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GLOBAL STABILIZATION OF THE GENERALIZED
KORTEWEG-DE VRIES EQUATION POSED ON A FINITE DOMAIN*

LIONEL ROSIER! AND BING-YU ZHANGH#

Abstract. This paper is concerned with the internal stabilization of the generalized Korteweg—
de Vries equation on a bounded domain. The global well-posedness and the exponential stability
are investigated when the exponent in the nonlinear term ranges over the interval [1,4). The global
exponential stability is obtained whatever the location where the damping is active, confirming
positively a conjecture of Perla Menzala, Vasconcellos, and Zuazua [Quart. Appl. Math., 60 (2002),
pp. 111-129].

Key words. generalized Korteweg—de Vries equation, unique continuation property, smoothing
effect, Carleman estimate

AMS subject classifications. 35Q20, 93D20, 93B

DOI. 10.1137/050631409

1. Introduction. In this paper we study the generalized Korteweg—de Vries
(GKdV) equation posed on a finite interval I = (0, L) with a localized damping

(1.1) Opu + Opu + a(u)dpu + BPu+b(z)u=0, 0<z<L, t>0,
satisfying the homogeneous boundary conditions

(1.2) u(0,t) =0, w(L,t)=0, Oyu(L,t)=0, t>0,

and the initial condition

(1.3) u(z,0) = ¢(z), 0<z<L.

Here b = b(x) € L%(I) is a given nonnegative function with its support w being a
subset of I, and the function a = a(u) is a given smooth function satisfying the
growth condition

(14) a0)=0, || <CO+ur)  VpeR

forj=0,1if1<p<2andforj=0,1,2if p>2.

We are mainly concerned with two issues regarding the initial boundary value
problem (IBVP) (1.1)—(1.3). One is the well-posedness of the IBVP (1.1)—(1.3) in the
classical Sobolev space H*(I). That is, we aim to establish existence, uniqueness, and
persistence properties of solutions corresponding to the given initial data ¢, together
with continuous dependence of solution upon the initial data ¢. The other one is
the long time behavior of solutions of the IBVP (1.1)—(1.3). More precisely, we will
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investigate if the solution of (1.1)—(1.3) tends to zero as ¢ — oo and under what rate
it decays.

When a(p) = p and b = 0, (1.1) is the celebrated Korteweg—de Vries (KdV)
equation

(1.5) Osu + Opu + udpu + O3u = 0,

which was derived by Korteweg and de Vries [18] in 1895 as a model for propagation
of surface water waves along a channel. The equation has been studied extremely
intensively from various aspects of both mathematics and physics since the early 1960s
when soliton was discovered through the KdV equation and the inverse scattering
transform, a so-called nonlinear Fourier transform, was invented to solve the initial
value problem of the KdV equation (cf. [19, 21]). In particular, the pure initial value
problem for the KdV equation posed on the whole line R or on a periodic domain S
has received a lot of attention in the past three decades for its well-posedness problem
in the classical Sobolev space H*(R) or H*(S) (see [1, 2, 5, 6, 10, 13, 14, 15, 16] and
the references therein). So far, the best known results are that the pure initial value
problem of the KdV equation, when posed on the real line R, is well-posed in the space
H*(R) for s > —% [16, 10] and is, when posed on the periodic domain S, well-posed
in the space H*(S) for s > —1 [12].

For the KdV equation posed on a finite interval, the study of its IBVP began
with Bubnov [7], who investigated the general two-point boundary value problem

Ou + udpu + Bu = f(x,t), u(z,0) =0,

a10%u(0,t) + a0,u(0,t) + azu(0,t) = 0,
(1.6)
B102u(1,t) + B20,u(1,t) + Bau(l,t) = 0,

{15‘mu(1,t) + §2u(1,t) =0

posed on the interval (0,1). Here o, G5, & € R, j=1,2,3, ¢ = 1,2, are constants,
and assumptions are imposed so that the L2-norm of the solutions of the linear version
of (1.6) (obtained by dropping the nonlinear term ud,u) is decreasing. It was shown in
[7] that for given T'> 0 and f € H'([0,77]; L?(0,1)), there exists a T* > 0 depending
on || fll 1 (jo,77;2(0,1)) such that (1.6) admits a unique solution

u € L2([0,T*]; H*(0,1)), ug € L([0,7%]; L*(0,1)) N L*([0, T*]; H*(0,1)).

In [4], Bona, Sun, and Zhang studied the following nonhomogeneous boundary
value problem for the KdV equation posed on the interval (0, 1):

Opu + Opu + udpu + O3u = 0, u(z,0) = ¢(x),
(1.7)
w(0,t) = h1(t), w(l,t) =ha(t), Oyu(l,t) = hs(t).

The IBVP (1.7) was shown in [4] to be well-posed in the space H*(0,1) for s > 0
with h; € HEPV3®Y), j = 1,2, and hy € H{/?(RT). Earlier, in the case of

h;j =0, j= 1,(')267 3, Zhang [38] showed that the IBVP (1.7) is well-posed in the space
H3%+1(0,1) for k = 0,1,2,..., and Perla Menzala, Vasconcellos, and Zuazua [24]

showed that the IBVP (1.7) is well-posed in the space L?(0,1). The reader is referred
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to [3, 9, 11] for more references on the IVBP for the KdV equation posed either on a
finite interval or on the half-line R™.

The study of long time behavior of solutions of the KdV equation posed on a
finite interval was also started by Bubnov [8]. In [17], Komornik, Russell, and Zhang
considered the stabilization problem for the KdV equation posed on finite interval
(0, ) with the periodic boundary conditions

Opu + Opu + udpu + O2u = f, u(z,0) = ¢(x),
(1.8)
Hu(0,t) = du(r,t),  j=0,1,2,

where f = f(x,t) is considered as a control input acting on the whole domain (0, 7).
A special feedback control law f = Bu is designed to ensure the conservation of mass,
and the resulting closed loop system

Ou + Opu + udyu + O3u = Bu, u(x,0) = ¢(z),
(1.9)
Au(0,t) = dJu(m,t),  j=0,1,2,

is demonstrated to be exponentially stable; its solution converges exponentially to
the average value of its initial datum ¢ over the domain (0,7) as t — oco. The same
problem was studied by Russell and Zhang [29, 31], assuming that the control input f
acted only on an open subdomain of (0, 7). The resulting closed loop system is shown
to be locally exponentially stable in the sense that the initial data ¢ is required to be
small in a certain sense. In [30], Russell and Zhang studied boundary stabilization
of the KdV equation posed on a finite interval (0,7) with the periodic boundary
conditions. The resulting closed loop system appears in the following form:

Opu + Opu + udyu + O3u = 0, u(z,0) = ¢(z),
(1.10)
U(O, t) = u(ﬂa t)a agu(oa t) = 8%“(7(3 t)a amu(ﬂ—v t) = O‘aﬂﬁu(oa t)a

where —1 < « < 1 is a constant. The system was shown by Russell and Zhang [30] to
be locally exponentially stable when « # —%. For the exceptional case o = —%, the
system (1.10) was also shown to be locally exponentially stable later by Sun [34] via
a different approach. A similar boundary stabilization problem was studied by Zhang
[38] for the KAV equation posed on a finite interval (0, 1) with the Dirichlet boundary

condition. The resulting closed loop system is of the form

Opu + Opu + udpu + O3u = 0, u(z,0) = ¢(x),
(1.11)
u(0,t) =0, wu(l,t) =0, Oyu(l,t)=~y0,u(0,t)

with 0 < |y] < 1. When 0 < |y] < 1, the system (1.11) was shown to be locally
exponentially stable.

For the KdV equation posed on a finite interval (0, L) with the homogeneous
boundary conditions,

Ou+ Opu +udpu+3u=0, 0<z<L, t>0,
(1.12) u(z,0) = ¢(z),

uw(0,t) =0, w(L,t)=0, O,u(L,t)=0;
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it is easily seen that any smooth solution u of (1.12) satisfies

d L
$/ |u(;v,t)\2dac = —|8zu(0,t)|2.
0

This leads one to guess that any solution w of (1.12) may decay to zero as t — oo.
However, this may not always be the case. In [25], Rosier discovered that if the length
L of the domain (0, L) belongs to the set

2w
E =4 —F=Vk%?+kl+12, k and | are positive inte ers} ,
{2V b g

then the linear system associated with the IBVP (1.12) possesses a solution with a
constant L?-norm. It is thus reasonable to say that not all solutions of (1.12) decay
to 0 ast — oo.

