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Abstract

This paper is devoted to the controllability of a 2D fluid—structure system. The fluid is viscous and incompressible and its motion
is modelled by the Navier—Stokes equations whereas the structure is a rigid ball which satisfies Newton’s laws. We prove the local
null controllability for the velocities of the fluid and of the rigid body and the exact controllability for the position of the rigid body.
An important part of the proof relies on a new Carleman inequality for an auxiliary linear system coupling the Stokes equations
with some ordinary differential equations.
© 2007 Elsevier Masson SAS. All rights reserved.

Résumé

Cet article est consacré a la controlabilité d’un systeme fluide—structure bidimensionnel. Le fluide est visqueux et incompressible
et son mouvement est modélisé par les équations de Navier—Stokes tandis que la structure est une boule rigide satisfaisant les lois
de Newton. Nous démontrons la contrdlabilité locale a zéro pour les vitesses du fluide et du solide rigide et la contrdlabilité exacte
pour la position du solide rigide. Une partie importante de la démonstration utilise une nouvelle inégalité de Carleman pour un
systeme linéaire auxiliaire couplant les équations de Stokes avec des équations différentielles ordinaires.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Let C be an open bounded set ofLRz, containing the open ball §(¢) of radius 1 moving into a viscous fluid which is
occupying the domain £2(r) = C\ S(7). Let O be an open subset with O C C. The fluid-rigid body system is controlled
by a force field supported in O and we suppose that O C §2(¢). Then, the equations of motion of the fluid—structure
system are:

ov

5 + W -VYv—vAv+Vp+1lpu=0, te€(,7T), xe2(), (1.1)
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dive=0, r€(0,T), x € (), (1.2)
v(x,1)=0, xedC, tel0,TI, (1.3)
v(x, ) =h @) +6'O)(x —h@)", xe€dS), 1€0,T], (1.4)
MK () = — / o(v, pndl’, 1t€(0,7T), (1.5)
aS (1)

Jo" (1) = — f (x —h())" -0, pndl’, 1€(0,T), (1.6)

aS(t)
v(x,0)=1"(x), xeR(0), (1.7)
h(0)=h°, W) =h', 0(0) =6°, 6'(0)=0", (1.8)

where

1/ dv; av;
o(,p)=—pld+2vD(v) and D(U)i’j=§<gvl~+a;)l.>'
J J

In the above system the unknowns are v(x, t) (the Eulerian velocity field of the fluid), p(x, t) (the pressure of the

fluid), h(¢) (the position of the center of the rigid ball) and 6(¢) (the angular of the rigid body). The function u(x, t)
is the control of the system. The domain S(¢) is defined by:

S(1) = B(h()),

where B(c) = {x € R?; |x — ¢| < 1} denotes the open ball of R? centered in ¢ € R?. The constants M and J are the
mass and the moment of inertia of the rigid body. For sake of simplicity, we assume that the rigid body is homogeneous
and thus we have that

M =278, J=8/|y|2dy,
S

where & > 0 is the density of the rigid body. The positive constant v is the viscosity of the fluid.

For all x = (1), we denote by x the vector x* = (_} ). Moreover we denote by d5(t) the boundary of the rigid

body and by n(x, ¢) the unit normal to dS(¢) at the point x directed to the interior of the rigid body.
Assume that

S0)cC\O, (1.9)

then, for |hr — h0| small enough, we have that B(hr) C C\ O. Therefore, it is natural to wonder if with some control
u we can have S(T) = B(hr). In fact, we are going to look for a control such that the velocities of the fluid and of the
rigid body are equal to 0 at time 7. Our main result is the following:

Theorem 1.1. Let T > 0 and assume that (1.9) holds true. Suppose also that v° € H'(£2(0)) and that

dive® =0 in £2(0),
V) =hl4+0'(x —h%L  (x €8S5(0)),
V@) =0 (x€d0).

Then there exists € > 0 such that if

||U0||H1(.Q(0))+ |h0_hT| + |h1| + |90_9T| + |91| <&

then the system (1.1)—(1.8) is null controllable at time T in velocity and exactly controllable at time T for the position
of the rigid body. More precisely, there exists u € L*>(0, T; L>(O)) such that

v(T) =0, W(T)=0, 0'(T)=0,
and

WT)=hr,  6(T)=0r.
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We notice that this result is local in velocity and in position. Since we use the same method as in [10], it is natural
to obtain, like in [10], a local result for the velocity. However, for the position of the rigid ball, we can improve the
above theorem:

Corollary 1.2. Let 09,07 € R. Assume that h°, hy € C are such that there exists a continuous curve k :[0,1] — C
with the following property:

B(k(0))cC\O (r€[0,1]) and «k(0)=ho, Kk(1)=hr.
Then there exist ¢ > 0 and T > 0 such that if v’ € H'(£2(0)) and that

dive® =0 in £2(0),
V@) =h'+0'x — %t (x €35(0)),
WHx)=0 (x€d0),

and if
0 1 1
v ”H‘(Q(O)) +[n'[+]6'] <e.
then there exists u € L*(0, T: L2(O)) such that the solution of (1.1)—(1.8) satisfies:
v(T) =0, W(T)=0, 0'(T)=0
and

h(T)=hr, 6(T)=0r.

Since the proof of this corollary relies on some simple compactness arguments we will skip it.

As for many problems of interaction between a fluid and a structure, the main difficulties are that the system
(1.1)—(1.8) is nonlinear, strongly coupled and that the domain of the fluid is an unknown function of the time. In
particular we want to emphasize that we are going to control here a free boundary problem.

Several papers concerning the study of this kind of systems have been published in the last decade. More precisely,
when the fluid is modelled by the Navier—Stokes equations, the following papers study the existence of solutions in
the case of a bounded domain: [3,4,2,14,16,15,13,24,8,9,27] whereas [25,20,26,28,12] consider the case where the
viscous fluid-rigid body system fills the whole space. The stationary problem was studied in [25] and in [11]. The
asymptotic behavior of solutions when ¢ — oo has been treated in some simplified models in [29] and in [21]. When
the fluid is inviscid and modelled by the Euler equations, the existence of solutions was studied in [22].

Concerning the controllability results on fluid—structure interaction problem, there are very few articles in the
literature. We want to mention a paper of Raymond and Vanninathan [23] about a simplified model where the fluid
equations are replaced by the Helmholtz equations. In that case, the domain is supposed to be fixed but one of the
difficulties comes from the fact that there is no control in the solid part. In a paper of Doubova and Fernandez-Cara
[5], there are also some control results for a 1D model. In that case, the domain is not fixed any more and the proof
of the result is based on Carleman estimates. Our method is also based upon a Carleman inequality. However we treat
the control of the position of the rigid body in a different way than in [5]. Finally, let us mention the paper of Boulakia
and Osses [1] where the authors deal with the same problem except that they consider a body of arbitrary shape. They
prove the local controllability of the system by using different methods (the Carleman estimates are obtained directly
for a system where the domain of the fluid is not fixed). It should be noticed that with their method, an assumption on
the smallness of the H3-norm of the initial velocity of the fluid is needed. In our result, we only need to impose an
assumption on the H'-norm of the initial velocity of the fluid.

