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Abstract

This paper is devoted to the study of the internal stabilization of the Bernoulli-Euler plate equation in a square. The continuous
and the space semi-discretized problems are successively considered and analyzed using a frequency domain approach. For
infinite-dimensional problem, we provide a new proof of the exponential stability result, based on a two-dimensional Ingham’s
type result. In the second and main part of the paper, we propose a finite difference space semi-discretization scheme and we pro
that this scheme yields a uniform exponential decay rate (with respect to the mesh size).

0 2005 Elsevier SAS. All rights reserved.

Résumé

Dans cet article, nous étudions la stabilisation interne de I'équation des plaques de Bernoulli-Euler dans un carré. Les probléme
continu et semi-discrétisé en espace sont successivement considérés et analysés en utilisant une approche de domaine fréquen
Pour le probleme en dimension infinie, nous donnons une nouvelle démonstration du résultat de stabilisation exponentielle, utilisan
un résultat bidimensionnel de type Ingham. Dans la seconde et principale partie de I'article, nous proposons un schéma de sem
discrétisation en espace par différences finies et nous montrons que ce schéma a un taux de décroissance exponentielle unifor
(par rapport au pas du maillage).
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1. Introduction and statement of the main results

The aim of this paper is to study the stabilization of the Bernoulli-Euler plate equation from both the theoretical
and the numerical points of view. We assume that the domain occupied by the plate is a square and that the plate |
subject to a feedback force distributed in a subdomain (internal stabilization). First, we tackle the infinite-dimensional
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problem by using a frequency domain approach, combined to some nonharmonic Fourier analysis results. Then, v
propose a finite difference space semi-discretization scheme which yields a uniform exponential decay rate (witl
respect to the discretization parameter).

The internal or boundary stabilization of the Bernoulli—Euler plate equation has been intensively studied in the
literature (see, for instance, [3,7,10] and the references therein).

In the case of a rectangular plate with interior control, a sharp result has been proved in Jaffard [7]. This resul
implies in particular that the plate equation can be exponentially stabilized by means of a feedback acting in ar
arbitrary subdomain of the rectangle. From the numerical point of view, as far as we know, only the case of one spac
dimension has been tackled in the literature (see [11]).

This paper can be divided into two parts. The first one contains a new proof of the exponential stability result for the
continuous problem. Although this result follows from results proved in [7], we prefer to give a self-contained proof.
Instead of using the results in Kahane [9], our argument is based on a new Ingham—Beurling type result of independe
interest, which we derive in Appendix A.1. An additional reason that lead us to propose this new proof lies in the fact
that some of the estimates established are useful for the second and main part of this work, devoted to the study of t
uniform exponential stability of a space finite difference semi-discretization of the continuous problem. The scheme
we propose involves a numerical viscosity term which damps the high frequency modes which cannot be stabilize
by the feedback term. The appearance of such spurious modes in the approximation by finite differences or finit
elements of control problems has been remarked in several works (see, for instance, Glowinski, Li and Lions [4]
Infante and Zuazua [5], Tébou and Zuazua [18] and the review paper [20]) proposing various solutions to overcom
this difficulty. As far as we know, our results are the first ones concerning the numerical approximation of problems
which cannot be handled by multipliers methods. Moreover, our frequency domain approach can be easily adapted
deal with the Schrédinger equation with interior damping.

In order to give the precise statement of our results, we introduce some notation. Consider thefsguare
(0,7) x (0, 7) and letO C £2 be the rectangléa, b] x [c¢,d], with O<a <b <7 and O< ¢ <d < w. The set
O represents the part & where the damping is active. Denote joy the characteristic function @, and consider
the following initial and boundary value problem:

W(t) + A2w(t) + xow () =0, xe,t>0, (1.1)
w(t)=Aw(@)=0, xe€dfR,t>0, (1.2)
w(x,0) =wo(x), wx,0) =wi(x), xe€, (1.3)

where the dot denotes as usual the derivative with respect to time and the last term in the left-hand side of (1.1) mode
the damping effect. The energy of the system at instégiven by:

1.
ED) =S {[i0)| G2+ | Aw0)| 2 )

Simple formal calculations show that
t
ﬂn—ﬂmz—//mmfm Vi >0,
00

thus the energy is nonincreasing. As already said, the first part of the paper provides a self-contained proof of th
following exponential stability result.

Theorem 1.1.Assume thatvg € H2(£22) N H}(2) and wy € L2(£2). Then, the systeifi.1)—(1.3)admits a unique
solutionw e C(0, oo; H2(£2) N H3 (£2)) N CL(0, 0o; L2(£2)). Moreover, the syste(t.1)—(1.3)is exponentially stable,
i.e., there exist constantd, « > 0 depending only oi¥ such that

[0 320 + |0 520y < ME (w255, + wolZ2,) V2 >0.

Let us now describe the finite difference space semi-discretization procedure used to approximate the syste
(1.1)—(1.3). GiverV € N, we denote by
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Without loss of generality, we can assume that there exist integers,
a(h), b(h), c(h),d(h) € (1, ..., N},
such that
a=a(h)h, b=b(h)h, c=c(h)h, d=d(h)h. (1.4)
Let w; denote for allj, k € {0, N + 1} the approximation of the solutiom of the system (1.1)—(1.3) at the point

xjx = (jh, kh). We use the standard finite difference approximation of the Laplacian

1 ~
Aw(jh, kh) ~ ﬁ(wj+1,k fwj1k+wikrrtwik—1—4wjr) Vj ke {1, N}.
In order to satisfy the boundary conditions (1.2) we set:

wo,k=wk,o=wﬁ+1’k=wk’]\~,+1=0 Vke{O,...,N+1},
W-1k=—"Wlk, Wx 2= "Wx k> ~
i ' vkelo,...,N+1}.
Wk,—1= —Wk,1, Wi Ni2= Wi N>
Set:
Vv, =RV

Let w;, € Vj, be the vector whose components areithg for 1< j, k < N.