If the length L of the interval I does not belong to the set £, it has been demon-
strated in [24] by Perla Menzala, Vasconcellos, and Zuazua that there exist § > 0 and
v > 0 such that if ¢ € L?(I) with

oIz <6,
then
u(- ) < Cl@llLzne™™  VE>0,

where C' depends only on [|¢2(7).

In order to handle the case of L € £ and to have the solutions of (1.12) with
large amplitude stabilized, Perla Menzala, Vasconcellos, and Zuazua [24] introduced
an extra damping term b(z)u to the equation in (1.12) to get the following system:

O+ Opu + udpu + O3u+b(x)u=0, 0<z<L, t>0,
(1.13) u(z,0) = ¢(z),
w(0,t) =0, w(L,t)=0, Oyu(L,t)=0.

Here b € L™ (1) is assumed to be a nonnegative function satisfying b(x) > by > 0 a.e.
in an open, nonempty subset w of I. Perla Menzala, Vasconcellos, and Zuazua [24]
showed the following theorem.

THEOREM 1.1 (Perla Menzala, Vasconcellos, and Zuazua). For any given ¢ €
L3(I), the IBVP (1.13) admits a unique solution u € C(R*; L2(I))NLZ (R*; H(I)).
Moreover, if

(1.14) w contains two sets of the form (0,6) and (L — 6,L) for some § > 0,

then, for any L > 0 and N > 0, there exist C > 0 and p > 0 such that for any
¢ € L*(I) with ||¢||2(r) < N, the corresponding solution u of (1.13) satisfies

(1.15) luC, )2y < Cllgllrze™  VE=0.
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Remarks.

(a) The result of Perla Menzala, Vasconcellos, and Zuazua presented in Theorem
1.1 represents a significant advance in the subject of stabilization of the KAV
equation. Indeed, all the previous results except [17], in which the feedback
control acts on the whole domain, are local in the sense that only small ampli-
tude solutions have been shown to decay exponentially; they are essentially
linear stability results. In contrast, the stability result presented in Theorem
1.1 is global; all solutions of (1.13), large or small, decay exponentially in the
space L?(I). Tt is truly a nonlinear stability result.

(b) Perla Menzala, Vasconcellos, and Zuazua have conjectured in [24] that Theo-
rem 1.1 still holds without the assumption (1.14). Pazoto [22] has proved that
this is indeed true. The idea of the proof is as follows: Pazoto shows that the
unique continuation property holds, whatever w is, in proving by multipliers
and compactness arguments that any solution vanishing on a subinterval is
necessarily smooth.

(¢) In Theorem 1.1, the determination of the decay rate v depends on the size of
the initial value ¢ in the space L?(I). The system (1.12) is locally uniformly
exponentially stable in L2([).

In this paper, motivated by Perla Menzala, Vasconcellos, and Zuazua’s work,
we will consider the IBVP of the GKdV equation as described by (1.1)—(1.3) for its
well-posedness and long time behavior of its solutions. We will first extend the well-
posedness result established in [4] for the IBVP (1.7) for the KdV equation to the
IBVP (1.1)—(1.3) for the GKdV equation.

THEOREM 1.2. Suppose the growth condition (1.4) for a = a(u) is satisfied with

1<p<2

Let 0 < s < 3 and T > 0 be given. Then for any given ¢ € H?(I) satisfying the
s-compatibility conditions

d(0)=¢(L) =0 when1/2 <s<3/2,
(1.16)
#(0)=¢(L)=¢(L)=0 when 3/2 < s <3,

the IBVP (1.1)—(1.3) admits a unique solution
u e O([0,T]; H*(I)) 0 L*(0, T; H*M(1)).

Moreover, the solution u depends on its initial value continuously in the corresponding
spaces.!

Remarks.

(i) We may extend the theorem to include the nonhomogeneous boundary con-
ditions as in [4]. But we choose not to do so here since our main concern is
the long time behavior of solutions of (1.1)—(1.3).

(ii) The property that ¢ € H*(I) implies that the corresponding solution u €
L2(0,T; H*TY(I)) reveals a type of global Kato smoothing effect of the GKdV
equation posed on a finite interval. This global Kato smoothing effect together
with the property of persistence of regularity presented in Theorem 1.2 yields
the following strong smoothing properties for solutions of (1.1)—(1.3):

¢ e L*(I) = uecC(e,T); H3(I)) N L?(¢, T; HX(I)) for any € > 0.

Lf a is a real analytic function, then the solution u depends on its initial value analytically in
the corresponding spaces (cf. [4, 39]).
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In the case of p > 2, we have the following local well-posedness result.
THEOREM 1.3. Suppose the growth condition (1.4) for a = a(u) is satisfied with

p =2

Then for any given ¢ € H*(I) with s = 3 or with 3 satisfying the s-compatibility
condition (1.16) there exists a T* > 0 depending on ||¢| g+ such that the IBVP
(1.1)-(1.3) admits a unique solution u € C([0,T*]); H*(I)) N L?(0,T*; HST(I)) which
depends on its initial value continuously.

In order to get the global well-posedness results in the space H(I) or H3(I), one
needs some a priori H'- or H>-global estimate. However, those a priori estimates are
not available. In fact, the only available a priori estimate for the IBVP (1.1)-(1.3) is
an L2-a priori estimate which is not sufficient to yield a global well-posedness result
because we do not know if the IBVP (1.1)-(1.3) is locally well-posed in the space
L?(I). Whether Theorem 1.3 can be extended to a global well-posedness result at
least in the case of 2 < p < 4 remains an interesting open question. On the other
hand, when 2 < p < 4, the following a priori estimates are known to hold for solutions
of (1.1)—(1.3) (cf. Lemma 2.5 in section 2):

||u(~,T)||2Lz(I) —|—/ (0,u)?(0, 7 dT+/ / b(x)u®(x, 7)dxdr = ||¢>||L2(1)

and

8+2p

CJr 1 8+
A /0 |0, u|? dzdt < L+(C+1)T H¢||L2(1) Fo, Tl

Taking advantage of these estimates, we are able to establish the global existence
of solutions of (1.1)—(1.3) in the space L?(I).
THEOREM 1.4. Suppose the growth condition (1.4) for a = a(u) is satisfied with

1<p<4
Then for any given ¢ € L*(I), the IBVP (1.1)—(1.3) admits a solution
u € Co(RT; L(1)) N Lioo(RT; HY(1)).

Note that when 1 < p < 2, a solution given by Theorem 1.4 is identical to the
unique solution provided by Theorem 1.2.

With the well-posedness results in hand, we may then investigate the long time
behavior of solutions. The following theorem is the main result of this paper.

THEOREM 1.5. Under the assumptions of Theorem 1.4, assume additionally that
the support w of the function b in (1.1) contains a nonempty open subset of (0, L).
Then there exists a number v > 0 depending only on L and a nondecreasing continuous
function 3: RT — R such that for a given ¢ € L*(I), any solution u of (1.1)—(1.3)
provided by Theorem 1.4 satisfies

(117) ”u(at)”LQ(I) < ﬁ(||¢||L2(I))6_Vt Vit > 0.

Remarks.
(1) Theorem 1.5 confirms positively the conjecture of Perla Menzala, Vasconcel-
los, and Zuazua [24] for the GKdV equation.
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(2) The decay rate v in Theorem 1.5 depends only on L and does not, in partic-
ular, depend on the size of the initial value ¢ in the space L?(I). The system
(1.1)—(1.3) is globally uniformly exponentially stable.

Theorem 1.5 will be proved by the same compactness-uniqueness argument used
by Perla Menzala, Vasconcellos, and Zuazua [24]. The key is to establish the following
unique continuation property for the solution of the GKdV equation.

Unique continuation property. Let w be the support of b in the interval I. If
v € L*(0,T; L*(1)) N L*(0,T; H'(I)) solves

O + 0,0+ a(w)dpv+3v =0, 0<z<L, t>0,

v(0,t) =0, o(L,t)=0, Oyv(L,t)=0
and, in addition, satisfies
0,v(0,8) =0 Vte(0,T)
and
v(z,t) =0 YV (x,t) € wx (0,T),

then v vanishes on I x (0,7).