By translation and rotation we always can reduce the controllability problem to the case 7 = 0 and 67 = 0.
Therefore in all the sequence, we assume that 77 = 0 and 67 = 0. Moreover we will denote:

2=2(T) and S=8(T),
and

0=02x(0,T), Y=@2)x[0,T], Cr=Cx(,T).
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The proof of Theorem 1.1 relies mainly on a Carleman estimate for the following linear system:

3 i
8—’;’—UAw+vc;=f, in 2 x (0, 7). (1.10)
divw=0, in£2 x(0,7), (1.11)
Wy, 1)=0, yeaC, tel0,T], (1.12)
Wy, =g +aty"-, yedS. tel0,T], (1.13)
Mg’(t):—/o(ﬁ,c})ndl“—i—i, te(0,T), (1.14)

aS
J&’(t):—/yj‘oa(ﬁj)ndf—i—lz, 1e,7), (1.15)
S

w(y,00=0, yef2, g0)=0, ®0)=0. (1.16)

The Carleman estimate we prove can be written under the following form:

Theorem 1.3. Let T > 0 and let O be an open subset such that O C 2. Then there exists a constant C > 0 such that
all the smooth solutions of (1.10)—(1.15) satisfy the inequality:

T
/A4s3(p3|ﬁ|zezm dydt+/k3s3¢3(|§|2+ |@1?)e** dt
Q 0
<C / k5s15/2¢15/2|w|2e455‘*255‘ dydr
Ox(0,T)

T
+ / A5s15/2¢15/2|f|2e43&_235‘ dydr + / A5s15/2¢15/2(|l~|2 + |,;|2)e4s&—2s& dt), (1.17)
0
for all & > 1* and for all s > s*(T* + T®) and where the functions a, &, &, ¢, ¢ and § are given by (3.1)—(3.8).

We first give, in Section 2 some preliminary results. In Section 3, we prove the Carleman inequality given in
Theorem 1.3. Then, in Section 4, we first give a link between controllability properties and Carleman estimates and
then prove the controllability of an auxiliary linear system associated to (1.1)—(1.8). Finally, Section 5 is devoted to
the proof of Theorem 1.1.

2. Preliminaries
Let us denote

H'2(Q)= {U:Q_JR{Z; dv 9 € L?(Q) ifi € N? and |i| <2}.

ot Ox!
The linear system (1.10)—(1.16) is well posed in the following sense:
Lemma 2.1. Suppose that f € L2(Q), [,k e L*(0,T) be given functions. Then, there exists a unique solution to
problem (1.10)—(1.16),
(@,§) e H*(Q) x L*(0,T; H'(2)), (&, e H'(0,T)x H'(0,T),
and it satisfies the estimate:

H (w, q) H HU2(Q)xL2(0,T; H! (£2)) + ” (8. 0) H HY(0,T)xH'(0,T)

< C(”JZHH(Q) + HZHLZ(O,T) + |‘]2”L2(0,T))' 2.1)
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The proof of this lemma is proved in [28] and is based on the semi-group theory. More precisely, we can define the
following Hilbert spaces:

H={veL*C); divvu=0inC, D(v)=0inS, v-n=00n3C}, (2.2)
V=H}C) NH. (2.3)
We know that for any v € H, there exist [, € R? and k, € R such that
v =l +kyt, Vyes.

We also define an inner product in L?(C) by:

(v,w):/v-wdy+/8v~wdy
2 S

where 8 > 0 is the density of the rigid body. The associated norm is equivalent to the usual norm of L?(C) and if v
and w € H, then we have that

(v,w):/v-wdy—i—Mlv~lw+kakw. 2.4)
Q2
The above spaces are natural for our analysis. In fact, from (1.11)—(1.13), it can be easily checked that if we extend
the solution w to S by:
Wy, 1) =g +a(n)y" (yes, 1€l0,T), (2.5)

then @ € H.
In all the sequel, the solution w will be extended as above.
We will also extend f to S by:

fO. 0=l +k@®)yt (yeS, tel0,TI). (2.6)
In order to solve (1.10)—(1.16) we consider the following operators:
D(A)={veV; vlg e H*(2)}, (2.7)
vAv 1in $2,
Av = —Z—U/D(v)ndf - [Z—V/yi : D(v)nd1i|yl inS, YveD(A), (2.8)
MBS ! S
and
Vv e D(A), Av=PAv, (2.9)

where PP is the orthogonal projector from L?(C) on H and where, in the expression of Au, D(u) represents the trace
of the restriction of D(u) to £2.

Proposition 2.2. The operator A defined by (2.7)—(2.9) is self-adjoint and m-dissipative. Consequently A is the gen-
erator of a contraction semi-group in H. Moreover, there exists a constant C > 0 such that for any v € D(A), we
have:

vl 22y < CllAV] L2y (2.10)

The proof of Lemma 2.1 relies on the fact that if we extend & and f to C by:
D=g+axyt V,1)eSx(0,T)
and

f=l4+kxy" Y(y,1)eSx0,T),



O. Imanuvilov, T. Takahashi / J. Math. Pures Appl. 87 (2007) 408-437 413

then the system (1.10)—(1.16) can be written under the form:

{ (@) = A(@) + P(f),
()(0) =0,

where P( f ) € L?(0, T; H). Lemma 2.1 is thus a consequence of classical results on the semi-group theory.
3. The Carleman inequality
This section is devoted to the proof of Theorem 1.3. Let Oy € O be a nonempty open set and {dS}, a neighborhood
of S in £2. Then there exists a function ¥ € C2%($2) such that
v >0 VyeR, vle=0. [Vy(y)|>0 ¥Yyee\O, 3.1

v =y =1 Vye{dSk. (3.2)

We can extend ¢ to S by putting ¢ (y) =0 forall y € S.
Let us consider a fixed number m > 4 and let us denote by || - || the L% (£2)-norm. Then for A > 0 and s > 0, we
define the following functions defined in Cr:

AW+ lloo)

p(y,1) = T (3.3)
AVl
@(l‘)=;f££<ﬂ(y,f)=m, (3.4
MDY oo
P(t) = Iyne%so(y, 1) = T (3.5)
U OM+mIY o) _ gzmAll¥lise
a(y,t) = T ) : (3.6)
MmilYllos _ g 3milv o
a(t) = ;neilﬁla(y, = T , 3.7
rm+DIV oo _ g 3mAll¥loe
ar) = ryneagl(ot(y, 1) = T ) , (3.8)
E() =50, &) =5GP, (3.9)
£ = (51551)2 — Azs—n/z@—ll/zezs(d—&)’ (3.10)

where (v, 1) € Cr. We can notice that @ —& < 0 (see (3.7) and (3.8)) and thus £&3 < CA2, with a constant C independent
of s and A.
At the first step we send V¢ into the right-hand side of Eq. (1.10):
ow ~
— —VAw
ot

We are going to obtain Carleman estimate of the system (1.10)—(1.16) by considering the above equation as a heat
equation and by following the proof of [17]. Here, however, we have to deal with the boundary conditions (1.13).
For sake of simplicity, in the sequel of this section, we take v = 1.
We first make the change of variables:

=f=f+V§ inQ. (3.11)

w(y, t) =w(y, e, q(y, 1) =q(y,1)e*,
gH=5ne*Y, w@)=a@m)e.

Egs. (1.10)—(1.15) are transformed into the following system:
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9
a—l;’ — Aw + 252p(Vw) (V) + 5220 Vi Pw — 52220 Vg 2w

oo A .
+ sAQwAY — saw = fe', inf2 x[0,T],
w(y,t)=0, yeadS, te[0,T],
w(y, 1) =g@t) +w@)yt, yedS, te[0,T],
Mg'(t) — Ms&' (t)g(t) = — / o (W, §)e%ndl +1e*%, 1€[0,T],
oS
Jo' (1) — Js& (Do (1) = —/yL o (W, §)e%ndl +ke'¥, 1el0,T].
S

We introduce the operators L1, L3, as follows:

oo
Liw=—-Aw— A2s2<p2|Vw|2w - saw,

d
Low = 8—';’ 1 2520 (Vw) (V) + 25320 |V Pw.
It follows from (3.12), (3.17) and (3.18) that
Liw+ Low=f; inQ,
where
fi = fe5 — showAy + 5220V |Pw.
Taking L2-norm of both sides of (3.19), we obtain:
1f51320g) = IL1wIT2 o) + IL2w 35 ) + 2(L1w, Low) 2g).-
By (3.17) and (3.18), we have the following equality:

Jda  Jdw
(Liw, Low) 29y = <—Aw — X282 VY Pw — sgw, o

+2S)L2§0|Vl/f|2w>
L2(Q)

