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Uniform distribution on divisors

and Behrend sequences

Gérald Tenenbaum

1. Definitions and basic results
The purpose of this paper is twofold : to give a consistent, largely self contained account

on the theory of uniform distribution on divisors, and to establish effective estimates with
immediate applications to the construction of Behrend sequences.

We recall that a strictly increasing sequence A of integers exceeding 1 is called a Behrend
sequence if its set of multiples

M(A) := {ma : a ∈ A, m � 1}
has asymptotic density 1. As underlined by Erdős in [5], the problem of characterising
Behrend sequences appears to be both very difficult and fundamental for describing the
multiplicative structure of normal integers. Recent progress in the area of sets of multiples
and Behrend sequences may be found in [6], [12], [15], [22], [24].

The definition of uniform distribution on divisors is due to Hall [9]. It may certainly
be regarded as a concept of independent interest, which is worth being developed for its
own sake. The idea is to give a rigourous content, given an arithmetic function f , to the
assertion that, for almost all integers n, the numbers f(d) are evenly distributed modulo
1 when d runs through the divisors of n. To this end, we define the discrepancy function

∆(n; f) := sup
0�u�v�1

∣∣∣ ∑
d|n, u<〈f(d)〉�v

1 − (v − u)τ(n)
∣∣∣,

where, here and throughout this paper, we let 〈u〉 denote the fractional part of the real
number u. We then say that f is uniformly distributed on divisors (in short : erd, for the
French équirépartie sur les diviseurs) if

(1·1) ∆(n; f) = o
(
τ(n)

)
pp,

where τ(n) stands for the number of divisors of n. Here and in the sequel we use the
notation pp (resp. pp�) to indicate that a relation holds on a sequence of asymptotic
density 1 (resp. logarithmic density 1).

In 1978, Hall [10] introduced the closely connected notion of divisor density. An integer
sequence A is said to have divisor density z, in which case we write DA = z, if

τ(n,A) :=
∑

d|n, d∈A
1 = {z + o(1)}τ(n) pp.

The link with uniform distribution on divisors is as follows. Writing

(1·2) A(z; f) = {d � 1 : 〈f(d)〉 � z},
we obviously have

(1·3) DA(z; f) = z (z ∈ [0, 1])

whenever f is erd. Moreover, as one might expect from classical results in the theory of
uniform distribution modulo 1, it is not very difficult to prove that this last condition is
also sufficient.
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Theorem 1 (Hall [11]). Let f be an arithmetic function. Then f is erd if, and only if,
condition (1·3) holds.

Proof. We only need to show that the condition is sufficient. Suppose that f is not erd.
Then, for suitable ε > 0, we have ∆(n; f) > 4ετ(n) for all integers n in a sequence
B with positive lower density. Hence for each n ∈ B there exists zn ∈ [0, 1] such that
|Tf (n, zn) − znτ(n)| > 2ετ(n), with

(1·4) Tf (n, z) := τ
(
n,A(z; f)

)
=

∣∣{d|n : 〈f(d)〉 � z}
∣∣.

Let q be any integer > 1/ε. By the monotonicity of the function z �→ Tf (n, z), we can find
an integer a, 0 � a � q, such that |Tf (n, a/q) − (a/q)τ(n)| > ετ(n). Since B has positive
lower density, this implies that (1·3) cannot hold for z = a/q.

Davenport & Erdős [2], [3], proved that a set of multiples necessarily has logarithmic
density, equal to its lower asymptotic density. This implies that a (necessary and) sufficient
condition for an integer sequence A to be Behrend is that δδδM(A) = 1. Here and in the
remainder of the paper, we use the letter δδδ to denote logarithmic density. The following
result is a criterion for divisor density much in the same spirit.

Theorem 2 (Hall & Tenenbaum [13]). Let A be an integer sequence. Then we have
DA = z if, and only if,

τ(n,A) :=
∑

d|n, d∈A
1 = {z + o(1)}τ(n) pp�.

The proof rests upon the Hardy-Littlewood-Karamata Tauberian theorem. An imme-
diate corollary of Theorems 1 & 2 is the following slightly surprising statement.

Corollary 1. Let f be an arithmetic function such that

(1·5) ∆(n; f) = o
(
τ(n)

)
pp�.

Then f is erd.

Proof. From (1·5), it is clear that τ
(
n,A(z; f)

)
= {z + o(1)}τ(n) pp� for all z ∈ [0, 1]. By

Theorem 2, it follows that (1·3) holds, so Theorem 1 yields the required conclusion.
Corollary 1 opens new possibilities for constructing ‘thin’ Behrend sequences inasmuch

as pp� upper bounds for the discrepancy are usually much easier to achieve than bounds
valid on a set of asymptotic density 1. For convenience of further reference, we make a
formal statement.

Theorem 3. Let ε(n) be a non-increasing function of n such that

ε(n) = o(1), ε(n)τ(n) → ∞ pp�,

and let f be an arithmetic function satisfying

∆(n; f) < 1
2ε(n)τ(n) pp�.

Then the integer sequence

A = {d � 1 : 〈f(d)〉 � ε(d)}

is a Behrend sequence.
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Proof. We plainly have
∣∣{d|n : 〈f(d)〉 � ε(n)}

∣∣ � ε(n)τ(n) − ∆(n; f) > 1
2ε(n)τ(n) pp�.

Since ε(d) � ε(n) whenever d|n, this implies δδδM(A) = 1. By the Davenport-Erdős
theorem, we deduce that A is a Behrend sequence.

Thus the problem of finding effective bounds on a set of logarithmic density 1 appears
to be essential in both problems of obtaining erd-type results and of constructing Behrend
sequences. The remainder of this paper is devoted to describing the various methods that
have been devised to this end.

An obvious consequence of Theorem 1 is that any effective criterion for divisor density
may be employed to decide whether a given function is erd. We now quote a result of
this kind. The statement involves a function R(x) � x which is increasing and has the
property that, for all y ∈ [0, 1] (but actually y = 1

4 suffices) there is a suitable Stieltjes
measure dλy(t) on [0, 1

2 ] with |dλy(t)| � t−y dt and

(1·6)
∑
n�x

yΩ(n) =
∫ 1/2

0

x1−t dλy(t) + O(x/R(x)),

where, here and in the sequel, we let Ω(n) (resp. ω(n)) denote the total number of prime
factors of n, counted with (resp. without) multiplicity. It is shown in [13] that

R(x) = exp
{
(log x)3/5−ε

}

is an admissible choice for all ε > 0, and an examination of the proof shows that x/R(x)
is essentially of the size of the error term in the prime number theorem — see also [25],
chapters II.5, II.6 and notes on § II.5.4.

Theorem 4 (Hall & Tenenbaum [13]). Let {uj}∞j=0 be a strictly increasing sequence of

positive real numbers such that |{j : uj � x}| � R(xo(1)) and put A := ∪∞
j=1(u2j , u2j+1]∩

Z+. Then δδδA = z implies that DA = z.

Theorem 4 provides a ready-to-use sufficient condition for smooth functions to be erd.
For instance, it enables one to recover immediately the two following basic results. We let
logk denote the k-fold iterated logarithm.

Corollary 2 (Tenenbaum [23]). The function d �→(log d)α is erd if, and only if, α > 0.

This result was conjectured by Hall in [9].

Corollary 3 (Hall [9], [10]). The function d �→ (log2 d)β is erd if, and only if, β > 1.

It is straightforward to check that the sequences A(z; f) defined by (1·2) for f = logα and
f = logβ

2 satisfy the hypotheses of Theorem 4 whenever α > 0, β > 1. On the other hand,
as observed by Hall in [9], relation (1·1) does not hold for f(d) = (log2 d)β when β � 1.
Indeed, let 0 < δ < 2−1/β and consider the set S(δ) of integers of the form n = mp with
pδ > m, which has natural density log(1+δ). For n ∈ S(δ), there are at least 1

2τ(n) divisors
d of n which are divisible by p, and all of them verify f(p) � f(d) � f(p1+δ) < f(p) + δβ .
Thus ∆(n; f) �

(
1
2 − δβ

)
τ(n).

The strongest limitation in Theorem 4 is the growth condition on the sequence {uj}∞j=0,
which, in the present state of knowledge concerning the error term of the prime number
theorem or the zero-free region for the Riemann zeta function, certainly implies that

(1·7) |{j : uj � x}| = exp{o
(
(log x)3/5(log2 x)−1/5

)}
.
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Thus, we can only obtain from Theorem 4 that

f(d) = exp{(log d)α}

is erd for 0 < α < 3/5, although it is natural to conjecture that this holds for all
positive α 
= 1. We shall see in section 3 that this can indeed be established for the
range 0 < α < 3/2, α 
= 1. To tackle functions f beyond the scope of Theorem 4, one
possibility is to appeal, as already done in [13], to the criterion for uniform distribution
on divisors established in [23]. In the spirit of the Weyl criterion for ordinary uniform
distribution modulo 1, this is formulated in terms of exponential sums. We now provide
an effective form of this criterion. Given an integer ν, we put

(1·8) εν(x; f) := (log x)−1/2
∑
k�x

∣∣∣∣
∑
n�x

n≡0 (mod k)

e
(
νf(n)

)
n4Ω(n)

∣∣∣∣.

Here and throughout the paper we use the traditional notation e(u) = e2πiu (u ∈ R).

Theorem 5. Let f be an arithmetical function. Then f is erd if, and only if, we have,
as x → ∞,

(1·9) εν(x; f) = o(1) (ν 
= 0).

Furthermore, if this is the case, then the upper bound

(1·10) ∆(n; f) < ξ(n)τ(n)min
T�1

{ 1
T 2

+ log T
∑

1�ν�T

ε+
ν (n; f)

ν

}1/2

pp�

holds for arbitrary ξ(n) → ∞, where ε+
ν (x; f) is, for each ν, any non-increasing function

such that x �→ ε+
ν (x; f)

√
(log x) is non-decreasing and εν(x; f) � ε+

ν (x; f) for large x.

Thus, the problem of finding effective pp� bounds for the discrepancy (with the by-
product, which is essential here, of exhibiting new types of Behrend sequences) may be
reduced to the study of appropriate exponential sums with multiplicative coefficients.
Proof of Theorem 5. First assume that f is erd. For k � 1, x � 2, 0 � z � 1, put

Φk(z;x) = (log x)−1/2
∑

n�x, n≡0 (mod k)

〈f(n)〉�z

1
n4Ω(n)

� (log x)−1/4 1
k4Ω(k)

.

By the author’s criterion [23] for divisor density and Theorem 1, we have that

(1·11) Fx(z) :=
∑
k�x

∣∣Φk(z;x) − zΦk(1;x)
∣∣ = o(1) (x → ∞)

for all fixed z ∈ [0, 1]. Now for any non-zero integer ν we have

εν(x; f) =
∑
k�x

∣∣∣
∫ 1

0

e(νz) dΦk(z;x)
∣∣∣

=
∑
k�x

∣∣∣2πνi

∫ 1

0

e(νz)
{
Φk(z;x) − zΦk(1;x)

}
dz

∣∣∣

�2π|ν|
∫ 1

0

Fx(z) dz.

Since Fx(z) = O(1) uniformly in x, z, the required conclusion (1·9) follows by Lebesgue’s
theorem of dominated convergence.
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Conversely, we now assume that (1·9) holds and derive a pp� upper bound for ∆(n; f).
By the Erdős-Turán inequality for the discrepancy (see e.g. Kuipers & Niederreiter [19],
theorem 2.5) we have for all n and T � 1

(1·12) ∆(n; f) � τ(n)
T

+
∑

1�ν�T

|gν(n)|
ν

,

with gν(n) :=
∑

d|n e
(
νf(d)

)
. By the Cauchy-Shwarz inequality, we infer that

(1·13) ∆(n; f)2 � τ(n)2

T 2
+ log T

∑
1�ν�T

|gν(n)|2
ν

.

