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Abstract. In this paper, we consider a two-dimensional fluid-rigid body problem. The motion
of the fluid is modelled by the Navier—Stokes equations, whereas the dynamics of the rigid body is
governed by the conservation laws of linear and angular momentum. The rigid body is supposed
to be an infinite cylinder of circular cross-section. Our main result is the existence and uniqueness
of global strong solutions.
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1. Introduction

We consider the system composed by a homogeneous rigid body, represented by a
closed disk B(t) C R%, moving in a viscous incompressible fluid which occupies the
domain Q(t). We suppose that the system fluid-rigid body fills the whole space,
i.e. that we have Q(t) = R?\B(t). Without loss, we assume that the disk is of
radius 1 and the fluid is homogeneous and of density one.

We shall also assume that the motion of the fluid is described by the classical
Navier—Stokes equations, whereas the motion of the rigid body will be governed
by the balance equations for linear and angular momentum (Newton’s laws).

Hence, we can write the full system of equations modelling the motion of the
fluid and the rigid body as

%—Z—VAU+(U-V)U+VP:F, z€Qt), telo,T), (1.1)

divU =0, z€Q(), tel0,T], (1.2)

U="hW(t)+wlt)(z—h)r, =ecdB(t),tecl0,T), (1.3)
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MAK'(t) = /E)B(t) Ondll + M, t€[0,7T], (1.4)
JJ'(t) = — /aB(t)(x —h(t))t-ondl +Jn,  te€0,T], (1.5)
u(z,0) = ug(z),  x€Q0), (1.6)

h(0) = ho € R%, W (0) = hy € R?, w(0) = wp € R. (1.7)

In the above system the unknowns are U(x,t) (the Eulerian velocity field of the
fluid), P(z,t) (the pressure of the fluid), h(t) (the position of the mass center of
the rigid body) and w(t) (the angular velocity of the rigid body).

The constants M and J are mass and moment of inertia of the rigid body,
respectively. Moreover, F'(x,t) is the force acting on the fluid, while M ¢ and Jn
are the force and the torque acting on the rigid body.

T 1

N ), we denote by zt the vector z 1 = ( 2
2

—1
denoted by w’ and w” the derivatives of a function w depending only on the time
t. If z, y € R?, then x - y stands for the inner product of x and y and || stands
for the corresponding norm. Moreover we have denoted by dB(t) the boundary of
the rigid body at instant t and by n(x,t) the unit normal to dB(t) at the point
directed toward the interior of the rigid body.

The positive constant v is the viscosity of the fluid.

The Cauchy stress tensor is defined by

O(z,t) = —P(z,t)Id + 2vD(U),
where Id is the identity matrix and D(U) is the tensor field defined by

_ 1 /0U, oU;
DUkt =5 <8xl + zm) '

Our main result asserts the existence and uniqueness of strong solutions of (1.1)-
(1.7). Our method, based on a suitable change of variables, works only in the
case of a moving rigid disk. The existence of strong solutions in small time for a
rigid body having an arbitrary form has been proved in [7]. The existence of weak
solutions (in two or three dimensions) has been treated in Conca, San Martin and
Tucsnak [2], Desjardins and Esteban [3] and [4], Gunzburger, Lee and Seregin [9],
Hoffmann and Starovoitov [10] and [11], San Martin, Starovoitov and Tucsnak [15]
(with the domain of the fluid bounded) and in Serre [16], Judakov [12] (in the case
where the fluid-rigid body system fills the whole space). A local (in time) existence
result of strong solutions was proved in Grandmont and Maday [8] provided that
the fluid-rigid body system occupies a bounded domain and the inertia of the
rigid body is large enough with respect to the inertia of the fluid. The stationary
problem was studied in [16] and in Galdi [6]. A one-dimensional version of the

For all z = . We have also
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problem takled in this paper was studied in Vazquez and Zuazua [20] where the
asymptotic behavior of solutions has also been investigated.

The plan of the paper is as follows. In Section 2 we introduce some notation
and state the main result. In Section 3 we furnish preliminary results, whereas
in Section 4 we investigate the linearized problem. The main result is proved in
Section 5. In Section 6, existence and uniqueness of weak solutions are proved, by
passing to the limit in a sequence of strong solutions.

2. Statement of the main results

In order to transform equations (1.1)—(1.7) in a system written in a fixed domain,
we perform the change of variables

y=x—h(t), wulyt)=Uly+h(t),t),
p(ya t) = P(y + h(t)v t)v a(y, t) = _p<y’ t)Id + 2VD(U)(y7 t);

f(yat) = F(y + h(t)7t)'

Set B = B(0) and Q = R?\ B. After some calculations (see for instance [16]),
equations (1.1)—(1.7) yield the following system in the unknowns wu(y,t), p(y,t),
h(t) and w(t):
% —vAu+ (u-V)u— (h'(t)-V)u+Vp=f, inQx|[0,T], (2.1)
divu =0, inQ x[0,T], (2.2)
uly) = K'(t) +wt)y™, ye€dB, te(0,T], (2.3)
MI'(t) = — / ondl + M¢, e [0,T], (2.4)
OB
Juw'(t) = —/ yt - ondy + Jn, t €[0,T], (2.5)
aB
u(y70) = uo(y)v Y€ Qa (26)
h(0) = ho € R?, W/(0) = hy € R?, w(0) = wp € R. (2.7)