We define the matri¥ig, representing the discretization of the bilaplacian with hinged boundary conditions via its

square roomtl){l2 given by:

1/2 1
(Agn wh)j’k = _ﬁ(wj+l,k t w1k + Wjk+1+ wjk-1—4wjk),

forall 1< j, k< N.
The finite-difference scheme for system (1.1)—(1.3) studied in this paper reads then,
Wk + (Aowwn) jk + (xown) jk +h?(Aonhn)jk =0, 1< j,k<N, 1>0, (1.5)
wp(0) =won,  wp(0) = wi. (1.6)

In relation (1.5),x»w;, denotes the vector df, whose components are:

wjx if ath) < j <b(h) ande(h) <k < d(h),

(xown)jx = [ 0 otherwise

The numerical viscosity termh2Ag,wy, in (1.5) is introduced in order to damp the high frequency modes. In rela-
tion (1.6),wg, andwgy, are suitable approximations of the initial datg andw1 on the finite-difference grid.
The energy of the above semi-discretized system at insfargiven by:

1
En(o) = 5 {[in 0)* + | AgZwa )] *}.

The main result of this paper reads then as follows:

Theorem 1.2.The family of systems defined {dy5)—(1.6)is uniformly exponentially stable, in the sense that there
exist constant€’, o, h* > 0 (independent of, wg, and w1,) such that for allk € (0, 1*):
. 2 2 _
() |* + | Ag,Zwa (1) |* < Ce™ (lwan1? + | Agy*wonll?) Ve > 0.

The paper is organized as follows. Sections 2 and 3 are respectively devoted to the proofs of Theorems 1.1 and 1.
Some technical results needed in these proofs are given in the appendix constituting Appendix A.
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2. The infinite-dimensional problem: proof of Theorem 1.1

For allx e R¢ and allR > 0, we set throughout the paper
B(x,R)={yeR’, |y—x| <R},

where| - | denotes the Euclidean norm.

In order to establish the exponential stability of the system (1.1)—(1.3) claimed in Theorem 1.1, we mainly use
three ingredients. The first one is a Hautus type test for the exponential stability of infinite-dimensional systems
(Proposition 2.1). To check that the frequency criterion provided by this Hautus test is satisfied, we use two additiona
ingredients: an Ingham’s type result Rf (Theorem 2.2) combined to an elementary result from number theory
(Proposition A.1).

The first ingredient is a frequency characterization for exponential stability of second order systems. Note that
similar result is proved in [13] for the exact controllability of first order systems.

Proposition 2.1.Let Ag: D(Ag) — H be a self-adjoint, positive and boundedly invertible operator, with compact
resolvent on a Hilbert spacH , endowed with the norih- ||. LetU be another Hilbert space equipped with the norm

I - lv and letBg € L(U, H). Denote by(1,),cN the increasing sequence formed by the eigenvalue’%@fand let
(®,)nen be a corresponding sequence of eigenvectors, forming an orthonormal baRiskfr all » > 0 and all
¢ > 0, define the set

I (w) = {m e N such thatr,, — w| < 5}. (2.2)

Then, the following assertions are equivatent

(i) The system,
w(t) + Aow(r) + BoBguw(r) =0, >0, (2.2)
w(0) =wo € D(Ag?), w(0)=wseH, (2.3)
is exponentially stable, i.e., there exist positive constah@snd« such that

)] + Hw(r)H%mgz) < Me™® (lwal® + ||w0||2D(Aé/2)) vt > 0.

(i) There exist > 0ands > Osuch thatforallo >0andallp =3, ./ () mPm:

IBoellu = sliell. (2.4)
(i) There exist > 0andé > Osuchthatforalr e Nandallp =3, ./ ;.\ cmPm:
I Boellu = dliell. (2.5)

Proof. First, it is clear that conditions (ii) and (iii) are equivalent. Indeed, (ii) obviously implies assertion (iii) (take
w = A,). Conversely, if (i) holds true for some > 0, and ifw € R, then eitherl, »2(w) is empty, or there exists
n € I j2(w) and thenl, (o) C I, (A,). Consequently, in both cases, assertion (ii) holds true.

To prove the equivalence between (i) and (ii), we use the exponential stability frequency characterization prove
by Liu [12]. According to Theorem 3.4 of [12], condition (i) is equivalent to the assertion:

38 > 0 such tha¥y € D(Ao), Yo > 0: | (0? — Ao)e ”2 + llw BoBgol|? = 8|lwel|2. (2.6)

Assume that (ii) holds true and that (2.6) is false. Then, there exist sequengesf R’ and(¢,) of D(Ap) such
that

lgnll =1, lim (w2 — Ao)en|| =0,

n——+00

1
nl

’Iw

im_[1BoBgea |l =0. @2.7)

Thus, we have:

. * 2 * _
n—“>n—poo | Bagnlly = nﬂToo(BOBO‘p"’ ¢n) =0. (2.8)
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Decompose, =), .y i P INtO:
@n = @n + Vn, (2.9)
where
n = Z C:ly,(pm’ (2.10)
mely,
and
Yn = Z 6'21@,71,
méel,
with

I, = Is(wy) = {m € N such thaf,, — w,| < e},

wheree is the constant of assertion (ii). Then, we have:
2

2_ )22 A
H_ (02— dojgn] = |20 e s a2 o[t A [ 2 22
meN @n mél, @n
The above relation and the second relation of (2.7) imply that
lim |y, =0. (2.11)
n—+00
Using relations (2.9), (2.7) and (2.11), we immediately get that
lim (@, =1. (2.12)
n—+400

Moreover, sinceBg € L(U, H), relation (2.11) yields:
. N _
n—|I>Too | Bo¥ullu =0.
The above relation together with (2.8) show that
nﬂn-i:]oo ||B6k¢n lv = nlﬁ—]oo ||B(>)k(pn - BSWn lu =0.

Summing up, the last relation together with relations (2.10) and (2.12) show that (ii) is false, and consequently, (i)
implies (i).
Conversely, assume that (i) holds true. Then, (2.6) is satisfied, i.e., theresexi§tsuch that

| (@? = Ao)e|* + lwBoBg@ 1% = sllwgll. Yo € D(Ag). Yo > 0.

In particular, foro = A, andp =3, .; ;. ) cmPm, We oObtain:

S 182 =22 Plem 2+ Nl BoBg@ll? = 8lanell?. (2.13)
melg(Ay)
On the other hand, i € I.(),)) and ife < A1, then
22—
L "< 3e.
An

Consequently, by dividing (2.13) by? > 0, we obtain that for alp = > mel. () EmPm,s

3ellgll® + 1| Boll v iy | Bgellu = Slloll?.

