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LOCAL EXACT CONTROLLABILITY AND STABILIZABILITY OF
THE NONLINEAR SCHRODINGER EQUATION ON A BOUNDED
INTERVAL*
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Abstract. This paper studies the exact controllability and the stabilization of the cubic
Schrédinger equation posed on a bounded interval. Both internal and boundary controls are consid-
ered, and the results are given first in a periodic setting, and next with Dirichlet (resp., Neumann)
boundary conditions. It is shown that the systems with either an internal control or a boundary
control are locally exactly controllable in the classical Sobolev space H® for any s > 0. It is also
shown that the systems with an internal stabilization are locally exponentially stabilizable in H* for
any s > 0.
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1. Introduction. In this paper we study the nonlinear Schrodinger equation
(1.1) iug + Mu|*u + Uge = 0,

where u = u(z,t) is a complex-valued function of two real variables x and ¢, the
subscripts denote the corresponding partial derivatives, and the parameter \ is a
nonzero real constant. The equation arises in various physical contexts as a model for
propagation of nonlinear waves. In optics, it may serve as a model of wave propagation
in fiber optics, the function u represents a wave, and the equation describes the
propagation of the wave through a nonlinear medium. The equation is also used as
a model for some water waves to describe the evolution of the envelope of modulated
wave groups. The value of the nonlinearity parameter A\ depends on the relative water
depth. For deep water, with the water depth large compared to the wave length of
the water waves, X is positive and envelope solitons may occur [27].

Our main concern in this paper is control and stabilization of the system described
by (1.1). Consideration will be first given to internal control of the Schrodinger
equation

(1.2) g 4+ MulPu + gy = f

posed on the finite interval (—m, 7) with periodic boundary conditions

(1.3) u(—m,t) = u(m,t), Uy (=7, 1) = ug(m, ),

or posed on the finite interval (0, 7) with either the Dirichlet boundary conditions

(1.4) u(0,t) =0, u(m,t) =0,
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CONTROL OF NONLINEAR SCHRODINGER EQUATION 973

or the Neumann boundary conditions
(1.5) uz(0,1) =0, ug(m,t) = 0.

Here f = f(z,t) is a given function considered as a control input. Without loss of
generality, we assume that A takes the value of 1 or —1 and restrict our attention to
controls of the form

(1.6) flz,t) = iGh :=ig(x)h(x,t),

where g, called a controller, is a given nonzero real-valued smooth function with its
support contained in the domain (—m, ) in the case of periodic boundary conditions,
or in the domain (0,7) in the case of Dirichlet boundary conditions or Neumann
boundary conditions, and h(z,t) is a new control input.

Then we will turn to boundary control of the nonlinear Schrédinger equation

(1.7) g 4 Uge + ANu?u =0

posed on the finite interval (0, 7) with either the Dirichlet boundary conditions
(1.8) u(0,t) = h(t), u(m,t) =0

or the Neumann boundary conditions

(1.9) uz(0,t) = h(t), ug(m,t) =0,

where the boundary value function A will be considered as a control input.
In this paper, the focus of our study is the following two control problems.
Exact controllability problem: Let T > 0 be given. Given the initial
state ug and the terminal state u; in an appropriate space, can one find a
control h such that system (1.2)—(1.3) (resp., system (1.2)—(1.4) or system
(1.2)—(1.5)) admits a solution u(x,t) satisfying

u(z,0) = uo(x), u(z,T) = ui(x)?

Stabilizability problem: Can one find a linear feedback control law h = Ku
such that the resulting closed-loop system is exponentially stable?

