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Abstract. Let {Pj(m) : 1 � j � ω(m)} denote the decreasing sequence of distinct prime
factors of a positive integer m. We provide an asymptotic expansion for the distribution
function

Fn(−→αk) := νn {m : Pj(m) > nαj (1 � j � k)}
which is valid uniformly in a large range for −→αk := (α1, . . . , αk). When k � 2, we give an
asymptotic formula for the same quantity which holds with no restriction at all on −→αk. A
sample consequence of this second result is that, given any fixed k � 2, the formula

νn{Pk(m) � y} = rk(u){1 + O(1/ log y)}
holds uniformly for 2 � y � n, where u is defined by n = yu and rk is a suitable distribution
function.

1. Introduction and statement of results

For integer m � 1, let ω(m) denote the total number of prime factors of m, counted
without multiplicity, and write Pj(m) (1 � j � ω(m)) for the jth largest distinct prime
factor of m. Billingsley proved in 1972 that the joint size distribution of the vector

( logP1(m)
log n

, . . . ,
logPω(m)(m)

log n

)
,

regarded as a random vector on Ωn := {m : 1 � m � n} with uniform probability νn,
converges in law to the Poisson-Dirichlet distribution with parameter 1, which we shall
denote by PD(1).

The Poisson-Dirichlet process has many equivalent definitions : see in particular Kingman
[10], and Arratia [1]. The classical definition is the following. If

X1 � X2 � · · ·

are the points of a Poisson process with rate, or intensity, x �→ e−x/x,(1) then

Z :=
∑
j�1

Xj

∗ We include here some corrections with respect to the published version.

1. In other words, for 0 < a < b, the number Na,b of points Xj which fall into ]a, b] is a Poisson

random variable with parameter
∫ b
a e−x dx/x.
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is almost surely finite and Vj = Xj/Z defines a sequence having distribution PD(1). In
particular, if (V1, V2, . . .) has distribution PD(1), then V1 � V2 � · · · and

∑
j�1 Vj = 1.

Another construction of the Poisson-Dirichlet distribution is obtained by considering an
infinite sequence U1, U2, . . . of independent uniform random variables on ]0, 1[ and defining

X1 = U1, X2 := (1 − U1)U2, X3 := (1 − U1)(1 − U2)U3, . . .

so that
∑

j�1Xj = 1 almost surely. Then the permutation (Xσ(1), Xσ(2), . . .) obtained by
rearranging the Xj in non-increasing order also has distribution PD(1). A third realisation
has recently been obtained by Arratia, Barbour and Tavaré [2] : the Uj being as above,
put Yj :=

∏
1�i�j Ui and T :=

∑
j�1 Yj ; then the conditional law (Y1, Y2, . . . |T = 1) is

distributed according to PD(1).
Write −→αk := (α1, . . . , αk) and

Fn(−→αk) := νn
{
m : Pj(m) > nαj (1 � j � k)

}
.

Billingsley’s theorem is plainly equivalent to the statement that, for fixed k and n→ ∞,

Fn(−→αk) = P(V1 > α1, . . . , Vk > αk) + o(1). (1·1)

A simple proof of this, completely different from Billingsley’s, has recently been given by
Donnelly and Grimmett [6]. Their approach is based on a size-biased random permutation
of the Pj(m) which fits the order of the Xj defined above.

In this article, we investigate the rate of convergence in (1·1). The most precise result
known so far in this direction is the formula of Knuth and Trabb Pardo [11] which states
that

Fn(0, . . . , 0, α) = P(Vk > α) +
σk(α)
log n

+Oα

( 1
(log n)2

)
for any fixed α > 0, k � 1, and a suitable function σk(α). We provide an asymptotic
development for the left-hand side of (1·1) according to negative powers of logn.

Our statement involves a small parameter ε ∈]0, 1
3 [ which will be fixed throughout the

paper. We introduce the notation

Lε(y) := e(log y)3(1−ε)/5
(y � 2), κ(ε, x) :=

(log2 x)5(1+2ε)/3

log x
(x > 3).

Here and subsequently, logk denotes the k-fold iterated logarithm.

Theorem. Let k be a positive integer. There exists a sequence of real functions {ϕh}∞h=0

defined on [0, 1]k, an increasing sequence of integers {Rh}∞h=0 with R0 = 0, and a sequence
of affine linear forms {Λr(−→αk)}∞r=1 having the following properties :

(i) ϕ0 is continuous and, for h � 1, ϕh is continuous except perhaps on Λr(−→αk) = 0 for
Rh−1 < r � Rh. Moreover, for all fixed h � 1, we have

ϕh(−→αk) �h 1/αh
k (αk > 0).
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(ii) For each r, we have

Λr(−→αk) = cr −
∑

1�j�k

mjrαj (1·2)

where the mjr are non negative integers.
(iii) For arbitrary but fixed H � 0 and ε ∈]0, 1

3 [, we have

Fn(−→αk) =
∑

0�h�H

ϕh(−→αk)
(log n)h

+O
( 1

(αk log n)H+1

)
, (1·3)

uniformly in the range 


−→αk ∈ [0, 1]k, αk > κ(ε, n),

min
1�r�RH

Λr(−→αk)>0

Λr(−→αk) > KH
log2 n

log n
,

where KH is a suitable constant depending only on H. The implied constant in (1·3) may
depend on H and ε.

