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Abstract. In this paper, we study a fluid–rigid-body interaction prob-
lem. The motion of the fluid is modeled by the Navier-Stokes equations,
written in an unknown bounded domain depending on the displacement
of the rigid body. Our main result yields existence and uniqueness of
strong solutions. In the two-dimensional case, the solutions are global
provided that the rigid body does not touch the boundary. In the three-
dimensional case, we obtain local-in-time existence and global existence
for small data. Moreover, we prove an asymptotic stability result.

1. Introduction

Let O be a bounded domain in Rn, n = 2, 3, with a regular boundary ∂O
(of class C2). We consider a solid occupying the domain B(t) ⊂ O and sur-
rounded by a viscous homogeneous fluid within the domain Ω(t) = O\B(t).

We shall assume that the motion of the fluid is described by the classical
Navier-Stokes equations, whereas the motion of the rigid body is governed
by the balance equations for linear and angular momentum (Newton’s laws).
Hence, in the case of two space dimensions, we can write the full system of
equations modeling the motion of the fluid and the rigid body as

∂u

∂t
− ν∆u+ (u · ∇)u+∇p = f, x ∈ Ω(t), t ∈ [0, T ], (1.1)

div u = 0, x ∈ Ω(t), t ∈ [0, T ], (1.2)

u = 0, x ∈ ∂O, t ∈ [0, T ], (1.3)

u = h′(t) + ω(t)(x− h(t))⊥, x ∈ ∂B(t), t ∈ [0, T ], (1.4)
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Mh′′(t) = −
∫

∂B(t)
σndΓ + ρ

∫

B(t)
f(t)dx, t ∈ [0, T ], (1.5)

Jω′(t) = −
∫

∂B(t)
(x−h(t))⊥ ·σndΓ+ρ

∫

B(t)
(x−h(t))⊥ ·f(x, t)dx, t ∈ [0, T ],

(1.6)

u(x, 0) = u0(x), x ∈ Ω(0), (1.7)

h(0) = h0 ∈ R2, h′(0) = h1 ∈ R2, ω(0) = ω0 ∈ R. (1.8)

In the above system the unknows are u(x, t) (the Eulerian velocity field of
the fluid), p(x, t) (the pressure of the fluid), h(t) (the position of the mass
center of the rigid body) and ω(t) (the angular velocity of the rigid body).
The domain B(t) is defined by B(t) = {R−θ(t)y + h(t), y ∈ B(0)}, where

θ(t) =

∫ t

0
ω(s)ds (1.9)

and Rθ is the rotation matrix corresponding to the angle θ.
The constants M and J are the mass and the moment of inertia of the

rigid body. Moreover, f(x, t) is the force acting on the fluid.
For all x =

(
x1

x2

)
, we denote by x⊥ the vector x⊥ =

(
x1

−x2

)
. We have also

denoted by w′ and w′′ the derivatives of a function w depending only on the
time t. If x, y ∈ R2, then x · y defines the inner product of x and y and |x|
stands for the corresponding norm. Moreover, we have denoted by ∂B(t)
the boundary of the rigid body at instant t and by n(x, t) the unit normal
to ∂B(t) at the point x directed to the interior of the rigid body.

The positive constant ν is the viscosity of the fluid.
The stress tensor (also called the Cauchy stress) is defined by

σ(x, t) = −p(x, t)Id + 2νD(u), (1.10)

where Id is the identity matrix and D(u) is the tensor field defined by

D(u)k,l =
1

2

(∂uk
∂xl

+
∂ul
∂xk

)
.

In the major part of the paper, we consider the two-dimensional problem
given by the above system. Some of the result and methods will be extended
to the three-dimensional case. In recent years, several papers concerning the
existence of weak solutions (in two or three dimensions) have been published
in the literature. We mention here Desjardins and Esteban [4] and [5]; Conca,
San Martin, and Tucsnak [3]; Gunzburger, Lee, and Seregin [13]; Hoffmann
and Starovoitov [16] and [17]; San Martin, Starovoitov, and Tucsnak [21]
(with the domain of the fluid bounded); and Serre [22], Judakov [19], and
Silvestre [23] (in the case where the fluid–rigid-body system fills the whole
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space). The stationary problem was studied in [22] and in Galdi [10]. More
recently, the question of existence of global weak solutions in three space
dimensions has been investigated in Feireisl [7], [8].

Most of the above references are based upon a weak formulation similar
to the one introduced for nonhomogeneous fluids in [20]. We notice that
uniqueness of weak solutions is an open question, even in the two-dimensional
case.

On the other hand, as far as we know, only a few results on strong solutions
are available in the literature. A local (in time) existence result of strong
solutions was proved in Grandmont and Maday [12] provided that the fluid–
rigid-body system occupies a bounded domain and the inertia of the rigid
body is large enough with respect to the inertia of the fluid. In the case of
the fluid–rigid-body system filling the whole space, existence and uniqueness
of strong solutions have been proved in Takahashi and Tucsnak [25] for an
infinite cylinder and in two space dimensions; a similar result has been proved
in Silvestre and Galdi [11] for a rigid body having an arbitrary form.

A one-dimensional version of the problem tackled in this paper was studied
in Vázquez and Zuazua [27] where the asymptotic behavior of solutions has
also been investigated.

The aim of this paper is to prove existence and uniqueness of strong
solutions in the case of a bounded domain without the hypothesis of [12]
about the inertia of the rigid body.

We use the same method as in [25] but the change of variables is more
complicated in our case and we need more estimates to prove local existence.

The plan of this paper is as follows: in Section 2 we introduce some
notation and we state the main result. In Section 3, we give the main
steps of the proof of the main result, whereas Section 4 is devoted to the
change of variables we use to solve our problem. In Section 5, we study a
linear problem in a fixed domain associated to our problem. The local-in-
time result is proved in Section 6, and the main result is proved in Section
7. Section 8 is devoted to a result of asymptotic stability which gives, in
particular, conditions that are sufficient to prevent collisions. We give some
extensions in the case of three space dimensions in the last section.

2. Notation and main result

In the sequel, we denote Ω = Ω(0) and B = B(0). We first define the
function spaces L2(0, T ;H2(Ω(t))), H1(0, T ;L2(Ω(t))), C([0, T ];H1(Ω(t))),
and L2(0, T ;H1(Ω(t))), which will be extensively used in the sequel. Suppose
that there exists a C∞ diffeomorphism ψ from Ω on Ω(t) such that the
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derivatives
∂i+α1+α2ψ

∂ti∂yα1
1 ∂yα2

2

, i 6 1, α1 > 0, α2 > 0

exist and are continuous. For all functions u(·, t) : Ω(t) → R2, we denote
U(y, t) = u(ψ(y, t), t). Then the functions spaces introduced above are de-
fined by

L2(0, T ;H2(Ω(t))) = {u : U ∈ L2(0, T ;H2(Ω))},
H1(0, T ;L2(Ω(t))) = {u : U ∈ H1(0, T ;L2(Ω))},
C([0, T ];H1(Ω(t))) = {u : U ∈ C([0, T ];H1(Ω))},
L2(0, T ;H1(Ω(t))) = {u : U ∈ L2(0, T ;H1(Ω))}.

As usual, we denote by Hm(Ω) the Sobolev space formed by the functions
in L2(Ω) which have distributional derivatives, up to the order m, in L2(Ω).
Denote

Hi(t) = [H i(Ω(t))]2, Hi = Hi(0), Hi(O) = [H i(O)]2,

Li(t) = [Li(Ω(t))]2, Li = Li(0), Li(O) = [Li(O)]2,

and

U(0, T ; Ω(t)) = L2(0, T ;H2(t)) ∩H1(0, T ;L2(t)) ∩ C([0, T ];H1(t)). (2.1)

We define the concept of strong solutions of (1.1)–(1.8) as follows:

Definition 2.1. Suppose that T > 0. A quadruplet (u, p, h, ω) is called a
strong solution of (1.1)–(1.8) if

(u, p, h, ω) ∈ U(0, T ; Ω(t))×L2(0, T ;H1(Ω(t)))×H2(0, T,R2)×H1(0, T,R),

and if the distance from B(t) to ∂O is positive and (1.1)–(1.8) are satisfied
almost everywhere in (0, T ) and in Ω(t) or in the trace sense.

The main result of the paper is

Theorem 2.2. Suppose that f ∈ L2
loc(0,∞; [W 1,∞(O)]2), u0 ∈ H1 and that





divu0 = 0 in Ω,
u0(x) = 0 on ∂O,
u0(x) = h1 + ω0 (x− h0)⊥ on ∂B,
dist(B, ∂O) > 0.

Then there exists a maximal T0 > 0 such that equations (1.1)–(1.8) admit a
unique strong solution

(u, p, h, ω) ∈ U(0, T ; Ω(t))×L2(0, T ;H1(Ω(t)))×H2(0, T,R2)×H1(0, T,R),

for all T ∈ (0, T0). Moreover, one of the following alternatives holds true:

(1) T0 =∞; i.e., the solution is global.
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(2) limt→T0 dist(B(t), ∂O) = 0.

Remark 2.3. The existence of solutions of (1.1)–(1.8) with initial data
satisfying the assumptions in Theorem 2.2 has been investigated in [4] in
two or three space dimensions. The novelty brought in by our result consists
in H2 regularity with respect to the space variable and in the uniqueness of
the solution.

