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SOLVING INVERSE SOURCE PROBLEMS USING OBSERVABILITY.
APPLICATIONS TO THE EULER-BERNOULLI PLATE EQUATION*

CARLOS ALVEST, ANA LEONOR SILVESTRE!, TAKEO TAKAHASHI}, AND
MARIUS TUCSNAK?

Abstract. The aim of this paper is to provide a general framework for solving a class of inverse
source problems by using exact observability of infinite dimensional systems. More precisely, we
show that if a system is exactly observable, then a source term in this system can be identified
by knowing its intensity and appropriate observations which often correspond to measurements of
some boundary traces. This abstract theory is then applied to obtain new identifiability results for a
system governed by the Euler—Bernoulli plate equation. Using a different methodology, we show that
exact observability can be used to identify both the locations and the intensities of combinations of
point sources in the plate equation.
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1. Introduction. In this paper we consider the problem of determining sources
in infinite dimensional systems by using appropriate observation operators. In the
case of systems governed by PDEs these observation operators often correspond to
measurements of some boundary traces. As it has been remarked in Puel and Ya-
mamoto [19] this inverse problem is closely related to exact controllability properties
(see also El Badia and Ha-Duong in [11]).

One of our aims is to give a general framework, in terms of functional analysis,
of the connection between exact observability (which is dual to exact controllability)
and identifiability (possibly stable) of sources. In the case of sources of the form
A(t)f with A : [0,00) — C given and f unknown, this approach can be used to derive
in a systematic manner identifiability of sources for various PDEs. To illustrate the
versatility of the proposed method, we apply the abstract results to several PDE
examples, in particular for the Euler—-Bernoulli plate equation. As far as we know,
the results obtained in this way either are new (as for the two dimensional plate
equation with pointwise source) or they improve the existing ones (as for the plate
equation with regular source).

In order to describe this abstract framework and our general results, let X, Y be
Hilbert spaces and D(A), D(C') two subspaces of X. Let A : D(A) — X be a generator
of a strongly continuous group in X and let C': D(C) — Y be an observation operator.
In this paper we study inverse source problems for the differential equation
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SOLVING INVERSE PROBLEMS USING OBSERVABILITY 1633

it) = Az(t) +g9(t)  (t€(0,7)),

A,_\
—_ =
[N
~— ~—

y(t) =Cz(t) (< (0,7)),

where 7 > 0, zp € X are given and ¢ : [0,7] — Z’ is (partially) unknown. The space
7' O X is the dual space of a space Z C X containing D(A), as will be made precise in
section 2. More precisely, we consider the problem of determining g from appropriate
measurements y and the following classical questions associated with it:
e [dentifiability: Is the mapping g — y one-to-one?
e Stability: Assume that we have two sources ¢(V) and ¢(® and let y*) and y®
be the corresponding observations. Can we find a positive constant K such
that

lg™ = g@| < Ky —y@,

with appropriate norms?
e Reconstruction: Is it possible to “reconstruct,” in some sense, g from the
observation y?
We will focus just on the first two topics and study them using a method that relies
on the exact observability of the system

(1.4) 2(t) = Az(t), 2(0) = zo,

(1.5) y(t) = C2(t).

Recall that system (1.4)—(1.5) is exactly observable in time 7 > 0 if there exists k, > 0
such that

(16) /Hmm@&>kﬂwﬁ-V%EDM)
0

Our first main result is Theorem 4.3, which states that the exact observability
in time 7 > 0 of (1.4)—(1.5) implies the stability (and identifiability) for the inverse
source problem of (1.1)-(1.3) in the case where g(t) = \(¢)f, with A € H((0,7))
known and f € Z’ to be determined.

Combined with various exact observability results, we use Theorem 4.3 to ob-
tain new identifiability results for the Euler—Bernoulli plate equation. More precisely,
consider the following initial value problem for the Euler-Bernoulli plate equation:

0w .

2 + A%w = \(t)d¢ in (0,7) x £,
(1.7) w=Aw=0 on (0,7) x 99,

w(0,z) = wo(x), 88—10(0,3:) =wi(z), z€Q,

where Q C R? is a bounded domain, 7 > 0, A € H'((0,7)) with A\(0) # 0, £ € Q, and
¢ is the Dirac mass concentrated in . Assume I' is a nonempty open subset of 9€2.
We will show in Theorem 5.5 that the mapping

(18) Q= L((0.7):; L2(1)), Emy=—o

is well defined and that
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1634 C. ALVES, A. SILVESTRE, T. TAKAHASHI, AND M. TUCSNAK

(H1) if © is smooth and T' satisfies the geometric optics condition of Bardos,
Lebeau, and Rauch [4],
or
(H2) if Qis a rectangle (0,a) % (0, ) and I' contains both a horizontal and a vertical
segment of nonzero length,
then, for all £, £®?) € Q, there exists K > 0 such that

ow  9w®
o ov

€ — €@ < KH

L2((0,7); L*(I)) '

In this inequality w(® and w® are the solutions of (1.7) corresponding to £V and
€@ respectively, with suitable assumptions on the initial data.

The use of the Bardos—Lebeau—-Rauch condition for the control of the wave equa-
tion was originally limited to domains with a C* boundary. The extension to domains
with less regular boundaries (including rectangles and boundaries of class C?), which
we use in this paper, is due to Burq [6, 7]. Note that assumptions (H1) and (H2) are
quite different. More precisely, 2 and I' can clearly satisfy (H2) without satisfying
the geometric optics condition of Bardos, Lebeau, and Rauch. As far as we know,
the result in Theorem 5.5 is completely new (in fact we are not aware of any previous
result on identification of point sources for the Euler—-Bernoulli equation in two space
dimensions).

In the case of more regular sources, specifically g(t) = A\(t)f with f € H}(Q), we
establish, in Theorem 5.6, a stable identifiability result by measuring the trace of one
of the functions g:gl”j or aaAyw.

Note that, since the only assumption on A in Theorem 4.3 is that it generates a C°
semigroup, our results can be applied not only to the plate equations but to a variety
of problems including, for instance, the Schrédinger equation, the wave equation, and
the Maxwell system, by using appropriate exact observability results.

Our second main result is Theorem 6.2, which establishes identifiability for the
inverse source problem

0%w al

5z T Ay = Z A (t)3, in (0,7) x Q,
(1.9) =1

w=Aw=0 on (0,7) x 99,

w(0,2) = wo(e), T2(0,2) =wi(@), we

with Q as above, §; € ©, and \; € H?((0,7)) satisfying A;(0) = A\}(0) =0 and A = 0
after some time 7. More precisely, we show that conditions

ow)  guw® OAw)  HAw®
v v o Ov

with T' satisfying either (H1) or (H2) and with I’y a nonempty open subset of T,

on (0,7) x T, on (0,7) x I'y,

™
imply that the completely unknown corresponding sources Zjvzl /\(-1)(15)5 and

J M
)
Z;yzl A§2) (t)o ¢(2) are equal. Note that, although it makes use of observability prop-
J
erties, Theorem 6.2 is not a consequence of Theorem 4.3.
Our results on the plate equation use in an essential manner the classical exact
observability results due to Lebeau [16] and the recent ones in Tenenbaum and Tuc-
snak [22]. Tt should noted that in [22], the authors tackle arbitrarily small observation
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SOLVING INVERSE PROBLEMS USING OBSERVABILITY 1635

regions, provided that {2 is a rectangle, so that the geometric optics condition is not
necessary in this case.

In the case where the intensity A in g(t) = A\(¢)f is known, our method is inspired
by the work of Puel and Yamamoto [19], where they consider the wave equation and
determine a source which is in L?(f2), provided that the domain of I' of observation
satisfies the geometric optics condition. Other works treating sources of the form
g(t) = At)f with f a sum of Dirac masses at points located inside the equation
domain are due to Komornik and Yamamoto [13, 14] for the wave equation and the
heat equation, respectively, and to Nicaise and Zair [18, 17] for the beam equation
and the wave equation in heterogeneous trees, respectively.