Denote by H 1(Q) the homogeneous Sobolev space
HY(Q) = {u € L},.(Q) | Vu € [LX (@)},

where u € L2 () means that u € L*(Q N By) for all open balls By C R? with
By N Q # 0. We identify two functions of H'(€) if they differ by a constant. The
main result of this paper is the following.
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Theorem 2.1. Let T > 0. Suppose f € L*(0,T;[L?*(Q)]?), ¢ € L?(0,T,R?),
n € L?(0,T;R), up € [HY(Q)]? and that,
divug =0, in €,
’U,O(y) =h eroyJ‘, y € 0B.
Then, there exists a unique strong solution (u, p, h, w) of (2.1)—(2.7) satisfying
we L*(0,T; [H*(Q))*) n C([0,T1; [HH(2)]*) n HY (0, T3 [L*(2)]),
pe L*(0,T;H'(Q)), he H*0,T;R?), we H'(0,T;R).
Remark 2.2. The function spaces in Theorem 2.1 are similar to those encountered

in the global existence result given by Farwig and Sohr in [5] for the Navier—Stokes
equations in a exterior domain.

Remark 2.3. In the more difficult case of several rigid bodies and a fluid filling a
bounded domain it was shown in [3] that, for initial data having the same regularity
as in the above theorem, there exists at least one solution having the regularity

ue L? (o,T; WOLP), for all p > 1.
Following [2], we define a weak solutions of (2.1)—(2.7) as follows:

Definition 2.4. A triplet (u, h, w) is called a weak solution of (2.1)—(2.7) if
e L2(0, T3 [H () N L (0, T3 [L*(Q)F),
h e Wh*(0,T;R?), we L>(0,T;R),

div(u) =0 in €,
u(y,t) = h'(t) +w(t)y*, VyeoB,
and if for all triplets (v, [, k) € [H*(2)]? x R? x R, such that

div(v) =0 in €,
v(y) =1+ kyt, VycoB,

we have

% (/Q u(t) -vdy + MK (t) - 1+ Jw(t)k> + QZ//QD(u(t)) : D(v)dy
+ / [(u(t) - V) u(t)] - vdy — / (0 () - V) u(t)] - vdy

:/Qf(t)-vdy+M§(t)-l+Jn(t)k, ae.in (0,7), (2.8)

and (2.6)—(2.7).
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Above, we used the standard notation M : N = Trace(M? N), for second order
tensors M, N, with M7 the transpose of M. Using Theorem 2.1, we can deduce
the existence and the uniqueness of weak solutions. More precisely we have

Proposition 2.5. Let T > 0. Assume f € L?(0,T;[L*(Q)]?), ¢ € L*(0,T;R?),
n € L*0,T;R) and ug € [L*(Q)]? with divug = 0 in Q. Then, the problem
(2.1)~(2.7) has a unique weak solution on [0,T)].

Remark 2.6. The existence of weak solutions for this problem was given, in
slightly different spaces, in [16].

For the sake of simplicity, we prove Theorem 2.1 and Proposition 2.5 in the
case when f=0,(=0and n=0.
3. Preliminaries
We first recall several inequalities which are close to classical results (see, for
instance, [18, pp. 11]). However, for the sake of completeness, we sketch here the
proof.
Lemma 3.1. 1. There exists a positive constant C such that
[ 1w 9)el - wdy <

Q

for all u, v, w € [H ()%
2. There exists a positive constant C such that

/Q [(w-V)u]-vdy| <
for all u € [H3(Q)]? and for all v € [L*(Q)]2.

1/2
Cllullif e 1l i e 1ol @y iz oy ol -

CHU‘”[LQ(Q NE HUH[H1 Q)]2||u||[H2(Q ||v||[L2(Q NED

Proof. We use the Holder’s inequalities under the following form: for all functions
feLP(Q), g€ LUQ), he L"(Q) with £ + 1 4+ 1 =1, we have that

| fabay] < fleollalaien 16 e (3.)
Thus, for all u, v, w € [H'(Q)]?,
Uj (9’Uj
w; —=w; dy| < ||u;l| g4 wil|l L), 3.2
o iy, l[will oo 2 . wjll e (3.2)
and for all u € [H%(Q)]?, v € [L2(Q)]?,
ou; ou;
w; —=v; dy| < ||u; J v, . 3.3
0 oy, A4y | ||L4(Q) e i) | y||L2(Q) (3.3)
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Moreover, using the continuous embedding of H'/?(Q) in L*(R2) and the interpo-
lation inequality in Lions—Magenes [13], we have that

1/2 1/2
Vze HY(Q), |zl < Cllzllmngy < Cllzlfag l2liq, (34
Relations (3.2) and (3.4) yield the first inequality stated in the lemma, whereas
relations (3.3) and (3.4) imply the second inequality in the statement of the lemma.

]

We next state the following direct consequence of Theorem 2.1 in [5]:

Theorem 3.2. For every f € [L*(Q)]?, ¢ € [H*(Q)]? with [, -ndl =0, there
exists a unique pair (u, p) € [H2(Q)]2 x HY(Q) solving

u—vAu+Vp=f, divu=0, ulgp=1vlss. (3.5)
Morover there exists a constant C depending only on Q such that

lull 2z + 1VPl L2 0,m502002) < C (1 2@z + 100 #rz)2) -

We also recall the following well-known result:

Proposition 3.3. Let H be a Hilbert space with inner product (-,-) and norm |-||.
Let A : D(A) — H be a self-adjoint and accretive operator. Moreover, suppose
that f € L*(0,T; H), ug € D(AY2). Then, the problem
w + Au=f, u(0) = ug (3.6)
has a unique solution
u e L(0,T; D(A)) N C([0,T]; D(AY?)) N H*(0,T; H). (3.7)

Moreover, there exists a positive constant K such that

lull20,7:0(A)) + Ul Lo 0,70 (a1/2)) + [l 10,700

(3.8)
<K (||U||D(A1/2) + 12 0,75m1) -

The constant K depends only on the operator A and on T. Moreover K is non-
decreasing with respect to T .