Control and stabilization problems of the Schrodinger equation have received a
lot of attention in the past decade.! While significant progresses have been made for
the linear Schrodinger equation on its controllability and stabilizability properties (cf.,
e.g., [4, 10, 8, 11, 12, 13, 14, 15, 17, 16, 20, 21]), there are only a few results for the
nonlinear Schrodinger equation. Illner, Lange, and Teismann [6, 7] considered internal
controllability of the nonlinear Schrédinger equation posed on a finite interval with pe-
riodic boundary conditions. They showed that the system (1.2)—(1.3) is locally exactly
controllable in the space H)(—m, ) := {v € H'(—m,7) : v(—7n) = v(r)}. Their ap-
proach is based on the well-known Hilbert uniqueness method (HUM) and Schauder’s
fixed point theorem. Later, Lange and Teismann [9] considered internal control of the
nonlinear Schrédinger equation (1.2) posed on a finite interval with the homogeneous
Dirichlet boundary conditions (1.4) and established local exact controllability of the
system (1.2)—(1.4) in the space H}(0,7) around a special ground state of the system.

IThe readers are referred to Zuazua [29] for an excellent review on recent progresses of this
subject up to 2003.
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974 LIONEL ROSIER AND BING-YU ZHANG

Recently Dehman, Gérard, and Lebeau [5] studied internal control and stabilization
of a class of defocusing nonlinear Schrodinger equations posed on a two-dimensional
compact Riemannian manifold M without boundary. They demonstrated, in particu-
lar, that the system is semiglobally exact controllable and semiglobally exponentially
stabilizable in the space H'(M) assuming both the geometric control condition and
the unique continuation property® are satisfied.

There are two natural energy spaces associated with the nonlinear Schrodinger
equation (1.2), namely L2(I) or H'(I). Here I stands for either the interval (—, )
or the interval (0,7). Indeed, let u be a smooth solution of (1.2) with the control
input h = 0 satisfying one of the boundary conditions (1.3), (1.4), and (1.5). Then it
satisfies the following two conservation laws:

Bo(t) = [ Ju(e. 0 dz = E0)
and
Bu(t) = /1 (2, 1) 2 — %/I|u(a:,t)|4da: — B(0)

for any t € R. While the local exact controllability of (1.2) has been established in
the space H(I) in [7] and [9], it would be interesting to know whether the nonlin-
ear Schrodinger equation (1.2) is exactly controllable in the space L2(I) or in other
Sobolev spaces H*(I) with s > 0.

One of our main objectives is to establish local exact controllability of (1.2) in
the space H*(I) for any s > 0. In order to describe precisely our results, we introduce
the following notations.

Let

or(x) = L ik k=0,+1,+2
k \/E 3 5 P

Then {¢y}{>° . forms an orthonormal basis in the space L*(—m, 7). We may define

the Sobolev space H,, := H;(—m,m) of order s (s > 0) as the space of all 2m-periodic
functions

v(r) = Z UK ()
k=—oc0
such that
(1.10) { > |vk|2(1+|k|)25} < 0.
k=—oc0

The left-hand side of (1.10) is a Hilbert norm for Hy; we denote it by [v[|s. In
addition, let

C5a(0.m) = {v € C[0,7); v®I(0) =0 (m) =0, k=0,1,2,...}

and

Co.n,(0,m) = {v e =0, n); vV (0) = v V(7)) =0, k=0,1,2,.. } .

2See [5] for exact descriptions of these two conditions.
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Obviously, both C25,(0,7) and Cg5,,,(0,7) are subspaces of H*(0,w) for any s > 0.
Let H?,;(0,m) and H,.,(0,7) be the closure of C25,(0,7) and C2,,,(0,7) in the
space H*(0,7), respectively. Note that H?, ,(0,7) = H? . (0,7) = L?(0,7) and
H;y4(0,7) = Hg(0, ).
We have the following local controllability result for system (1.2)—(1.3).
THEOREM 1.1. Let T'> 0 and s > 0 be given. There exists a § > 0 such that for

any uo, w1 € Hy(—m, ) satisfying
l[uolls <4, l[ualls <4,

there exists a control h € L*([0,T]; H3(—m,m)) such that the system (1.2)~(1.3) admits
a solution u € C([0,T]; Hy(—n, 7)) satisfying

u(z,0) = uo(x), u(z, T) = up(x).