3. Main steps of the proof of Theorem 2.2

For the sake of simplicity, we prove Theorem 2.2 in the case of f = 0. We
can obviously suppose that h0 = 0.

The first step in the proof of Theorem 2.2 is to reduce the system (1.1)–
(1.8) to a problem in the cylindrical domain Ω × (0, T ). For this, we use a
change of variables, which depends on h and on ω and which is inspired by
Inoue and Wakimoto [18] (this change of variables is described in the next
section). We then get equations of the form

∂U

∂t
− ν[LU ] + [MU ] + [NU ] + [GP ] = 0, in Ω× [0, T ],

divU = 0, in Ω× [0, T ],

U(y, t) = 0, on ∂O × [0, T ],

U(y, t) = Rθh
′ + ωy⊥, on ∂B × [0, T ],

Mh′′(t) = −
∫

∂B
ΣndΓ, t ∈ [0, T ],

Jω′(t) = −
∫

∂B
y⊥ · Σndy t ∈ [0, T ],

U(y, 0) = U0, in Ω,

h(0) = 0, h′(0) = h1, ω(0) = ω0,

where Σ = −P Id +2νD(U). The unknows of this system are U(y, t), P (y, t),
h(t), and ω(t). [LU ] is the transform of ∆u and [MU ] is a linear term
containing U and ∇U , whereas [NU ] is a nonlinear term corresponding to
(u ·∇)u in equation (1.1). All the coefficients are regular with respect to the
time t so [LU ] is close to ∆U and [GP ] is close to ∇P for small t. Hence we
can solve the previous system by searching for the solution as a fixed point
of the mapping

N : (W, Q, h, ω) 7→ (U, P, h̃, ω̃),

where (U, P, h̃, ω̃) satisfies

∂U

∂t
− ν∆U +∇P = F, in Ω× [0, T ],
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divU = 0, in Ω× [0, T ],

U(y) = 0, y ∈ ∂O, t ∈ [0, T ],

U(y) = H̃ ′(t) + ω̃(t)y⊥, y ∈ ∂B, t ∈ [0, T ],

MH̃ ′′(t) = −
∫

∂B
ΣndΓ + FM , t ∈ [0, T ],

Jω̃′(t) = −
∫

∂B
y⊥ · Σndy, t ∈ [0, T ],

U(x, 0) = u0(x), x ∈ Ω,

H̃(0) = 0, H̃ ′(0) = h1, ω̃(0) = ω0,

and where

F = ν[(L−∆)W ]− [MW ] + [(∇−G)Q] + [NW ],

FM = Mω(t)Rθh
′(t), h̃(t) =

∫ t

0
R−θH̃

′(s)ds.

For T0 small enough, we show that there exists a closed ball K (in an ap-
propriate Banach space) such that N maps K into K and such that the
restriction of N to this ball is a contraction. This will prove the local (in
time) existence and uniqueness of the strong solution. The last step is to
extend our solution on [0, T ] for T such that the distance between B(t) and
∂O is positive for all t ∈ [0, T ].

4. The transformed equations

In this section, we consider a fixed pair (h, ω) ∈ H2(0, T ;R2)×H1(0, T ;R).
Moreover, in the sequel of this work, we fix ε such that 0 < ε < dist(B, ∂O).

4.1. The change of variables. We remark that, by a classical Sobolev
embedding theorem, we have that h ∈ C1([0, T ];R2) and ω ∈ C([0, T ];R).
Define VR : R2 × [0, T ]→ R2 by

VR(x, t) = h′(t) + ω(t)(x− h(t))⊥, ∀t ∈ [0, T ], ∀x ∈ R2. (4.1)

We clearly have that for all t ∈ [0, T ], the function VR(·, t) is of class
C∞(R2,R2) and that for all x ∈ R2, the function VR(x, ·) is in H1(0, T ;R2).
We denote by

{
VR1(x2, t) = h′1(t) + ω(t)(x2 − h2(t))
VR2(x1, t) = h′2(t)− ω(t)(x1 − h1(t))

the components of VR, and for all µ > 0, we denote

Oµ = {x ∈ O : dist(x, ∂O) > µ}.
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If ε > 0, then it is well-known that there exists ξ ∈ C∞(R2,R) with compact
support contained in Oε/2 and equal to 1 in Oε. In the sequel, we use the

functions w : R2 × [0, T ]→ R2

w(x1, x2, t) = −
∫ x1

0
VR2(s, t) ds+

∫ x2

0
VR1(s, t) ds (4.2)

and Λ : R2 × [0, T ]→ R2

Λ(x1, x2, t) =

(
∂ξ
∂x2

w + ξVR1

− ∂ξ
∂x1

w + ξVR2

)
. (4.3)

Notice that w is the stream function associated to the rigid velocity field
VR; i.e., VR = (∇w)⊥. One can easily check that Λ is continuous, and that
for all t ∈ [0, T ], the function Λ(·, t) is of class C∞(R2,R2) and that for all
x ∈ R2, Λ(x, ·) is of class H1(0, T ;R2). Moreover, we have

Lemma 4.1. The mapping Λ defined by (4.3) has the following properties:

(i) Λ = 0 outside O,
(ii) divΛ = 0 in R2,

(iii) Λ(x, t) = VR(x, t) if x ∈ B(t) and if the distance between B(t) and
∂O is larger than ε.

Proof. Assertion (i) simply follows from the fact that the support of ξ is
contained in O. In order to show (ii), we notice that

∂w

∂x1
= −VR2

∂w

∂x2
= VR1 .

Thus,

divΛ =
∂

∂x1

(
∂ξ

∂x2
w + ξVR1

)
+

∂

∂x2

(
− ∂ξ

∂x1
w + ξVR2

)

=
∂2ξ

∂x1∂x2
w +

∂w

∂x1

∂ξ

∂x2
+

∂ξ

∂x2
VR1 + ξ

∂VR1

∂x1

− ∂2ξ

∂x1∂x2
w − ∂w

∂x2

∂ξ

∂x1
+

∂ξ

∂x2
VR2 + ξ

∂VR2

∂x2
= 0.

Thus, we have showed that (ii) holds. Finally, we notice that if B(t) ⊂ Oε,
then

ξ = 1,
∂ξ

∂x2
=

∂ξ

∂x1
= 0 in B(t).

Hence, by using relation (4.3), we obtain assertion (iii) in the lemma. ¤
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Next, we consider the initial-value problem

X ′(t) = Λ(X(t), t), X(0) = y, (4.4)

with Λ given in (4.3).

Lemma 4.2. For all T > 0 and for all y ∈ R2, the initial-value problem
(4.4) admits a unique solution X(y, t) on [0, T ]. Moreover, the derivatives

∂i+α1+α2X

∂ti∂yα1
1 ∂yα2

2

, i 6 1, α1, α2 ∈ N

exist and they are continuous. Moreover, the mapping y 7→ X(y, t) is a
diffeomorphism from O onto itself and a diffeomorphism from Ω onto Ω(t).
Its inverse Y (x, t) is such that its derivatives

∂i+α1+α2Y

∂ti∂xα1
1 ∂xα2

2

, i 6 1, α1, α2 ∈ N

exist and are continuous.

Proof. Since Λ is of class C1, by the classical Cauchy-Lipschitz theorem, it
follows that (4.4) admits a unique maximal solution X(y; t) on a subinterval
of [0, T ]. Since Λ = 0 on the boundary of O, it follows that X(y, t) ∈ O for
all t. Since O is compact, the maximal solution is global (i.e., defined on
[0, T ]).

The global existence and uniqueness of the solution of (4.4) imply that
X(·, t) is a bijection from R2 onto R2. Since X(·, t)|Oc = Id|Oc , it follows
that X(·, t) is a bijection from O onto O.

By using a classical result (see, for instance, Hartman [15, p. 95]), we
obtain that the derivatives

∂i+α1+α2X

∂ti∂yα1
1 ∂yα2

2

, i 6 1, α1, α2 ∈ N (4.5)

exist and they are continuous. Since the inverse Y (·, t) satisfies the similar
initial-value problem,

Y ′(s) = −Λ(Y (s), t− s), Y (0) = x, (4.6)

it follows that X(·, t) is a C∞ diffeomorphism.
On the other hand, if dist(∂B(t), ∂O) > ε, we easily check that, for all

y ∈ B, the function

X̃(y, t) = h(t) +R−θ(t)y (4.7)

is a solution of (4.4). Therefore, by using again the uniqueness of the solution
of (4.4), we get that X(·, t)(B) ⊂ B(t) and similarly that Y (·, t)(B(t)) ⊂ B.
Hence X(·, t)(B) = B(t) and X(·, t) : Ω→ Ω(t) is a diffeomorphism. ¤
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Our change of variables satisfies the following useful property, which fol-
lows from the condition divΛ = 0 via a classical result of Liouville (see, for
instance, Arnold [2, p. 249]):

Lemma 4.3. Let X be as in Lemma 4.2 and let

JX =

(
∂Xi

∂yj

)

i,j

be the Jacobian matrix of the transform y 7→ X(y). Then

det JX(y, t) = 1, ∀t ∈ [0, T ], ∀y ∈ R2.

4.2. The equations in a cylindrical domain. By the previous transform,
we reduce our problem to a problem in a cylindrical domain. In the sequel,
we denote ΩT = Ω× [0, T ] and OT = O × [0, T ]. Define

U(y, t) = JY (X(y, t), t)u(X(y, t), t);

i.e.,

Ui(y, t) =
2∑

j=1

∂Yi
∂xj

(X(y, t), t)uj(X(y, t), t)

and P (y, t) = p(X(y, t), t), with X and Y as in Lemma 4.2.
By using Lemma 4.3, we obtain the following result (see, for instance, [18,

Proposition 2.4]).