By taking & < é in the above relation, we get that (iii) holds. We have already seen that (iii) and (ii) are equivalent,
thus (i) also holds. O

For the proof of Theorem 1.1, we also need the following Ingham’s type resRilt iwhered > 1 is arbitrary.
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Theorem 2.2.Letn > 0 and let(uy) yen be a sequence @<, whered > 1. For N € N andy > 0, we set
kn(y)=CardM e N |y € Blun,v)}.
Assume that the sequen@ey) yen is such that there exist > 3+/6d/n andy’ > 0 satisfying,
kn(y)=1 VNeN, (2.14)
and
knv(y) <2, VNeN. (2.15)

Then, there exist > 0 depending ory andy’, but independent of the sequeriggy) yen, such that for all seD € R?
containing a ball of radius greater thamand for all sequencéuy) € £2(N, R), the following inequality holds

[ aner

D NeN

2
de>8 )" lanl? (2.16)
NeN

In the particular case where= 1, the above result has been proved in [8]. Theorem 2.2 can also be seen as the
generalization of the Ingham’s type resultsRfi proved in [9] or in Baiocchi, Komornik and Loreti [1]. We remark
that the conditiony > 3+/6d/n might be weakened since, fér= 1 it has been shown in [1] that a similar result holds
for y > 7 /n. However, since this paper deals with stabilizability and not with controllability, a possible improvement
in this direction is beyond the scope of this paper. We also remark that, by applying the methodology, introduced in [2
it is easy to check that the conclusion of Theorem 2.2 still holds provided that (2.14), (2.15) are satishiddrpe
enough.

For the sake of clarity, we postpone the proof of Theorem 2.2 to Appendix A.1.

We are now in position to prove Theorem 1.1.

Proof of Theorem 1.1. We first note that Egs. (1.1)—(1.3) can be written in the abstract second order form (2.2)—(2.3)
if we introduce the following spaces and operators. Let:

H=L%8), D(Ao)={peH 2)NH;(2)|Ap=00nds}, (2.17)
and
Ao:D(Ag) — H, Aop =A% Vg eD(Ag). (2.18)
If U = L?(O) denotes the input space, then the input operBgas £L(U, H) is defined by:
Bou=iixp VueU=L*0), (2.19)

where we have denoted ldyan extension ofi to an element of.2(£2). The adjoint ofBy is clearly given by:
Bip=¢lo V¢ €H. (2.20)
It can be easily checked thay is self-adjoint, positive, boundedly invertible, and that
D(Ay%) = HA(Q) N H} (),

with the corresponding norm:

||¢||%/2=f|Aw<x>|2dx.
2

Finally, the eigenvalues 04(1)/2 are:
Apg=p>+q%® Vp,qeN* (2.21)

A corresponding set of normalized eigenfunctionsHihis given by

2 . .
Pp.q(x) = — sin(px1)sin(gxz) Vp,q € N*, Vx = (x1, x2) € 2. (2.22)
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According to Proposition 2.1, the system (2.2), (2.3) is exponentially stable if and only if there,exist0 such
that

VmoneN* Vo= Y ap.0pq 1B5ollu =8lel, (2.23)
(p.q)€ls(m,n)
where
Is(myn):{(PJI)EN*XN*; |)¥p,q_)\m,n|<8}- (2.24)

First, we note that it suffices to check the above condition only for the “high frequencies” (see Lemma 2.3
proved below). In other words, it suffices to show that there eXigg > 0 such that for alin, n € N* satisfying
r=~m?4+n2>roandforallp =3, e on.n) 9p.q¥p.q, WE have:

IBoellu = $lell. (2.25)

LetC, denotes the circle with radius= +'m? 4 n? centered at the origin. Since the eigenvalugg of Aé/z take
only integer values, we obviously have fok 1,

L(m,n) ={(p,q) e N* x N* | p? + ¢? = m? + n?} = (N*)2NC,.

Therefore, condition (2.25) is clearly satisfied if there e&jst > 0 such that the inequality,

(m,n)

2
/ ’ > apgsinpxpsinigx)| duda>8 Y apel’ (2.26)
O  (P.9eN"2NC, (p.9)e(N*)2NC,

holds for allr > ro and for all sequencéz,, ;) € 2(N* x N*| R).
In order to establish the above inequality, we first rewrite the sum appearing in the left-hand side of (2.26) using
complex exponentials. More precisely, using the identity

sin(px1) sin(gx2) = _%(é(mlﬂ)cz) + e i(pxatgx2) _ d(pri—qx2) _ i(fpx1+qX2))’
we easily obtain that

i i sgnpq) j
Z ap.q SIN(px1) sin(gxz) = — Z 2 a‘p|,|q|e'(f""1+qx2).
(P,9)eN*)2NC; (P, E(Z*)?NC;

Consequently, to prove that (2.26) holds, it suffices to show that theresexjst 0 such that

2
‘ Z apyqel(pxﬂrqxz) dry dxy > 8 Z lap.q |2 (2.27)
O  (p.Qe@*)’NC,

(P EZ*)?NC,

for all r > ro and for all sequencés, ;) € 02(Z* x 7*, C).

The main ingredient to prove the above inequality is the Ingham’s type result detailed in Theorem 2.2. In order to
use this result, we need the following notations. Let us denotgay), ..., s (r)) the sequence constituted by
those pointg p, ¢) of (Z*)2 N C,. Then, proving (2.27) amounts to showing the existence of constants- 0 such
that for allr > rg and for all complex sequences, ..., aj¢)):

/ I(r)

Z aNeil/-N(”)'X

Letn > 0 be such that contains a ball of radiug. According to Theorem 2.2, property (2.28) will be satisfied if we
can prove the existence of three constants 6+/6/7, ¥’ > 0 andrg > 0 such that for all- > ro,

v/ =1 YN=1...10), (2.29)

2 1(r)
de>8Y lay|® (2.28)
N=1

and
kn(y,r) <2, VYN=1,...,1(), (2.30)
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where we have set
kn(y.r)=CardM e N* | 1< M < I(r) anduy(r) € B(un(r), )}, (2.31)

forall N e{1,...,1(r)}.
Relation (2.29) obviously holds jf’ < 1. Lety > 6+/6/5. The existence of a constamnt> 0 such that (2.30) holds
for all r > rg is given by Proposition A.1 (see Appendix A.2), and the proof of Theorem 1.1 is thus comptete.

Lemma 2.3.Using the notation of the proof above and givghe > 0, there exist$ > 0 such that for all(m, n)
N* x N* satisfying0 < v'm? +n? <rgand foralle = 3", . \c1. n.n) @p.a¥p.q, WE have
1Bs@ 17 > sliell. (2:32)

Proof. Givene, rg > 0 andm, n € N* such that/m? + n2 € (0, rg), we obviously have:
Is(m,n) C lo:={(p,q) e N* x N* | A, 4, <ro+¢}.