(iv) For k � 2, we have

Fn(−→αk) = ϕ0(−→αk) +O
(

(log 1/αk)k−2

log n

)
(1·4)

uniformly for −→αk ∈]0, 1]k, n � 2.

We note that it is always possible to define ϕh(−→αk) on the critical hyperplanes in such a
way that (1·3) holds for any fixed −→αk with αk > 0 : indeed any −→αk with Λr(−→αk) = 0 for
some value(s) of r is a limit point of vectors

−→
α∗

k with Λr

(−→
α∗

k

)
< 0 for the same value(s) of r.

We also observe that the remainder term in (1·4) may always be chosen to be o(1)(2) since
we may assume with no loss of generality that

αk > 1/(2 log n).

As will transpire from the proof, the limit

ϕ0(−→αk) = P(V1 > α1, . . . , Vk > αk)

has a simple expression in terms of the Dickman function—see (3·13) below. The Dickman
function is the density function of the law of 1/V1 and is defined as the unique continuous
solution on R

+ of the difference-differential equation

u&′(u) + &(u− 1) = 0

with initial condition &(u) = 1 (0 � u � 1). As usual, we set &(u) = 0 for u < 0. It is
immediate that the kth derivative &(k)(u) is defined for u ∈ R � {0, 1, . . . , k}. We define
&(k)(j) by right-continuity for 0 � j � k.

2. And actually � (log2 n)k−2/ log n.
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Formula (1·4) extends and makes more precise a result of Hafner and McCurley [8]. For
instance, using the fact (shown in Lemma 4 below) that, for fixed k � 2,

rk(v) := 1 − ϕ0(0, . . . , 0, 1/v) 

(
log 2v

)k−2

v
(v � 1), (1·5)

we deduce as a special case of (1·4) that

1
n

∑
m�n

Pk(m)�y

1 = rk(u)
{

1 +O
( 1

log y

)}
(1·6)

for any fixed k � 2 and uniformly for 2 � y � n, with u := (logn)/ log y.
Our method essentially rests on Saias’s extension [12] of de Bruijn’s approximation formula

[5](3)

Ψ(x, y) :=
∑
m�x

P1(m)�y

1 =
{

1 +O
( 1
Lε(y)

)}
x

∫ ∞

1−
&
( log x/t

log y

)
d
( [t]
t

)
, (1·7)

valid uniformly for x � 2, y � xκ(ε,x). The integral on the right is best defined as a Lebesgue–
Stieltjes integral, since the jump of &(u) at u = 0 causes a formal difficulty in the frame of
the Riemann-Stieltjes integral when x is a positive integer. Alternatively, one can, as did
de Bruijn, first restrict the definition to non-integer values of x, so that it makes sense as
a Riemann–Stieltjes integral, and then extend the definition to R

+ by right-continuity. We
note that, when y > x, the integral is equal to [x]/x, so the error term actually vanishes.

The discontinuities of the functions ϕh cannot be avoided, as shown by the case k = 1—see
[12] or [14], pp. 390–391.

It may be observed that our theorem is equally valid, with no change in the statement, if
the prime factors Pj(m) are counted with multiplicities.

2. Technical preparation

Let P−(m) stand for the smallest prime factor of an integer m > 1, with the convention
that P−(1) = ∞. Denote by Ek(x, y) the set of all integers m � x with ω(m) = k,
P−(m) > y, and by πk(x, y) the cardinality of Ek(x, y). We also set Ek(x) := Ek(x, 1)
and πk(x) := πk(x, 1).

We need a uniform upper bound for πk(x, y). This will be provided in Lemma 2 below
as a straightforward consequence of the following result, which, with other applications in
mind, we state in a much more general context.

Lemma 1. Let A > 0, B > 0 and assume f is a non-negative, multiplicative arithmetic
function satisfying the conditions

∑
pν�x

f(pν) log pν � Ax (x � 2),
∑
p

∑
ν�2

f(pν)
pν

� B.

3. De Bruijn proved the validity of (1·7) in the range y � exp (log x)5/8+ε for any fixed ε > 0. For a
proof of Saias’ result, see also [14], theorem III.5.9.
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Then we have uniformly for k � 1, x � 2,

∑
m∈Ek(x)

f(m) � Ax

log x

( ∑
p�x f(p)/p+B

)k−1

(k − 1)!
, (2·1)

where the implicit constant is absolute. In particular, for any constant R > 0, we have,
uniformly under the condition 1 � k � R log2 x,∑

m∈Ek(x)

f(m) � πk(x) exp
{
&∗

∑
p�x

f(p) − 1
p

}
(2·2)

with &∗ := (k − 1)/ log2 x and where the implicit constant depends at most on A, B, R.

Proof. Write Sk(x) for the left-hand side of (2·1) and put

Tk(x) :=
∑

m∈Ek(x)

f(m) logm.