For the Schrodinger equation (1.2) posed on the finite interval (0,7) with the
Neumann boundary conditions (1.5), we have the following local controllability result.

THEOREM 1.2. Let T > 0 and s > 0 be given. There exists a § > 0 such that for
any ug, w1 € HZ,.,,(0,7) satisfying

ol s (0,m) < 0, lusll s 0,7y < 65

there exists a control h € L*([0,T); H*(0,7)) such that the system (1.2)—(1.5) admits
a solution u € C([0,T); H,.,,(0,7)) satisfying

u(z,0) = uo(x), u(z, T) = up(x).

A similar result holds for the Schrodinger equation (1.2) posed on the finite in-
terval (0, 7) with the Dirichlet boundary conditions (1.4).

THEOREM 1.3. Let T'> 0 and s > 0 be given. There exists a § > 0 such that for
any uo, w1 € H,,(0,m) satisfying

ol ms 0,x) < 6, 1wl s 0,7y < 6,

there ezists a control h € L*([0,T]; H*(0,7)) such that the system (1.2)—(1.4) admits
a solution v € C([0,T); H:,,(0,7)) satisfying

u(z,0) = ug(x), u(z, T) = up(x).

For s > 0, let HZ . be the closure of the set {v € C[0,x];0) (1) = 0,k =
0,1,2,...} in the space H*(0,7) and H; . be the closure of the set {v € C*[0,7];
v+ (1) =0,k =0,1,2,---} in the space H*(0,7) for any s > 0. Then we have the
following boundary controllability results for the systems (1.7)—(1.8) and (1.7)—(1.9).

THEOREM 1.4. Let s > 0 and T > 0 be given. There exists a 6 > 0 such that

(a) for any uo, u1 € HZ (0, m) satisfying and

lwoll ms (0,x) < 95 vt ll s 0,7) <6,

there exists a boundary control h such that the system (1.7)—(1.8) admits a
solution u € C([0,T7; H; (0,7)) satisfying

u(z,0) = uo(x), u(z, T) = up (x);
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976 LIONEL ROSIER AND BING-YU ZHANG
(b) for any uo, w1 € Hj (0, 7) satisfying

lluoll s 0,7y < 6, vl s 0,m) <6,

there exists a boundary control h such that the system (1.7)—(1.9) admits a
solution u € C([0,T]; H; (0,7)) satisfying

u(z,0) = uo(x), u(z, T) = up(x).

Remarks.
(i) The same results hold if we apply a boundary control h on the right end of
the domain =z = 7.
(ii) As it will be demonstrated in the proof in section 3, the boundary control h
is taken as the trace of a function w € C([0,T]; H*(—e, 7)) at = 0, which is
a solution of the system
W + Wez + Mw|?w = ig(x)h(x,t), x € (—e,m),
w(_evt) = w(ﬂ-at)v wm(_eat) = wm(ﬂ-at)'
Our other main objective in this paper is to study stabilizability of system (1.2)—

(1.3). We will show that it is locally stabilizable in H;(—m,7) (s > 0) by the feedback
law

h(z,t) = —g(z)u(x,t).

THEOREM 1.5. Let s > 0 be given. There exist some positive constants §, C, and
v such that every solution of the system

(1.11) iy + U + MuPu = —ig?(z)u, u(z,0) = uo(x)
(1.12) u(—m,t) = u(m,t), Uy (=, t) = u(m,t)

issued from an initial state ug € Hy(—m,m) with |[ug||s < & satisfies

(1.13) llu@®)|]s < Ce "H|luolls ¥Vt >0.
Remarks.
(i) In Theorem 1.5, the regularity of g may be weakened to g € L>°(—m, ) for
s =0, and to g € Hj(—m,m) for s > 1/2. The solution of (1.11)~(1.12) is
proved to exist and to be unique in some restricted Bourgain space.
(i) The L? norm of any solution of (1.11)—(1.12) is nondecreasing whatever be
A. Indeed, a simple computation gives

