:Cf).
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The contraction property then clearly holds when I' is restricted to a stable ball Q, 7,
for Ty small enough. This easily yields the existence and uniqueness of a solution to (19)
on [O, T()]

0

The following proposition summarizes the extension of the unique solution to (19) to
an arbitrary interval.

Proposition 4.8 (Global existence). Under the same hypothesis as for Theorem 4.6, the
local solution yV) € CE([0,Ty]) can be extended in a unique way into a global solution in

i ([0,77).

Proof. We resort to the same scheme as in Proposition 3.8, in which we try to exploit the
estimations of the previous proof.

Step 1: Invariance of a ball. Let € > 0 and y € C*([0, Ty + €]) such that yjo7,) = y™V. Set

(1) i
! if t € [0, Tp]
— P ==
o { + Jolt =W () o€ [T, T+,

Let s,t € [Ty, Ty + €| and consider the decomposition (23) of (6z). For I, use (24),
together with the estimations (26), (27) and (28), to deduce

t
||/ (t =)™V (yu) dou|l < eyt — s|" {1+ Ny (7]}
As for 11, use (29), together with (31), (32) and (33) to assert

u / [ — )™ — (5 — )] (o) dral] < e |t — 5| {1+ N[y CF1}
As a result,
Nz CH([To, To + €])] < ey {1+ Ny; Cfl} -

By copying the arguments of the proof of Proposition 3.8, we then deduce the existence
of a small ¢, independent of ¥y, and a radius N;, such that the ball

Qun mpc = {y € CF([0,To + <) = yomy =y, Ny; Ci] < Nij
is invariant by I'.
Step 2: Contraction property. Let n < ¢, and consider y,§ € Cf([0,Ty + n]) such that
y[[0, 7o) = gipo,m) = ', Ny; Ci] < Ny and N[g;Cf] < N1 Set z =T(y), 2 =T(y).
Let s,t € [Ty, To + n] and consider the decomposition (35) of §(z — 2)4. For I11, use
(36), together with (37), (38) and (39), to obtain

W TTIg|| < cpom?™ " |t — s|" {1 + 2N} Ny — 3;C].
As far as IV is concerned, the decomposition (40), together with (41), (42) and the fact
that 1 (yo) = 1(jo), provides
11Viell < cpan® " [t = s|" {1+ 2N} Ny — 3 C7].
Therefore,
Nz = 5 CF([To, To + )] < ey ™™ {1+ 2N} Ny — 55 C1].

The end of the proof follows then exactly the same lines as the proof of Proposition 3.8.
O
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5. THE ROUGH CASE

In this section, we go back to equation (1), with a smooth and bounded coefficient o.
However, we will only assume that x belongs to C{ ([0, T]; R") for some v € (1/3,1/2),
which means in particular that we can no longer resort to Young’s interpretation for
fo (t,u,y,) dx, and some rough path type considerations must come into the picture.
We will thus briefly review the setting used in this context, and then prove a local existence
and uniqueness result for our equation.

5.1. Controlled processes. For sake of conciseness, we only recall here the key ingredi-
ents of the formalism introduced in [11] in order to handle integrals driven by an irregular
signal x. First, as usual in the rough path theory, we will have to assume a priori the
following hypothesis:

Hypothesis 1. The path x admits a Levy area, that is a process x> € C;W([O,T];R“’”)
such that . .
62 =62 @0z, e (60%)en(i,f) = (62%) g ® (027) s,
for all s,u,t € [0,T] and i,j € {1,--- ,n}.
As explained in [11], we are then incited to introduce a particular subspace of the space

of Hélder continuous functions C{ ([0, T]; R"*), which are the convenient processes to be
integrated with respect to x:

Definition 5.1. Let k € N* and n > . A process y € CJ([0,T];RY¥) is said to be
(v,n)-controlled by x if there exists y € C7 ([0, T]; L(R™,RY¥)), r¥ € CJ([0,T]; RM¥)
such that