Therefore, the lemma will be proved provided we check (2.32) for all functioas/o :={p =3, ,c1o9p.q9 ¥p.a;
ap 4 € C}. But sinceAq has compact resolverity is finite-dimensional. Combining this argument and the fact that

n%m%=/wﬁ>a Vo € Vo \ {0}
O

we obtain the desired conclusionQ
3. A uniformly exponentially stable finite-difference scheme: proof of Theorem 1.2

Before proving Theorem 1.2, we need some further notation. Recall that
Vi, = R(ﬁ)z
and let,
Uy = R(b(h)—a(h)-irl)X(d(h)—C(h)+1)’
be the discretized input space, where the integéks3, b(h), c(h) andd(h) are defined by (1.4). We introduce the
finite-difference approximatioBo, € L(Uy, V) of the operatoBg defined by (2.19) by setting for all, € Uy,:
o _[ujx ifalh)<j<b(h) ande(h) <k <d(h),
(Bow i) j.k = { 0 otherwise

The adjointBg, € L(Vj, Up) of By, is then defined for alv, € V), by:

(Bopwn)jk =wjk, a(h) < j<b(h) andc(h) <k <d(h).

In the remaining part of this section we denote |by|| the Euclidean norm ifR” for various values ofz, and in
particular,V;, will be endowed with this norm. The finite-difference semi-discretization(1.5)—(1.6) reads, then

(3.1)

W & + (Aowwn) j.k + (Bow By n) jk +h*(Aonin)jx =0, 1< j k<N, (3.2
Wik = (A(l),/lzwh)j,k =0, jk=0N+1, (3.3)
wjk(0) =won, W0 =wy, O0<jk<N+1 (3.4)

It can be easily checked that the sequeid@yy, || £(v,.v,)) is bounded and that the eigenvaluesﬁx(é'f,2 are (see, for
instance, [19]):

41 . o(ph .o qh ~
Apgh = ﬁ[sm2<7) + smz(?)}, for1<p,g <N. (3.5)
A corresponding sequence of normalized eigenvectols iis:

j k j k 2h . . ,
Op.g.h = (¢;z,q,h)1<j,k<ﬁ’ wé’q’h =_ sin(jph) sin(kgh). (3.6)
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Note that eigenvectors of the discretized problem are related to those of the continuous one defined in (2.22) by the
relation:
n ‘
ley,q,h :h‘ﬂp,q(]h,kh). (37)

The proof of Theorem 1.2 is based on the following frequency domain characterization for the uniform exponential
stability of a sequence of semigroups (see [14, p. 162]).

Theorem 3.1.Let (T}),-0 be a family of semigroups of contractions on the Hilbert splg@and A;, be the corre-
sponding infinitesimal generators. The fan(il, )~ is uniformly exponentially stable if and only if the two following
conditions are satisfied

(i) Forall > 0,iR c p(Ap), wherep(A,) denotes the resolvent set4f,
(if) SUP,=0. wer Il — Ap) 71| < +o0.

Proof of Theorem 1.2. In order to apply Theorem 3.1, we rewrite the system (3.2)—(3.4) as a first order system. Let
us then introduce the spag&g, = V;, x V},, which will be endowed with the norm:

| Gon wm) |5, = lonl®+ | Agy 2w |

], Egs. (3.2)—(3.4) can be easily written in the equivalent form:

Settingz, = [ ;;,
z2n(t) = Apzp(t),  zn(0) = zo,

whereA;, € L(X;,) is defined by

_ 0 1 | won
An= [—AOh —h2Aon — BOhBSJ’ 0= |:wlhi|. (3.8)

It will be useful to introduce the operatdry, :

0 1
an=|_% o]eon (39)
such that
0 0
Ap= A1y — [o Ao, + BohB{;J' (3.10)

We will also need in the sequel the spectral basis of the opefajoiMoreover, it will be more convenient to number
the eigenelements ofy;, using only one index: instead of the couplép, ¢). To achieve this, let us first rearrange
the sequence of eigenvalu@s, ;) »,4en+ Of the continuous problem and defined by (2.21) in nondecreasing order to
obtain a new sequence,,) e+ If

Amzkp,q=p2~|—q2, Vm € N*, Vp, q € N*¥, (3.11)
then we set forall Km < N2, and for all 1< p,g < N:

{ Am,h = Ap,q,hs

3.12
Pm,h = Pp.q.h- ( )

Let, then

2
No(h) = N? = (% — 1)

be the number of nodes of the finite-difference grid. If we extend the definitian,0f andg,, » to the values
me{-1,...,—Na(h)} by setting:

{ Am,h = _A—m,ha (313)

Pm,h = P—m.h>
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then it can be easily checked that an orthonormal basks,dbrmed by eigenvectors ofy;, is given by:

i
Ppp,h = —{ Am (pm’h}, 1< |m| < Na(h), (3.14)
Dm,h
where®,, ; is an eigenvector associated to the eigenvallg)i.

We are now in position to apply Theorem 3.1. We first check condition (i) of Theorem 3.1. Suppose that there exis!

[fZ'Z] € X, andw € R such that
®h | Pn
A = .
h[‘ph} “’[wh}

Then, by using the definition (3.8) af},, we easily obtain that

{1//h =iwgpp,

. A
[w? — Aow — iw(h? Ao + Bow B,)1on = 0. (3.15)

By taking the imaginary part of the inner product of the second relation in (3.15)gyitind by using the fact that
Aoy, is invertible, we get thap;, = 0. Then, by using the first relation in (3.15) we get tiiat= 0. Thus, i cannot be
an eigenvalue ofi;, and henced € p(Ay) for all w € R. Thus, the spectrum of the operatby contains no point on
the imaginary axis and condition (i) in Theorem 3.1 holds true.

To prove condition (ii), we use a contradiction argument. Let us thus assume the existence toNabf /1, €
0,h*), w, €R, z, = [¢” ] € X, such that

Yn
2
lzal?= | Agigu]|® + 1¥l?=1 VneN. (3.16)
liwnzn — An,znll — 0. (3.17)

To obtain a contradiction, we decompageinto a low frequency part and a high frequency part. More precisely, for
O0<e < landh € (0, h*), we define the integer,

M(hy=max{m € (1,..., No(h)} | h?(Am)? < &}, (3.18)

where the sequenaet,,),en+ defined in (3.11) constitutes the sequence of eigenvalues of the continuous problem.
The eigenvalues!,, ; for 1 <m < M} correspond to “low frequencies” and will be damped to zero by the feedback
control termBgy, By, ;. The eigenvaluest,, , for m > M correspond to “high frequencies”, and will be damped
thanks to the numerical viscosity term.