Our first step consists in finding an upper bound for Tk(x). We have

Tk(x) =
∑

mpν�x, p � m
ω(m)=k−1

f(pν)f(m) log pν � Ax
∑
m�x

ω(m)=k−1

f(m)
m

� Ax

(k − 1)!

( ∑
pν�x

f(pν)
pν

)k−1

� Ax

(k − 1)!

( ∑
p�x

f(p)
p

+B
)k−1

.

A simple integration by parts now suffices to establish (2·1). Setting

L(x) :=
∑
p�x

f(p)/p,

we have

Sk(x) =
∫ x

3/2

dTk(u)
log u

=
Tk(x)
log x

+
∫ x

3/2

Tk(u)
u(log u)2

du

� Ax

log x
{L(x) +B}k−1

(k − 1)!
+A

{L(x) +B}k−1

(k − 1)!

∫ x

3/2

du
(log u)2

� Ax

log x
{L(x) +B}k−1

(k − 1)!
.

The bound (2·2) follows immediately from (2·1) and classical estimates for πk(x)(4) since,
in the required range, we have

x

log x
{L(x) +B}k−1

(k − 1)!
� x

log x
(log2 x)k−1

(k − 1)!

{
1 +

∑
p�x {f(p) − 1}/p+B

log2 x

}k−1

� πk(x) exp
{
&∗

∑
p�x

f(p) − 1
p

}
.

4. See, e.g., [14], theorem II.6.4.
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This completes the proof.

Remark. The upper bound in Lemma 1 is, in a certain sense, optimal. For instance, when f
fulfils Wirsing’s conditions

0 � f(pν) � λ1λ
ν−1
2 (p prime, ν � 1),

for suitable constants λ1, λ2 with λ1 > 0, 0 < λ2 < 2, and furthermore satisfies

f(pν) = 1 (p > y)

with y = y(x) such that log2 y = o
(√

log2 x
)

as x→ ∞, it can be shown as a straightforward
application of the Selberg–Delange method,(5) that the asymptotic formula

1
πk(x)

∑
m∈Ek(x)

f(m) = {1 + o(1)}
∏
p�x

1 + &∗
∑∞

ν=1 f(p
ν)/pν

1 + &∗/(p− 1)
,

is uniformly valid for 1 � k � R log2 x.

Lemma 2. There is an absolute constant c0 > 0 such that, uniformly for k � 1 and
x � y � 2, we have

πk(x, y) �
x

log x
(log u+ c0)k−1

(k − 1)!
(2·3)

where u := (log x)/ log y.

Proof. We apply (2·1) with f(pν) = 1 for p > y and f(pν) = 0 otherwise.

Lemma 3. For k � 1 and x � y � 2, let Mk(x, y) denote the number of integers m � x
such that Pk(m)2|m and Pk(m) > y. Then, we have

M1(x, y) �H x
e−Hu + e−H

√
log x

y log y
, (2·4)

for any fixed integer H > 0 and uniformly in x, y, and

Mk(x, y) �
x

y log x
(log u+ c0)k−2

(k − 2)!
(k � 2), (2·5)

uniformly in k, x, y and with u := (log x)/ log y.

Proof. We note that Mk(x, y) = 0 when y >
√
x. Our main ingredient is the bound

Ψ(x, y) �c xe−cu + x1/3, (2·6)

valid for any c > 0, and proved in [15], exercise III.5.6 with solution.(6)

5. See [14], chapter II.5

6. Note that the exponent 1/3 in (2·6) could be replaced by any positive constant. We do not need
such precision here.
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First consider the case k = 1. We have by (2·6)

M1(x, y) =
∑

y<p�√
x

Ψ(x/p2, p) �c

∑
y<p�√

x

x1−c/ log p

p2
+

∑
p�√

x

x1/3

p2/3

�c

∫ √
x

y

x1−c/ log t dt
t2 log t

+
√
x

log x
,

by partial summation. To bound the last integral, we observe that the function

t �→ c(log x)/(log t) + 1
2 log t

is unimodal and attains its minimum at t = tc(x) := e
√

2c log x. Hence, for 2 � y � tc(x), the
integral is

�
∫ ∞

y

xe−
√

2c log x dt
t3/2 log t

� x
e−

√
2c log x

√
y log y

� xe−d
√

log x

y log y
,

with d :=
√

1
2c, while, for tc(x) < y � √

x, it is

�
∫ ∞

y

xe−cu− 1
2 log y dt

t3/2 log t
� x

e−cu

y log y
.

Selecting, for instance, c := 2H2 yields the required bound.
When k � 2, we observe that any integer m counted by Mk(x, y) can be written as a

product m = ab with P−(b) > P1(a) > y, ω(b) = k − 1 and P1(a)2|a. Therefore, we plainly
have

Mk(x, y) �
∑

b∈Ek−1(x,y)

M1(x/b, y).

From (2·4) with, say, H = 1, we deduce that

Mk(x, y) �
x

y log y

∑
b∈Ek−1(x,y)

(
e−u

b1−1/ log y
+

e−
√

log x/b

b

)
. (2·7)

We estimate the b-sum above using (2·3) and splitting the range into intervals of the form
]yej , yej+1]. We find that it is

� (log u+ c0)k−2

(k − 2)!