- /[2x3s3¢3|wf|2w + 2s2A¢2—Otlw:| [(Vw)(Vy)]dydr

— [2sk<p(Aw) [(Vwy(Vy)]dydr.
0
Denote by Ay the first term in the right-hand side of (3.22), i.e.,

a a
Ag = (—Aw — Azsz(pzlvwlzw — s—aw, o

25220| V|2
o g T2 | WIw>

L2(Q)
Then, by integrating by parts, we obtain that

10 A2s52¢? d s da d
A0=/<——|Vw|2— VYRl = 55 P

20t 2
d
— 253V wl? — 2s2x2<p3—°t‘|w|2|w|2> dyds

+/2sk2<p|V1/f|2|Vw|2 — s22w*A(p|Vy|?) dydr
0

3 9 9
+/sk2|w|2—(¢|V1/f|2)dE—f W 22 vy tw ) Las
on ot on
X X

(3.12)

(3.13)
(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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and therefore,

A2 VY2, , slw|? 8%«
AOZ/( SR L B e
o

— 252 A vy Hlw)? 2s2A2 (p|V1ﬁ| |w|)dydt

+ f(zsngowwzwwﬁ - skz|w|2A(<p|V1/f|2))dy dt

0
9 9
+/sk2|w| Z (pIVy?)dz /(a—f+2s)\2<p|vw|2w) : 8—wd2. (3.23)
n
X X

Integrating by parts in the second term of the right-hand side of (3.22), we have:
0
Al =— / |:2A3S3¢3|V1//|2w [vwy v ] + 2s2,\a—‘:<pw . [(Vw)(V1//)]i| dy dt
Q

— f<x3s3¢3|vw| Vi - Viw]? + 52 (pk

” vy - V|w|2> dy dt

3
=/[3x4s3<p V| Hw)? +|w|2<p3)\3s3div(|vw|2V1/f)+div<s2)\¢a—(:V1//)|w|2:| dy dt

0 a
—f 223 v+ 522%00 ) Y o as. (3.24)
at on
b5
Finally, integrating by parts the third term of the right-hand side of (3.22), we have:

Ay = —/2s,\ @(Aw) - [(Vw)(Vy)]dydr
0

2
:/(2sk2(p|(Vw)(V1//)}2+2sk<p Z

0 i,j.k=1

ol

From (3.23)—(3.25), we obtain:

dwj dw; Y
dyi Oyk 9yidyk

— s 2@|Vy 2| Vw|* — |Vw|2sxgom/f) dy dt

2
—sx<p|vw||Vw|2) dx. (3.25)

2
(Liw, Lyw) 29y = /(,\4s3¢3|v¢|4|w|2 +sA2@| VY P Vw]? + 25220 | (Vw) (Vi) [ )dy dt
0

X
9 9
—/ 333 + 2 2%63 ) w2 as
ot on
P

0 0
—f(a—’fnsﬁmwﬁw)-a—“’d2+/sx2|w|2 (eIVYP)dE + X1, (3.26)
n
X X

2
—S)L(p|V1/f||Vw|2> dx

where we put,
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A2 VY29, 5 o slw]? 3%
— - (¢7)Iw] -
2 ot 2 ot

xi= [ (Crulaleivyr) +
9]

2

dw; dw; 92 d
+2hp Y ﬂﬂ—w—s,\<p(A¢)|Vw|2—2s2x2a—‘:<p|v¢|2|w|2

el dy; dyx 9yidyx

3
+ w333 div(IVy VYY) + div<s2)\<p8—‘:v1/f> lw|>dydr.
One can estimate X as
1X1] < Co /((s3x3¢3 + (17" + 75220 + T752030%) [w|? + she|Vw|?) dydr, s>0, A>1, (3.27)

Q

where the constant Cy is independent on s, A and 7.
Therefore, by using (3.26) and (3.27), we obtain the existence of two constants:

50(82,00) >0 and A(£2,Op) > 1,
such that
2(Liw, Law) 29y = Ci /(k4s3¢3|w|2 +sA%p|Vw|?) dydr
0

—C / (45303 |w ) + 522 Vw|?) dydr
Opx(0,T)

3
+2/(2s,\¢|v1/f|‘—w
on
X
9 3
—2/ B8PV P + 52 —w|w|2d2
ot on
X

9 3
—2/ o 220 VY Pw ) - Las

ot on
X

2
—sk¢|V1//||Vw|2> dx

3
+2/s,\2|w|28—(¢|v¢|2)d2, Vs = so(T7 + T%), Vi > 4. (3.28)
n
b

Next we have to investigate the boundary integrals in (3.28) note that X' = Xy U X', where we have Xy = [0, T'] x
dC and X1 = [0, T] x 9S. Thanks to the zero Dirichlet boundary conditions of the function w on Xy, we obtain:

0
/(mww'%

2
9 9
- swwwnwﬁ) dx — /<x3s3<p3|vw|2 +s2—awk)8—w|w|2d2
n

a1
0 EO
3 9 9
_/ W 252 20|V Pw .—wd2+/sx2|w|2—(golvw|2)d2
ot on on
PN 2o
dw |?
:/sk(p|V1/f|‘8— ax. (3.29)
n
2o

Next we estimate the boundary integrals over X':
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ow
I =f<2sw|w|‘§

]

9 3
— /(A3s3¢3|V¢|2 + sza—‘:m) CLAWERT>

2
—sx¢|vw||Vw|2) dx

on
P}
9 3 9
_/ M 22|V Pw .—wd2+/s/\2|w|2—(<p|WI2)d2-
ot on on
ol 2

By using (3.14) and the fact that |[Vi| =2 on 0S we get that

ow 2 333, 20 2
I = 4she n —25A¢ |[Vw|” ) dX +2 417577 + 5 E(p)\ lw|“dX
>

1 1

2

ow d
—/(g’(t)+w/(z)yi+ssx2¢w) : Edz+/s,\2|w|2%(¢|v1/f|2) dx.
P 2

The above equation and (3.15)—(3.16) yield that for s > so(TT 4+ T%) and 1 > Ao,

| dw ? 3.3~31.2
L >2 sk(pa— dX 42 | As7¢7|lw|"dX
n
z

1 1

2 G ow
—5 -~
4 at

1 ~ e o 1.5
— /(s&’g - M/U(w,q)ew‘n dr + Mlew‘ +s&' wy ™t
P S
~ o sE 1= 5 - d
—J! (/xL -o(w, q)e**n dI")yl + J ey tet + 8s)»2<pw> . a—w dx.
n
S

Taking into account that %—lf(y, t) = —w(t)y for y € 35, we obtain that

9 2
I >2/u¢ 8—“) d2+2fk3s3g53|w|2d2
n

2 2

1 _ i o 1. - .
- /(sﬁ/g 3 o(w,§)e’*ndl™ + Mle‘m‘ + 56wyt
P S
~ o 5G ~ ; - ad .
— J_l</xj‘ co(w,q)e*%n dF)yJ‘ + J ey tet + 8s)\2<pw) . a—de' — Zfskw |a)(t)|2d2,
n
S 2

and therefore,

3 dwl?
I E/sk(ﬁ a_w d2+2/A3s3¢3|w|2d2
n

bof of

- - N - Jw
—c/<sT|<p|5/4|g|+/(|Vw|+s¢x|w|)dr+sr|¢|5/4|w|+8sA2¢|w|)‘E'd2
2 S

T
—Cf(|i|2+ |1€|2)e235‘dt—cf|q|2dz —2/s,\¢|w(t)|2d2. (3.30)
0 2 2
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We have:
T

/A3s Jlwirdx = / @ (g() + w(n)yr) dZ‘ 2n/k3s3<p3 |g(t)| + (1)) dt. (3.31)

2 2 0

Combining (3.30) and (3.31) we obtain that for A > Ag and s > so(T7 + T%),

T
d o
I >/s,\¢'a—w d2+/,\3s3¢3|w|2d2—c/(|1|2+|k|2)e2sadt—c/|q|2d2. (332)
n
Pl P 0 X

