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Abstract. Let {P;(m) : 1 < j < w(m)} denote the decreasing sequence of distinct prime
factors of a positive integer m. We provide an asymptotic expansion for the distribution
function
Fp(ag) :==vn{m: Pj(m) >n% (1 <j<k)}
which is valid uniformly in a large range for ag := (au1,...,ax). When k > 2, we give an
asymptotic formula for the same quantity which holds with no restriction at all on az. A
sample consequence of this second result is that, given any fixed k& > 2, the formula
vn{Pi(m) <y} =r(u){1+O0(1/logy)}

holds uniformly for 2 < y < n, where u is defined by n = y* and ry is a suitable distribution
function.

1. Introduction and statement of results

For integer m > 1, let w(m) denote the total number of prime factors of m, counted
without multiplicity, and write P;j(m) (1 < j < w(m)) for the jth largest distinct prime
factor of m. Billingsley proved in 1972 that the joint size distribution of the vector

(log Pi(m) log P, () () )
logn 77 logn

regarded as a random vector on €, := {m : 1 < m < n} with uniform probability v,
converges in law to the Poisson-Dirichlet distribution with parameter 1, which we shall
denote by PD(1).

The Poisson-Dirichlet process has many equivalent definitions : see in particular Kingman
[10], and Arratia [1]. The classical definition is the following. If

X12Xo 2

are the points of a Poisson process with rate, or intensity, = +— e*‘”/x,(l) then

Z:=Y X,

j=z1

* We include here some corrections with respect to the published version.

1. In other words, for 0 < a < b, the number N, ; of points X; which fall into ]a, b] is a Poisson
random variable with parameter f: e *dx/x.
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is almost surely finite and V; = X;/Z defines a sequence having distribution PD(1). In
particular, if (Vi,Va,...) has distribution PD(1), then V4 > Vo > --- and > .o, V; = 1.
Another construction of the Poisson-Dirichlet distribution is obtained by considering an
infinite sequence Uy, Us,. .. of independent uniform random variables on ]0, 1] and defining

X1 = Ul, X2 = (1 - Ul)UQ, X3 = (1 - Ul)(l - Ug)Ug,. ..

so that Zj>1 X; = 1 almost surely. Then the permutation (Xg (1), Xs(2),...) obtained by
rearranging the X, in non-increasing order also has distribution PD(1). A third realisation
has recently been obtained by Arratia, Barbour and Tavaré [2] : the U; being as above,
put V; == [[,;c; Ui and T := ", Yj; then the conditional law (Y1,Y2,...|T" = 1) is
distributed according to PD(1).

Write e := (aq,...,ax) and

Fo(ag) ==vo{m: Pj(m) >n% (1<j<k)}.
Billingsley’s theorem is plainly equivalent to the statement that, for fixed k£ and n — oo,
Fo(ag) =P(Vi > aq,..., Vi > ag) +o(1). (1-1)

A simple proof of this, completely different from Billingsley’s, has recently been given by
Donnelly and Grimmett [6]. Their approach is based on a size-biased random permutation
of the Pj(m) which fits the order of the X; defined above.

In this article, we investigate the rate of convergence in (1-1). The most precise result
known so far in this direction is the formula of Knuth and Trabb Pardo [11] which states
that

or(a) 1
Fl(0,...,0,a) = P(V; > Ou( )
n( @) (Ve > )+ logn +Ca (logn)?
for any fixed & > 0,k > 1, and a suitable function o4(a). We provide an asymptotic
development for the left-hand side of (1-1) according to negative powers of logn.
Our statement involves a small parameter ¢ €]0, [ which will be fixed throughout the
paper. We introduce the notation

10g P 5(1+2¢)/3
122, slen) = B sy,

3(1—2)/5

Lo(y) = o(logy)

Here and subsequently, log,, denotes the k-fold iterated logarithm.