We now estimate |gν(n)|2 on logarithmic average with weight 1/4Ω(n). The procedure is
similar to the proof of theorem 1 of [23]. Writing σ = 1/ log x, we have

(1·14)

Lν(x) :=
∑
n�x

|gν(n)|2
n4Ω(n)

� e
∞∑

n=1

|gν(n)|2
n1+σ4Ω(n)

�
∞∑

n=1

1
n1+σ4Ω(n)

∑
d|n, t|n

e
(
νf(d) − νf(t)

)

= ζ(1 + σ, 1
4 )

∑
d,t�1

e
(
νf(d) − νf(t)

)
[d, t]1+σ4Ω([d,t])

,

where we used the notation

(1·15) ζ(s, y) =
∞∑

n=1

yΩ(n)

ns
=

∏
p

(
1 − yp−s

)−1 (|y| < 2, �e s > 1).

We note that

(1·16)
ζ(1 + σ, 1

4 ) = ζ(1 + σ)1/4
∏
p

(
1 − 1

4p1+σ

)−1(
1 − 1

p1+σ

)1/4

∼ H( 1
4 )(log x)1/4 (x → ∞),

with
H(y) :=

∏
p

(
1 − y

p

)−1(
1 − 1

p

)y

(|y| < 2).

Using the identity

m1+σ4Ω(m) =
∑
k|m

λ(k, σ)k1+σ4Ω(k), with λ(k, σ) :=
∏
p|k

(
1 − 1

4p1+σ

)
� 1,

we may rewrite the last double sum in (1·14) as

(1·17)

∑
d,t�1

e
(
νf(d) − νf(t)

)
(dt)1+σ4Ω(dt)

∑
k|(d,t)

λ(k, σ)k1+σ4Ω(k)

=
∞∑

k=1

λ(k, σ)
k1+σ4Ω(k)

∣∣∣
∞∑

m=1

e
(
νf(km)

)
m1+σ4Ω(m)

∣∣∣2.
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Bounding λ(k, σ) by 1, and noticing that the m-sum is at most ζ(1 + σ, 1
4 ) in absolute

value, we see that the quantity (1·17) does not exceed

ζ(1 + σ, 1
4 )

∞∑
k=1

1
k1+σ4Ω(k)

∣∣∣
∞∑

m=1

e
(
νf(km)

)
m1+σ4Ω(m)

∣∣∣ = ζ(1 + σ, 1
4 )

∞∑
k=1

∣∣∣∣
∞∑

n=1

k|n

e
(
νf(n)

)
n1+σ4Ω(n)

∣∣∣∣.

Inserting this upper bound into (1·14) and appealing to (1·16) we obtain

Lν(x) � (log x)1/2
∞∑

k=1

∣∣∣
∫ ∞

0−
e−σu dAk(u)

∣∣∣,

with Ak(u) :=
∑

n�eu, k|n e
(
νf(n)

)
4−Ω(n)n−1. Integrating by parts, it follows that

(1·18)
Lν(x) � σ(log x)1/2

∞∑
k=1

∣∣∣
∫ ∞

0

e−σuAk(u) du
∣∣∣

� (log x)−1/2

∫ ∞

0

A(u)e−σu du,

with A(u) :=
∑∞

k=1 |Ak(u)| � ε+
ν (eu; f)

√
u. The last integral may be easily estimated

using the monotonicity properties of ε+
ν (eu; f). We have

∫ ∞

0

A(u)e−σu du �
∫ 1/σ

0

ε+
ν (e1/σ; f)

√
(1/σ) du +

∫ ∞

1/σ

ε+
ν (e1/σ; f)e−σu√u du

� (log x)3/2ε+
ν (x; f),

and so
Lν(x) � (log x)ε+

ν (x; f).

Inserting this into (1·13), we deduce that, for any T � 1,

(1·19) (log x)−1
∑
n�x

∆(n; f)2

n4Ω(n)
� 1

T 2
+ log T

∑
1�ν�T

ε+
ν (x; f)

ν
.

Using the inequality
τ(n) � 2Ω(n)/ξ(n)1/3 pp,

which follows from the fact that Ω(n)− ω(n) is bounded on average, we infer from (1·19)
that

(1·20) ∆(n; f) < τ(n)ξ(n) min
T�1

{ 1
T 2

+ log T
∑

1�ν�T

ε+
ν (x; f)

ν

}1/2

holds for all n � x except those of a set Ex with
∑

n∈Ex
(1/n) = o(log x). The stated result

follows since the quantity inside curly brackets in (1·20) is a non-increasing function of x
for each fixed T .
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It would be possible to obtain pp upper bounds for the discrepancy in Theorem 4
along the lines of the proof of Theorem 2, appealing to an effective form of the Hardy-
Littlewood-Karamata Tauberian theorem. However, the resulting estimate would be much
weaker than (1·10). Such an analysis might of course be pursued for its own sake, but is
irrelevant in the present context, as we remarked earlier.

The pp� upper bound (1·10) is by no means a unique or optimal choice. We now
summarise what we believe to be the three most important variations.

It is convenient to introduce the following definition.

Definition. A function F : R+ → R+ is called slowly increasing (resp. slowly decreasing)
if it satisfies for suitable x0 > 0

F (x) �ε F (xε)
(
resp. F (x) �ε F (xε)

)
(x > x0)

for all ε ∈]0, 1[.

Recall the formula
gν(n) :=

∑
d|n

e
(
νf(n)

)
.

Then it is an immediate consequence of the Erdős-Turán inequality (1·12) that

(1·21)
∑
n�x

∆(n; f)
n

(y

2

)Ω(n)

� (log x)y

T
+

∑
1�ν�T

1
ν

∑
n�x

|gν(n)|
n

(y

2

)Ω(n)

,

uniformly for x � 2, T � 1, 0 � y � y0 < 4. Suppose E1(x, y) log x is an upper bound
for the right-hand side of (1·21), corresponding to some optimal or quasi-optimal choice
T = T (x, y), and has the property that x �→ E1(x, y) is slowly increasing. Then we deduce
from (1·21) the following statement.

Theorem 6. Let ξ(n) → ∞ and 0 < y0 < 4. Then, for any function y = y(n) with values
in [0, y0] such that n �→ E1

(
n, y(n)

)
is slowly increasing, we have

(1·22) ∆(n; f) < ξ(n)τ(n)E1(n, y)y−Ω(n) pp�.

Of course, from our assumption on E1(x, y), any y(n) = y independent of n will be an
admissible choice. Since Ω(n) has normal order log2 n, the optimal function y(n) in (1·22)
will be close to y = y1(n) minimising the expression

(1·23) (log n)− log yE1(n, y),

and indeed this choice always approximates the minimum of the right-hand side of (1·22)
to within a factor (log n)o(1).

Theorem 6 is only applicable when one disposes of non-trivial estimates for the right-
hand side of (1·21). This is in particular the case when f is additive, for gν is then
multiplicative. We shall study this situation in detail in section 5.

When individual bounds for |gν(n)| fail to yield non-trivial information on the weighted
average appearing in (1·21), one can still perform a computation parallel to (1·13)–
(1·17), but with (1

4 )Ω(n) replaced by (1
4y)Ω(n). This gives, uniformly for x � 2, T � 1,

0 � y � y0 < 8,

(1·24)

(log x)−1
∑
n�x

∆(n; f)2

n

(y

4

)Ω(n)

� (log x)y−1

T 2
+ log T (log x)y/4−1

∑
1�ν�T

1
ν

Hν(x, y),
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with

(1·25) Hν(x, y) :=
∞∑

k=1

(y

4

)Ω(k) 1
k1+σ

∣∣∣∣
∞∑

m=1

(y

4

)Ω(m) e
(
νf(km)

)
m1+σ

∣∣∣∣
2

(σ := 1/ log x).

At this stage, we may employ two distinct strategies. The first one corresponds to cases
in which we can take advantage of the presence of the squared modulus in (1·25). If we
then denote by E2(x, y) an upper bound for the right-hand side of (1·24) which is slowly
increasing as a function of x, we obtain the following result.

Theorem 7. Let ξ(n) → ∞ and 0 < y0 < 8. Then, for any function y = y(n) with values
in [0, y0] and such that n �→ E2

(
n, y(n)

)
is slowly increasing, we have

(1·26) ∆(n; f) < ξ(n)τ(n)y−Ω(n)/2√E2(n, y) pp�.

Here again the optimal y must be close to y = y2(n) minimising the expression

(log n)− log yE2(n, y).

The second strategy, which corresponds to cases when a ‘linearized’ upper bound is more
convenient, consists in bounding trivially one of the two (identical) factors of the square
in (1·25) by ζ(1 + σ, y) and then repeating mutatis mutandis the procedure described in
(1·18)–(1·20). For 0 < y < 8, ν � 1, let ε+

ν (x, y; f) be a non-increasing function of x such
that x �→ ε+

ν (x, y; f)(log x)y/2 is non-decreasing and, for all x � 2,

(1·27) (log x)−y/2
∑
k�x

∣∣∣∣
∑
n�x

n≡0 (mod k)

(y

4

)Ω(n) e
(
νf(n)

)
n

∣∣∣∣ � ε+
ν (x, y; f).

We arrive at the following estimate generalising (1·19) : the bound

(1·28)
∑
n�x

(y

4

)Ω(n) ∆(n; f)2

n
� (log x)yE3(x, y)

holds uniformly for x � 2, 0 � y � y0, with

E3(x, y) := min
T�2

{ 1
T 2

+ log T
∑

1�ν�T

ε+
ν (x, y; f)

ν

}
.

The monotonicity hypotheses on the functions ε+
ν (x, y; f) are slightly awkward in

practical use, and, for convenience of further reference, we note right away that they
may be slightly relaxed. Let us say that a positive function F is weakly increasing (resp.
weakly decreasing) if it satisfies F (t) � F (x) (resp. F (t) � F (x)) for t � x. Then it
is enough for (1·28) to assume that ε+

ν (x, y; f) and (log x)y/2ε+
ν (x, y; f) are respectively

weakly decreasing and weakly increasing functions of x.
The upper bound (1·28) immediately implies, in a straightforward way, our next

theorem.

Theorem 8. Let ξ(n) → ∞, 0 < y0 < 8, y = y(n) ∈ [0, y0] and suppose that E∗
3 (n, y) is

an upper bound for E3(n, y) which is slowly increasing as a function of n. Then we have

(1·29) ∆(n; f) < ξ(n)τ(n)(log n)(y−1)/2y−Ω(n)/2√E∗
3 (n, y) pp�.

As before, we remark that the choice y = y3(n) minimising the expression

(log n)y−1−log yE3(n, y)

yields an approximation of the optimum to within a factor (log n)o(1).
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2. Functions of moderate growth
In this section, we investigate uniform distribution on divisors and effective pp� upper

bounds for the discrepancy in the case of functions f for which the sets A(z; f) defined
in (1·2) may be tackled by Theorem 4 or techniques of similar strength.

We say that a function f : R+ → R+ has moderate growth if it satisfies

(2·1) f(t) � R
(
to(1)

)
(t → ∞)

for some increasing function R satisfying (1·6) and having the property that

(2·2) ∃ b > 0 : R(
√

t) � R(t)1−b (t � 1).