Relations (3.28), (3.29) and (3.32) imply that for A > Ag and s > so(T’ + T%),

2

2(Liw, Law) 2y 2 C1/(A4s3(p3|w|2+skz<p|Vw|2) dydr
0]

-G / (M3 |w|? + 522 Vw|?) dy dr
Oox(0,T)

2
d2+/x3s3¢3|w|2d2

2

T
c/ 7|7 + |&])e®® dr — /|q| dx.
0

The above relation and (3.21) yield that for A > A and s > so(T 7 + T?),

Jw
+C3/SA90|V¢| 3
x

le(x4s3<p3|w|2+s/\2<p|Vw|2)dydt+f/\3s3¢3|w| dZ + [L1wl}a g, + IL2wlI7s g,

) 2

T
<Gy / (A4s3¢3|w|2+sA2¢|Vw|2)dydt+C/|q|2c12+||fs||§2(Q) /\ll +\k] )e* @ dt.
Oyx(0,T) P 0

Taking into account the definitions (3.17), (3.18) and (3.20) of Ljw, Low and of f;, we obtain that for A > Ao and
s=so(T"+T¥),

8w2
-1, -1 2

A -
/s %] (I w|+’8t
0

<C f (5% [P + 2701 Vw ) dydr + | fe* [ 12,

)dydt+/(k4s3<p3|w|2+sA2<p|Vw|2)dydt+/)»3s3g7)3|w|2d2

2

Oyx(0,T)
T

+ [P+ [P az+ e Hiz@) (3.33)
0 P

Now, we eliminate the integral on |Vw|? of the right-hand side of the above equation. Let (01 be a subdomain such
that Oy € O; € O and let x be a function such that

x€C(O), x=1in0) 0<x<L

Then, some calculations give that
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/ sA2o|Vw|>dydr < / sAZxo|Vw|*>dy dt

Opx(0,T) O, x(0,T)
<8/s_1¢_1|Aw|2dydt+C / As3e3 \wl? dydr,
9] O1x(0,7)

for a small enough constant ¢ > 0 and for all A > A9, s > so(T7 + T?®). The above equation and (3.33) imply that
dw |?
-1 -1 2
A -
/ sy <| w|” + ’ o7
o

T
<c( / )»4s3(p3|w|2dydt+||fem||iz(Q)+/ 11 + |k 2“"dt+f|q;| d2+}|v5em||L2<Q)>
0 >

)dydt +/(A4s3<p3|w|2 +SA2¢|Vw|2) dydt +/A3s3¢3|w|2d2
o

2

01 x(0,T)

for all A > A and for all s > so(T7 + T®).
By using the definition of w, the above inequality implies (after some calculations),

/ (IAwl +'—‘ ) zsad)’dl+/(k4s3(p3|w| +5)%0| V| 25“dydt+/)»3s3q) |W|%e?% dx
0 2
<C / A3 o3| W) 2e® Y dy dr + [ fe© “i%Q)
O1x(0,T)
T
—i—/(mz—i- ‘/2]2)62‘“5‘ dt—i—/ Ig1?dX + IVge™ ”i%Q))? (3.34)
0 >3

for all A > A¢ and for all s > so(T7 + T?).
In the sequel, we use the notation,

o |8w [
I(s,k,q)):/s_lw_l(|Aw|2+‘8—1;) )ezmdydt
0
+/(x4s3<p3|w|2+sx2<p|vw|2)e2m dydz+/x3s3¢3|w|2em dx, (3.35)
(0] P}

so that (3.34) can be written under the following form:

tonwse( [ SRR | el

(Q)
O1x(0,T)
T
+ [T+ Py ar+ [1aPe?as + | vge Hiz@)» (3.36)
0 b5

for all A > A and for all s > so(T7 + T®).
Now in order to get rid of the terms with the pressure in the right-hand side of (3.36) we need the following result
proved in [18]. Consider the elliptic equation:

Au=divf in$2, (3.37)
ulpe =h. (3.38)

Then, we have that



420 O. Imanuvilov, T. Takahashi / J. Math. Pures Appl. 87 (2007) 408-437

Theorem 3.1. Suppose that [ € L2(2)2, he H: : (89) Let i be a function as above and n = etV Then there exists
a constant C independent of s and A and parameters A>1land§ > 1 such that forall s > § and A > A,

/(|VM|2 + 5220 |ul*)e* N dy < c(/(wmz + 5232 % ul?)e® " dy
Oy

1
+s52eX|h|? | +s/|f|2ne2“7dy ) (3.39)
H2(082) A

Applying to Eq. (1.10) the operator div, we obtain:
AG=divf foralmostallz €[0,T], ye £2.

Consequently, by using Theorem 3.1, we obtain that for almost all 7 € (0, T'),

/ (IVG1* + s*2%n?|g|*)e* " dy < c( / (IVG1* +s?A%n*|g|*)e*  dy
O

1 _ ~
+s52e¥)g)% | +sf|f|2ne25" dy |. (3.40)
H2(82) A

sermllvlioo

e3mHvlioo
t4(T—1)* )

Next in (3.40) we make the change of s — wa=ny7 /)

We then obtain that for s > so(T7 + T%),

and multiply both sides of the inequality by exp(—25

f(|v~|2+ 212p%g7)e  dy < € el G, o+ f|f|2 Zag
s e < ——e¢ s e
q ¢ lq y IZ(T—I)Z q H%(BQ) @ y
2 Q

+/(|vq|2+s2x2¢2|q|2)em dy). (3.41)

O
Combining the estimates (3.36), (3.41) and the fact that

T

Sam|¥ oo
zez -
/l |2e2§‘ad2 /S ZSOl”q”Z . dt

12(T —1)? HI(392)

for s > 59 T8 we obtain that

T
I(s,/\,qo)<c< / A4s3(p3|ﬁ|262mdydt+erm”iz(Q)-i-/ 177+ |&|*)e> ar
Oy x(0,T) 0

+ / (IVG1* + s?2%¢%|G|*)e™ dy dr

01x(0,T)
T 1)
s2e22m¥llco ns ~2
+ | Y/ e>%3|? dr + f e dydr |, 3.42
/ t2(T _t)z ”q”H%(dQ) S |f| % y ( )
0 o

for all A > A and for all s > so(T7 + T®).
We set:

sa(t)

’

1 1
sietimlv il

u(t) = [T
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and
w*(y, 1) = puOw(y, 1), g (. 1) =gy, 1, gr (1) = pu()g(), 0" (1) = u()a(1).

Then, (w*, ¢*, g*, ®*) verifies the system (1.10)=(1.16) with f* = puf + /W, I* = ul + Mg, k* = pk + Ju'a.
By applying the estimate (2.1) to (w*, ¢*, g*, »*) and by using the trace theorem, we obtain that

SZGZAmH]//”oo 250 )| =112 2 * sk
f t2(T _t)z € ”q”H%(dQ) dt g C”(w ,‘] )||H1*2(Q)><L2((),T;H1(.Q))
0

C(lef N 2y + 11 Bl 200y + 11 &ll 20,1y + I Bl 201y + | (7] + KD | 2 0.7y)
C(”S%‘p%fem ||L2(Q) +Tsi ”‘/J%E’CW ”LZ(Q) + 75 ”9‘~’%§em ||L2(0 T)
+ Ts ”‘Z’%aem ||L2(0,T) + ”S%‘ﬁ (|l~| + |l;|)em ||L2(0,T))’ Vs > 50(T7 + T8) (3.43)

Combining the above estimate and (3.42), we get:

T
I(s,x,go><C< / K537 2P dy de + || fe |7 ) + /|’| o+ [)e e dr
O1x(0,T) 0
n / (1VG12 + 522221G12) e dy di
O1x(0.T)

Y L e P S U

+ 7253 H(pzwe ”LZ(Q) + 753 ”‘P ge’ ”L2(0 T T3 H i HLZ(O T)> (3.44)

for all A > A¢ and for all s > so(T7 + T?).
We can now absorb the last three terms in (3.44) by taking s > s, T'*:

T3 ”90%1%65“ ”iZ(Q) + 7253 ||¢%§e“7‘ ”iz(O,T) + 753 Iz e ”L2(0 T)

(/()\4s3<p3|w| dydr+/x3s |w|2d2>. (3.45)

2

On the other hand, for all s > s, T8, we have that

1
y|feWHL2(Q)+Hs4<p fes® HL2<Q> E/ pe>* dy dr (3.46)
0
and
T
/(|i|2 +[&P)e> dr < [s76 7 (JT] + [k |20, 1) < /|f| e dy dr. (3.47)
0 Cr

(Recall that we have extended f by the formula (2.6).)
Consequently, from (3.44)—(3.47), we get that
I(s, 1, 9) < c( / A s303 | W)Pe > dy dr + / (IVG1* + 2229?11 e* ™ dy dr
O1x(0,T) 01x(0,T)

+s / | | pe®* dy dt), (3.48)
Cr
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for all A > A3 and for all s > s3(T* 4+ T®).
Next we estimate the term containing the pressure in the right-hand side of (3.48). Since the pressure is defined up
to a constant we may choose it in such a way that

/é(y,t)dy=0 Vi e[0,T].
O
Then by the Poincaré inequality,
/ s22202|G)2e¥* dydr < C / s2A2¢2 (VG| 2e® % dy dt.
O1x(0,T) O1x(0,T)
Consequently, for all A > A3 and for all s > s3(T* 4 T?), we have that
(|V§|2+S2A2§02|(§|2)e2mdydtSC / S2)\2¢2|vé|2ezs&dydt
01 x(0,T) O1x(0,T)

and by using Eq. (1.10), we obtain that

- ~ A2 712 o
(|Vq|2 + s2A2¢2|q|2)e2m dydr < C( / S2A2<p2|f| g2 dydr
O1x(0,T) O1x(0,7)
222721 A =12 25 22A23w2
+ / ST Aw| e dy dr + / STATQ o
O x(0,T) O1x(0,T)

> dy dt) . (3.49)
Combining (3.48) and (3.49) and using the notation (3.9), we get that

I(s,k,(p)<C< / 303 | w)2e® Y dy dr + / sf|f|2dydt

O %x(0,T) Oy x(0,T)
2k~ | 0w 2 12 2sa
+ ETIAW|*dydr + £ e dydt+s [ || pe**dydt ), (3.50)
O1x(0,T) O1x(0,T) Cr

for all A > A3 and for all s > s3(T* 4+ T®).
The sequel of this section is devoted to get rid of the local integral of |Aw|* and |
estimate the local integral of |A|?. We introduce an open set O, such that

0w 2 ;
S |- First, we are going to

0,€0,€0.

Then, following [10], we have that

/ .§12|Aw|2dydt<C< / €121 2 dy dr + / 522(|f|2+|w|2)dydt>. (3.51)

O1x(0,T) 02x(0,T) 02x(0,T)
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Now, to estimate the local integral of |%|2 we proceed as in [10]: let us introduce the pairs (w!, ¢!, g!, w') and

(w?, g2, g%, »?) solutions to the following systems:

dw! | | ~ .
W—Aw +Vg' =6&6f in 2 x (0, 7T),
divw! =0 in 2 x(0,7T),
wl=0 on dC x [0,T],
u)lzgl—}—wlyL on dS x [0, T],
M(g') = —/G(wl,ql)ndF + &l in (0, 7),

S
J(a)l)/z—/yl~a(w1,q1)nd1"+§212 in (0, T),

S
(w'(0),¢'(0), ' (1) =0,

and

8w2 2 2 1~ .
W_Aw + Vg =§w in 2 x (0,7),
divw? =0 in 2 x (0, 7),
w?=0 on C x [0, T1,
w? =g> +w’yt on dS x [0, T1],
M(g%) =~ [ o(w? ¢*)ndl + MEE  in(0.7),

S
J(a)z)/ =— / yt. o(wz, qz)n drr + J& in(0,7),

S
(w%(0), g%(0), w?*(0)) = 0.

By uniqueness of solution to the system (1.10)—(1.16), we have:
bi=w'+v’,  &Hi=q'+q°, bi=g'+¢, Ebo=0'+o’

Therefore, we get the following relations:

EB@ é~+8w1+8w2
e — ’
o1 T %0 T o
: oW P E’~+8wl +8w2
i i+ — 4+ ),
Vor — o1 2 ar ot
oW . _ow! _0w?
§1—- < &g 80 . + 615 —— + 616 —— .
0t | 200, x(0.7)) L2(O01x(0,T)) 3t | 20, x0.19 o | 20,x0.1
(3.52)
Now, we are going to estimates the right-hand side of (3.52). First, we have that
/ (E18 ) EDXBlPdydr < C / 225372324\ dy dr, (3.53)

O x(0,T) O1x(0,T)

forall A > A4 and for all s > S4(T7 + T8).
By using Lemma 2.1, we have that

|5

1

~ 2
12(0) w2+l 0.0+ 18 im0 < C</‘52f|2dydt) . (3.54)
Cr
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Consequently, we can easily estimate the second term in the right-hand side of (3.52):

2
18w

5152 a1

< c,\2/|,§2f|2dydt, (3.55)
T

L2(O1x(0,T))

for all A > A4 and for all s > s4(T7 4+ T®).
In order to treat the third term of (3.52), we first integrate by parts twice with respect to ¢ and we obtain that

18w

5152 a1

1 32 2
=3 / &) [w?[*dydr - f 5wl dydr, (3.56)
2O x(0.1) 2 3t
O1x(0,T) 01 x(0,T)

By (3.52)—(3.54) we have that for all A > A4 and for all s > so(TH 4T3,

1 5 ~ i
‘5 / £/ |w?|*dy dr <C}L2<I|§2w||iz(olx(oj))+/‘§2f| dydt), (3.57)
O1%x(0,T) Cr
and
82w? )
' f %‘3 w?dydr| < C vl I w120, x 0.7 (3.58)
O1x(0.T) L2(01x(0,7))

2 942 2 2 . .
We then set w3 = & aait, =5 "ai[, 2=5 aait, =& aL. The functions w3, g3, g3, @? satisfy the system:

dw? A(E,W)
—_— _A 3 \V/ 3 __ g 5277 in T
o w’ +Vg© =& o 53 o in 2 x (0,7),
divw3 = in 2 x (0, 7),
w3 =0 on 8C x [0, T],
w3=g3+a)3yL on dS x [0, 7],
M(g*) =- / o(w?, ¢ ndl + M&j(g?) + M& &8 in(0,7),

S
J(@®) =— / yh o (w?, g®)ndl + J&(0?) + J&ED)  in(0,T),

aS
(w3(0), g°(0), w*(0)) =

Using the a priori estimate for the system (1.10)—(1.16), we obtain:

3
H aalf o) (Hé o +E i 120 86 + 6@ 20
+ () + 66 |07
and thus that
2,2 2
" aafu; o) (HE . L) %T LX(Q) () + 8@ e
+ Hsé (wz)/ +& (Sé‘?’)/“ L2(0,T)>' (3.59)
Combining the above relation with (3.54) and with,

IE585 ]+ 1638] | + 6] 2] < CsT g%, (3.60)

I638}] + £}l < Cs 26222, (3.61)
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we get that for all A > Ag and for all s > s¢(T* + T%),

2
< c( %a%x‘em(f @12 dy + &) + |g|2) dr
L%2(Q)

+ IA_IA,4 2sa</‘

Combining the above relation and the estimates (3.56)—(3.58), we obtain:

82w?

