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Abstract

Let A be a possibly unbounded skew-adjoint operator on the Hilbert sfasith compact
resolvent. LetC be a bounded operator fro(A) to another Hilbert spac¥. We consider the
system governed by the state equation = Az(r) with the outputy(r)=Cz(r). We characterize
the exact observability of this system only in terms @fand of the spectral elements of the
operatorA. The starting point in the proof of this result is a Hautus-type test, recently obtained
in Burg and Zworski (J. Amer. Soc. 17 (2004) 443-471) and Miller (J. Funct. Anal. 218 (2)
(2005) 425-444). We then apply this result to various systems governed by partial differential
equations with observation on the boundary of the domain. The Schrédinger equation, the
Bernoulli-Euler plate equation and the wave equation in a square are considered. For the plate
and Schrodinger equations, the main novelty brought in by our results is that we prove the
exact boundary observability for an arbitrarily small observed part of the boundary. This is
done by combining our spectral observability test to a theorem of Beurling on nonharmonic
Fourier series and to a new number theoretic result on shifted squares.
© 2005 Elsevier Inc. All rights reserved.

MSC: 93C25; 93B07; 93C20; 11N36

Keywords: Boundary exact observability; Boundary exact controllability; Hautus test; Schroédinger
equation; Plate equation; Wave equation

* Corresponding author. Fax: +33383684534.
E-mail address:marius.tucsnak@iecn.u-nancy. Tucsnak).

0022-1236/$ - see front matter © 2005 Elsevier Inc. All rights reserved.
doi:10.1016/}.jfa.2005.02.009


http://www.elsevier.com/locate/jfa
mailto:marius.tucsnak@iecn.u-nancy.fr

194 K. Ramdani et al./Journal of Functional Analysis 226 (2005) 193-229
1. Introduction and statement of the main results

Let X be a Hilbert space endowed with the notm ||x, and letA : D(A) —> X
be a skew-adjoint operator. Assume thatis another Hilbert space equipped with
the norm| - ||y and letC € L(D(A),Y) be an observation operator. According to
Stone’s theoremA generates a strongly continuous group of isometrieX idenoted
T = (Ty):>0. This paper is concerned with infinite-dimensional observation systems
described by the equations

z(t) = Az(1), z(0) = zo, (1.2)
y(@) = Cz(@). (1.2)

Here, a dot denotes differentiation with respect to the tim&he elementg € X is

called theinitial state z(¢) is called the state at timeandy is the output function. Such
systems are often used as models of vibrating systems (e.g., the wave equation), elec-
tromagnetic phenomena (Maxwell’s equations) or in qguantum mechanics (Schrédinger’s
equation). In several particular cases we will also consider the control system which
is the dual of 1.1), (1.2). However, in order to avoid technicalities, we do not use the
general form of the dual control system and we do not detail the duality arguments
(we refer, for instance, to [25] for a brief discussion of these issues). By a solution
of (1.1) we mean that(¢s) = T,z (this is a mild solution). In order to give a sense

to (1.2), we make the assumption thatis an admissible observation operator in the
following sense (see [26]):

Definition 1.1. The operatorC in system 1.1)—(1.2) is an admissible observation
operator if for everyl’ > 0 there exists a constaf; >0 such that

T
/0 lyOl2dr < KZ|lzoll5 ¥ z0 € D(A). (1.3)

If Cis boundedi.e. if it can be extended such th@te £(X, Y), thenC is clearly
an admissible observation operator

Definition 1.2. System 1.1)—(1.2) is exactly observable in tinfef there existsky > 0
such that

T
fo ly@)2dr > kZ||zol% Y zo € D(A). (1.4)

System 1.1)—(1.2) isexactly observablé it is exactly observable in some time > 0.

The exact observability property is dual to the exact controllability property, as it has
been shown in [9]. By using the above duality, the exact controllability of a system
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governed by partial differential equations reduces to the observability estirhate (
(called “inverse inequality” in [18]). Most of the literature tackling exact observability
and exact controllability for systems governed by partial differential equations is based
on atime domain approachThis means that one considers directly solutions of (1.1)
(or of a dual equation) which are manipulated in various ways: nonharmonic Fourier
series ([2] and references therein), multipliers method [16,18] or microlocal analysis
techniques [6].

Only few papers in the area of controllability and observability of systems governed
by partial differential equations have considerdteguency domain approachelated to
the classical Hautus test in the theory of finite dimensional systems (see [10]). Roughly
speaking, a frequency domain test for the observability of (1.1)—(1.2) is formulated only
in terms of the operator, C and of a parameter (the frequency). This means that the
time t does not appear in such a test and that we do not have to solve an evolution
equation. In the case of a bounded observation opei@iosuch frequency domain
methods have been proposed in [19,20]. In the case of an unbounded observation
operatorC a Hautus-type test has been recently obtained in [8,21].

The aim of this paper is to use Hautus-type tests in order to characterize the exact
observability property only in terms @& and of the spectral elements of the operaor
This will be done provided that the operatarhas a compact resolvent and therefore,
that the spectrum oA is formed only by eigenvalues. More precisely, sidces skew-
adjoint, it follows that the spectrum oA is given by a(A) = {iy, | n € A} with
A = 7* or N* and where(y,),cA is a sequence of real numbers.

The main result of this paper reads as follows:

Theorem 1.3. Assume that A is skew-adjoint with compact resolvent and that the op-
erator C is admissible for systerfi.1)—(1.2). Moreover assume that®,),c5 IS an
orthonormal sequence of eigenvectors of A associated to the eigenvaiyes- A .

For w € R and ¢ > 0, set

Je(w) = {m € A such that|u,, — 0| < &}. (1.5)

Then systen(1.1), (1.2)is exactly observable if and only if one of the following
equivalent assertions holds

(1) There existg > 0 and 6 > 0 such that for allo € R and for all z = Z cm®Pm:

meJg(w)
ICzlly Z0llzllx- (1.6)

(2) There exists > 0 andd > 0 such that for allz € Z* and for allz = Z @
'716‘I!:<Hn)

ICzlly Zdllzllx. (1.7)
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Remark 1.4. The above theorem can be seen as a generalization of several results in
the literature. More precisely, in the particular case of a bounded observation operator
C, the result in Theoreni.3 follows, via a standard argument, from Theorem 3.2 in
[20]. For unboundedC, but with the additional assumption that the sequeqgg
satisfies the gap condition (i.e., there exigts- 0 such that|u, — u,| > y for all

m,n € A, m # n), the necessity of condition (1.6) in Theorem 1.3 is a consequence
of Theorem 4.4 from Russell and Weiss [23].

An important part of this paper is devoted to the application of the spectral criteria
in Theorem 1.3 to systems governed by partial differential equations. The Schroédinger
equation, the Bernoulli-Euler plate equation and the wave equation in a square are
considered. For the plate and Schrddinger equations, the main novelty brought in by
our results is that we show that the exact observability property can hold for an
arbitrarily small observed part of the boundary. More precisely, in the case of the plate
equation, our observability result implies the following exact controllability result.