Theorem. Let k be a positive integer. There exists a sequence of real functions {¢5}7°
defined on [0,1]*, an increasing sequence of integers { Ry }5°, with Ro = 0, and a sequence
of affine linear forms {A, (@)}, having the following properties :

(i) o is continuous and, for h > 1, @, Is continuous except perhaps on A.(a) = 0 for
R;,_1 < r < Ry. Moreover, for all fixed h > 1, we have

on(@g) <p 1/al (ag > 0).
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(ii) For each r, we have
Ar(ae) = ¢ — Z MjrQ; (1-2)

1<j<k

where the m;, are non negative integers.
(iii) For arbitrary but fixed H > 0 and € €]0, 5[, we have

— SDh(OTk)) 1
Fo(aR) = 0 : 1-3
(k) ontn (logm)™ ((ak log n)H+1) (1-3)

uniformly in the range
(l_k) € [Oa 1]]6, o > H(&,TL),
logon

min A, (ag) > K
1<r<Ry (@) Hogn’
A (a)>0

where Ky is a suitable constant depending only on H. The implied constant in (1-3) may
depend on H and €.
(iv) For k > 2, we have

log 1/ay,)*—2
F,(ag) = ar O (7 14
(k) = polat) + O E L (1)
uniformly for ag, €]0,1]%, n > 2.

We note that it is always possible to define op(@x) on the critical hyperplanes in such a

way that (1-3) holds for any fixed @ with a > 0 : indeed any &z with A,.(ag) = 0 for
— —

some value(s) of r is a limit point of vectors a, with A, (o) < 0 for the same value(s) of r.

We also observe that the remainder term in (1-4) may always be chosen to be o(1)(®) since
we may assume with no loss of generality that

a > 1/(2logn).
As will transpire from the proof, the limit
po(ag) =P(Vi > a1,..., Vi, > ax)

has a simple expression in terms of the Dickman function—see (3-13) below. The Dickman
function is the density function of the law of 1/V; and is defined as the unique continuous
solution on RT of the difference-differential equation

ug'(u) + o(u—1) =0

with initial condition p(u) = 1 (0 < u < 1). As usual, we set go(u) = 0 for u < 0. It is
immediate that the kth derivative o*)(u) is defined for u € R~ {0,1,...,k}. We define
0¥ (5) by right-continuity for 0 < j < k.

2. And actually < (logyn)*=2/logn.
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Formula (1-4) extends and makes more precise a result of Hafner and McCurley [8]. For
instance, using the fact (shown in Lemma 4 below) that, for fixed k > 2,

(log2v)k_2
Pu() = 1= (0, -, 0,1/0) = B

we deduce as a special case of (1-4) that

% > t=nw{i+o(z)) (16)

< logy
Py (m)<y

for any fixed k& > 2 and uniformly for 2 < y < n, with u := (logn)/logy.
Our method essentially rests on Saias’s extension [12] of de Bruijn’s approximation formula

51
I e I LN

m<x
Pr(m)<y

valid uniformly for z > 2, y > 2"(&%) . The integral on the right is best defined as a Lebesgue—
Stieltjes integral, since the jump of g(u) at u = 0 causes a formal difficulty in the frame of
the Riemann-Stieltjes integral when x is a positive integer. Alternatively, one can, as did
de Bruijn, first restrict the definition to non-integer values of x, so that it makes sense as
a Riemann-Stieltjes integral, and then extend the definition to R™ by right-continuity. We
note that, when y > x, the integral is equal to [z]/z, so the error term actually vanishes.

The discontinuities of the functions ¢}, cannot be avoided, as shown by the case k = 1—see
[12] or [14], pp. 390-391.

It may be observed that our theorem is equally valid, with no change in the statement, if
the prime factors P;(m) are counted with multiplicities.

2. Technical preparation

Let P~ (m) stand for the smallest prime factor of an integer m > 1, with the convention
that P~(1) = oo. Denote by &(x,y) the set of all integers m < z with w(m) = k,
P~(m) > y, and by mi(x,y) the cardinality of & (z,y). We also set &(x) = E(z,1)
and 7 (z) = mp(z, 1).

We need a uniform upper bound for 7 (z,y). This will be provided in Lemma 2 below
as a straightforward consequence of the following result, which, with other applications in
mind, we state in a much more general context.