& T

o\ﬂ

O\ﬂ

dy +|@')> + |gr/|2) dr+x4f|szf|2dydr>.
Cr

18w 2

51%_2 a1

5 ~2 5 712
LZ(OIX(O ™ < C()" ||§2w||L2(O] x(0,T)) + A /|$2f| dydt
’ C

T
+/x‘s3¢3e2s&</|w|2dy+|a|2+|g|2> dr
0 2

T
1 aaf [0 - N
—|—/)ﬁls*1<p lezm‘</’¥ dy—l—la)’lz—i-lg’lz) dt),
2

0

for all A > A7 and for all s > s7(T* + T3).
By using (3.52), (3.53), (3.55) and the above equation, we obtain that

aw || 9,9
”‘gla <C )\,2S2 2e 254 |w| dydt—i_)"S”sZw”LZ(olx(o T))
L2(01x(0,T))
0, %(0,T)
T
~ 3.3 oa ~ ~ -
+)‘5/|€2f|2dydt+f)»_l s1g1e™® (/|w|2dy+|w|2+|g|2>dt
Cr 0 2

+1&')> + |g/|2> dr>, (3.62)

T 9 2
P w
+ )Lflsfl A*leZsoz / el
/ v ot
0 2

for all A > Ag and for all s > sg(T* + T®).
Combining (3.50), (3.51) and (3.62), we have:

I(S,)\,gﬂ)gC( / s 75(&75 dsa— 2sot|w| dydt+/k5s%¢75|f|2 4sé— 2sadydt
O, x(0,T) Cr

T
+/,\—1s%¢%e2 5‘(/|w| dy+|a)|2+|g|2)

0 2

~ 12

T
+//\‘1s‘1¢7‘1e25&(/ ow
0 Q

o

dy + &> + |g’|2) dt), (3.63)

forall A > A9 and for all s > S9(T4 T$).
By using Eqgs. (1.14) and (1.15), we easily obtain that
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T
0

T
+/A (I + TP ar).
0

forall A > A9 and for all s > S9(T4 +T83).
The above relation and Lemma 2.1 yield that

T T
/}L—ls—lé—lezs&oa/'z_i_|g/|2)dt<C)L—l(/.s%(p%|f’262sotdydt+/S%¢%62S&(‘[‘2+‘I’é|2)dt
0 0 0

T
+/s3(/¢3|w|262sady+ |g|2 2&‘0{ |CL)|2 2?(}() dt),
0 2

for all A > Ag and for all s > so(T% + T%).
Gathering the above relation and (3.63), we get that

1(s,k,¢)<C< / 2357 G | 2ee 2“"dydt+/ 5% | fPebi2d aydr
0,%(0,T) Cr
T
1 3.3 246
| A s2p2e B> dy + &> + 121> ) dt
0 2

T
+/s3(/§03|w|262sady+¢3|§|262sd +(Z)3|5|2C2S&> dl
0

2
_i_/)\—ls—l@—leZs& 8_w
ot
0

for all A > Ag and for all s > so(T* + T%).
Consequently, by using the definition (3.35) of 1 (s, A, ¢) and the definitions (3.4)—(3.8), we obtain that

dy dt>, (3.64)

I(S,A,go)gc( / x%%ﬁmﬂe“f&—mdydt+/ ST | f|Petd 2 gy dt)
Oy x(0,T) Cr

for all L > Ao and for all s > slo(T4 + T%), and thus that

/x4s3¢3|w|2em dydt+/k3s3¢3|w|zezs& dx
0 2

15 15

<C / A5S7¢12_5|w|2645&_2sadydl+fk5s7¢75|fi2 4sa— 2sotdydt>
O, x(0,T) Cr
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4. Some controllability results
4.1. Null controllability of nonhomogeneous systems

In this subsection, we give some equivalence results between controllability properties and Carleman’s type
inequalities. Let U, H, X be Hilbert spaces and consider the initial value problem:

2(t) = Az(t) + Bu(t) + f(t),
at) =Cz(1),

2(0) =70 e H,

a(0)=a e X,

4.1)

where A is the generator of a strongly continuous semi-group S(¢) on the space H, B € L(U, H) is a control operator
and C € L(H, X) is a bounded operator. For all a7 € X, we want to find a control # such that z(7T) =0 and a(T) = ar.
By a change of variable, we can assume that ar = 0, so that we will only provide null controllability results for the
system (4.1).

We also introduce the adjoint system of (4.1):

{ —{() = A*C() +y () + C*y2,

(T 0. 4.2)

Let us consider p; : [0, T] — R (i € {1, 2, 3}) some continuous functions such that for all i € {1, 2, 3},
pi(T)y=0, p;>0 in[0,T).

The idea of the sequel is that if é € C([0,T]; V) (where V is a Hilbert space), then the above condition implies
that z(T) = 0.
We introduce the following spaces:

1
f:{feH(O, T:H):; —feLz(O,T;H)},
P1
2 1 2
Z:{ZGL 0, T;H); —zelL (O,T;H)},
P2

1
U= {u e L*(0,T;U); —ueL*0,T: U)}.
03

Theorem 4.1. Under the above assumptions, we have that the following statements are equivalent

(i) Forally = (yl, )/2) e L2(0, T; H) x X, the solution of (4.2) satisfies:

T T T
HyzHé—l— HC(O)H%—F/||/01C||]1241dtSC(/sz)/lHﬂzﬂdt+/H/03B*CH[[2jdt)' 4.3)
0 0 0

(i) Forall (a°,z°, f) e X x H x F, there exists u € U such that z € Z and a(T) = 0.

Remark 4.2. In particular, assume that (i) holds true; then for all (@, 70, f)e X2 x H x F there existu € L2(0, T:; U)
such that z(T) =0 and a(T) = 0. But we have a stronger property:

Corollary 4.3. Under the assumptions of Theorem 4.1, suppose that condition (i) of Theorem 4.1 holds true. Then
there exists a linear bounded operator:

Er:XxHxF—U,
such that for any (a°,z°, ) € X x H x F, the control u = E1((a°, z°, f)) is such that z € Z and a(T) = 0.
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Moreover assume that 72° € D((—A) %) and assume that there exists a function p € C L([0, T1, R) such that
p =0, pt)=0 <« @=T),
/
P2 er1>0.7) and
(p)

PLer®0,T) (=1,3).
0

Then we have that

% e L2(0, T; D(A)) N C([0, TT: D((—A)?)) N H'(0, T; H),

and

Z

‘ <C(IflF+ a5+ 20

).
L2(O,T;D(A))ﬁC([O,T];D((—A)%))OHI (0,7;H) D((=4)2)

The proof of the corollary is quite classical so we omit its proof.

Proof of Theorem 4.1. First let us notice that for any (ao, 2, f) € X x H x F and for any u € U, the solution z and
a of (4.1) can be written under the form:

t 1

2 =S + / S —s) f(s)ds + f S(t — s)Bu(s)ds,

0 0

t s s

a(t)=C/|:S(s)zo+/S(s—r)f(r)dr+/S(s—r)Bu(r)dr] dr +a°.
0 0 0

Therefore, if we consider the following applications:

Ly XxHx F—L*0,T;H) x X,

t
. 500+ [ 8¢ -9)7(5)s
a
ZO = T [O s
!