Theorem 1.5. Consider the squar€ = (0, n) x (0, 7) and letI" be an open subset
of 0Q. Consider the following control problem

W+Aw =0 xeQ t>0, (1.8)

w(x,t) =0, xe€dQ, t >0, 1.9

Aw(x,1) =0, xedQ\T, >0, (1.10)

Aw(x,t) =u, xel, t>0, (1.12)

w(x,0) = wo(x), wx, 0 =wi(x), xeQ, (1.12)

where the input is the functiom € L2(0, T; L3(I")). Then the following assertions are
equivalent

(1) For all T > 0, the above system is exactly controllable Hp(Q) x H=1(Q)
in time T. This means thafor all (wo, w1) € H}(Q) x H-1(Q), we can find
u € L0, T; L%T)) such that

wkx,T)=0, wx,T)=0 VxecQ.

(2) The control regionl” contains both a horizontal and a vertical segment of nonzero
length

The proof of the above result is based on a consequence of Thelo8pombined
to a theorem of Beurling on honharmonic Fourier series and to a new number theoretic
result (a theorem on shifted squares). Let us mention that in the case of a control
acting in an arbitrary open subset of the squ&iean exact controllability result for
the plate equation has been given in [13].
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Moreover, we consider a system governed by the wave equation in a square. We give
a very simple proof (it uses only Parseval’'s theorem) of the boundary observability of
this system.

The paper is organized as follows. Sectidris devoted to the proof of our main
result, namely Theorem 1.3. In Section 3, this result is applied to study the boundary
observability of Shrodinger equation in a square. The case of a Dirichlet boundary
observation and the Neumann one are successively considered. In Section 4, we derive
the counterpart of Theorem 1.3 for second-order systems (see Proposition 4.5). Thanks
to this result, we tackle in Section 5 the problem of the boundary observability for the
Bernoulli-Euler plate equation in a square. A second application of the spectral criteria
provided by Proposition 4.5 is detailed in Section 6. This application concerns the
boundary observability of the wave equation in a square. Finally, Section 7 is devoted
to the proof of Proposition 7.1, which is one of the main ingredients used to establish
our observability results in Sections 3 and 5.

2. Proof of Theorem 1.3

The basic tool in the proof of Theorem 1.3 is a recent Hautus-type test. This result,
given in [21], concerns the observability of systems with skew-adjoint generator and
with unbounded observation operator. We first recall this result (see [8,21] for the
proof).

Theorem 2.1. Assume that A is a skew-adjoint operator in the Hilbert space X and
that C : D(A) — Y is an admissible observation operator. Then systér), (1.2)is
exactly observable if and only if there exists a constant O such that

I(A—ioDz|% +1CzI2 = lzl2 YweR VzeDA). (2.1)

In order to prove Theorer.3, we need the following consequence of the admissi-
bility property.

Lemma 2.2. Assume that the operators A and C are as in Theogin Then there
existsM > 0 such that

HC(A . iwl)’lH <M VoeR 2.2)
L(X,Y)

Proof. Our proof is a slight variation of the proof of Proposition 2.3[28].
Let us fix T > 0 andz € X. Then, for anyn € N* we have that

n—1

nT (k+1)T
/ le”PCTizlfdr < ) e / ICT oz dr. (2.3)
0 =0 kT
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By using definition {.3) of admissibility, combined to the fact thdt is a group of
isometries we have that

k+1)T ) ) 5
/ ICTzl2dr < K2|)z|3 Yk eN.
kT

The above inequality combined t@.8) implies that
00 KZ
/ le™/2CTz3dt < —L— 214 VYzeX. (2.4)
0 1—eT
On the other hand,
2

)

o
IC(A - 1T —ioD) 2|2 = H[ e 'CT,zdt
0 Y

which, by applying the Cauchy—Schwartz inequality, yields:

o0 o0
ICA—T—inD) )% < (/ e’ dt) (/ le™!/2CT,z)12 dt) .
0 0

Combined to 2.4), the above relation clearly implies the desired conclusion (2.2), with

K
M=
1—eT

We will also need the following result which can be seen as a generalization of
Lemma 4.6 in [23]:

Lemma 2.3. Assume that the operators A and C are as in Len212aFor eache > 0
and w € R, we define the subspadé(w) C X by

V() = (D | m € Jy(@) (2.5)
where J.(w) is defined in(1.5). We denote by, the part of A inV(w), i.e,
Ay : DA N V(w) — V(w)
and
Apz=Az VYzeDANV(w).
Then there existsM > 0 such that

IC(Aw —ioD) My S M VoeR (2.6)
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Proof. Givenw € R, sets = 1+ iw. Then, thanks to the resolvent identity, we have
(Ap — i)™ = (A — s)~ [1 Ay — iwl)_l] . 2.7)

We first show that

o 1
I(4w = ioD vy < - (2.8)
Indeed, letf = >  f,®, be an element o¥ (w). Then
m¢J:(w)
(A —ioD) T f12= ) Ml
. |:um - w|2

mé.J()

The above relation and the fact thiat, — w|>¢ for m ¢ J.(w) clearly imply 2.8).
On the other hand, we clearly have

IC(Aw = sD Ml vy < ICA=sD Mz
and thus, by using Lemma2.2, we obtain that there exists a constaht- 0 such that
IC(Aw —sD Miewwyyy <M YoeR

The above relation,2(7) and (2.8) yield then (2.6).J
We are now in a position to prove Theorem 1.3.

Proof of Theorem 1.3. We first show that assertions (1) and (2) in Theorem 1.3 are
equivalent. It is clear that assertion (1) implies assertion (2) (take p,). Conversely,
assume that assertion (2) holds true for some 0, and letw € R. Then, either
Je2(w) is empty, or there exists € J;2(w) and in this latter case, one can easily
check that/;2(w) C Jy(n,). Consequently, in both cases, assertion (1) holds true.

It remains to show that the exact observability of system (1.1), (1.2) is equivalent
to assertion (1). To achieve this, we use the characterization of exact observability
provided by Theorem 2.1.