Lemma 1. Let A > 0, B > 0 and assume f is a non-negative, multiplicative arithmetic
function satisfying the conditions

> fP)logp" <Az (@22), 3 ) ZIE<EB.

pY<zT p v=2

3. De Bruijn proved the validity of (1-7) in the range y > exp (log z)?/8+< for any fixed &€ > 0. For a
proof of Saias’ result, see also [14], theorem IIL.5.9.
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Then we have uniformly for k > 1, x > 2,

Az (Xpe, F0)/p+B)"
Z fm) < log = (k—1)! ’ 21)

me&i(x)

where the implicit constant is absolute. In particular, for any constant R > 0, we have,
uniformly under the condition 1 < k < Rlog, ,

-1
Z f(m) < mp(x) exp {g* Z &} (2-2)
me&y (x) p<z p
with ¢o* := (k — 1)/ log, © and where the implicit constant depends at most on A, B, R.
Proof. Write Si(x) for the left-hand side of (2-1) and put
Ti(x) == Z f(m)logm.
me&y(x)

Our first step consists in finding an upper bound for Tj(z). We have

Ti(@)= > f@)f(m)logp” <Az ) Lo

mp¥<z,pfm m<x m
w(m)=k—1 w(m)=k—1
Az f)\-1 _ Az F(») k-1
<(k—l)!(Z P’ ) <(k—1)!(z I +B) :
pY<z p<x

A simple integration by parts now suffices to establish (2-1). Setting

L(z) == f(»)/p,

p<T

F 3/2 logu log 3/2 u(logu)?

Az {L(z)+ B}¢1 A{L(a:) + B}F-1 /x du

we have

= log (k—1)! (k—1)! /2 (logu)?
Az {L(z)+ B}*!
logz (k=1

The bound (2-2) follows immediately from (2:1) and classical estimates for 7 () since,
in the required range, we have

r {L(z)+ B}F! o (log, )k~ 1 1 >p<atf(p)—1}/p+ B o
log x (k—1)! Slogz  (k—1)! * log, x

< () exp {Q* Z %}

psT

4. See, e.g., [14], theorem I1.6.4.
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This completes the proof.

Remark. The upper bound in Lemma 1 is, in a certain sense, optimal. For instance, when f
fulfils Wirsing’s conditions

0< f(P) < MAS! (p prime, v > 1),
for suitable constants Ai, As with A; > 0, 0 < X2 < 2, and furthermore satisfies
) =1 (p>vy)

with y = y(z) such that log, y = o(\ /log, x) as x — 00, it can be shown as a straightforward
application of the Selberg-Delange method,® that the asymptotic formula

Z Fm) = {1 + o }H1+Qzu1f( p")/p” :

m€€k (z) 1+Q / )

is uniformly valid for 1 < k < Rlog, .

Lemma 2. There is an absolute constant ¢y > 0 such that, uniformly for k > 1 and
T >y = 2, we have
z (logu+ co)P~!

logz  (k—1)!

where u := (log z)/logy.
Proof. We apply (2-1) with f(p”) =1 for p > y and f(p”) = 0 otherwise.

Lemma 3. Fork > 1 and x > y > 2, let My(z,y) denote the number of integers m < x
such that Py(m)?|/m and Pi,(m) > y. Then, we have

e—Hu+e—H logz

Mi(z,y) <p x gy (2-4)
for any fixed integer H > 0 and uniformly in x, y, and
M) < o (log(q,f%?k_z (k > 2), (25)
uniformly in k, x, y and with u := (logz)/logy.
Proof. We note that My (z,y) = 0 when y > /2. Our main ingredient is the bound
U(x,y) <o e + xt/3, (2-6)

valid for any ¢ > 0, and proved in [15], exercise IIL.5.6 with solution.(®)

5. See [14], chapter IL.5
6. Note that the exponent 1/3 in (2-6) could be replaced by any positive constant. We do not need
such precision here.
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First consider the case k = 1. We have by (2:6)

) 1‘1_0/ logp .’131/3
Ml(x,y) = Z \I/(:B/p ,p) <L Z T+ Z W
y<p<Vz y<p<VT <V
Vi 1—c/logt g
<<C/ T NG
y

t2logt logz’

by partial summation. To bound the last integral, we observe that the function
t — c(logz)/(logt) + % logt
is unimodal and attains its minimum at ¢ = t.(z) := eV 2°1°8%, Hence, for 2 < y < t.(x), the

integral is
9] xef\/2clogx dt ef\/2cloga: efdwlog:v
< / <Lz <z
Y t3/21ogt Vylogy ylogy

with d := /¢, while, for t.(z) <y </, it is

00 xefcufé logy dt e—cu
< <Lz .
/y t3/2]ogt ylogy

Selecting, for instance, ¢ := 2H? yields the required bound.