An easy calculation shows that this implies R(x) � exp{(log x)c} for some positive c.
Our first result establishes a connection between usual uniform distribution modulo 1

and uniform distribution on divisors. It was announced, with a sketched proof (and
incidentally a slightly deficient statement), in [13].

Theorem 9 (Hall & Tenenbaum). Let F : R+ → R+ be differentiable and satisfy

(i) F ′(x) = o(1) (x → ∞),

(ii) {F (n)}∞n=1 is uniformly distributed modulo 1.

Suppose that ϑ : R+ → R+ has moderate growth and is ultimately of class C1.
Furthermore assume that, for large x,

(2·3) x �→ xϑ′(x) is monotonic, and ϑ(x) � xϑ′(x) log x.

Then f := F ◦ ϑ is erd.

Proof. We observe that the assumptions on ϑ(x) imply that ϑ(x) → ∞ and in fact
ϑ(x) � (log x)c for some positive c. Moreover, we may modify ϑ on any fixed, finite
interval and hence assume without loss of generality that ϑ′(x) exists and is positive for
all x > 0, and that (2·3) holds for all x > 3

2 .
Let z ∈ (0, 1). We shall show that DA(z; f) = z, which implies the stated result in view

of Theorem 1 : indeed, the cases z = 0 or 1 then follow by a straightforward argument.
For fixed ε ∈ (0,min(z, 1 − z)), we set

A±(ε) :=
{

d � 1 :
〈
F

([
ϑ(d)

])〉
� z ± ε

}
.

Our first aim is to prove that

(2·4) δδδA±(ε) = z ± ε.

We only consider A+(ε) since the other case is similar. Let x be large and put N =
[
ϑ(x)

]
.

Denoting by ψ the inverse function of ϑ, we have

(2·5)
∑
d�x

d∈A+(ε)

1
d

=
∑

1�n<N

〈F (n)〉�z+ε

∑
ψ(n)<d�ψ(n+1)

1
d

+ O
(
1 + log

(
x/ψ(N)

))
,

where the error term corresponds to those d with d � ψ(1) or ψ(N) � d � x.
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The inner sum is

a(n) + O(1/ψ(n)), with a(n) := log
(
ψ(n + 1)/ψ(n)

)
.

Since ϑ has moderate growth, we certainly have ϑ(x) � xo(1) � √
x, whence ψ(n) � n2.

Therefore the double sum on the right-hand side of (2·5) is equal to

(2·6)
∑

1�n<N
〈F (n)〉�z+ε

a(n) + O(1) = (z + ε)
∑
n<N

a(n) +
∑
n<N

χ(n)a(n) + O(1),

where

χ(n) :=
{

1 − (z + ε) if 〈F (n)〉 � z + ε,
−(z + ε) otherwise.

We have tϑ′(t) � t0ϑ
′(t0) � 1 for t � t0, so ϑ(x)−ϑ(cx) > 1 for sufficiently small c and

large x. This implies cx � ψ(N) � x and hence

log
(
x/ψ(N)

)
� 1,

∑
n<N

a(n) = log ψ(N) + O(1) = log x + O(1).

Inserting these estimates into (2·6), we see that proving (2·4) reduces to showing the
asymptotic formula

(2·7)
∑
n<N

χ(n)a(n) = o(log x).

This will follow by partial summation, noting that the assumption that {F (n)}∞n=1 is
uniformly distributed modulo 1 immediately implies

(2·8) H(y) :=
∑
n�y

χ(n) = o(y).

We first observe that we have for all y � N − 1

(2·9)
a(y) =

∫ y+1

y

ψ′(t)
ψ(t)

dt =
∫ y+1

y

dt

ψ(t)ϑ′(ψ(t))

�
∫ y+1

y

log ψ(t)
t

dt � log ψ(y + 1)
y

� log x

y
,

where we have used (2·3) in the third stage. Now the left-hand side of (2·7) is
∫ N−1

1

a(y) dH(y) = a(N − 1)H(N − 1) −
∫ N−1

1

a′(y)H(y) dy.

By (2·8) and (2·9), and since a′(y) = 1/ψ(y+1)ϑ′(ψ(y+1))−1/ψ(y)ϑ′(ψ(y)) has constant
sign for large y by the monotonicity assumption on xϑ′(x), this is

� log x

N
o(N) + o

( ∫ N−1

1

a′(y)y dy
)

= o(log x) + o
( ∫ N−1

1

a(y) dy
)
,

where we estimated the integral over a′(y) by another partial summation. Now
∫ N−1

1

a(y) dy =
∫ N−1

1

∫ y+1

y

ψ′(t)
ψ(t)

dt dy �
∫ N

1

ψ′(t)
ψ(t)

dt = log x + O(1).

This shows that (2·7) holds and hence establishes (2·4).
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We may now apply Theorem 4 to the sequences A±(ε) : indeed they are composed of
at most

[
ϑ(x)

]
+ 1 blocks, and this has the required order of magnitude since ϑ is of

moderate growth. Thus we obtain

(2·10) DA±(ε) = z ± ε.

From the facts that ϑ(d) → ∞ and F ′(x) = o(1), we deduce that, for each ε > 0, there
exists a d0(ε) such that

∣∣F ([
ϑ(d)

])
− F

(
ϑ(d)

)∣∣ < ε (d > d0(ε)).

This implies that for all n

τ
(
n,A−(ε)

)
− d0(ε) � τ(n,A) � τ

(
n,A+(ε)

)
+ d0(ε),

whence, in view of (2·10),

{z − ε + o(1)}τ(n) � τ(n,A) � {z + ε + o(1)}τ(n) pp.

Since ε is arbitrary, a routine argument yields τ(n,A) = {z + o(1)}τ(n) pp, as required.
This completes the proof of Theorem 9.

The following corollary was also stated (with a slight oversight in the monotonicity
assumption) in [13].

Corollary 4 (Hall & Tenenbaum). Let f : R+ → R+ be differentiable and such that,
for some function ϑ(x) satisfying the conditions of Theorem 9,

(i) ϑ′(x)/f ′(x) + 1/xf ′(x) is ultimately monotonic,

(ii) |ϑ′(x)/f ′(x)| + |xf ′(x)| = o
(
ϑ(x)

)
(x → ∞).

Then f is erd.

Proof. Set ϑ1(x) := ϑ(x) log x. Then ϑ1 also satisfies the assumptions of Theorem 9. The
only condition which is non-trivial to check is that (2·1) holds for f = ϑ1 ; however we
have by (2·2), for some function η(x) → 0 sufficiently slowly,

ϑ1(x) � R
(
xη(x)

)
log x � R

(
x2η(x))1−b log x � R

(
x2η(x)).

We also observe that ϑ′
1(x)/ϑ1(x) � ϑ′(x)/ϑ(x) by (2·3).

It is clear that ϑ1 is ultimately strictly increasing, and hence ultimately one-to-one.
Let ψ1 denote the inverse of ϑ1, and put F (x) = f ◦ ψ1(x) for sufficiently large x, so
that f(x) = F

(
ϑ1(x)

)
. We want to apply Theorem 9 to F and hence must check that

F ′(x) = o(1) and that {F (n)}∞n=1 is uniformly distributed modulo 1.
By a well-known criterion of Fejér (see e.g. Rauzy [20], Corollary II.1.2) we only need to

prove, in addition to F ′(x) = o(1), that F ′ is ultimately monotonic and that xF ′(x) → ∞.
Since, for large x,

F ′(ϑ1(x)
)

= f ′(x)/ϑ′
1(x) � f ′(x)ϑ(x)/ϑ′(x)ϑ1(x) � xf ′(x)/ϑ(x),

ϑ1(x)F ′(ϑ1(x)
)
� f ′(x)ϑ(x)/ϑ′(x),

our assumption (ii) implies that F ′(x) → 0, xF ′(x) → ∞. Moreover, replacing ϑ′
1(x) by

ϑ′(x) + 1/x in the first equality above yields, by assumption (i), that F ′ is monotonic.
This completes the proof of Corollary 4.

Our next result provides effective pp� bounds for the discrepancy under slightly stronger
assumptions. This is a refinement of theorem 5 of [13] and is obtained by the same
technique. The proof has been (re)written jointly with R.R. Hall.
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Theorem 10 (Hall & Tenenbaum). Let f : R+ → R+ be continuously differentiable,
such that xf ′(x) is ultimately monotonic. Assume that, for some increasing function R
satisfying (1·6) and (2·2), there is a further non-decreasing function ϕ : R+ → R+ such
that ϕ1(x) := (log x)/ϕ(x) is ultimately non-decreasing and

(2·11) ϕ(x) � (log2 x)2, ϕ1(x) → ∞,

(2·12) 1/ϕ(x) � x|f ′(x)| � R
(
eϕ(x)

)
.

Then f is erd and we have for any ξ(n) → ∞

(2·13) ∆(n; f) < τ(n)ξ(n)
(
1 − log ϕ1(n)

2 log2 n

)Ω(n)/2

log2 ϕ1(n) pp�.

We note that the upper bound (2·13) is always non trivial under the conditions of the
theorem. It yields in fact

(2·14) ∆(n; f) � τ(n)ϕ1(n)−1/4+o(1) pp�,

since the normal order of Ω(n) is log2 n. It is clear that the theorem only applies to
functions of moderate growth, and one can get a fairly precise idea of the quality of the
quantitative result by considering the functions f(x) = (log x)α with α > 0 and f(x) =
(log2 x)β with β > 1. In the first instance we may choose ϕ(x) = (log x)1−α + (log2 x)2,
and hence obtain

(2·15) ∆(n; logα) < τ(n)1−κ(α)+o(1) pp�,

with κ(α) = − log
(
1 − 1

2 min(1, α)
)
/ log 4 > 0. In the second instance, we select

ϕ(x) = (log x)/(log2 x)β−1 and get similarly

(2·16) ∆(n; logβ
2 ) < τ(n)(log2 n)−(β−1)/4+o(1) pp�.

From the point of view of constructing Behrend sequences, the uniform distribution
approach is usually weaker than the block sequences technique developed in the author’s
recent paper [24], which rests upon a probabilistic argument. This is to be expected since,
in the former case, one derives the conclusion from a very strong hypothesis (namely that
f(d) is occasionally small modulo 1 because the corresponding frequency is asymptotically
equal to the expectation), whereas, in the latter case, the density of the set of multiples is
tackled by an ad hoc method. Thus, from (2·15) one can only infer, via Theorem 3, that

(2·17) A(α, t) := {d > 1 :
〈
(log d)α

〉
� (log d)−t}

is Behrend for t < κ(α) log 2 = − 1
2 log

(
1 − 1

2 min(1, α)
)
, whereas Theorem 1 of [24]

provides, after a straightforward calculation, the larger range

(2·18) t < t0(α) := (log 2) min{1, α/(1 − log 2)},

which is sharp except for the possibility of taking t = t0(α). However, some upper bounds
methods for exponential sums are so powerful that the discrepancy approach enables one
to deal with block sequences composed of intervals which are far too short for the induction
technique of [24] to be applicable. We shall discuss some examples of this situation in the
next two sections.
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At this stage, it is worthwhile to note that one can deduce lower bounds for the
discrepancy from theorem 1 of Hall & Tenenbaum [15], which provides a necessary
condition for block sequences to be Behrend. Indeed, if a block sequence A is defined,
for some function ε(n) which fulfils the assumptions of Theorem 3, by a formula of the
type

A = {d � 1 : 〈f(d)〉 � ε(d)}
and yet does not satisfy the corresponding necessary condition of [15], we may deduce
that

∆(n; f) � 1
2ε(n)τ(n)

on a set of positive logarithmic density. Actually the necessary condition of [15] and the
sufficient condition of [24] are “adjacent” (in a sense precisely described in [24]), and it
follows in particular that the sequence A(α, t) of (2·17) is not Behrend when t > t0(α).
As a consequence, we obtain that, for all α < 1 − log 2, the lower bound

(2·19) ∆(n; logα) > (log n)log 2−t0(α)+o(1) = (log n)(log 2)(1−α/(1−log 2))+o(1)

holds on a set of positive logarithmic density. It is not very difficult to show by a direct
argument (using theorem 07 of [14] or exercise III.5.6 of [25]) that (2·19) in fact holds pp.