Assume that system (1.1), (1.2) is exactly observable. By Theorem 2.1, there exists
a constanty > 0 such that

1A —ioDzl% + IC2lIZ > dllzI% (2.9)

for all w € R, and for allz € D(A).
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On the other hand, for = Y ¢, ®, and fore small enough, we have that
meJ;(w)
. 2 . 2 2 2 0 2
IA—ioDzlk = ) liG, —oel® < Sk < Sl (2.10)
meJy(w)

By applying .9) toz = > ¢»®, and by using (2.10), we obtain that assertion

meJy(w)
(1) holds.
Let us now assume that system (1.1), (1.2) is not exactly observable. Then, by
Theorem 2.1, condition (2.1) is not satisfied, i.e., there exists sequémggsy in R
and (z,),en IN D(A) such that

lzallx =1 VneN (2.11)
and satisfying

im |I(A —io)zllx =0,  lm_[|Czlly = O. (2.12)
n— oo n— oo

We introduce then the following orthogonal decompositionz,pt= Z ch Dy

meA
=20+ (2.13)

with

0 n ~ n
in = Z Cm D,, 7= E Cn D,

meJg(wy) méJg(wy)

where¢ > 0 and J,(w) is defined for allw € R by relation (.5). Let us prove that
the sequenceé&w,),cn and (z,?)neN contradict assertion (1). First of all, we note that
the orthogonality of(A — iw,,)zg and (A — iw,)Z, implies that

1A —iozllk = 1A —io)Zllk = D Iy, — odepl® = El1Z1%
m¢11;(wn)

The above relation and2(12) imply that

lim ”(A - iwn)zn“X =0 (214)
n— 0o
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and that
n"_)moo [Znllx =O.
Thanks to 2.11) and (2.13), the above relation yields
Jim izl = 1.
On the other hand,2(13) implies that
ICz9lly < ICzlly + IC Zlly-
Moreover, using the notation of Lemnfa3, we have
CZn = C(Aw, — i) YA, — i04)Zn.
Consequently, Lemma.3 implies that there exist& > 0 such that
ICZully < M[(Aw, —iwn)Znllx ¥YneN.
The above relation and2(14) imply that
nli_)moo ICZully = 0.
This fact, together with2.12) and (2.16) yield

lim jcz2lly = 0.
n— oo

201

(2.15)

(2.16)

The above relation an®(15) show that the sequences,), cn and(zg)neN contradict

assertion (1) in Theorem 1.3

3. Boundary observability of the Schrédinger equation in a square

3.1. Dirichlet boundary observation

Consider the squar€ = (0, ) x (0, ) and letI" be an open subset aiQ. We

consider the following initial and boundary value problem:

z4+iAz =0, xeQ, t>0,

(3.1)
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%zo, x€edQ, t >0, (3.2)
v
z(x,0) = zo(x), x€Q (3.3)
with the output
y=zr- (3.4)

This system can be described by equations of fotmi)( (1.2), if we introduce the
appropriate spaces and operators. We first define the state Xpac&?(Q) and the
operatorA : D(A) — X by

D(A) = {<p € H>(Q) ’ g_q) = o} , (3.5)
v

Ap =—iAp VYV ¢ € D(A). (3.6)

We next define the output spaie= L2(I') and the observation operatére £(D(A), Y)

Co=q@r YoeD(A). 3.7)

Proposition 3.1. With the above notatignC is an admissible observation operator. In
other words for all T > 0 there exists a constark; > 0 such that the if;, y satisfy
(8.1)—(3.4)then

T
/0 frmzdrdr < Kflzolfz, ¥ 20 € D(A).

We skip the proof of the above result since it can be easily obtained from the Fourier
series expansion of the solution &.1)—(3.3).
The main result in this subsection is:

Proposition 3.2. For any nonempty open subsgt of 0Q, the system described by
(3.1)—(3.4)is exactly observable. In other words there exigts> 0 and a constant
kr > 0 such that ifz, y satisfy(3.1)—(3.4)then

T
/o /rlzlzdrdt > k%llzo“iz(g) Y zo0 € D(A).

Proof. We have seen in Propositidghl thatC is an admissible observation operator for
(8.1)—(3.4) in the sense of Definition 1.1. On the other hakd; clearly skew-adjoint.
Moreover, since the imbedding(Q) c L2(Q) is compactA has a compact resolvent.
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Consequently, according to Theorel8, it suffices to check that the operatésand
C defined by (3.5), (3.6) and (3.7) satisfy condition (2) in Theorem 1.3.
The eigenvalues oA are

Hopon = im?>+n% VYm,neN*.

A corresponding orthonormal basis &f = L2(Q) formed by eigenfunctions oA is
2
®,, »(x1, Xx2) = — €cOS(mx1) COS(nxz) VYV m,n € N*,
T

In order to check that condition (2) in TheorehB holds, we have to show that there
existse, 6 > 0 such that for allg, r) € N* x N* and for allz = Z Cmn P,

(m.n)eJ:(u, )
we have

”CZ”%/ = Z Cm,n(l)m,n dar > ¢ Z |Cm,n|27 (38)
r (m,myelte(py, ) (m,n)eJy(py, )

where
Jo(py,) = {(m,n) € N* x N*; |(m? +n?) — g — r?| <},
It is clear that if we choose < 1 then
Te(y ) = {(m,n) € N* x N*; m?+n? = g% +r?}.

Moreover, without loss of generality, we can assume that there exist§ € (0, n)
with o < f and (o, f) x {0} C I'. Let S denote the set of squares of positive integers.
For g, r € N* we set

Agr={meN* | g2 +r>—m?eS) (3.9)

and form € A, we put

f(m) =/q?+r? —m2. (3.10)
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We have

2
4 B
Icz|2 > = /x D" Cm.pom COSmx1)| dxy. (3.11)

meNy,

By using Propositiory.1, the above relation implies that there exists a congtan0
such that

2
4 (P i
> Cmgem cOSmxy)| dxa =5 D fewal® (3.12)

2
T o mEAqr n12+n2:q2+r2
From @.11) and (3.12), we clearly get the desired estimate (3.8).

By a standard duality argument, the above proposition implies that the following
exact controllability holds.

Corollary 3.3. For any nonempty open subsEtof 0Q, the system

z+iAz =0, xe€Q, t>0,

%zo, xeoQ\TI, r>0,

ov

62 2 2
a—:ueL(O,T;L(F)), xel, t>0,
v

7(x,0) = zo(x), x € Q.
is exactly controllable in some time T in the state spaceQ).
3.2. Neumann boundary observation

The example studied in this subsection differs from the case considered in the pre-
vious one only by the boundary condition and the choice of the observation operator.
We prove that, in order to get exact observability we need a supplementary assumption
on the observed part of the boundary.

Consider the squar® = (0, n) x (0, ®) and letI" be an open nonempty subset of
0Q. We consider the following initial and boundary value problem:

i4iAz =0, xeQ >0, (3.13)
z=0 xe€dQ, t>0, (3.14)
z(x,0) = zo(x), x€Q (3.15)
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with the output
y(t) = % . (3.16)
vir

The system can be described by equations of fotr)( (1.2), if we introduce the
appropriate spaces and operators. Indeed, let us first define the stateXspab%(Q)
and the operatod : D(A) — X by

D(A) = {p € HX Q) NH}Q) | Ap=0 on 0Q}, (3.17)
Ap = —iAp VY ¢ € D(A). (3.18)

Next, we define the output spate= L2(I") and the corresponding observation operator
C € L(D(A), Y) by

Cop= 6_@ Y ¢ € D(A). (3.19)
ov r

Proposition 3.4. With the above notatigrC is an admissible observation operatae.
for all T > 0 there exists a constamt7 > 0 such that ifz, y satisfy(3.13)—(3.16)
then

T
/O /F|y|2drdr < Kflzoll?2q, V20 € D(A).