As regards the problem of finding more regular sources, we refer the reader to
Yamamoto [29, 30] for the wave equation and a source of the form g(t) = A\(t)f with
f € L*(Q) and Wang [25] for the plate equation and a source of the form g(t) = A(t) f
with f € H}(Q). Let us mention that in [25], the condition A € C3([0,7]) and of
constant sign is needed and the stability result is based on five boundary observations
on

{z€0Q; (x—x0) v(z) >0}, =z0€R

Our contribution in Theorem 5.6 consists in showing that, in the absence of lower
order terms, we have stable identifiability with only one boundary observation and
under assumptions which are weaker than those in [25].

Concerning our identifiability result for the problem (1.9) with the number of
sources, their location, and their intensity all unknown, the approach we use follows
the method of El Badia and Ha-Duong in [11], which is based on Fourier analysis and
on appropriate uniqueness results. The identifiability and reconstruction of linear
combinations of point sources has also been studied for the heat equation in El Badia
and Ha-Duong [10] and for the Stokes equations in Alves and Silvestre [2].

The paper is organized as follows. In section 2, we present some concepts and
preliminary results from functional analysis and, in particular, on exact observability
and exact controllability. In section 3, we recall exact observability results for the
Fuler-Bernoulli plate equation with boundary observation. Section 4 is devoted to
the new results for the stability of sources in the general system (1.1)—(1.3). In section
5, we apply the results of section 4 to the Euler—Bernoulli plate equation with known
intensity. Finally, in section 6, we consider the identifiability of an unknown linear
combination of point sources in the plate equation.

2. Notation and preliminaries.

2.1. Some background in functional analysis. In this subsection we gather,
for the convenience of the reader, some known results on functional analysis and, in
particular, on self-adjoint operators and scales of Hilbert spaces.

Throughout this section H stands for an infinite dimensional Hilbert space with
the inner product and the corresponding norm simply denoted by (-,-) and | - ||.
Moreover, Ag : D(Ag) — H is supposed to be a strictly positive operator with compact
resolvents. When saying that Ag is strictly positive we mean that Ag is self-adjoint
and that there exists a constant v > 0 such that

(Ao, 0) Zlell® (¢ € D(Ag)).

PROPOSITION 2.1. With the above assumptions, the operator Ag is diagonalizable
with an orthonormal basis (pr)k>1 of eigenvectors and the corresponding family of
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1636 C. ALVES, A. SILVESTRE, T. TAKAHASHI, AND M. TUCSNAK

positive eigenvalues (Ag)p>1 satisfies limyg oo A\ = 00. Moreover, we have

D(Ay)=<¢z€H Zx\i|<z,<pk>|2<oo
E>1

and

Agz = Z e (2, 08) ©k (z € D(Ayp)).
k>1

The proof of the above result is classical (see, for instance, [24, section 3.2]).
For a0 > 0 the operator Af is defined by

(2.1) D(AG) =S ze H | Y Nz 00 < o0
E>1

and

A3z ="M (zo)er (2 €D(A)).
k>1

For every o > 0 we denote by H, the space D(A§) endowed with the inner product

(0, ¥)a = (G, A5Y) (@, ¥ € Ha).

The induced norm is denoted by || - ||o. From the above facts it follows that for every

«a > 0 the operator Ag is a unitary operator from H,1 onto H, and Ag is strictly

positive on H,. For each o > 0, we denote by H_,, the dual of H, with respect to the

pivot space H. We have the following result (see, for instance, [24, Corollary 3.4.6]).
PROPOSITION 2.2. Ag has a unique extension such that

A()EE(H%,H_%),

and this is unitary. Moreover, this extension of Ay can be regarded as a strictly
positive (densely defined) operator on H—%’

We recall below the well-known example of the Dirichlet Laplacian since it will
be needed in the remaining part of this work.

PROPOSITION 2.3. Let Q C R? be an open bounded set with boundary of class C°
or let Q) be a rectangle. Let

H = L3(Q), D(Ag) = HA(Q) N H(Q),
and let Ag : D(Ao) — H be defined by
Aop = —Ap (¢ € D(A)).
Then Ag is strictly positive and has compact resolvents. Moreover, we have

(2.2) Hy = HY(Q),

S

(2.3) H%:{@EHB(QH@:A@:O on 00},
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SOLVING INVERSE PROBLEMS USING OBSERVABILITY 1637
(2.4) Hs ={p e H(Q) | p = Ap =A% =0 on 00} .

Proof. The proof of the fact that Ag is strictly positive is classical. We refer the
reader, for instance, to [24, Theorems 3.6.1 and 3.6.2] for the case of 99 of class C?
and to [24, Example 3.6.5] for the case of a rectangle.

The fact that Ay has compact resolvents follows from the compactness of the
embedding H{ () C L*(Q).

For a proof of (2.2) we again refer the reader to Theorem 3.6.1 in [24].

Finally, in order to prove (2.3) and (2.4) in the case of a C® boundary 91, it
suffices to combine (2.2) with classical elliptic regularity theory (see, for instance,
[28)).

Assertions (2.3) and (2.4) also hold if 2 is a rectangle (say © = (0,a) x (0,b)).
Indeed, this can be easily proved by using (2.1) combined with the facts that, in this
case, the eigenvalues of A\ are

2 2
(2.5) A = 72 <% + Z—Q) (m,n > 1)

and that a corresponding orthonormal basis formed of eigenvectors of Ay is given by

(ﬂ) (m,n >1).

(x,y) = 2 sin (w) sin
Qomn 7y - \/% a b

We will prove (2.4) following the ideas of Example 3.6.5 in [24]. To simplify the
notation, we set

H = {<p€H5(Q) | cp:Agp:Aztp:()onaQ}.
It is obvious that H C H 5. To show the opposite inclusion, let us assume that

f = Zm,n>l fmn@mn S Hg. Then

(2.6) D (M 4 n?)?| fnn]® < 0.

m,n>1

For p € N, set f, := 30 <1 fmn®mn. It is clear that lim, o || f — fplls = 0. More-
over, since (2.6) implies >-, | fmn|* < 00, we have

(2.7) pli};o I.f = folle2c) = 0.

By direct calculations, we see that f, € H for all p € N and that, for p,q € N with
q>Dp

q
1o = Foll3rsoy < C > > w0 f

for some constant C' > 0. Therefore (f,) is a Cauchy sequence in H?(2). This fact
combined with (2.7) implies that f € H. a0

In the remaining part of this subsection we recall some results of functional anal-
ysis which will be needed for duality arguments. We first give the following lemma,
which is a consequence of the closed graph theorem (see, for instance, Douglas [9]).
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1638 C. ALVES, A. SILVESTRE, T. TAKAHASHI, AND M. TUCSNAK

LEMMA 2.4. Suppose that Vi and Va are Hilbert spaces, let V{ and V3 be the
corresponding dual spaces, and let F € L(Va,V1). Then the following statements are
equivalent:

(a) F' maps Va onto Vi.

(b) There exists a constant ¢ > 0 such that

1F"2llvy = cllzllvy (2 € V).

In the next results, the notations H, Hy, and Hs stand for Hilbert spaces which
will be identified with their duals. We give below two technical results which are
slight variations of those from [24, section 2.9].

LEMMA 2.5. Let V;, Hj, j € {1,2}, be Hilbert spaces such that V; C H; with
continuous and dense embeddings. Let L € L(Hy, Hs) such that L(Vy) C Va. Then
the restriction of L to Vi is in L(V1, Va).

Proof. We notice that as an operator from V; to Va, L is closed (we have used the
continuous embedding of V; into H; for j € {1,2}). Therefore, by the closed graph
theorem, L is bounded as an operator from V; to V5. O

PROPOSITION 2.6. Let V;, Hj, j € {1,2}, be Hilbert spaces such that V; C H;
with continuous and dense embeddings. Let L € L(Hy, Hs) be such that L*(Va) C V4.
Then L can be extended to an operator L € L(V],V3), where V] (respectively, V3 ) is
the dual of Vi (respectively, of Va) with respect to the pivot space Hy (respectively,
Hs). Moreover, if L*(Va) = Vi, then there exists m > 0 such that

(2.8) ILflvy =mlflv;  (F € V).

Proof. To avoid confusion, we use a different notation, namely L%, for the re-
striction of L* to V5. We use Lemma 2.5 to conclude that L? € £(V5,V;). Hence,
L € £(V{, V). We claim that L% is an extension of L, i.e., that L%z = Lz holds
for all z € Hy. For this, it will be enough to show that

(2.9) (L™2,0) vy v = (L2, 0)vyv, (z € Hi, p € V2).