(0y)st = yo(0x)se + 1Y%,  for any s,t € [0,T). (43)

Remark 5.2. The decomposition (43) is not necessarily unique. However, if we fix y, v/,
then, of course, the remainder ¥ is uniquely determined. For this reason, we shall denote
Q71([0, T]; RY*) the space of couples (y,y') € C ([0, ; RM) x C777([0, T]; L(R™, RM*)) such
that the decomposition (43) holds. This space is endowed with the natural semi-norm
Nly; @ ([0, TR = N(y,y/); ([0, T}, RM)]
= NTy; C1([0, T; RY)] + Ny CL([0, TT; LR, RYM)] + NTy'; ¢77([0, TT; LR, RYF)]
+Nr¥:C([0, T RY)).
Observe that if (y,y’) € Q"([0,T]; RY), then
Ny; €1 ([0, TERM)] < e {llyoll + 77 Ny; @"([0, T]; RM)] } - (44)
Finally, let us denote Q7([0, T]; RY*) = @¥27([0, T]; RY¥).
With our main equation (13) in mind, it is important for us to get a stability property for
controlled processes, when composed with the map o. This is the object of the following

proposition (for which we recall the notation on gradient of functions given at the end of
the introduction).

Proposition 5.3. Let (y,4') € Q([0,T]; RY?), with decomposition 5y = y'(6x) + 1Y, and
consider o € C*°([0,T)> x RV RE™). Fori = 1,--- ,d, denote by o;(z) the i line of
o(z) when considered as a matriz. Then, for any t > 0, (0:(t,.,y.), D3oi(t,.,y) o y') €
Q7([0, T]; RY™) and

Nloi(t, ., y.); Q ([0, T);R"™)] < ¢, {1+ Ny; Q7([0, T); RM)]?}, (45)
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where ¢, does not depend on t.
Proof. See Appendix. O

Let us now turn to the integration of weakly controlled paths, which is summarized
in the following proposition, borrowed from [11]. This result requires a little additional
notation: if € L(R",RY") and A € R™", we denote ¢ - A =Y ", (pei,er) Ayj.

Proposition 5.4. Let x be a signal satisfying Hypothesis 1, and let also (z,z") be an
element of Q7([0,T];R"™) with decomposition 6z = 2'(dz) + r*. One can define A €
C/([0,T];R) by Ag =a € R and

(6A) g = 2,(62) g + 2. - 22, + Ay (r*0x + 02" - 27),
and set J(zdx) = J((2,2")dz) = 6A. Then J(zdz) coincides with the usual Rieman
integral of z with respect to x in case of smooth functions. Moreover, it holds

J(zdx) = lim Z {zti((Sx)titiH + 7, - IitHI} :

[TIs¢|—0
i

for any 0 < s <t < T, where the limit is taken over all the partitions Iy = {s =ty <
t1 < ...<t, =t} of [s,t], as the mesh of the partition goes to zero.

It only remains to enunciate the multidimensional version of the previous proposition:

Definition 5.5. Assume that z € C] ([0, T];R%™) is such that for each z; (i™ line of z),
there exists 2, € C{ ([0, T]; L(R™, RY™)) for which (z;, 2}) € Q7([0, T]; RY™). Then we define
J(zdx) = J((z,2') dz) € C{ ([0, T]; R"™) by the natural relations

T (zdx)? = T((2,2) dz), i=1,...,d.
5.2. Rough Volterra equations. Let us say a few words about the strategy to be used
in order to solve equation (13) in case of a rough driving signal. First, this Volterra
system will be interpreted according to Propositions 5.3 and 5.4 when (y,y’) belongs to
Q7([0, T); RY) and o € C*b([0,T]? x RY; R%™). Moreover, in order to settle a fixed point
argument, we shall see that the process z defined by 2y = a and