When 1 < p < 2, the solution v, in fact, belongs to the space C([e, T]; H3(I)) for
any 0 < € < T thanks to the strong smoothing property of the GKdV equation (cf.
Remark (ii) of Theorem 1.2). Thus v vanishes on the whole domain I x (0,T") by the
standard unique continuation property of the KdV-type equation (cf. [32, 37]). When
2 < p < 4, we cannot use the standard unique continuation property because we
do not know if v € C([e, T]; H3(I)). Instead, we will use a new unique continuation
property for the GKdV equation as described below.

THEOREM 1.6. Let 0 <l < L and T > 0. If w € L>=(0,T; H'(0,1)) solves

Ow + Opw + a(w)dzw + 3w =0 in (0,1) x (0,T),
w(0,t) =0 for a.e. t € (0,T),
w=0 in (I',1) x (0,T)

with a € CO(R;R) and 0 < I' <1, then w =0 in (0,1) x (0,T).

The proof of this unique continuation property is mainly based on a key Carleman
estimate for the KdV equation established earlier by Rosier [27] (see also Lemma 3.4
in section 3).

When 1 < p < 2, for a given ¢ € L*(I), (1.1)—(1.3) admits a unique solution u
which not only decays exponentially in the space L?(I) but also in the space H3(I)
as described by the following theorem.

THEOREM 1.7. Under the assumption of Theorem 1.2, assume additionally that
the support w of the function b in (1.1) contains a nonempty open subset of (0, L).
Then there exists a number v > 0 depending only on L and a continuous function
a: RY xRY — R such that for any € > 0 and any ¢ € L*(I), the corresponding
solution u of (1.1)—(1.3) satisfies

(L18) luC, Ollsy < allldllzzqry, e Wiz

The paper is organized as follows. In section 2, we study the well-posedness
problem of the IBVP (1.1)-(1.3) and provide the proofs of Theorems 1.2, 1.3, and
1.4. In section 3, the long time behavior of solutions of (1.1)—(1.3) is investigated.
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2. Well-posedness. In this section, attention will be given to the nonlinear
IBVP

Ou + Opu + a(u)dpu + O2u + b(z)u =0, wu(x,0) = ¢(x), =z € (0,L),
(2.1)
uw(0,t) =0, wu(L,t)=0, O,u(L,t)=0

for its well-posedness in the classical Sobolev space H*(I).
Considered first is the linear problem

Ou+ Opu+93u =0, u(z,0)=¢(x), z€(0,L),
(2.2)
u(0,t) =0, w(L,t)=0, Oyu(L,t)=0

with homogeneous boundary conditions and no forcing. Let A be the linear operator
defined by

Af: _f///_f/

with the domain

D(A) = {f € H*(I), f(0) = f(L) = f'(L) = 0}.

The IBVP (2.2) can be written as the initial value problem of an abstract evolution
equation in the space L2(I), namely

d
(2.3) “o=Au u(0) =9,
where the spatial variable is suppressed. It is easily verified that both A and its
adjoint A* are dissipative, i.e.,

<Af’ f>L2(1) =0, <A*g’g>L2(1) =0

for any f € D(A) and g € D(A*), where A*g = ¢"” + ¢’ and
D(A*) = {f € H*(0,L); f(0) = f'(0) = f(L) = 0}.

Thus the operator A is the infinitesimal generator of a Cp-semigroup W (t) in the space
L3(I) (see [23]). By semigroup theory (see [23]), in this situation in the overlying space
L3(I), for any ¢ € L*(I),

u(t) = W(t)¢
belongs to the space Cy(R*;L?(I)). The function u thus defined is called a mild

solution of (2.2). Such solutions certainly solve (2.2) in the sense of distributions.
If ¢ € D(A), then u(t) = W (t)¢ belongs to the space C(RT; H3(I)) N C1(R*; L2(I))
and u(t) € D(A) for all t > 0. Moreover, the equation is satisfied in the sense
of C(RT;L?(I)) and, in particular, pointwise a.e. Such solutions are called strong
solutions.

LEMMA 2.1. For any ¢ € L*(I), u(t) = W(t)¢ satisfies

t
(2.4) -l + [ @e(0.7)ar = 61,
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L t L L
(2.5) / qu(x,t)dx—i—?)/ / (0pu)*(z, T)dxdr < (L+t)/ ¢*(z)dx
0 o Jo 0
for any t > 0. Moreover, u has the property
dsu € Co([0, L; LF(R™)),
and there exists a constant C such that

(2.6) sup |0, u(z, )22 < Clidlzzq)-
S

Proof. See [4]. o

Note that estimate (2.6) for W (t) reveals a sharp Kato smoothing effect of the
system described by the IBVP (2.2). Next, attention is turned to the inhomogeneous
linear problem

Ou + Opu + O3u = f(x,1), u(z,0) =0,
(2.7)
w(0,t) =0, wu(L,t)=0, Jyu(L,t)=0.

In terms of the operator A defined above, one may write (2.7) as an initial value
problem for an abstract nonhomogeneous evolution equation, namely

(2.8) % = Au+ f, u(0) =0.

By standard semigroup theory (see again [23]), for any f € L (R*; L?(1)),

loc

(2.9) u(t) = /0 W(t—7)f(r)dr

belongs to the space C'(R*; L2(I)) and is called a mild solution of (2.8). It is a weak
solution of (2.7) in the sense of distributions. In addition, if f(¢) € D(A) for ¢ > 0
and Af € L} (RT;L3(I)), then u(t) given by (2.9) solves (2.8) a.e. on [0,7) and is

loc
called a strong solution of (2.8).

LEMMA 2.2. There ezists a constant C such that for any f € L} (R*; L*(1)),
the solution u of (2.7) satisfies

(2.10) [us D)2y + 182000, ) [ 2(0.0) < Cllf |21 0,1:22 ()

and

(2.11) /0 " (e t)de 4 /O t /0 ¥ Ouu (e, 1) dxdr < O(L 1) FI2s 02y
for any t > 0. Moreover, the solution u has the property

zu € Cy([0, L]; LF (RT)),
and there exists a constant C' such that

(2.12) sup 10xu(z, )| L2y < CllfllLr(0,402(1))-
xe
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Proof. See [4]. a

For any T > 0 and 0 < s < 3, let X, be the collection of all functions ¢ in the
space H?(I) satisfying the compatibility conditions (1.16) with its usual topology, and
let Y5 7 be the collection of

v e C([0,T); X,) 0 L2((0,T); B+ (D))
with d,v € C([0, L]; L*(0,T)). A norm || - ||y,

on the space Y; 7 is defined by

sT

1/2
vy, = (||U\|%([0,T];Hs(z)) + ||U||2L2([0,T];Hs+1(1)) + ||awUH20([o,L];L2(o,T)))

forv e Y 1.
LEMMA 2.3. Let a be a C° function satisfying

la(p)] < C(A+ [ul?)  for any p € R

with 0 < p < 2. There exists a constant C such that for any T > 0 and u, v € Yy 1,
T
[ llau. 00050602t
0

< CTE Pl follve.r +CTY2 (1+ lullf, ) lollya.r-

Proof. Using the assumption on the function a and the inequality

1 1
- )lzwcry < € (IOl + O g 0wt ) 2a sy )
one obtains

la(u(, 1)0ev (-, )ll2(ry < Clluls oo 1020 (s D)l L2(ry + ClOev ()l L2(r)

< Cllul )15 10au - OI5% 1050, )| 2y
+C (1 s Oy ) 1950, )220

The first term, when integrated with respect to t, is bounded as follows:

T
/0 s I 10wt )57 1 1020 (-, )| oy it

. p/4 ;o (4-p) /4
O<t 0 0

< TP ullf, 1ollv,

if 0 < p < 2. Thus

T
/O lau(-))0s0(- t)l| 2 (rydt
< C2PTC DA lolly, . + CTY2 (14 July, , ) vllva.r-

The proof is complete. a
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LEMMA 2.4. There exists a constant C depending only on L such that for any
T>0,1<p<2 beL*1), and u, v, w € Yy r,

T
(2.13) / bullzz rydt < OT2|[bll e llullvs.e-
T
(2.14) / luywll 2 rydt < T lullys o J0llve o
T
(2.15) / P~ 0yl 3yt < CTEP 4 ully, 1 uwll,
and
T
(2.16) / o=l 1yt < CTEP  ully, w0l

Proof. The estimate (2.13) follows from the direct calculation

T L % T L 2
/O ( /0 1b() 2 u(z, 1) dx) it < /O zes(%%)m(x,tn( /0 1b(z)| d:c) dt

1
< T2l 2l yvo -

The other estimates can be proved by a similar argument as that in the proof of
Lemma 2.3 and are therefore omitted. The proof is complete. ]

Now we turn to the nonlinear problem (2.1). We first present the following global
a priori estimates for solutions of the IBVP (2.1).