The above result is classical (see, for instarjt&]), so we skip its proof.

The observability properties of system (3.13)—(3.16) are different from those en-
countered in the study of system (3.1)—(3.4). More precisely, if we denotEiby
([0, #] x {0}) U ([0, ] x {x}) the horizontal part o0Q and byI'> = ({0} x [0, n]) U
({m} x [0, =]) the vertical part ofoQ, then the following result holds:

Proposition 3.5. The system described H$.13)—(3.16)is exactly observable if and
only if 'NT; # @, for i € {1, 2}. In other words the following assertions are equivalent

(1) There existsT > 0 and a constantty > 0 such that for allz, y satisfying
(3.13)—(3.16)we have

T
/0 /r|y|2drdr > K llzollfq, V20 € D(A).

(2) The control regionl” contains both a horizontal and a vertical segment of nonzero
length
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Proof. We have seen in Propositic®1 that, for any open subsét of 0Q, C is an
admissible observation operator for (3.1)—(3.4) in the sense of Definition 1.1. More-
over, A is clearly skew-adjoint and it has compact resolvent. Therefore, we can apply
condition (2) in Theorem 1.3.

The eigenvalues oA are

o = im?+n? Vm,neN*

A corresponding family of normalized (iX = H&(Q)) eigenfunctions are

2 . . *
Dy p(x1, x2) = —n 2 sin(mx1) sin(nx2) Vm,n € N*.
We first show the necessity of conditidiNI; # ¢ for i = 1,2. Indeed, if this
condition fails then we can assume, without loss of generality, Ehatl';. We notice
that

2 8

a8
2 1+ n?

||C<I>n,1||%</

Iy

/‘n Sinz(nxl) dxq. (3.20)
0

Consequently,
lim [|[CD, 1]y =0,
n—oQo

which contradicts condition (2) in Theorein3.

We next show that conditioh N I'; # @ for i = 1, 2 implies that the operator&
and C defined by (3.17), (3.18) and (3.19) satisfy condition (2) in Theorem 1.3. In this
case, without loss of generality we can assume that

I' > ([o1, f1] x {0}) U ({0} x [a2, B])

with 0 <o < f5; < m, fori € {1, 2}.
For ¢, r € N*, we recall the notation

Tty ) = {(m,n) € N* x N* 5 [(m? +n?) — g% — r?| < g}.
It is clear that if we choose < 1, then

Je(py ) = {(m,n) € N* x N* : m? 4 n? =q° +r?).
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If 7 = Z Cmn®m. then
(m,l’l)EJg(,quY,)

4 B1
||CZ||%2P / Z Smem fom_ Sln(mxl) dx1

mely Vv m? + f(m

f Z f (”)c””)" sin(nxp)| dx |, (3.21)
o2

where A, and f are defined in 3.9) and in (3.10). On the other hand, by using
Proposition 7.1, we obtain that there exists a constantO such that

2

B
/1 Z fm)cp, S, fm) sm(mxl) dxy > o Z f2( )+ 2| m, f(m)|
m

/m 2
*1 nely, + f meNy,
2

n 2
=0 2 Sl

m2+i12=q2+r2

and

2
f(n)cf(n)n f (n)
Sln( ) d > P .
f“z XA: Py | ; P+ a2 Tl

By taking the sum of the two above inequalities we get

2 2
f(m)cm S Cm, f(m) f fm)c f(n) n
sm(mx1) dx1 + sin(nxy)| dxo
f meZA Vm? + f2m % XA: Vf2@) +n?
>0 Z |Cm,n|2- (322)

m24-n2=q2+r?
By using @.21) and (3.22) we obtain thgtCz|ly > ollzllx which concludes the
proof. [

By a standard duality argument, the above proposition implies that the following
exact controllability holds.
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Corollary 3.6. With the notation in Propositior3.5, the system

z4+iAz =0 xeQ, t>0,
z=0, xedQ\T, t>0,
z=uel?0,T;L*T), xeT, >0,
72(x,0) = zo(x), x€Q

is exactly controllable in some timé& > 0 (in the state spac& = H~(Q)) if and
only if T'NI; #4, fori € {1, 2}.

Remark 3.7. It can be shown, by using techniques similar to thos§l8117], that the
observability and the controllability results in this section hold for &y 0.

4. Frequency domain tests for the exact observability of second-order systems

In this section we investigate an important particular case fitting in the framework
of Theorem 1.3. This case is obtained by considering second-order evolution equations
occurring in the study of vibrating systems. More precisely,Hebe a Hilbert space
equipped with the normj - | and let Ag : D(Agp) — H be a self-adjoint, positive
and boundedly invertible operator, with compact resolvent. Consider the initial value
problem:

w(t) + Aow(t) =0, (4.1)

w(0) = wo, w(0) = wy, (4.2)
which can be seen as a generic model for the free vibrations of elastic structures such
as strings, beams, membranes, plates or three-dimensional elastic bodies. Moreover, let

1

Coe L (D(Ag), Y) be an observation operator. We first show the equivalence of two
conditions which will be used to define a concept of admissibility for observed systems
described by second-order differential equations.

Proposition 4.1. With the above notatigrthe following conditions are equivalent

(1) For every T > O there exists a constank7 >0 such that the solutions w of
(4.1), (4.2)satisfy

T 1
[0 I Cow (1) |3 dr < K2 (nwon2 %+||w1||2) V(wo, w1) € D(Ag) x D(AE).
D(AE)

(4.3)
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(2) For every T > 0 there exists a constanky >0 such that the solutions w of
(4.1), (4.2)satisfy

T 1
f ICow() 12 dt < K2 [ lwoll® + [wil® Ywo € D(AZ) Ywy € H,
0 D(AZ)*

(4.4)

1 1

where D(Aj)* stands for the dual space @(Aj) with respect to the pivot space. H
1

Proof. We first show that assertion (1) implies assertion (2uwife D(AJ), w1 € H

1
then the solutionw of (4.1), (4.2) satisfieaw € C([0, T]; D(A§)) N cy(o, 11, H).
Define

t
() = / w(s)ds — Aglwl.
0
Clearly, we have

u(1) + Aou(r) =0,

v(0) = —Aalwl € D(Ap), ©v(0)=wo € D(A(%)'

Since we supposed that assertion (1) holds true it follows that
! 2 ! 2
| icoui ds = [ icoio} ds

-1
< Kr (1A wal? 1 + lwol%
D(AZ)

1
for all (wo, w1) € D(Ag) x D(AZ).