(52)315 = ‘7815(0'(25, 5 y.) d:L‘) + %s([gt - US]<y) dl’)
is a controlled process (recall that ) stands for the multidimensional function s — (s, ys)).
Indeed, if we assume that the path w; = of()) can be decomposed as
s = 501(Y) = otV (62) + 17,

which can be done owing to Proposition 5.3, and if we set §z() = J(w; dx), then one can
write (52)&? = 0i(5,5,ys)(00) s + (r7) for i = 1,...,d, with

(r2) @ = [o(t, 5,55) = 0i(5,8,9)] (62) s + 0] (V) - @2, + A (r7 Db + 801 (V)) - 2)
+ jos([O'(t, ) y) - U(Sa ) y)] dx)(l)
If we manage to show that o(.,.,y)* : x — (o1(.,.,y.)(2), ..., (04(.,.,y.)(z)) belongs to
Cy([0,T]; L(R*, RM)) and r* € €37([0,T); R%%) (which will be done in the course of the
following proof), then (z,0(.,.,y.)*) € Q7([0,T];RY?) and the application I' introduced
in the Young setting becomes here
[ Q ([0, ThERY) — QV([0. TERY), (y.4) = (2,0(,y.)"). (46)
With this notation, a solution of (13) corresponds to a fixed point of T'.
We have now all the tools in hand to express the announced (local) result properly:
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Theorem 5.6. Let k € (0,1) such that v(k +2) > 1, o € C>*~([0,T]*> x R R%") and
a € RY. Then there exists Ty € (0,T] such that the equation

Ye = a+ jﬂt(0<ta “ y) dl’),
interpreted in the sense of Definition 5.5, admits a unique solution in Q7 ([0, Ty]; R14).

As in the Young case, the result will stem from a contraction argument (Proposition
5.9) on some invariant ball (Proposition 5.8). Before we turn to detail these arguments,
let us state an equivalent of Lemma 3.7:

Lemma 5.7. Let (y,y), (7,7) € Q7([0, T); RY) such that yo = §o and y, = 5. Then,
under the hypothesis of Theorem 5.6, for any s,t € [0,T],

Nt = o71(3): ([0, T RY™)] < e |t — s| {1+ Ny; Q7([0, T); RV} (47)
Noi(Y) = al(¥); Q' ([0, T]; R (48)
< ¢ {1+ Ny; Q ([0, TI; RV + N[ Q([0, TI; RV} Ny — g3 Q7([0, T); RM)],

and
Nlot = af)(Y) = [of = o5](V); @ T([0, T, R < ¢ [t — 5] (49)

x {1+ Ny; @ ([0, T RM) + Ng; Q([0, T]; M)} Ny — 3 @([0, T RM)].

Proof. See Appendix.
O

We can now state the result concerning the invariance of a ball for the map I:

Proposition 5.8 (Invariance of a ball). Under the hypothesis of Theorem 5.6, there exists
To € (0,T] such that for each Ty € (0,Tp)], the ball

By = {(y,y) € @0, 1) o = a, g = 0(0,0,0)", N(y,4); Q"([0, )] < A}

is invariant by ' (defined by (46)) for some large enough radius Ar, .

Proof. Fix a time Ty < T and let (y,v') € B;OTO with decomposition dy = y/dx + r¥. Set
(2,2") =T(y,y'). Then 0z = 2’6x + r?, where r* can be further decomposed into:

7nz — T'Z’O + rz,l,l + 7’2’1’2 + ?”Z’2’1 + Tz,2,27 (50)
where
i = ol =] V)6, G =0tV -,
ra = A (s 4 8(al (D)) - 2?),
and

i = ol = 03] () (0x)os + [0F — 05] (V) - 23,
0 = g ([ = 17O G 4 6([of - 2] (V)) - a?)
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Let us check that this decomposition actually identifies z as an element of Q7, that is
2/ €] and r* € CSW. For 2/, pick 0 < s < t < T} and observe that

||(6z/)8t|| = ||0'(t, t7 yt)* - O-(Sa S, yS)*“
< lo@toy)™ —o(s, ty) || + [lo(s tye)™ — o(s, s, us)"||