Lemma 4.4. Suppose that X and U are as above. Then,

divU(y, t) = divu(X(y, t), t) ∀(y, t) ∈ ΩT .

In order to write down the equations satisfied by U(y, t) and P (y, t) we
define

[LU ]i =
∑

j,k

∂

∂yj
(gjk

∂Ui
∂yk

) + 2
∑

j,k,l

gklΓijk
∂Uj
∂yl

+
∑

j,k,l

{
∂

∂yk
(gklΓijl) +

∑

m

gklΓmjlΓ
i
km

}
Uj , (4.8)

[NU ]i =
∑

j

Uj
∂Ui
∂yj

+
∑

j,k

ΓijkUjUk, (4.9)

[MU ]i =
∑

j

∂Yj
∂t

∂Ui
∂yj

+
∑

j,k

{
Γijk

∂Yk
∂t

+
∂Yi
∂xk

∂2Xk

∂t∂yj

}
Uj , (4.10)
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[GP ]i =
2∑

j=1

gij
∂P

∂yj
, (4.11)

where we have denoted (see for instance [6])

gij =
∑

k

∂Yi
∂xk

∂Yj
∂xk

(metric contravariant tensor), (4.12)

gij =
∑

k

∂Xi

∂yk

∂Xj

∂yk
(metric covariant tensor), (4.13)

and

Γkij =
1

2

∑

l

gkl
{
∂gil
∂yj

+
∂gjl
∂yi

+
∂gij
∂yl

}
(Christoffel symbol). (4.14)

We also denote

θ(t) =

∫ t

0
ω(s)ds (4.15)

and let

Rθ(t) =

(
cos(θ(t)) − sin(θ(t))
sin(θ(t)) cos(θ(t))

)
(4.16)

be the rotation matrix of angle θ(t). Then,

Proposition 4.5. Suppose that h ∈ H2(0, T ;R2) and ω ∈ H1(0, T ;R) is
such that B(t) ⊂ Oε for all t ∈ [0, T ]. Then

(u, p) ∈ U(0, T ; Ω(t))× L2(0, T ;H1(Ω(t)))

satisfies equations (1.1)–(1.4) and (1.7) if and only if

(U,P ) ∈ U(0, T ; Ω)× L2(0, T ;H1(Ω))

satisfies the following equations:

∂U

∂t
− ν[LU ] + [MU ] + [NU ] + [GP ] = 0 in ΩT , (4.17)

divU = 0, in ΩT , (4.18)

U = 0, in ∂O × [0, T ], (4.19)

U(y, t) = Rθ(t)h
′(t) + ω(t)y⊥, on ∂B × [0, T ], (4.20)

U(y, 0) = u0(y), in Ω. (4.21)

Proof. The equivalence of (1.1) and (4.17) has been established in Theorem
2.5 from Inoue–Wakimoto [18]. The equivalence of (1.2) and (4.18) follows
from Lemma 4.3. The facts that (1.3) is equivalent to (4.19) and that (1.7)
is equivalent to (4.21) follow directly from the change of variables. We still
have to show that (1.4) is equivalent to (4.20).
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Since B(t) ⊂ Oε, a simple calculation shows that

X(y, t) = h(t) +R−θ(t)y, ∀y ∈ ∂B. (4.22)

Therefore, for all y ∈ ∂B, we have that

JX(y, t) = R−θ(t), JY (X(y, t), t) = Rθ(t).

In particular,

JY (X(y, t), t) (X(y, t)− h(t))⊥ = Rθ(t)
(
R−θ(t)y

)⊥
= y⊥.

This concludes the proof of the proposition. ¤

In order to transform the equations satisfied by h and ω, we define

Σ = −P Id + 2νD(U).

Then, the following result holds:

Proposition 4.6. Suppose that h ∈ H2(0, T ;R2) and ω ∈ H1(0, T ;R) is
such that B(t) ⊂ Oε. Suppose also

(u, p) ∈ U(0, T ; Ω(t))× L2(0, T ;H1(Ω(t))).

Then we have that ∫

∂B(t)
σndΓ = R−θ(t)

(∫

∂B
ΣndΓ

)
, (4.23)

∫

∂B(t)
(x− h(t))⊥ · σndx =

∫

∂B
y⊥ · Σndy. (4.24)

Proof. By applying a classical change-of-variables formula for curvilinear
integrals (see, for instance, Gurtin [14, p. 51]) and (4.22), it follows that for
any continuous function ϕ, we have

∫

∂B(t)
ϕ(x)n(x)dx =

∫

∂B
ϕ(X(y, t))R−θn(y)dy,

where Rθ(t) is defined by (4.15) and (4.16). On the other hand, since
B(t) ⊂ Oε, we have that

∀x ∈ B(t), u(x, t) = R−θ(t)U(Y (x, t), t),

which implies that

∀x ∈ B(t), ∇u(x, t) = R−θ(t)∇U(Y (x, t), t)JY (x, t),

and hence

∀x ∈ B(t), ∇u(X(y, t), t) = R−θ(t)∇U(y, t)Rθ(t).
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Therefore, we obtain that

∀x ∈ B(t), D(u)(X(y, t), t) = R−θ(t)D(U)(y, t)Rθ(t),

which proves (4.23). In order to prove (4.24), we notice that

−
∫

∂B(t)
(x− h(t))⊥ · σndx =

∫

∂B(t)
σ(x− h(t))⊥ · ndx

=

∫

∂B

(
R−θ(t)Σy

⊥
)
·
(
R−θ(t)n

)
dy =

∫

∂B
y⊥ · Σndy. ¤

5. Some background on linear problems.

We first consider a linear system coupling Stokes-type equations in a fixed
domain to a system of O.D.E.

∂U

∂t
− ν∆U +∇P = F, in Ω× [0, T ], (5.1)

divU = 0, in Ω× [0, T ], (5.2)

U(y, t) = 0, y ∈ ∂O, t ∈ [0, T ], (5.3)

U(y, t) = h′(t) + ω(t)y⊥, y ∈ ∂B, t ∈ [0, T ], (5.4)

Mh′′(t) = −
∫

∂B
ΣndΓ + FM , t ∈ [0, T ], (5.5)

Jω′(t) = −
∫

∂B
y⊥ · Σndy + FJ , t ∈ [0, T ], (5.6)

U(x, 0) = u0(x), x ∈ Ω, (5.7)

h(0) = 0, h′(0) = h1, ω(0) = ω0, (5.8)

where Σ(y, t) = −P (y, t)Id + 2νD(U)(y, t). We suppose B ⊂ Oε. U , P , h,
and ω are the unknows of this system, whereas u0, h1, ω0, F , FM , and FJ
are given. The gravity center of B is in y = 0.

The study of a similar system has already been made in [25]. We will
follow the same approach based on the theory of semigroups (see also [27]
for a similar approach).

We also define

H = {φ ∈ L2(O) : div(φ) = 0 in O, D(φ) = 0 in B,

φ · n = 0 on ∂O}, (5.9)

V = {φ ∈ H1
0(O) : div(φ) = 0 in O, D(φ) = 0 in B}. (5.10)
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We know (see, for instance, Lemma 1.1 of [26, p. 18]) that for any φ ∈ H,
there exist Vφ ∈ R2 and ωφ ∈ R such that

φ(y) = Vφ + ωφy
⊥, ∀y ∈ B.

We define an inner product in L2(O) by

(ψ, φ)L2(O) =

∫

Ω
(ψ · φ) dy +

∫

B
(ρψ · φ) dy

where ρ > 0 is the density of the rigid body. The associated norm is equiv-
alent to the usual norm of L2(O). If ψ and φ ∈ H, then

(ψ, φ)L2(O) =

∫

Ω
(ψ · φ)dy +MVφ · Vψ + Jωφωψ. (5.11)

Since Ω is of class C2, we can use the following result on the Stokes equations
(see, for instance, Galdi [9, Theorem 5.1, p. 232]):

Theorem 5.1. For any f ∈ L2 and v∗ ∈ H3/2(∂Ω), with∫

∂Ω
v∗ · ndΓ = 0,

there exists one and only one pair (v, p) ∈ H2 ×H1(Ω) such that

−ν∆v +∇p = f in Ω,

divv = 0 in Ω,

v = v∗ on ∂Ω,∫

Ω
pdy = 0.

In addition, there exists a constant c > 0 such that

‖v‖H2 + ‖p‖H1(Ω) 6 c(‖f‖L2 + ‖v∗‖H3/2(∂Ω)).

Above we denoted H3/2(∂Ω) =
[
H3/2(∂Ω)

]2
. In order to solve (5.1)–(5.8)

we use a semigroup approach. Define

D(A) = {φ ∈ H1
0(O) : φ|Ω ∈ H2, div(φ) = 0 in O, D(φ) = 0 in B}

(5.12)
and the operators

Au =





−ν∆u in Ω,

2ν

M

∫

∂B
D(u)n dΓ +

[
2ν

J

∫

∂B
y⊥ ·D(u)n dy

]
y⊥ in B,

(5.13)

and
Au = PAu, (5.14)
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defined for all u ∈ D(A), where P is the orthogonal projector from L2(O) on
H (H is clearly a closed subspace of L2(O)) and where, in the expression of
Au, D(u) represents the trace of the restriction of D(u) to Ω = O \B. The
simple result below will be used several times in the sequel.