The true order of magnitude of ∆(n, logα) pp� is an interesting open problem, especially
in the case α = 1. From (2·15) we have

∆(n; log) < τ(n)1/2+o(1) pp�,

and, as shown in section 5, the exponent 1
2 can be further reduced to log(4/π)/ log 2 ≈

0·34850 by exploiting the additivity of log d. However, in view of the fact explained above
that A(1, t) is Behrend for all t < log 2, it seems not unreasonable to conjecture that

∆(n; log) = τ(n)o(1) pp�.

For the sake of further reference, we make the following formal and more general statement.

Conjecture. Let �(α) be the infimum of the set of those real numbers ξ such that
∆(n; logα) < τ(n)ξ pp�. Then for all positive α we have

�(α) = 1 − t0(α)/ log 2 = max{0, 1 − α/(1 − log 2)}.

It follows from (2·19) that �(α) � max{0, 1 − α/(1 − log 2)}.
Proof of Theorem 10. We use Theorem 7 with 0 < y0 < 4, and set out to find an upper
bound for

Sν(k) :=
∞∑

m=1

(y

4

)Ω(m) e
(
νf(km)

)
m1+σ

where 0 � y � y0, σ = 1/ log x and ν, k are positive integers. Let x0 be so large that xf ′(x)
is monotonic, and ϕ1(x) is decreasing, for x > x0. It will be convenient to introduce a
parameter M = M(k) such that

(2·20) M > x0, ϕ(kM) � 1
2 log M (k � 1).

Such an M does exist since, for each fixed k, ϕ(kM)/ log M ∼ 1/ϕ1(kM) → 0 as M → ∞.
We note that for u � M(k) we have

(2·21) ϕ(ku) =
log(ku)
ϕ1(ku)

� log(ku)
ϕ1(kM)

=
ϕ(kM) log(ku)

log(kM)
� 1

2

log M log(ku)
log(kM)

� 1
2 log u.
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For given k, ν � 1, put h(u) := e
(
νf(ku)

)
, A(u) :=

∑
m�u(y/4)Ω(m), so that

(2·22) Sν(k) =
∫ ∞

1−

h(u)
u1+σ

dA(u),

and by (1·6), since 0 � y � y0 < 4,

A(u) =
∫ 1/2

0

u1−t dλy/4(t) + O
(
u/R(u)

)
.

We insert this into (2·22), make the trivial estimate |h(u)| � 1 for u � M and integrate
by parts on [M,∞) the contribution of the remainder term. We obtain

Sν(k) =O
(
(log M)y/4

)
+

∫ ∞

M

h(u)
u1+σ

∫ 1/2

0

(1 − t)u−t dλy/4(t) du

+ O
( 1

R(M)

)
−

∫ ∞

M

d
du

( h(u)
u1+σ

)
O

( u

R(u)

)
du.

The last term is

(2·23)
�

∫ ∞

M

u|h′(u)| + |h(u)|
u1+σR(u)

du � ν

∫ ∞

M

R
(
eϕ(ku)

)
+ 1

u1+σR(u)
du

� ν

∫ ∞

M

R(
√

u)
u1+σR(u)

du � ν

∫ ∞

M

du

uR(u)b
� ν

R(M)b/2
,

where we have used (2·21) in the third step, and (2·2) in the fourth. Next, we consider
the main term in Sν(k). This is

(2·24)
∫ 1/2

0

(1 − t)
∫ ∞

M

h(u)
u1+σ+t

du dλy/4(t) �
∫ 1/2

0

∣∣∣
∫ ∞

M

h(u)
u1+σ+t

du
∣∣∣t−y/4 dt.

We substitute u = Mev in the inner integral which becomes

∫ ∞

0

e
(
νf(kMev)

)
Mσ+te(σ+t)v

dv =
∫ ∞

0

H ′(v)
Mσ+te(σ+t)v

dv =
∫ ∞

0

(σ + t)H(v)
Mσ+te(σ+t)v

dv,

with H(v) :=
∫ v

0

e
(
νf(kMew)

)
dw. The function

d
dw

{
νf(kMew)

}
= νkMewf ′(kMew)

is monotonic on the whole half-line w � 0 by the choice of M , and, by (2·12), it is
� ν/ϕ

(
kMew

)
� ν/ϕ

(
kMev

)
for w � v. By a well-known lemma on exponential integrals

(see e.g. Titchmarsh [26], lemma 4.2), we obtain that

H(v) � ν−1ϕ
(
kMev

)
,

so the upper bound in (2·24) is

� 1
ν

∫ 1/2

0

∫ ∞

0

(σ + t)ϕ
(
kMev

)
Mσ+te(σ+t)vty/4

dv dt.
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At this stage, we note that ϕ1(x) � ϕ1(x′) for 1 � x � x′. This readily follows from
the facts that ϕ1 is non-decreasing for x > x0 and that ϕ(x) � 1 for 1 � x � x0, so we
omit the details. Therefore, we have for ξ � 1, η � 1,

(2·25) ϕ(ξη) =
log(ξη)
ϕ1(ξη)

� log ξ

ϕ1(ξ)
+

log η

ϕ1(η)
= ϕ(ξ) + ϕ(η).

Thus, the last double integral is

�
∫ 1/2

0

ϕ(kM)
M tty/4

dt +
∫ 1/2

0

∫ ∞

0

(σ + t)ϕ
(
ev

)
M te(σ+t)vty/4

dv dt.

The first term can be computed explicitly. In the inner v-integral of the second term, we
substitute v = w/(σ + t) and split the range at w = 1. We obtain altogether

�ϕ(kM)(log M)y/4−1 +
∫ 1/2

0

∫ ∞

0

ϕ
(
ew/(σ+t)

)
M tewty/4

dw dt

�ϕ(kM)(log M)y/4−1 +
∫ 1/2

0

ϕ
(
e1/(σ+t)

)
M tty/4

dt +
∫ 1/2

0

∫ ∞

1

ϕ
(
ew/(σ+t)

)
M tewty/4

dw dt

�{ϕ(kM) + ϕ
(
e1/σ

)
}(log M)y/4−1 +

∫ 1/2

0

∫ ∞

1

wϕ
(
e1/(σ+t)

)
M tewty/4

dw dt

�{ϕ(kM) + ϕ
(
e1/σ

)
}(log M)y/4−1,

where we have used in the penultimate stage the upper bound

ϕ
(
ew/(σ+t)

)
=

w

(σ + t)ϕ1

(
ew/(σ+t)

) � w

(σ + t)ϕ1

(
e1/(σ+t)

) = wϕ
(
e1/(σ+t)

)
.

Collecting our estimates so far and inserting them into (2·23), we obtain, since e1/σ = x,

(2·26)
Sν(k) � (log M)y/4 + νR(M)−b/2 + ν−1{ϕ(kM) + ϕ(x)}(log M)y/4−1

� (log M)y/4 + νR(M)−b/2 + ν−1ϕ(x),

as ϕ(kM) � 1
2 log M by (2·20). Let C be an absolute constant which is at least three

times as large as the implicit constant in (2·25). We select

M := eCϕ(k)+ϕ(x),

so that, when x � x1(C), we have ϕ(M) � (1/2C) log M (because M is large) and hence

ϕ(kM) � 1
3C{ϕ(M) + ϕ(k)} � 1

6 log M + 1
3 log M = 1

2 log M.

Thus (2·20) is satisfied with this choice of M . Moreover, we also have ϕ(x)/ν � log M ,
so we finally obtain from (2·26) that

Sν(k) � (log M)y/4 + νR(M)−b/2 � ϕ(k)y/4 + ϕ(x)y/4 + νR
(
eϕ(x)

)−b/2

� ϕ(x)y/4
{

1 +
( log k

log x

)y/4}
+ νR

(
eϕ(x)

)−b/2
,

where we have used in the last stage the inequality ϕ1(x) � ϕ1(k) for k � x.



16 Gérald Tenenbaum

We are now in a position to embark on the final part of the proof. Inserting the above
estimate for Sν(k) into (1·25), we find that

Hν(x, y) =
∞∑

k=1

(y

4

)Ω(n) 1
k1+σ

∣∣Sν(k)
∣∣2 � ϕ(x)y/2(log x)y/4 +

ν2(log x)y/4

R
(
eϕ(x)

)b
.

Hence, for T � 2,

∑
1�ν�T

1
ν

Hν(x) � ϕ(x)y/2(log x)y/4 log T +
T 2(log x)y/4

R
(
eϕ(x)

)b
.

We therefore deduce from (1·24) that

(log x)−1
∑
n�x

∆(n; f)2

n

(y

4

)Ω(n)

� (log x)y−1

T 2
+ ϕ(x)y/2(log x)y/2−1(log T )2 +

T 2(log T )(log x)y/2−1

R
(
eϕ(x)

)b
.

We choose T = ϕ1(x)y/4 =
(
log x/ϕ(x)

)y/4. The upper bound above becomes

(2·27) � ϕ(x)y/2(log x)y/2−1
(
log ϕ1(x)

)2
.

Indeed the last term is easily seen to be negligible by the lower bound (2·11) imposed on
ϕ(x), and because R(x) = exp{(log x)4/7} is an admissible choice for R. Thus we may
define E2(x, y) as being equal to a suitable constant multiple of the right-hand side of
(2·27), and apply Theorem 7 to obtain that

(2·28) ∆(n; f) � ξ(n)τ(n)yΩ(n)/2√E2(n, y) pp�,

provided 0 � y � y0 < 4 and y = y(n) is such that E2(n, y) is slowly increasing as a
function of n. We choose

y = 2
/(

1 +
log ϕ(n)
log2 n

)
= 1

/(
1 − log ϕ1(n)

2 log2 n

)
,

which minimises (log n)− log yE2(n, y) up to a power of log2 ϕ1(n). This value of y is always
in the range [1, 2]. Inserting into (2·27) yields

E2(n, y) �
(
log ϕ1(n)

)2
,

which implies that this function is slowly decreasing. The required estimate (2·13) hence
follows from (2·28). This completes the proof of Theorem 10.
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3. Functions of excessive growth : the case f(d) = dα

Here, we address the problem of bounding the discrepancy pp� for functions which
increase too fast for the techniques of the previous section to be applicable. More precisely,
let us recall the quantity

(3·1) Hν(x, y) :=
∞∑

k=1

(y

4

)Ω(k) 1
k1+σ

∣∣∣∣
∞∑

m=1

(y

4

)Ω(m) e
(
νf(km)

)
m1+σ

∣∣∣∣
2

,

with σ := 1/ log x, which appears implicitly in the upper bound (1·26) of Theorem 7 for the
discrepancy ∆(n; f). This was primarily defined for y < 8, but we restrict it here to values
of y � 4. The functions of moderate growth are essentially those for which the inner m-sum
can be estimated by partial summation, using the available results on the mean value of
m �→ (y/4)Ω(m). When the rate of growth of f prohibits such a treatment, we may consider
Hν(x, y) as a ‘type II sum’, according to the poetic terminology of Vinogradov. For all
intents and purposes, this means making the trivial estimate

∣∣(y/4)Ω(k)
∣∣ � 1, expanding

the square and, after permuting summations, estimating the inner k-sum by an ad hoc
exponential sum method.