Since both the right-hand side and the left-hand side of (2.9) can be written as
(Lz, @) ,, the above identity is obviously true. Thus, L = L% is an extension of L.

The uniqueness of L follows from the density of H; in V{.

Finally, if L*(V3) = Vi, then estimate (2.8) follows by applying Proposition 2.4,
with F' = L. O

We also need the following known result (see, for instance, [24, Proposition
2.10.3]).

PROPOSITION 2.7. Let A : D(A) — X be a densely defined operator with resolvent
set p(A) # 0, let B € p(A), let Xy be D(A) with the graph norm, and let X 1 be the
completion of X with respect to the norm

(2.10) lll = |BI = A7z (= € X).

Then A € L(X1,X) and A has a unique extension to an operator in L(X,X_1), also
denoted by A. Moreover,

(BI = A)Th e L(X, X1),  (BI—A)7" € L(X 1, X),

and these two operators are unitary.

Remark 2.8. In the construction of X; we may replace A with A* and § with 3,
obtaining a space denoted X{. Note that X _; is the dual of X{ with respect to the
pivot space X.
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SOLVING INVERSE PROBLEMS USING OBSERVABILITY 1639

2.2. Some background on exact observability and exact controllability.
In this subsection we first recall some known facts on exact observability and on exact
controllability of infinite dimensional systems. At the end of the section we prove a
result, which seems new, concerning an observability inequality involving weakened
norms. We continue to use the notation from the previous subsection for A, X7, X fl,
and X_1. In what follows, we assume that A is the generator of a strongly continuous
semigroup T.

Let Y be a Hilbert space, which will be identified with its dual, and let C €
L(X1,Y). For each 7 > 0, we define the operator ¥, € £(X1, L*((0,7);Y)) by

(2.11) (Pr20)(t) = CTyzo for t€[0,7] and for zp € X;.

Note that, for every zg € D(A), we have U, 2y = y, where 2o and y are related by
(1.4)—(1.5). We next recall a definition which is by now classical in infinite dimensional
systems theory (see, for instance, Salamon [20, 21] and Weiss [26, 27]).

DEFINITION 2.1. The operator C' € L(X1,Y) is called an admissible observation
operator for T if for some (and hence for all) 7 > 0, ¥ has a continuous extension
to X.

Equivalently, the operator C' € L£(X1,Y) is an admissible observation operator
for T if and only if there exists a positive constant K, such that the solution (z,y) of
(1.4)—(1.5) satisfies

/ ly®3 dt < K2[z0]% Va0 € D(A),
0

DEFINITION 2.2. Let 7 > 0 and let C' be an admissible observation operator for
T. The pair (A, C) is exactly observable in time 7 if ¥, is bounded from below.

In other words, the pair (A, C) is exactly observable in time 7 if and only if there
exists a positive constant k, such that the solution (z,y) of (1.4)—(1.5) satisfies

/ @12 dt > K2 )zl%  Vzo € D(A).
0

Let U be a Hilbert space, which will be identified with its dual. Let B €
L(U,X_1). For each 7 > 0 we define the operator ®, € L(L?((0,7);U), X_1) by

(2.12) <I>Tu:/ T,_sBu(o)do.
0

Note that ®,u = z(7), where z is the solution in X_; of the differential equation
2(t) = Az(t) + Bu(t), z(0)=0.

DEFINITION 2.3. The operator B € L(U;X_1) is called an admissible control
operator for T if for some (and hence for all) 7 > 0, Ran®, C X.
From Lemma 2.5, if B € L(U, X_1) is admissible, then for every 7 > 0 we have

O, € L(L2((0,7);U), X).

DEFINITION 2.4. Let 7 > 0 and let B be an admissible control operator for T.
The pair (A, B) is exactly controllable in time 7 if Ran ®, = X.

If B € £(U,X_1), then, using the duality between X{ (which is D(A*) with the
graph norm) and X_; and identifying U with its dual, we have B* € £(X{,U). The
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1640 C. ALVES, A. SILVESTRE, T. TAKAHASHI, AND M. TUCSNAK

adjoint of the operator @, defined in (2.12) is in £(X¢, L2((0,00);U)) and can be
expressed using B*, and the exact controllability of the pair (A, B) is equivalent to
the exact observability of the pair (A*, B*). This type of result goes back to Dolecki
and Russell [8], and we state them below in a form borrowed from [24, Proposition
4.4.1, Theorem 4.4.3, and Theorem 11.2.1].

PROPOSITION 2.9. If B € L(U, X_1), then, for every 7 > 0 and every zo € X{,

B*T*_,zp for t€]0,7],
0 for t>T.

(2.13) (0320)(t) = {

If B is an admissible control operator for T, so that ®, can also be regarded as an
operator in L(L?*((0,00);U), X), then its adjoint in L(X, L*((0,00);U)) is given, for
zo € D(A*), by the same formula (2.13).

PROPOSITION 2.10. Suppose that B € L(U,X_1). Then B is an admissible
control operator for T if and only if B* is an admissible observation operator for T*.

The pair (A, B) is exactly controllable in time T if and only if (A*, B*) is exactly
observable in time T.

If a pair (4, B) is exactly controllable in a time 79, a natural question is the
characterization of the states which can be reached by more regular inputs. Before
stating a result in this direction, we introduce additional notation. For a Hilbert space
V', and for 7 > 0, we set

H((0,7);V) = {uec H'((0,7); V) | u(0) =0},
H}%((O,T);V) = {u € Hl((O,T);V) | u(t) = 0}.

The following result has been proved in Tucsnak and Weiss [23] in the case of a finite
dimensional input space U and in the general form below in [24, Theorem 11.3.6].

PROPOSITION 2.11. Suppose that B € L(U, X_1) is an admissible control opera-
tor for T. Then, for all T > 0,

®, € LIHL((0,7);U), Z),
where
(2.14) Z =X+ (Bl -A)'BU = (Bl - A)"Y(X + BU)
for some B € p(A).
Suppose, moreover, that the pair (A, B) is exactly controllable in time 1o. Then,

for all T > 79, ®, is onto from H}((0,7);U) to Z and there exists M, > 0 such that,
for every zo € Z, the minimal norm control u with ®,u = zy satisfies

(2.15) ull 2 0,70y < Mz |20l 2.

Remark 2.12. Note that the space Z defined by (2.14) does not depend on the
choice of 3. The norm of Z is defined by

Hz||2Z = 1nf{||x|\§{ + HuHZU sreX, uel, z= (B — A)*l(x—i—Bu)} .

If E is a dense subspace of X, we denote by E’ the dual of E with respect
to the pivot space X. Moreover, we denote by [Hi((O,T);U )}/ (respectively, by
[HEL((0,7); U)}/) the dual of H}((0,7);U) (respectively, Hj((0,7);U)) with respect
to the pivot space L*((0,7);U).
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SOLVING INVERSE PROBLEMS USING OBSERVABILITY 1641

Let (A, C) be exactly observable in time 7. Another natural question, which is
dual to that in Proposition 2.11, is to find a lower bound of || ¥, zg||.,, where || - || is
a norm which is weaker than the norm in L?((0,7);Y). A partial answer is given by
the result below.

PROPOSITION 2.13. Let A : D(A) — X be a densely defined operator and let
C € L(X31,Y) be an admissible observation operator for T. For > 0 let W, be the
output map corresponding to the pair (A,C), as defined in (2.11). Then, for each
7 >0, U, has a unique continuous extension ¥, € L((Z?), [H}%((O,T);Y)]/), where

(2.16) Z4 = (BT — A*)"YX +C*Y).

Moreover, assume that (A,C) is exactly observable in some time 79 > 0. Then, for
each T > Ty, there exists a constant m, > 0 such that, for every f € (Z%)', we have

(2.17) H‘IJTJCH[H}?((O’T);y)]’ = mTHfH(Zd)’-

Proof. Since C'is an admissible observation operator for T, Proposition 2.10 yields
that C* is an admissible control operator for T*. By applying Proposition 2.11, it
follows that @2 maps H1 ((0,7);Y) to Z%. As a consequence ®251, maps Hx((0,7);Y)
to Z%, with 51, defined by

(A1) (s) = f(r—s)  (s€[0,7])
On the other hand, by using Proposition 2.9 we have
ol = Vs,

so that the conclusion follows from Proposition 2.6.

