UPPER BOUNDS FOR THE DENSITY OF SOLUTIONS OF
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ABSTRACT. In this paper we study upper bounds for the density of solution of stochastic
differential equations driven by a fractional Brownian motion with Hurst parameter
H > 1/3. We show that under some geometric conditions, in the regular case H > 1/2,
the density of the solution satisfy the log-Sobolev inequality, the Gaussian concentration
inequality and admits an upper Gaussian bound. In the rough case H > 1/3 and under
the same geometric conditions, we show that the density of the solution is smooth and
admits an upper sub-Gaussian bound.
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1. INTRODUCTION

Let B = (B',...,B% be a d dimensional fractional Brownian motion (fBm in the
sequel) defined on a complete probability space (2, F,P), with Hurst parameter H €
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(0,1). Recall that it means that B is a centered Gaussian process indexed by R, whose
coordinates are independent and satisfy

(1) E [(B{ — Bg)z} = |t —s/*, for s,teR,.

In particular, by considering the family {B*; H € (0,1)}, one obtains some Gaussian
processes with any prescribed Hoélder regularity, while fulfilling some intuitive scaling
properties. This converts fBm into the most natural generalization of Brownian motion
to this day.

We are concerned here with the following class of equations driven by B:

t d t
2) Xi=a+t / Vo(X2)ds + 3 / Vi(X*)dB!,
0 — Jo

where x is a generic initial condition and {V;; 0 <1 < d} is a collection of smooth vector
fields of R?. Owing to the fact that fBm is a natural generalization of Brownian motion,
this kind of model is often used by practitioners in different contexts, among which we
would like to highlight recent sophisticated models in Biophysics [17, 25, 26].

As far as mathematical results are concerned, equation (2) is now a fairly well under-
stood object: existence and uniqueness results are obtained for H > % thanks to Young
integral type tools [28, 23|, while rough paths methods [11, 18] are required for i < H< %
Numerical schemes can be implemented for this kind of systems [10, 11], and a notion of
ergodicity is also available [14, 15]. Finally, the law of X has been analyzed by means of
semi-group type methods [1, 20] and its density has also been investigated in |2, 6, 16, 24].

In spite of these advances, concentrations results and Gaussian bounds for the solution
to (2) are scarce: we are only aware of the large deviation results [19] in this line of
investigation. The current article is thus an attempt to make a step in this direction, by
analyzing a special but nontrivial situation.

Indeed, we consider here equation (2) driven by a fBm with Hurst parameter H €
(%, 1), and we suppose that our vector fields Vj, ..., V; fulfill either of the following non-
degeneracy and antisymmetric hypothesis:

Hypothesis 1.1. The vector fields Vy, ..., Vy are C*®-bounded, and Vi, ..., Vy satisfy
(i) For every x € R%, the vectors Vi(z),- -+, Va(z) form a basis of R%.
(ii) There exist smooth and bounded functions wfj such that:

d
(3) Vi, V;] = ngvk, and wfj = —wl.
k=1
The second assumption (ii) is of geometric nature and actually means that the Levi-
Civita connection associated with the Riemannian structure given by the vector fields V;’s

1S
1
VxY = Z[X,Y].

In a Lie group structure, this is equivalent to the fact that the Lie algebra is of compact
type, or in other words that the adjoint representation is unitary. Such geometric assump-
tion already appeared in the work [3| where it was used to prove a small-time asymptotics
of the density.
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Hypothesis 1.2. The Hypothesis 1.1 is satisfied and moreover, the vector fields Vi, ..., Vy
form moreover a uniform elliptic system. That is

W VVTu| > Aw)?, for all v € RY.
Here V = (Vji)i,j:lwd and \ is a positive constant.

When H > %, under Hypothesis 1.1 our main result can be loosely summarized as

follows (see Theorem 3.14 for a precise statement):

Theorem 1.3. Let X* be the solution to equation (2), and suppose Assumption 1.1 is
satisfied. Then for any t € RY_, the random variable X* admits a smooth density px(t,-).

Furthermore, there exist 3 positive constants cgl), C§2), cf;) such that

2
) < o exp (~? (1l 2))

for any y € R,

We don’t claim any optimality in the quantities cgl), c§2) and cﬁ) above (whose exact
definitions are postponed to Section 3.3). Nevertheless, this is (to the best of our knowl-
edge) the first Gaussian type bound available for solutions of differential equations driven
by fBm.

Let us say a few words about the strategy we have followed in order to prove Theo-
rem 1.3. It is mostly based on stochastic analysis tools, and particularly on a general
integration by parts formula giving an exact expression for the density px(t,-) in terms
of Malliavin derivatives in the non-degenerate case we are dealing with. In this context,
it is crucial to bound the first Malliavin derivative of X (called DX? in the sequel) effi-
ciently. This is where our asymmetry hypothesis on the vector fields Vi, ..., V), enter into
the picture, and we shall see (at Theorem 3.2) how asymmetry properties yield an easy
deterministic bound on DX[. This result enables to get concentration results for the law
of X}, and is the key to our density bounds as well.

As another interesting consequences of the deterministic bound on DX}, we also obtain
Log-Sobolev inequality and Poincaré inequality for the law of X,.

Once the picture for the smooth case (when H > %) becomes clear, we are able to
extend some of our results described above to the irregular case when % < H < % In
particular, we are able to prove

Theorem 1.4. Fiz H € (3,3). Assume Hypothesis 1.2. Let X* be the solution to

equation (2) and vx the Malliavin matriz of X¥. We have |detyx|™* € L>*(P). The
random variable X* admits a smooth density px(t,-) and for any 6 < H there exist 2

positive constants cgl), c§2) such that
(4) pX(t7 y) < Cgl) exXp (_01(52) ’y‘a) ;
for all y € RY.

The existence of a density for solutions to stochastic differential equations of the form (2)
under Hérmander’s condition has been obtained by Cass and Friz [5] for any 1 < H < 3.
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While finishing the current article, an important step towards the study of regular densities
in the rough case % < H < % has been accomplished in [7], where integrability estimates
for the Jacobian of equation (2) are established. Nevertheless when H < i, to the best
of our knowledge, Hypothesis 1.2 is a first wide class of examples where we have an
affirmative answer for the smoothness of the density. This bound on the inverse of the
Malliavin matrix together with polynomial bounds on the Hoélder norm of the Malliavin
derivative allows then to obtain the sub-Gaussian upper bound (4). Unfortunately, we
were not able to obtain the Gaussian concentration inequality which would have led to
an upper Gaussian bound as in the regular case H > 1/2.

Notations: Throughout this paper, unless otherwise specified we use | - | for Euclidean
norms and || - ||z» for the L? norm with respect to the underlying probability measure P.