LEMMA 2.5. Let a be a C° function satisfying

la(p)] < C(A + [ul?)  for any p € R

with 0 < p < 4. There exists a constant C, such that for any smooth solution u of
(2.1), the following estimates hold:

(2.17) ||u(-,T)H%2(I) —|—/ (0zu)*(0, 7 dT+2/ / b(z)u®(x, T)dzdr = ||¢HL2(1)

and

2p

(C+1) 8+2p
(2.18) / / Opul? dudt < 18112+ CoTloll o

for any T > 0.

Proof. Multiply both sides of the equation in (2.1) by u and integrate with
respect to x over the interval I and about ¢ over the interval (0,T). An integration
by parts leads directly to the equality (2.17). To prove the inequality (2.18), let us
first introduce the functions

Aw) = /0 Ca@)dv,  A(w) = /0 " valv) dv.
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Multiplying both sides of the equation in (2.1) by zu and integrating over (0, L) x
(0, T), we obtain after some integrations by parts

;(/Lxm(x 7)| dx—/ 2](@) dm) / / 10,4l dmdt—f/ / fu?dedt
/ / d:cdt+/ / xb(x)|ul*dzdt = 0.

Combining this equality with (2.17), we obtain

T /L LT T L _
@) 5[ [ClowPdra < B0l + [ [ At o
2 0 0 2 0 0

We infer from the assumption on a that

B 2 p+2
A(u)| < C (“2 ol ) .

p+2
Hence
C T L
u) dxdt <7/ / lu|?dxdt + —— //|u\1’+2dxdt
p+2Jo Jo
cT C
< ol + g [ Il -l
C 2 C 242 r
Sl + / 25 10ulFayy dt
ZECT 242 T 4
O oy + 2 Lol | N0sulls e
cT stz 1 T oL
(220) s7||¢||i2m+cpT||¢\|gg(;)+5 || opizar

for some positive constant C), which depends only on C' and p. The inequality (2.18)
then follows from (2.19) and (2.20). The proof is complete. o
We now present our first well-posedness result for the IBVP (2.1).
PROPOSITION 2.6. Let a be a C' function satisfying

la(w)| < CU+1u), o' (w)] < CL+|ulP™Y)  for any p e R

with 1 < p < 2, and let T > 0 be given. For any ¢ € Xy, the IBVP (2.1) admits a
unique solution u € Yy 7, which also satisfies

(2.21) ullyo » < Bo(llollxo) |l xo,

where By : Rt — RT is a nondecreasing continuous function. Moreover, the cor-
responding solution map is locally Lipschitz continuous; for any ¢, ¥ € Xq, the
corresponding solutions u and v of (2.1) satisfy

(2.22) lu = vllvo » < Bolllllxo + [19llx0)l16 = ¥ llx,-
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Proof. Write the IBVP (2.1) in its integral equation form

(2.23) ult) = W(t)é - /0 W (t =) [(a(w)ds)(r) + (bu) (7)) .

where the spatial variable is suppressed throughout. For given ¢ € Xg, let r > 0 and
6 > 0 be constants to be determined. Let

So.r ={v €Yo, [Vllv,, <7}

The set Sy, is a closed, convex, and bounded subset of the space Y ¢ and therefore
is a complete metric space in the topology induced from Y g. Define a map I" on Sy -
by

T(v) = W(t)¢ /O W (t = 7)[(a()d0)(r) + (bv)(r)] dr

for v € Sp,. Applying Lemmas 2.2, 2.3, and 2.4, it is adduced that there are constants
Co, Cl, and CQ for which

0
IT()llv.s < Collllxy +Ca / [la@)0,0(, 7)) + 10 Pz | dr
< Coll@llx, + C1O@P/ 0|5 + Co0% (bl] 2 (ry + Dllvllve

< Collgllxo + C1OCP 4P oy, , + Cab2 (bl 201y + D0 lvo.o

for any v € Sy ¢. In addition, for any v, w € S, g,

I'v) —T'(w) = /0 W (t—7)[a(v)0,v — a(w)dyw + b(v — w)|dr

= /0 W(t—7)]a(v)d; (v —w) + (a(v) — a(w))dyw + b(v — w)]dr.
Thus

0
IT(v) = T(w)ly,., < Ci / [la(0)s (v — ) 201

+l(a(v) — a(w)dzwl Lz (ry + b(v — w)|£2(n)] d7

<y / 9 [lla(®)ds(v = w) L2y + | (140~ +[w]P™) (0 = w)dpw]| 21y
+[[b(v — w)llL2 ()] dr
< C10%%" (ol , + el , + 1018 sl ) lo = wllys,,
+ CLY Y| wllyy o [0 — wllvy, + C20% (bl z2(ry + D)o — ]|y,

.
< 361077 P |lv — wlly, , + C10Y7]jv — wlly, , + Co8Z (|[bll 221y + Do — wllys -
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Choosing r > 0 and 6 > 0 so that

r = 2Co|¢] x,,
(2.24)
3019(2_p)/4rp + 0191/4’/‘ + 0291/2(||b||L2(1) +1) < %,

then
1
IT(W)lvo,e <1, IT() = T()llvo.n < 5llv = wllvs

for any v, w € Sp . Thus, with such a choice of r and 0, I' is a contraction mapping
of Sy . Its fixed point w = I'(u) is the unique solution of the IBVP (2.1) in Sy .. Note
that 6 depends only on ||¢||x, and

sup [lu(-,t)[|z2(r) < |9l x,-
0<t<0

By the standard extension argument, one may extend 6 to 7. The proof is com-
plete. 0

Next, we show that the IBVP (2.1) is well-posed in the space X3.

PROPOSITION 2.7. Let b€ HY(I), let a be a C* function satisfying

la(w)| < C(L+ 1), o' ()] < CL+|ulP™Y)  for any p e R

with 1 < p <2, and let T > 0 be given. For any ¢ € X3, the IBVP (2.1) admits a
unique solution u € Y3 p. Moreover, there exists a nondecreasing continuous function
B3: RT — RT such that

(2.25) [ullys » < B3l bl xo) 191l x5 -

Proof. By Proposition 2.6, (2.1) admits a unique solution u € Yy 7. We just need
to show further that u € Y5 7. For this purpose, let v = u;. Then the function v is a
solution of

v + 0pv + (@' (w)dpu)v + a(u)dpv + 82v + b(x)v = 0,
(226) o(2.0) = 6 (2),

0(0,6) =0, o(L,#) =0, Oyo(Lt)=0
with

¢"(x) = =¢"(x) = ¢'(x) — a(d(2))¢' (z) — b(x)$().
Observe that ¢* € X and that there exists a constant C' = C(]|¢||x,) such that

167 [[x0 < Cllllxs-
We may write (2.26) in its integral form
v(t) = W(t)¢*—/0 W (t=7) (@' (u(, 7)), ), 7)+a(ul, 7)) D0, 7)+b( Yo (-, 7) ) dr.

Using Lemma 2.4 and proceeding as in the proof of Proposition 2.6, we see that
(2.26) admits a unique solution v € Yy 7. Notice that u; = v, b € H*(I), and u €
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Yo 7. Since u € HY(0,T; H*(I)) C C([0,T]; C(I)), we obviously have that a(u)d,u €
L2(0,T; L*(I)). Tt then follows from

(2.27) O2u = —0wu — Opu — b(x)u — a(u)dpu = —v — pu — b(x)u — a(u)dyu

that w € L?(0,T;H3(I)); hence u € C([0,T]; H*>(I)). This implies further that
dzu, bu, and a(u)d,u all belong to the space C([0,T]; L2(I))NL?*(0,T; H*(I)). Using
(2.27) again yields that u € Y3 7. The proof is complete. |

According to Propositions 2.6 and 2.7, the IBVP (2.1) defines a continuous non-
linear map K from the space X; to Y for j = 0, 3. Next, we show that K is
a continuous map from X to Ys; 1 for 0 < s < 3 by using the following nonlinear
interpolation theory (cf. [35, 1]), which implies the well-posedness of the IBVP (2.1)
in the space X, for 0 < s < 3.