d
< Dol [t = 5|+ D> _16(0(P))at-
But, according to (44),
16(a7(V))stll < o [t = s { | Dsoi(s, Do) o oll + ToNo7 (V); 71}
< Cro |t - 3|’Y {1 + TJN[Uf(y)? QV”’?
which, together with (45), leads to N[2/;C]] < c.o {1 + T Ny; Q7)*}.
Let us now estimate the 2vy-Holder norm of the remaining terms.
Case of 70 Clearly, N'[r*%;C5"] < | Do ||oN[2;CY Ty " < Co-
Case of r>b1: Since ||o{(V)s|l = || Dsoi(t, Vo) o yh|| < co, one has, owing to (45),
Izt ’)H < o ft— s N[ CP {1+ YNl (Y): 671}
< Gt = sPTH{LH TYNToL(Y); Q) < cowlt — s/ {1+ Ty Ny; Q%)
Case of r'2: Tt is readily checked, invoking (6) and (45), that
IO < el = s {NET N )+ N (01 (9)) TN T €3]}
< et — s|37/\/'[0¢(t, V); Q" < ot — s|2V ) {1 + Ny; Q2 } )

Case of r>*': The following elementary estimates hold true.
[73 71 < Dol |t = 8| T9N [ C7) + | Dson(t, Yo) — Dsoi(s, Do) ol N % €375
2y
< o |t —s|77.

Case of r>*%: Owing to (6) and (47), we have

2,2,(
(rana]l

< eIy NI O PN 0] + N([of = 03] (V)5 CINV % ¢57) |
< Ty Nof = o5](V); Q] < oo Ty |t — 5| {1+ Ny; Q%)

Finally, gathering all our estimates for the terms in (50), it is easily seen that N[r*; C3]
< Con {1+ TYNy; Q]?}. Hence we have obtained that r* € C;” and (z,2') € Q7.

Notice that the above estimations also easily lead to N[z; @] < ¢, , {1 + T Ny; Q"]*}.
Choose now for T the greatest time 7 € (0,7 such that the equation ¢, , {1 +77A} = A

admits a unique solution A,. Then Tj satisfies the property announced in our proposition.
O

We can now prove the contraction property allowing to establish the existence and
uniqueness of a local solution to equation (13).

Proposition 5.9 (Contraction property). Under the hypothesis of Theorem 5.6, there
exists Ty € (0,To] such that for each Ty < Ty, the application T is a strict contraction on

the (stable) ball By,
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Proof. Let (y,v'),(7,7') two elements of Bng, and set (z,2') ='(y,y), (2,2) =T1(9,7).
Thus, 6(z — 2) = (' — Z)éx + (r* — r?), where 2’ = o(.,.,y.)*, Z = o(.,.,7.)*, and r* is
given by (50), with a similar expression for r*. Let us now estimate each term of
N[z =% QN =Nz - Z;CY) + N[' — 2,C1| + N[r* —r%:CI + Nz — 2,C]).
Case of N'[2' = 2;CP]: If s € [0, 0], ||z = Z(]| = llo(s, 5, y:)" =0 (s, s, )| < [| Dolloc]lys —
Jsll- But yo = go, so that [lys —fsl| < TYN[y—5;C/] and N[2' =25 CV] < ¢, TV Ny —5; Q7.
Case of N1z — Z';C]]: Pick 0 < s <t < Tj and observe that
Iz = 2) = (2 = 2Dl = (@(t. V)" = a(t, D) = (s, V)" + (5, D,)"]
< lo" = o J%) = o' = o |Vl + 19(e* (V) = o* (V) el
Then

llo* = o*1(V) = [o" = o]Vl ID(e" = *)llsollye — Gl
1D*0 oo [t = s| Ny — 5;CIIT]