Consider a finite-dimensional vector space V. The space of V-valued Hélder continuous
functions defined on [0, 1], with Hélder continuity exponent v € (0, 1), will be denoted by
C7(V), or just C7 when this does not yield any ambiguity. For a function g € C7(V') and
0 < s <t<1, we shall consider the semi-norms

I

|gv - gu|V
(5) I9llsen = sup

s<u<v<t |'U - u|’}/

The semi-norm ||go,1,, will simply be denoted by ||g||,-

2. STOCHASTIC CALCULUS FOR FRACTIONAL BROWNIAN MOTION

For some fixed H € (%, 1), we consider (2, F,P) the canonical probability space associ-
ated with the fractional Brownian motion (in short fBm) with Hurst parameter H. That
is, Q = Cy([0,1]) is the Banach space of continuous functions vanishing at 0 equipped
with the supremum norm, F is the Borel sigma-algebra and P is the unique probability
measure on §) such that the canonical process B = {B; = (B},...,B%), t € [0,1]} is a
fractional Brownian motion with Hurst parameter H. In this context, let us recall that
B is a d-dimensional centered Gaussian process, whose covariance structure is induced by
equation (1). This can be equivalently stated as

o 1
R(t,s) :=E B! B]] :§(S2H—|—t2H—|t—s]2H), for s,te0,1]]and j=1,...,d.

In particular it can be shown, by a standard application of Kolmogorov’s criterion, that
B admits a continuous version whose paths are y-Holder continuous for any v < H.

This section is devoted to give the basic elements of stochastic calculus with respect to
B which allow to understand the remainder of the paper.

2.1. Malliavin calculus tools. Gaussian techniques are obviously essential in the anal-
ysis of fBm, and we proceed here to introduce some of them (see [22] for further details):
let £ be the space of R-valued step functions on [0, 1], and H the closure of &£ for the
scalar product:

d
(Lougs o)y (Qsags -+ Losa)hm = D Rti, 54).

i=1
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We denote by K7}, the isometry between H and L*([0,1]). When H > 1 it can be shown
that LY#([0,1],R?) C ‘H, and when 1 < H < 1 one has

C" ¢ H c L*([0,1])

fora117>%—H.

Some isometry arguments allow to define the Wiener integral B(h) = f01<hs, dBy) for
any element h € H, with the additional property E[B(hi)B(hs)] = (hi, ha)s for any
hi,ho € H. A F-measurable real valued random variable F' is then said to be cylindrical
if it can be written, for a given n > 1, as

F = f(B(hY),...,B(h")) :f(/01<h;,st>,...,/01<hg,st>) ;

where h' € H and f: R® — R is a C™ bounded function with bounded derivatives. The
set of cylindrical random variables is denoted S.

The Malliavin derivative is defined as follows: for F' € S, the derivative of F is the R?
valued stochastic process (D¢ F')o<t<1 given by

D,F = Z hi(t)g—i (B(hY),...,B(h")).

More generally, we can introduce iterated derivatives. If F' € S, we set

..... JF =D, .. .D,F.

For any p > 1, it can be checked that the operator D* is closable from S into LP(§2; H®¥).
We denote by D¥?(H) the closure of the class of cylindrical random variables with respect
to the norm

IF],, = <E (F7) +ZE(HDJ’FHZ®J->> :

i=1
and

D>(H) = () (D" (H).

p=1k>1

2.2. Differential equations driven by fBm. Recall that we consider the following kind
of equation:

t d t
(6) X7=at / Vo(X2)ds + 3 / Vi(X*)dB!,

where the vector fields Vg, ..., V,, are C*°-bounded.

When equation (6) is driven by a fBm with Hurst parameter H > 3 it can be solved,
thanks to a fixed point argument, with the stochastic integral interpreted in the (pathwise)
Young sense (see e.g. [12]). Let us recall that Young’s integral can be defined in the
following way:
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Proposition 2.1. Let f € C?, g € C* with v+ > 1, and 0 < s <t < 1. Then
the integral f; gedfe is well-defined as limit of Riemann sums along partitions of [s,t].
Moreover, the following estimation is fulfilled:

(7) / el

where the constant C' only depends on v and k. A sharper estimate is also available:

t
(8) / gsdfs‘ < Agsl 1111t = s + eyl Fllallgllelt = s

< Cllfllllgllelt = s[7,

With this definition in mind, we can solve our differential system of interest, and the
following moments bounds are proven in [16]:

Proposition 2.2. (Hu-Nualart) Consider equation (6) driven by a fBm B with Hurst
parameter H > 1/2. Let us call X* its unique (-Holder continuous solution, for any
6 < H. Then

(1) When vector fields V' are C*-bounded, we have
T 1
sup |X7| < [l + evr | Blol7 s

te[0,7
(2) If we only assume that vector fields V' have linear growth, with VV,V*V , bounded,
the following estimate holds true:

(9) sup |X7| < (1-+a]) exp (evrll BIET,)
te(0,7)

Remark 2.3. The framework of fractional integrals is used in [16] in order to define integrals
with respect to B. It is however easily seen to be equivalent to the Young setting we have
chosen to work with.

When the Hurst parameter % < H< %, equation (6) can be solved, again by fixed point

argument, with the stochastic integral interpreted in the (pathwise) rough path theory
(see e.g. [12] and [18]). In this case, we obtain

Proposition 2.4. (Besali-Nualart [4]) Consider equation (6) driven by a fBm B with
Hurst parameter % < H < % Denote by X7 its unique B-Hélder continuous solution, for
any B < H. If the vector fields V' are C*-bounded, then for any A >0 and § < H

E <exp)\ ( sup |Xt|5)) < 00.
0<t<T

Once equation (6) is solved, the vector X7 is a typical example of random variable
which can be differentiated in the Malliavin sense. In fact, fix H € (%, 1), one gets the
following results (see [5] and [24] for further details):

Proposition 2.5. Let X* be the solution to equation (6) and suppose V;’s are C*-bounded
vector fields on R?. Then for everyi=1,....d,t > 0, and x € R?%, we have Xf’i € D>*(H)
and

DIXF =30 gL Vi(X,), 7=1,...,d, 0<s<Ht,
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where DIXT" is the j-th component of D X", and Jo_; = 8§.

Finally the following approximation result, which can be found for instance in [11], will
also be used in the sequel:

Proposition 2.6. For m > 1 and T > 0, let B™ = {B™; t € [0,T]} be the sequence
of linear interpolations of B along the dyadic subdivision of [0,T] of mesh m; that is if
t7 =14i27"T fori=0,...,2™; then fort € (t*,t% ],

t—tim
o (Bim, — Bim).
ti+1 - tz

Consider X™ the solution to equation (6) restricted to [0,T], where B has been replaced
by B™. Set also DIX™ = Jo_; I Vi(X™), forj=1,...,d and 0 < s <t. Then almost

0—s
surely, for any v < H and t € [0,T] the following holds true:
(10) Tim (X7 - X7, + [DIX7 - DIX) =0,

3. ESTIMATES FOR SOLUTIONS OF SDES DRIVEN BY FBM: THE SMOOTH CASE

Throughout this section, we fix H € (%, 1). Recall that X* designates the solution

to (6). This section is devoted to get some further bounds for X7 and its Malliavin
derivatives, under Assumption 1.1.