Let By and B; be two Banach spaces such that By C By with the inclusion map
continuous. Let f € By and, for ¢ > 0, define

K(f.t) = inf {If =gl +tlglls.}-

For0 <6 <1and1<p<+o0, define

+oo

1/p
[Bo, Bilg,, = Bop = {f € Bo: | fllop = < K(f, t)ptepldt) < +oo}
0

with the usual modification for the case p = +o00. Then By, is a Banach space
with norm || |lg,. Given two pairs of indices (f1,p1) and (62,p2) as above, then
(01,p1) < (62, p2) means

01 < 65 or

01 = 0 and p; > po.

If (61,p1) < (62,p2), then By, ,,, C By, p, with the inclusion map continuous.
THEOREM 2.8. Let B} and B’ be Banach spaces such that B! C Bg with con-
tinuous inclusion mappings, j = 1, 2. Let A\ and q lie in the ranges 0 < A < 1 and
1 < g < 4o0. Suppose A is a mapping such that
(i) A: By, — Bj and for f, g € B} ,,

1Af — Agllez < Colllfllsy , + lalls IS — glly

and
(ii) A: B} — B? and for h € B{,

|4k g2 < Cr(lhllsy llAlls;.

where C; : RT — R are continuous nondecreasing functions, j =0, 1.
Then if (0,p) > (N, q), A maps Bém into Bgm and for f € B}

0,p’
lAfls < CAIflm I fls, .

where for r >0, C(r) = 4Co(4r) =9C1(3r)°.
Remark. This theorem is identical to Theorem 2 of Tartar [35] except that Tartar
makes the more restrictive assumption that the nondecreasing functions Cy and C;
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depend only on the B norms of the functions in question. Theorem 2.8 was used by
Bona and Scott [1] to prove the global well-posedness of the pure initial value problem
for the KdV equation on the whole line in fractional order Sobolev spaces H*(R).
Here is the promised well-posedness result for the IBVP (2.1) in Xj.
THEOREM 2.9. Let a be a C' function satisfying

(2.28)  la(p)| < CQA+[uP), |a'(w)] <CA+|ufP~h) for any p e R

with 1 <p <2, and let T > 0 and 0 < s < 3 be given. In addition, assume b € L*(I)
when s = 0 and b € HY(I) when s > 0. Then, for any ¢ € X,, the IBVP (2.1)

admits a unique solution u € Y, 7. Moreover, there exists a nondecreasing continuous
function B : RT — RT such that

lu

vor < Bs(ll¢lx,)ll¢]

Xs-
Proof. Choose
By =Xy, Bi=Xs;, B:=Yyr, B}=Ysr.

Let A be the solution map of the IBVP (2.1): u = A(¢). For given s with 0 < s < 3,
choose p =2 and 6 = s/3. Then

2 1
By =Ys1, By = Xs.

In this case, assumptions (i) and (ii) of Theorem 2.8 are (2.22) and (2.25), respec-
tively, which we have already proved. The proof is then completed by invoking
Theorem 2.8. 0

By Theorem 2.9, the condition ¢ € X, implies that the corresponding solution
u € L2(0,T; HS*1(I)). Thus, for any 0 < € < T, one can always find a time t; € (0, ¢)
such that u(-,t;) € H*T1(I). The following corollary, which reveals a strong smoothing
property of the system (2.1), follows directly from Theorem 2.9.

COROLLARY 2.10. Under the assumptions of Theorem 2.9, for any ¢ € L*(I), the
corresponding solution u of (2.1) belongs to the space C([e, T); H3(I))NL2(e, T; H4(I))
for any € > 0.

In Theorem 2.9, the nonlinear term a(u) of the equation in (2.1) is required to
satisfy (2.28) with 1 < p < 2. We consider next the case of p > 2.

Let B be the linear operator defined by Bf = b(z)f. Consider A, = A+ B as an
unbounded operator on L?(I) with the domain

D(Ay) = {f € H*(I), f(0) = f(L) = f'(L) = 0}.

The operator A, is the infinitesimal generator of a Cp-semigroup Wj,(t) in the space
L3(I). For any ¢ € L*(I),

u(t) = Wa(t)¢
belongs to the space C,(R*; L?(I)) and solves
Oyu + dpu + O3u + b(x)u = 0, u(z,0) = ¢(z),

(2.29)
uw(0,t) =0, w(L,t)=0, O,u(L,t)=0.
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LEMMA 2.11. Let T >0 and 0 < s < 3 be given. Assume that b € L*(I) if s =0
and b € HY(I) if s > 0. Then there exists a constant C depending only on T and s
such that

(2.30) W (t)9

Ys,r < C||¢\

x, forany ¢ e X,

and

< C|\fllerorme(ryy for any f e LY(0,T; X,).

(2.31) ‘
Ys, T

Al%@—TﬁCﬁMT

Proof. The estimate (2.30) is established by using a similar (but simpler, because
there is no nonlinear term in the equation) argument as that used in the proof of
Theorem 2.9. To see that (2.31) is true, note that

t T
/OWb(th)fQ,T)dT §/0 HWb(t7T)f('aT)”C([T,T]t;HS(I))dT

C([0,T];H= (1))
T
SC/HﬂﬂNmmm
0
and

t T
Atma—TmemT sA IWalt = 7)) oo ottoes oy A7

L2(0,T;H+1(I))

T
<C [ 156 e
0

Moreover, using the same argument as that used in the proof of Proposition 2.17 in
[4] yields

31/0 Wy(t —7)f(-,7)dr

sup
xel

T
< C/ £ G ) rydr
L2(0,T) 0

Inequality (2.31) then follows by combining the above three estimates. The proof is
complete. 0

We have the following estimate by direct calculation.

LEMMA 2.12. Let a be a C' function satisfying

la(@)] < CA+[plP), o' (W) < CL+|ulP™Y)  for any pe R
with p > 1. There exists a constant C' such that
ool rmscay < OTY (14 Julys g + [l ) ol for any u, v e Yar.

Using the notation of the semigroup Wj(t), the nonlinear IBVP (2.1) may be
written in the following integral form:

u(t) = Wiy(t)é — /0 Wt — 7)a(u(-, 7))uu(-, 7)dr.

The same arguments as those in the proof of Propositions 2.6 and 2.7 lead to the
following (local) well-posedness result for the IBVP (2.1).
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THEOREM 2.13. Let b€ HY(I), let a be a C? function satisfying
la(w)| < CA+ufP), |d' ()] < CA+pP™),  |a"(w)] < CA+pfP™?)  for any p e R

with p > 2, and let j =1 or 3 be given. Then for any ¢ € X; there exists a T* > 0
depending only on ||¢||x, such that the IBVP (2.1) admits a unique solution u € Yj p-.
Moreover, there exists a nondecreasing continuous function oj : R — RT such that

[ully; o < i (I8l1x0) 19l x; -

Remark. The well-posedness result presented in Theorem 2.13 is local in the sense
that the length of the time interval (0,7*) in which the solution exists depends on
the norm of the initial value ¢ in the space X;. In order to obtain the global well-
posedness result, one needs to establish the corresponding global a priori estimate for
the IBVP (2.1) in the space X7, which is not available. In fact, the only available
global a priori estimate for the IBVP (2.1) is the L2-estimate presented in Lemma
2.5. On the other hand, whether the IBVP (2.1) is well-posed in the space L?(I) in
the case of p > 2 is still an open question.

The next theorem shows that if ¢ € Xy, then the IBVP (2.1) admits one solution
u € Cy(RT; L2(I))NLE (RT; HY(I)).

THEOREM 2.14. Let a be a C? function satisfying
la(u)| < C(A+ufP), |d' ()] < CA+pP™).  |a"(w)] < CA+pfP™?)  for any pe R

with 2 < p < 4. Then, for any given ¢ € Xg, the IBVP (2.1) admits at least one
solution u € Cy,(RT; L2(I)) N L2 (RT; HY(T)).

loc

Proof. Let {ay} denote a sequence of functions in C§°(R; R) such that

(2.32) 0P () < CR+ulP~7)  Yn>0, VueR, j=0,1,2
(2.33) an(p) — a(pu) uniformly on each compact set in R.