This programme may be carried out, in principle, for any smooth function f of, say, at
most polynomial growth, and indeed one could even aim at a general theorem established
along these lines and providing, under suitable sufficient conditions, explicit upper bounds
for the discrepancy. Due to the considerable amount of calculations that this would involve,
we have preferred to treat only examples which reflect all the difficulties of the general
case, but avoid tedious technicalities that would hide the main stream of the argument.
In this context, we believe that the functions

d �→ dα (α ∈ R+� Z+), d �→ ϑd (ϑ ∈ R � Q)

are of special interest. We treat the first of these immediately and the second one in the
next section. The following theorem provides an effective version of the corresponding
qualitative result obtained by Hall & Tenenbaum in [13].

Theorem 11. Let α > 0 be a given real number, not an integer. Then the function
gα(d) := dα is erd. More precisely, we have

(3·2) ∆(n; gα) < τ(n)(log n)−δ pp�

for all δ < δ0 := 1
2 log 12

11 .

We note that δ0 > 1
23 . We have not attempted here to find the best exponent available

from latest developments in exponential sums theory and have confined ourselves to using
a result of Karatsuba [16] on Vinogradov-type bounds which is expressed in an easily
applicable form. We remark that van der Corput-type estimates would in general yield
weaker bounds for the discrepancy and would actually only save a power of log2 n in (3·2).

It is also worthwhile to note at this stage that the method of proof of Theorem 11 will
readily yield that the function

f(d) = exp{(log d)α}

is erd for 0 < α < 1, and indeed it will provide a bound comparable with (3·2) for the
discrepancy. In particular, this shows that the limitation α < 3/5 which arises from mere
application of Theorems 4 or 10 is purely technical. The range 1 < α < 3/2 may also be
handled by the same technique, but with a weaker effective result — see Theorem 2 of
Karatsuba [16].

By Theorem 3, we immediately derive from the above result the following corollary.
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Corollary 5. Let α, δ be as in the statement of Theorem 11. Then the sequence

(3·3) {n � 2 : 〈nα〉 � (log n)−δ}

is a Behrend sequence.

Of course we can rewrite the condition in (3·3) introducing j :=
[
nα]. This yields the

following reformulation in terms of block sequences.

Corollary 6. Let β > 0, 1/β /∈ Z, δ < δ0 = 1
2 log 12

11 . Then the sequence

(3·4) B(δ) :=
∞⋃

j=2

]
jβ , jβ

(
1 +

1
j(log j)δ

)]
∩ Z+

is a Behrend sequence.

As far as block sequences are concerned, this is only significant when β > 1 : otherwise
the ‘blocks’ have lengths smaller than 1 and looking at B(δ) as a block sequence is
meaningless. As we remarked in the previous section, the above result is unreachable,
in the present state of knowledge, by the technique applied in [24]. The natural conjecture
in accord with the results of [15] and [24] would be that B(δ) is Behrend for all δ < log 2,
this exponent then being optimal. This is also out of reach of the present technique, which
implies a systematic loss due, among other causes, to the trivial estimate for (y/4)Ω(k)

in (3·1).

We now embark on the proof of Theorem 11. We give ourselves two parameters x1, x2

satisfying
e
√

log x � x1 � x, x2 := xlog2 x,

and introduce the following further notation

J = J(x) :=
log(x2/x1)

log 2
, Kj := 2jx1 (0 � j � J),

Bj(m, n; ν, f) :=
∑

Kj<k�Kj+1

e
(
νf(kn) − νf(km)

)
(0 � j � J).

Lemma 1. Let α > 0. Then we have uniformly for x � 3, ν � 1, 0 � y � 4, and a real
valued arithmetical function f

(3·5)

Hν(x, y) �(log x)y/2(log x1)y/4

+
∑

x1<m<n�x2

nα−mα�1

( 1
4y)Ω(mn)

mn

∑
0�j�J

�e Bj(m, n; ν, f)
Kj

.

Proof. To lighten the presentation, we temporarily set z := y/4. We first split the k-sum in
(3·1) according to whether k � x1, x1 < k < x2 or k > x2, so as to write correspondingly

Hν(x, y) = H(1)
ν (x, y) + H(2)

ν (x, y) + H(3)
ν (x, y).

Using the bounds

(3·6)
∑

k�x1

zΩ(k)k−1 � (log x1)z,
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and

(3·7)
∑

k>x2

zΩ(k)k−1−σ � x
−σ/2
2

∑
k�1

zΩ(k)k−1−σ/2 � (log x)z−1/2,

we readily obtain

(3·8)
H(1)

ν (x, y) + H(3)
ν (x, y) � (log x1)z(log x)2z + (log x)3z−1/2

� (log x)y/2(log x1)y/4.

Next, we split the inner m-sum in H
(2)
ν (x, y) at x1 and x2 and use the inequality

(a + b + c)2 � 3(a2 + b2 + c2) to obtain

H(2)
ν (x, y) � 3H(21)

ν (x, y) + 3H(22)
ν (x, y) + 3H(23)

ν (x, y)

with

(3·9)
H(21)

ν (x, y) �
∑

x1<k�x2

zΩ(k)k−1
( ∑

m�x1

zΩ(m)m−1
)2

� (log x)z(log x1)2z � (log x)y/2(log x1)y/4,

by (3·6), and

(3·10)
H(23)

ν (x, y) �
∑

x1<k�x2

zΩ(k)k−1
( ∑

m>x2

zΩ(m)m−1−σ
)2

� (log x)3z−1 = (log x)3y/4−1 � (log x)y/2,

by (3·7).
It remains to estimate H

(22)
ν (x, y). We have

(3·11) H(22)
ν (x, y) �

∑
0�j�J

K−1
j

∑
Kj<k�Kj+1

∣∣∣ ∑
x1<m�x2

zΩ(m)

m1+σ
e
(
νf(km)

)∣∣∣2,

where we have made the trivial estimate zΩ(k) � 1. Expanding the square, we find that it
does not exceed

(3·12) 2�e
∑

m<n�x2

nα−mα�1

zΩ(mn)

(mn)1+σ
e
(
νf(kn) − νf(km)

)
+ 2

∑
x1<m�n�x2

nα−mα<1

1
mn

.

We claim that the second sum on the right is � x
−min(1,α)
1 . This plainly holds if α � 1

since the summation conditions then imply that m = n. When 0 < α < 1, we note
that nα − mα � α(n − m)nα−1, so for fixed n the m-sum is � n1−α/n = n−α and the
conclusion is still valid. Inserting this estimate into (3·12) and (3·11) and using the fact
that J � x

min(1,α)
1 , we obtain

H(22)
ν (x, y)

� �e
∑

0�j�J

1
Kj

∑
Kj<k�Kj+1

∑
x1<m<n�x2

nα−mα�1

zΩ(mn)

(mn)1+σ
e
(
νf(kn) − νf(km)

)
+ 1.

We permute summations on k and m, n and see that the new, inner k-sum equals
Bj(m, n; ν, f). Together with (3·8), (3·9) and (3·10), this completes the proof of our lemma.
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We now apply Karatsuba’s estimate to bound the exponential sum

(3·13) B(K; v) :=
∑

K<k�2K

e
(
vkα

)

for relevant values of v, K.

Lemma 2. Let α ∈ R+�Z+. There exists a constant c = c(α) > 0 such that the estimate

(3·14) B(K; v) � K1−c + K exp{−c
(log K)3

(1 + log v)2
}

holds uniformly for K � 1, v � 1.

Proof. If v � K1−α, and so 0 < α < 1, we apply a classical estimate of van der Corput
(see e.g.Titchmarsh [26], lemma 4.7) to get

B(K; v) =
∫ 2K

K

e
(
vtα

)
dt + O(1) � K1−α.

(The same estimate also follows from theorem 2.1 of Graham & Kolesnik [7].) Thus (3·14)
holds in this case.

If v > K1−α, set n :=
[
3α + 3(log v)/ log K

]
, so that n � 3 and

Kn/3 � vKα < K(n+1)/3.

Put g(t) := vtα. We have for all non-negative integers s

g(s)(t)
s!

= v

(
α

s

)
tα−s.

Writing
(
α
s

)
= (−1)s

∏
1�j�s

{
1 − (α + 1)/j

}
, we see that we have for suitable positive

constants c1 = c1(α), c2 = c2(α),

(3·15) c1s
−α−1 �

∣∣∣∣
(

α

s

)∣∣∣∣ � c2s
−α−1 (s � 0).

Hence for large K and K � t � 2K we have

∣∣∣g(n+1)(t)
(n + 1)!

∣∣∣ � 2αc2

(n + 1)α+1
vKα−n−1 � 2αc2K

−2(n+1)/3 � K−(n+1)/2.

Similarly, a straightforward computation enables us to deduce from (3·15) that for all s
in the range 3n/4 � s � n (so s � 3) and large K we have

K−3s/4 � c1s
−α−12−sK−2/3 �

∣∣∣g(s)(t)
s!

∣∣∣ � 2αK−5s/9+1/3 � K−s/3.

By Theorem 1 of Karatsuba [16], it follows that, for suitable positive absolute constants
c3 and c4 and K > K0(α) we have

|B(K; v)| � c3K
1−c4/n2

.

This implies the required bound.
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We are now in a position to complete the proof of Theorem 11. We want to apply
Theorem 7 and use Lemmas 1 and 2 to obtain an upper bound for the quantity E2(n, y).
We select, in Lemma 1, f = gα, as defined in the statement of the theorem, and

x1 = exp
{
c(α)(log x)2/3 log2 x

}
,

with c(α) > 0 at our disposal. Then, with the notation of Lemma 2, Bj(m, n; ν, ga) =
B(Kj ; v) where v := ν(nα − mα), so v � x1+α

2 provided ν � x. By Lemma 2 there is a
positive constant c5 = c5(α) such that, for all m, n � x with nα − mα � 1,

Bj(m, n; ν, gα)/Kj � exp
{
− c5

(log Kj)3

(log x2)2
}
� 1/(log x)4

provided c(α) is large enough. By (3·5), we infer that we have uniformly for 1 � ν � x,
0 � y � 4,

(3·16) Hν(x, y) � (log x)2y/3(log2 x)y/4.

Inserting the above estimate into (1·24) with, say, T := log x, we see that we may choose

(3·17) E2(x, y) � (log x)11y/12−1(log2 x)2+y/4,

which is hence slowly increasing. Therefore we get by Theorem 7 that

(3·18) ∆(n, gα) < τ(n)(log n)11y/24−1/2−(1/2) log y+o(1) pp�.

The required estimate (3·2) now follows on taking optimally y = 12
11 .

4. Functions of excessive growth : the case f(d) = ϑd
We now investigate, in a quantitative form, the uniform distribution on divisors of the

function
hϑ(d) := ϑd

when ϑ is a given irrational real number. This study is similar in principle to that of the
previous section, but more complicated inasmuch as the effective bounds for ∆(n; hϑ) will
depend on the arithmetic nature of ϑ. On the other hand we shall not need, as might be
expected, any involved tool for the estimation of the relevant exponential sums.

More explicitly, let us define Q(x) := x/(log x)10, and

(4·1) q(x;ϑ) := inf{q : 1 � q � Q(x), ‖qϑ‖ � 1/Q(x)}
where ‖u‖ denotes the distance of u to the set of integers. Our results depend on a free
parameter y, 0 < y � 4, and may be expressed conveniently in terms of any increasing
lower bound for q(x;ϑ), say q∗(x; y, ϑ), with the property that q∗(x; y, ϑ)/(log x)y/4 is
decreasing. A possible choice is

(4·2) q∗(x; y, ϑ) := 4(log x)y/4
/ ∫ x

1

y(log t)y/4−1

t infu�t q(u; ϑ)
dt.