The proof of this proposition can be found, for instance, in Bensoussan et al.
[1, Lemma 3.3 and Theorem 3.1].
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4. Analysis of the linearized problem

In this section we consider the following initial and boundary value problem, ob-
tained by neglecting the nonlinear terms in (2.1)—(2.7).

% —vAu+Vp=f, inQxI[0,7T], (4.1)

divu =0, in Q x [0,T], (4.2)

uly) = W(t) +w(tly™, yedB, tel0,T], (4.3)

MB(t) = — / ondr, t e [0,7], (4.4)
OB

Juw'(t) = —/ y*-oydy, te€[0,T), (4.5)
OB

u(z,0) = ug(x), z€9Q, (4.6)

h(0) = ho € R%, K'(0) = hy € R?, w(0) = wp € R, (4.7)

where

a(y,t) = —p(y, t)Id + 2vD(u)(y, t).
We extend u to a function defined on the whole space by putting u = h'(t)+w(t)y*
in B. Consider the following function spaces:

H={¢c[L*R*)?|div(¢) =0 inR? D(@)=0 inB}, (4.8)
V={¢c[H'R?]?|div(p) =0 inR?* D(¢)=0 inB}. (4.9)

According to Lemma 1.1 in [19, pp. 18], for all ¢ € H, there exists V; € R? and
we € R such that

$y) = Vo +wpy", inB.
Define an inner product on [L?(R?)]? by

(4, &) 2oy = /Q (- ) dy + /B (- 6) dy

where p > 0 is the density of the rigid body. The corresponding norm is equivalent
to the usual norm in [L?(R?)]2. If ¢ and ¢ belong to H, then a simple calculation
shows that

(¥, ®) (L2 (r2)2 = /QW S @) dy + MV - Vi + Jwgwy (4.10)
In order to solve (4.1)—(4.7) we use a semi-group approach. Define

D(A) = {¢ € [H(R)]? | $)g € [H*(Q)]?, div(¢) =0 in R?,
D(¢)=0in B} (4.11)
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—vAu in €,
Au = 9 Vu € D(A),
v 2v 1 1 .
— D(u)n dI' + {—/ y— - D(u)n dF} y~ in B,
M Jop J Jon
(4.12)
and
Vu € D(A), Au=PAu, (4.13)

where P is the orthogonal projector from [L?(R?)]? onto H (H is clearly a closed
subspace of [L?(R?)]?) and where, in the expression of Au, D(u) represents the
trace of the restriction of D(u) to Q = R?\ B. The simple result below will be
used several times in the sequel.

Lemma 4.1. Suppose that u € V, where V is defined by (4.9). Then

Vu € D(A), HVUH[QL2(R2)]4 = 2HD(U)||[2L2(R2)]4~

Proof. Let u € D(R?)? be a C* function with compact support. Then, after some
simple calculations, we get

Vu : Vu—2D(u) : D(u) = div (Vu)"u — div(u)u) + (div(u))?.
It follows that
IVullfregeys = 20 D(u)fp2@eys + l1div (u)[|F2 ge)

and thus, by density, the above inequality holds for all u € [H!(R?)]2. Hence for
all w € D(A), we have that

IVelifos gays = 20D (w)l[fp2 rzyya- -

Proposition 4.2. The operator A defined by (4.11), (4.12) and (4.13) is self-
adjoint and positive. Moreover, for any u € D(A), we have that

l[ullzr2ay2 < CI + A)ullrzqy):- (4.14)
Proof. Let u, v € D(A). According to (4.10) and (4.12), we have

(Au, U)[LQ(RZ)]2 = (Au, U)[LQ(]RQ)P

= —V/ Au - vdy 4+ 20V, -
Q

D(u)ndl’ + 2v [/6 nt - D(u)n dF} W

OB B

On the other hand,

Au-v = 2div(D(u)) - v = 2div(D(u)v) — 2D(u) : D(v)
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thus, by (4.11), for all u, v € D(A), we have

(Au,v) L2 @)z = / 2vD(u) : D(v) dyfz// 2D(u)v-ndl+2vV,,- D(u)n dT’
Q oB OB

+2VLéBnL-D@QndT]wU::L2VDQQ:D@Ody:(uﬂMﬂw%WHz (4.15)

It follows that A is symmetric. Moreover, for all u € D(A), we have

(A, u) ooy = | 20DGw)dy > 0.
Q

Thus —A dissipative. In order to prove A is self-adjoint, it suffices to check that
I+ A:D(A) — H is onto (where I is the identity mapping). Let f € H. We have
to show that there exists u € D(A) such that

(I+Au=7, (4.16)
which is equivalent to
(us @) (r2r2))z + (AU, @) L2(r2))2 = (f, D) [r2(re)2s Vo € M.
By using (4.12) and (4.15), the above equality is equivalent to

(u, @)[r2(m2y2 + /Q 2vD(u) : D(¢)dy = (f, 9)[z2(r2)25 (4.17)

for any ¢ € V. The bilinear form a : V x ¥V — R defined by

a(u, 8) = (u, &) gareye + /Q 2wD(u) : D(¢)dy, Vu,é €V

is continuous on the Hilbert space V. Moreover, by using Lemma 4.1, a is elliptic
in the sense that there exists C' > 0 such that
a(u,u) = C||u||[2H1(R2)]2, YueV.
On the other hand, the mapping
¢ (f, ®)r2 w2y

is a linear and continuous form on V, thus by the Lax—Milgram theorem, there
exists a unique v € V which satisfies (4.17). In particular, (4.17) holds if