Notice that among our set of hypothesis, the antisymmetric property (3) for the vector
fields Vi, ..., V, is the most specific one. It will be mainly used through the following
lemma:

Lemma 3.1. Let A, Ay be n x n matrices, whose exponential are defined by e’ =
> oo A7 /0l for j =1,2. If we assume that Ay is skew symmetric, then

H6A1+A2H < ellAll\’
where ||Al| stands for the Euclidean norm of a matriz A.

Proof. Let us first prove the following (presumably classical) identity:
t
(11) et(A1+A2) = etA2 — / e(t*S)(AlJrAz)AesAzdS'
0

Indeed, consider the function s — ¢(s) defined on [0, 1] by o(s) = e(t=9)/(A1t+A2)gs42 Then
it is easily seen that ¢ is differentiable and

%0/(5) _ e(tfs)(AlJrAg)AlesAg.
By writing
t
e — ) — (1) = p(0) = [ (5) s,
0

relation (11) is now easily obtained.
Let us see now the implications of (11): according to the fact that A, is skew-symmetric,
we have |e342|| < 1 for any s > 0. Therefore,

t
et 1042
0
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By denoting f(t) = ||e!1+42)|| we thus get

) <1+ |4 / £(s)ds

This implies f(t) < el41l* by a standard application of Gronwall’s lemma and finishes our
proof.
O

We are now ready to prove the main result of this section, which is an almost sure
deterministic bound for the Malliavin derivative of X}:

Theorem 3.2. Under Assumption 1.1, the Malliavin derivative of the solution X7 to
equation (6) can be bounded as follows for any T € [0,1] (in the almost sure sense):

Z)\V

and where the constant C' linearly depends on Vy. In particular, one also has |DXZ|,, <

M exp (CT).

2
(12) IDX7||l < Mexp(CT), with M = sup sup

z€R™ ||\[|<1

Proof. Let us focus on the proof of (12). Indeed, since || f||3 is dominated by the supremum
norm when H > 1/2; this will be sufficient in order to prove the second claim of our
theorem. We now split our proof in two steps.

Step1: Matricial expression for the derivative. Let us first restate Proposition 2.5 in the
following form: DX is solution to

DgX%’ = JO*T(CI):VJ)(‘I)? 0<s<T,

where ®2V; denotes the pullback action of the diffeomorphism ®; = X : R — R? on the
vector field V;. Now, a simple application of the change of variable formula for Young
type integrals yields

d(®5V)(x) = (B5[Vo, Vi) (z)ds + > (®L[V;, Vi])(2)dBL.

=1

Moreover, recall that the Lie brackets [V;, V;] can be decomposed, according to Assump-
tion 1.1, into

Vo, V] Zwojvk, and [V}, V;] = Zw Vi,
k=1

with wfj = —w‘gk for 7,7,k > 1. Hence,

d d
V) (x Zwoj (XD @Vi)(x)ds + ) ) wh(X2)(®1Vi) ()dBL.

k=1 i=1

d(®

By denoting M, the d x d matrix with columns
M =DiX7 = Jo_r(®V})(2),
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we therefore obtain the equation

d
(13) dM, = M, <w0(X§)ds + Zwi(Xf)dB§> . My =V (X5,

i=1
where V(X7) is the matrix with columns Vi(X%), 1 < j < d and where w;(X?) is the
skew symmetric matrix with entries wf;(X?).
Step2: Approximation procedure. In order to show that the process M is uniformly
bounded, consider the dyadic approximation introduced at Proposition 2.6. By applying
(10) to the couple (X, M), it is sufficient to prove our uniform bounds on D’ X", uniformly
in m. Let us thus consider M™ the solution of (13) where B is replaced by B™, that is

d
k=1
In the sequel set also

. Bl — Bl
AB - n
t?’n tm .

n—1n t’m_tm ’

for 1<n<2Mand 1<k <d.

Then, for s € [t ,,t"), we have

n—1s%n

k=1

d
M = M <w0<X;”>d8 2w AB'%”CZS) |

Therefore, for s € [t™ |, t™), we obtain

= g e (R e S 8 Xty )
Proceeding inductively, we end up with the following identity, valid for ¢ € [t ;,¢™) and
n=20,..2"
_<ftté?n "JO(X;n)dS"'ZZ:l f:r% Wl(Xm)ABtm m dS)

2m 1 2m _ —1tom X

(14) M = V(XJ)e
m s m k
o T o0 S I BBl i)

Owing to the skew-symmetry of wy for £ > 1, we can now apply Lemma 3.1 to expression
(14) in order to get

M < exp (%nmxsgnml)n) vexp (17 = Dllwo(X5 ) VX
(15) < Mexp (CT).

This is our claimed uniform bound on M;", from which the end of our proof is easily
deduced.
OJ

Once the bound (12) on [[DX7||_, is obtained, one can also retrieve some information
on the Holder norms of DX# improving the general estimate (9). This is the content of
the following proposition:
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Proposition 3.3. Consider 1/2 < v < H and set ¢} = M exp(CT), which is the constant
appearing in relation (12). Under Assumption 1.1, the Malliavin derivative of the solution
XF to equation (6) can be bounded as follows for any T € [0,1]:

(16) IDXFI], < e (1+ 2]+ 1BIL) |1BIS77,
for a strictly positive constant crv,q.

Proof. We have shown at Theorem 3.2 that D X7 is governed by equation (13), and that
IM|lw < . We will now separate our proof into a local and a global estimate, and
notice that the constants appearing in the computations below might change from line to
line.

Stepl: Local estimate. Consider 0 < s <t < T and set ¢ =t —s. Let u < v be two
generic elements of [s,t]. Applying relation (8) to the expression of M, — M, given by
equation (13), we obtain

M, —M,| < COT cy|v —ul
d
+ ) (IMullwi(XDIBIl v = ul” + | Mwi(X) sl Blly v = ul>) .

i=1
We thus obtain, for a constant ¢ depending on the vector fields V,

IMllseo < coevlt = s +degevl|Blls + ey [ ev| X7y + evMllseq] 1Bl 1t — 5|
(17)
<coey (T +d|Blly) + degev | X Bl [t = s|” + dev || Bl [t — s [| M55

Take now t — s = ¢ such that d cy||B||,e” = 1/2, namely € = [2d ey || B|,] /7. Recall also
that ||X*], < (1 + HBHyV) according to [11]. It is then easily seen that relation (17)
yields

M

for a strictly positive constant cry 4.

Step2: Global estimate. We consider now s,t € [0,T] such that ie < s < (i + 1)e < je <
t < (j+41)e, where € has been defined at Step 1. Set also t; = s, ty, = ke for i+1 < k < j,
and ¢j1; =t. Then

sty < cherva (1+ |z + \|B!|},M) = ar\v,d,B,

J J
My — M| = Z M. — My | <arvas Z(tk+1 —t)"
k=i k=i
(18) S (]JT,V;d’B(]' —1 —+ 1)1_7@ — 8)7,

where we have used the fact that r — r* is a concave function. Note that the indices 4, j

above satisfy (j — i+ 1) < 27'/e. Plugging this into the last series of inequalities, we end
up with our claim (16).
0
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3.1. Log-Sobolev inequality. In this section, we present some interesting functional in-
equalities which are usually studied in a Markov setting; namely, the logarithmic-Sobolev
inequality and Poincaré inequality. As we will see, these inequalities become available in
our non-Markov case when we have uniform boundedness for the Malliavin derivative of
Xr (see Theorem 3.2).