1 1

Since Ap is an isometry fromD(AJ) onto D(Ag)*, the above inequality implies
that assertion (2) holds true.

We still have to show that assertion (2) implies assertion (1). First, assume that

3

wo € ’D(Ag), w1 € D(Ap). Then, the solutionw of system 4.1), (4.2) satisfiew €
1

CHIO, T]; D(Ag)) N C%([0, T1; D(AZ)). If we set v(r) = w() then
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1
v e C([0, T1, D(Ap)) N CL([0, T1, D(AQ)) satisfies

(1) + Agu(r) = 0,
v(0) = w1 € D(Ag), v(0) = —Aguwg € ’D(Aé)

Since we supposed that assertion (2) holds, we deduce that
! 2 ! 2
| icoii ds= [ icov i as

< Kr (||w1||2+||Aowo||2 . )
(DA

= K7 (I|w1||2+||w0||2 s )

[D(A&)]

3
for all wg € D(Ag), w1 € D(Apg). A density argument shows that assertion (1)
holds. [

In the remaining part of this paper we consider systems of fotr), (4.2) with
one of the two following outputs:

y = Cow, (4.5)
or
y = Cow, (4.6)

We are now in a position to give a definition of the admissibility for second-order
problems:

Definition 4.2. Cp is an admissible observation operator fdrl), (4.2) if it satisfies
one of the equivalent conditions in Proposition 4.1.

We next state the equivalence of two conditions which will be used in order to
define a concept of exact observability for observed systems described by second-order
differential equations.

Proposition 4.3. With the notation in Propositiord.1, the following conditions are
equivalent
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(1) For every T > 0 there exists a constarit; > 0 such that the solutions w of
(4.1), (4.2)satisfy

T 1
fo ||Cow<r>||%dt>k%(nwo||2 %+||w1||2> V(wo, w1) € D(Ag) x D(AZ). (4.7)
D(AE)

(2) For every T > 0 there exists a constarit; > 0 such that the solutions w of
(4.1), (4.2)satisfy

T 1
fo ICow®)I§ dr > kf <||wo||2 + llwa? 1 ) Vwo € D(A§) Ywi e H. (4.8)
D(AZ)*

We skip the proof of the above result since it is completely similar to the proof of
Proposition4.1.

Definition 4.4. The system described by.(Q), (4.2) and (4.5) is exactly observable in
time T if it satisfies one of the equivalent conditions in Proposition 4.3.

We can now state the main result of this section.

Proposition 4.5. Let Ag : D(Ag) — H be a self-adjoint positive and boundedly in-
1

vertible operatoy with compact resolvent and l&fg LZ(’D(AS), Y) be an admissible
observation operator fof4.1)—(4.2).Let us denote by4,),n* the increasing sequence
1

formed by the eigenvalues :Aﬁ and by (¢,),cn* @ corresponding sequence of eigen-
vectors, forming an orthonormal basis of H. For &l > 0 and all ¢ > 0, let us define
the set

I:(w) = {m € N* such that|4,, — w| < &}. (4.9)

Then the following propositions are equivalent

(i) System(4.1)—(4.5)is exactly observable
(i) There exists a constardt > 0 such that

V¢ € D(Ag), Yo > 0: [[(w? — Ag)pll2 + o CopllZ > Sllwe|?. (4.10)

(iii) There exists: > 0 and 6 > 0 such that for allw > 0 and all ¢ = Z Cm Py

mel;(w)

ICoolly = dlol. (4.11)



212 K. Ramdani et al./Journal of Functional Analysis 226 (2005) 193-229

(iv) There existg > 0 and ¢ > 0 such that for alln € N* and all ¢ = Z by,

mel, (/)

ICoolly = dloll. (4.12)

Remark 4.6. The fact that condition (ii) in the above proposition is equivalent to the
exact observability can be seen as a generalization of Theorem J¥9Jjnwhere

a similar Hautus-type result has been proved in the case lbdundedobservation
operatorCop.

Proof of Proposition 4.5. 1t can be easily checked that system (4.1)—(4.5) can be
written in form (1.1)—(1.2) provided that we define the state of the system(dy=

w(t
< ( )> and that we make the following choice of spaces and operators:
w(r)

X:D(Aé)xH, AZ(Z ;) C=(0 ¢o)- (4.13)
—A0

The Hilbert spaceX is endowed here with the nori- ||x defined by

3 ¢
Izl% = l1AG@l® + W1 Vz= ( ) €X.
¥

e (i) = (ii). By Theorem2.1 there exists a constait> 0 such that

(A —iw)zl% +1CzIZ = 3zl Yo eR ¥zeDA). (4.14)

1
Taking in the above relation = ( ¢ ) wherep € D(A§), we obtain that

0%0)
ICzlly = llwCoeply, lzllx = llwel
while

I(A —im)zllx = [(@* = Ao)oll.
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Therefore, 4.14) implies (4.10), and (ii) holds true.
e (i) = (iii). Lete < % Then it is easy to see that ib < ¢, then I,(w) = ¢ and

(iii) holds. If @ > ¢ then for all p = Z cm®,,, we have

mel;(w)

2 2
H(wz—Ao)q)H =y ‘wz—zfn lewlP<E® D (@ + Am)Plem P <92 wo 2.

mel;(w) mel;(w)

Consequently, foe small enough and fop = Z cm®,,, We have

mel,(w)
2 0
[@? = 400" < Slwol?

By applying condition (ii) top = Z cm @, and by using the above equation, we
mel(w)

obtain (iii).

e (iii) = (iv). This implication obviously holds (take» = 1,).

e (iv) = (i). In order to prove this assertion we use Theorgr8. Suppose that
(iv) holds true. Without loss of generality, we can assume that the constiantiv)
satisfiese < 4;.

Let A and C be defined by (4.13), it can be easily checked that the eigenvalues of
A are (iu,),cz* Where

e if ne N,
Mo =9 25, if (=n) e N*,

If we set¢_, = ¢, for all n € N*, then an orthonormal family (itX) of eigenvectors
(@), cz+ Of Ais given by

1

1 ._¢n

D, =— iy, VYnelZ".
v2\ g,

In order to prove (i) it suffices, by Theoreth3, to show that there exists> 0 and
0 > 0 such that for all € Z* and for all

Z : cmPm

L .
= Y cny = == | medtn (4.15)
V2 Z
meJg(1,) Cmd)m

mel{:(#n)
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we have
ICzlly > dlizlx.

Let us consider first the case where > 0 in (4.15). Then,u, = 4,, and thus we
have J;(u,) = I.(/y) (Sincee < 41). Let us denote byy the second component af

1
Q’—T Z Cm Py

mel, ()
Then, it can be easily checked that
Cz = Coop
and that
lzllx = v2]gll.

Consequently, by applying then (iv) i1 we get that

0
Cz > —|zllx-
ICzlly 2I| llx

/2

The casey, < 0 can be treated similarly, and the proof is thus complete.