Observe that |a, ()] < C(n)(1 + |u|) and |al,(@)] < C(n)(1 + |u|). According to

Proposition 2.6, there exists a (unique) solution u,, € C(R*; L?(I)) N L?>(R*; H (1))
of the modified boundary initial value problem

gy, + Oy, + Oty + ap (Un)Opty, + by, = 0,
(2.34) U (0,t) = up (L, t) = Opun(L,t) =0,

un(x,0) = o(x).

Let us introduce the functions
Ap(u) = / an (V) dv, A, (u) = / va, (v) dv.
0 0

According to Lemma 2.5,

(T2 = 6] 2200y — / Baun (0, 1)[2dt — 2 / / (2) [Pt

and

(c+1
[ [ e < PG g, s omio
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for any T'> 0 and n > 0. Thus {u,} is bounded in L>(R*; L2(I))NLE (R*; H} (1)),

and there exist a function u € L>°(R*; L?(I)) N L? (RT; H'(I)) and a subsequence
of {un}, again denoted by {u,}, such that

(2.35) U, —u in L®(RT; L3(I)) weak ,

(2.36) U, —u in L} (RT; H'(I)) weak.

To pass to the limit in (2.34) we have to pay some attention to the nonlinear term

an (Un)Optty, = Oz [An(uy)]. Let us introduce the function A(u fo v) dv. We aim
to prove that

Ap(uy) — A(u)  in D'(I; x (0,+00);).

We first prove the following claim.
Claim 1. Let T > 0 and o € (1, +1} Then A, (uy,) is bounded in L*(I x (0,T)).
Proof of Claim 1. Tt follows from (2.32) that

[Pt
+1

A, (w) <0<2|u+ )sc’<1+|u|p+1>

and
|An(u)|* < C"(1+ [u*PD),

where C’ and C” denote some positive constants which depend only on C, p, and a.
Therefore

/ / ()| *dzdt < C" <TL+ / / |, |2 PV da:dt)

T
a(p+1)—2
<o <TL+ / el ry - |32 ) dt)

1 14+ 0(:02-%—1) a(p+1)—2
<o (rra ol / Bunll ot ).

< 2, the result in Claim 1 follows from Lemma 2.5. 0

Next we prove the following claim.

Claim 2. Let T and « be as in Claim 1. Then the sequences {a,, (u,)0,u,} and
{0yu,,} are bounded in L*(0,T; H2(I)).

Proof of Claim 2. Notice first that LY(I) ¢ H~1(I) (as H}(I) C L*>(I)); hence
U (U )Optly, = Oy [Ap(uy)] is bounded in L*(0,T; H=2(I)). Clearly, d3u,, is bounded
in L2(0,T; H=2(I)) and O, uy, +bu, is bounded in L?(0,T; L?(I)), so we conclude that
Optn, = —(2up + Optiy, + an(un)dpun + buy,) is bounded in LY(0,T; H2(I)). 1]

As the first embedding in HE(I) c L*(I) ¢ H~%(I) is compact, we infer from
[33, Cor. 4] that the sequence {u,} is relatively compact in L2(0,T; L*(I)) for each
T > 0. Therefore, extracting a subsequence of {u,} again denoted by {u,}, we have
that

(p+1)—2
As %

(2.37) U, — u (strongly) in L} _(RT; L*(I)) and a.e.
Using (2.33) and (2.37), it is easy to see that
Ay (un(z,t)) — A(u(z,t)) for ae. (z,t) € (0,L) x RT.
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On the other hand, picking any « € (1, I%], we deduce from Claim 1 that there exists
a function g € L (R*; L*(I)) such that (for a subsequence)

An(un) =g in L*((0,L) x (0,T))

for any 7' > 0. The following lemma is an easy consequence of the Egoroff theorem.
LEMMA 2.15. Let Q be an open set in R, and let {f,} be a sequence of functions
in LP(Q) (with 1 < p < 00) such that fr, — f in LP(Q) and f,(z) — g(x) a.e. Then
f(@) =g(z) ae
We infer from Lemma 2.15 that g(x,t) = A(u(z,t)) a.e. Therefore,

An(un) — A(u) inD'((0,L) x RT),
and taking the spatial derivative, we obtain
(2.38) an(Un)Optty, — a(u)dzu in D'((0,L) x RY).

Gathering (2.37) and (2.38) together, and taking the limit in (2.34), we conclude that
u solves the equation in (2.1) in the sense of distributions.

Since wu, is bounded in L>(0,T;L3*(I)) (see (2.17)) and dyu, is bounded in
L2(0,T; H-%(I)) (with a > 1), we infer from [33, Cor. 4] that for a subsequence,
again denoted by {u},

(2.39) up, —u in C([0,T), H"(I)) for any T > 0.
In particular,

u(0) = nllg-loo ur (0) = ¢.
As u € L>(0,T;L*(I)) N Cyu([0,T], H1(I)), we deduce from [36, Lem. 1.4, p. 263]
that u € C\,([0,T], L*(I)). O
DEFINITION 2.16. A function v € Cy,(RT;L*(1)) N L}, (R Hi(I)) is said to
be a weak solution of (2.1) if there exist a sequence {a,} of functions in C§°(R;R)
satisfying (2.32) and (2.33) and a sequence of strong solutions u, to (2.34) such that
(2.35), (2.36), (2.37), and (2.39) hold true.

3. Exponential stability. In this section we study the long time behavior of
weak solutions of (2.1). The goal is to show that any weak solution of (2.1) decays
exponentially in the space L?(I). As a weak solution of (2.1) may fail to be unique,
the concept of exponential stability has to be generalized in the following way.

DEFINITION 3.1. System (2.1) is said to be locally uniformly exponentially stable
in L2(I) if for any r > 0 there exist two constants C > 0 and v > 0 such that for any
¢ € L2(I) with ||¢||r2(ry < r and for any weak solution u = u(z,t) of (2.1), it holds
that

(3.1) luCOl[Z2) < CllgllTope™" vt 0.

If the constant v in (3.1) is independent of r, the system (2.1) is said to be globally
uniformly exponentially stable in L(I).

We first show that the system (2.1) is locally uniformly exponentially stable in
L3(I).
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PROPOSITION 3.2. Assume that a = a(u) is a C? function which satisfies
la(u)| < C(+ufP), |a' ()] < CA+pP™),  |a"(w)] < CA+|pfP~?)  for any p e R

with1 < p < 4 and b € L?(I). Then the system (2.1) is locally uniformly exponentially
stable in L*(I).

The following Carleman estimate [27, Prop. 2.3] will play a great role in establish-
ing the unique continuation property of the GKdV equation as described by Lemma
3.4.

LEMMA 3.3. Let T and l be positive numbers. Then there exist a smooth positive
function ¥ on [0,1] and two constants Cy > 0, so > 0 such that for any

(3.2) q € L*(0,T; H3(0,1)) N H*(0,T; L*(0,1))
fulfilling
Q(Oat) = q(l’t) = 3mQ(lat) = a:%‘](lat) =0

and for any s > so we have

T & , $3 , s . 2505(2)
/0/0 {t5(T—t)5q| t o 0=t 1% }eXP (—t(T_t)> dxdt

. < 3 2 .

(Notice that Lemma 3.3 is stated in [27] under the extra assumption that ¢ €
C3([0,1] x [0,T]), but (3.2) is what is really needed to perform the computations.)
LEMMA 3.4. Letl >0 and T > 0. Ifv e L>(0,T; H*(0,1)) solves

O + 0,0 + a(v)dpv + 20 =0 in (0,1) x (0,T),
v(0,t) =0 for a.e. t € (0,7),
v=0 in (I',1) x (0,T)

with a € CO(R;R) and 0 < I' <1, then v =0 in (0,1) x (0,T).
Proof. As the function v is not expected to fulfill (3.2), we have to smooth it. For
any function v = u(x,t) and any h > 0, we set

1

t+h
ulM(z,t) = f/ u(zx, s) ds.
h Ji

Recall that if u € LP(0,T;V), where 1 < p < 400 and V denotes any Banach space,
then ull € WP(0,7 — h; V), [[u™|| 1o 0. 7—n:v) < [|ullLo(o.7;v), and for p < oo and
T'<T

u" —u in LP(0,7';V) as h — 0.