We start with the following version of logarithmic Sobolev inequality for the law of Xr.

Theorem 3.4. Let C' and M be in Theorem 3.2. We have for all f € C' and T € [0,1],
Ef(Xr)*In f(X7)*> — (Ef(X7)?) In (Ef(X7)?) < 2M2TTHE|V f(X7)|.
provided the right hand side in the above is finite.

Proof. The proof is standard by applying Clark-Ocone formula. First recall the represen-
tation of fractional Brownian motion

t
B, — / Knlt, s)dWW..
0

Here W is a d-dimensional Wiener process. Denote by DV the Malliavin derivative with
respect to the Wiener process W. We have
(19) K;D =DY,

where K} is the isometry from H, the reproducing kernel space of B, to L?. By Clark-
Ocone formula we have

T T
)~ Bf %) = [ E[DY S| 7w, = [ B[R (DI (X)) 7.
Hence, if we denote M; = E(f(X71)|.%),0 < s < T, we have

dM, = E[K};(Df(Xr))s|-Fs| dWs.

For simplicity we may assume that f > ¢ for some € > 0, which can be removed afterwards
by letting € tend to 0. Applying It6’s formula to M, In M, we get

Ef(Xr) n(f(Xr)) —Ef(X7)In(Ef(Xr)) = E(MrlnMr)—E(Moln M)

(20) - 38 [ S BRI 2] s

Replace now f by f? in the above. By the Cauchy-Schwarz inequality,
(B[ (DF(Xr)2),7)|" = 4[B[f(Xe)VF(Xr) K5 (DX7) | 7] |
<4E [f(Xr)*| 7, E [(Vf(X2) K (DX7),)* | F] -

The quantity V f(X7)K}(DXr), is an inner product in R?. Don’t we need a notation for
this? Substituting the above to (20), together with Theorem 3.2, we obtain the desired
result. O

As a corollary of the logarithmic Sobolev inequality obtained above, we have the follow-
ing Poincaré inequality. Could you give a reference for this automatic implication log-Sob
to Poincaré?
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Theorem 3.5. Let C' and M be in Theorem 3.2. We have for all f € Ct,
Ef(Xr)? — (Bf(X1))® < M2CTTHE|V 12,
provided the right hand side in the above is finite.
Remark 3.6. In the above, assume further that the vector fields Vi, ..., V; form an uni-

form elliptic system, we obtain the following natural expression of logarithmic-Sobolev
inequality and Poincaré inequality when working on a Riemannian manifold

d
Ef(X7)*In f(Xr)? = (Ef(Xr)®) In (Ef (X7)?) < 2M>>TT* Y "E|Vi ],
and

d
Ef(Xr)* — (Ef(Xr))" < aM? T Y E|V;fP

=1

3.2. Concentration inequality. It is classical that the boundedness of the Malliavin
derivative in H implies the Gaussian concentration inequality, more precisely (see |27,
Theorem 9.1.1]):

Lemma 3.7. Let F € D“2(H) such that almost surely |DF |3 < C, where C is a non
random constant. Then, for every 0 >0,

E<69F) < 6E(F)0+%(1202

and therefore for every x > 0,
2

(21) P(F —E(F) > z) < e 32.

As a corollary of this lemma, we deduce

Proposition 3.8. Assume that the Assumption 1.1 is satisfied, then there exist C' and
M such that for every T'> 0 and A > 0,

P <O§1£T X7 —E <0§1£T | X3 |> > A) < exp (——2 M2620TT2H> :

Proof. Let
F = sup |X7|.

0<t<T
By Theorem 3.2, it is not hard to see that (see e.g. [22])

|IDF|ly < Me“TTH,

where M and C' are the same as in Theorem 3.2. Now an easy application of Lemma 3.7
completes our proof. O

Remark 3.9. Notice that this relation can only be obtained for H > % Indeed, denote by
C° the space of continuous functions endowed with the supremum norm. Then the norm
involved in [27, Theorem 9.1.1] is |[DX;|[ (7). This norm is dominated by [[DX|| e (co)
only if H > %
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3.3. Gaussian upper bound. One natural way to estimate the density of X; is to apply
the results in [22, Chapter 2|. More precisely, we first have the following integration by
parts formula for non-degenerate random vectors.

Proposition 3.10. Let F' = (F', ..., F?) be a non-degenerate random vector and yr the
Malliavin matrix of F. Let G € D*° and ¢ be a function in the space C;o(Rd). Then for

any multi-index o € {1,2,...,d}*, k > 1, there exists an element H, € D> such that
El0ap(F)G] = E[p(F)Ho).

Moreover, the elements H, are recursively given by
d
Hg =Y 0(G(y")"DF)
j=1
Hoc - Hozk (H(a1,...7ak_1))a
and for 1 < p < g < co we have

1Hallzr < Cogllve DFIS i1, Gl

11
where = = =
> q+

3 =

Remark 3.11. By the estimates for H, above, one can conclude that there exist constants
8,7 > 1 and integers m,n such that

(22) [ Hallzr < Cpgll det v 17 IDFIEIG

|k,q'

Remark 3.12. In what follows, we use H,(F,G) to emphasize its dependence on F' and
G.

As a consequence of the above proposition, one has

Proposition 3.13. Let F' = (F*, ..., F'Y) be a non-degenerate random vector. Then the
density pr(x) of F' belongs to the Schwartz space, and

pr(v) = Ellipsay Ha o, a)(F, 1)].

Now we state and prove a global Gaussian upper bound for the density function of X}'.

Theorem 3.14. Denote by px(t,y) the density function of XF. There exist positive

constants cil), 0572:2, c3,and ¢y such that for all t € [0, 00),

2
_ 2
(1) <|y| ct,x)

(23) px(t,y) <c¢exp | —

Here cgl) is of the form
1
cgl) =0 (t_"‘) ast | 0,

. 2
for some positive number «; and cﬁgﬁ converges to a constant ast | 0.
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Proof. Fix 3 € (3,1). By (22) and Proposition 3.13, we have
1 — m n
(24) px(t,y) < C(P{X; > y}) e[l det v, |7 DXel7 ..

for some constants «, v > 1 and integers m,n. Without lose of generality, we may assume
y; > 0 for 1 <14 < d. Since otherwise, for example y; < 0, we can consider the alternative
expression for the density

px(t,y) =E Hz'#jf{yi<xg}]{yf>xg}H(172,---7d)(Xb1) )

and deduce similar estimate. In the following, we provide estimate for [[D X[}, || det 7)_(3 |7
and P{X; > y} respectively.
By Proposition 2.2 there exist constants C' > 0, depending on V, x and k, such that

i i 1/8
(25) sup | X{| < |27 + CT| Bl 5.
0<t<T
“1y < [1 CT||B\\(1){£’5]
Sup 7, I < Toma |1 :

) o 1/8
sup [DZ..DIX]| < CeTIPlors,
OSt,TiST

On the other hand we have, for some constant Mg (cf. [16]):

7,2
(26) ]P){HBHO,T,B >r} < Mpge 2m2(F=5)
Hence
| det vyl |I7a < oo and [[DXy[[}, < oc.