. 5 in Q,
¢_{Oina

where q~5 is a C'*° function with compact support such that div(g) = 0. By using
such ¢, and according to Proposition 1.1 and Proposition 1.2 from Temam [17],
there exists p € D’(2) such that

u(t) — vAu(t) + Vp(t) = f(t), in D'(Q).
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Since u € V, we have that div(u) = 0 in  and there exists | € R? and k € R with
u(y) =1+ kyt, VyeB.
The above relations imply that u satisfies the Stokes type system:
u—vAu+Vp=f in €,
divu =0 in €2,
u(y) =1+ ky- on dB.
Consider § € C*°(R? R) with support contained in
B(0,2) = {z e R? | |z < 2}

and equal to 1 in B. Then

Uly) =0y) (L +kyt) € [HA(Q), (4.18)
and
Y -ndl =0.
OB
Thus, by Theorem 3.2, u € [H?(2)]? and
lullizz @z < C (1 llizz@e + 19z @)2) - (4.19)

Thus by (4.11) and by (4.17), u € D(A) and (I + A)u = f.
If we take ¢ = u in (4.17), then we get that

lulltrz e < 1Tz e
which, in view of (4.10), implies that
MU + Tk < (| £z e
The above equality and relation (4.18) yield
1¥ll120)2 < Cllfllizzco)e-
By using relation (4.19), we obtain (4.14). O

A consequence of Proposition 4.2 is:
Corollary 4.3. Let f € L*(0,T;[L*(Q)]?) and uo € [H'(2)]? such that
divug = 0, in Q,
ug(y) = h1 +woy™, y € IB.
Then the system (4.1)—=(4.7) admits a unique solution (u, p, h, w) with
u € L0, T;[H*(Q))*) N C([0,T]; [H(Q)]*) n H (0, T; [L*(2)]),
pe L*(0,T; HY(Q), he H*0,T;R?), we HY(0,T;R).
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Moreover, there exists a positive constant K such that

[ull L2 (0,151 m2 (0))2) |l oo 0,752 (2)12) F 1wl 11 0,751 22(012) I VDI 20,751 22(2)12)
+ 10 e 0,mm2y + Wl o,mmy < K (luolljr ez + 1l 2o, rize(yz)) - (4.20)

The constant K depends only on Q) and on T and it is non-decreasing with respect
toT'.

Proof. We apply Proposition 3.3. We begin to observe that
D(AY?) ={p e [H'RH))? | div(¢) =0 inR? D(¢)=0 inB}=V.
Indeed, according to (4.15), the graph’s norm of D(A'/?) is
||UH2D(A1/2) = (u,w)[r2r2))2 + (Au, u)[r2(r2))2
= (u, u>[L2(R2)]2 + 21/(1)(’&)7 D(u))[Lz(Rz)]4.

Thus by Lemma 4.1, the norm of D(A'/2) is equivalent to the norm of [H'(R?)]2.
Moreover, if we extend ug, f to R? by

uo(y) = hy +woyt, Vy € B,
fly) =0, Vy e B,
then ug € D(AY?) and f € L? (0,T; [L2(R2)]2). According to Proposition 3.3,
the Cauchy problem
W + Au = Pf, (4.21)
u(0) = g (4.22)
admits a unique solution
u e L*(0,T; D(A)) N C([0,T]; D(AY?)) 0 H(0, T; H).
Since u € H(0,T;H), there exist V € H'(0,T;R?) and w € H'(0, T; R) such that
u(y,t) = V(t) + w(t)y* for all y € B and for all t € [0,7]. If we denote
h(t) = ho + /t V(s)ds,
0

then h € H?(0,T;R?) and u(y,t) = K (t) + w(t)y: for all y € B and for all
te€0,77.
Let ¢ € H. By taking the inner product of (4.21) with ¢, we obtain

(' (t), ®)r2r2y2 + (Au(t), d)r2m@ey2 = (f(t), ) r2®2))2
for almost all ¢ € [0,T]. Thus

/ u'(t) - pdy + MR (t) - Vy + Ju' (t)wy + / (—vAu) - ¢pdy
Q Q

+ 2w ( . D(u)ndr> Vi +2v (/EB nt. D(u)ndF) we = /Qf(t) : ¢iy;3)
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for all ¢ € H and for almost all ¢ € [0,T]. In particular, (4.23) holds if

_ | inQ,
¢= { 0 in B,
where 9 is a C*° function with compact support such that diviy = 0. For such ¢,
(4.23) gives

/Q (W (t) — viu(t) — £(£)) - dy =0,

for all C*° function ¢ with compact support such that diviy = 0. By using Propo-
sition 1.1 and Proposition 1.2 from Temam [17], there exists p € L2(0,T; H'(Q2))
such that

u'(t) — vAu(t) + Vp(t) = f(t), in Q.

Hence we have showed that u satisfies (4.1). Moreover, the above relation implies
that

/Q (W (t) — viu(t) + Vp(t) — f(1)) - 6 =0, YoeH,

which yields
/ (W (t) — viu(t) — f(£)) - pdy = / p()n - 6dT, Vo € H.
Q

aB
The above equality and (4.23) imply that

MR (t) - Vi + Ju'(t)wy + 2v ( D(u)ndF> Vg

oB
+2v (/ nt . D(u)ndF) we = —/ p(t)n-¢dl', V¢ e H,
oB oB
from which we deduce that

MK'(t) = —/ ondl,
OB

Juw'(t) = —/ yt - oydy.
OB

Hence (u, p, h, w) is a solution of the system (4.1)—(4.7).