Pick any T’ < T. Then for any small enough number h, v!"l € W1°(0,7; H}(0,1)),
and vl" solves

(3.4) At + 9,0 4 930N 1 (a(v)d,0)M =0 in (0,1) x (0,T"),

(3.5) oM (0,£) =0 in (0,77),
(3.6) o =0 in (1) x (0,T").
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As v € L>=(0,T; H'(0,1)), a(v)d,v € L>(0,T;L?(0,1)); hence it follows from (3.4)
that vl € £°0(0,77; L2(0,1)) and so v!") € L>(0,T"; H3(0,1)). Tt follows then from
Lemma 3.3 that for any s > sy we have

i >'32 vor }eXp( rr) et
<00/ /| 0),v) h]|2€xp( (;ﬁ”(x))) dxdt
<2C’0/ / la(v)d 0| exp( t?jsj’b( ))> dxdt

+200/ / [(a(v)0,v) [h] —av )@cv[h”z exp <_t?;’/}(—x7)§)> dxdt

=1L+ Is.
We first estimate I3. Since a(v) € L*°(0,T; L*°(0,1)), we have
2s¢(x)
. L <
(3.8) 1 C/ / |8, vl eXp( W —1) dxdt

for some constant C which does not depend on h. Comparing the powers of s in the
right-hand side of (3.8) with those in the left-hand side of (3.7), we deduce that the
term I; in (3.7) may be dropped by increasing the constants Cj and sq in a convenient
way. From now on, we fix s, say, to the value s5. We claim that Is — 0 as h — 0. As

exp(— i(s%q,/’_(g ) <1, it is sufficient to prove that

(3.9) (a(v)0,0)M = a(v)dv  in L2(0,T7; L*(0,1)),
(3.10) a(v)d,0" — a(v)dyv  in L2(0,T7; L*(0,1)).
Property (3.9) is obvious for a(v)d,v € L*(0,T; L*(0,1)), and (3.10) follows from the

fact that a(v) € L*(0,T; L°°(0,1)) and that v € L?(0,T; H(0,1)). We conclude that
as h — 0 the integral term

3
50 h] |2
//{t5 S+ g 0l

i g R e (g ) e

tends to 0. On the other hand, v!") — v in L?(0,7’; L?(0,1)). Tt follows that v = 0
n (0,1) x (0,77). As T" may be taken arbitrarily close to T, we infer that v = 0 in
(0,1) x (0,T). This completes the proof of Lemma 3.4. O
The following unique continuation property is a direct consequence of Lemma 3.4.
LEMMA 3.5. Let L > 0 and T > 0 be two real numbers, and let w C (0,L) be a
nonempty open set. If v € L>(0,T; H(I)) solves

Opv + 90 + a(v)0pv + 030 =0 in (0,L) x (0,T),
v(0,t) =v(L,t) =0 forae te(0,7),
v=0 inw x (0,7T)

with a € C°(R;R), then v =0 in (0,L) x (0,T).
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Proof. Without loss of generality we may assume that w = (Iy,l3) with 0 <
li <ly < L. Pick I = (l; +13)/2. Applying Lemma 3.4 to the function v(z,t) on
(0,1) x (0,T) and then to the function v(L—z,T—t) on (0, L—1) % (0,T), we conclude
that v =0 on (0,L) x (0,7T). 0

Now we are in a position to present the proof of Proposition 3.2.

Proof of Proposition 3.2. First, notice that if u is a weak solution of (2.1) emanat-
ing from a given initial state ¢ € L?(I), then by Lemma 2.5 there exists a constant
C)p depending only on p such that for any 7" > 0,

T T L
(311 D) Bagry = 1612, — / 10,u(0, 1) dt — 2 / / bluf? dadt

and

L+((C+1)T 8t
(3.12) 0zl 2207021y < f”ﬂﬁﬂm o+ CoT ol 2 (-

On the other hand, multiplying (2.1) by (T — t)u yields
T L T
Tl = [ [ luteoPdsdes [T - 0jou0.0d
o Jo 0

(3.13) +2/OT /OL(T—t)bu(x,t)|2dxdt.

We now proceed as in the proof of [24, Thm. 3.1]. Let » > 0 be given. The proof
would be complete if the following claim is true.

Claim 3. For any T > 0 and any r > 0 there exists a positive constant C' = C(r,T)
such that for any weak solution u issuing from a state ¢ € L*(I) with ||@|[p2(r) < T,
it holds that

(3.14) ||¢|§2(,)<c</ |8u0t|dt+2/ / |uxtdxdt>

Indeed, if Claim 3 is proved, then it follows from (3.11) and (3.14) that there
exists a constant v € (0,1) such that

lul, KD[Z2 ) <A N¢lT2y VB> 0.
Since ||u(:,t)||z2(ry < ||u(-, kT)||p2(r) for KT <t < (k +1)T, we readily obtain

logy
a2 < ;Ilqﬁ\l%z(z)e T

from which the result stated in Proposition 3.2 follows.

To prove Claim 3, because of the identity (3.13), it is sufficient to show that there
exists some constant C7; > 0 such that

T L
(3.15) / / lu2dxdt < Cy (/ |0,u(0, 1) |2dt+2/ / u|2dxdt>
0 0

provided that ||u(.,0)||z2(;y < 7. To this end, we argue by contradiction.
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Suppose that (3.15) fails to be true. Then there exists a sequence of weak solutions
up € Cy([0,T); L2(1)) N L%(0,T; HY(I)) of (2.1) with

(3.16) ||un(-,0)||L2(1) <r
and such that

, lwnllZ 207021y
nkrfoo T 2 Tk 2 = e
Jo 102un(0,0)[2dt +2 [ [, b(x)|un|>dzdt

Let An = [|un||z2(0,7;02(1)) and v, (2,t) := un(2,t)/A,. Notice that A, is bounded
from above, according to (3.11) and (3.16). Hence, extracting a subsequence if needed,
we may assume that

Ap — A > 0.
Then v,, fulfills

Dyvpn + 020, + Opvn + a(Apvn)0pvy + by, = 0,
v (0,8) = v (L, t) = Oy, (L, t) =0,
llonllz2(0,7;02(1)) = 1

and

T T L
/ |8mvn(0,t)|2dt+2/ / b(x) v, |*dxdt — 0
0 0 0

as n — +oo. It follows from (3.13) that |[v,(.,0)|[z2(r) = [lun(.,0)/Anllr2(ry is
bounded. Noticing that

laQAnp)] < O+ [Anf?|ul?) < C"(1+ |pl?),

where C’ denotes a positive constant which does not depend on p and n, we obtain
from (3.12) applied to v, that v, is bounded in L2(0,T; H}(I)). Proceeding as in
the proof of Claim 2, it is easily seen that a(A,v,)0,v, and Oiv, are bounded in
L2(0,T; H2(I)) with a > 1. Extracting a subsequence, we may assume that

(3.17) vp — v in L0, T; L*(I)) weak *;

(3.18) v, — v in L*(0,T; Hy (1)) weak;

(3.19) vy — v in L*(0,T; L*(I)) and a.e.;

(3.20) v, — v in C([0,T], HY(I));

(3.21) a(Anvn)0zvn — a(Av)dyv in D'(I x (0,7)).

It follows that v solves

(3.22) O + 030 4 v + a(Mv)dpv +bv =0 in D'(I x (0,T)),
(3.23) v(0,t) = v(L,t) = 0,v(L,t) = 0.

Moreover, ||v||r2(0,7;02(r)) = 1 and 0 = fOT fOL b(z)|v|* dzdt; hence
v=0 onwx(0,7T).

To conclude, the following result is needed.
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LEMMA 3.6. Let 0 < t1 < to < T. Then there exists a subinterval (t},t5) C
(t1,t2) such that v € L>(t),th; H(I)).