To get the desired contradiction, we follow several steps.

Stepl. Let us prove the two relations:

W2 G20 | + 1Bg, ¥ull — O. (3.19)
. . 1
Jim [ 4gZg, | = im (v )? = 3. (3.20)

Relation (3.19) follows directly from (3.17) by taking the inner productXip, of iw,z, — Ap,z, by z, and by
considering only the real part. By using (3.17), (3.19), (3.10) and the fact that the opeBaiprare uniformly
bounded we obtain that

=0 (3.21)

. 0

We show now by a contradiction argument that the sequéngE contains no subsequence converging to zero.
Suppose that such a subsequence exists. For the sake of simplicity, we still denote,ii.byhen, by considering
the first component of (3.21) and by using (3.16), we obtain that

| Gl v | 0. (322)
Moreover, by taking the inner product Iy, of the second component of,

. 0
n n
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by ¢,,, and by using (3.21), (3.22) and the fact ti¥at) is bounded we get that
bu| —

The above relation and (3.22) contradict (3.16), so we have proved that therengxisk$ such that the sequence
(lwnDn=ne is bounded away from zero.

We can now prove (3.20). Taking the inner produckiy), of (3.21) by;t[_"’]/"/” ] with n > ng, and by considering
only the imaginary part, we obtain:

”Al/Z

lim (||A1/2

n—oo

n|? = Il?) =

The above relation and (3.16) yield (3.20). Step 1 is thus complete.
In order to state the second step, let us introduce the modal decompositign avf the spectral basis of
(P, ) 1< < Na(hy) OF A1p,. For alln € N, there exist complex coefficients);, ) 1< m|<n.,) such that

zn=[ﬂ= Y o (3.23)
" AmI<Na ()
The normalization condition (3.16) reads then
DA (3.24)
1< Im|< N2 (hy)

Step2. In this step, we prove that the following relations holds true:

No(hy)
Z ¢ )P (3.25)

m=1
Z | +c'im’2—> 0, (3.26)

M () <m <N (hy)
S on— Am,1?|ch]F = 0. (3.27)

1<Im|< M (hy)

Note that, roughly speaking, relations (3.25) and (3.26) show that the projectibnaf the high frequencies tends
to 0 asn tends to+oo.

Relation (3.25) follows directly by taking the second component in (3.23) and by using (3.14).

On the other hand, by using (3.23) and the fact that, is an eigenvector ofA1;, associated to the eigenvalue
i Ay p, We have:

ia)nzn - Alh,,zn = Z i(wn - Am,hn)cchm,hn‘ (328)
1< Im|<N2(hy)
From (3.19) and (3.25) it follows that

No(hy)
2% ?= > n2AZ, |+, )P0, (3.29)

m=1
Using the expressions (2.21) and (3.51r¢f, andi, 4 1, it can be easily checked that

~

4
ﬁ)‘P,q SApgh Shpg VIS p,g<N,

or equivalently, that

Ap < App < Ay Vi<m < Na(h). (330)
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Relations (3.29), (3.30) and (3.18) imply (3.26). On the other hand, relations (3.30) and (3.29) clearly imply that there
exists a constant independent ok such that

M (hn) M (hy)
50 SO WA P LS h2A2 , |+, |P— 0 3.31
n Z m,hn|cm+c—m| <Ce Z n m‘hn|cm+c—m| — U ( )
m=1 m=1

On the other hand, a simple calculation shows that

0 h2
[hZAOh . ]Z Y (e ) P, (3.32)
w1 mI< Nathy)

Relations (3.31) and (3.32) imply that

0 h2
[thOh w i| - Z EnAgn,hn (C;l’l + C’im)¢mahn - 0 (333)
n L M () <ImI < NaGh)

By using (3.21), (3.28) and (3.33) it follows that
. h2 .
Z I(w” - Am,hn)cz@m,hn + Z ?nAl%l,hn (C,;z + Crim)@mvhn — 0.
1<Im|<N2(hy) M (hyp)<|m|<N2(hy)

Since the family®,, 5, ) is orthogonal, the above relation implies (3.27).
Step3. Consider the set:

1
F= {n eN|[Imn) € Z, 1< |m(n)| < M(hy), such thalw, — Ap).n,| < é}'
In other words,F is constituted by those integersuch thaty, is located in the “low frequency band”. We distinguish
then two cases:
First case.The setF is finite. Then, for the sake of simplicity, we can suppose, without loss of generalityFthat
is empty, i.e., that, for ak € N, we have:

1
lwn — Am,h,,| > é forall 1< |m| < M(hy).

Note that in this case, all the elements of the sequéageare located in the “high frequency band”.
By using relation (3.27) in Step 2 and the above relation, we obtain that

PORCAEY
1< Im|<M (hy)
i.e., that the low-frequency part @f, tends to 0. Thus, the above relation, (3.25) and (3.26) in Step 2 imply that
Y, —>0 inH,

which contradicts (3.20).

Second cas&he setF is infinite. Then, for the sake of simplicity, we can suppose, without loss of generality, that
F =N. In this case, all the sequenex is located in the “low frequency band”.

For allz € N, we introduce the sef, defined by:

1
Fn= {m €Z11< |m| < M(hy) and|w, — Apoh, | < é}
Note thatF, is never empty (since it always containgn)) and represents the collection of low frequency eigenvalues
located neaw,,.
Set then

Z Cr Om.h, - (3.34)

& _ 1
\/émej:n
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The definition ofF,, together with relation (3.27) of Step 2 imply that

3 e 2 0. (3.35)
me{l ----- N2(hn)}\-7:n
Using now relations (3.25) and (3.26) of Step 2, we see that (3.35) exactly states that
|¥n — ¥u| — 0. (3.36)
The above relation implies (sin((eth” ) is bounded) that

” BShn (wﬂ - &)’l) || - O
This relation together with relation (3.19) of Step 1 show that

| B, ¥n | — O. (3.37)
But on the other hand, we have the following result: there egist® such that for alk € N, we have:
x 72 2
|Bg, vl "> 82 D el (3.38)
meF,

The above relation follows from the application of Lemma 3.2 below, if we remark&hat I, (w,), wherel; (w)
is defined for allz € (0, #*) and allw € R in Lemma 3.2.