When &k > 2, we observe that any integer m counted by M (x,y) can be written as a
product m = ab with P~ (b) > Py(a) >y, w(b) = k — 1 and P;(a)?|a. Therefore, we plainly
have

My(z,y) < Y Mi(x/by).
be€k—_1(,y)

From (2-4) with, say, H = 1, we deduce that

T e U e~ log /b
DD (bll/bgy+ - ) (27)
be€k—1(z,y)

We estimate the b-sum above using (2-3) and splitting the range into intervals of the form
Jye?, yeI ). We find that it is

(logu + co)k=2 Z e~uti/logy 4 o=V =i

< -
(k—2)! j+logy

0<5<T

with J := 1+ [log(z/y)]. A simple calculation shows that the sum over j above is < 1/u.
Inserting into (2-7) yields the stated bound.

Our next preliminary result is a rough estimate of the natural density r(v) of those
integers m such that Pi(m)? < m. It is clear that r(v) is the function given by (1-5).
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Lemma 4. Let 6 €]0,1[. There exist positive constants ¢y, ¢a, ¢3, possibly depending on 0,
such that, for all real numbers v > 1 and all integers k with 2 < k < (1 — §)logv — ¢3, we
have

(logv)*~2 (logv)*~2
< < . 2-8
“E gy S SegTon (28)
In particular, we have
re(v) =g (log20)*=2 /v (v=21) (2:9)

for all fixed k > 2.
Proof. Let Ry (n,v) denote the number of integers m < n such that Py (m) < n'/, so that
Ry (n,v) = ri(v)n + o(n) (n — o0).
Any m counted by Ry (n,v) may be written uniquely as a product m = ab with Py (a) < n'/?
and P~ (b) > n'/", 0 < w(b) < k — 1. Let R}(n,v) denote the subsum corresponding to the
condition w(b) = j. We plainly have
R:(n,v) = ¥(n,n*?) = no(v) + o(n) (n — 00),

so we may turn our attention to the case 1 < j < k — 1. Clearly

Rj(n,v) = Z \Il(n/b,nl/”).

beEj(n,nl/v)

Using the bound (see [14], theorem III.5.1)

U(z,y) <aze ™ (222,y>2), (2:10)
and applying Lemma 2 to estimate the b-sum via partial summation yields
(logv + ¢o)? 1

(j—Dlv

uniformly for n > 2 and v < (logn)/log2. We omit the details of this derivation, which are
standard. Since this last upper bound is an increasing function of j for j < logv + ¢g, this
proves the upper bound in (2-8).

To prove the lower bound, we apply a special case of a result of Sérkozy [13] concerning
the distribution of the function Q(m, y), which counts with multiplicity the number of prime
factors of m that exceed y. Write Ny (z, y) for the number of integers m < x with Q(m,y) = k.
Sarkozy’s result, in the form given by Balazard [3], states that
(logu)*~!
(k—1Dlu
uniformly for z >y > 2, k < (2 — ) logu — ¢3, with u := (logz)/log y. We have, however,

Ry y(n,v) = Np_y(n,n'/") — Z M;(n,n'/?)

1<i<k—1

Ri(n,v) <n

Ni(z,y) > x (2-11)

because any integer m counted by Nj_1(n, n'/?) and not by the sum over j above has k — 1
distinct prime factors greater than n'/v. The lower bound estimate in (2-8) hence follows
from (2-11), (2-4) and (2-5).