∑
0�j�J

e−u+j/ log y + e−
√

J−j

j + log y

with J := 1 + [log(x/y)]. A simple calculation shows that the sum over j above is � 1/u.
Inserting into (2·7) yields the stated bound.

Our next preliminary result is a rough estimate of the natural density rk(v) of those
integers m such that Pk(m)v � m. It is clear that rk(v) is the function given by (1·5).
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Lemma 4. Let δ ∈]0, 1[. There exist positive constants c1, c2, c3, possibly depending on δ,
such that, for all real numbers v � 1 and all integers k with 2 � k � (1 − δ) log v − c3, we
have

c1
(log v)k−2

(k − 2)! v
� rk(v) � c2

(log v)k−2

(k − 2)! v
. (2·8)

In particular, we have
rk(v) 
k (log 2v)k−2/v (v � 1) (2·9)

for all fixed k � 2.

Proof. Let Rk(n, v) denote the number of integers m � n such that Pk(m) � n1/v, so that

Rk(n, v) = rk(v)n+ o(n) (n→ ∞).

Any m counted by Rk(n, v) may be written uniquely as a product m = ab with P1(a) � n1/v

and P−(b) > n1/v, 0 � ω(b) � k − 1. Let R∗
j (n, v) denote the subsum corresponding to the

condition ω(b) = j. We plainly have

R∗
0(n, v) = Ψ(n, n1/v) = n&(v) + o(n) (n→ ∞),

so we may turn our attention to the case 1 � j � k − 1. Clearly

R∗
j (n, v) =

∑
b∈Ej(n,n1/v)

Ψ
(
n/b, n1/v

)
.

Using the bound (see [14], theorem III.5.1)

Ψ(x, y) � xe−u/2 (x � 2, y � 2), (2·10)

and applying Lemma 2 to estimate the b-sum via partial summation yields

R∗
j (n, v) � n

(log v + c0)j−1

(j − 1)! v
uniformly for n � 2 and v � (log n)/ log 2. We omit the details of this derivation, which are
standard. Since this last upper bound is an increasing function of j for j � log v + c0, this
proves the upper bound in (2·8).

To prove the lower bound, we apply a special case of a result of Sárközy [13] concerning
the distribution of the function Ω(m, y), which counts with multiplicity the number of prime
factors ofm that exceed y. WriteNk(x, y) for the number of integersm � x with Ω(m, y) = k.
Sárközy’s result, in the form given by Balazard [3], states that

Nk(x, y) � x
(log u)k−1

(k − 1)!u
(2·11)

uniformly for x � y � 2, k � (2 − δ) log u− c3, with u := (log x)/ log y. We have, however,

R∗
k−1(n, v) � Nk−1

(
n, n1/v

)
−

∑
1�j�k−1

Mj

(
n, n1/v

)
because any integer m counted by Nk−1(n, n1/v) and not by the sum over j above has k− 1
distinct prime factors greater than n1/v. The lower bound estimate in (2·8) hence follows
from (2·11), (2·4) and (2·5).

We note that (2·9) is an immediate consequence of (2·8) when v is sufficiently large in
terms of k. Since rk(v) is obviously a non-increasing function of v, this is all that is needed.
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3. Proof of the Theorem

Put yk := nαk . We may assume with no loss in generality that yk > 3
2 . We plainly have

Fn(−→αk) =
1
n

∑
pk<···<p1�n

pj>nαj (1�j�k)

Ψ
( n

p1 · · · pk
, pk

)
+O

(
1
n

∑
1�j�k−1

Mj(n, yk)
)
.

(3·1)

The error term is zero for k = 1 and by (2·5) it is

� {log(1/αk) + c0}k−2

yk(log n)(k − 2)!
(3·2)

when k � 2.(7)

Let D = D(α1, . . . , αk;n) denote the subset of R
k defined by the inequalities

(D)
{

3
2 < tk < · · · < t1 � n
tj > n

αj (1 � j � k). (3·3)

Then the main term in (3·1) may be re-written as

F ∗
n(−→αk) :=

1
n

∫
D

Ψ
( n

t1 · · · tk
, tk

) k∏
j=1

dπ(tj).

We first show that

F ∗
n(−→αk) =

1
n

∫
D

Ψ
( n

t1 · · · tk
, tk

) k∏
j=1

dtj
log tj

+O
(

1 + {log(1/αk)}k−2

Lε(yk) log n

)
. (3·4)

This is obtained by inserting the formula

k∏
j=1

dπ(tj) −
k∏

j=1

dtj
log tj

=
k∑

 =1

dµ (t1, . . . , tk),

with(8)

dµ (t1, . . . , tk) :=
∏

1�j� 

dπ(tj)
∏

 <j�k

dtj
log tj

−
∏

1�j< 

dπ(tj)
∏

 �j�k

dtj
log tj

,

and expanding the Ψ-term as a sum over integers. We thus see that the error term in (3·4)
may be rewritten as

1
n

∑
1� �k

∑
m�n

µ (Dm) =
∑

1� �k

Z ,

7. We could actually obtain a slightly better bound, but such improvement would not be useful for
our purpose.

8. We use the standard convention that an empty product is equal to 1.
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say, where Dm is the intersection of D with the subset of R
k defined by the inequalities

P1(m) � tk, t1 · · · tk � n/m.