Gathering (3.35), (3.37) and (3.38), we finally obtain tiigt— 0 in H. By using (3.36), we obtain that, — 0
which contradicts (3.20). O

A key ingredient in the proof of Theorem 1.2 is the following result concerning the observability of a low frequency
packet of eigenvectors.

Lemma 3.2.Let0 < ¢ < 1, and set for allz > O:

M) =max{m e |1,..., Na(h)} | h3(A)? < e},
where the eigenvaluegsi,,) are defined by3.11) For all w € R, let I; (w) be the set

1
In(w) = {m e Z suchthatl < |m| < M(h) and| Ay — o] < é}’ (3.39)

where the eigenvalugst,, ;) are defined by3.12)and(3.13)
Then, there exists*, § > 0 such that for allz € (0, #*), for all w € R and for all ¢, = Zme[h(w) CmPm.h:

1By @nll = Slienll- (3.40)

Proof. To prove relation (3.40), we are going to use its continuous counterpart (2.23).
Without loss of generality, we can assume that thelgeb) is included inN*. It will be more convenient to use
the following expression afy,:

On = Z Cp.q Pp.q.h»
(p.g)etp(w)

where the eigenfunctions, , , are defined by (3.6) and, where

8

is the set described ki, g) whenm described), (w) (recall thatA,, =X, , = P2+ 42).
First of all, let us note that there existgo, go) € N* x N* depending only otk such that

h235) 0 <€ (3.42)

1
In(w) = {(p, q) eN* x N* | %33 < eand|w —Apqnl < 2 } (3.41)

and satisfying,
In(@) C{(p,q) € N* X N* [ &) 4 = hpg.q0}-
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Indeed, let po, q0) € Ji,(w) (if J,(w) is empty, the claimed result is obvious). Then, €pr ¢) € J;(w), we have:

1

[Ap.g.h — Apo,go.hnl < Z (3.43)
On the other hand, using the inequality:

4

x2— 3 < Sinz(x) <x2, VxeR,
one easily obtains that
&
)\p,q - 1_2 < )\'p,q,h < )‘fp,qs V(Pv Q) € Jp(w). (344)
Gathering (3.43) and the above estimate, we get (sined) that
1

l)‘Psq - AI’O»‘IO' < E

Sincex, 4 takes only integer values, the above relation impliesthat = 1, 4,. Consequently,

Jik
Z €p.a¥p.q,h

(p.@)en(w)

b(h) d(h)

IBgenl>= > >

j=a(h) k=c(h)
b(h)  d(h)

_ ko ik
i SRD DD DI DR

j=ah) k=c(h) p.g=*po.aq *p.q'=po.a0

2 b(h)  d(h)

2
= Z Z) Z Cp,qwi)’,];,h

j=a(h) k=c(h)' hp.g=hpy.qq

where we have set, , =0 wheni, , = 1, 4, and(p, q) ¢ Jy(w). Note here that the s¢(p,g) e N* x N* | A, , =
Xpo.q0) depends om, since(po, go) does § p, 4, Satisfies (3.42)).
The last equality also reads,

IBgenl®= > Yo cpacra(Shi W+ Ry (), (3.45)
Ap.g=np.a0 )‘p’.q’:)“PO-‘IO

where we have set:
b(h)—1 d(h)—1

Sp ;! () = Z Z ¢pqh(p1; 'k (3.46)

j=a(h) k=c(h)

and
b(h)
Py j.d(h) Jd(h) b(.k b k
RP,!{ (h) - Z (P P.q, h '.q h + Z p.q, h P S (347)
Jj=a(h) k=c(h)

Let us first deal with the terrﬂf,’:;,q/(h). Using Eq. (3.7) relating the eigenvectars, of Ao defined by (2.22) to those
of Agy,, we can rewrite Eq. (3.46) in the form:

b(h)—1 d(h)-1
Shi =3 3" WPy g(ih. kg g (b, kh)

j=a(h) k=c(h)
b(h)—1 d(h)—1 U+Dh (k+1Dh
= Z Z / @P,q(jh, kh)wp/’q/(jh,kh)dx. (348)

j=ah) k=c(h) 3 ih

Lety = ZA,,.,,=APO,[,O Cp.q¥p.q- Relation (2.23) shows that there exiggs> 0 such that

1/2
||BE;<p||Lz<@)>ao||<p||Lz(9)=ao< > |cp,q|2) : (3.49)

)‘lwz)‘poqo
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On the other hand, we have:
b
I1B5 11720y = f
d

// Z Z Cp.qCp.q'Pp.q(X)Pp g (x) drydxz

a c¢ )Lp.q:)‘po,qo A]?’,q’:)‘PO,CIO

Z Z Cp,qcp’,q’sgjbq,’ (3.50)

Ap.a=*po.g0 *p! g’ =*po.ao

d

2
Cp.q¥p.q (x)| dxidxz

)‘P q _)‘PO +40

with

o Z Z / / Pp.q (X1, X2)pp g/ (x1, x2) g dra.
j=a(h) k=c(h) ih kh

The above relation and (3.46) show that

|S” 4 —Sp d (h] < Z Z / / |@p.q (X1, X2) @ g7 (x1, X2)

j=a(h) k=c(h) ih kh
- waq(jh’kh)(pp’,q’(jha kh)’ dxq dxa. (351)
Using the mean value theorem, we easily obtain that
|0p.q (1. X207 ¢ (1, X2) — @ g (G kD)@ o (G kR)| < C(p + p' +q + ¢ )h. (3.52)
Since i,y = Ay g = Apoqe, @Nd sincer, 4, Satisfies the low frequency condition (3.42), we have (recall that
)Vp,q = p2 + 612):
p+p +q+q <2,
Gathering the above relation, (3.51) and (3.52), we obtain that
|0~ sPA ()| < C(b — a)(d — ) V. (3.53)
Concerning the term?,ff;,"/(h) defined by (3.47), we easily get that
IRDA ()| < (b—a+d—c)h. (3.54)
Consequently, using (3.53) and (3.54) in (3.45) and (3.50), we obtain that

Buonl < 2 X lepacmal (IS5 00 = P+ RE )
Ap.a=*po.a0 *p' g’ =*poa0
2
gcﬁ( > |c,,,q|) gC\/i_zK(h)( > |cM|2>, (3.55)
)‘17,q=)‘po»qo )‘p,q=)‘po,qo

where

k() = Card{(p, q) € N* x N* | 1.4 = Xpg.q0}-

= Card(p,q) e N* x N* | p2+q2=l’(2)+qg}-



32 K. Ramdani et al. / J. Math. Pures Appl. 85 (2006) 17-37

Note that in the above definition(#) depends on throughpg andgo (recall that( po, go) € Ji (w) defined by (3.41)).
An estimate of the cardinal(k) is provided by Lemma 3.3 below is:

k) <C(y/P3+ad)?°.