5. Boundary observability for the Bernoulli-Euler plate equation in a square

Consider the squar® = (0, ) x (0, ) and letI" be an open subset afQ. We
consider the following initial and boundary value problem:

W+Aw =0 xeQ, >0, (5.1)
wx,t) =Awkx,t) =0, xe€dQ, t >0, (5.2)
w(x,0) = wox), wx,0) =wi(x), xeQ (5.3)
with the output
ow
yio) = —| . (5.4)

0Vr
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System 5.1)—(5.4) can be written in form (4.1), (4.2), (4.5). More precisely, we define
H = H}Q), D(Ag) ={p € H¥(Q) N H}(Q) | Ap = A%p = 0 on dQ},
Y =LAT), Aop=A%p V¢ eD(Ag).

With the above choice of spaces and operators, one can easily checkothatself-
adjoint, positive, boundedly invertible and that

D(Aé) ={pe H3QNHIQ) | Ap=0 on Q).

1
Moreover, the dual space d(AJ) with respect to the pivot spade is
1
D(AS)" = H1(Q).
The output operator corresponding ®.4) is

0 1
Cop= 22| VeDAY).
6\1 r

1
Proposition 5.1. With the above notatignCq € L’(D(Ag), Y) is an admissible obser-
vation operatoy i.e. for all 7 >0 there exists a constanky > 0 such that ifw, y
satisfy (5.1)—(5.4)then

T
/O /F yPard < K3 (Iwolag, + el

1
for all (wg, w1) € D(Ag) x D(AS).

The above result is classical and for its proof we refer, for instancg,&op. 287].

In order to state the observability properties of system (5.1)—(5.4), let us denote by
I't = ([0, ©] x {O}HhU([O, ] x {n}) the horizontal part 08Q and byl'> = ({0} x [0, x])
U ({r} x [0, ]) its vertical part. Then, the following result holds:

Proposition 5.2. The system described 1§§.1)—(5.4)is exactly observable if and only
if TNy #4@, for i € {1,2}. In other words the following statements are equivalent

(1) There existsI' > 0 and a constanky > 0 such that ifz, y satisfy(5.1)—(5.4)then

T
/0 /r ly[2dI dr > k7 (||wo||§,3@) + ||w1||§,1@)

YV (wo, w1) € D(Ag) X 'D(Aé).
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(2) The control regionl” contains both a horizontal and a vertical segment of nonzero
length

Proof. By Proposition5.1, Cp is an admissible observation operator for the system

1
described by (5.1)—(5.4). Moreover, the imbeddiPgAj) C H is clearly compact.
Consequently, we can apply Proposition 4.5.
1

The eigenvalues ofi} are
I =m?+n? Vm,neN*

A corresponding family of normalized (it = Hol(Q)) eigenfunctions are

2 . .
O n(¥) = ———=sin(mx1)sin(nx2) Vm,neN" Vx=(x1,x2) € Q.
' v/ m? + n?

We first show the necessity of conditidnNI; = ¢ for i = 1, 2. If this condition fails
then we can assume, without loss of generality, fhat I'1. We notice that

2
6¢n,1

1oty 112 < /
ov

I'n

8 VA
S i 5.5
211 /0 sin?(nx1) dxy. (5.5)

Consequently,
lim 11Cog, 111y =0,

which contradicts condition (iii) in Propositio#.5.

In the remaining part of the proof, we show thatlifn I'; # @, for i € {1, 2}, then
the operatorsdg and Cq satisfy condition (iv) in Proposition 4.5. More precisely, we
prove that for alle € (0, 1) there existsd > 0 such that, for aly, r € N* and for all
o= Y aund,,, We have

(m,n)el;(2g.r)

2

0¢mn
||CO(P||§/= Z Am.n av’ dr = 0 Z |am,n|2 s (56)

(m,n)el;(Aq.r) (m,n)el;(Zq.r)

where

I:(q,r) = {(m,n) € N* x N* | m? +n? = g%+ r?).
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Without loss of generality, we can assume that

I D ([o1, f1] x {0}) U ({0} x [z, B5])

with 0 < o < f5; <, for i € {1, 2}. Then, we have

by (m)am m
ICopl3 > — / Z Sman.fom sin(mx1)| dx1

"1 meNy Vv + fz(m

f(n)af(n) n
sin(nxp)| d , 5.7
/2 HEZA: EORT nxz)| dxz (5.7)

where the setA,, and the functionf are defined in %.9) and (3.10). The desired
inequality (5.6) follows now directly from (3.22) which was established in the proof
of Proposition 3.5. OJ

We conclude this section by remarking that Theorem 1.5 stated in Section 1 follows
directly from the results already proved in this section. More precisely, the fact that
the system is exactly controllable is some tifie> 0 follows from Proposition 5.2
by a standard duality argument. Showing thiatan be chosen arbitrarily small can be
achieved by slightly adapting a classical argument (see for instance [16, p. 81] or the
appendix written by Zuazua in [18]).

6. Boundary observability of the wave equation in a square

In this section, we consider the problem of observability of the wave equation with
Neumann boundary observation for the wave equation. This problem has been tackled
by a large number of papers by using various methods (see for instance [18] and
references therein). However, besides the one-dimensional case, no direct Fourier series-
based proof seems to exist in the literature. We give such a proof in the case where the
space domain is a square. If we except the use of Proposition 4.5, the basic ingredients
of the proof are very simple (we only need Parseval’'s theorem).

Consider the squar® = (0, ©) x (0, ) and letI’ = ([0, =] x {0}) U ({0} x [O, =]).

We consider the following initial and boundary value problem:

w—Aw =0 xeQ, >0, (6.1)
w=0  xedQ, t >0, (6.2)
w(x,0) = wo(x), wx,0 =wi(x), xe€Q (6.3)
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with the output

_ ) (6.4)
ov |

System 6.1)—(6.4) can be written in form (4.1)—(4.5) if we introduce the following
notation:

H=H}Q), D(Ag)={pec HXQNH}Q) | Ap=0 on dQ}, Y =L*T),

Aop =—Ap ¥ ¢ eD(A),

-

ov r

One can easily check that, with the above choice of the spaces and operators, we have
that Ag is self-adjoint, positive and boundedly invertible and

D(Aé) = H2(Q) N H}(Q), D(Aé)* = L%(Q).

1
Proposition 6.1. With the above notatignCq € E(D(Ag), Y) is an admissible obser-
vation operatoyi.e. for all T > 0 there exists a constark > 0 such that ifw, y
satisfy (6.1)—(6.4)then

T
2 2 2 2
fo fr yPdCdr < KF (Jwoly g+ lwtlz )

for all (wo, w1) € (H?(Q) N HF(Q)) x HI(Q).

The above proposition is classical (see, for instarit8, p. 44]), so we skip the
proof.

The main result of this section is the following.