Lemma 5.2. Suppose that u ∈ V, where V is defined by (5.10). Then

∀u ∈ D(A), ‖∇u‖2[L2(O)]4 = 2‖D(u)‖2[L2(Ω)]4 .

The following proposition can be proven in the same way as Proposition
4.2 in [25], except we use Theorem 5.1 instead of Theorem 3.2 in [25].

Proposition 5.3. The operator A defined by (5.12), (5.13), and (5.14) is
self-adjoint and positive. Consequently −A is the generator of a contraction
semigroup in H. Moreover, there exists a constant C > 0 such that for any
u ∈ D(A), we have

‖u‖[H2(Ω)]2 6 C‖Au‖[L2(Ω)]2 . (5.15)

In the following, we denote by U the Banach space

U = L2(0, T ;H2) ∩ C([0, T ];H1) ∩H1(0, T ;L2), (5.16)

endowed with the norm

‖U‖U = ‖U‖L2(0,T ;H2) + ‖U‖L∞(0,T ;H1) + ‖U‖H1(0,T ;L2).

As in [25], we can write the system (5.1)–(5.8) in the form

U ′ +AU = PF, U(0) = u0,

and by using the previous proposition, we can prove the following result:

Corollary 5.4. Suppose that F ∈ L2(0, T ;L2), that FM ∈ L2(0, T ;R2), that
FJ ∈ L2(0, T ;R), that u0 ∈ H1(O), and that

div u0 = 0, in Ω,

u0(y) = 0, y ∈ ∂O,
u0(y) = h1 + ω0y

⊥, y ∈ ∂B.
Then the system (5.1)–(5.8) admits a unique solution (U, P, h, ω) with

U ∈ L2(0, T ;H2) ∩ C([0, T ];H1) ∩H1(0, T ;L2),

P ∈ L2(0, T ;H1(Ω)), h ∈ H2(0, T ;R2), ω ∈ H1(0, T ;R).

Moreover, there exists a positive constant K such that

‖U‖U + ‖∇P‖L2(0,T ;L2) + ‖h′‖H1(0,T ;R2) + ‖ω‖H1(0,T ;R)

6 K
(
‖u0‖H1(O) + ‖F‖L2(0,T ;L2) + ‖FM‖L2(0,T ;R2) + ‖FJ‖L2(0,T ;R)

)
. (5.17)
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The constant K depends only on Ω and T and is nondecreasing with respect
to T .

6. Local existence.

6.1. Introduction. The aim of this section is to prove a local-in-time exis-
tence result for the system (1.1)–(1.8). Denote

H(t) =

∫ t

0
Rθ(s)h

′(s)ds.

Then H ′(t) = Rθ(t)h
′(t) and

H ′′(t) = Rθ(t)h
′′(t)− ω(t)Rθ(t)h

′(t)⊥ = Rθ(t)h
′′(t)− ω(t)H ′(t)⊥. (6.1)

Then, by Propositions 4.5 and 4.6 the local-in-time existence for the system
(1.1)–(1.8) is equivalent to the local existence of a solution for

∂U

∂t
− ν[LU ] + [MU ] + [NU ] + [GP ] = 0, in ΩT , (6.2)

divU = 0, in ΩT , (6.3)

U = 0, in ∂O × [0, T ], (6.4)

U(y, t) = H ′(t) + ω′(t)y⊥, in ∂B × [0, T ], (6.5)

MH ′′(t) = −
∫

∂B
ΣndΓ +Mω(t)H ′(t)⊥, t ∈ [0, T ], (6.6)

Jω′(t) = −
∫

∂B
y⊥ · Σndy, t ∈ [0, T ], (6.7)

U(y, 0) = u0(y), in Ω, (6.8)

H(0) = 0, H ′(0) = h1, ω(0) = ω0. (6.9)

The main result of this section is

Proposition 6.1. Suppose that C1 > 0, that u0 ∈ H1, that
0 < ε < dist(B, ∂O), and that





divu0 = 0 in Ω,
u0(x) = 0 on ∂O,
u0(x) = h1 + ω0x

⊥ on ∂B,
‖u0‖H1 6 C1.

Then there exists T0 > 0, depending only on C1 and ε, such that equa-
tions (1.1)–(1.8) admit a unique strong solution (u, p, h, ω) such that u ∈
U(0, T0; Ω(t)), p∈L2(0, T0;H1(Ω(t))), h∈H2(0, T0,R2),and ω∈H1(0, T0,R).
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The solution of the above problem can be seen as a fixed point of the
mapping N : (W, Q, h, ω) 7→ (U, P, h̃, ω̃) from

U × L2(0, T ;H1(Ω))×H2(0, T ;R2)×H1(0, T ;R)

into itself, where (U, P, h̃, ω̃) satisfies

∂U

∂t
− ν∆U +∇P = F, in Ω× [0, T ],

divU = 0, in Ω× [0, T ],

U(y, t) = 0, y ∈ ∂O, t ∈ [0, T ],

U(y, t) = H̃ ′(t) + ω̃(t)y⊥, y ∈ ∂B, t ∈ [0, T ],

MH̃ ′′(t) = −
∫

∂B
ΣndΓ + FM , t ∈ [0, T ],

Jω̃′(t) = −
∫

∂B
y⊥ · Σndy, t ∈ [0, T ],

U(x, 0) = u0(x), x ∈ Ω,

H̃(0) = 0, H̃ ′(0) = h1, ω̃(0) = ω0,

where

F = ν[(L−∆)W ]− [MW ] + [(∇−G)Q]− [NW ], (6.10)

FM = Mω(t)Rθh
′(t)⊥, (6.11)

and

h̃ =

∫ t

0
R−θH̃

′(s)ds,

with the operators L, M, N, and G and the function θ defined from (h, ω)
by (4.8)–(4.15).

Let T > 0. Define

K = {(W, Q, h, ω) ∈ U × L2(0, T ;H1(Ω))×H2(0, T ;R2)×H1(0, T ;R)

‖W‖U + ‖Q‖L2(0,T ;H1(Ω)) + ‖h′′‖L2(0,T ;R2) + ‖ω′‖L2(0,T ;R) 6 R}. (6.12)

We clearly have that K is a closed subset of

U × L2(0, T ;H1(Ω))×H2(0, T ;R2)×H1(0, T ;R).

By Corollary 5.4, N maps from

U × L2(0, T ;H1(Ω))×H2(0, T ;R2)×H1(0, T ;R)

into itself. We will prove that for T small enough and R large enough, we
have that N (K) ⊂ K and that N : K → K is a contraction.
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6.2. Estimates on the coefficients. Consider (W, Q, h, ω) ∈ K where K
is defined by (6.12). In this subsection, we prove some estimates in order to
prove that for T small enough and R large enough, we have that N (K) ⊂ K.
The estimates are not always sharp but sufficient to conclude.

In the sequel, we denote by K0 a quantity satisfying the following condi-
tion:

(C1) K0 is a positive function of ω0, h1, ‖u0‖H1 , T , and R which is
nondecreasing with respect to T , R, ‖u0‖H1 , |h0|, |h1|, and |ω0|.

Similarly we denote by C0 a quantity satisfying the following condition:
(C2) C0 is a positive function of ω0, h1, ‖u0‖H1 , and T which is nonde-

creasing with respect to T , ‖u0‖H1 , |h0|, |h1|, and |ω0|. We also denote by
C an independent constant of ω0, h1, ‖u0‖H1(Ω), and R.

Then, by using (6.12) and the Cauchy-Schwarz inequality, we easily check
the following:

Lemma 6.2. Suppose that (W, Q, h, ω) ∈ K. Then there exists C0 satisfying
(C2) such that

‖ω‖L∞(0,T ;R) 6 C0 + T 1/2R, ‖h′‖L∞(0,T ;R2) 6 C0 + T 1/2R,

‖h‖L∞(0,T ;R2) 6 C0 + T 1/2R.

There also exist C0 satisfying (C2) and a constant K0 satisfying (C1) such
that the function VR, defined by (4.1), satisfies

‖VR‖[L∞(OT )]2 6 C0 + T 1/2K0,
∥∥∥∂VR
∂x

∥∥∥
[L∞(OT )]2

6 C0 + T 1/2K0.

We next estimate the solution of the Cauchy problem (4.4).

Lemma 6.3. Suppose that (W, Q, h, ω) ∈ K. Then there exist C0 satisfying
(C2) and a constant K0 satisfying (C1) such that the function Λ defined by
(4.3) satisfies the following relations:

‖Λ‖[L∞(OT )]2 6 C0 + T 1/2K0,
∥∥∥∂Λ

∂x

∥∥∥
[L∞(OT )]2

6 C0 + T 1/2K0,

∥∥∥ ∂2Λ

∂xi∂xj

∥∥∥
[L∞(OT )]2

6 C0+T 1/2K0,
∥∥∥ ∂3Λ

∂xi∂xj∂xk

∥∥∥
[L∞(OT )]2

6 C0+T 1/2K0.

Proof. From (4.2), it follows that

w(x, t) = −h′2(t)x1 +ω(t)
x2

1

2
−ω(t)h1(t)x1 +h′1(t)x2 +ω(t)

x2
2

2
−ω(t)h2(t)x2.
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The above relation combined with the estimates on h′, h, ω, and VR in
Lemma 6.2 imply that

‖w‖[L∞(OT )]2 6 C0 + T 1/2K0,
∥∥∥∂w
∂x

∥∥∥
[L∞(OT )]2

6 C0 + T 1/2K0,

∥∥∥ ∂2w

∂xi∂xj

∥∥∥
[L∞(OT )]2

6 C0+T 1/2K0,
∥∥∥ ∂3w

∂xi∂xj∂xk

∥∥∥
[L∞(OT )]2

6 C0+T 1/2K0,

for some constant K0 satisfying (C1) and C0 satisfying (C2). So by using
(4.3), the previous lemma, and the fact that

∂2VR
∂xi∂xj

= 0,

we obtain the conclusion. ¤
The result below yields estimates of the change-of-variable mappings X

and Y .