We note that (2-9) is an immediate consequence of (2-8) when v is sufficiently large in
terms of k. Since r(v) is obviously a non-increasing function of v, this is all that is needed.
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3. Proof of the Theorem

Put y; := n®. We may assume with no loss in generality that y; > % We plainly have

Fn(aZ):% S w(h,pk%o(% 3 Mj(n,yk)). (31)

pr<--<p1<n 1<<k—1
p;>nI (1<5<k)
The error term is zero for k =1 and by (2-5) it is
lo + o}k 2
. flog(1/a) + 0} 52

yx(logn)(k — 2)!

when k > 2.(D
Let D = D(ay,...,ax;n) denote the subset of R* defined by the inequalities

3
S<tp < <t1 €<n
2 .
(D){tj>n0‘j (1<75<k). (3-3)

Then the main term in (3-1) may be re-written as

k
1 n
F;F::-/W( ,t) dr(t
(ak) A tkkj];ll

We first show that

BN n dt; 1+ {log(1/ay,)} =2
Fn(ak)_E/D\I](tl"'tk’tk)]l:[bgtj+O< Le(yx)logn ) (34)

This is obtained by inserting the formula

k k
]1;[1(1 Hlogt ;dﬂg(tl,...,tk),

with(®)

d,ug(tl,..., H d7T H H dﬂ- H 1gt

1<5<e i<k 1<t <<k

and expanding the U-term as a sum over integers. We thus see that the error term in (3-4)

may be rewritten as
LY S wo =Y %

1<6<k m<n 1<e<k

7. We could actually obtain a slightly better bound, but such improvement would not be useful for
our purpose.
8. We use the standard convention that an empty product is equal to 1.
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say, where D,, is the intersection of D with the subset of R* defined by the inequalities

Pi(m) <tg, ti---ti

< n/m.

Using Fubini’s theorem, we write u¢(D,,) as a k-tuple integral with innermost term
corresponding to the variable t,. By the prime number theorem, this is

1

n

< L 3<
m Hj;éé tj °/

when mHj#tj <
If K =1, we sum trivially over m and obtain

1
i< Y et Y
Py, e m)
m<n/yx m<n/Py(m
MWt yr)
< dt +
/1 tQLE/?)(n/t) Z

yk<p<f

\I/(t yk)

mnjﬂ

—1
tj) ’

n/ max{yx, P1(m)}, and zero otherwise.

1
mLs/B (n/m)
)

P1 (7‘) <p

_ U(t,p)

n/yk n/p
< dt + / dt
/1 2L 5(n/1) 2 2L 5(n/pt)

Yk <p<\/ﬁ

Inserting the bound

z/y U(t log 2z 1 _
/ YY) g« / exp { — BV =) ay
1 t L5/3(Z/t) logy 210gy
< »—1/(4logy) 1
LE/Q(y) LE/Z(Z)’
which follows from (2:10) for z >y > 2, we get
1 1 ( e—(ogn)/8logyy 1
Z << —_— + —{ + }
Le(yx) log ykgg:\/ﬁp Ley2(yr) L25/3(n)
<< L
Le(yr) logn’
When k > 1, we observe that, for z > y% > 2,
/Z/y Z 1
y tLe/s(Z/t 1Ogt L3 Z/p L25/5(2U) log 2’

y<p<z/y
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and, writing Ty ¢ := Hj# < tj, we apply this with y = max{P;(m),yr}, 2 = n/T;, to the
integral relative to ts for some s € [1, k] \ {¢}. This yields

dr(t; dt.
Zy <</ H( n ) H m(t;) H 1 J (3-5)
wenpt2 s/ gin, gy tilost
Jj#s j#s
with
1
H(z):=

méz/ max{yk,P1 (m)} m log(z/m)LE/z (Pl (m) + yk)

Applying the bounds

1 2y (¢, lo
Z mlog(z/m) <</ t2 lo(g(g;t) df < loiz
Pl(m)/gy v
m<z/y

and

1 1
<< Z plog( :/r/ozfg p () <z (y)log z
y<p<vZ 5/2 €

DY

y<p<Vz r<z/ 2
Pi(r)<

prlog( z/pr

which readily follow from (2-10) for z > 32 > 2, we derive

1

Hz) €« ————
(2) L.(yx)log 2z

and so we finally arrive at

1 1 dr(ty) dt;
P O T
La(yk) 1[}572’2]:/?; log(n/T&S) 1<1:[’<£ tj £<jl_'£k t]‘ log tj

J#s J#s
Now employing inductively the estimate
=/y dt 1 log{ (1 1
/ MoaGe/ioat T 2= plotey) < Og{(ong)/ L
v og(z/t)log yeresy Plo8(z/p og %

valid for 2z > y? > 2, yields (3-4).
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We now embark on the proof of (i), (ii) and (iii), and therefore assume «y > k(e,n). The
error term in (3-2) is then obviously < 1/n(*™ and, since

n)1+5/3

1/Le(yx) < o082 ;

we deduce from (3-4) that, for any fixed H,

m@ = v )H e+ gy ) 5

Next, we use (1-7) in the form

we(B) = {rvo(mtmn ™)} [ a(REE TR o),

valid uniformly for 1 < z < n, y > n*("), Inserting this into (3-6) yields

Fi(@w) = F (@) + 0y ).