T ) Pdn— [ Juo(x) 2ds = —2 e lu(z, t)[%g(z) dz.
- - 0J—m

We conjecture that when s = 0 Theorem 1.5 is valid for any § > 0, i.e., that
a semiglobal stabilization occurs in L?(—m, ).
(iii) Similar results may be derived for the systems with either Dirichlet or Neu-
mann boundary conditions.
Our next theorem presents a local stabilization result for a general nonlinearity
in the Sobolev space Hy(—m, ) with s > 1/2.
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THEOREM 1.6. Let s > 1/2, and let F' : C — C be a continuous function such
that for some positive constants r, C, and N it holds

1E(w) = F)lls < C (Ilull" + 0I5 llu = vlls

for all u,v € Hy(—m,m) with |lul|ls <7, [|[v|[s <r. For any p >0, let B, denote the
space

B, = {u € C(RY; Hy(—m,m)); ||e“tu(t)‘|LOO(R+7H;(7WJ)) < oo}

endowed with its natural norm. Let the function g be as in Theorem 1.5. Then there
exist positive constants §, p, and K such that for any ug € Hy(—m, ) with |lug||s < d,
the system

(1.14) iU+ Uy + F(u) = —ig?(2)u, u(z,0) = uo(x)
(1.15) u(—m,t) = u(m,t), Uy (—m, t) = u(m,t)

admits a unique solution u € B,,, and it holds
lu@®)lls < Ke " [Juolls VYt >0.

To prove the above theorems we use the approach developed earlier by Russell
and Zhang [25] in dealing with control and stabilization problem of the Korteweg—
de Vries equation posed on a periodic domain. The associated linear systems are
studied first using the classical moment method which enables us to establish the
exact controllability of the associated linear systems in the space H*(I) for any s > 0.
The linear results are then extended to the nonlinear systems. During this process,
the Bourgain smoothing property [2, 3] for solutions of the Schrodinger equation
posed on a periodic domain plays a key role. In particular, this Bourgain smoothing
property seems indispensable in establishing the exact controllability of the system
(1.2)-(1.3) in the space L?(—m,m). The proof of exact controllability for systems
(1.2)—(1.4) and (1.2)—(1.5) is based on the following observation (see [1] for more detail
and its application in establishing well-posedness of nonhomogeneous boundary value
problems of the nonlinear Schrédinger equation posed on a bounded domain):

If w € C([0,T]; Hy(—m,m)) is an odd (even) function with respect to x-variable
and solves (1.1), then its restriction w = w(x,t) on the interval (0,7) belongs to the
space C([0,T); H*(0,7)) and is a solution of the system (1.1)—(1.4) (system (1.1)-
(1.5)). On the other hand, if w € C([0,T]; H*(0, 7)) solves system (1.1)—(1.4) (or
system (1.1)—(1.5)) and u is its odd (or even) extension to the interval (—m,m), then
u € C([0,T]; Hy(—m, 7)) and solves system (1.1)-(1.3).

Thus, one can reduce exact control problem of systems (1.2)—(1.4) and (1.2)-
(1.5) to that of system (1.2)—(1.3). Theorem 1.2 and Theorem 1.3 can be considered
as corollaries of Theorem 1.1. As for boundary control systems (1.7)—(1.8) and (1.7)—
(1.9), their exact controllability follows from internal controllability of systems (1.2)—
(1.4) and (1.2)—(1.5) by a standard procedure.

The paper is outlined as follows. In section 2, we establish the exact internal
controllability of the linear Schrodinger equation with periodic boundary conditions by
using the moment approach. In section 3, we derive the (internal or boundary) exact
controllability of the cubic Schrédinger equation with various boundary conditions.
The internal stabilization is investigated in section 4. In particular, the proof of
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978 LIONEL ROSIER AND BING-YU ZHANG

Theorem 1.5 is presented in this section. As for Theorem 1.6, its proof is similar to
the one in [18, Theorem 1.1] and is, therefore, omitted.