Using Fubini’s theorem, we write µ (Dm) as a k-tuple integral with innermost term
corresponding to the variable t . By the prime number theorem, this is

� 1
m

∏
j 	= tj

Lε/3

(
n

m
∏

j 	= tj

)−1

,

when m
∏

j 	= tj � n/max{yk, P1(m)}, and zero otherwise.
If k = 1, we sum trivially over m and obtain

Z1 �
∑

P1(m)�yk

m�n/yk

1
mLε/3(n/m)

+
∑

P1(m)>yk

m�n/P1(m)

1
mLε/3(n/m)

�
∫ n/yk

1

Ψ(t, yk)
t2Lε/3(n/t)

dt+
∑

yk<p�√
n

1
p

∑
r�n/p2

P1(r)�p

1
rLε/3(n/pr)

�
∫ n/yk

1

Ψ(t, yk)
t2Lε/3(n/t)

dt+
∑

yk<p�√
n

1
p

∫ n/p2

1

Ψ(t, p)
t2Lε/3(n/pt)

dt.

Inserting the bound

∫ z/y

1

Ψ(t, y)
t2Lε/3(z/t)

dt�
∫ log z

log y

exp
{
− log z − v

2 log y
− v(3−ε)/5

}
dv

� z−1/(4 log y)

Lε/2(y)
+

1
Lε/2(z)

,

which follows from (2·10) for z � y > 3
2 , we get

Z1 � 1
Lε(yk) log n

+
∑

yk<p�√
n

1
p

{e−(log n)/8 log yk

Lε/2(yk)
+

1
L2ε/3(n)

}

� 1
Lε(yk) log n

.

When k > 1, we observe that, for z � y2 � 2,

∫ z/y

y

dt
tLε/3(z/t) log t

+
∑

y<p�z/y

1
Lε/3(z/p)p

� 1
L2ε/5(y) log z

,



A rate estimate in Billingsley’s theorem 11

and, writing T ,s :=
∏

j 	= ,s tj , we apply this with y = max{P1(m), yk}, z = n/T ,s, to the
integral relative to ts for some s ∈ [1, k] � {:}. This yields

Z �
∫

[yk,n]k−2
H

( n

T ,s

) ∏
1�j< 
j 	=s

dπ(tj)
tj

∏
 <j�k
j 	=s

dtj
tj log tj

(3·5)

with

H(z) :=
∑

m�z/max{yk,P1(m)}

1
m log(z/m)Lε/2

(
P1(m) + yk

) .
Applying the bounds

∑
P1(m)�y
m�z/y

1
m log(z/m)

�
∫ z/y

y

Ψ(t, y)
t2 log(z/t)

dt� log y
log z

and

∑
y<p�√

z

∑
r�z/p2

P1(r)�p

1
pr log(z/pr)Lε/2(p)

�
∑

y<p�√
z

log p
p log(z/p)Lε/2(p)

� 1
Lε(y) log z

which readily follow from (2·10) for z � y2 � 2, we derive

H(z) � 1
Lε(yk) log z

and so we finally arrive at

Z �
1

Lε(yk)

∫
[yk,n]k−2

T
,s�n/yk

1
log(n/T ,s)

∏
1�j< 
j 	=s

dπ(tj)
tj

∏
 <j�k
j 	=s

dtj
tj log tj

.

Now employing inductively the estimate

∫ z/y

y

dt
t log(z/t) log t

+
∑

y<p�z/y

1
p log(z/p)

� log{(log z)/ log y}
log z

,

valid for z � y2 � 2, yields (3·4).
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We now embark on the proof of (i), (ii) and (iii), and therefore assume αk > κ(ε, n). The
error term in (3·2) is then obviously � 1/nκ(ε,n) and, since

1/Lε(yk) � e−(log2 n)1+ε/3
,

we deduce from (3·4) that, for any fixed H,

F ∗
n(−→αk) =

1
n

∫
D

Ψ
( n

t1 · · · tk
, tk

) k∏
j=1

dtj
log tj

+O
( 1

(log n)H+1

)
. (3·6)

Next, we use (1·7) in the form

1
n

Ψ
(n
z
, y

)
=

{
1 +O

(
e−(log2 n)1+ε/3

) }1
z

∫ ∞

1−
&
( log n/z − log t

log y

)
d
( [t]
t

)
,

valid uniformly for 1 � z � n, y > nκ(ε,n). Inserting this into (3·6) yields

F ∗
n(−→αk) = F ∗∗

n (−→αk) +O
( 1

(log n)H+1

)
,

with

F ∗∗
n (−→αk) =

∫
D

∫ ∞

1−
&
( log n/tt1 · · · tk

log tk

)
d
( [t]
t

) k∏
j=1

dtj
log tj

=
∫

∆k

∫ ∞

0−
&
(1 − v − wk

vk

)
d
( [nv]
nv

) k∏
j=1

dvj
vj
.