In order to prove uniqueness, it suffices to remark that solutions of the system
(4.1)—(4.7) satisfy the system (4.21)—(4.22) whose solutions are unique by Propo-
sition 3.3.

Relation (4.20) is a direct consequence of (3.8). O

5. Proof of the main result

The aim of this section is to prove Theorem 2.1. We first give the following local
in time existence result.
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Proposition 5.1. For every ug € [H(Q)]? such that
div Ug = 0, in Qa
uo(y) = hy +woy™, y € OB,

there exists To > 0 such that equations (2.1)—(2.7) admit a strong solution
(u, p, h, w) for any T < Ty. Moreover, we can choose Ty such that one of the
following alternatives holds true:

(1) T() = 400
(ii) the function t — [Ju(t)||[g1(r2)2 is not bounded on [0, Tp).

In order to prove the above proposition, we need the following result.

Lemma 5.2. For all
v,w € L2(0,T; [H2(Q)]*) N L=(0, T; [H (Q)]*) N H(0,T; [L*(Q)]?),
we have (w - V)v € L%%(0,T; [L*(Q)]?) and
[ (w - V)U||L5/2(0,T;[L2(Q)]2)
1/5 4/5 (5.1)
< ClleLw(OvT?[HI(Q)P)||v||L°°(0,T;[H1(Q)]2)||U||L2(O,T;[H2(Q)]2)’

where C' is a positive constant depending only on €.

Proof. By a classical Sobolev embedding theorem, we have that
HY(Q) C LYQ), Vq=2,

thus, for almost every t,

Ov;

S (1) € L),

and there exists a constant C' > 0 such that

8’1)]‘
i (t)

)

w; (t) S L° (Q), 8yi

(t) € L*(9),

< C||Ui(t)”H1(sz)7
L2(Q)

sl sy < Cllws(8) Lo, \

(t)

< Cllvi() | a2 (-

L4(Q)

0y;

Thus, by the Holder’s inequality,

[t [2200) av= [ oo [230]” [220]

0v; 2/5 0v; 8/5
O O
5] |, 5]

< wi®)* Nl

L5(Q) L5/2(Q)
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2/5 8/5

= l[wi()l|75 () (t)

0v;
‘ y; (t)

5'1)]
yi

L)

<c (||wi<t>||zl(mnvz< I3 (mnvz( 5fee))

We have thus proved that there exists a constant C' > 0 such that

(@) - DY) lpz@p < C (el @p IO o 1o Ol o )
a.e. in (0,7).
We deduce that

5/2
([P T[S

r 5/2
= [ w9l e

T
<c / (I3 e IO e 0O B e

5/2
< Clwl}2 0.z @y 1P1E2 0 g ey 1012 0 iz gy

and the proof of the lemma is achieved. O

Proof of Proposition 5.1. Denote by Z the mapping
Z L0, T3 [L2(Q))) — L*(0, T3 [L*(Q))?)
= —(u-Vut (W (t) V)u
where (u, p, h, w) is the solution of (4.1)—(4.7). Denote
B(0,R) = {u € L*(0,T; [L*(0)]*) | [Jull 20,7312 (0)j2) < R}

The proof of the local in time existence will be divided into 3 steps.

The first step is to show that for T" small enough and for R > 0 large enough,
Z maps B(0, R) into itself. In the sequel, we denote by Cj a constant depend-
ing only on €, |h1], |hol, |wol, |[uo|l{s1 (@)2 Which is non-decreasing with respect to
luo || {r1 (r2y)2 and to |hg|. Moreover, in the rest of this paper, we denote by C a
constant depending only on Q and on T,. Let f € B(0,R), T, > 0 and T < Ty,.
By using Corollary 4.3, we have that

wll 20,7512 ())2) + 1l oo (0,750 (2)12) + 1wl 51 0,7:122()12) + 1Bl B2 0, 73R2)
C(R + lJuollia )2 + |hal + ol + |wol) < C(Co+ R). (5.2)

By using Lemma 5.2, we have that (u - V)u € L5/2(0,T;[L?(22)]?) and that

[ (u- v)UHL5/2(OT[L2(Q) CHUHLoo(()T (H(Q) ]2)Hu”L2 (0,T;[H2(Q)]2) C(OO+R)2'
(5.3)
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On the other hand,
IR/ () - V) u) L2y < CINOIIVu)p2@ps, Yt € (0,T)
thus (W' (t) - V)u € L*(0,T;[L*(Q)]?). By using the continuous imbedding of
HY(0,T;R?) in L*°(0,T;R?), we get that
1B (&) - V) ull oo 0,75122(0)12) < CIMlzoe 0,7m2) ull Lo 0,311 (212)
< Ol z2(0,7:r2) [l Lo (0,751 (2))2)-
By (5.2) and the definition of Cj, it follows that
1A' () - V) ull o2 0.1z g2y < C IR () - V) ull oo 0 202y < C(Co + R)?.
Thus, we have shown that
IZ(H)l 520,722 (052) < C(Co + R)?.
Hence, by Hélder’s inequality, Z maps L?(0,T; [L?(2)]?) into itself and
1220122 (0)2) < TY10C(Cy + R)%.
Therefore for R > Cy and T < (335) 0z maps B(0, R) into B(0, R).
The second step is to prove that Z|p(,r) is a contraction for 7" small enough.