Lemma 6.4. Suppose that (W, Q, h, ω) ∈ K. Then the functions X and Y
defined by (4.4) and by Lemma 4.2 satisfy the following inequalities:

∥∥∥∂Yi
∂xj

∥∥∥
L∞(OT )

6 K0,
∥∥∥∂Xi

∂yj

∥∥∥
L∞(OT )

6 K0,

∥∥∥ ∂2Yi
∂xj∂xk

∥∥∥
L∞(OT )

6 TK0,
∥∥∥ ∂2Xi

∂yj∂yk

∥∥∥
L∞(OT )

6 TK0,

∥∥∥ ∂3Yi
∂xj∂xl∂xk

∥∥∥
L∞(OT )

6 TK0,
∥∥∥ ∂3Xi

∂yj∂yl∂yk

∥∥∥
L∞(OT )

6 TK0.

Proof. By using a classical result (see, for instance, [15, p. 95]), we have
that z(y, t) = ∂X

∂yj
(y, t) satisfies

∂z

∂t
(y, t) = J(y, t)z(y, t), z(0) = ej ,

where J(y, t) = (∂Λ
∂x (X(y, t), t)) and where {e1, e2} is the canonical basis of

R2. Therefore, we have that

z(y, t) = ej +

∫ t

0
J(y, s)z(y, s)ds, (6.13)

which implies, by using Gronwall’s lemma and Lemma 6.3, that

‖z‖[L∞(OT )]2 6 K0.

By using Lemma 6.3, we obtain the other estimates on X. The proof of the
estimates on Y and its derivatives is similar, so it is left to the reader. ¤
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The above lemma allows us to get several new estimates:

Corollary 6.5. Suppose that (W, Q, h, ω) ∈ K. Then there exists a constant
K0 satisfying (C1) such that

∥∥∥∂Ym
∂xl

− δm,l
∥∥∥
L∞(OT )

6 TK0,
∥∥∥∂Xm

∂yl
− δm,l

∥∥∥
L∞(OT )

6 TK0, (6.14)

∥∥∥gml − δm,l
∥∥∥
L∞(OT )

6 TK0,
∥∥∥gml − δm,l

∥∥∥
L∞(OT )

6 TK0. (6.15)

Proof. Since
∂Xm

∂yl
(0, y) = δm,l,

∂Ym
∂xl

(0, x) = δm,l,

by using the mean-value theorem and the previous lemma, we get (6.14).
The estimates on gml and on gml follow then by (4.12) and (4.13). ¤
Corollary 6.6. Suppose that (W, Q, h, ω) ∈ K, and that L, M, and G are
given by (4.8), (4.9), and (4.11). Then there exists a constant K0 satisfying
(C1) such that

(i) ‖ν[(L−∆)W ]‖L2(0,T ;L2) 6 TK0

(ii) ‖[MW ]‖L2(0,T ;L2) 6 T 1/2K0

(iii) ‖[(∇−G)Q]‖L2(0,T ;L2) 6 TK0.

Proof. From (4.8), it follows that

[LW ]i =
∑

k,j

gjk
∂2Wi

∂yj∂yk
+
∑

k,j

∂(gjk)

∂yj

∂Wi

∂yk
+ 2

∑

l

gklΓijk
∂Wj

∂yl

+
∑

k,l

{ ∂

∂yl
(gklΓijl) +

∑

m

gklΓmjlΓ
i
km

}
Wj . (6.16)

By using Lemma 6.4, we deduce that the coefficients of the second and first
derivatives of W are bounded in L∞(0, T ;L∞(O)) by K0. On the other
hand,

‖W‖L2(0,T ;H1) 6 T 1/2‖W‖L∞(0,T ;H1) 6 T 1/2R. (6.17)

Thus,

‖[(L−∆)W ]i‖L2(0,T ;L2) 6
∥∥∥
∑

k,j

(gjk − δj,k)
∂2Wi

∂yj∂yk

∥∥∥
L2(0,T ;L2)

+K0T
1/2R,

and assertion (i) can be deduced from Corollary 6.5. The proof of assertion
(ii) is similar: we use Lemma 6.4 and relation (6.17). Since

[(∇−G)Q]i =
∑

j

(
δi,j − gij

) ∂Q
∂xj

,
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the relation (iii) is a consequence of (6.15). ¤

The following useful lemma has been proven in [25].

Lemma 6.7. Let U be the space defined by (5.16). Then, for any V,W ∈ U ,

we have (W · ∇)V ∈ L5/2(0, T ;L2), and for all i, j ∈ {1, 2}, we have that
WiVj ∈ L∞(0, T ;L2). Finally, the following estimates hold:

‖(W · ∇)V ‖L5/2(0,T ;L2) 6 C‖W‖L∞(0,T ;H1)‖V ‖1/5L∞(0,T ;H1)
‖V ‖4/5

L2(0,T ;H2)
,

‖WiVj‖L∞(0,T ;L2(Ω)) 6 C‖W‖L∞(0,T ;H1)‖V ‖L∞(0,T ;H1).

The previous lemma allows us to get estimates on the nonlinear term
[NW ].

Corollary 6.8. There exists a constant K0 satisfying (C1) such that for any
(W, Q, h, ω) ∈ K, we have that

‖[NW ]‖L2(0,T ;L2) 6 T 1/10K0.

Proof. By using the Lemma 6.7, we have that

‖(W · ∇)W‖L5/2(0,T ;L2) 6 C‖W‖
6/5
L∞(0,T ;H1)

‖W‖4/5
L2(0,T ;H2)

6 K0.

Thus, by Hölder’s inequality, we deduce that

‖(W · ∇)W‖L2(0,T ;L2) 6 T 1/10‖(W · ∇)W‖L5/2(0,T ;L2) 6 T 1/10K0.

To conclude, we use Lemma 6.4 and Lemma 6.7. ¤

From the previous estimates (Corollary 6.8 and Corollary 6.6) and Corol-
lary 5.4, we obtain the following result.

Corollary 6.9. There exists a constant K0 satisfying (C1) such that for any
(W, Q, h, ω) ∈ K, the functions F and FM , defined by (6.10) and (6.11),
satisfy

‖F‖L2(0,T ;L2) 6 K0T
1/10, ‖FM‖L2(0,T ;R2) 6 C0 +K0T

1/2.

Consequently, for R large enough (R > C0) and T small enough, N (K) ⊂ K.

6.3. Proof of the local existence result. In order to apply the fixed-
mapping theorem, we show that for R as in the previous section, and for T
small enough, the mapping N : K → K is a contraction. Let us consider
(W 1, Q1, h1, ω1), (W 2, Q2, h2, ω2) ∈ K. In the sequel, we denote by Y 1,
X1, Γ1i

jk, g
1ij , U1, P 1, V 1

R, etc. the terms corresponding to (W 1, Q1, h1, ω1)

defined by (4.8)–(4.14) and N (W 1, Q1, h1, ω1) = (U1, P 1, h̃1, ω̃1). We use
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a similar notation for (W 2, Q2, h2, ω2) ∈ K. We denote Y = Y 1 − Y 2,
h = h1 − h2, etc. The difference U = U1 − U2 satisfies

∂U

∂t
− ν∆U +∇P = F, in Ω× [0, T ],

divU = 0, in Ω× [0, T ],

U(y, t) = 0, y ∈ ∂O, t ∈ [0, T ],

U(y, t) = H̃ ′(t) + ω̃(t)y⊥, y ∈ ∂B, t ∈ [0, T ],

MH̃ ′′(t) = −
∫

∂B
ΣndΓ + FM , t ∈ [0, T ],

Jω̃′(t) = −
∫

∂B
y⊥ · Σndy, t ∈ [0, T ],

U(x, 0) = 0(x), x ∈ Ω,

H̃(0) = 0, H̃ ′(0) = 0, ω̃(0) = 0,

where

F = ν[(L1 −∆)W ] + ν[LW 2]− [M1W ]− [MW 2] + [(∇−G1)Q] + [GQ2]

+ [N1W 1]− [N2W 2]. (6.18)

FM = Mω1R1
θ[(h

1)′]⊥ −Mω2R2
θ[(h

2)′]⊥. (6.19)

As in the previous section, we first estimate the coefficients:

Lemma 6.10. There exists a constant K0 satisfying (C1) such that the
functions ω = ω1 − ω2, h = h1 − h2, and VR = V 1

R − V 2
R satisfy

‖ω‖L∞(0,T ;R) 6 T 1/2‖ω′‖L2(0,T ;R),

‖h′‖L∞(0,T ;R2) 6 T 1/2‖h′′‖L2(0,T ;R2),

‖h‖L∞(0,T ;R2) 6 K0T
1/2‖h′′‖L2(0,T ;R2)

and

‖VR‖[L∞(OT )]2 6 T 1/2K0{‖ω′‖L2(0,T ;R) + ‖h′′‖L2(0,T ;R2)}.
Proof. In fact,

ω(t) = ω1(t)− ω2(t) =
(
ω0 +

∫ t

0
(ω1)′(s) ds

)
−
(
ω0 +

∫ t

0
(ω2)′(s) ds

)
.