(log n) 771
with
k
1 tt
rion - [ (o) 1
og iy e ogt
o B (3-7)
o — UV — Wk
—/A/ oA a () )[I
Here and in what follows, we set
2 U
1<j<k
and let Ay = Ag(aq,...,q) denote the sub-domain of R* defined by the conditions
v < - < U
{vj>aj (1<j<k). (Ar)

Our next step consists in reversing the order of integrations and approximating the inner
k-tuple integral by a Taylor-type expansion analogous to that established in [7] (Lemma 4.2)
for the p-function.

Lemma 5. For &z := (ay,...,ax) € [0,1[F, define

k
oy dv:
G(v;aR) = /Ak@(ll;ikwk) Hv—vj” (v ER).

j=1



A rate estimate in Billingsley’s theorem 13

(i) G is continuous and, for each integer H > 1, G is of class G except perhaps at
finitely many exceptional points v, (1 < r < Rg), at which the derivatives of G may have
discontinuities of the first kind.

(ii) For each r, we have v, = A, (¢), where A, is a affine linear form in the o satisfying
(1-2).

(iii) There exists two sequences of functions defined on [0,1]%, {v,}32, and {9,}52, such
that :

(a) o is continuous and, for each h > 1, v, and ¥, are continuous except perhaps at
v=A(az) 1<r < Ry);
(b) for all H > 0 and v > 0, we have

with

1<r<Rpu
0<A(37)<v

where d,. :== h for Ry,_1 <r < Ry, (1 < h < H), with the convention that Ry := 0. Moreover,
for each h > 1, we have

.(@x) < 1/al  (ax >0, Rp_y <r < Rp). (3-9)

Proof. We note that
Ap(ag,...,a) = Ak(af,...,a}’;)

with o} := max;<r<k @r. So, we assume in what follows, without loss of generality, that
op <ap_1 << og. (3-10)

We first prove assertions (i) and (ii) of Lemma 5. For k = 1, we have

R A

U1 U1 1

with an obvious interpretation when oy = 0, so the required properties are satisfied.

9. We use the classical notation zt := max(z, 0).
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For k > 2, we have

k-1 _—
v; 1—v—wr_1 dvy
G(v;ai)Z/ — / 9(7—1)—
Ap_1 j=1 vj Qg Uk Uk
Al vj{ (l—v—wk,l) (1—v—wk,1>}
Auoi iy U Vg1 g

1<j<k—1

with

J
e = [ o) T
; r

o
g+l r=1

Let D"G(v; &) denote the hth derivative of v +— G(v; @) in the sense of distributions. For
v>0and h > 1, we have

D'Guaz) =GP (waR) + Y rmadla (1 v)

maoi

0<s<h—1
o<m<s
with
-1 h+1 1—
G (v a7) = l 9””( U)
aq (651
J
+ Z (_1)h+1 /’ Q(h)<1—v—w]) H d'Ur
h
1Gekh—1 Y1 I @j+1 oo Ur (3-11)
+ Z Z r / J(hflfs)(l—v—w»)H doy
, T T ’ vy,
1<j<k—1 0<s<h—1 J r=1

o<m<s

where
Tm,s = Q(S)(m) - Q(S) (m*) (O <m < 5)

and 5;’5) denotes the tth derivative of the Dirac measure at the point x.
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This shows that G(v; @g) is h times differentiable except perhaps when 1 —v = may with
0 < m < h, or when v is equal to an extremum of 1 — ma;11 — w; on Aj; for some pair
(j,m) with 1 < j <k —1, 0 < m < h. The right-hand side of (3-11) coincides with the hth
derivative of G(v; &%), and defines a continuous function of v, outside the set of exceptional
values. All possible discontinuities are of the form A, (@) (1 < r < Ry), where A, is, for
each r, an affine linear form in & variables. The A, are clearly of the form indicated in (1-2).
Moreover, a simple computation suffices to show that each term arising on the left-hand side
of (3-11) is < 1/al. This implies, in particular, that the discontinuity 9} (@) of G at
A, (@) satisfies
Ii(@g) < 1/af (1 <r<Ry). (3-12)