C/[S(t)z°+/S(t —s)f(s)ds] dt +a°
0 0

Mr:Z xU— L*0,T;H) x X,

t

z(t) — /S(t —s)Bu(s)ds

( ,i ) = T (t)
—C//S(t — s)Bu(s)dsdt
00
then we see that condition (ii) is equivalent to
Range(LT) C Range(MT).
From [6], the above condition is equivalent to the existence of a constant C > 0 such that
1Ly Ixxixr < CIMGyllzwe Yy € L0, T H) x X, (4.4)

where F', Z',U’" are the duals of F, Z, U with respect to the pivot space L2(O, T, H). Thus we have obtained that (ii)
is equivalent to (4.4) and is suffices to prove the equivalence between (4.4) and (i).
In order to establish this, we first compute L} and M7:
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T t
(LT(aO,zo,f),y)Lz(O’T;H)XX:/<S(l)zo+/8(t—s)f(s)ds,yl(t)> dt
0 0 H
T t
+ (c/[S(r)zM/S(r—s)f(s)ds} dt+a0,y2>
0 0 X
thus,
y2
T T
/S*(t)yl(t)dt+fS*(t)C*y2dt
Ly(y)= 0 0
T T
/S*(l—s)yl(t)dt+/S*(t—s)C*y2dt
On the other hand,

t

T
(M7 (z, u),y)Lz(O’T;H)XX=/<Z(t)—/S(t—s)Bu(s)ds,yl(t)> dt
0 0

H

T ¢
— <C|://S(t—s)Bu(s)dsdt:|,y2) ,
0 0

X

and therefore

)/1

T T
/B*S*(t—s)yl(t)dt—i—/B*S*(t—s)C*yzdt

N N

Mi(y) =

Let us note that
T

§<s>=fS*(r—s)(y1<t>+C*y2) d

is the solution of (4.2). Thus (4.4) can be written as (4.3) and the proof of Theorem 4.1 is complete.
4.2. Controllability of an auxiliary linear system

Let us consider the following linear system:

aV
E—VAV—FVP—F]OM:F, IE(O,T),yG-Q,

divvV =0, re(0,7), yes2,
V(y,1)=0, yedC, tel0,T],
Viy,)=h'(t) + 6 (t)y*, yedS, tel0,T],
Mh”(t):—/a(V, P)ndl’, 1t€(0,T),

S
JO’/(t)z—/yJ‘-a(V, Pyndl’, t€(0,7),
S

429

(4.5)

(4.6)
A4.7)
(4.8)

4.9)

(4.10)
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V(iy,00=Vy), ye, 4.11)
h(0) = h°, W) =h', 6(0) =6°, 0'(0)=6". (4.12)

In order to prove the controllability result for the system (1.1)—(1.8), we are going to prove that the above system is
controllable and then use a fixed point procedure.

First we fix the parameters s and A in such a way that A > A*, s > s*(T* + T®) (where A* and s* are as in
Theorem 1.3) and we introduce the following notation:

3 3 ~
A2s2g(T/2)2e5¢ /D if T/2
p1(1) = ZSQ?(Q /2)%e i 1€(0,T/2), (4.13)
ATs2g2et” ifte(T/2,T);
5 15 15 ~ ~
AN2sEO(T/2)F 2sa(T/2)—sa(T/2) if ¢ 0.7/2
)= S eI e itr € 0.17/2), 4.14)
A2sd paetvTI ifre(T/2,T),
3 = P2, (4.15)
and
156(T/)=sa(T/2) ¢ T/2
piy=1 """ ifr€(0,7/2), (4.16)
es’ ifre(T/2,T).
We also set
1 2
IC:{FGLZ(Q); /(—) |F|2dydt<oo}. 4.17)
L1
0
Theorem 4.4. Assume that V° € H'(2) and that
divv?=0 in 2,
VOiy)=hl 40yt (y€dS),
Vo) =0 (y €90).

There exists a linear bounded operator,

Er:R*xHx K— L*0,T; L*(0)),
such that for all F € K, if we put u = E7(h°,0°, VO, F) in (4.5)~(4.12) then the solution (V, h, 0) of (4.5)~(4.12) is
such that

Voo VP,
— e H" " (Q), — € L°(Q),
o o

/ /

W6
—,—e€HY0,T) and h(T)=0, 6(T)=0.
o p

Remark 4.5. Notice that in the above theorem, we have extended V° by the formula,
Vi =n'+6'y" (v es),
so that V0 € H (see (2.2) and (2.5)) and so that the control u depends on h' and 6!.

Proof. We first notice that the system (4.5)—(4.12) can be written under the form (4.1), where

e the space H is defined by (2.2), and the spaces X and U are respectively R and L2(0),

e the unknowns z and a are respectively V and (%, ), where V has been extended to S by:
Vy,)=h't)+0'()y" (yeS, tel0,T]),

e the operator A is defined by (2.7)-(2.9),
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o the operator B is defined by:
Bu =P(E(w)),

where E is the extension by 0 to C \ © and where P is the orthogonal projection of L>(C) onto H,
o the operator C is defined by:

Cv=(y,ky), ifv=1L +k,ytinS.

In particular, the equation a’ = Cz corresponds to the equations ' = Iy and 8’ = ky where
VD =ly@® +kv@yt (yeS, 1€[0,T]),
and where the equation 7’ = Az + Bu + f corresponds to Egs. (4.5)—(4.8) and to the equations

Ml’v(r)z—/o(v, Pyndl’, te(0,7),
S
and
Jk/v(z)z—/y#a(v, Pyndl’, t€(0,7T).
S

From Section 4.1, in order to prove the controllability of (4.5)—(4.12) in the sense that it satisfies the assumption
(i1) of Theorem 4.1, we have to show that the solutions of system (4.2) satisfy the estimate (4.3).
Assume that ¢ is the solution of (4.2) corresponding to y. Since ¢ (t) € H, then there exist (I, k;) € RR3 such that

c(t.y) =1(t) + ke ()yh, yeS, te[0,T].
According to Proposition 2.2, the operator A is self-adjoint and if R? is endowed with the scalar product
(1K), (8. ®)gs =Ml - g+ Jkw, (k) (g, w)eR?,
then C* is given by:
C*(l, k) =P(1s(l + ky™)),

where P is the orthogonal projection of L2(C) onto H.
Consequently, (4.2) can be written under the form:

9
_8_5_UA§-+V7-[=)/1, in 2 x (0, 7),

divi=0, in£2x(0,7),
¢(y,t)=0, yedC, tel0,T],
t, ) =1 (1) +ke()yt, yedS, tel0,T],
—Mlé(t):—/o({,n)nd]“—f-lyl +1, te€(,7),
39S
—Jk;(t)=—/yi~o(g,n)ndr+kyl +k, te(,T),

S
¢y, 1)=0, yeg, [(T)=0, k(T)=0,

where 2 = (I, k) € R? and where the function y ! is defined in S by,
Y=L +k 0yt (yeS, tel0,T]). (4.18)

Then, by denoting w(r) = ¢(T —1), g(t) =1 (T —1), w(t) = ke (T —1), fo)y=yN(T=0,1¢t) = L,i(T —1)+1 and
k() = kyl (T —1t) +k, it is easy to check that (w, g, @) and (f, I,k satisfy (1.10)—(1.16) for pressure ¢ = (T —1).
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Let us also denote p; (1) := p; (T — t), where p; are defined by (4.13)—(4.15), and ¥ (¢) := y (T —1).
Then, condition (4.3) is clearly satisfied if there exists a constant C > 0 such that

T T T
|y2|2+||w(T)||§H+/||M||ﬁdz<c(/nmlnﬂzﬂdﬁ//|ﬁsw|2dydr>. (4.19)
0 0 00

(Recall that in the above inequality, we extend @ to S by (2.5) and that 7! is defined in S by (4.18).)
On the other hand, inequality (1.17) implies that

T T T
~ ~ _ 2
[ 1oiwigar< c(// psaiayac+ [ +co) HHdz), (4.20)
0 00 0
where p are smooth functions related to p; by the relations

T T
pi(t) = pi(t) forte[0,5:| and p; (1) =pi(T —1) forte[E,Tj|.