Theorem 6.2. The system described b¥.1)—(6.4) is exactly observable. In other
words there existsT > 0 and kr > 0 such that

T
[ ara > i (lwoly g, + lnlag)

for all (wo, w1) € (H2(Q) N H}(Q)) x HI(Q).
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Proof. By Proposition6.1, Cg is an admissible observation operator for the system
described by (6.1)—(6.4). Moreovefy is clearly self-adjoint, positive, and boundedly
invertible, whereas the resolvent af is clearly compact. Consequently, we can apply
Proposition 4.5.

1
The eigenvalues of\j are

Jmn =VmZ+n2 VYm,neN*

A corresponding family of normalized (it = H&(Q)) eigenfunctions are

D n(x) = > sin(mxy) sin(nxz) Vm,n € N* Vx = (x1,x2) € Q. (6.5)

2
nvm? +n

In the remaining part of the proof, we show that the operatégsand Co satisfy
condition (iii) in Proposition4.5. More precisely, we prove that there exist® > 0

such that for allw > 0 and for allg = Z P » WE have
(m,n)el;(w)
2
oo
iCooli= [ | ¥ a2t arzo| X el 69
(m,n)el,(w) v (m,n)el;(w)
where

I(w) = {(m,n) e N* x N* 5 |, — 0] <é&}.
Let us introduce some notation. We first set
Ke(w) = {m € N* | 3n € N* with (m, n) € I(w)}.

It is clear that ifm € K.(w) thenm < w +¢. Form € K.(w) we introduce the set
L(m) defined by

Lim) = {n € N* | n,m) € ()} = fn e N*

Wm2+n2—w| < s]. (6.7)
Then, we have

L(m) = [n eN* | Vw—02—m2 <n< \/(w+8)2—m2] (6.8)



220 K. Ramdani et al./Journal of Functional Analysis 226 (2005) 193-229

if m < w—¢and

L(m)=[neN*|n gm}

if ®w—¢<m < w+ e By using 6.5) and the above notation we get that

2

4 T nAmn .
Icorti =25 [ | ¥ _Mamn | Sinmay)| dxy
S 2
TJ0 ko) | neLomy VM +n
2
4 (7 M i
= 3 _Mamn | Sinnxp)|  doo. (6.9)
2 2 2
TJ0 ek ) |:m€L(n) me+n :|

We are going to prove that if € (O, 1—10) and if m € K (w) satisfiesm < (v +¢)/v/2,
then the cardinak,, of the setL(m) defined in 6.7) satisfiesc,, = 1.
Assume thate € (0, 1—10) andm € K.(w) satisfiesm < (o 4 &)/+/2. We first remark

that
(CU—{—S)/\/E < w-—e (6.10)

Indeed, if the above inequality is not satisfied, then we get that 9¢, and conse-
quently, w + ¢ < 10¢ < 1. On the other hand, the fact that € K (w) implies that
m < w+ ¢ < 1, which is a contradiction.

We have thus shown tha6.00) holds. Consequently,(m) satisfies (6.8), and its
cardinal x,, satisfies

Km <V (@+8)2—m2—(w—82-—m?2+1
_ dwe
Vot oZ—m2+ J(w—e2—m?

+1 (6.11)

On the other hand, since < (¢+ w)/+/2, we have that

2
(0+e2—m?> %

and therefore, by§.11), we obtain that

km < M2+ 1.

Sincee¢ € (0, %), the above relation implies that, = 1 for all m € K. (w) such that

m < (¢ 4+ w)/+/2. The unique element of (m) is then denoted by,,. This fact,
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combined to 6.9) and to the orthogonality of the familgin(mx)),,~1 in L2(0, ),
yields the existence of a constaht- 0 such that

2 2
2 bma 2 Lnha
2 mimé,, n@é,n
ICoplly = — E —| +- E —_—
2 2 2 2
T ko | VM + 4 T ke |V {y+n
m < (w+e) /2 n < (o+e)/v/2

The above relation and the fact that there ex@&ts 0 such that form < (¢4 w)/+/2,
we have

L > C.

Ny

implies the existence o > 0 such that

2 2
ICoolly =0 D> lame,|"+ D aem (6.12)
mekKg(w) nekg(w)
m < (o+e) /2 n < (o+e)/v/2
. . e+ w e )
Using the fact that for allm, n) € I,(w), we have eithem < ——— orn<———, we
V2 V2

obtain that

Z |amn|2 < Z |am£,,, |2 + Z |af,ln 2

(m,n)el(w) meKg(w) nekg(w)
m < (w+e) V2 n< (0+e)/V2

The desired inequality6(6) follows then from the above relation, together with relation
(6.12). O

7. An Ingham—Beurling-type result and a theorem on shifted squares

The following result plays a central réle in the proof of the observability results in
Sections 3 and 5.

Proposition 7.1. For ¢, r € N*, we set

Agr ={m e N* | g2 +r? —m? e §),
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where S denotes the set of squares of positive integers. Then, for any nonempty interval
[, there exists a constant > 0, depending only on,Isuch that the inequality

2

/ Z an e dx >0 Z |an|21
1

nely, nely,

holds for all sequencéa,) C [2(C).

The main ingredients of the proof of the above result are a version of a famous
theorem of Beurlind7] on nonharmonic Fourier series, and a number theoretic theorem
concerning shifted squares.

Let us first state the version of Beurling’s result given in Theorem 1.5 in [5]. For
the proof, we refer to [5].

Theorem 7.2. Let (4,),c7 be a strictly increasing sequence of real numbers such that
Ini1i—rAn =7 VYne”
for somey’ > 0. Moreover assume that exists>7" and M € N* such that

)Ln+M—;Ln>VM VneN.

2
Then for any interval | of lengthi(1) > —n, there existso > 0 depending only on
Y

y,7', M and |, such that

2
dr > 0 lan?
neZ

2 :an ez).nx

neZ

J

holds for all sequencéa,) C [%(C).

L . 2n .
Note that, due to a misprint, the conditiogl) > i in the above theorem has been
Y
written [(I) > 2xy in [5].
Remark 7.3. The result in TheorenY.2 can be seen as a generalization of a classi-
cal inequality proved by Ingham [12]. For other generalizations and related questions

we refer to Avdonin and Moran [1,3], Baiocchi et al. [4], Jaffard et al. [14] and
Kahane [15].

Next, we give the second main ingredient of the proof of Proposition 7.1.
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Theorem 7.4. For positive integersM, N, V, let Z = Z(M, N, V) denote the set of
those integers n such thaft <» < M + N and V —n? is a square. For a suitable
positive absolute constartt > 1, we have

|Z| < Cy/Nlog(2N),

where |Z| denotes the cardinality of the set Z

For the sake of clarity, we postpone the proof of this theorem to the end of this
section.

A useful consequence of Theoreny is the following.