By using the fact thafpg, qo) satisfies the low frequency condition (3.42), the above relation implies that
K(h) < Ch=Y3,
Thanks to relation (3.49), the above inequality and (3.55) yield:
1Bgenll® > (G0)? — Ch™®) (> |cp,q|2).

)“PJI:)‘POJIO

Inequality (3.40) follows from the above relation, by takingmall enough. O

Lemma 3.3.Given po, go € N*, letr =/ p3 + ¢3. We define

O, ={(p.q) eN* x N* | p? + g% =r?}.
Then, there exists a constatit> 0 such that
Card®,) < Cr?/3.

Proof. Denote byC, the circle of radiug centered at the origin. Fix < r/3/4. Then, Proposition A.1 proved below
shows that each disk of radigscentered around an elemeipt, ¢) of ®, contains at most two elements €f. The
claimed result follows immediately. O

4. Concluding remarks

The result in Theorem 1.2 still holds for a rectangular plate. The proof of this fact is essentially the same as in the
case of a square plate, with an extra technical difficulty occurring in the proof of the counterpart of Lemma A.1.
Our frequency domain approach can also be adapted to tackle other numerical dissipation terms. More precisely,

we replace the numerical viscosiiy Aoy, wy, in (1.5), (1.6) by the weaker oriezAé{lzu‘)h we obtain the system:

Wk + (Aonwn) jx + (Xown) jx + hz(Aé,ﬁzwh)j’k =0, 1<j,k<N,t>0, (4.1)
wy,(0) = wop, W (0) = wyy. (4.2)

Recently, Miinch and Pazoto in [15] have tackled the corresponding discretization for the wave equation which read:
with our notation,

ik + (Agywn) ;  + (xown) ji +h2(Agyin) =0, 1<j, k<N, 1>0, 4.3)
wp(0) = won, Wi (0) = wi. (4.4)

They proved that the solutions of (4.3), (4.4) are uniformly exponentially stable provided that tessdisfies a
certain geometric optics condition. By using our frequency domain methods it can be checked that the result in [15
implies the uniform exponential stability of (4.1), (4.2). This is essentially due to the fact that the eigenvectgys of

are the same as thoﬁé2 whereas the eigenvalues af;, are more spaced than thoseftfﬁ2 (see Ramdani, Taka-
hashi, Tenenbaum and Tucsnak [16] for a similar result in a continuous setting).

Moreover, since the results of [15] hold for an arbitrary geometi2 ¢provided thatD satisfies a geometric optics
condition), we have that the corresponding semi-discrete problems (4.1), (4.2) are still uniformly exponentially stable
in this much more general situation.

Finally, a natural question is the necessity of the numerical viscosity term in order to have uniform exponential
stabilization. By following the ideas in [11], it is easy to check that this kind of term is necessary for the corresponding
boundary stabilization problem. For the internal stabilization problem considered in the present paper the answer,
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not known. However, in the one dimensional case (a hinged plate with internal dissipation) it can be shown that this

term is not necessary. Indeed, in this case, the eigenvajyesf the corresponding operat;&lré{l2 satisfy the uniform
gap condition:

An—i—l,h - )\n,h P> Y, (45)
for somey > 0. Moreover, the corresponding normalized eigenveggpyssatisfy the uniform observability estimate:
| Bop@n.nll = B > 0. (4.6)

The above two estimates can then be combined with a discrete version of Proposition 2.1 to show that the solution:
of,
Wy + Aonwn + Bop Bg iy =0,

are uniformly exponentially stable (see [17] for a detailed proof). In the two dimensional case considered in this paper,
the observability property (4.6) still holds while the gap condition (4.5) fails, and thus, the method from the 1-d case
does not apply. The study of the 2-d case without the numerical viscosity term is therefore an open question.

Appendix A
A.1. AnIngham’s type inequality iR?: proof of Theorem 2.2

The proof of Theorem 2.2 follows the idea of Ingham (cf. [6]) and can be seen as a generalization of the proof given
in [8] for real valued sequencés v) yen to Sequences with valuesRf, whered is arbitrary. In order to present the

main idea of the proof, let us consider a seque@ge ycn € ¢2(N, C) andk € LY(R?) N L®(R?). If we introduce
the Fourier transfornk of k£ defined by

K = f k(x)e** dx, (A.1)
R4
then we clearly have:
2
/k(x) Z aye"V*| dx = Z Z anay K (un — im). (A.2)
R4

NeN NeNMeN

Moreover, ifk satisfiest(x) < 0 for all |x| > n, for somen > 0, then (A.2) implies that

Z aNei“N'x

NeN

2
dx. (A.3)

Z Z anam K (un — ) < NIkl oo (ray /

NeNMeN 1X1<n

We are thus lead to estimate the left-hand side of the above relation. The key point is to choose the kKusciibn

that the diagonal terms of this left hand side dominate the non diagonal ones. To achieve this, let us admit for the
moment the existence of a functiére L1(R?) N L>°(R¢) such that the following assumptions hold (recall tKais

given by (A.1)):

K is non-negative and even, (A.4)
k(x) <0, Vx| >n, (A.5)
the support ofK is contained inB(0, y), (A.6)
K admits a strict maximum at 0 (A7)

The sum)_ yen 2o men anvam K (uy — ) can be written in the fornsy + Sz, where

S1= Z ZGNWK(MN—MM), (A.8)

kn(y)=1MeN
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and

Se= ) D anamK(un — i) (A.9)

kn(y)=2MeN
On the one hand, by using (A.6), we have:
$1=K©0 > lanl® (A.10)
kn(y)=1

For S2, we note that ifV satisfiescy (y) = 2, then the setM € N | upy € B(uy, y)} contains exactly two elements,
namelyN andN’. Thus, by using (A.4) and (A.6), we have:

2= 3" (lanl*+lay P K (0) + 2Relanan) K (uy — 1en). (A11)
kn(y)=2

Moreover, sincéuy — uyr| = ', assumption (A.7) shows the existence of a constant0, 1) such that
K(uy — un) <aK(0).