If (A, C) is exactly observable in time 79, we can apply Proposition 2.10 to obtain
that (A*,C*) is exactly controllable in time 79. Let 7 > 7. By again applying
Proposition 2.11, it follows that ®¢ maps H} ((0,7);Y) onto Z¢ and the conclusion
again follows from Proposition 2.6. d

Remark 2.14. In (2.16), A* is extended to X as an operator from X to X%, (the
completed space of X for the norm zy — ||(6[ - A*)_leHX; see Proposition 2.7).

3. Some background on the plate equation. In this section we recall some
known results for the Euler-Bernoulli plate equation and obtain several consequences
which will be used in the proofs of the main results.

We first introduce some notation which will be used in the remaining part of this
section. Let © be a domain of R? with a C® boundary 99 or let 2 be a rectangular
domain. Let Ay be the Dirichlet Laplacian introduced in Proposition 2.3. As in
subsection 2.1, we use the scale of Hilbert spaces (Hy)a>0 with the corresponding
norms denoted by || - ||o. Recall from subsection 2.1 that Ay is a strictly positive
operator on Hi = H} () of domain Hs, where the space Hs is given by (2.3).
Moreover, using [24, Remark 3.3.7] and Proposition 2.3, it follows that A2 is a strictly
positive operator in H% of domain H%, with Hg given by (2.4).

Let X = Hs x Hy, and let A:D(A) — X be defined by

0 I
gxHy, A= {—A% o]
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Since A% is a strictly positive operator on H 1 of domain H 3, We can use a well-
known result (see, for instance, [24, Proposition 3.7.6]) to obtain that the operator A
is skew-adjoint. Consequently, by Stone’s theorem, A is the generator of a strongly
continuous unitary group T in X.

Let T' be an open nonempty subset of 90 and let Y = L?(T"). Recall from
subsection 2.1 that H; = H?(Q) N H}(Q) and let Cy € L(Hy,Y) be defined by

Cogoz E ((pEHl).
T

Let X; be D(A) endowed with the graph norm and let C' € £(X;,Y) be the observa-
tion operator defined by

(3.1) c=1[0 .

In some (but not all) of the results stated below we assume that T' satisfies the
following geometric optics condition: for all z € ), any ray coming from z at initial
time, propagating at velocity one and following the geometric optics laws, meets I’
in finite time. This condition is sufficient and almost necessary to have the exact
observability of the wave equation. Lebeau proved in [16] that this condition is also

sufficient (without being necessary) for the plate equation with boundary observation

0w 9 .

W_FAU)_O in (0,7) x £,
(32) w=Aw=0 on (0,7) x 99,

w(0,2) = wole), P2(0,2) = wi(x), we

More precisely, we have the following slight variation of Lebeau’s result (see Tucsnak
and Weiss [24, Proposition 7.5.5 and Remark 7.5.6] for a detailed proof).

THEOREM 3.1. Let 7 > 0, let Q be a bounded domain of R? with 0 of clas§05,
and assume that T satisfies the geometric optics condition. Then the pair (A,C) is
exactly observable in time 7. In other terms, for every [.,°] € D(A) the system (3.2)
has a unique solution w € C°([0, ]; Hs)n c*([o,7); Hs) which satisfies

(3.3) /O ’

for some positive constant k- .

More recently, in the case of a rectangular domain €2, Tenenbaum and Tucsnak
[22] obtained an exact observability result for the Schrédinger equation under much
weaker assumptions on I'. This result can be easily transposed to the Euler—Bernoulli
plate equation with boundary observation. More precisely, the following results holds.

THEOREM 3.2. Let 7 > 0 and let Q@ = (0,a) x (0,b) (a,b>0). Assume that T is
an open subset of OQ containing both a horizontal and a vertical segment of nonzero
length. Then the pair (A, C) is exactly observable in time 7. In other terms, for every
(2] € D(A) the system (3.2) has a unique solution w € C°([0, 7]; Hg)ﬁCl ([0,7]; Hz).
Moreover, there exists a constant k. r > 0 such that

(3.4) /O ’

2
9w

otov

dt > k2 (Ilwoll3 + wn ]} )
2 (F) 2 2

0w
otov

2
dt > k21 (||w0||2% + Hwﬂ@) ({wo} € D(A)) :

L2(T) W1
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Proof. The existence and uniqueness of solutions having the claimed regularity is
a consequence of the fact that A generates a C° group on X.
In order to prove (3.4) we consider the Schrodinger equation

24+iAz=0 (x e, t>0),
(3.5) z=0 (x €092, t>0),
2(,0) = P(z) (z€Q).

According to Theorem 1.4 in [22], for every 7 > 0 and every I satisfying the assump-
tions of the theorem there exists a positive constant C; r such that

wo) e [ |5
0

v

Using the terminology introduced in subsection 2.2, inequality (3.6) means that the
pair (iAo, C'), with state space H% and output space Y = L?(I"), is exactly observable
in any time 7 > 0. Since the eigenvalues A\, of Ag satisfy >, -, A2 < oo (this
follows easily from (2.5)), we can use [24, Proposition 6.8.2]. This yields that the
pair (4, 5), with state space X and output space Y, is exactly observable in any time
7 > 0. Using the definition of exact observability we obtain the conclusion (3.4). |
From the two above theorems we deduce the following exact observability result.
COROLLARY 3.3. Let 7 > 0, assume that Q is a bounded domain of R?, and let

T" be an open subset of OQ such that one of the following assertions holds:

1. 0Q is of class C° and I' satisfies the geometric optics conditions;
2. Qs a rectangle (0,a) x (0,b) and I' contains both a horizontal and a vertical

segment of nonzero length.

Then, there exists a positive constant k. r such that the solutions w € C°([0, ]; H%) N

Cl([O,T];H%) of the system (3.2) satisfy

(3.7) /O ’

Proof. Using the fact that Ag is unitary from H,; onto H, for every a > 0, we
see that the operator V € £(X) defined by

vl -1l (=)

is unitary on X. Moreover, it is easy to check that V' commutes with the semigroup
T generated by A. Using this fact combined with Theorem 3.1 (if 92 is of class C®)
or with Theorem 3.2 (if  is a rectangle), we obtain that

FEsl e B () em)

v
which clearly implies (3.7). O
Remark 3.4. Again using the fact that Ay is unitary from H,41 onto H, for every
« > 0 and the above corollary it follows that, under the assumptions of Corollary 3.3,
the solutions w € C°([0,7); Hg ) N C*([0, 7]; Hy ) of the system (3.2) satisfy

T 2
~/O

2

( )dt > VYl (€ H?(Q) x Hy(Q)).
L2(r

oAw |2

ov

dt > 2 (Jhwold + e 3)
L3(r) ’ i

2
2
> kﬂF

Y

8_w
ov

dt > k2 (Jlwo13 + ]2 )
2 (F) 2 2
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4. Stability for an inverse source problem with known intensity. Through-
out this section we continue to use notation introduced in the previous ones. In partic-
ular, X, Y are Hilbert spaces, A : D(A) — X is the generator of a strongly continuous
semigroup T on X, and C' € £(D(A),Y) is an admissible observation operator for T.

We consider the differential equation

(4.1) 2(t) = Az(H) + AB) S, 2(0) = o,
where zo € X and f € Z', with Z = (3] — A*)"1(X + C*Y). Assume 7 > 0 and that

we are measuring
(4.2) y(t) = Cz(t) (t €[0,7]).

Our aim is to study the mapping f — y, assuming that A\ and zy are given. It
is convenient to recall that, in the case where f € X and zy € D(A), the solution of
(4.1) satisfies z € C°([0, 7]; D(A))NC1 ([0, 7]; X) and, by Duhamel formula, y satisfies

y(t) = /Ot At — $)CT, fds + CTyzo = /Ot Mt — 8), f(s)ds + Uy 20(t).

PROPOSITION 4.1. Let 7 > 0, let Y be a Hilbert space, and let X € H*((0,7))
with M\(0) # 0. Let S : L*((0,7);Y) — HL((0,7);Y) be defined by

(43) ($0)(0) = [ At = s)g(s)as

Then S is an isomorphism from L?((0,7);Y) onto Hi ((0,7);Y). Moreover, the op-
erator S admits a unique extension to an isomorphism S from [H}{((O,T);Y)}I onto
L2((0,7);Y).