Proof of Lemma 3.6. C will denote here a constant which may vary from line
to line. Using (2.39) for each weak solution w,, we may pick a sequence {a,} in
C§°(R; R) fulfilling (2.32) and such that, if w,, denotes the solution of

Opwy, + 03wy, + Opwy + an(Apwy)Opwy, +bw, =0, x € (0,L), t>0,
’wn(ﬂf, 0) = Un('ra 0)7

wp(0,1) = wy (L, t) = Oywp (L, 1) =0,
we have as n — o0
(3.24) vy —wy, — 0 in C([0,T], H1(I)).
As

HwnHL?(O,T;Hl(I)) <C,

we may pick a sequence {7, } in (t1, (t1412)/2) such that 7, — 7 and ||w, (7,)|| 51 (1) <
C'. Using (3.20) and (3.24) we obtain that

W (7o + ) = v(r+) in C([0,e], HH(I))
for any € < (tg — t1)/2. According to Theorem 2.13, for ¢ sufficiently small,
l[wn (T + Lo 0,501 (1)) < C5

hence v € L (1,7 +¢; H'(I)). d

Lett; € (0,T), and let t5 € (t1,T). According to Lemma 3.6, v € L (¢}, th; H(I))
for some interval (¢],t5) C (t1,t2). It follows then from Lemma 3.5 that v = 0 on
(0, L) x (#},t5). As ty is arbitrarily close to ¢1, we obtain by continuity of v in H=1(I)
that v(.,#) = 0. Thus v = 0, which contradicts the fact that ||v||z2(0,7;r2(1)) = 1. The
proof is complete. 0

Now we present the main result of this paper, asserting that the system (2.1) is
globally uniformly exponentially stable in the space L*(I).

THEOREM 3.7. Assume that a = a(u) is a C? function which satisfies

la()] < CA+|pI?),  |d'(w)] < COA+pP™), o (w)] < CA+|p"~?)  for any p € R

with 1 < p < 4 and b € L*(I). Then the system (2.1) is globally uniformly exponen-
tially stable in the space L*(I); i.e., there exist a v* > 0 and a continuous nonnegative
function ag : RT — RY such that for a given ¢ € L?(I), any weak solution u of (2.1)
satisfies

(-, O)lz2r) < @o(lgll2n)e™ ™ ¥ t=0.
Proof. By Proposition 3.2, there exists a v* > 0 such that if
lAlle2cny <1,
then the corresponding solution u of (2.1) satisfies

(3.25) la(Dllzzry < Clléllzme™ " V20
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for some constant C' > 1 which depends only on [[¢|[z2(s). In addition, for a given
r > 0, there exist two constants C, > 0 and v, > 0 such that if ||¢[|z2(;) < r, then
any weak solution u of (2.1) satisfies

luC Ollz2y < CrlldllL2e™" V=0
Consequently, setting T, := v, ' In(rC,.), we have that
[ul 2y < Cllut, T)llzpe™ ¢ V> T,

< OC|9l|p2ne” e YV it>0.

The proof is complete. ]
For a given function v = u(x,t), a real number s > 0, and an interval (a, b), define

1/2
”UHY(GJ,) = (||U||20([a,b];Hs(1)) + \|U||2L2([a,b];Hs+1(1)) + ||3x7f||zc([o,L};L2(a,b))) :

As a direct corollary of Theorem 3.7 and Lemma 2.5, we have the following result.
COROLLARY 3.8. Under the assumptions of Theorem 3.7, there exists a v* > 0
such that for any T > 0 and ¢ € L?(I), there exists a nonnegative continuous function
apg: RT x RT — RY such that any weak solution u of (2.1) satisfies
lullys ., < oo(l6laqy The"

for any t > 0.

Under the assumptions of Theorem 2.9, if ¢ € H*(I) with 0 < s < 3 satisfies the
compatibility conditions (1.16), then the corresponding solution w of (2.1) belongs to
the space C(RT; H*(I)). Our next theorem shows that the system (2.1) is globally
uniformly exponentially stable in the space H3(I). First, we show that the system
(2.1) is globally uniformly exponentially stable in the space H?(I) if ¢ € H3(I) as
described below.

PROPOSITION 3.9. Under the assumptions of Theorem 2.9 with a(0) = 0 addi-
tionally, there exist a v* > 0 and a continuous nonnegative function az : R* — RT
such that for any ¢ € H3(I) satisfying the compatibility conditions, the corresponding
solution u satisfies

[u( Ol sy < as(lgllLza)@llase ™" V=0
Proof. Let v = u;. Then v solves the following IBVP linearized KdV equation:
v + Opv + Oz (a(u)v) +bv + v =0, x€(0,L), t>0,

(326)  { v(@,0) = 6" (a),
v(0,t) =0, wv(L,t) =0, wv,(L,t)=0,
where

¢" =—¢" —a($)¢’ — ¢' — bo.

Note that ¢ € H3(I) implies that ¢* € L?*(I) and that there exists a constant
C = C(||||r2(r)) such that [|¢*| 21y < C(||@]lmz(r)) for any ¢ € H3(I). The same
argument as that in the proof of Proposition 2.6 shows that

(327) ||U||YO,T < U(||UHY0,T)H¢*”L2(I)7
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where ¢ : RT — RT is a nondecreasing continuous function. By the semigroup
property of the system (3.26), we can rewrite (3.27) as

(328) ||UHYO,[t,t+T] < O—(||u||YO‘[t,t,+T] ) ||U('7 t)||L2(I)

for any ¢ > 0, where Yy 4 1477 is defined as Yy 7 =: Y{ [o,7). Using the notation of the
semigroup Wp(t), the solution v of (3.26) may be written as

t
v(t) = Wy(t)o™ — / Wy (t — 7)(a(u)v), (T)dr.
0
According to Proposition 3.2 (with a = 0), u (z,t) = Wy(¢)¢* () satisfies
lus (5 Ol r2ry < Ce™* 6 lL2ry Yt 20,

where C' and « are some positive constants independent of ¢*. In addition, by Lemma
2.3, ua(x,t) = [ Wy(t — 7)(9x(a(u)v))(7)dr satisfies

lua (- D) < Crllully, ,Mvllvo -
Thus,
o, T)ll 22y < Cre™ 9% | 2ry + Collully, o (lullye )67 L2 1)
Let y, = v(-,nT) for n =0,1,2,..., and let w be the solution of the IBVP
0w + Opw + Oz (qu) +bw + 3w =0, x€(0,L), 0<t,
(3.29) w(z,0) = yn,
w(0,t) =0, w(L,t)=0, wgy(L,t)=0

with ¢(z,t) = a(u(z,t +nT)). Then y,+1(x) = w(z,T) by the semigroup properties
of the system (3.26). Consequently, we have the following estimate for y,,y1:

lyn+illzzy < Cre™lynllzacy + Callully, o osymy O Ul oyl 20y
for any n > 0. Choose T and 3 such that
Cre T =~ <1
and
v+ CyfPo(B) =r < 1.
In addition, according to Corollary 3.8, one can choose N > 0 such that
lullvo o nsnyry < B ¥n>N.
Consequently, for such chosen T and N,

lyntillezay < rllynllzzay  Vn>N.

This inequality implies that there exists a v* > 0 such that

(3.30) |[v(, )Lz = 0eu t)llz2(ry < Cas (Illz2(n)) bl mane™ " V>0
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Then, using (3.28) and Corollary 3.8 yields that

(3.31) [0/l imy < 0 (16llz2(r)s T) N @llaza e

for any ¢t > 0. In particular,

lwell L2 errsm () < aa (9ll2y), T) ||¢HH3(I)€7V*t
and

vt

lull L2t e (1)) < @0 (|9llL2n), T) €~

for any ¢t > 0. Consequently,

la(u(-, £))0eul, )l 2y + 10:u Ol 2y < as (|10)l 22y T) |16l macne ™

for any t > 0.
The conclusion of Proposition 3.9 follows from the above estimates, since

O3u = —0u — a(u)dyu — Opu — bu.

The proof is complete. 0
THEOREM 3.10. Let a be a C function satisfying a(0) = 0 and

la(w)] < CA+ulP), (W] <CA+|pP~")  for any peR

with 1 < p < 2. Then there exists a v > 0 depending only on L such that for any
¢ € L*(I) and any € > 0, the corresponding solution u of (2.1) belongs to the space
C(R*™*; H3(I)) and satisfies

u(-, )| sy < Cee™ Vi>e

for some constant C. > 0.
Proof. Tt follows directly from Corollary 2.10 and Proposition 3.9. ]
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