Thus,

ω(t) =

∫ t

0

[
(ω1)′ − (ω2)′

]
(s) ds =

∫ t

0
ω′(s) ds.
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The above relation and the Cauchy-Schwarz inequality yield the first esti-
mate. The proof of the next two estimates is similar. For the last assertion
of the lemma, we notice that

VR(x, t) = V 1
R(x, t)− V 2

R(x, t)

= (h1)′(t) + ω1(t)(x− h1(t))⊥ − (h2)′(t)− ω2(t)(x− h2(t))⊥

= h′(t) + ω(t)(x− h2(t))⊥ − ω1(t)h(t), (6.20)

which implies the conclusion of the lemma. ¤

Lemma 6.11. There exists a constant K0 such that the function Λ = Λ1−Λ2

satisfies
∥∥∥ ∂

α1+α2Λ

∂xα1
1 ∂xα2

2

∥∥∥
[L∞(OT )]2

6 T 1/2K0{‖ω′‖L2(0,T ;R) + ‖h′′‖L2(0,T ;R2)}. (6.21)

Proof. By using (4.3), we obtain that

Λ(x1, x2, t) =

(
∂ξ
∂x2

w + ξV 1
R

− ∂ξ
∂x1

w + ξV 2
R

)
, (6.22)

where

w = w1 − w2 = −
∫ x1

0
V 2
R(s, t) ds+

∫ x2

0
V 1
R(s, t) ds.

The function w can also be written

w(x, t) = −h′2(t)x1 + ω(t)
x2

1

2
− ω1(t)h1(t)x1 − ω(t)h2

1(t)x1

+ h′1(t)x2 + ω(t)
x2

2

2
− ω1(t)h2(t)x2 − ω(t)h2

2(t)x2.

By differentiating the above formula with respect to the space variables and
by using (6.20), we obtain (6.21). ¤

Lemma 6.12. There exists a constant K0 such that the functions X =
X1 −X2 and Y = Y 1 − Y 2 satisfy
∥∥∥ ∂

α1+α2X

∂yα1
1 ∂yα2

2

∥∥∥
[L∞(OT )]2

6 K0T
1/2(‖h′′‖L2(0,T ;R2) + ‖ω′‖L2(0,T ;R)), (6.23)

∥∥∥ ∂
α1+α2Y

∂xα1
1 ∂xα2

2

∥∥∥
[L∞(OT )]2

6 K0T
1/2(‖h′′‖L2(0,T ;R2) + ‖ω′‖L2(0,T ;R)). (6.24)

Proof. For the sake of simplicity, we give only the proof of (6.23) in the
particular case α1 = 1, α2 = 0 or α1 = 0, α2 = 1. The proof of (6.23) and
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(6.24) in the general case can be obtained by iterating the same procedure.
X = X1 −X2 satisfies the equations

X ′(t) = Λ1(X1(t), t)− Λ1(X2(t), t) + Λ(X2(t), t), X(0) = 0.

If we integrate the above relation with respect to time, we obtain

X(t) =

∫ t

0
Λ1(X1(s), s)− Λ1(X2(s), s) + Λ(X2(s), s) ds,

which implies that

|X(t)| 6
∫ t

0
|Λ1(X1(s), s)− Λ1(X2(s), s)|+ |Λ(X2(s), s)| ds.

By using the mean-value theorem, and Lemma 6.3, we obtain that

|Λ1(X1(t), t)− Λ1(X2(t), t)| 6 K0|X(t)|,
for a constant K0 satisfying the condition (C1).

On the other hand, by Lemma 6.11 and the previous relation, we have
that ∫ t

0
|Λ(X2(s), s)|ds 6 T 3/2K0{‖ω′‖L2(0,T ;R) + ‖h′′‖L2(0,T ;R2)}.

By using Gronwall’s lemma, we deduce that

|X(t)| 6 T 3/2K0{‖ω′‖L2(0,T ;R) + ‖h′′‖L2(0,T ;R2)} exp(K0T ). (6.25)

By using (6.13), we have that

∂X

∂yi
(y, t) =

∫ t

0
J1(y, s)

∂X1

∂yi
(y, s)− J2(y, s)

∂X2

∂yi
(y, s)ds.

The above relation, Lemma 6.3, and Lemma 6.4 yield
∥∥∥∂X
∂yi

(t)
∥∥∥

[L∞(O)]2
6 K0

∥∥J1(s)− J2(s)
∥∥

[L∞(O)]2
+K0

∫ t

0

∥∥∥∂X
∂yi

(s)
∥∥∥

[L∞(O)]2
ds.

The above relation combined with (6.21) and with (6.25) yields
∥∥∥∂X
∂yi

∥∥∥
[L∞(OT )]2

6 K0T
1/2(‖h′′‖L2(0,T ;R2) + ‖ω′‖L2(0,T ;R)). ¤

The following lemma is a simple consequence of Lemma 6.12, of Lemma
6.3, and of the relations (4.12), (4.13), and (4.14).

Lemma 6.13. There exists a constant K0 such that the functions gm,k =

gm,k,1 − gm,k,2 and Γjmk = Γj1mk − Γj2mk satisfy the following inequalities:

‖gm,k‖L∞(OT ) 6 K0T
1/2(‖h′′‖L2(0,T ;R2) + ‖ω′‖L2(0,T ;R)),
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‖gm,k‖L∞(OT ) 6 K0T
1/2(‖h′′‖L2(0,T ;R2) + ‖ω′‖L2(0,T ;R)),

∥∥∥∂g
mk

∂yl

∥∥∥
L∞(OT )

6 K0T
1/2(‖h′′‖L2(0,T ;R2) + ‖ω′‖L2(0,T ;R)),

∥∥∥∂gmk
∂xl

∥∥∥
L∞(OT )

6 K0T
1/2(‖h′′‖L2(0,T ;R2) + ‖ω′‖L2(0,T ;R)),

‖Γjmk‖L∞(OT ) 6 K0T
1/2(‖h′′‖L2(0,T ;R2) + ‖ω′‖L2(0,T ;R)),

∥∥∥∂Γjmk
∂yi

∥∥∥
L∞(OT )

6 K0T
1/2(‖h′′‖L2(0,T ;R2) + ‖ω′‖L2(0,T ;R)).

The following result also holds.

Proposition 6.14. There exists a constant K0 satisfying (C1) such that for
any (W, Q) ∈ U × L2(0, T ;H1(Ω)), we have

‖[LW ]‖L2(0,T ;L2) 6 K0T
1/2‖W‖U

(
‖h′′‖L2(0,T ;R2) + ‖ω′‖L2(0,T ;R)

)
,

‖[MW ]‖L2(0,T ;L2) 6 K0T
1/2‖W‖U

(
‖h′′‖L2(0,T ;R2) + ‖ω′‖L2(0,T ;R)

)
,

‖[GQ]‖L2(0,T ;L2) 6 K0T‖∇Q‖L2(0,T ;L2) ×
(
‖h′′‖L2(0,T ;R2) + ‖ω′‖L2(0,T ;R)

)
.

Proof. From (6.16), it follows that

[LW ]i =
∑

j,k

gjk
∂2Wi

∂yj∂yk
+
∑

j,k

∂(gjk)

∂yj

∂Wi

∂yk

+ 2
∑

j,k,l

[
(gkl)1Γijk + gkl(Γijk)

2
]∂Wj

∂yl

+
∑

j,k,l

{ ∂

∂yk

(
(gkl)1Γijl + gkl(Γijl)

2
)

+
∑

m

[
gkl(Γmjl )

1(Γikm)1

+ (gkl)2Γmjl (Γ
i
km)1 + (gkl)2(Γmjl )

2Γikm

]}
Wj .

Since

‖W‖L2(0,T ;H1) 6 T 1/2‖W‖L∞(0,T ;H1) 6 T 1/2‖W‖U ,
by using the Lemma 6.13 and Lemma 6.4, we deduce the first assertion of
the proposition. The two other assertions are proved similarly. ¤

We are now in a position to estimate the difference [N1W 1]− [N2W 2].
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Proposition 6.15. There exists a constant K0 satisfying (C1) such that for
any (W 1, Q1, h1, ω1), (W 2, Q2, h2, ω2) ∈ K, we have that

‖[N1W 1]− [N2W 2]‖L2(0,T ;L2)

6 T 1/10K0

{
‖h′′‖L2(0,T ;R2) + ‖ω′‖L2(0,T ;R) + ‖W‖U

}
.

Proof. We clearly have that

(W 1 · ∇)W 1 − (W 2 · ∇)W 2 = (W 1 · ∇)W + (W · ∇)W 2.