Unless ϑ has abnormally good rational approximations, we have

(4·3) q∗(x; y, ϑ) � (log x)y/4.

Indeed, let us define, for real positive γ, the set

E(γ) := {ϑ ∈ R � Q : lim inf
x→∞

q(x; ϑ)/(log x)γ > 0}.

Then E(γ) contains almost all real numbers, and in particular, by Liouville’s theorem, all
algebraic numbers. Moreover, it is not difficult to show that R � E(γ) has zero Hausdorff
dimension. We readily see from (4·2) that (4·3) holds for all ϑ ∈ E(γ) whenever γ > 1

4y.
We shall establish the following result.
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Theorem 12. Let ϑ ∈ R � Q, 0 < δ < 1. Uniformly for x � 2, 0 < y � 4, we have

(4·4)
∑
n�x

(y

4

)Ω(n) ∆(n; hϑ)2

n
� (log x)y/q∗(x; y, ϑ)δ.

Taking y = 1, we immediately obtain an effective uniform distribution result which
is valid without any restriction on ϑ. The corresponding qualitative result had been
established by Dupain, Hall & Tenenbaum [4].

Corollary 7. The function hϑ(d) = ϑd is erd for each irrational number ϑ. Moreover, if
0 < δ < 1, then we have

∆(n;hϑ) < τ(n)/q∗(n; 1, ϑ)δ/2 pp�.

The above bound is always o(τ(n)) and � τ(n)/(log n)−δ/8 for ϑ ∈ E( 1
4 ). However,

if we are prepared to exclude a set of ϑ of Hausdorff dimension zero, we may achieve a
better pp� estimate by taking y = 4

3 in (4·4). Indeed, the following statement stems from
Theorem 12 by optimising the parameter y under the assumption that (4·3) holds.

Corollary 8. Let γ > 1
3 . Then we have for all ϑ ∈ E(γ)

∆(n;hϑ) < τ(n)(log 3)/ log 4+o(1) pp�.

It is very likely that the estimate ∆(n, hϑ) < τ(n)1/2+o(1) pp� holds outside a set of ϑ
with Hausdorff dimension 0, but this is beyond the scope of the method employed here. If
we only require that the set of exceptional ϑ have Lebesgue measure zero, this last bound
does actually hold and can be easily established by the variance argument used for the
proof of Theorem 14 below. Moreover, with this level of generality, the exponent 1/2 is
sharp.

Of course, Corollaries 7 & 8 may be used to exhibit Behrend sequences. An immediate
application of these results and Theorem 3 yields the following proposition.

Corollary 9. Let ϑ ∈ R � Q, 0 < δ < 1. Then the sequence

U(ϑ, δ) :=
{

n � 2 : 〈ϑn〉 � q∗(n; 1, ϑ)−δ/2
}

is a Behrend sequence. Furthermore, if ϑ ∈ E(γ) for some γ > 1
3 , and in particular if ϑ is

algebraic, then the sequence

W(ϑ, �) :=
{

n � 2 : 〈ϑn〉 � (log n)−�
}

is a Behrend sequence for all � < 1
2 log 4

3 .

Let �∗(γ) denote the supremum of those exponents � such that W(ϑ, �) is Behrend
for all ϑ ∈ E(γ). The above result implies that �∗(γ) � 1

2 log 4
3 ≈ 0·14384 for γ > 1

3 ,
and it is natural to conjecture that there exists a γ0 such that �∗(γ) = log 2 for γ > γ0.
By techniques similar to those presented below for the proof of Theorem 12, it can be
shown that the distributions of Ω(n) and 〈ϑn〉 are largely independent. Moreover, using
Vaughan’s bound for exponential sums over primes (see e.g.Davenport [1], chapter 25),
this statement can be put in an effective form which is sufficiently strong to yield

∑
n∈W(ϑ,�)

(log n)log 2−1/2

n2Ω(n)
< ∞
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for all � > log 2 and, e.g., ϑ ∈ E(2). By a result of Hall ([12], theorem 1), this implies that,
when ϑ ∈ E(2) and � > log 2, the sequence W(ϑ, �) is not Behrend. A weak consequence
of this is that �∗(γ) � log 2 for all γ � 2.

For the proof of Theorem 12, we have chosen to avoid some technical complications by
applying Theorem 8 rather than Theorem 7, although the latter could in principle lead
to better quantitative estimates. In connection with the general upper bound (1·28) for
weighted logarithmic averages of ∆(n; f)2, we introduce the expressions

(4·5) T (x; z, ϑ) :=
∑
n�x

zΩ(n) e(ϑn)
n

, S(x, z, ϑ) :=
∑
k�x

zΩ(k)

k

∣∣T (x/k; z, kϑ)
∣∣,

so that (1·28) reads, for f = hϑ,

(4·6)
∑
n�x

(y

4

)Ω(n) ∆(n;hϑ)2

n
� (log x)y

{ 1
T 2

+ log T
∑

1�ν�T

1
ν

ε+
ν (x, y; hϑ)

}
,

uniformly for x � 2, 0 � y � y0 < 8, T � 2, where ε+
ν (x, y; hϑ) is any non-increasing

function of x such that x �→ ε+
ν (x, y; hϑ)(log x)y/2 is non-decreasing and satisfies

S(x; 1
4y, νϑ) � (log x)y/2ε+

ν (x, y;hϑ).

For technical reasons, it will be more convenient to use at certain stages Cesàro-type
averages, so we set

(4·7) T ∗(x; z, ϑ) :=
∑
n�x

zΩ(n)e(ϑn), S∗(x; z, ϑ) :=
∑
k�x

zΩ(k)
∣∣T ∗(x/k; z, kϑ)

∣∣,

from which we shall derive information on the quantities in (4·5) by partial summation.
We need several preliminary estimates which we state as independent lemmata.

Lemma 3. For 0 � z � 1, 1 � a � q � x, (a, q) = 1, |ϑ − a/q| � 1/q2, we have

(4·8) S∗(x; z, ϑ) � x(log x)z−1(log2 x)z + x(log x)2
{√

q√
x

+
1√
q

}
.

Proof. This is a variant of a familiar lemma in Vinogradov’s method. We first note the
trivial estimate

(4·9) |T ∗(w; z, ϑ)| �
∑
n�w

zΩ(n) � w(log w)z−1 (w � 2),

which stems from (6) or e.g.theorem III.3.5 of [25]. Then, assuming, as we may, that x
is large, we put y = (log x)6 � √

x and we split the outer k-sum in S∗(x; z, ϑ), applying
(4·9) with w = x/k for the ranges k � y and x/y < k � x. Using (4·9) again with partial
summation for the corresponding resulting summation over k, and bounding zΩ(k) by 1
in the complementary sum, we arrive at

(4·10) S∗(x; z, ϑ) � x(log x)z−1(log2 x)z +
∑

0�j<J

W (2jy),

with J :=
log(x/y)

log y
and

(4·11) W (K) :=
∑

K<k�2K

∣∣T ∗(x/k; z, kϑ)
∣∣.
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Now we have for y � K � x/y, by the Cauchy-Schwarz inequality,

(4·12)

W (K)2 � K
∑

K<k�2K

∑
1�m,n�x/k

zΩ(mn)e
(
kϑ(n − m)

)

= K
∑

1�m,n�x/K

zΩ(mn)
∑

K<k�min(2K, x/m, x/n)

e
(
kϑ(n − m)

)

� K
∑

1�m,n�x/K

min
(
K, 1/‖ϑ(n − m)‖

)

� K
x

K

∑
0�h�x/K

min
(
K, 1/‖ϑh‖

)
.

To estimate the h-sum, we write ϑ = a/q + β with |β| � 1/q2 and h = tq + r with
0 � r < q. Then, for each given t, we have ‖ϑh‖ = ‖αr‖ with αr := ra/q + rβ + tqβ.
For 0 � r 
= s < q, and if 〈αr〉 − 1

2 and 〈αs〉 − 1
2 have the same sign, we may write∣∣‖αs‖ − ‖αr‖

∣∣ = ‖αs − αr‖ > ‖(s − r)a/q‖ − 1/q. Hence there are at most 6 values of
r, 0 � r < q, such that αr belongs to any given interval (v/q, (v + 1)/q] modulo 1. This
implies that

∑
0�h�x/K

min
(
K, 1/‖ϑh‖

)
�

∑
0�t�x/Kq

∑
0�r<q

min
(
K, 1/‖ar/q‖

)

� (1 + x/Kq)(K + q log q)

� x log x
(K

x
+

q

x
+

1
q

+
1
K

)
� x log x

(1
y

+
q

x
+

1
q

)
.

By (4·12), we infer that

(4·13) W (K) � x log x
{√

q√
x

+
1√
q

}
+

x

(log x)2
(y � K � x/y).

Inserting this into (4·10), we readily get the required estimate.

Lemma 4. Let ϑ ∈ R � Q. For all x � 3 such that q(x;ϑ) > (log x)10 and uniformly for
0 � z � 1, 1 � ν � log x, we have

(4·14) S∗(x; z, νϑ) � x(log x)z−1(log2 x)z.

Proof. Let q = q(x;ϑ). Then, by Dirichlet’s theorem, q � Q(x) = x/(log x)10 and, for
suitable integer a, we have |ϑ−a/q| � 1/qQ � 1/q2. Moreover the minimality assumption
on q implies that (a, q) = 1. Thus for each ν with 1 � ν � log x we have |νϑ−aν/qν | � 1/q2

ν

for some integers aν , qν with (aν , qν) = 1, (log x)9 < qν � q. Applying Lemma 3, we obtain

S∗(x; z, νϑ) � x(log x)z−1(log2 x)z + x/(log x)5/2.

The result follows.
Our next lemma concerns the distribution of the numbers zΩ(n) on arithmetic progres-

sions. We put

(4·15) H(x; z; q, a) :=
∑
n�x

n≡a (mod q)

zΩ(n), H(x; z; q) :=
∑
n�x

(n,q)=1

zΩ(n).
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Lemma 5. Let A > 0. Then there is a positive constant c such that, for 0 � z � 1,
x � 2, 1 � q � (log x)A, (a, q) = 1, we have

(4·16) H(x; z; q, a) =
1

ϕ(q)
H(x; z; q) + O

(
x exp{−c(log x)1/3}

)
.

Proof. It would be possible, as in Rieger [21], to obtain an exponent 1
2 instead of 1

3 in the
remainder term using contour integration and standard analytic information on powers
L(s, χ)z of Dirichlet L-functions. The result stated will be more than sufficient for our
actual purpose. It may be given a short proof which we include for the convenience of the
reader. We introduce the Dirichlet characters to the modulus q and write

(4·17) H(x; z; q, a) =
1

ϕ(q)
H(x; z; q) + O

(
max
χ	=χ0

∣∣∣ ∑
n�x

χ(n)zΩ(n)
∣∣∣),

where the maximum is taken over all non-principal characters χ modulo q. This remainder
may be bounded above by appealing to the prime number theorem for arithmetic
progressions in the form

(4·18)
∑
p�t

χ(p) � te−c(b)
√

(log t) (q � (log t)b),

valid for any non-principal character χ to the modulus q. Here b is any fixed parameter
and c(b) > 0. This estimate may be found e.g. in Davenport [1], p. 132.

We also introduce the largest prime factor function P+(n) and recall from [25] (theorem
III.5.1) the estimate

(4·19) Ψ(x, y) :=
∑
n�x

P+(n)�y

1 � x1−1/(2 log y) (x � 2, y � 2).