It remains to prove assertion (iii). We proceed by induction on H. When H =0, the
formula follows by integrating the identity

dG(w; az) = G'(w; ag) dw,
which holds because G is continuous, differentiable except perhaps at finitely many points

and because G’ is integrable.
Let us then assume (3-8) holds for a given H > 0. We have the equality between measures

AGEH) (w; &) = G (w; &) dw + Z 2 (0k)8, oy (w)
Ruy<r<Ryi1

where §,(v) denotes the Dirac measure at v = u and 9%(ay) is, for each r in the range
Ry <7 < Ryy1, the saltus of G+ (v; &) at A,.(aF). We deduce that

/ (v — )T G (w; &) dw
0

(v = w) T GED (&) 17T /”(v—w)HJrl (H41)(, o~
{ H+1 Tl T H+1 @ (w; %)

0+

G(H+1)(O+; a—)@))UH+1 {U _ AT(CTIQ)}H+1

= + > U7 (k)
H+1 Ruy<r<Rp41 H+1
0< A, (aR)<v
Y(v— w)H+1 (H+2)
—|—/ —F—F—F—G (w; ag) dw.
0 H+1
We set
Yo (@) == GHETY (04 az),
U7 (k)
9,(ag) = — <
(o) 1) (Rg <7< Rp41)

Dividing through by H!, applying the induction hypothesis, and taking (3-12) into account
yields the required result.
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We are now in a position to complete the proof of our theorem.
The contribution to F;*(ag) from the main term in (3-8) may be computed using the

formula (see e.g. [7]) X
S A a(d) = o

where the sequence {ap}$2, is defined by the Taylor expansion

sC(s+1) S h
DT 1
STl W<,

involving the Riemann zeta function. We thus obtain the contribution

Z on(ax)

logn)

=

—~

0<h<H

with o (ag) := (—1)"apyn (). It follows from the definition of the v, that, for fixed h > 1,
we have

onlag) <p L/af  (ar > 0).

In particular,

soom):%(«m:/A o( 121 T % (313)

is bounded as a function of ag—actually 0 < yo(ag) < 1.
We estimate the contributions to F**(@g) from the remainder terms in (3-8) by partial
summation as in [7]—equations (4-25) and (4-29)—to find that they are

<H (o logn)H+1"

We omit the technical details since they are identical to those appearing in [7]. This yields
the formula

Frr(ag)= Y. %(azz +OH((;), (3-14)

ontn (logn) ay logn)H+1

uniformly for & € [0, 1]¥ and under the conditions

logo n
ag >0, min  A.(az) > Ky 821
1<r<Ry logn

A (&7)>0

The proof of assertions (i), (ii) and (iii) is therefore complete.
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We now establish (iv). By (3-1) and (3-2), we have

— 1 n log(1/ay) + co}F=2
=y X () oM ) e

Pr<:-<p1<N
p;>ni (1<5<k)

for k > 2 and with no lower bound restriction upon ay, or y;.(1%) Instead of applying
immediately (3-4), we first compute the inner pg-sum by Buchstab’s identity

Z U(x/p,p) = V(x,z) — V(x,y) (x=21l,z=2y=>1).
y<p<z
To ease notation, we write ¢ :== k — 1 > 1 throughout. The main term in (3-15) is hence

equal to
Z {( n ’q) ( n ,nak)}
pl...pq pl...pq

Pg<-<p1<n
pi>ni (1<)

S|

with §; := max(a;, o) (1 < j < ¢). By an argument similar to that which yields (3-4), we
get from this and (3-15) that

1 2 -
F.(a) = _/ {\IJ( n ,tq) B \Il< n ’nak)} dt;
n Jp- by tg byt L9001,

{log(1/a) + co}2
O((lognm(ykxk - 2)!)’