Co |t = s[" Ny — 5; Q"Th,

VANRVANVAN

while, according to (44) and (48),
16(o7 (V) = i V)all < [t = sI" No7 () = o7 (¥): €]
< alt—sl" {lle: ) = Ol + TN} (V) = o1 (V) ']}
< oot =" TV {1+ Ny; Q1 + N5 QP Ny — 5: Q]
since (05())—03(Y))) = 0. Hence, thanks to the fact that we are working on the invariant
ball B%Tl, we get N2/ — 25C]] < ¢po {1+ A3, } Ny — §; Q17
Case of Nr* —r%;C3"]: Since (yo,y) = (fo. 7)), 7* 2 = r* — r* reduces to the sum of
i = {lol = of0) = ol = PN, T = [0l (9), = ol )] 2
7“; O = A ([r7 ) = 7 Ns 4 60l (V) = al(D)) - 2?)

(2

ri 0 = D[ = i) — i) o 4 §([of — of|(V) — [of — of] (V) - 2?).
We will now bound each of these terms.

Study of rz;*°: One has

< |t =s|"ID(a} = ) ool Vs = Vi

< e ft = s D%oillolys — Gl

< Gt =T Ny = 5CNTTT < gt — s Ny — 5 Q1T

[l

Study of v "' Since (a4(Y) — ot(Y))} = 0, we get, owing to (48),

IO < et =T N(0H ) = ot )l < eolt = s Not(D) = ot (V); @T7
Colt = s {1+ Ny; @ + N(; QT } Ny — ; Q17
Study of r*~=12: By (6) and (48),

(
7z 220 < et — s Noh(Y) — al(I): Q)
< Coplt— s {1+ Ny; QP + N5 QP Ny — i QT7

<
<
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Study of r*=*2: By (6) and (49),
TV N[of — o3)(V) — [0t — 03)(P); Q1 0H9)]

o TI 2 [t = | {1+ Ny @1 + N 1} Ny — 5 Q7).
Finally, putting together all our estimates of the remainder terms, we end up with the
relation N'[r* —1%,C37] < ¢, {1 + A%, } Ny — §; Q|7 , which together with the above
estimation of N'[z" — Z';C/], gives

N[Z - 27 Q’y] < Cr,o0 {]- + A’?Fl}N[y - ga Q’Y]T‘lfY
The greatest time 77 € (0, Tp] such that ¢, , {1+ A% } 77 < 1/2 then clearly yields the
contraction property for I' on [0, T7].

_~,27'
17550 <
<

O

In the rough case, it is also easily seen that our existence and uniqueness result for
equation (13) can be applied to the fractional Brownian motion:

Corollary 5.10. Let B be a n-dimensional fractional Brownian motion with Hurst pa-
rameter 1/3 < H < 1/2, defined on a complete probability space (2, F, P). Then almost
surely, B fulfills the hypotheses of Theorem 5.6.

Proof. We only have to show that B satisfies Hypothesis 1. But this kind of result is
easily deduced from the convergence results contained in [6].
O

5.3. Extending the solution. To finish with, let us briefly evoke the technical difficulties
we encounter when trying to extend the solution on [0, 7] along the same lines as in the
Young case. Denote (yV), (yM)’) the solution on [0, Tp).

The first step would consist in finding some small £ > 0, independent of (y™), (yM)),
and some radius N; such that the ball

{(y,y) € ([0, T +¢)) : (v, 9o = WY, WMY), Ny, y); Q([0,Tp +€])] < Ni}

is invariant by I'. In fact, if we set (z,2) = I'(y,y’) for (y,%’) in this ball, then some
standard estimations, similar to those appearing in the proofs above, show that

N(z2); @ ([0, Ty + €])] < aNTy™; Q ([0, To))] + c2 {1+ N (y, y); Q7 ([0, To +€])]*}
(51)
for some A > 0 and some constants c;, co with ¢; > 2. It is then rather clear that, owing
to the exponent 2 in the latter expression, the constant € ensuring the stability of the ball
has to depend on Ny; Q7([0, Tp])].
More specifically, imagine the reasoning of the proof of Proposition 3.8 remains true
when starting with (51), which means that we can find some constant ¢ > 0 and some
sequence of radii (V;) such that

ClNi + Co {]_ + EANza_l} S Ni+1~ (52)

Then N;y1 > 1 N; > 2N; and the sequence (N;) diverges to infinity. On the other hand,
if relation (52) is meant to admit solutions, then the relation 1 — 4e*cy(c1N; + ¢2) > 0
must be fulfilled, so that (IV;) is bounded, hence a contradiction.