Moreover, set
1 _
et = || det vy 17 DX .

By some elementary computation (Give a few hints?), we obtain

(27) Mo (tla) ast | 0,

for some constant a > 0.
Finally we estimate P{X; > y}. Define

6 = max {11, X7, .| X1}

First note that
ID&,| < Me®,

since the Malliavin derivative |DX}| < Me®! for each i = 1,2, ...d. Hence & has the same
concentration property as specified in Proposition 3.8.
By (25) and the concentration property for (;, we conclude

2
bl o)

(28) PAXi >y} <P §t>m < exp _w < exp _M

~ \/E — 2M€Ctt2H — 2\/?1M@Ctt2H

Now (24), (27) and (28) give us the desired upper bound for the density px(¢,y). O
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Remark 3.15. There is also an upper bound for the constant cgl) in the above theorem as

t T oo. Indeed, by some elementary computation one can show that
cgl) < e’ ast T o0,

for some a, 3 > 0.

4. EXTENSION TO THE IRREGULAR CASE

From now on, our purpose is to extend the previous to the case of a fBm with Hurst
index 1/3 < H < 1/2. This requires the introduction of some rough paths tools, which is
the aim of the current section. We shall use in fact the language of algebraic integration
theory, which is a variant of the rough paths theory introduced in [12] (we also refer to
[13] for a detailed introduction of the topic).

4.1. Increments. The extended pathwise integration we will deal with is based on the
notion of increments, together with an elementary operator § acting on them. The al-
gebraic structure they generate is described in [12, 13|, but here we present directly the
definitions of interest for us, for sake of conciseness. First of all, for an arbitrary real
number 7" > 0, a vector space V' and an integer £ > 1 we denote by Cx(V') the set of
functions g : [0, 7]* — V such that g;,..,, = 0 whenever ¢; = t;, for some i < k—1. Such
a function will be called a (k —1)-increment, and we set C,(V') = U>1C (V). We can now
define the announced elementary operator § on Cy(V):

k+1
(29) 6:Cu(V) = Cna(V), (09wt = D (D) " Gupciny
1=1

where ; means that this particular argument is omitted. A fundamental property of 6,
which is easily verified, is that 60 = 0, where 00 is considered as an operator from Ci(V)
to Ci42(V). We denote ZCi(V') = Cx(V') N Kerd and BCy (V) = Cr(V) N Imd.

Some simple examples of actions of 9, which will be the ones we will really use through-
out the paper, are obtained by letting g € C; and h € Cy. Then, for any s,u,t € [0,7],
we have

(3()) (59)315 =gt — Gs, and (6h)sut - hst - hsu - hut-

Furthermore, it is easily checked that ZCy (V') = BCy (V) for any k£ > 1. In particular, the
following basic property holds:

Lemma 4.1. Let k > 1 and h € ZCy1(V). Then there exists a (non unique) f € Cx(V)
such that h =0f.

Proof. This elementary proof is included in [12], and will be omitted here. However, let
us mention that fy, ; = (—1)*"he, 4, is a possible choice.
O

Observe that Lemma 4.1 implies that all the elements h € Cy(V') such that 6h = 0
can be written as h = 0f for some (non unique) f € Cy(V). Thus we get a heuristic
interpretation of dl¢,(v): it measures how much a given l-increment is far from being an
exact increment of a function, i.e., a finite difference.
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Notice that our future discussions will mainly rely on k-increments with & < 2, for
which we will make some analytical assumptions. Namely, we measure the size of these
increments by Holder norms defined in the following way: for f € Co(V) let

B)  fl.= sup

stefo,r] [t — s

and  CY(V) ={f €C(V); [ fllu < o0}

Obviously, the usual Holder spaces C{'(V') will be determined in the following way: for a
continuous function g € C;(V'), we simply set

(32) 191l = 1691l

and we will say that g € C{'(V) iff ||g||,, is finite. Notice that || - ||, is only a semi-norm on
C1(V'), but we will generally work on spaces of the type

(33) Cra(V)={9:[0,T] = V; g0 =a, [lg|, < oo},

for a given a € V, on which ||g||, defines a distance in the usual way. For h € C3(V) set
in the same way

hsu
(34) Il = sup ol

s,u,t€[0,T |U - Sh|t - u|p

||h||,u« - lnf {Z ||h2 PinU«—Pz'; h = Zh“ 0< Pi < /L} s

where the last infimum is taken over all sequences {h; € C3(V')} such that h =, h; and
for all choices of the numbers p; € (0, ). Then || - ||, is easily seen to be a norm on Cs(V),
and we set

C{(V) == {h € C5(V); ||hll < oo}

Eventually, let C;7(V) = U,1C4(V), and notice that the same kind of norms can be
considered on the spaces ZC3(V'), leading to the definition of some spaces ZC§ (V') and
ZCH(V).

With these notations in mind the following proposition is a basic result, which belongs
to the core of our approach to pathwise integration. Its proof may be found in a simple
form in [13].

Proposition 4.2 (The A-map). There exists a unique linear map A : ZC3H (V) — CyT (V)
such that

5A = [dZC§+(V) and A5 = [dC%+(V)'

In other words, for any h € C3* (V) such that §h = 0 there exists a unique g = A(h) €
CyH (V) such that 6g = h. Furthermore, for any p > 1, the map A is continuous from
ZCY(V) to CY (V) and we have

(35) [AA]], <

Let us mention at this point a first link between the structures we have introduced so
far and the problem of integration of irregular functions.
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Corollary 4.3. For any I-increment g € Co(V') such that 6g € C3", set 0f = (Id— Ad)g.
Then

(5f st — lim th tit1s

|Hst|_’ i=0
where the limit is over any partition gy = {to = s,...,t, =t} of [s,t], whose mesh tends

to zero. Thus, the 1-increment 6 f is the indefinite integral of the 1-increment g.

4.2. Computations in C,. Let us specialize now to the case V' = R, and just write C;
for C}(R). Then (C,, ¢) can be endowed with the following product: for g € C,, and h € C,,
let gh be the element of C,,,, 1 defined by

(36) (gh)t1 ..... tm4n+1 - gtl ..... tnhtn ..... tm4n—19 tla CIEa 7tm+n71 S [07 T]

In this context, we have the following useful properties.

Proposition 4.4. The following differentiation rules hold true:
(1) Let g € C; and h € Cy. Then gh € C; and 6(gh) = dgh + g dh.
(2) Let g € C; and h € Cy. Then gh € Cy and 6(gh) = —dgh + g dh.
(3) Let g € Cy and h € Cy. Then gh € Cy and 6(gh) = dgh + g dh.