Let f!, f2 € B(0,R). Denote by (u!,p', ht, w') and (u?, p?, h?, w?) the corre-
sponding solutions. We put f = f' — f2, u = u! — u? and h = h' — h?. Then

Z(fH = 2(f%) = —(u-Vyu' = (- Vju+ (b - V)u' + ((h*) - V)u  (5.4)
and the difference u = u; — uy satisfies
v + Au = Pf,
u(0) = 0.
According to Corollary 4.3, we have that
HUHL?(O,T;[H?(Q)P) + HUHL‘X’(O,T;[Hl(Q)] + ”uHHl 0,T;[L2(2)]?)
+ 1Bl z20,7:r2) < Cllfll 220,13 (22 (2))2)-

The above relation combined to Lemma 5.2, and to relations (5.4), (5.2) implies
that

(Co + R)|| fll 20,7522 (2)2)
R\ fllz20.1;[L2())2)-

IZ(fY) = Z(F) 520202 < C
<

By Holder’s inequality, we obtain that

IZ(F1) = ZU) I r20.m52200)2) < TYOCR||fll200,1:22(9))2)-

Thus for R > Cy and T < (4CR) O, the function Z is a contraction from B(0, R)
into B(0, R). Hence, by using the Banach fixed point theorem we obtain the local

existence of a solution of (2.1)—(2.7)on [0,T] for T < (013)10_
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The third step consists in showing that one of the alternatives (¢) or (i¢) holds.
The result follows in a standard manner from the fact that the local existence
time T3 obtained at the previous steps is uniform with respect to ug provided that
||u0||[H1(]R2)}2 < M. O

Proof of Theorem 2.1. With the notations of Section 4, (2.1)-(2.7) can be written
as

u' + Au =Pf on [0,T], (5.5)

u(0) = wo, (5.6)

with

= V)u+ (R (t)-V)u in Q,
f_{() in B.

We first show that the solutions of (2.1)—(2.7) are global in time. By Proposition
5.1, it suffices to show that there exists M > 0 such that for almost every ¢ € [0, Tp),
lw(t) [ (m2y)2 < M. Let u be a solution of (5.5)~(5.6) on [0,T]. By taking the
inner product of (5.5) by u(t) € [L?(R?)]?, we obtain that

1d

) P e + (u(0), Au(t) = (F(0),u(), aein (O.T). (5.7
Since
vo el @PF. [ [y udy =5 [P mar
and
Vye€dB, wu(t)-y="n(t)-y,
we get that

(f(t),u(t)) = / [—(u(t) - V)u(t) + (B (t) - V)u(t)] - u(t)dy = 0, a.e.in (0,T).

Q

Therefore by integrating (5.7) with respect to ¢, we obtain that

t
||u(t)||[2L2(R2)]2 + 2/0 (u(s), Au(s)) ds < ||u0||[2L2(R2)]27 a.e.in (0,7),  (5.8)

which can also be written as

t
lu(®)][Fe2 2 + MIB O + Tlw(t)]* + 2/0 (u(s), Au(s)) ds
< HUOH[QLQ(Q)]Q +M|h1|2—|—J|w0| 2007 a.e. in (O,T) (59)

(Here, as in the proof of Proposition 5.1, we denote by Cp a positive quantity
depending only on €2, |h1], |hol, |wo| and [|ugl|(zr1(0))2, which is non-decreasing with
respect to ||uol|[z1 (r2)2 and to |hol.)
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The above relation and Corollary 4.1 imply that

t t 1
1 Bz as < [ (I B + 5 Au)(s)) ds
< CCy(T+1) < Cy, ae. in (0,T). (5.10)

On the other hand, by taking the inner product of (5.5) by Au(t) € [L?(R?)]?, we
obtain that

(W' (1), Au(t)) + (Au(t), Au(t)) = (Pf(t), Au(t)), a.e.in (0,T).

The above relation and Lemma 3.1 yield

52 ult), Au(t)) + | Au(t) ey = /Qf () Ault)dy

= [ ) - 9y u(e)] - (Au)dy = [ [#(0)- 9 (o] (Au) dy
< Cllu) i3 gy 1)z 2 O 02
L) - ) ult) 2oz @) |2y, ace. in (0,T). (5.11)
By Proposition 4.2,
cllullzz@yz < (1 + A)ullr2ge)z,

which clearly gives

cllullfz e < I[Aullfzreye + ullfrage)e +2(u, Au). (5.12)
Relations (5.11), (5.12) and the inequality
a? b 1 1
ab< —+—, Va,b>0, and Vp,g>1 suchthat —4+-=1 (5.13)
p q P q
imply that

1d
5@(“@)7 Au(t)) + ellu(®)l|Fe oy

< Ollu)lIEz2 0z 1w @y + §||u(t)H[2H2(Q)]2 (R (t) - V) ult)l|Fr2 02
+ guu(t)H[QH?(Q)P + [[u(®)IFp2 oy + 2(u(t), Au(t), ae. in (0,T). (5.14)
By (5.9), we have that
(7' (#) - V) u®) 20z < CCollul®lIfayzs 1u®)Ifrz@yz < Co
thus, (5.14) implies that

d
77 (®), Au(t)) + cllu®)[Ifz (e < CCollu®) {0y

+ COo||u(t)||[2H1(Q)]2 + Co + C||U(t)||[2H1(Q)]2, a.e. in (O, T)
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By Corollary 4.1, we have that

d
EHU(t)H[ZHl(Q)]? + ellu®)l[Frr2 0y < CCollut) |l (a2

+ CCollu(®)|IEer (yy2 + Co + I1u(®) [P yyzs  a-e. in (0, 7).