Proof. The fact that S is an isomorphism from L?((0,7);Y) onto H; ((0,7);Y)
is well known from the the theory of Volterra integral operators (see, for instance,
Kress [15, pp. 33-34]). Denote X = L%*((0,7);Y) and X} = H((0,7);Y) and let
A € L(X;,X) be the inverse of S. Then A can be seen as an unbounded densely
defined operator in X and A* = (S*)~L. It is easy to check that S* maps L?((0,7);Y)
onto H5((0,7);Y) so that D(A*) = Hi((0,7);Y). By applying Proposition 2.7 and
Remark 2.8 to A, we obtain that A has a unique extension to an isomorphism Ae
L(L*((0,7);Y), [H}%((O,T);Y)]I). Consequently, S := A~! is an isomorphism from
[HE((0,7);Y)]" onto L2((0,7); Y) and it is an extension of S. O

Now we can show that for less regular data, the mapping f — y associated with
system (4.1)—(4.2) is still well defined.

PROPOSITION 4.2. Assume that A € H'((0,7)), A(0) # 0. Assume that f € Z'
and that zo € X. Then (4.1) admits a unique solution z € C°([0,7]; X) such that
y € L*((0,7);Y).

Proof. The first conclusion follows from [24, Theorem 4.1.6], by using the fact
that the right-hand side of (4.1) belongs to H((0,7); X_1).

Moreover, y = (S0 W) f 4+ W,z € L2((0,7);Y), where S : [H}%((O,T);Y)]I —
L2((0,7);Y) is the extension of S defined in Proposition 4.1 and ¥, : Z' —
[HE((0,7); Y)}/ is defined in Proposition 2.13. 0

In order to study the stability for the inverse source problem, we have to consider
two sources f() and f(2) and the corresponding solutions () and 2 and observa-
tions ¥y and y®. Due to the linearity of the problem, it is enough to consider the
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system
(4.4) 2(t) = Az(t) + A(t)f, 2(0)=0,
(4.5) y(t) = Cz(t) (t €[0,7]).

Assume that C' € £(X1,Y) is an admissible observation operator for T and that
A € HY(0,7)) with A(0) # 0. For each 7 > 0, we introduce the operator E, &
L(X,H}((0,7);Y)) defined by

E0)O =[SO = [ A=W, 765 (te 0.7,

By using Propositions 4.1 and 2.13, we extend E, to an operator F, € £(Z’, L?((0,7);Y))
defined by

(Frf)(0) = [(SoT)fI(t)  (t€0,7]),

where S is the operator constructed in Proposition 4.1. The first main result of this
paper is the following.

THEOREM 4.3. Let X, Y be Hilbert spaces and assume that the pair (A, C) is
ezactly observable in some time 19 > 0 and that X\ € H'((0,7)) with A(0) # 0. Then,
the following properties hold:

L. for every T = 70, E; is one-to-one from X to H}i((0,7);Y) and there exists
a positive constant K such that

(4.6) Ifllx < fr IEr fll g1 0,7 VieX;

2. for every T > 19, F, is one-to-one from Z' to L?((0,7);Y) and there exists a
positive constant k. such that

(4.7) 11l 20 < Bor B fll 2oy V€2
Proof. In the first case, since A(0) # 0, S : L*((0,7);Y) — H}((0,7);Y) is an
isomorphism and we have

||Ef||Hi((o7T);y) =[[(So \I’T)fHHi((OJ);Y) > MS||‘I’TfHL2((07T);Y)'
From the exact observability of (A4, C) in time 7, we deduce that
197 fllrz(0,m)v) = kol fllx-
Combining the two above inequalities yields
IEA s 0,00y Z 6 llfllx - (f € X).

For the second case the proof is similar. By using Propositions 4.1 and 2.13, we
have

IES 1 z2(0,myy = || (S 0 )] > Mgl|v.f]

L2((0,7);Y) [HE((0,7):7)]
and

Il (0,myvy) 2 Ml Fllz-
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Thus,
IFfll20,m)v) = Mgm-||fllzz  (feZ’). 0O

To illustrate Theorem 4.3 we give below two simple examples of applications to
PDEs. In spite of their simplicity, it does not seem that these examples have been
tackled in the literature.

Example 4.4. First, let us consider the wave equation in a bounded domain € of
class C® of RV, N > 1:

0%w .
W — Aw = )\(t)f mn (O,T) X Q,
(4.8) w =0 on (0,7) x 99,
ow

w(0,2) = wo(x), (0,2) =wi(x), z€Q,

ot

where 7> 0, A € H((0,7)) with A\(0) #0, £ € Q and f € H (), wo € H}(Q) and
wy € L%(Q). Assume O is a nonempty open subset of Q. Using Proposition 4.2, we
obtain that the mapping

(4.9) H—l(Q) — LQ((O, ) LZ(O))7 f—y= w‘(();r)x(’)
is well defined. Moreover, using the second assertion of Theorem 4.3, we deduce that

if O satisfies the geometric optics condition of Bardos, Lebeau, and Rauch [3] and if
7 large enough, then there exists K > 0 such that

15D = £ ey < K w® —w®)|

L2((0,7);L2(0))

In this inequality w) and w® are the solutions of (4.8) corresponding to M and

@,
More precisely, to apply Proposition 4.2 and Theorem 4.3, we set

X=H, xH DA =H xHy, X_,=HxH_

=[5 e ([emm)

where Ay is defined in Proposition 2.3. Since C is a bounded operator in X, Z = D(A),
and thus for all f € H—%v
0
ez
i

To apply Theorem 4.3, we use the result in [3] to deduce that (A4,C) is exactly
observable in X.

Ezxample 4.5. This example is devoted to a Schrodinger equation in a rectangle
with a measure consisting of the Dirichlet trace on an arbitrarily small part of the
boundary.
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Let 7 >0, let A € H'((0,7)),A(0) # 0, and let © be the rectangle (0,a) x (0,b),
with a, b > 0. For every f € L2(2), we consider the initial and boundary value
problem

w+iAw =At)f (xeQ, t € (0,7)),

ow
o =0 (x€0Q, t € (0,7)),
w(z,0) =0 (z € Q).

Moreover, let I be an open nonempty subset of €2 and define

Y= w|(07'r)><F-

Then the map f + y is bounded and one-to-one from L?(2) to H} ((0,7); L*(T")) and
there exists a constant d, r > 0 such that

Yl 2 (0,7);2(r) 2 Or0ll fllL2(e) (f € L*()).
Indeed, it suffices to apply the first assertion in Theorem 4.3 with

X =1%Q), Y =L*I),

D(A):{@EHZ(Q) | Z—Qp:00n89},

Ap =—ilAp  (p € D(A)),

Co = ¢|r.

The only assumption in Theorem 4.3 which is not checked in a obvious manner is
the exact observability of (A,C). For this property (in any time 7 > 0 and for any
nonempty open set I') we refer the reader to Theorem 1.1 in [22].

5. Inverse source problems for the plate equation with known intensity.
In this section we apply the general results obtained in the previous sections to the
inverse source problem for the plate equation, assuming that the intensity A is known
and that  C R? is a bounded domain with a C® boundary or a rectangle. More
precisely, the first subsection is devoted to system (1.7), whereas the second one
tackles more regular sources.

5.1. Recovery of point sources. We first introduce some notation and prove
several results which are necessary for the proof of Theorem 5.5, which is the main
result of this subsection.

Recall the spaces introduced in Proposition 2.3 and consider the Hilbert space
(5.1) X=H 1 X H_

1
2

and the skew-adjoint operator A : D(A) — X defined by

0 I
(5.2) D(A)ZH%XH%, A:{—A% 0:|.
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Also recall from Proposition 2.2 that A € E(H%,Hfé). Then, A is the generator of
a strongly continuous unitary group T in X.

The dual of X; (i.e., of D(A) endowed with the graph topology) with respect to
the pivot space X is

(5.3) X =H .xH

1 _3-
2 2

Set Y = L*(T") and let C € £(X1,Y) be defined by

e| _ 9 ©
- -2 ([ o).
It is well known that C' is an admissible observation operator for the semigroup T
generated by A (see, for instance, [24, Proposition 7.5.5]).