Combining the above relation and (A.11) yields:

S22 (1—a)K© Y lanl®

Ky (y)=2
The above relation and (A.10) yields:
>0 avauK(un — pa) =S1+ S2 > (L= a)K () Y lan/?. (A.12)
NeNMeN NeN
The desired conclusion (2.16) of Theorem 2.2 follows then from (A.12) and (A.3), with
_ (1-a)K(0)
ke qay

To achieve the proof, it remains to prove the existendeof.1(R?) N L>®(RY) satisfying (A.4)—(A.7) (recall that
K is the Fourier transform df, and is defined by (A.1)).
Let x be the characteristic function p£1/2, 1/2] and set:

E= XXX FX XX KX KX

We define:
d
Gh1.....x) =] ). (A.13)
i=1
and
1
KO:G+QAG. (A.14)
Let,

1 o
ko(x) = W/Ko(k)e X g
Rd

denote the inverse Fourier transformiag.
Obviously, we have for alt = (x1, ..., x4):

1 112\ 1 £ sinCxi /2) \ ©
k"(x)‘an)d(l_@)ill( i )
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Therefore,kg is negative outsideB(0, +/6d). Moreover, the functionKg is even and its support is contained in
[—3,3]¢ c B(0,3d). Let us show thakg is non negative and admits a strict maximum at 0. Using (A.13) and
(A.14), we get that

1 1
Ko(ha, - ha) =5 Z(]‘[g(m) <g<x,~) + ég”ui)).

i=1 N j#i
It has been shown in [8] that the functioggindg + %g” are non negative and admit a strict maximum at O (in Ref. [8],
the functiong is denotedy®). ConsequentlyKo is non negative and admits a strict maximum at 0. To conclude the
proof, we note that if we set:

KO = K0<3V£x),

then

d
14 14
kx)=——=) kol —=x),
) (3&) °<3ﬂx>
and conditions (A.4)—(A.7) are fulfilled, whergin (A.5) satisfies; > 3v/6d/y. The proof is thus complete.

A.2. On the asymptotic distribution of the eigenvalues of the Dirichlet Laplacian operator in a square

The result proved in this section constitutes a crucial ingredient of the proofs of our two main results, namely
Theorems 1.1 and 1.2 (through Lemma 3.3). This result provides a very useful piece of information on the asymp-
totic distribution of the eigenvalue@? + ¢?), with p,q € N*, of the Dirichlet Laplacian operator on the square
0, ) x (0, ).

Before giving the precise statement of this result, let us give a formal version of it. Consider$hesestituted of
the eigenvalues located on a circle of radius +/m?2 + n2 > 0, withm, n € N*, centered at the origin. Given> 0,
the following proposition shows that, provideds chosen large enough, then around each ele€eny*) of S,
there is at most one other element$fwhich is contained in the ball of radiys > 0 centered atp*, ¢*). More
precisely, we have:

Proposition A.1.Givenm, n € N*, letC, denotes the circle of radius= +/m?2 + n? centered at the origin. We denote
by (u1(r), ..., ni¢y(r)) the sequence constituted by the poifisg) of (Z*)2 N C,. Finally, for y > 0, define for all
1< N<I®):
kn(y,r)y=CardM eN|1< M <I(r)anduy(r) € B(un(r), )} (A.15)
where B(uy (r), y) denotes the ball of centeuy (r) with radius y. Then, for ally > 0 and for all » > rp =
max(1, (4y)3), we have
kn(y,r)<2, VYN=1,...,1(). (A.16)

An important ingredient of the proof of Proposition A.1 is Lemma A.2 below, for which we need the following
additional notation. Given > 0, set (see Fig. 1):

3
Clz{(p,q)622|p2+q2=r2,q>0, |p|<7}, Ca=—Cy,

N
cs={<p,q)ezz|p2+q2=r2, p>0, |q|<7}, C4=—Cs,

and letd : R?2 — R, denote the Euclidean distanceRA.

Lemma A.2. Assume thati1, A», A3 are three mutually distinct points @f; for somei € {1, 2, 3,4}. Then
3

d(Ay, A2) +d (A2, Az) > %
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\

A
Ck C;

Fig. 1. The set€'1, C, C3, C4.

¢

Proof. It clearly suffices to show that the result holds for, A2, A3z € C1. Denote byf the functionf :[—r,r] - R
defined by f(¢) = +/r2 — 2. Without loss of generality we can assume that the coordinatess of, and A3 are
respectively(p, f(p)), (p+h, f(p+h))and(p +h+k, f(p+h+k)), with p, h, k € N*. By applying the mean
value theorem there exiét € (p, p + h) andéz € (p + h, p + h + k) such that
, N1 , No

f(él)—h, f(éz)—k,
whereN1 = f(p+h)— f(p)andf(p+h+k)— f(p+h) are two integers. The same mean value theorem applied
to f/ yields the existence € (£1, £2) and of a non vanishing integaf such that

TG —
 (EL— &Rk
The above inequality combined to the fact that(z)| < 8/r forr € [—?r, @r] imply that
h+k)3> .
(h+k) 3

The above inequality clearly implies the conclusion of the lemnta.

Proof of Proposition A.1. We use a contradiction argument. Assume that there gxis0 and
r > ro=max(1, (4y)3) (A.17)
such that
kn(y.r) =3,
whereky (v, r) is defined by (A.15). In other words, we assume that the set,
Cr N (2 ={(p, @) € 2| p*+ 4 =r?},

contains three mutually distinct poind 1, Ao, A3} satisfyingAi, Az € B(A2, y). Without loss of generality, we can
then assume that; € C1, that the smallest arc connectidg and A3 is clockwise and that it contains; (cf. Fig. 2).

If A3 € C1, Lemma A.2 can be applied and shows that:2 ¥ /2, which contradicts (A.17). Assume now that
A3z ¢ C1. We remark that the anglas = As/O\Al satisfies:
d(A1, A3) < Y 1

2r S T 4
Sincer > 1, the above expression implies ti#at/2 < [0, /2], and consequently, the length 3 of the smallest arc
connectingA; and A3 satisfies:

0<sind13/2) =

2 . 1
L13=r013< 2r—sin(013/2) < =13,
T b
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C

Cs

Fig. 2. The pointsA1, Ao, A3.

Let L' =n/2r andL’ = 7 /6r denote the lengths of the arcs shown in Fig. 2. One can easily check thatfby we
haveL13 < L and thatL13 < L’. These two properties imply respectively tiate C3 and thatd; € C3. Lemma A.2
applies then and provides as above the desired contradiction.
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