If we integrate the above relation with respect to ¢, we get that

t
o) e+ (5 oy s < CoT

t
+A |:CC()||’U,(S)H[2H1(Q)]2 + CCO + ].:| ||’U,(S)H[2H1(Q)]2 dS, a.e. in (O,T)

which, combined to the Gronwall’s lemma and to (5.10), gives that
[u(t) 1Py < CoT exp (CCH(T +1) + (CCo + 1)T),  ae. in (0,T). (5.15)
Hence we proved the global in time existence of strong solutions of (2.1)—(2.7).

In order to prove uniqueness, we consider u' and u? two strong solutions of
(2.1)-(2.7). Then, the difference u = u! — u? satisfies

v + Au = Pg on [0,Tp], (5.16)
u(0) = 0, (5.17)
with
—(u-V)ul — (w2 -V)u+ (b -V)ul +((h?) - V)u in Q,
9= {0 in B
(we have denoted h = h' — h?). By taking the inner product of (5.16) by u(t), we

get
%HU(t)H?Lz(Rz)p + (u(t), Au(t)) = (9(t), u(t))- (5.18)

(900t = [ [(w)- 9y 0] -urdy+ [ [000)- V)l )] -ule) .
By using Lemma 3.1, we obtain that
(g(t),u(t)) < ||U(t)||[L2(Q)]2Hu(t)”[Hl(Q)]Z”ul(t)H[Hl(Q)]?
+ [u(t) IFp2 ez [1u® ()l 2

The above relation combined to Corollary 4.1 and to (5.18) yields
) Byaays + 6 o

SV u) Itz reyz + cllu [ Foo o, gy 10 () 172 (r2y)2
+ %HU(UH[QHl(Q)]? + I meyge |6 | oo 0. 7spm )12) -

By integrating with respect to time and by using Gronwall’s Lemma, we get that

u! = u?. This ends up the proof of Theorem 2.1. O
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6. Existence and uniqueness of weak solutions

In the present section, we give a proof of Proposition 2.5. After the appropriate
choice of the functions spaces, this proof is similar to the proof of the similar result
for the Navier—Stokes system (see Prodi-Lions [14]).

Proof of Proposition 2.5. The existence part. Consider T > 0 and ug € [L%(Q)]?
such that divug = 0 in Q. Consider also hg, h1 € R? and wy € R. We extend ug
to a function defined on R? by

uo(y) = hy +w0yJ‘, Yy € B.

Then ug € H and there exists a sequence (uf})nen such that for all n € N, uf} €
D(AY?) and such that
ul —ug in  L*(R?)

(with A defined by (4.11)—(4.13) and H by (4.8)).
By Theorem 2.1, for all n € N there exists a unique function

u™ € L*(0,T; D(A)) N C([0,T); D(AY?))n H'(0,T; H)
such that
(™) + Au" =Pf", u"(0) = ug, (6.1)

with
o (u™ - V)u™ — ((A™) - V)u™ in £,
10 on B,

and where P is the orthogonal projector from [L?(R?)]? onto H.

The rest of the proof will be given in several steps.

The first step is to show that there exists u € L>(0,T;H) N L?(0,T; D(A'/?))
such that

u" —u in L®(0,T;H) N L3*0,T; D(AY?))  strongly.
By taking the inner product of (6.1) with ¢ € H, we obtain
(™)', 8) + (Au", ¢) = (f", ). (6.3)
If we replace ¢ by u™(t), we get as in the previous section
Hun||%oo(o,T;[L2(R2)]2) + ”unH%2(O,T;[H1(Q)]2) <M,

with M > 0 a constant that does not depend on n.
By (6.3), the difference u™ — u™ satisfies

(" —u™), ¢) + (Au" —u™),¢) = (f" = f", ),
and by replacing ¢ by (u™ —u™)(t) € H we obtain that
1d

sl — " ey + (A" —u™)u" — ™) = (f" = f7 0" — ™). (6.4)
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By (6.2), we have that
P = ) (V) (Y V)t (B )
=((u"=u™) - V)u" + W™ V)@W" —u™)
—((A" = ™) - V)u" = ((B™) - V) (0" —u™).

The above relation implies that

(F" = = ) /Q<u — ™)) (" — ™) dy
+ [ 9y @ =) =)y
/Q ) V)] - (" — u™)dy
+/Q V) (U — ™)) - (" — u™)dy.

On the other hand, for all w € [H'(Q)]2, we have that

n m n m _l u"—um2w-n
Loy =y =y = 5 =Ry dr

and
(h™)(y) -n=u"(y)-n, Vy€cIB,

which imply that
(" = 5 = ) = [ (@07 =) 9) ) (@ = )y
- /Q [(R™ = h™) - V) u"] - (u™ — u™)dy.