We first note a lemma which is very similar to results used and proved in [13, 14].
However, since we are not able to apply directly the results in [13, 14], we give a
precise statement and a short proof (with no claim of originality).

LEMMA 5.1. For every € > 0 there exists a positive constant v = (£, &) such
that, for all a,b € Q, with dist(a, Q) > ¢ and dist(b, Q) > ¢,

la =0 <7100 — doll

3
2

Proof. We denote by (). the open set defined by
Q. = {2z € Q; dist(z,00) > e} .
For € small enough, €. is not empty. There exists a function ¢ € W such that
e1(w1,22) = 21 ((z1,22) € Q).
Since a, b € )., we have
(04 — Op, p1) = a1 — by.
Thus,

lar — b1 < 71(2€) [[0a — bl
2
We can use a similar argument for the second coordinate to conclude the proof of the
lemma. O

The space Z obtained inserting the operators A and C above in (2.14) and its
dual Z’ with respect to the pivot space X have the properties below.

ProPOSITION 5.2. With the above notation for X, Y, A, and C, the space Z
defined by (2.14) satisfies

Z C Hyx H,

with continuous and dense embedding.
Proof. We can take 8 =0 in (2.14) so that

7Z =AY X +C*Y),
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with A and C given by (5.1)- ( 2) and (5.4). To obtain the adjoint of C', we consider
the operator D € L(L?(T"); L?(2)) defined by

A(Dg) =0 inQ,
(Dg) =0 on IN\T,
(Dg) =g onTl

for all g € L?(T"). In other words, Dy is the unique element of L?({2) such that

[Doapar= [ 452 a0  (oem@nmi).
Q r ov

Recall that the operator Ay and the spaces H, are defined in Proposition 2.3. Let
(p,1) € D(A) and g € L?(T') = Y. By definition of C, we have

9¢
c @}7 > :/ =2 4o,
< Lﬁ ! L2(T) Fgay

<O m ,g>L2(F) = /Q(Dg)Aea dz = — (Ao, Dg) i

Now, notice that for f € D(Ay),

<A0(¢07f>H = <907f>% = <907f>H

and therefore

3,H_1,H
2

)

Nf=

1
2
where (-, -)y,v g denotes the duality product of an element of V and of an element
of V', with respect to the pivot space H. By density of D(Ag) in H, we get

(Ao, g = (s P JH 1 H (f € H),

2

I\ H ] A

We deduce from the above relation that for all g € L?(T),

I\J\w
[N

and thus

Dy
ol

C'g=— {
This implies that Z = X; + {0} x DY C H s x H, which clearly yields the announced
embedding. O

COROLLARY 5.3. With the assumptions and notation in Proposition 5.2, let Z'
be the dual of Z with respect to the pivot space X. Then we have

m €7  (acQ)

Moreover, for every e > 0 there exists a positive constant v = v(Q2,¢) such that, for
all a,b € Q, with dist(a,0Q) > £ and dist(b,9N) > ¢,

0] o
woneo|la] -2
5. Lol
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Proof. With the assumptions and notation in Proposition 5.2, the dual Z’ of Z
with respect to the pivot space X contains H_% x H s, with continuous and dense
embedding. This fact and Lemma 5.1 clearly imply the conclusion. O

We have the following regularity result for the plate equation with a point source.

PROPOSITION 5.4. Let wg € H} () and wy € H1(Q). Let T be an open subset
of 9Q. Then, for any T >0 and A € H'((0,7)), A(0) # 0, the system (1.7) admits a
unique solution

w € C°([0, 7]; Hy () n C* ([0, 7] H~ (%))

such that y defined by (1.8) is in L2((0,7); L*(T)).

Proof. We write
w 0
2= low]| > f = |: :| .
[W] O

We know from Corollary 5.3 that f € Z’'. Applying Proposition 4.2 with the above
choice of spaces and operators, we obtain the stated regularity result. a
The main result of the section is the following.
THEOREM 5.5. Let 7 > 0, assume that § is a bounded domain of R?, and let T’
be an open subset of 02 such that one of the following assertions holds:
1. 0Q is of class C° and I' satisfies the geometric optics conditions;
2. Q is a rectangle (0,a) x (0,b) and T' contains both a horizontal and a vertical
segment of nonzero length.
Lete > 0 and let €M, 62 € Q be two points in Q, each one at distance at least € from
0Q. Assume that X € H((0,7)) with A\(0) # 0, wo € HL(Q), and wy € H=1(Q) and
denote

() _ dwV 7
o |p

Jje{l,2},

where w9 is the solution of (1.7) with &€ = ¢Y), j € {1,2}.
Then there exists K > 0, depending only on Q, T', e, and 7, such that

g =y L2 (0,r):n2ry) = K€D — @),

where | - | stands for the standard norm in R2.
Proof. We write

GO RENC S I _ 0
T {84’ d [55“)—55@)]'

Then the problem (1.7)—(1.8) can be written under the form (4.4)—(4.5), with the
spaces and operators given by (5.1)—(5.4).

On the other hand, we know from Remark 3.4 that the pair (A,C) is exactly
observable in any time 7 > 0, provided that condition 1 (respectively, condition 2) in
the statement of the theorem is satisfied. Consequently Theorem 4.3 yields

Iy =y L2y = ke || fll 2

for some K, > 0. This, together with Corollary 5.3, implies the conclusion. a
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5.2. Recovery of sources in H;(€2). We consider the initial value problem

0w 5 .
W+A w=\t)f in (0,7) x €,
(5:5) w=Aw=0 n (0,7) x 99,

0
w(0, ) = wo (), 5—2’

where ) is given and satisfies A € H'((0,7)) and A(0) # 0. We aim to find f € H}(Q)

(0,2) =wi(x), ze€Q,

by knowing either
0w 0% Aw

otor " otow

In this case, we obtain the following stability result.
THEOREM 5.6. Let Q, ', wq, wy, 7, and X\ satisfy the conditions of Theorem 5.5.

Suppose that w9 is the solution of (1.7) with f = fU) € H}(Q), j € {1,2}. Then
there exists K > 0, depending only on Q, T', and 7, such that

2,,(1 2,.,(2
HM _ Pu® > K [0 - 79
Jtov otov H((0,7):L2(T) HL(Q)
and
1 2
HaAw< ) 9Aw® ‘ s k|0
v W N o.myizary) H5()

Proof. With the notation of Proposition 2.3, consider Ag : H 3 — H 1 and A3 :

H% — H%, which is a strictly positive operator. Let X = H% X H%, and let A :

D(A) — X be defined by
0 I

D(A)ZH% XH%, A= |:—A(2J 0:| .

Recall from subsection 2.1 that A is the generator of a strongly continuous unitary
group Tin X. Let Y = L?(T") and consider the observation operator C' : H sxHs =Y
given by
p| _ oY ©
C = — € Hs xHs |.
(=5l (F]emm)

Writing
w 0
z = 8w:| , F'= |: :| 5
[W f
the system (5.5) can be written as (4.4)—(4.5) and, since F' € X, from Theorems 3.1
and 3.2, the couple (4, C) is exactly observable for all 7 > 0. Using Theorem 4.3, we

deduce that
15 = M 0,y = B lF Y = FP o) -

To treat the other case, we consider the observation operator given by
p| _ 04y @
O[¢:| = v . V[w] EHgXH%
and apply Corollary 3.3 to deduce that the couple (A, C) is exactly observable for all

7> 0. O
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6. Inverse source problems for the plate equation with unknown inten-
sities. In this section, we establish an identifiability result for the unknown source
term Zjvzl A;j(t)de, in the plate equation

0w o

Sz AT =) (1), in (0,7) x Q,
(6.1) =1

w=Aw=0 on (0,7) x 09,

ow
ot
where now the number N of point sources, their locations §; € €2, and the functions
Aj are all unknown. The problem now involves more unknowns, and therefore we
consider further boundary measurements than those used to solve the problem of
subsection 5.1. The method employed here is different from the method used in the
previous section. This explains that the assumptions are quite different. In particular,
we assume that A\;(0) = 0 and that there exists a time 7 € (0, 7) such that

w(0, z) = wo(x), (0,2) =wqi(x) forxeQ,

(6.2) MO =0 (=),

To deal with the corresponding inverse problem, we follow a method inspired by [11],
based on the Fourier transformation.
We first present a regularity result for (6.1). In what follows, for £ > 0, we set

OF ={x € Q| dist(z,09) < e}
and use the notation from subsection 5.1 for the space X and the operator A, i.e.,

(6.3) XZH%XHfé,

D(A)ZH} XH;,
2 2

“ AL ([ew)

We recall that, if we set f; = {ggj }, g(t) = Z;\;l A (t)f;, and zg = [4) ], the function

w is the solution of (6.1) if and only if z = [ 2 ] is the solution of
i(t) = Az(t) + g(t) (t=0),

(6.5) z(0) = 2o.