where D* := D(f1, ..., 84;n) with the notation introduced in (3-3).
We want to approximate the main term by ¢o(@g) and insert Hildebrand’s asymptotic
formula [9] in the form

W(r.y) = ro(w){1 +o(%)} Lo, (3.16)

valid uniformly for z > 1, y > (%), (11) The contribution from the term O(1) in (3-16) is

1 4 dt;
< ﬁ/[ykm]" H logt;

t1tq<n J=1

1 oy {log(1/an)}*~"

< / N
[yw,n]? Ce . ;
t1--z];71<n/yk 10g(2n/t1 tq_l) Jj=1 t log £ logn

10. Of course, we still assume yp > %

11. The remainder term O(1) takes care of very large values of y. It is, a posteriori, a simple matter
to deduce (3-16) from (1-7).
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Here and in the rest of this proof, all implicit constants may depend upon q. We obtain from
the above bound :

{log(l/ak)}q_1> (3-17)

Fo(ag) = po(ag) + O( Z Wﬂ(n)) + O< logn

1<5<3

and

g .
Wﬁ@n:_n%j;?{@(f;:%ﬂ”%>W(n,éﬁq”fm)}gllgza’

1-— 4 dv;
waln) = [ of U‘”)]]_Ilv—”

A‘I

1 1 1—w,\ 7 dv; d
o= g [ (1 s (o 1) TLS

logn Jax Vg Vg /S U

where D* is the sub-domain of D* corresponding to the extra condition

n/ty -ty > Ly := expexp y/logt,, (3-18)

Ay is the domain defined by the conditions

Vg < - <y
v; > B (1<j<q),

and Zz is the sub-domain of A} corresponding to the supplementary conditions

e\/vqlogn
l-—wg=1- Z Uj>z(vq7n):zw.

N’

The quantities Wi (n) and Wa(n) can be treated in a very similar manner, and we only

consider the first. The integration range is empty unless y; := n® < A(n) := exp(log, n)?.

When this is realised, we see by (2-10) that

A gy, e~ (logn)/(2logts) T4 qp.
e (¢

Wi(n) < /

1-1/(2log tq) .
w1081 trotg_1<n/tyLy tq) YR logt;
(logy n)?/ logn q-1 (319)
< ’ % e*(lqufl)/%’q H %
v [vg,1]97* v;
Gk a wg—1<1—vg—2z(vg,n) j=1 77

If ¢ = 1, we trivially have

(logy n)?/ logn d 1
Wi (n) < / el 0 -
0 Vg logn
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When ¢ > 2, we choose the v,_;-integral as the innermost. It is

1-—wg_2—2z(vg,n)/2
< ef(lqu_g)/qu/ evq_l/qu dvq—l
Vq UCI*l

o= (vam)/dvgy, eV vglogm),,

<

1 —wy_2 — z(vg,n)/2 T 1- wy—2 — 2(vg,n) /2’

with v(v) := eV? /4v. We then observe that, since z(vy,n) < 1,

1 de

- —L < (1+1log1/vy)1 2
Ty, LS G lest )

weg—281—vg—2(vg,n

1<i<g-2 Y
as can be seen by a simple calculation. We thus obtain

(logg n)?/ log .
Wi(n) < (1+log 1/a;€)q_2/ e vvalogm) gy,

Ak

1+1log1/ay)e=2 [os2n)’ 1+1log1/ay)1~2
< (1+logl/ay) / e~ V(W) dy < (1+logl/ay) .
logn log vk Yy logn

The same upper bound holds for Wa(n).
It remains to bound W5(n). The inner v,-integral is zero if 1 — wq—1 < ay. Otherwise it
does not exceed

Yaml ] — wg_ 1—w,_1\ d
/ Q($f1)log(1+$)%
Uq Uq Ug

q

1 oo
<7/ o(w—1)log(l +w)dw < :
( 1—wq,1

h 1= Wq—1 1-wg—1)/vg-1
Inserting back in the multiple integral yields

1 1 dv,
W- - - —J
3(n) < logn / o, 11771 1 —wyg H vj

l1—wg—1<ak T1g<g-1

{1 +log(1/a)}~"

<
logn

Inserting our estimates into (3-17), we obtain (iv), as stated.
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