(3·7)

Here and in what follows, we set
wk :=

∑
1�j�k

vj

and let ∆k = ∆k(α1, . . . , αk) denote the sub-domain of R
k defined by the conditions

{
vk < · · · < v1
vj > αj (1 � j � k). (∆k)

Our next step consists in reversing the order of integrations and approximating the inner
k-tuple integral by a Taylor-type expansion analogous to that established in [7] (Lemma 4.2)
for the &-function.

Lemma 5. For −→αk := (α1, . . . , αk) ∈ [0, 1[k, define

G(v;−→αk) :=
∫

∆k

&
(1 − v − wk

vk

) k∏
j=1

dvj
vj

(v ∈ R).



A rate estimate in Billingsley’s theorem 13

(i) G is continuous and, for each integer H � 1, G is of class CH except perhaps at
finitely many exceptional points vr (1 � r � RH), at which the derivatives of G may have
discontinuities of the first kind.

(ii) For each r, we have vr = Λr(−→αk), where Λr is a affine linear form in the αj satisfying
(1·2).

(iii) There exists two sequences of functions defined on [0, 1]k, {γh}∞h=0 and {ϑh}∞h=1 such
that :

(a) γ0 is continuous and, for each h � 1, γh and ϑh are continuous except perhaps at
v = Λr(−→αk) (1 � r � Rh) ;

(b) for all H � 0 and v � 0, we have

G(v,−→αk) =
∑

0�h�H

γh(−→αk)
h!

vh + JH(v) + YH(v), (3·8)

with

YH(v) :=
∫ v

0

(v − w)H

H!
G(H+1)(w;−→αk) dw,

JH(v) :=
∑

1�r�RH

0�Λr(−→αk)�v

ϑr(−→αk){v − Λr(−→αk)}dr ,

where dr := h for Rh−1 < r � Rh (1 � h � H), with the convention that R0 := 0. Moreover,
for each h � 1, we have

ϑr(−→αk) � 1/αh
k (αk > 0, Rh−1 < r � Rh). (3·9)

Proof. We note that
∆k(α1, . . . , αk) = ∆k

(
α∗

1, . . . , α
∗
k

)
with α∗

j := maxj�r�k αr. So, we assume in what follows, without loss of generality, that

αk � αk−1 � · · · � α1. (3·10)

We first prove assertions (i) and (ii) of Lemma 5. For k = 1, we have

G(v;−→α1) =
∫ ∞

α1

&
(1 − v
v1

− 1
) dv1
v1

= 1 − &
( (1 − v)+

α1

)
, (9)

with an obvious interpretation when α1 = 0, so the required properties are satisfied.

9. We use the classical notation z+ := max(z, 0).
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For k � 2, we have

G(v;−→αk) =
∫

∆k−1

k−1∏
j=1

dvj
vj

∫ vk−1

αk

&
(1 − v − wk−1

vk
− 1

) dvk
vk

=
∫

∆k−1

k−1∏
j=1

dvj
vj

{
&
(1 − v − wk−1

vk−1

)
− &

(1 − v − wk−1

αk

)}

= G(v;−−−→αk−1) − Ik−1(v;−→αk),

say. Iterating, we obtain

G(v;−→αk) =
∫ ∞

α1

&
(1 − v
v1

− 1
) dv1
v1

−
∑

2�j�k

Ij−1(v;−→αk)

= 1 − &
( (1 − v)+

α1

)
−

∑
1�j�k−1

Ij(v;−→αk),

with

Ij(v;−→αk) :=
∫

∆j

&
(1 − v − wj

αj+1

) j∏
r=1

dvr
vr
.

Let DhG(v;−→αk) denote the hth derivative of v �→ G(v;−→αk) in the sense of distributions. For
v � 0 and h � 1, we have

DhG(v;−→αk) = G(h)(v;−→αk) +
∑

0�s�h−1
0�m�s

rm,sδ
(h−1−s)
mα1

(1 − v)

with

G(h)(v;−→αk) :=
(−1)h+1

αh
1

&(h)
(1 − v
α1

)

+
∑

1�j�k−1

(−1)h+1

αh
j+1

∫
∆j

&(h)
(1 − v − wj

αj+1

) j∏
r=1

dvr
vr

+
∑

1�j�k−1

∑
0�s�h−1
0�m�s

rm,s

∫
∆j

δ(h−1−s)
mαj

(1 − v − wj)
j∏

r=1

dvr
vr

(3·11)

where
rm,s := &(s)(m) − &(s)(m−) (0 � m � s)

and δ(t)
x denotes the tth derivative of the Dirac measure at the point x.
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This shows that G(v;−→αk) is h times differentiable except perhaps when 1− v = mα1 with
0 � m � h, or when v is equal to an extremum of 1 − mαj+1 − wj on ∆j for some pair
(j,m) with 1 � j � k − 1, 0 � m � h. The right-hand side of (3·11) coincides with the hth
derivative of G(v;−→αk), and defines a continuous function of v, outside the set of exceptional
values. All possible discontinuities are of the form Λr(−→αk) (1 � r � Rh), where Λr is, for
each r, an affine linear form in k variables. The Λr are clearly of the form indicated in (1·2).
Moreover, a simple computation suffices to show that each term arising on the left-hand side
of (3·11) is � 1/αh

k . This implies, in particular, that the discontinuity ϑ∗r(−→αk) of G(h) at
Λr(−→αk) satisfies

ϑ∗r(−→αk) � 1/αh
k (1 � r � Rh). (3·12)

It remains to prove assertion (iii). We proceed by induction on H. When H = 0, the
formula follows by integrating the identity

dG(w;−→αk) = G′(w;−→αk) dw,

which holds because G is continuous, differentiable except perhaps at finitely many points
and because G′ is integrable.