Henceforth, we will also use the notation G(t) := Zjvzl Aj(t)de, .
PROPOSITION 6.1. Let

wy € HS(Q), wo = Awy = A?wy =0 on 9Q and
wy € H?’(Q), wy = Awy; = 0 on 052.

Let {&,...,6n} C Q and ¢ = minjep, yy{dist(§;,09)}. Let I' be a nonempty
open subset of ON. Then, for any 7 > 0 and \; € C*([0,7]) (j = 0,...,N) with
A;(0) = A;(0) =0, the system (6.1) admits a unique solution

(6.6) w € C°([0,7]; Hy () N C°([0, 7]; H*(Q%)) N CH ([0, 7]; H*(97))
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such that
ow 0Aw
Y e L2(0. 7 LA(T Z—— e L%0,7; L3(1)).
0 20,712, 8 10,7 12(D))
Proof. We consider the spaces and the operator defined by (6.3)—(6.4). According
to Proposition 2.3, we have
X, =D(A%) = Hy x H;

and 2o = [7] € Xo. Moreover, g € H*((0,7); X_1), with X 1 = H_3 x H_3. Then

z = [%iﬂ € C°([0,7); X). The additional assumptions on the data will allow us to
improve this result.

Since the problem is linear, we can analyze separately the problem (6.1) with
G = 0 and the problem (6.1) with wy = wy = 0.

In the first case, we get from classical theory on semigroups that z = [aaitu] €

C°([0,7]; X3), and therefore (89—1;’ and %A—Vw have the stated summability properties. In
the second case, we note that each A; can be written in the form

Ai(t) = /Ot (/0 xj(a)de) ds,

and that the unique solution of (6.1) is given by

wt,z) = /Ot (/O u(9,x)d9) ds,

where u € CO([O,T];H%) N Cl([O,T];H_%) solves (6.1) when wy = w; = 0 and the

source term is G(t) = Zjvzl \;(t)fj. Therefore, w € C2([0,7]; H'(Q2)) and we deduce
that

0*w c

ot?
From (6.1) and classical regularity results for the elliptic problem associated with the
bi-Laplacian operator, we obtain

w € CO([0,7]; H()),

Co([0, 7] H' ().

which implies the desired trace properties. a

Based on Proposition 6.1 we will consider measurements of ‘g—ﬁf and aaA—yw on parts
of 90 until time 7 and continue the measurement of %—ﬁ’ until time 7. In accordance
with the operator formulation (6.5) with (6.3)—(6.4) and 29 € D(A?), we introduce the
following observation operators for the inverse source problem for (6.1). The output
spaces are Y7 = L2(I') x L?*(T'1) and Y2 = L?(T'), and the operators C; € L(V1,Y1),
with

(6.7) Vi ={ue€ H)(Q) | ulo: € H*(Q°)}
and Cy € L£(X1,Y>) defined by

dy
ov
Pl r ¥
o2 all-1,70 | ([ en).
ov I,
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(B

Hence, the output function corresponding to the measured data in this case is given
by

(6.9) Cs m = %

€ D(A) ) .

(t) B { Clz(t) (t S [0,’7’1]),
PN ) (e ).

The main result of this section is the following.
1
THEOREM 6.2. Consider the sources G = Z;V:(; )\g-l)égm, 1 € {1,2}, in the plate
i

equation (6.1) and assume that /\g-l) € C%([0,7]), j € {1,...,N} and | € {1,2}, satisfy

)\y)(()) = /.\;l)(()) =0 and /\g-l) (t) =0 fort > 1. Letw™ and w® be the corresponding
solutions of (6.1) with initial condition

wo € HS(Q), wo = Awy = A?wy =0 on Q. and
wy € HB(Q), wy = Awy; = 0 on 052.

Let ', Ty be two nonempty open subsets of O with I' C I'y and assume that one of
the following assumptions holds:
1. 99 is smooth and ' satisfies the geometric optics conditions;
2. Q is a rectangle and T' contains both a horizontal and a vertical segment of
nonzero length.

If

w®  Gw® r AW AwW®
ov v on (0,7) x T, o  Ov

on (0,7) x I'y,

then G = g2,

Proof. We denote by 21 2(2) the solutions of (6.5) for g™V (t) = ZN(I) )\(1)( )f(l)
and g (t) = ZN( : ( )f(2 , respectively, and by y(), 42 the corresponding ob-
servations given by (6. 8) (6.9). We assume that y(1 (t) = y)(t) for t € (0,7). Let us
write z(t) := 21 (t) — 22 (t) and y(t) ==y (t) — y(t). Since gV (t) = 0, for t > 7
(1 € {1,2}), the functions z and y satisfy

it) = Az(t) (t € (m1,7)),
(Tl)EX

y(t) = (t € (m,7)).
We notice that y(t) = [¥r_r,2(m1)] (t — 71). We set 7o = 7 — 71 > 0. Since the pair

(A, C2), with A defined by (6.4) and C5 defined by (6.9), is exactly observable in time
70 > 0, we have

Yl 2(ryrivy 2 frll2() x
and therefore z(71) = 0. Thus, z satisfies

2(t) = Az(t) + g — g (t € (0,7)),
2(0)=0, z(m)=0.
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Extending /\g-l), z, and y by zero outside (0,71) and then applying Fourier transfor-
mation in the variable ¢ yields

N - N @) -
(iwl — A)z(w) = Y AV (@) Y =3 AP (@)f? vweR,
j=1 j=1

where the notation ™ indicates the Fourier transform of the extended function. Setting
Z(w) = [y ], we conclude that v satisfies

(6.10) A% - =G inQ,

where we I}\ave set G =g — g,
Since G € &'(R?) (distribution with compact support) with support contained in
2, we can extend the left-hand side of (6.10) by zero outside €2 and get

(6.11) A2y — % =G in R?,

where the notation - indicates the extension to R? with respect to the variable z. The
next lemma gives a relation between A2v and A29. This result is an easy extension
of a well-known result (see, for instance, Theorem 5.4.13 in [5]), so we omit the proof.

LEMMA 6.3. Let v € Vi be such that Av = 0 on 0. Let v and A2y be the
extensions by zero outside Q of v and A?v, respectively. Then

O0Av

— ov
A2y = A% —
v v+ B}

ov

v

dsa + A ( 539) mn DI(R2).

In the above lemma, we have used the notation
(6002, P) D' (R2),D(R2) =/ @ dI’.
oQ

Now we go back to (6.11) and use Lemma 6.3 to conclude that v satisfies the
following relation in the distributional sense:

_ _ 5 0A ) ,
(6.12) A% —w* =G + 3;’539 +A <8—3539> in R? (w € R).
Let
1
(6.13) Po(z) = glﬂcl2 In(jz))  (zeR*\{0})

and, for each w € R\ {0}, let

0.1 0olo) = g (B V) - B GVERD) @ B (o)),

where Hl(o) denotes the first kind Hénkel function of order 0. Then, as shown in
Kitahara [12, p. 211], we have

(A? — )P, = §y in R?;
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i.e., @, is a fundamental solution of A% — w?[ in R?2. We recall (see, for instance,
Abramowitz and Stegun [1, p. 358]) that

HY () = Jo(y) +iYoly)  (y € R),

where Jy is the Bessel function of the first kind and of order zero and Yj is the Bessel
function of the second kind and of order zero. The function Jy is analytic in R with
series expansion

e (_1 k, 2k
(6.15) Jo(y) = Z (R (y €R),
k=0 ’
whereas Yj(y) can be represented as
(6.16)
Y S k o\ k
) = 2 (1 (4) +2) do) + 23 S (Z %) (%) wervon
k=1 ’ m=1

with 7 the Euler-Mascheroni constant; see [1, p. 360]. Therefore each @, is analytic
in R%\ {0}.
We note that

N® N®@)

- (1) ()
G:= Zl A5 B — Zl A O
J= J=

can be written

N N
(6.17) g = Z,ujégj, so that G = 2@5@,

j=1 j=1

by taking N = max{N® N®},
Using the fundamental solutions (6.14)—(6.13) and the relation (6.12), we can
write v as

T Dok (G4 2%+ (Lm0 ) ),
ov ov

from which we obtain the representation

N v AV
v(z) = i (r— &)+ — (Y)AP,(x —vy) doy, +
() ;ug (z — &) ” 5, 1) A% (z —y) do N

(Y) P (x — y) doy,.