By using Lemma 6.7, we obtain that

‖(W 1 ·∇)W 1− (W 2 ·∇)W 2‖[L5/2(ΩT )]2 6 C
(
‖W 1‖U‖W‖U + ‖W‖U‖W 2‖U

)
,

which implies that

‖(W 1 · ∇)W 1 − (W 2 · ∇)W 2‖L5/2(0,T ;L2) 6 CR‖W‖U .
By using Hölder’s inequality, the above relation implies

‖(W 1 · ∇)W 1 − (W 2 · ∇)W 2‖L2(0,T ;L2) 6 T 1/10CR‖W‖U .
On the other hand,
∑

jk

Γ1i
jkW

1
jW

1
k −

∑

jk

Γ2i
jkW

2
jW

2
k =

∑

jk

ΓijkW
1
jW

1
k + Γ2i

jkWjW
1
k + Γ2i

jkW
2
jWk,

so, by using Lemma 6.4, Lemma 6.13, and Lemma 6.7, we obtain that
∥∥∥
∑

jk

Γ1i
jkW

1
jW

1
k −

∑

jk

Γ2i
jkW

2
jW

2
k

∥∥∥
L∞(0,T ;L2(Ω))

6 K0{‖h′′‖L2(0,T ;R2) + ‖ω′‖L2(0,T ;R) + ‖W‖U}. ¤
As a consequence, we obtain the following result.

Corollary 6.16. There exists a constant K0 satisfying (C1) such that for
any (W 1, Q1, h1, ω1), (W 2, Q2, h2, ω2) ∈ K, the functions F and FM defined
by (6.18) and (6.19) satisfy

‖F‖L2(0,T ;L2) 6 K0T
1/10

(
‖W‖U + ‖Q‖L2(0,T ;H1(Ω))

+‖h‖H2(0,T ;R2) + ‖ω‖H1(0,T ;R)

)
,

‖FM‖L2(0,T ;R2) 6 K0T
1/2
(
‖h‖H2(0,T ;R2) + ‖ω‖H1(0,T ;R)

)
.

In particular,

‖U‖U + ‖P‖L2(0,T ;H1(Ω)) + ‖h̃‖H2(0,T ;R2) + ‖ω̃‖H1(0,T ;R)

6 K0T
1/10

(
‖W‖U + ‖Q‖L2(0,T ;H1(Ω)) + ‖h‖H2(0,T ;R2) + ‖ω‖H1(0,T ;R)

)
.
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Proof. By using Lemma 6.4 and Corollary 6.5,

‖ν[(L−∆)W ]‖L2(0,T ;L2) 6 TK0‖W‖U ,
‖[MW ]‖L2(0,T ;L2) 6 T 1/2K0‖W‖U ,

‖[(∇−G)Q]‖L2(0,T ;L2) 6 TK0‖Q‖L2(0,T ;H1(Ω))

(same proof as for Corollary 6.6).
Therefore by using Propositions 6.14 and 6.15, we obtain the estimates

on F . For FM we write

FM = MωR1
θ[(h

1)′]⊥ +Mω2Rθ[(h
2)′]⊥ +Mω2R2

θ(h
′)⊥

and

‖Rθ‖L2(0,T ;R4) 6 C‖θ‖L∞(0,T ;R) 6 CT 1/2‖ω‖L∞(0,T ;R). ¤
We can now prove the main result of this section.

Proof of Proposition 6.1. By using Corollary 6.9, we have that forR large
enough (R > C0) and T small enough, N (K) ⊂ K. By using Corollary 6.16,
we have that N : K → K is a contraction provided that T is small enough.
Thus, we have proved that N has a fixed point, and consequently that (6.2)–
(6.9) has a solution for T small enough as we have seen in Subsection 6.1. ¤

7. Proof of the main result.

According to Proposition 6.1, in order to get global existence, it suffices
to show that the H1 norm of u does not blow up in finite time. In order to
obtain this result, we need several estimates.

Lemma 7.1. Suppose that T > 0 and that

(u, p, h, ω) ∈ U(0, T ; Ω(t))× L2(0, T ;H1(Ω(t)))×H2(0, T,R2)×H1(0, T,R)

is a strong solution of equations (1.1)–(1.8). Then, the following assertions
hold.

(1) There exists a constant C0 > 0 that depends only on ‖u0‖H1 such
that

‖u‖2L∞(0,T ;L2(O)) + ‖u‖2L2(0,T ;H1(O)) 6 C0, (7.1)

where we have extended u to a function of H1(O) by

u(x, t) = h′(t) + (x− h(t))⊥ ω(t) in B(t).

(2) There exists d ∈ R+ such that

lim
t→T

dist(B(t), ∂O)→ d.
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Proof. (1) It can be easily checked that the solution u satisfies the weak
formulation in [4]. This fact, combined with the estimates in Section 4.2 in
[4], yields (7.1).

(2) By the first part of the lemma, there exists a constant C0 such that
for all t ∈ [0, T ],

|h′(t)| 6 C0.

Therefore, by using a classical result (see, for instance, Arnaudiès-Fraysse
[1, Theorem V.1.8]), we have that limt→T h(t) exists. Similarly, the function
θ defined by (1.9) has a limit in T . This yields the second assertion of the
lemma. ¤

By using again the fact that our concept of solution satisfies the weak
formulation in [4], we obtain the following consequence of the estimates
from Section 4.2 in [4].

Lemma 7.2. Suppose that T > 0 and that

(u, p, h, ω) ∈ U(0, T ; Ω(t))× L2(0, T ;H1(Ω(t)))×H2(0, T,R2)×H1(0, T,R)

is a strong solution of equations (1.1)–(1.8), and suppose moreover that for
any t ∈ [0, T ], B(t) ⊂ Oε. Then, there exists a constant C0 that depends
only on ‖u0‖H1 such that

‖u(t)‖H1(t) 6 C0 ∀t ∈ [0, T ].

We can now prove the main result of this paper.

Proof of Theorem 2.2. According to Proposition 6.1, problem (1.1)–(1.8)
admits a unique maximal solution. By using Proposition 6.1 and Lemma
7.1, in order to get the conclusion, it suffices to show that if T < ∞, any
strong solution on [0, T ) such that

lim
t→T

dist(B(t), ∂O) > 0 (7.2)

is not maximal. Since the function t 7→ dist(B(t), ∂O) is continuous, (7.2)
implies the existence of ε > 0 such that for all t ∈ [0, T ], we have that

dist(B(t), ∂O) > ε.

Therefore, Lemma 7.2 yields the existence of a constant C0 such that

‖u(t)‖H1(t) 6 C0 ∀t ∈ [0, T ].

The above relation and Proposition 6.1 imply that we can extend the solution
to [0, T ′] with T ′ > T .

The uniqueness follows directly from the local uniqueness result in Propo-
sition 6.1 ¤
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Remark 7.3. The above proof can be adapted for the case of several rigid
bodies. Suppose that we have n rigid bodies B1, . . . , Bn. Then, condition (2)
in Theorem 2.2 should be replaced by

lim
t→T0

min
{

min
i=1,...,n

dist(Bi(t), ∂O),min
i 6=j

dist(Bi(t), Bj(t))
}

= 0.

8. Lack of collisions and asymptotic stability

The aim of this section is the study of the initial and boundary problem
(1.1)–(1.8) in the case when the forces f are vanishing for t→∞ and with
small initial data.

Proposition 8.1. Suppose that u0 ∈ H1 and that




divu0 = 0 in Ω,

u0(x) = 0 on ∂O,
u0(x) = h1 + ω0 (x− h0)⊥ on ∂B,

dist(B, ∂O) > 0.

Suppose moreover that there exists T > 0 such that f(t) = 0, ∀t > T. If

‖u0‖L2(O) +
∫ T

0 ‖f‖L2(O)ds is small enough, then the solution of (1.1)–(1.8)
is global (in particular,

dist(B(t), ∂O) > 0, ∀t > 0).

Moreover, there exist two constants ca, cb > 0 depending only on the geom-
etry, on the viscosity of the fluid, and on the density of the rigid body such
that
∫

Ω(t)
|u(t)|2 dx+M |h′(t)|2 + J |ω(t)|2

6 ca
(
‖u0‖2L2(O) +

∫ T

0
‖f‖2L2(O)ds

)
e−cbt. (8.1)

Proof. By Theorem 2.2, there exists a unique maximal solution (u, p, h, ω)
of equations (1.1)–(1.8) on (0, T0).

Moreover, one of the following alternatives holds true:

(1) T0 =∞; i.e., the solution is global.
(2) limt→T0 dist(B(t), ∂O) = 0.

Set

ρ̃(x, t) =

{
1 if x ∈ Ω(t),
ρ if x ∈ B(t).
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By taking the inner product of (1.1) with u(t) and by integrating on Ω(t),
we get that
∫

Ω(t)

∂u

∂t
(t) · u(t)dx− ν

∫

Ω(t)
∆u(t) · u(t)dx+

∫

Ω(t)
[(u(t) · ∇)u(t)] · u(t)dx

+

∫

Ω(t)
∇p(t) · u(t)dx =

∫

Ω(t)
f(t) · u(t)dx, a.e. in(0, T ).