Finally, the readers are referred to [19, 22, 23, 24, 25, 28] and references therein
for the study of control and stabilization of another important nonlinear dispersive
wave equation, the Korteweg-de Vries equation.

2. Linear systems. We first consider the associated linear open loop control
system of the Schrédinger equation posed on (—m,7) with the periodic boundary
conditions:

(2.1)

1 + Vg = ZGhv U(ZIJ, 0) = ’Uo(ﬂf),
U(_ﬂ-v t) = U(?T, t)v Uz(_Tra t) = ’Ur(ﬂa t)v

where the operator G is defined by (1.6) and h is the applied control function.
Let A denote the operator

(2.2) Aw = iw"

on the domain D(A) = H}(—m,w). It generates a strongly continuous group W(t)
in the space L?(—m,m); the eigenfunctions are simply the orthonormal Fourier basis
functions in L?(—n,7)

1

on(z) = \/—z_ﬂem, k=0,+1,42,....

We have the following exact controllability result for the system (2.1).

THEOREM 2.1. Let T'> 0 and s > 0 be given. For any vo, vi € Hy(—m,7), there
exists a control h € L*([0,T); Hj(—m,)) such that the system (2.1) admits a unique
solution

veC([0,T);Hy(—m,m))
satisfying
v(z, T) = v1(x).

Proof. The system (2.1) can be rewritten as an abstract control system in the
space Hy(—m, ),

d
(2.3) %v(t) = Av(t) + Gh, v(0) = vp.
By the standard semigroup theory, for any s > 0, 7" > 0, vo € H,(—m,7), and
h e L*(0,T; Hy(—m,)), (2.2) admits a unique solution v € C([0,T}; H3(—m,m)). It

is familiar that the operator A, as defined in (2.2), has eigenvalues
Ay = —ik?

with the corresponding eigenfunctions ¢ for —oco < k < co. Relative to the basis
{é1r}>°,, the initial state vy and the terminal state v; have the expansions, convergent
in Hy(—m, ),

(2.4) v = Z Uk, Ok, Uk, j =/ vj(x)p(x)dr  for j=0,1

k=—oc0 -7
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CONTROL OF NONLINEAR SCHRODINGER EQUATION 979

and the solution v has the expansion

+oo
=3 e+ S [ e Gnrionte)

k=—oc0 k=—oc0
where
(Gh)p(t) = /7T g@)h(z,t)pr(z)dr, k=0,£1,£2,....

In order to find an appropriate control input h such that v(z,T) = v1(z), it suffices
to solve the following moment problem:

T
(2.5) Uk — Vg0 = / M= (Gh) (7)dr
0

for k=0,+1,....

Defining py (t) = e**, P = {pr | 0 < k < oo} may be seen, from the result in [26],
to form a Riesz basis for its closed span, Pr, in L?(0,T). Welet Q = {qx | 0 < k < oo}
be the unique dual Riesz basis for P in Pp, which fulfills

T
(2.6) /qja)pk(t)dt:akj, 0<j k<o
0

We take the control h in (2.1) to have the form

(2.7) Z hjq;(t)(Go;)(x),

]_700

where ¢g_; = g; for 7 > 0 and the coefficients h; are to be determined so that, among
other things, the series (2.7) is appropriately convergent. Substituting (2.7) into (2.5)
yields, using the biorthogonality (2.6),

us

wi=ma= 3 [ o [ ctGo @@ = | (Go

(2.8)
and for —oo < k < 00, k # 0,

bt — BT — T S g, / Ngt) [ GGy o)t

j=—00 o

(2.9) = hypeT /7r |(Gow)(x)|? da + h_pe T i Go_i(2)Gop(x)dx

—T

as G is a self-adjoint operator in L?(—m, 7). Since

/_ (Gon(w)f da = = / ¢ (x)dr = a,

—T
T

Go_(2)Gop(z)dx = QL /W g*(x)e 2k dy .= by,
L —

—T
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980 LIONEL ROSIER AND BING-YU ZHANG

for —oo < k < 00, (2.8)—(2.9) may be rewritten as

(210) Co = hQCL

{ c, = ahy + bh_j

(211) c_ =b_phr +ah_g

k=1,2,...

where ¢, = Uk7le*>‘kT — V0. As By = a? — bpb_y # 0 for any k > 0 and
klggo 1Bel = a*,
there exists a v > 0 such that
|Bk| >~ vV k>0.
Thus, it follows from (2.10)—(2.11) by the Gram’s rule that
(2.12) ho = a" ‘e, hi = By Hac, — c_xby), k=+1,+2,....