At this point, it is interesting to notice that even if ¢ is allowed to vary and becomes a
sequence ¢; such that ) .e; = oo (in order to be sure that [0,77] is covered), then we get

%Zi <N; < Ef , so that ¢; < W, which of course contradicts ), &; = 0o.
i+1
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This failure in our apprehension of (1) motivated the study of a particular case of
Volterra equations (see our companion paper |7]|) for which some modifications of the
d-formalism enable to get rid (in some way) of the past-dependent term in (2).

6. APPENDIX

We gather in this section some regularity results for the functions and controlled pro-
cesses we handle in throughout the paper.

Proof of Lemma 3.7. To obtain (15), pick u < v and observe that

llo* = o*](Ys) = [0" = o”] (V)| ID(" = o) lloo 175 = Yl

<
< D%l [t = sl (Jo —ul + N[y: 7] Jo —ul"),

which gives the result.

In order to establish (16), let us introduce the operator R defined for any ¢ € C1P(RIH1),
£,§ € RM, by

Rp(£,¢) = /0 Dp(aé + (1 — a)f) da.

Then of course || Rl < [|Dploo and [[Rp(&1,€1) — Beo(&a, ) < [[D*0lloo (161 — &2l +
&1 — &5]]). With this notation, if 0 <u < v < T,

') =o' D) - ') =o' Gl
HRO-t(yva yv)<yv - yv) - R0t<ywyu)(yu - yu)”

< RS (Vo Vo) (Vo = Vol = [V = V)l + [Ro* Vo, Vo) = R* Vs V)]V = V)
< D" lolllyo = Fo] = [y — Gl

HID*0 [loo(2 v = | + 1ly0 = gull + 190 = Ful) 1y — Full
< Ny =561 —ul" {IDollw + | Dl (21" + Ny: €] + N[5 CINT}

where, in the last inegality, we have used the fact that v, — 9. = [yu — ] — [0 — Jo]-
Inequality (16) follows easily. Notice that those are the same arguments as in the proof
of [11, Lemma 5].

To prove (17), let us introduce the operator L defined for any ¢ € C?%(R%*?) and any
s,t €R, &, ¢ € R as

1 1
Lp(s,t,6,€) = /0 /0 D2p(s + plt — 5),6 + M€ — €)) dudA.

Thus, Lo(s, t,&,€") is a bilinear mapping on R x (R x RY) such that ||Ly||le < ||D%*¢]00

and ‘|L90(S7t7€17£1) - L@(‘%hf%f&)” S HDQSOHN (”51 - é.QHIL€ + Hgi - é‘é”fi)
With this notation, it is readily checked that

O-(tvf) - 0(375) - U(t7§/) + 0-(875/) = LO_(87t7€7£,)((t -5, O)’ (075 - €/>)
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for any s,t € [0,77], £,& € [0,T] x R%, so that
Io* = o*]Vu) = 0" - o*|(V) = [0 - (D) + 0" - a*] (D)l (53)
= || Lo(s,t, Vu, Vo) ((t = 5,0), (0, Y — Vo))
—Lo(s,t, Y, Vo) ((t = 5,0), (0, Y, = D))l
< LotV V) ((t = 5,0), (0, [Vu = D] = o = D) ]
H[Lo(s,t, Yu, Vu) — Lo(s, 8, Vo, Vo) [((E = 5,0), (0,1 = )|
< |1D*0loo [t = s [y — 9] = [v0 — 7]l
H|D?0 | (2w —v]" + [[yu = gull* + G — Goll") [t = 5] lyo — 50
< ot = s {Ny = §:Ci] lu — o
+(2]u =]+ Ju — o T Ny C + N[5 C D Ny — 55 G T,

which leads to the result.
OJ

Proof of Proposition 5.3. This is a matter of elementary differential calculus. For the sake
of conciseness, denote o = 0; and @y, (r) = Yy + 7(Vy — Vo). Then