For any non-principal character χ to the modulus q, we have∑
n�x

χ(n)zΩ(n) =
∑
n�x

P+(n)>exp{√(log x)}

χ(n)zΩ(n) + O
(
xe−

1
2
√

(log x)
)

=
∑

mr�x

P+(mr)=r
r>exp{√(log x)}

χ(m)χ(r)zΩ(m)+1 + O
(
xe−

1
2
√

(log x)
)

=
∑

mP+(m)�x

χ(m)zΩ(m)+1
∑

P+(m)�r�x/m
r prime

r>exp{√(log x)}

χ(r) + O
(
xe−

1
2
√

(log x)
)

�
∑

mP+(m)�x

x

m
e−c(2A)

√
(log(x/m)) + O

(
xe−

1
2
√

(log x)
)
,

by (4·18). Write c(2A) = c1 for brevity and set Mj := x/ej (j = 0, 1, . . .). The above
m-sum does not exceed∑

0�j�log x

x

Mj
e−c1

√
j

∑
Mj+1<m�Mj

P+(m)�ej+1

1 �
∑

0�j�log x

xe−c1
√

j−(log x)/(2j),

by (4·19). Since c1
√

j + (log x)/(2j) � (log x)1/3, we obtain that the estimate∑
n�x

χ(n)zΩ(n) � x exp{−c(log x)1/3}

holds, under the prescribed conditions, for a suitable positive constant c. In view of (4·17)
this readily yields the required result.
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Lemma 6. Let A > 0. There exists a positive constant c0 such that, uniformly for
0 � z � 1, x � 2, 1 � q � (log x)A, (a, q) = 1, we have

T ∗(x; z, a/q) =
∑
t|q

µ(t)zΩ(q/t)

ϕ(t)
H(tx/q; z; t) + O

(
x exp{−c0(log x)1/3}

)
.

Proof. We have

T ∗(x; z, a/q) =
∑

0�b<q

e(ab/q)
∑
n�x

n≡b (mod q)

zΩ(n)

=
∑

0�b<q

e(ab/q)zΩ((b,q))
∑

m�x/(b,q)

m≡b/(b,q) (mod q/(b,q))

zΩ(m)

=
∑
t|q

∑
0�h<t

(h,t)=1

e(ah/t)zΩ(q/t)H(tx/q; z; t, h),

where we have put t = q/(b, q), b = hq/t = h(b, q) with (h, t) = 1. Using Lemma 5 to
evaluate H(tx/q; z; t, h), and appealing to Ramanujan’s formula

∑
0�h<t

(h,t)=1

e(ah/t) = µ(t),

we get

T ∗(x; z, a/q) =
∑
t|q

µ(t)zΩ(q/t)

ϕ(t)
H(tx/q; z; t) + O

(
qx exp{−c(log x)1/3}

)
.

Hence the required estimate holds for all c0 < c.
We are now in a position to evaluate S∗(x; z, νϑ) when q(x; ϑ) is small.

Lemma 7. Let ϑ ∈ R � Q, and 0 < δ < 1. For all real numbers x � 3 such that
q(x;ϑ) � (log x)10 and uniformly for 0 � z � 1, 1 � ν � log 2q(x; ϑ), we have

(4·20) S∗(x; z, νϑ) � x(log x)2z−1
{

(log x)−δz + q(x; ϑ)−δ
}

.

Proof. As previously, we start with Dirichlet’s theorem which implies that q = q(x, ϑ) �
Q(x) = x/(log x)10. Hence we have |ϑ−a/q| � 1/qQ(x) with (a, q) = 1. For 1 � ν � log 2q,
we write aν := aν/(q, ν), qν := q/(q, ν). Putting Q := x/(log x)11, we obtain that

(4·21) 0 < |νϑ − aν/qν | � 1/qνQ, (aν , qν) = 1, q/ log 2q � qν � (log x)10.

In the sequel, we write βν := νϑ − aν/qν .
Let η := 1

2 (1 − δ), x2 := exp (log x)η. We plainly have

S∗(x; z, νϑ) =
∑

k�x/x2

zΩ(k)
∣∣∣
∫ x/k

x2

dT ∗(u; z, kνϑ) + T ∗(x2; z, kνϑ)
∣∣∣

+
∑

x/x2<k�x

zΩ(k)
∣∣T ∗(x/k; z, kνϑ)

∣∣.
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Using the trivial bounds

T ∗(x2; z, kνϑ) � x2(log x2)z−1 and T ∗(x/k; z, kνϑ) � (x/k)(log(x/k))z−1

for x/x2 < k � x, and noting that dT ∗(u; z, kνϑ) = e(kβνu) dT ∗(u; z, kaν/qν), we arrive
at

(4·22)

S∗(x; z, νϑ) �x(log x)(1+η)z−1

+
∑

k�x/x2

zΩ(k)
∣∣∣
∫ x/k

x2

e(kβνu) dT ∗(u; z, kaν/qν)
∣∣∣.

For each k � x/x2, we put qν(k) := qν/(qν , k), aν(k) := kaν/(qν , k). Then
T ∗(u; z, kaν/qν) = T ∗(u; z, ; aν(k)/qν(k)) and we may apply Lemma 6 with A = 10/η
to write, whenever x2 � u � x,

T ∗(u; z, kaν/qν) = M(u) + R(u)

with

M(u) :=
∑

t|qν(k)

µ(t)zΩ(qν(k)/t)

ϕ(t)
H(tu/qν(k); z; t), R(u) � u exp{−c0(log x)η/3}.

The contribution of R to the integral in (4·22) may be estimated by partial summation.
We have

∫ x/k

x2

e(kβνu) dR(u) � x

k
exp{−c0(log x)η/3}(1 + |βνx|) � x

k
exp{−c1(log x)η/3}

for a suitable positive constant c1, since |βν |x � (log x)11 by (4·21). Thus the total
contribution of the remainder term R to the right-hand side of (4·22) is

� x exp{−c1(log x)η/3}
∑

k�x/x2

zΩ(k)/k � x/ log x.

We estimate the contribution of the main term M(u) to the integral of (4·22) by
considering M(u) as a double summation and bounding all the summands in absolute
value. Moreover, we may also delete in this process the coprimality conditions appearing
in the H-functions. In other words, we use the inequality between Stieltjes measures

(4·23) |dM(u)| �
∑

t|qν(k)

1
ϕ(t)

dH(tu/qν(k); z, 1).

Therefore we obtain
∣∣∣
∫ x/k

x2

e(kβνu) dM(u)
∣∣∣ �

∑
t|qν(k)

1
ϕ(t)

∫ x/k

0

dH(tu/qν(k); z, 1)

=
∑

t|qν(k)

1
ϕ(t)

∑
n�tx/kqν(k)

zΩ(n)

�
∑

t|qν(k)

1
ϕ(t)

tx

kqν(k)

(
log

x

k

)z−1

� τ(q)(log 2q)2

q
(k, q)

x

k

(
log

x

k

)z−1

,
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by (4·9) and (4·21). In the last stage, we have used the bound t/ϕ(t) � q/ϕ(q) � log 2q
for all t|qν(k). Since τ(q)(log 2q)2 � qη, we see that the total contribution of the main
term M(u) to the right-hand side of (4·22) is

� xq−1+η
∑

k�x/x2

(k, q)
zΩ(k)

k

(
log

x

k

)z−1

� xq−1+η
∑
d|q

zΩ(d)
∑

��x/x2d

zΩ(�)

�

(
log

x

�d

)z−1

� xq−1+ητ(q)(log x)2z−1 � q−δx(log x)2z−1.

Inserting this into (4·22), we obtain the required estimate and this finishes the proof of
the lemma.

Completion of the proof of Theorem 12. We want to apply (4·6) and hence need an
upper bound for S(x; 1

4y, νϑ). We select T = log 2q∗(x; y, ϑ). Since q∗(x; y, ϑ) � q(x;ϑ)
and q∗(x; y, ϑ) � (log x)y/4, we infer from Lemmas 4 and 7 that we have uniformly for
1 � ν � T, 1 � y � 4,

(4·24) S∗(x; 1
4y, νϑ) � x(log x)y/2−1q∗(x; y, ϑ)−δ.

Now

S(x; 1
4y, νϑ) =

∑
k�x

( 1
4y)Ω(k)

k

∣∣∣
∫ x/k

1−

1
u

dT ∗(u; 1
4y, kνϑ)

∣∣∣

=
∑
k�x

( 1
4y)Ω(k)

k

∣∣∣k
x

T ∗(x/k; 1
4y, kνϑ) +

∫ x/k

1

1
u2

T ∗(u; 1
4y, kνϑ) du

∣∣∣

=
∑
k�x

( 1
4y)Ω(k)

∣∣∣ 1
x

T ∗(x/k; 1
4y, kνϑ) +

∫ x

1

1
u2

T ∗(u/k; 1
4y, kνϑ) du

∣∣∣

� 1
x

S∗(x; 1
4y, νϑ) +

∫ x

1

1
u2

S∗(u; 1
4y, νϑ) du.

By our monotonicity assumptions on q∗(x; y, ϑ) and (4·24), we have for 1 � u � x

S∗(u; 1
4y, νϑ) � u(log 2u)(2−δ)y/4−1

{
(log x)y/4/q∗(x; y, ϑ)

}δ
.

Inserting this in the previous bound, we obtain

(4·25) S(x; 1
4y, νϑ) � (log x)y/2/q∗(x; y, ϑ)δ.

It follows that, with the value of T given above, we may take in (4·6), for all ν with
1 � ν � T ,

(4·26) ε+
ν (x, y; hϑ) := q∗(x; y, ϑ)−δ.

This is clearly a non-increasing function of x and ε+
ν (x, y;hϑ)(log x)y/2 is plainly non-

decreasing. Therefore we obtain

∑
n�x

(y

4

)Ω(n) ∆(n;hϑ)2

n
� (log x)yq∗(x; y, ϑ)−δ{log 2q∗(x; y, ϑ)}2.

Altering the value of δ, the factor {log 2q∗(x; y, ϑ)}2 may be deleted. This yields (4·4) and
finishes the proof of Theorem 12.
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5. Additive functions
As we noted in the first section, the study of uniform distribution on divisors of additive

functions is made much easier by the fact that the Weyl sums are multiplicative. Indeed
this is the only case when we are able to achieve estimates for the discrepancy which go
beyond the statistical bound

√
τ(n).

We shall prove the following theorem, which provides a simple, but nevertheless effective
criterion. We write for integer ν

(5·1) Lν(x; f) :=
∑
p�x

‖νf(p)‖2

p
, Cν(x; f) =

∑
p�x

1 − | cos νπf(p)|
p

,

and note that we have for all x

(5·2) 4Lν(x; f) � Cν(x; f) � 1
2π2Lν(x; f).

Theorem 13. Let f be an additive function. Then f is erd if, and only if,

(5·3)
∑

p

‖νf(p)‖2

p
= ∞ (ν 
= 0).

Moreover, if this is the case then we have

(5·4)
∑
n�x

∆(n; f)
n

(y

2

)Ω(n)

� (log x)y
{ 1

T
+

∑
1�ν�T

e−yCν(x;f)

ν

}

uniformly for x � 2, T � 1, 0 � y � y0 < 4.

The qualitative result corresponding to this statement (i.e. the criterion (5·3)) was first
established by Kátai [18].

By (5·3) and the lower bound of (5·2), the expression between curly brackets tends to
zero for suitable T = T (x, y). Hence (5·4) provides, as described in Theorem 6, a family of
effective pp� estimates for ∆(n; f) which may of course be further optimised with respect
to y. This process must lead to a non trivial result since y = 1 is admissible.