Let us then assume (3·8) holds for a given H � 0. We have the equality between measures

dG(H+1)(w;−→αk) = G(H+2)(w;−→αk) dw +
∑

RH<r�RH+1

ϑ∗r(−→αk)δ
Λr(−→αk)

(w)

where δu(v) denotes the Dirac measure at v = u and ϑ∗r(−→αk) is, for each r in the range
RH < r � RH+1, the saltus of G(H+1)(v;−→αk) at Λr(−→αk). We deduce that

∫ v

0

(v − w)HG(H+1)(w;−→αk) dw

= −
[
(v − w)H+1G(H+1)(w;−→αk)

H + 1

]v+

0+

+
∫ v

0

(v − w)H+1

H + 1
dG(H+1)(w;−→αk)

=
G(H+1)(0+;−→αk)vH+1

H + 1
+

∑
RH<r�RH+1

0�Λr(−→αk)�v

ϑ∗r(−→αk)
{v − Λr(−→αk)}H+1

H + 1

+
∫ v

0

(v − w)H+1

H + 1
G(H+2)(w;−→αk) dw.

We set
γH+1(−→αk) := G(H+1)(0+;−→αk),

ϑr(−→αk) :=
ϑ∗r(−→αk)
(H + 1)!

(RH < r � RH+1).

Dividing through by H!, applying the induction hypothesis, and taking (3·12) into account
yields the required result.
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We are now in a position to complete the proof of our theorem.
The contribution to F ∗∗

n (−→αk) from the main term in (3·8) may be computed using the
formula (see e.g. [7])

(−1)h

h!

∫ ∞

0−
vh d

( [nv]
nv

)
=

ah
(log n)h

,

where the sequence {ah}∞h=1 is defined by the Taylor expansion

sζ(s+ 1)
s+ 1

=
∞∑

h=0

ahs
h (|s| < 1),

involving the Riemann zeta function. We thus obtain the contribution

∑
0�h�H

ϕh(−→αk)
(log n)h

with ϕh(−→αk) := (−1)hahγh(−→αk). It follows from the definition of the γh that, for fixed h � 1,
we have

ϕh(αk) �h 1/αh
k (αk > 0).

In particular,

ϕ0(−→αk) = γ0(−→αk) =
∫

∆k

&
(1 − wk

vk

) q∏
j=1

dvj
vj

(3·13)

is bounded as a function of −→αk—actually 0 � ϕ0(−→αk) � 1.
We estimate the contributions to F ∗∗

n (−→αk) from the remainder terms in (3·8) by partial
summation as in [7]—equations (4·25) and (4·29)—to find that they are

�H
1

(αk log n)H+1
.

We omit the technical details since they are identical to those appearing in [7]. This yields
the formula

F ∗∗
n (−→αk) =

∑
0�h�H

ϕh(−→αk)
(log n)h

+OH

( 1
(αk log n)H+1

)
, (3·14)

uniformly for −→αk ∈ [0, 1]k and under the conditions

αk > 0, min
1�r�RH

Λr(−→αk)>0

Λr(−→αk) > KH
log2 n

log n
.

The proof of assertions (i), (ii) and (iii) is therefore complete.
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We now establish (iv). By (3·1) and (3·2), we have

Fn(−→αk) =
1
n

∑
pk<···<p1�n

pj>nαj (1�j�k)

Ψ
( n

p1 · · · pk
, pk

)
+O

({log(1/αk) + c0}k−2

(log n)yk(k − 2)!

)
. (3·15)

for k � 2 and with no lower bound restriction upon αk or yk.(10) Instead of applying
immediately (3·4), we first compute the inner pk-sum by Buchstab’s identity

∑
y<p�z

Ψ(x/p, p) = Ψ(x, z) − Ψ(x, y) (x � 1, z � y � 1).

To ease notation, we write q := k − 1 � 1 throughout. The main term in (3·15) is hence
equal to

1
n

∑
pq<···<p1�n

pj>nβj (1�j�q)

{
Ψ

( n

p1 · · · pq
, pq

)
− Ψ

( n

p1 · · · pq
, nαk

)}

with βj := max(αj , αk) (1 � j � q). By an argument similar to that which yields (3·4), we
get from this and (3·15) that

Fn(−→αk) =
1
n

∫
D∗

{
Ψ

( n

t1 · · · tq
, tq

)
− Ψ

( n

t1 · · · tq
, nαk

)} q∏
j=1

dtj
log tj

+O
( {log(1/αk) + c0}k−2

(log n)Lε(yk)(k − 2)!