Since

AwM ow? IAwY  9AwP

5 55 On (0,7) x T, 5 5, On (0,7) x Ty,
it follows that
ov  0Av
5 = o =0 on Fl,
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which, in turn, implies that
(6.18)

N
=S Ttale-g) [ @Aty oy [ SR )b a-y) do,

O\I'; v OO\,

Since @ is analytic in R? \ {0}, (6.18) shows that ¥ is analytic in the connected
domain

W= [R*\ ({&, ..., &nUON) UT.

From the fact that v vanishes outside €, it follows that ©» = 0 in W.
Our aim now is to show that zi; = 0. Based on the expansions (6.15) and (6.16),
we can show that each function @ (z) (ww # 0) satisfies

() = o (B Rll) - B )

8o
= g (V2 ~ G Tlel/2)) + Ofel) (1] = 0)

= %‘FO(WD (Jz| — 0),

Veo(w) = ooy (0 (illel) - i V=l )

= (B2 L Lut/Elel/ +0Ge) (el —0)

8

r) = ; i1 @|z]) — i7" (/]|
Abo(o) = o (3 (VIllal) = i 6Tl

+ 2 (B /llal) + B G/l

y-1 i 1
= L o m(/lel/2) +Oll) (e~ 0),

and therefore

lim V&, (z—&) =0
r—E;
hm [ADL(x — &) =00
14} i
when w # 0. Moreover,
lim &gz —¢&;) = O,
z—E;
hnfl Voo(x—§) = 0,
xr— i
liy [Ado(e — &) = oo
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Now, we multiply A7 by m and let © — &;, which, from (6.18), yields
=0

for all j € {1,..., N}, since

and since

ov 0Av
lim A / — () AP (z — y) do —|—/ S (z—vy) do
e V. 5, VA% (z —y) doy sonr, O (4) P (2 —y) doy,

is finite.

Applying the inverse Fourier transformation, we deduce that ;1; = 0 for all j €
{1,...,N} and conclude that GV =G . 0O

REFERENCES

[1] M. ABRAMOWITZ AND I. A. STEGUN, Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables, Dover, New York, 1992.

[2] C.J.S. ALVES AND A. L. SILVESTRE, On the determination of point-forces on a Stokes system,
Math. Comput. Simulation, 66 (2004), pp. 385-397.

(3] C. BARDOS, G. LEBEAU, AND J. RAUCH, Un exemple d’utilisation des notions de propagation
pour le contréle et la stabilisation de problémes hyperboliques, Rend. Sem. Mat. Univ.
Politec. Torino, 1988, Special Issue (1989), pp. 11-31.

[4] C. BARrRDOS, G. LEBEAU, AND J. RAUCH, Sharp sufficient conditions for the observation, control,
and stabilization of waves from the boundary, SIAM J. Control Optim., 30 (1992), pp. 1024—
1065.

[5] J.-M. Bony, Cours d’analyse. Théorie des distributions et analyse de Fourier, Les Editions de
I'Ecole Polytechnique, Palaiseau, France, 2001.

6] N. BUrQ, Contrélabilité exacte des ondes dans des ouverts peu réguliers, Asymptot. Anal., 14
(1997), pp. 157-191.

[7] N. BURQ, Contréle de l’équation des ondes dans des ouverts comportant des coins, Bull. Soc.
Math. France, 126 (1998), pp. 601-637.

[8] S. DoLECKI AND D. L. RUSSELL, A general theory of observation and control., SIAM J. Control

Optim., 15 (1977), pp. 185-220.
R. G. DouGLAs, On majorization, factorization, and range inclusion of operators on Hilbert
space, Proc. Amer. Math. Soc., 17 (1966), pp. 413-415.
[10] A. EL BapIA AND T. HA-DUONG, Determination of point wave sources by boundary measure-
ments, Inverse Problems, 17 (2001), pp. 1127-1139.
A. EL Bapia AND T. HA-DUONG, On an inverse source problem for the heat equation. Appli-
cation to a pollution detection problem, J. Inverse Ill-Posed Probl., 10 (2002), pp. 585-599.
(12] M. KITAHARA, Boundary Integral Equation Methods in Eigenvalue Problems of Elastodynamics
and Thin Plates, Stud. Appl. Mech. 10, Elsevier Scientific, Amsterdam, 1985.
[13] V. KOMORNIK AND M. YAMAMOTO, Upper and lower estimates in determining point sources in
a wave equation, Inverse Problems, 18 (2002), pp. 319-329.
(14] V. KOMORNIK AND M. YAMAMOTO, Estimation of point sources and applications to inverse
problems, Inverse Problems, 21 (2005), pp. 2051-2070.
[15] R. KRrEss, Linear Integral Equations, Appl. Math. Sci. 82, Springer-Verlag, Berlin, 1989.
[16] G. LEBEAU, Contrdle de l’équation de Schrodinger, J. Math. Pures Appl. (9), 71 (1992),
pp. 267-291.
[17] S. NicAISE AND O. ZAIR, Identifiability, stability and reconstruction results of point sources by
boundary measurements in heteregeneous trees, Rev. Mat. Complut., 16 (2003), pp. 151—
178.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



SOLVING INVERSE PROBLEMS USING OBSERVABILITY 1659

[18] S. NicAISE AND O. ZAIR, Determination of point sources in vibrating beams by boundary mea-
surements: Identifiability, stability, and reconstruction results, Electron. J. Differential
Equations, No. 20 (2004).

(19] J.-P. PUEL AND M. YAMAMOTO, Applications de la contrélabilité exacte o quelques problémes
inverses hyperboliques, C. R. Acad. Sci. Paris Sér. I Math., 320 (1995), pp. 1171-1176.
[20] D. SALAMON, Infinite-dimensional linear systems with unbounded control and observation: A
functional analytical approach, Trans. Amer. Math. Soc., 300 (1987), pp. 383-431.

[21] D. SALAMON, Realization theory in Hilbert space, Math. Systems Theory, 21 (1989), pp. 147—
164.

[22] G. TENENBAUM AND M. TUCSNAK, Fast and strongly localized observation for the Schrodinger
equation, Trans. Amer. Math. Soc., 361 (2009), pp. 951-977.

[23] M. TucsNAK AND G. WEISS, Simultaneous ezact controllability and some applications, STAM
J. Control Optim., 38 (2000), pp. 1408-1427.

[24] M. TucsNAK AND G. WEISs, Observation and Control for Operator Semigroups, Birkhduser
Advanced Texts, Birkhauser, Basel, 2009; also available online from http://www.iecn.u-
nancy.fr/~tucsnak/obsbook.pdf.

[25] Y. H. WANG, Global uniqueness and stability for an inverse plate problem, J. Optim. Theory
Appl., 132 (2007), pp. 161-173.

[26] G. WEISS, Regular linear systems with feedback, Math. Control Signals Systems, 7 (1994),
pp. 23-57.

[27] G. WEIss, Transfer functions of regular linear systems, Part 1: Characterizations of regularity,
Trans. Amer. Math. Soc., 342 (1994), pp. 827-854.

(28] J. WLOKA, Partial Differential Equations, Cambridge University Press, Cambridge, UK, 1987.
[29] M. YAMAMOTO, Stability, reconstruction formula and regularization for an inverse source hy-
perbolic problem by a control method, Inverse Problems, 11 (1995), pp. 481-496.

[30] M. YAMAMOTO, Uniqueness and stability in multidimensional hyperbolic inverse problems, J.
Math. Pures Appl. (9), 78 (1999), pp. 65-98.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