(5(Ut(y))uv = Ut(yv) _Ut(yU)

= /o dr Dao (t, @uy(r)) (v — u) + /0 dr D30 (t, ©uu (1)) (0Y)ww
= D3U(t> yu)((sy)uv + /0 dr [D3U(t’ @uv(r)) - D3O’(t, yu)] (5y)uv

+/0 dr Dyo(t, puy(r)) (v — u)
= (Ds3o(t,Vu) 0 4.) (02)uw + Tuo, (54)

where r has to be interpreted as a remainder, whose exact expression is given by:
1
Tww = Dso(t, V,)r?, + / dr [Dso(t, ouw(r)) — D3o(t, Yu)] (0Y)w
0

+/0 dr Dyo(t, puy(r)) (v — u).

We will now bound the two terms in expression (54).
First, | Dso(t, V) 0 y/'llsc < [ DsolloN [y CP] < coN[y; @], and if 0 S u <0 < T,

D30 (t, Vo) © 4, = D3 (t, Vu) © y,l

I[Dso(t, V) = Dso(t, Yu)] o y,ll + |1 Dso(t, Yu) © [y, — vl

ID*0 )|l Vo = Vul N5 1) + (| DsolloeN [y € v — ul”

ID*0 |l (Jv = ul + Ny: CT] v — u[ )N [y €] + | Dso [l N Ty’ CI] v — ul?
Co [v—ul" {1+ Ny; Q"]*},

hence D3o(t,Y) oy’ € C] and N[Dso(t,Y)oy';C]] < co {1 + Ny; Q7]?}.

IAIA IACIA



ROUGH VOLTERRA EQUATIONS 29

Asforr,if 0 <u<ov<T,

2
Iruoll - < 1Ds0lloeN [r¥5C7 o = ul™ + 1D?0 oo | Ve = VullN [y €T Jo — ul”
H| D20 loo v = ul

< e lu—uT {1+ Ny Q)

so that r € C22V and N[r;C?] < o {1+ Ny; @2}
t

To get (45), it only remains to notice that N'[c*(Y);C]] < ¢, {1+ Ny; Q]}.
U

Proof of Lemma 5.7. According to the proof of Proposition 5.3, if Dyo" := Dyo(t, .,.) and
Dyo' := Dso(t, .,.), one has [0} — 0f](Y)), = Da(of — 05)(Vy) 0y, and

rid I = Dyfot — 0t (V) (1)
+/0 dr [Dg(at—as)(yu—i-’r’(yv—yu))—Dg(at—as)(yu)]((Sy)w—l—/o erl(at—as)(yu)(v—u).

Recall that in order to bound (o} — ¢f)(),) in Q7, the main steps consist in estimating

N(ot — o) (V) C7] and Nr;C5"]. However,
llo; = ai1(V);, = [of = a1Vl

< N[Dafof = 07) (Vo) = Dalo7 = 07) (V)] o gl + |1 D207 — 07)(Vu) © [y, — wl
< [1D*(0f = o)llso(Jv — | + Ny; €] Jo — u[ )Ny’ €1

+H|D2(o; = o)l N1y’ CT] v — ul”
< D%l [t = s[ (Jo — ul + [v — u]" Ny: CI]N Ty C1]

+H[ D03l [t = s| Ny v —ul”
< colt—sflv—ul {1+ Ny QT},
and
I 0 < 1D1(0f = 07) o [0 = ul + | Daf = o) o [0 — T N[ €3]
HD*(af = 07) oo (v = ul + Ny; CI] v = ul YN Ty; €] o — ul”
< et —s|jv—ul” {1+ Ny; Q"}.
The upper bound (47) is now easily obtained.