By Reynolds’ transport theorem ([14, p. 78]), we have∫

Ω(t)

∂u

∂t
(t) ·u(t)dx =

1

2

d

dt

∫

Ω(t)
|u(t)|2dx− 1

2

∫

∂B(t)
|u(t)|2(u(t) ·n)dx. (8.2)

On the other hand, standard calculations show that

−ν
∫

Ω(t)
∆u(t) · u(t)dx = 2ν

∫

Ω(t)
|D(u(t))|2dx− 2ν

∫

∂B(t)
u(t) · [D(u(t))n]dΓ,

(8.3)∫

Ω(t)
[(u(t) · ∇)u(t)] · u(t)dx =

∫

∂B(t)

1

2
|u(t)|2(u · n)dΓ, (8.4)

and that ∫

Ω(t)
∇p(t) · u(t)dx =

∫

∂B(t)
p(t)(u(t) · n)dΓ. (8.5)

By using (1.5), (1.6), and (8.2)–(8.5), we obtain that for almost every t ∈
(0, T0) we have

1

2

d

dt

(∫

Ω(t)
|u(t)|2dx+M |h′(t)|2 + J |ω(t)|2

)
+ 2ν

∫

Ω(t)
|D(u(t))|2dx

=

∫

Ω(t)
f(t)·u(t)dx+ρ

∫

B(t)
f(t)dx·h′(t)+ρ

∫

B(t)
(x−h(t))⊥f(x, t)dxω(t).

(8.6)

Therefore, by using the definition of ρ̃, we obtain that

1

2

d

dt

(∫

O
ρ̃(t)|u(t)|2dx

)
+ 2ν

∫

O
|D(u(t))|2dx =

∫

O
ρ̃(t)f(t) · u(t)dx, (8.7)

almost everywhere in (0, T ). The above relation, Lemma 5.2, and Poincaré’s
inequality imply the existence of constants c1 > 0 and c2 > 0 such that

d

dt

(∫

O
ρ̃(t)|u(t)|2dx

)
6 −c1

(∫

O
ρ̃(t)|u(t)|2dx

)
+ c2

∫

O
|f(t)|2dx,

almost everywhere in (0, T ). We deduce that

d

dt

(
ec1t

∫

O
ρ̃(t)|u(t)|2dx

)
6 c2e

c1t‖f(t)‖2L2(O), a.e. in(0, T ). (8.8)
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If we integrate the above relation with respect to time on [0, t], we obtain
the existence of a constant c3 > 0 such that

∫

O
ρ̃(t)|u(t)|2dx 6 c3e

−c1t‖u0‖2L2(O) + c2

∫ t

0
e−c1(t−s)‖f(s)‖2L2(O)ds,

∀t ∈ (0, T0). We deduce from the above relation the existence of a positive
constant c4 depending only on the geometry, on the viscosity of the fluid
and on the density of the rigid body such that

‖u(t)‖L2(O) 6 c4

(
‖u0‖L2(O) + ‖f‖L2((0,T )×O)

)
, ∀t ∈ (0, T0). (8.9)

Hence, we obtain that

|h(t)| 6 c5T
(
‖u0‖L2(O) + ‖f‖L2((0,T )×O)

)
, ∀t ∈ (0,min(T0, T )),

and

|θ(t)| 6 c5T
(
‖u0‖L2(O) + ‖f‖L2((0,T )×O)

)
, ∀t ∈ (0,min(T0, T )),

where θ(t) =
∫ t

0 ω(s)ds. The above relations imply that for

‖u0‖L2(O) + ‖f‖L2((0,T )×O)

small enough, we have that T0 > T , by using again Theorem 2.2. By inte-
grating (8.8) on [T, t] and the hypothesis on f , we obtain that

∫

O
ρ̃(t)|u(t)|2dx 6 c6e

−c1t‖u(T )‖2L2(O), ∀t ∈ [T, T0), (8.10)

which implies that

|h′(t)| 6 c7e
−c8t‖u(T )‖L2(O), ∀t ∈ [T, T0).

By integrating the above relation, we deduce that

|h(t)| 6 c7
1

c8
c4

(
‖u0‖L2(O) + ‖f‖L2((0,T )×O)

)
, ∀t ∈ [T, T0).

We can estimate in the same way the function θ(t). Hence, for ‖u0‖L2(O) +
‖f‖L2((0,T )×O) small enough, there exists ε > 0 such that for all t ∈ [0, T0),
we have dist(B(t), ∂O) > ε. Therefore, by using Theorem 2.2, we obtain
that T0 =∞; i.e., the solution is global. Then, by using (8.10) and (8.9), we
deduce (8.1). ¤
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9. Some extensions to the three-dimensional case.

In this section, we give some extensions of the results in the previous
sections to the three-dimensional case.

In the case of a fluid–rigid-body system in a bounded domain of R3, the
equations modeling the motion can be written as follows.

∂u

∂t
− ν∆u+ (u · ∇)u+∇p = f, x ∈ Ω(t), t ∈ [0, T ], (9.1)

div u = 0, x ∈ Ω(t), t ∈ [0, T ], (9.2)

u = 0, x ∈ ∂O, t ∈ [0, T ], (9.3)

u = h′(t) + ω(t) ∧ (x− h(t)), x ∈ ∂B(t), t ∈ [0, T ], (9.4)

Mh′′(t) = −
∫

∂B(t)
σndΓ + ρ

∫

B(t)
f(t)dx, t ∈ [0, T ], (9.5)

Jω′(t) = Jω ∧ ω −
∫

∂B(t)
(x− h(t)) ∧ σndΓ

+ ρ

∫

B(t)
(x− h(t)) ∧ f(x, t)dx, t ∈ [0, T ], (9.6)

u(x, 0) = u0(x), x ∈ Ω(0), (9.7)

h(0) = 0, h′(0) = h1 ∈ R3, ω(0) = ω0 ∈ R3. (9.8)

We use the same notation as in the previous sections, except for the dimen-
sion: for example, here ω is a vector of R3 and Hi(t) = [H i(Ω(t))]3, and so
on.

The local existence result in Theorem 2.2 can be generalized as follows:

Theorem 9.1. Suppose that f ∈ L2
loc(0,∞;

[
W 1,∞(O)

]3
), u0 ∈ H1, and that





divu0 = 0 in Ω,

u0(x) = 0 on ∂O,
u0(x) = h1 + ω0 ∧ x on ∂B,

dist(B, ∂O) > 0.

Consider C1 and ε, two positive constants such that ‖u0‖H1 6 C1 and such
that 0 < ε < dist(B, ∂O). Then there exists T0 > 0, such that equations
(9.1)–(9.8) admit a unique strong solution

(u, p, h, ω) ∈ U(0, T ; Ω(t))×L2(0, T ;H1(Ω(t)))×H2(0, T,R3)×H1(0, T,R3),

for all T ∈ (0, T0).
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Proof. The proof of Theorem 9.1 is very similar to the proof of Theorem
2.2, so we only sketch here the proof.

We transform our equations with almost the same change of variables:
First we consider ξ ∈ C∞(R3,R) with compact support contained in Oε/2
and equal to 1 in Oε. Then we use the functions w : R3× [0, T ]→ R3, given
by

w1(x2, x3, t) = ω1(
x2

2

2
− h2x2 −

x2
3

2
+ h3x3)

w2(x1, x3, t) = ω2(
x2

3

2
− h3x3 −

x2
1

2
+ h1x1)

w3(x1, x2, t) = ω3(
x2

1

2
− h1x1 −

x2
2

2
+ h2x2),

(9.9)

and Λ : R3 × [0, T ]→ R3,

Λ(x1, x2, , x3, t) =




ξVR1 + ∂ξ
∂x2

w3 − ∂ξ
∂x3

w2

ξVR2 + ∂ξ
∂x3

w1 − ∂ξ
∂x1

w3

ξVR3 + ∂ξ
∂x1

w2 − ∂ξ
∂x2

w1


 . (9.10)

We have the same linear system as in Section 5, the same estimates as in
Section 6 (notice that Lemma 6.7 holds since the Sobolev embedding result
that we used is valid in the three-dimensional case). This proves the local
existence of solutions of the system (9.1)–(9.8). ¤

As a consequence of Theorem 9.1 we obtain

Corollary 9.2. Suppose that the hypothesis of Theorem 9.1 holds and that
there exists T > 0 such that f(t) = 0, ∀t > T. If ‖f‖L2((0,∞)×O) + ‖u0‖H1(O)

is small enough, then the solution of (9.1)–(9.8) is global (in particular,
dist(B(t), ∂O) > 0 for all t > 0).

Moreover, there exist two constants ca, cb > 0 depending only on the ge-
ometry, on the viscosity of the fluid, and on the density of the rigid body
such that
∫

Ω(t)
|u(t)|2dx+M |h′(t)|2 + J |ω(t)|2

6 ca
(
‖u0‖2L2(O) +

∫ T

0
‖f‖2L2(O)ds

)
e−cbt. (9.11)

Proof. The method used in the proof of Proposition 8.1 can not be directly
applied in the three-dimensional case since it is based on Theorem 2.2, which
is valid only in the two-dimensional case. However, a proof can be obtained
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by using the following ideas. First, by using Theorem 9.1, we consider the
maximal solution of (9.1)–(9.8) on [0, Tmax). Using calculations identical to
those in Proposition 8.1, we get that for

‖f‖L2((0,∞)×O) + ‖u0‖L2(O)

small enough, there exists ε > 0 such that for all t ∈ [0, Tmax), we have that
dist(B(t), ∂O) > ε. The main difference with respect to the two-dimensional
case is that in the three-dimensional case we have to show that the H1 norm
of u does not blow up in finite time. This fact is proved in [4] provided

‖f‖L2((0,∞)×O) + ‖u0‖H1(O)

is small enough. We can now conclude that for small data the solution is
global. From now on, the proof of Proposition 8.1 can be adapted to prove
the asymptotic stability. ¤
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