Corollary 7.5. Let M € N* and g < /1 < --- < Ay be M + 1 consecutive elements
of A,-. Then we have

M2

2C2%log (2M)’ (7.1)

M — Ao =
where C is the constant appearing in Theor&m.
Proof. For N € N*, denote byU(N) the cardinal number of the set
{/ 2114 < o+N}
By Theorem7.4 we clearly have

UN) < Cy/Nlog(2N) V N e N*.

Consequently,

M =U(y —0) < Cy(hy — o) log[2(y — Jo)].

Now observe that, sinc€ > 1, (7.1) plainly holds if1y — 4o > M?. Otherwise we
have

M? < C?(y — o) log (2M?),
so that 7.1) is still valid. O

We are now in a position to prove Proposition 7.1.

. 2 .
Proof of Proposition 7.1. Takey > % wherel(I) denotes the length of the interval

I. Since 2log2M) < 3v/M for all M >1, Corollary 7.5 implies that if¥ > 9C*)? and
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if lo <A1 <--- <Ay are M + 1 consecutive elements df,,, theniy — /o > My.
Moreover, the distance between any two distinct elements\pf is at least one.
Therefore, we can apply Theorem? to get the desired inequality[]

In order to prove Theorem 7.4, we first introduce some notation.

For any prime numbep, let (Z/pZ)* be the (cyclic) multiplicative group of in-
vertible residues modulp and let 9, denote the subset aZ/pZ)* comprising all
nonzero quadratic residues. Recall that the Legendre symbol is the mappingZfrom
onto {—1, 0, 1} defined by the formula

=10 if pln Vnel.

<n> 1 if n e 0, (Modp)
-1 ifne(Z/p2)*\ Q,(modp)

p

A classical result states that, for all odd primesnd all integersh such thatp {n, we
have

n

(;) — D72 (modp). (72)

This will be used in the proof of the following lemma. The result is known—see, for
instance,[22, Exercise 3.3.20] or [11, Theorem 7.8.2]—but, for convenience of the
reader, we provide a short proof.

Lemma 7.6. For any odd prime p and alk € (Z/pZ)*, we have

Z <n2+a>:_1'

0<n<p p

Proof. Denote the sum on the left by,(a). By (7.2), we have

Sp@)y = > ®+a) P D2

0<n<p

3 > <(p - 1)/2) n2i g (P=D/2=]

0<n<p0<j<(p=-1)/2 J

3 ((p - 1)/2) a®=D/2=1 N p2i (modp).

0<j<(p—1)/2 J 0<n<p

Now observe that the inner sum is zero modplanless whery = (p —1)/2, in which
case it is—1. This is a well-known consequence of the fact théypZ)* is cyclic
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and we omit the details. We thus obtain
Sy(a) = —1(modp).

Since |S,(a)] < p, this leaves the two possibilitieS, (@) = p — 1 and S,(a) = —1.
However the former case can only happen if exactly one of the Legendre symbols is 0
while all others have value 1. If this holds, then we have, for some integef0, pl[,

hZ
(£22) 0
P

Since pta, we must haver # 0. Thush # p — h (modp) and obviously

((p—h)2+a> _o.
p

a contradiction. Hencé,(a) = —1, as required. [J
We can now embark on the proof of Theoréha.

Proof of Theorem 7.4. Our initial strategy consists in showing that, for all primes
p such thatp = 3(mod4, the subsetE, of Z/pZ comprising those residue classes
which contain at least one element dfis small in size. We consider two cases,
according to whethep | V or not. To deal with the first instance, we observe that

(__1> — (_1)(17—1)/2 =1,
p

so —n? is not a quadratic residue modytoif p{n. ThusV —nr? can only be a square
if it is divisible by p—and in fact byp2. Therefore, we have

E, =1 if p|V.

In the second case, we have

V — n2
n€E1,=>( n):loro.
p
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Since there are at most two solutions of the equation n2 = 0 (modp), we plainly
derive

N

o<n<p 5

1 1/-1 -V
= —-(p+2)+=| —

2P +? 2(1))02( p )

1
= E(P+3),

IE,| 1+% 3 {1+<V_"2)}

N
A
S|

where, in the last stage, we have appealed to Lerr6a

We have therefore shown that, for all primps= 3 (mod 4, the setZ is excluded
from %(p - 3).residue classes modulm By the large sieve (see e.g. [24, Corollary
1.4.6.1]) this yields, for allQ > 1,

1Z] < (N+Q%/L (7.3)
with
L=L©Q):= ) &@.
1<g<Q
where

-3 .
u(q)zl"[% if plg = p=3(mod4
g(q) == rla Vg = 1.

0 otherwise

Here, as usual in number theory, the letferdenotes a generic prime number and
g — u(q) denotes the Mobius function.

It remains to evaluaté as a function ofQ. To this end, we introduce the Dirichlet
series associated i viz

g(q) p—3
Go=2 "= 1l (1+(p+3>pf)’

qg=>1 p=3(mod 4

where s is a complex parameter, with initialljies > 1. We need to express this
quantity in terms of the Riemann zeta functi@@). This can be achieved by introducing
the unique nonprincipal character modulo 4, definedyby) = (—1)?~Y/2, and the
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corresponding--function

(=" -1
Ls.p)=Y ———=[] @-xp/p') "
@ty 1L

We have, still forfes > 1,

{1—x(»}p—3)
Ges) =[] (1+ - )
)=3 2(p+3p
= [Ta-p"Y2A - 2(p)p™)"?H(s)
p=3

L)Y2L(s, ) Y2 —27)Y2H (s)

with

1— -3
H(S) = 1_[ (l _ p—‘v)l/Z(l _ X(p)p—‘r)—l/Z <l+ { /C(P)}(P ))

>3 2(p+3)p°
1—-p~° 12 p—3

- L&) gey)

»=3(mod4 TP » (pJ:)P

- 1 (@2 (-2,

»=3(mod 4 (p+3p

Since L(s, ¥)~Y2 has analytic continuation in the region
g >1—c/logB+1z]) (s=0+1i1)

for a suitable positive absolute constan{see e.g[24, notes on Sections 11.8.2 and
11.8.3]) and since the produdt (s) converges fore > % and is bounded in any half-
planec > %+ 0 with 6 > 0, we are in a position to apply Selberg—Delange type
estimates, as given in [24, Theorem [11.5.3]. This yields

0( ! )} Vo2 (7.4)

L) =Y glg) = 30

i[l—i—
4<0 ViegQ

with

H() 2 . —1/2( 7p—3 )
J2rL(, ) o« [1 ( P ) p?(p+3)

p=3(mod 4
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Inserting 7.4) into (7.3) and selecting := /N furnishes the bound

|Z] < B\/NlogN{lqL O(Iog1N>} > 2
with
N2 12 7p—3 5
B:=""=x [ (1-r7?) <1+(p1)(p2+4p3))~5.31259

p=3(mod 4

This finishes the proof of Theorefid4. [
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