The iterated integrals of smooth functions on [0, 7] are obviously particular cases of
elements of C, which will be of interest for us. Let us recall some basic rules for these
objects: consider f € C{® and g € C°, where C° denotes the set of smooth functions on
0, T]. Then the integral [ fdg, which will be denoted indistinctly by [ fdg or J(f dg),
can be considered as an element of C5°. Namely, let Sy denote the simplex {(s,t) €
0,T]:0<s<t<T} for (s,t) € Sor we set

Tst(f dg) = (/fdg> t:/:fudgw

The multiple integrals can also be defined in the following way: given a smooth element
h € C3° and (s,t) € Sor, we set

t
Jst(hdg) = (/ hdg> :/ hsudge, .-
st S

In particular, for f1 € C{°, f? € C° and f? € C{° the double integral J(f>df?df') is
defined as

Ta(f*df*df') = (/f3df2df1) =/ Tou (7 df?) df,.

Now suppose that the nth order iterated integral of f"*idf™-.-df?, which is denoted by
J(frHdf™ - - - df?), has been defined for f/ € C{°. Then, if f! € C{°, we set

(37) ﬂt(f"+1df"‘~~df2df1)=/ Tou (f71Af™ - df?) dfy,

which recursively defines the iterated integrals of smooth functions. Observe that an nth
order integral J(df™---df*df') can be defined along the same lines, starting with

t t
T =5f.  Tulddf') = / Toaldi?) df} = / (5£7),, df..
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and so on.

The following relations between multiple integrals and the operator ¢ will also be useful.
The reader is sent to [13] for its elementary proof.

Proposition 4.5. Let f € C{° and g € CT°. Then it holds that
6g=J(dg),  6(J(fdg)) =0,  &(IT(dfdg)) = (6f)(6g) = T(df)T (dg),

and
n—1

) (j(df” .. dfl)) - Zj (dfn .. .dfi+1) J (dfi o dfl) ,

=1

4.3. Weakly controlled processes. The rough path theory allows to define and solve
differential equations driven by a generic Holder continuous path B provided enough
iterated integrals of this function can be defined. We shall briefly recall how this is done,
in the simplest nontrivial case of a Hélder continuity exponent 1/3 < v < 1/2. Observe
that we keep here the notation B for the underlying path as in the fBm case for notational
sake, while the theory can be applied to much more general situations.

The basic assumption one has to add in order to define our objects when v > 1/3 is

the existence of an (abstract) double iterated integral of B with respect to itself, which
can be defined as follows:

Hypothesis 4.6. The path B is R%-valued ~-Hélder with v > 1/3 and admits a Lévy
area, that is a process B2 € C3(R*%) satisfying

‘B>*=B'®B!, e B2 = [Bl’i]SU[BIJ]Wf’

sut

for s,u,t € S31 and i,j € {1,...,d}. We also assume that B® can be obtained in the
following way: consider the sequence of linear dyadic approximation B™ of B defined
like in Proposition 2.6. For 0 < s < t < 1 and iy,iy € {1,...,d}, set BE™""? —
Jocrs cuger ABL B which is defined as a Riemann-Stieljes integral. Then we suppose

that B2™ converges to B2 in the norm of C; .

It should be noticed at this point that fBm satisfies the above assumption, as shown
in [8, 11, 21]:

Proposition 4.7. Let B be a d-dimensional fBm with H > 1/3 as defined in Section 2.
For the linear dyadic approzimation B™ of B defined at Proposition 2.6, the increment
B2™ almost surely converges to an element B? satisfying Hypothesis 4.6. The convergence
holds in any 0227 norm for v < H.

The first difference between the Young case and the situation of a Hdélder continuity
exponent 1/3 < v < 1/2 is that a restriction has to be imposed on the class of allowed
integrands with respect to B. This class is called the class of weakly controlled processes,
and is defined as follows:

Definition 4.8. Let z be a process in C](R™) with 1/3 <~y < 1/2 (that is, N := |1/v] =
2). We say that z is a weakly controlled path based on B and starting from a if zo = a,
which is a given initial condition in R™, and 6z € CJ(R™) can be decomposed into

(38) 62 = CMBM 4T e (02 = GRBY" 4l



GAUSSIAN BOUNDS FOR FRACTIONAL SDES 19

for all (s,t) € Sor. In the previous formula, we assume ¢ € C{(R™?), and r is a reqular
part such that r € CSV(R”). The space of weakly controlled paths starting from a will be
denoted by Q. .(R"™), and a process z € Q. .(R™) can be considered in fact as a couple
(2,¢). The natural semi-norm on Q. .(R™) is given by

Nz Q,a(R™)] = Nz €] (R™)] + NG C(R™)] + NG CF (R™)] + Nr; &7 (R™)],
with N'(g; Cf] defined by (32) and N'[(;C3*(V)] = supge et |Cslv -

Two basic steps in order to define and solve differential equations with respect to B are
then:

(1) Study the decomposition of f(z) as weakly controlled process, when f is a smooth
function and z a weakly controlled process.

(2) Define rigorously the integral [ z,dB, = J(zdB) for a weakly controlled path z
and compute its decomposition (38).

We shall now detail a little this program.

Let us see then how to decompose f(z) as a controlled process when f is a smooth
enough function, a step for which we first introduce a convention which will hold true until
the end of the paper: for any smooth function f : R® — R, k > 1, (iy,...,i) € {1,...,d}*
and £ € R", we set

ok f

39 or =——(§).
With this notation in hand, our decomposition result is the following:

Proposition 4.9. Let f : R" — R be a C? function such that f(a) = a, z a controlled
process as in Definition 4.8 and set 2 = f(z). Then 2 € Q. 4(R), and it can be decomposed
into 62 = (C"BY + 7, with
(M =0if(2) "™ and 7= [0f(2) — 0,f(2) 82'] + 0, f(2) 1.

Furthermore,
(40) N& Qa(R)] < e (14 N[z Q,0(R")]) -

Let us now turn to the integration of weakly controlled paths, which is summarized in
the following theorem.

Theorem 4.10. For a given 1/3 <y < 1/2, let B be a process satisfying Hypothesis 4.6.
Furthermore, let m € Q. ,(R?) with my = b € R? and decomposition

(41) om! = p BY 4t where e CJ(R®), r e C(RY).
Define z by zo = a € R and
(42) 5z = mi BY 4 4 B2 — A (Ti BY 4§y Bz,m) '

Finally, set
t
Ta(mdB) = / (1, ABu)na 2 524
Then:
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(1) z is well-defined as an element of Q. (R), and coincides with the Riemann-Stieltjes
integral of m with respect to B whenever these two functions are smooth.

(2) The semi-norm of z in Q. .(R) can be estimated as
(43) Nz Qya(R)] < ep (1+N[m; Qyp(RY)])

for a positive constant cg which can be bounded as follows:
cg <c (/\/[Bl; CJ(RY)] + N [B?; CQQV(RCP)]) . for a universal constant c.