Then, acting as in [10], we can deduce from (4.20) that
T

T
|a) i+ [ 1pi@ikar < c(/
0

T
f|53w|2dydz+fuﬁz(?l +c*y2)|\§ﬂdt>~ 4.21)
00 0

Consequently, to prove that (4.19), it suffices to prove:

T T
|y2|2<C(//|,53E|2dydt+/||/52)71||H2_Hdt>. (4.22)
0O 0

To show the above inequality, we can use a contradiction argument: assume that (4.22) is false. Then there exists a
sequence (y,!, y2) such that

T T
[ [1minpayar+ [arhar—o (4.23)
00 0

and
2 =1. (4.24)
From the above inequality, we can assume that for any ¢ > 0,
W, —> w weakly in Lz(s, T; D(A)) NH'(, T; H),

7l 50 weakly in L?(e, T; H),

and
yn2 — y2 in X
for some functions w € L2(e, T; D(A)) and y2 € X such that
ly*=1. (4.25)
Therefore the function w satisfies for some pressure g the system:
ow ~ ~ .
T VAw+Vg=0, in2x(T), (4.26)

divis =0, in$2 x (¢, T), 4.27)
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w(y,t)=0, yedC, teleT], (4.28)
By, ) =8 +a(0y*", yedS, teleTl, (4.29)
Mg/(t)z—fo(ﬁ,é)ndl“+l, te(eT), (4.30)
39S
Jc~o/(t)=—/yL~o(ﬁ,§)ndF+k, te(eT), 4.31)
S

where (1, k) = y% e R3.
From (4.23) we have moreover that
w=0 inOx(T).
Thus, using [7], we get that
w=Vg=0 in2x(,T) and (g,0)=0 in(s,T).

In particular, from (4.30) and (4.31), we have that y2 = (I, k) = 0 which contradicts (4.25). This establishes the
inequality (4.22) which, combined with (4.21), implies (4.19). We can thus apply Theorem 4.1 and Corollary 4.3. In
particular, since % are continuous functions of [0, 7] for i = 1, 3 and since there exists two positive constants C, b
such that
)
(p)?
we can apply the second part of Corollary 4.3 and we get that

<CgPes® (1 e[0,T1),

% e L2(0,T; D(A)) N C([0, T1; D((=A)?)) N H'(0, T H).
The above relation and the definitions (2.2) of H and (2.7) of D(A) completes the proof of the theorem. O
5. Proof of the main result
5.1. The change of variables

Since

S(0) = IThO) cC\O,
and since C in an open subset, there exists &€ > 0 such that

B0 1+7) cC\O.
Thus, if we have that

|h(t) — n°| <§ (t 0, 17), (5.1)
then for all ¢ € [0, T],
B(h()) cC\O.

Relation (5.1) holds true in particular if we have:

I
|| oo — 5.2
17 | Loeo,1) < 3T (5.2)

With the above assumptions, we can construct, as in [27], a change of variables with the following properties.

Lemma 5.1. There exist C' applications X and Y from Cr into C such that
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e foranyt €[0,T], X(t) and Y(t) are diffeomorphisms from C onto itself,

e X(V(x,1),t)=x forall (x,t) €Cr and Y(X(y,t),t) =y forall (y,t) €Cr,

e forall ye B(h°, 1+ %), we have that X (y,t) =y + h(t); in particular, X (t)(S(T)) = S(1),
e forall (v,t) € Cr such that |y — h°| > 1 + &, we have that X (y, 1) =y,

e the function X (t) fulfils,

detVX(y,t)=1, VyeC,
X(y,T)=y, VyeC.

Now let us denote:
V(y. )= (V)X (. 0),1) - v(X(y,0),1),  P,0)=p(X(y.0.1), (5.3)
and
Vi =0y +1%) (veo).

Then, after some calculation (cf. [19]), we have that

vV
W-I-[MV]+[NV]—v[£V]+[gP]+1@u=0, 1€(0,T), ye £, (5.4)
divV =0, t€(0,7T), yes, (5.5)
V(y,t)=0, yedC, tel0,T], (5.6)
V. =h')+0y", yedS, tel0,T], (5.7)
Mh”(t):—/o(V, Pndl, te(0,T), (5.8)
S
J@”(z):—/yl.a(v, Pyndl’, te(0,T), (5.9)
S
V(,00=V2), ye(T). (5.10)
hOy=h’, KO =h', 60)=6° 60 =06 (5.11)
with
0 'kavf kl i an 0 kl i kl 1
MV]FZE@ E)HZg F;"a—lerZ a(g riy+> ¢Mrnri, v, (5.12)
J-k okl k.l m
aV; ;
[NV]iZZV,thzbjkvjvk, (5.13)
j Tk
0Y; 3V NN NS
V1] = Yyt izt Vs, 5.14
LMV z]: 3t ay,»+j2k:{ * a1 T o ardy; | 7 ©-19
2 9P
[GP; = Zg”g, (5.15)
j=1 J
where we have denoted:
y Y 0
gii = 5 9% 3Y; (5.16)
P 0x; 0Xy
dX; X
= - (5.17)
8ij Z Oyr vk

k
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and

1 dgit | 08j1 | 9gij
reot gkl{_+ ity 98| (5.18)
Y2 2,: dyj Oy
Consequently, we have to control the above system and we have to prove that, with our control, relation (5.2) holds
true. In order to achieve this goal, we use the results of the previous section combined with some estimates on the
coefficients appearing in the above system.
In fact, we have proved in [27] that

Lemma 5.2. There exist X and Y satisfying the properties of Lemma 5.1 and such that there exists d € N for which,
forall (V, P) € H*(2) x H' () and for all t € [0, T, the following relations holds true:

/

[£ =2V 2y < CUI 0.1y + 1) p(0) IV,

L2(0,T)

d
NVl 22y < CIR 0,1y + DIV 202 1V iy

/

d
IMV |20y < CIR >0.1) + 1) p(2)

VI (2)
L2(0.T)

/

IVPI22)-

[ = 9)P 2y < COIH le.ry + 1) 00)
L2(0,T)

5.2. Proof of Theorem 1.1

We are now in position to prove Theorem 1.1. Let r € R, » > 0. We denote by K, the set:
1\2
K, = {F e L*(0); /(—) |F|?dydr < r},
o P1
where KC is defined by (4.17).

Assume that F € [C,. Then by taking u = Er (h°,6°, VO, F), we have that the solution (V, &, 8) of (4.5)-(4.12) is
such that

Voo, VP
— e H"(0), — e L7(0),
o o

/ !

0
—, —eHY0,T) and h(T)=0, 6(T)=0.
p P

(See Theorem 4.4.)
Moreover there exist a positive constant C such that
Vv F
‘— <C)»<H— +Co>, (5.19)
PlH2(0) PriL2(Q)
VP F
— <Cl|— +Co |, (5.20)
P L2 PLIL2(Q)
.o F
22, <c(|2] o7
P lHto1) PLIIL2(Q)

where Co = [[v0]| ;1) + 11|+ 10" + |10 + 16°].
In particular, by using Sobolev inequalities, we have that

F
A" | oo, 1) < C(H —
p1

+ Co).
L2(Q)
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Thus, since F € K, we have that
I | 0.7y < C(r + Co).
Consequently, if
[0 11y + 1+ [0+ [1°] +6°] <, (5.22)

and r is small enough, we have (5.1) and (5.2) hold true. We can thus consider X and ) as in Lemmas 5.1 and 5.2
and the operators £, M, N, G defined by (5.12)—(5.18).
We can thus consider the following application:
T:K — K,
F > —[MV]=[NV]I+v[(L-MNV]+[(V-GP].
In fact, combining Lemma 5.2, relations (5.19)—(5.21) and (5.22), and

2
or € L>(0,T), (5.23)
p1
we get that
T(F
H & <CA+r)" 2
O I 23(0))

Thus, for r small enough, we see that 7" (KC,) C IC,.
If we combine again Lemma 5.2, relations (5.19)—(5.21) and (5.23), we also get that for F', F? € K,, we have:

HT(F1>—T<F2> T(FY) -1 (F?)
P1 L2(Q) P 1200y

Thus for  small enough, we also see that 7|, is a contraction and thus has a fixed point.

We have consequently obtained that there exists a control u € L2(0, T; L*(©)) such that the solution of (5.4)—
(5.11) satisfies:

<CA+n*ty

V(,T)=0, KW(T)=0, 6(T)=0, h(T)=0, 6(T)=0.

Moreover, from (5.3), we have also proved that there exists a control u € L?(0, T; L?>(©)) such that the solution of
(1.1)—(1.8) satisfies:

v(-,T)=0, K (T)=0, 0 (T)=0, h(T)=0, 6(T)=0,
which ends the proof of Theorem 1.1.
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