Inequality (48) is in fact a direct consequence of |11, Proposition 4|. Indeed, if y €
Q7([0, T]; RY), then of course Y € Q7([0, T]; R¥*1) with decomposition

(0X)st = (0,y,)(02)st + (t — 5,75).
Then, according to the aforementioned proposition,
N(o'(¥) = o' (9); Q] < o {1+ NV} Q2 + NP QPN - 33 Q7).
It is then readily checked that NY; Q'] < ¢ {1 + Ny; @]} and N[V — V; Q'] = Ny —
7: Q1.
Let us now prove Inequality (49). To this end, denote (** := Dy(0o! — of) and use the

fact that [(9f — o) V)] = ¢**(Y) o Y'. This yields the decomposition [(o! — )(V)] —
(ot — ) (V)] uw = ASL + B3t + O3t + D3t | with

Afﬁ; = 5(C8t(y)>uv o [3/1/; - gzlj] ) Biﬁ; = CSt(yU) o 0([y" = 7' uvs
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Con =) = ¢ D) 0 (07 )ws > Dy = 6(IC* (V) = C* (D) uw © G-
Owing to the regularity of o, we are in position to apply Lemma 3.7 with Dso;, which
gives

NTAT,C) < N[Dy(of = a?)(V): T Ny — §; Q7]
< ot —s[{1+ Ny Q@ Ny —3: Q7]

and
ND*:C5") < N[Dy(of = 07)(¥) — Da(0] = a7)(V): G5 Q]

< ot = s|{1+ Ny Q"+ Ng; Q" Ny — 5; WV [5; 7.

Besides, it is easy to see that N'[B*;C;"] < ¢, |t — s| Ny — ¢; @], while N[C*;C;7] <
Co ’t - S| N[?jv Q’Y]N[y - gv Q’YL hence

N([of = a5)(¥) = [of = o71(V)); €7

< co |t —s[ {1+ Ny; Q" + Ny QP Ny — 5; Q). (55)

As for 7t = ploi=oil0) _ploi=o710) | we know from (54) that, if 0uu(r) = Vut+r (Ve — V),

Pun(T) := Y, + r(yv yu) and of' := o' — o°, then rt = 1 +rih? 4 psh3 with

uv

ﬁfZAcWWW?wwWD—Dmﬂ@Mﬂmv—w,
rt2 = Dot (V) (r8) — Daot!(F)(17,),

7"223 = / dr {[D2O'z‘8t(90uv(r)) - D20z'5t(yu)](5y)uv - [D20i8t(¢uv(r)) - D2Ui$t(5}U)]<5ﬁg)uv}~

0

Obvious arguments allow to assert that N [r*t';Cy™ "] < ¢, |t — s| Ny — §; @]. To deal
with %2 write of course

ro = (D207 (Va) = Doo' (Vu))(rh,) + Do (V) ([, — i),

which leads to N[r*% CJ""] < ¢, [t — s| {1 + Ny; @} Ny —7; ©"]. Finally, decompose

rst,S into Tst,3 — 7"St’3’1 + rst,3,2’ with

1
1580 = [ dr D2 (punlr) — Dao? ) (VIow ~ D
0

7‘2232 / dr [D2Uft(90uv(r)) — D207 (V) — D203 (Pun(r)) + D2Uft(5)U)] (07)uw

0

Clearly, N[rt31: CJ7"] < ¢, |t — s| {1 + Ny; @]} Ny — §; Q"]. To conclude with, ob-
serve that the double increment appearing into brackets in 72 can be dealt with just
as (53) (replace [o" — o] with Dy[o! — o] and Y, with @, (r )) This gives

N2, < e [t = s| {1+ Ny: @17 + Ng; Q1Y Ny — 5; QN [g; Q).
We have thus shown that
Nr5C ) < eg |t —s[ {1+ Ny; Q1 + Ny QT Ny — 55 71,
which, together with (55), entails (49).
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