(3) It holds

n—1
_ o » i1 o 2ir
(41 Tulmde) = lim 3 [mi, B, 0) + i BE]
q=0
for any 0 < s <t < T, where the limit is taken over all partitions lly = {s =tg,...,t, =

t} of [s,t], as the mesh of the partition goes to zero.

4.4. Rough differential equations. Recall that we are concerned with equations of the
form (2). In our algebraic setting, we will rephrase this as follows: we will say that X* is
a solution to (2) if X§ =z, X* € Q, ,(R?) and for any 0 < s <t < 1 we have

t
(45) 56X = / Vo(X2)du + Ty (Vi(X*)dBY)

where the integral 7 (V;(X*)dB") has to be understood in the sense of Proposition 4.10.
The following existence and uniqueness result is then classical in rough paths theory.

Theorem 4.11. Let B be a process satisfying Hypothesis 4.6 and Vy, ..., V, a collection
of vector fields which fulfill Hypothesis 1.1. Then

(i) Equation (45) admits a unique solution X® in Q. ,(R?).

(ii) Consider the linear approximation B™ of B introduced in Hypothesis 4.6, and set xm
for the solution of the (ordinary) differential equation (45) driven by the piecewise smooth
function B™. Then X™ converges to X© in C{ norm.

(iii) Consider the sequence of dyadic partitions of Proposition 2.6. Define a process X"
on the points t}} by X' = x and

(46) 0X} YolX7,)

tetpyr on

+ Vi(X])By,

trtr+1

+ Vi Vio (X7 )BE

trele+1”

Complete the definition of X™ on [0,1] by linear interpolation. Then as n — oo, the
process X™ converges to X* in C{ norm.

Proof. We refer to [18] for the proof of the existence and uniqueness part, as well as to [12]
for the same result in the algebraic integration setting. Part (ii) of our proposition stems
from the continuity of the Itd6 map, which is also stated and proved in both [18, 12]. The
approximation statement (iii) has first been stated by Davie [9] and then been generalized
in [11].

In the sequel we will simply try to relate the decomposition of the solution to Equa-
tion (45) as a controlled process and the numerical scheme given by (46), a relation which
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turns out to be useful in the sequel. For this, we shall denote by r any increment in Cg'y
and by rf any increment in CQ1+ in the computations below, independently of their values.
Observe then that, according to the right hand side of (45), the decomposition of X% as
a controlled process is given by

SXTI = (InBY p oy with (¢ = VJJ1 (X7).
Hence, owing to Proposition 4.9, one has
(47) VX = BN with (9 = (X =V, V(X

Now, if one desires an expansion of 0X* up to increments of regularity 17, consider
again the right hand side of (45), and compute it by a direct application of Theorem 4.10.
This yields

5X§t = %(Xf)(t — S) + V;(X:)B;tﬂ + é’ihB?ihi + ot
= Vo(XD)(t = s) + Vi(XDBY + V, Vi(XDBE 4.

Thanks to identity (44), it is now easily seen that (46) is a natural candidate for our
numerical scheme.

O

We show now how to get efficient bounds on the solution to equation (45) out of its
numerical scheme. This step is understood as a warmup for the same kind of estimates
concerning the Malliavin derivative of the solution.

Proposition 4.12. Under the assumptions of Theorem 4.11, the solution to equation (45)
satisfies:

T 1/2
(48) 1] < ev (14 IBHIY + B27)

where ¢y is a constant which only depends on the vector fields Vo, ..., V.

Remark 4.13. This proposition is shown in [11| by identifying the signature of B with
the signature of a certain finite variation process, plus some easy estimates for ordinary
differential equations. We have included here a direct elementary proof of (48) because
we haven’t been able to find them in the literature under this form, and mostly because
the generalization of our estimates to linear cases will be obvious from the considerations
below.

Proof of Proposition 4.12. Theorem 4.11 part (iii) asserts the convergence of the approx-
imation X" towards X* as n — oo. It is thus sufficient to prove relation (48) for X™,
uniformly in n. One can also be easily reduced to prove

16X

sup <ev (1+BYY + B2

o<i<j<an [t} — 7|
which is what we shall proceed to do. We now divide our proof in several steps.
Step 1: FExpression for 6 X™. Set

(49) q% = Vo(XD) (t — 8) + Vi(X")BY + Vi, Vi, (X™)BZ"™,
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so that 5thtn = Zl ) qtntn . For i < j, we also construct a dyadic partition {7}%; 0 <

E<K,0< l < 2} of the set {t,...,t"} inductively in the following way: set 70 = ¢;
and 70 = t;. Now, if the 7/"’s are known we set 747t = 7F. Furthermore, if 757" = ¢,
and 75", = t,,, then take 7'2’“1111 = ty, with m* = L(m +m/)/2]. This procedure is then

non trivial as long as j — i > 2%, which means that we stop at K = [log,(j —i)]. Here is
then a simple example of construction: consider i = 1,5 = 4. Then we have:

0_ 0_ 4. 1 1 1 _ g, 2 2 2 2 2
w=1mn=4 m=11=21n=4 m=1L17n=1,1m=217=31,=4

With these notations in hand, it is easily checked that the relation 0.X}; R = Z] 1 Qipey

I+1
2K 1

can also be written as 0 X/, = _ o q"x_x . Furthermore

i) k=0 Hrfnd, ’

ank +an k ZQk 1 k— 1—(5Q)

To1T20+1 To+1721+2 7 11 T2lT2l+lT2l+2

and summing this equality for K = K and [ = 0,...,2% — 1 we get

2K _1 2K _1
- 5 n K—-1_K-1_K-1.
Z Tz Tl+1 Z q K lTlIi ! Z( q )TZZ To141 T2142
1=0 1=
Iterating, we obtain
K 2k—1
50 OX i = - E oq”
( ) ty qtntn 7'217'21+17'§z+2
k=1 1=0

Step 2: Fxpression for 6¢". Denote by I the identity function on R, so that 61, =t — s.
Start then from expression (50) and use Proposition 4.4 in order to get, for any s, u,t in
the dyadic partition,

0y = OVO(X™)eu (t = ) + OVi(X™) By 4 [Vi, Viy (X™)],, BoM2 = Vi, Vi (XI)BZ ™,
or otherwise stated thanks to convention (36),
(51) 6" = Vo(X™) 6T + SVi(X™)BY + §[Vi, Vi, (X™)] B?"2 — V, V,, (X™)§B>""2,
Observe now that one can prove, as for (47), that

SVA(X™) = Vi, Vi(XMBY i with  [rl"| < ey |6 X722
Thus, according to the fact that §B%%2 = B B2 one can recast (51) into
(52) 5q" = Vo(X™) 01 + r""BY 4 § [V;, Vi, (X™)] B2 1= pl 4 p2n 4 g

Notice that for j = 1,2,3, the increment p" lies into C;:AY. Furthermore, it is readily
checked that

(53) [pa| < ev|0X 1t —ul™™, |pZil < ev]6XEPIBY |t —ul,
and |po] < ev[0X7[IIB2|2, |t — ul*.