By using Lemma 3.1, we deduce that
|(fn - fm7 Un — ’LLm)|

< CHu” — umH[Lz(Q)]z||u"||[H1(Q)]2||u” — umH[Hl(Q)]z
(A" = ) e lu™ = ™ ([ )2

< Cllu™ — ™| 2z llu” ||[H1(Q)]2 +5 ||U —u ||[H1(Q)]2
+ Cllu™ [l 2 [u™ — u™ | -
By using (6.4),

1d
2 dt

n m v n m
[u” —u ||[2L2(R2)]2+§||U —u ||[2H1(R2)]2

<yfu” - um||[2L2(R2)]2 + C||UnH[2H1(R2)]2||Un - um||[2L2(]R2)]2

+ CHun||[H1(R2)]2||Un — umH[ZLz(Rz)]z.
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If we integrate the above relation with respect to ¢, we get that

t
™ = ™) () B g + / 1™ = w™)(3)| s e s

t
< g — g Frz gy +/0 ()l (u™ = u™)(5)I[F2 oy ds - (6.5)

with
0(s) = 2v + Cllu™ ()71 meyz + Cllu™ ()l 22

By using the Gronwall’s Lemma, we obtain
t
A T (AU CL BT

By using the fact that (||ug||[jz1(r2))2)nen is a bounded sequence, and relation
(5.9), it follows that there exists a constant M; > 0 such that

/t 0(s)ds < 20T + CM + CMTY? = M. (6.7)
The above relation aild (6.6) imply that
(™ = u™)(O)Fp2raye < llug — ug [Tz may2e™ (6.8)
whereas relations (6.5), (6.7) and (6.8) yield
[u" = w™||Z2 0,1y m gy < 2Mug — U IFrz@eye (14 Mie™). (6.9)

Gathering relations (6.8) and (6.9) we obtain that (u,) is a Cauchy sequence in
L*(0,T;H) N L2(0,T; D(AY?))
which is a Banach space. Thus there exists a function
u e L=(0,T;H) N L0, T; D(AY?))
such that
Up —u in L®(0,T;H) N L*0,T; D(AY?))  strongly. (6.10)

The second step is to show that the function u defined in the first step is a weak
solution of (2.1)—(2.7). If w, is the function defined by (6.1) then for all ¢ € V,

we have

(0,0 + 2D (). D) + [ (1) T (0] oy

Q
— /Q [((W™)(t) - V)u"(t)] - ¢dy =0, a.e. in (0,T). (6.11)
By (6.10), it follows that
S),9) — S (u(0), ) i DO,T), (612)
2(D(" (1)), D(6)) — W(D(u(r)), D)) in LX0.7).  (61)

o~
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On the other hand,

r

/Q[(u"V)u"]-¢>dy—/g[(u-V)u]-¢dy‘ dt
-

T
/

Therefore, by using Lemma 3.1, we deduce that

/

[t =0yt ody - [ w9 -l qbdy’ at

N

/Q[((U" U)‘V)U”]~¢dy’ dt+/0T

[ w9 - w) ~¢dy‘ .

/Q[(U”~V)U”]-¢dy/Q[(wV)u].gbdy‘ dt

T
< [ 10— ullmp el e 16l o
+ [l = wll i @ 1wl @2 191l @2 At
The above relation and the Cauchy—Schwarz inequality yield

r

dt

/[(u”-vwwdy—/ (u-V)u] - $dy
Q Q

< C (19l 2 lu™ = ull L2 o, )2y 1w | L2 0,751 (2))2)

ol 2 ™ = ull 2o 2m (2 1wl 2 0,111 (2)72)) -

In turn, this relation and (6.10) imply that
/Q[(u" V) u"] - pdy — /Q [(u-V)u]-¢dy in L*0,T;R). (6.14)
Similarly, we obtain that
Ly wyat-oay— [ (0 V)ul-edy i DOTR. (619)
Relations (6.12), (6.13), (6.14) and (6.15) imply that u satisfies

L), ¢) + 20 / D(u(t)) : D(6)dy + / (u(t) - V) u(t)] - ddy
Q Q

it
—/Q[(h’(t) V) ult)]-édy =0, VéeV. (6.16)

This ends up the proof of the existence of a weak solution.

The uniqueness part. Let u' and u? be two weak solutions of the system
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(2.1)~(2.7). Then u' and u? satisfy
d
2 D(u ¢)d
Al ) +2v / (¢)dy
+ /Q [ () - 9] -6+ [0 () D) (1) - oy = 0

1

and the difference v = u' — u? satisfies

o)+2v / D) : D)+ [ [(u(t)- Ty (0] -0+[(w*(0)- T)u(t)] -0
W) V>u1<t)]~¢7[<<h2>'(t>-V>u(t>]-¢>dy:0. (617)

Since

/Q [(u?(t) - V)u(t)] - u(t) = [((R*)'(t) - V)u(t)] - u(t)dy =0, a.e.in (0,7),
if we take ¢ = u(t) in relation (6.17), we get that

O s +20 [ 1D s ds

+/ [(u(®) - V)u'(t)] - u(t) = [(W(t) - V)u' ()] - u(t)dy = 0.
Q

By integrating with respect to time the above inequality and by using Lemma 3.1
we obtain that

1 t
§||u(t)||[2L2(]R2)]2 +2VA 1D (u(s)) 72 (gzy2 ds
t
</0 () L2z () i @z llet ()| o) ds

t
4 / 11 (8)]  llu(s)llzeqanye et (5) s e s

Hence, by using Lemma 4.1, we get that
1 t t
§Hu(t)||[2L2(R2)]2 + V/O ||Vu<5>||[2L2(R2)]4 ds + V/O ||U(S)H[2L2(R2)]2 ds
t t
v [ ) e s+ v [ s s s

t t
e / a(5)1122 gy 162 () P e ds + € / () 12 g 1 () g e s,

The relation (5.9) and the above inequality imply that

1 t
LI [TRESIERS (V+C)/0 () [fr2 g2 ds.
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By using Gronwall’s Lemma, we conclude that w = 0. This completes the proof of
Theorem 2.5.
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