We give below two applications of Theorem 13, respectively devoted to the functions
f(d) = ϑΩ(d) for irrational ϑ, and f(d) = log d. Recovering a result first obtained
independently by Hall and Kátai, the latter case furnishes the best known pp� upper
bound for the discrepancy for any function we are aware of, although this falls short
of the current conjecture stated in section 2. The former case provides an example of a
function which is erd but has the same rate of growth than, and indeed is asymptotically
equal to, a function which is not, namely ϑ log2 n — see Corollary 3. Actually, if we
define Ω(n;E) as the number of those prime factors of n which belong to some set of
primes E, then Theorem 13 implies that ϑΩ(n; E) is erd for all ϑ ∈ R � Q if, and only if,∑

p∈E 1/p = ∞. We thus exhibit erd additive functions with an arbitrary slow growth.
The effective bounds for ∆(n;ϑΩ) naturally depend on the rational approximations to

ϑ. We set Q1(x) :=
√

(log2 x)/
√

(log3 x), and define

(5·5) q1(x;ϑ) := inf
t�x

max{q � Q1(t) : ‖ϑq‖ � 1/Q1(t)}.

Then q1(x;ϑ) increases to ∞ for all irrational ϑ and q1(x;ϑ) = (log2 x)1/2+o(1) for almost
all ϑ.
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Corollary 10. Let ϑ ∈ R � Q. Then the function ϑΩ(n) is erd and we have

(5·6) ∆(n;ϑΩ) < τ(n)q1(n; ϑ)−1+o(1) pp�.

Corollary 11 (Hall [8] ; Kátai [17]). Let α >
(
log(4/π)

)
/ log 2 ≈ 0·34850. We have

(5·7) ∆(n; log) < τ(n)α pp�.

We now embark on the proof of Theorem 13. That the condition is necessary is a
straightforward consequence of the definition of uniform distribution on divisors in the
form (1·1). Indeed, suppose that (5·3) fails to hold for ν 
= 0. Writing F (z; n) :=∑

d|n, 〈f(d)〉�z 1, we have

gν(n) :=
∑
d|n

e
(
νf(n)

)
=

∫ 1

0

e(νz) dF (z;n) =
∫ 1

0

e(νz) d
(
F (z;n) − zτ(n)

)

=2πiν

∫ 1

0

e(νz)
(
F (z;n) − zτ(n)

)
dz,

hence

(5·8) 2π|ν|∆(n; f) � |gν(n)|.

Now for all ε ∈]0, 1[, we have

(5·9)

∑
n�x

µ(n)2|gν(n)|
nτ(n)

�
∑

P+(n)�xε

µ(n)2|gν(n)|
nτ(n)

−
∑
n>x

P+(n)�xε

1
n

=
∏

p�xε

(
1 +

| cos πνf(p)|
p

)
− O

(
e−1/2ε log x

)
,

where the O-estimate follows from (4·19) by partial summation. The product is

� exp
{ ∑

p�xε

| cos πνf(p)|
p

}
� exp

{ ∑
p�xε

1 − 1
2π2‖νf(p)‖2

p

}
� ε log x,

by our assumption that the series (5·3) converges. Inserting this into (5·9) and choosing
ε small enough but fixed, we obtain that the left-hand side is � log x, whence by (5·8)

∑
n�x

∆(n; f)
nτ(n)

� log x.

This cannot hold if ∆(n; f) = o
(
τ(n)

)
pp (or even pp�), and we obtain the required

necessity assertion.
The sufficiency part of the theorem readily follows from the upper bound (1·21) which

we recall for convenience : we have uniformly for x � 2, T � 1, 0 � y � y0 < 4,

(5·10)
∑
n�x

∆(n; f)
n

(y

2

)Ω(n)

� (log x)y

T
+

∑
1�ν�T

1
ν

∑
n�x

|gν(n)|
n

(y

2

)Ω(n)

.
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The inner n-sum on the right does not exceed

∑
P+(n)�x

|gν(n)|
n

(y

2

)Ω(n)

� exp
{ ∑

p�x

y| cos πνf(p)|
p

}
� (log x)ye−yCν(x;f).

Inserting this into (5·10) yields (5·4). Taking y = 1 implies ∆(n; f) = o
(
2Ω(n)

)
pp�, from

which we deduce in turn that ∆(n; f) = o
(
τ(n)

)
pp� by a familiar argument. Corollary 1

hence implies that f is erd, and this finishes the proof of Theorem 13.

Proof of Corollary 10. We apply the upper bound (5·4) of Theorem 13 with y = 1. We
have

Cν(x;ϑΩ) = (1 − | cos πνϑ|) log2 x + O(1)

and need a lower bound for this. For given x, there exist integers a, q with (a, q) = 1,
q � Q1(x) =

√
(log2 x)/

√
(log3 x), and |ϑ − a/q| � 1/qQ1(x). Furthermore, we have

(5·11) q � q1(x;ϑ),

where the right-hand side is defined by (5·5). We select T := q/ log q, and note that for
ν � T we have |ϑν − aν/qν | � T/qQ1(x) � 1/q log q, with aν = aν/(q, ν), qν = q/(q, ν).
This implies ‖ϑν‖ � (1/q) − 1/q log q, hence, for large x,

1 − | cos πνϑ| � ( 1
2π2 + o(1))/q2 > (log3 x)/ log2 x.

Inserting this into (5·4), we arrive at

(log x)−1
∑
n�x

∆(n;ϑΩ)
n2Ω(n)

� 1
T

+
log q

log2 x
� q1(x; ϑ)−1+o(1).

Since q1(x;ϑ) is a non-decreasing function of x, this implies (5·6) and the proof is thereby
completed.

Proof of Corollary 11. Put τ(n, ϑ) :=
∑

d|n diϑ. When f = log, we have that
gν(n) = τ(n, 2πν). By lemma 30.2 of [14] we infer that, uniformly for 1 � |ϑ| � exp

√
log x,

∑
p�x

|τ(p, ϑ)|
p

=
∑
p�x

| cos( 1
2ϑ log p)|
p

=
2
π

log x + O(1).

This is proved by partial summation from a strong form of the prime number theorem.
Thus we obtain that we have uniformly for 1 � ν � log x

Cν(x; log) = (1 − 2/π) log2 x + O(1).

Inserting this into (5·4) with T = log x and choosing optimally y = π/2, we obtain

∆(n; f) < ξ(n)(log2 n)
( 4

π

)Ω(n)

pp�

for all ξ(n) → ∞. This implies the required result by a now standard device.
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6. Metric results
In this last section, we investigate the problem of uniform distribution on divisors from

a further statistical point of view, regarding as random not only the integers n but also
the function f . Thus, we define a measure µµµ on the set A of all real valued arithmetical
function as the inverse image of the Haar measure on the compact group (R/Z)N by the
canonical mapping f �→ 〈f〉. In other words, µµµ is characterised by the property that for
all finite families {Ej : 1 � j � k} of measurable subsets of the torus R/Z and for all
integers n1, n2, . . . , nk, we have

µµµ{f ∈ A : 〈f(nj)〉 ∈ Ej (1 � j � k)} =
k∏

j=1

λ(Ej),

where λ stands for the Lebesgue measure on R/Z. The only basic property of µµµ that we
shall use is the orthogonality relation

(6·1)
∫

A

e
(
νf(n) − νf(m)

)
dµµµ(f) =

{
1 if m = n,
0 if m 
= n.

If an arithmetic function behaves statistically, then one expects that the Weyl sums

gν(n) :=
∑
d|n

e
(
νf(d)

)
,

and hence the discrepancy ∆(n; f), will normally have size roughly
√

τ(n). The purpose
of the next theorem is to establish that this is indeed the case.

Theorem 14. Let ξ(n) → ∞. For µµµ-almost all arithmetic functions f , we have

(6·2) ∆(n; f) < ξ(n)(log2 n)3
(
τ(n)

)1/2 pp�.

Moreover, the exponent 1
2 is sharp in this statement.

Proof. The upper bound follows from (1·24) with y = 2, T = (log x)2, namely

(6·3)

S(x; f) :=
1

log x

∑
n�x

∆(n; f)2

2Ω(n)n

� 1
(log x)3

+
log2 x√
(log x)

∑
1�ν�T

1
ν

Hν(x; f),

with

Hν(x; f) :=
∞∑

k=1

(1
2

)Ω(k) 1
k1+σ

∣∣∣∣
∞∑

m=1

e
(
νf(km)

)
m1+σ2Ω(m)

∣∣∣∣
2

(σ := 1/ log x).

We have Hν(x; f) � 2H†
ν(x; f)+2H‡

ν(x; f) where the m-sum is restricted to m � (log x)3

in H†
ν and to m > (log x)3 in H‡

ν . We note right away the trivial estimate

H†
ν(x; f) � √

(log x) log2 x,

which follows from (1·6) by partial summation. We deduce from this and (6·3) that

(6·4) S(x; f) � (log2 x)3 + R(x; f),
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with
R(x; f) :=

log2 x√
(log x)

∑
1�ν�T

1
ν

H‡
ν(x; f).

Expanding the square and integrating over f with respect to µµµ we get from (6·1) that

∫
A

H‡
ν(x; f) dµµµ(f) =

∞∑
k=1

1
2Ω(k)k1+σ

∑
m>(log x)3

1
4Ω(m)m2+2σ

� 1/(log x)2.

Hence ∫
A

R(x; f) dµµµ(f) � (log2 x)2

(log x)5/2

Markov’s inequality thus implies that

µµµ{f ∈ A : R(2�; f) � 1} � 1/�2 (� = 1, 2, . . .),

so it follows by the Borel-Cantelli theorem, that for µµµ-almost all f we have

R(2�; f) � 1 (� = 1, 2, . . .).

In view of (6·4), we see that the estimate S(2�; f) � (log 2�)3 holds µµµ-almost surely in f
and uniformly for � � 1. However, using the trivial bound ∆(n; f) � τ(n), we readily see
that

S(x; f) − S(2�; f) � 1 (2� � x < 2�+1).

This yields that for µµµ-almost all f and uniformly in x � 3, we have

S(x; f) � (log2 x)3,

which in turn implies (6·2).
To show that the exponent 1

2 is sharp, we simply use (5·8) with ν = 1 in the form

4π2

∫
A

∆(n; f)2 dµµµ(f) �
∫

A

|g1(n)|2 dµµµ(f) = τ(n),

where the equality follows from (6·1). This plainly implies that there is no α < 1
2 such

that ∆(n; f) � τ(n)α pp� for µµµ-almost all f : such a bound is actually false as soon as
τ(n) is large enough.

The same quadratic mean approach that we used for Theorem 14 yields metric results
for more restricted classes of arithmetic functions. We quote without proof the following
theorem.

Theorem 15. The function d �→ ϑd is erd for almost all ϑ > 1 and the function d �→ λϑd

is erd for all ϑ > 1 and almost all λ. More precisely, the corresponding discrepancies
satisfy

(6·5) ∆(n; f) � τ(n)1/2+o(1) pp�,

under the indicated hypotheses, and the exponent 1/2 is sharp.

Theorems 14 & 15 together provide an optimal strengthening of theorem 5 of Dupain,
Hall & Tenenbaum [4].
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[3] Davenport, H., and P. Erdős, On sequences of positive integers, J. Indian Math. Soc. 15 (1951),

19–24.
[4] Dupain, Y., R.R. Hall and G. Tenenbaum, Sur l’équirépartition modulo 1 de certaines fonctions
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