Step 3: An induction procedure. Let us consider an integer ¢ > 1 and the quantity:

. 10X 1
N} = sup ——L—.
o<i<j<e [t — 77
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We localize now our study to an interval of the form [a, a + n| with an arbitrary positive
number a, and 7 small enough. We will prove that if 7 is of order (1 + ||BY|¥* +
IB2[5/%)~", then N; < ey (1 + |[BYl, + ||B2[5,) by induction.

The case ¢ = 1 being trivial, let us assume that the hypothesis is true up to a given
¢>1. Take now 1 <i </ and j = ¢+ 1. According to (50), write

K 2k—1

5X7£Ln_nnn:_§ E 5nkk k .
] qti t q7'217'21+1721+2

k=1 1=0

In the right hand side of this decomposition, all the points 75,75  are of the form ¢}
with p < £. Thus (52), our bounds (53) on p" and the induction hypothesis entail

Furthermore, it is obvious from (49) that

QZM;‘ |

[T <ecy (1+ B, + IB?|loy[t] —17]7) -
j i

Hence, putting together the last two inequalities, taking into account that we work on
an interval of size 7 and that we have chosen j = ¢ 4+ 1, we end up with the following
induction relation: Ny < F,(N¢), where the function £, : Ry — Ry is defined by

Fy(&) =€ Vey [(1+ B, + B2y 07) + (14 [[B2||2, € + IBY,6%) n*'] .

By separating the cases n7¢ < 1 and 7€ > 1, one can also prove that F, (§) < &V ¢, (§),
with

2n(&) = cv (IIB* [l 0™ + IBH,0™) & + (1 + 1B, + [IB*[l2,7") :=a&” +c.

In order to obtain a bound of the form N, < M which remains valid for all ¢, it is now
sufficient to have the interval [0, M] left invariant by ¢,).

We let the reader check the following elementary fact: whenever 4ac is of order 1, the
interval [0, M] is left invariant by the application £ — a &%+c, with M of order c¢. Applying
this to ¢,, we obtain that

1/2 _1/7

2 — N, <|BY, + B2

(54) n= |1+ B, + |B?| 2

Step 4: Conclusion. We have thus obtained that on any interval of length 1 given by (54),
we have || X", < |IBY|, + ||B2||§42 Our claim (48) is now easily deduced by dividing an
arbitrary interval [s, t] into subintervals of length 7 as in (18).

O

4.5. Estimates for the Malliavin derivative. We are now interested in extending
Proposition 3.3 beyond the Young setting. Recall thus that we are concerned with equa-
tion (13), which can be written in our algebraic integration setting as

t
(55) My = / Mywo(XE) du + Ty (Mwi(X*)dB"), 0<s<t<T,
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with final condition My = V(X7%). Then we have the following equivalent of Theorem
4.11:

Proposition 4.14. Theorem 4.11 holds true for equation (55) under Hypothesis 1.1
and 4.6. The discretization scheme for M can be written as: (Here is a problem with
notations: I think the notation w!* is easier to handle than wh, and 've used it below.
Do you agree with the change?) '

(56)
M}

tetrt1

wol( X
:M?k O(ntk)

5 0Lpyty., +wi( X])Bi

tetk+1

+ (wilwh(Xt’Z) + Vi wi, (XZZ)) RB2-i2i1

tetrt1

Proof. As in the case of X*, we only justify expression (56). Note that, according to
equation (55), we have IMy, = ¢!BY + 7, with ¢! = M,w;(X¥). Hence, invoking Propo-
sition 4.4 and relation (47), we get

S[Mwi,] = M [wi,wi, (XF) 4+ Viwi, (X7)] BY 47,

Expanding now the right hand side of equation (55) with the help of Theorem 4.10, one
easily gets

oM =M [WO(Xm) ol + wi(Xr)Bl’i + (wilwiz(Xz) + VilwiQ(Xz)) Bz’iﬂl] + Tﬁ,

which gives the desired justification of our scheme (56).

We are now ready to state and prove our bounds for the process M:

Proposition 4.15. Let M be the unique solution to (55) under Hypothesis 1.1 and 4.6.
Then

(i) The bound (12) on ||M||w still holds true in our irreqular context.
(ii) ||[M]|, satisfies inequality (48).

Proof. By the continuity property of It6’s map for M, the approximation procedure of
M by M™ described in the proof of Theorem 3.2 is still valid. The desired bound for
| M| is thus obtained just like in (15).

Once a bound on || M| is available, || M]|, can be bounded by considering the Davie
type scheme (56), along the same lines as for X*. Details are left to the reader for sake
of conciseness.

O

4.6. Density upper bound. We finish this section by extending the density estimate
and functional inequalities obtained in the smooth case (when % < H) to the irregular case
(when % < H< %) We first show that in the rough case, we can obtain the smoothness
of density of X; under Hypothesis 1.2. Indeed, for this purpose, we only need to show the
following integrability of Malliavin matrix.

Theorem 4.16. Fiz H € (3,3). Assume Hypothesis 1.2. Let yx be the Malliavin matriz

of X7, we have |det vx|™* € L°(P). Therefore X{ admits a smooth density.
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Proof. Tt suffices to show that there exists C' > 0 such that for all v € R,
vl yxv > C’]v|2.
Recall that - . .
7% = (DX, D X)y
and that the d x d matrix M is such that its j-th column M is given by
M =DI/X;.
We have

vl yxv

d d 1 1 1
— Z o M3, > Z/ (VI MI)2ds = / v MM vds > min/ ! MT(M™) T uds.
=1 j=170 0 "

0

In the above, we used that H C L?([0,1]) for the second step, and M™ is that described
in Theorem 3.2.
On the other hand one can show, according to the description of M™ in Theorem 3.2

oI MT(M™ Ty > Clo)?
uniformly for some constant C' > 0, if we assume Hypothesis 1.2. The proof is therefore

completed. 0

Another consequence of the above boundedness of the Malliavin Matrix vy is the fol-
lowing.

Theorem 4.17. Fiz H € (3,3). Assume Hypothesis 1.2. Let px(t,y) denote the density

function of X[. There exist constants cgl) and C,EZ) such that

px(ty) < i exp (—6§2)|y|5> y € RY,
for any 6 < H.

Proof. The proof is similar to that of Theorem 3.14. We apply Theorem 4.15 and Theo-
rem 4.16 to obtain bounds for [[DX;|[7 , and || det vy, [|7%. The tail estimate for P{X; > y}
is derived by Proposition 2.4. The rest of the proof is then clear. 0]

Remark 4.18. We are not able to obtain log-Sobolev inequality as in Theorem 3.4 in the
rough case, since when H < i the Hilbert norm H is not controlled by L*([0,1]). On
the other hand, by reproducing the proof in Theorem 3.4 together with the following
interpolation inequality

I Ml < CU Nl + 11+ 11),
and estimates in Proposition 4.15, we are able to prove the following version of a log-
Sobolev type inequality: for T € [0, 1] we have

Ef(Xr)*In f(Xr)? = (Ef(Xr)?) In (Ef(Xr)?) < Cprr (E[V )7,

For all p > 1. Here C, r is a universal constant independent of f.
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