)
,

where D∗ := D(β1, . . . , βq;n) with the notation introduced in (3·3).
We want to approximate the main term by ϕ0(−→αk) and insert Hildebrand’s asymptotic

formula [9] in the form

Ψ(x, y) = x&(u)
{

1 +O
( log(2 + u)

log 2y

)}
+O(1), (3·16)

valid uniformly for x � 1, y � xκ(ε,x).(11) The contribution from the term O(1) in (3·16) is

� 1
n

∫
[yk,n]q

t1···tq�n

q∏
j=1

dtj
log tj

�
∫

[yk,n]q−1

t1···tq−1�n/yk

1
log(2n/t1 · · · tq−1)

q−1∏
j=1

dtj
tj log tj

� {log(1/αk)}q−1

log n
.

10. Of course, we still assume yk > 3
2
.

11. The remainder term O(1) takes care of very large values of y. It is, a posteriori, a simple matter
to deduce (3·16) from (1·7).
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Here and in the rest of this proof, all implicit constants may depend upon q. We obtain from
the above bound :

Fn(−→αk) = ϕ0(−→αk) +O
( ∑

1�j�3

Wj(n)
)

+O
({log(1/αk)}q−1

log n

)
(3·17)

and

W1(n) :=
1
n

∫
D∗

{
Ψ

( n

t1 · · · tq
, tq

)
− Ψ

( n

t1 · · · tq
, nαk

)} q∏
j=1

dtj
log tj

,

W2(n) :=
∫

∆
∗
q

&
(1 − wq

vq

) q∏
j=1

dvj
vj
,

W3(n) :=
1

log n

∫
∆∗

q

&
(1 − wq

vq

)
log

(
2 +

1 − wq

vq

) q−1∏
j=1

dvj
vj

dvq
v2q
,

where D∗ is the sub-domain of D∗ corresponding to the extra condition

n/t1 · · · tq > Lq := exp exp
√

log tq, (3·18)

∆∗
q is the domain defined by the conditions

{
vq < · · · < v1
vj > βj (1 � j � q),

and ∆
∗
q is the sub-domain of ∆∗

q corresponding to the supplementary conditions

1 − wq = 1 −
∑

1�j�q

vj > z(vq, n) :=
e
√

vq logn

log n
.

The quantities W1(n) and W2(n) can be treated in a very similar manner, and we only
consider the first. The integration range is empty unless yk := nαk � λ(n) := exp(log2 n)2.
When this is realised, we see by (2·10) that

W1(n) �
∫ λ(n)

yk

dtq
log tq

∫
[yk,n]q−1

t1···tq−1�n/tqLq

e−(log n)/(2 log tq)

(t1 · · · tq)1−1/(2 log tq)

q−1∏
j=1

dtj
log tj

�
∫ (log2 n)2/ logn

αk

dvq
vq

∫
[vq,1]

q−1

wq−1�1−vq−z(vq,n)

e−(1−wq−1)/2vq

q−1∏
j=1

dvj
vj
.

(3·19)

If q = 1, we trivially have

W1(n) �
∫ (log2 n)2/ logn

0

e−1/2vq
dvq
vq

� 1
log n

.
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When q � 2, we choose the vq−1-integral as the innermost. It is

� e−(1−wq−2)/2vq

∫ 1−wq−2−z(vq,n)/2

vq

evq−1/2vq
dvq−1

vq−1

� e−z(vq,n)/4vqvq
1 − wq−2 − z(vq, n)/2

=
e−ν(vq log n)vq

1 − wq−2 − z(vq, n)/2
,

with ν(v) := e
√
v/4v. We then observe that, since z(vq, n) � 1,

∫
[vq,1]

q−2

wq−2�1−vq−z(vq,n)

1
1 − wq−2 − z(vq, n)/2

∏
1�j�q−2

dvj
vj

� (1 + log 1/vq)q−2,

as can be seen by a simple calculation. We thus obtain

W1(n) � (1 + log 1/αk)q−2

∫ (log2 n)2/ logn

αk

e−ν(vq log n) dvq

� (1 + log 1/αk)q−2

log n

∫ (log2 n)2

log yk

e−ν(y) dy � (1 + log 1/αk)q−2

yk log n
.

The same upper bound holds for W2(n).
It remains to bound W3(n). The inner vq-integral is zero if 1 − wq−1 < αk. Otherwise it

does not exceed∫ vq−1

βq

&
(1 − wq−1

vq
− 1

)
log

(
1 +

1 − wq−1

vq

) dvq
v2q

� 1
1 − wq−1

∫ ∞

(1−wq−1)/vq−1

&(w − 1) log(1 + w) dw � 1
1 − wq−1

.

Inserting back in the multiple integral yields

W3(n) �
1

log n

∫
[αk,1]

q−1

1−wq−1�αk

1
1 − wq−1

∏
1�j�q−1

dvj
vj

� {1 + log(1/αk)}q−1

log n
.

Inserting our estimates into (3·17), we obtain (iv), as stated.
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