It remains to show that % defined by (2.7) and (2.12) belongs to L*([0, T']; Hy(—m, 7))
provided that vg, vy € Hy(—m, 7). To this end, let us write

+oo
(2.13) Goj(x) = > amor(@),
k=—o0
where
aji = Go;(x)pw(x)dx, —00 < j, k < o0.
Thus,
+oo +oo
h(z,t) = Z Z hja;rq;(t)or ()
j=—00 k=—o00
and
2
T +o0 I
s gy = [ D2 (D] 3 auhiay(o)
k=—o00 j=—00
2
+o00 T | +
-y (1+|k|)25/ S ahiei(t)] dt
k=—o00 0 Jj=—00
+o0 +o00
<e Yy (+RDP D (hylagl?
k=—oc0 Jj=—00
+oo +oo
(2.14) <e Il YD A+ kD lagl
j=—00 k=—oc0

where the constant ¢ comes from the Riesz basis property of Q in Pp. However,

1
N

3

laji| = |(Goj, k) L2(—rm)| = (905, D) L2(—mm)| = ‘
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CONTROL OF NONLINEAR SCHRODINGER EQUATION 981

where

+ oo

9= Z ImPm.-

m=—0oo

Hence,
lai]* < clgr—;I?

and

—+o0 —+oo

>+ ED el <e D> 1+ (k) |ge—4)?
k=—oc0 k=—oc0

+oo
<e Y (L k) |l

k=—oc0
+oo
< e+ 17D% Y (1 k) |gel?

k=—o0

<c(L+ 1Dl
We have by (2.14)

—+o0

||h||%2([O,T];H;(—7T,7T))SC Z (L4151 | llgll
j=—00
“+o0 T 2
. € VT U1 — V50
<cl| > (1+|J|)25‘ TR | gl
j=—o00 J
—+o0
§C$1;8|ﬂj|_2||9||§ > @+ 1307 (Jvjal? + vsol?)
J j=—o00

1
<csup—=l||g 2 (J|oy |12 + Vo 2).
sup |5j|2|| 15 (o]l + llvoll?)

With this the proof is complete. d

COROLLARY 2.1. Equations (2.5), (2.7), and (2.12) define, for s > 0, a bounded
operator ® :

h:(I)(Uo,Ul), Yvg, v1 EH;(—’]T,W)
from HS(—m,m) x H3(—m,7) to L*([0,T); H3(—m,)) such that
T
(2.15) W(T)vo + /0 W(T — 7)(G(®(vo,v1))) (-, 7)dT = 11

for any (vo,v1) € Hy(—m,m) x Hy(—m,7) and

(2.16) 1@ (vo, v1)ll 20,7313 (—,m)) < c(llvolls + [lvrlls),

where ¢ depends only on T and g.
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982 LIONEL ROSIER AND BING-YU ZHANG

The following observation, while simple, is important to study the control proper-
ties of the linear Schrédinger equation posed on the finite interval with either Dirichlet
boundary conditions or Neumann boundary conditions.

COROLLARY 2.2. Assume that the control structure function g is an even func-
tion. If both the initial state vy and the terminal state v1 are even (odd) functions
of the x wvariable, then the control input h constructed in the proof of Theorem 2.1 is
also an even (odd) function of the x variable and so is the corresponding solution v.

Now we consider the linear Schrédinger equation posed on the finite interval (0, )

(2.17) iUy + Ugy = 1QR(x, t), u(z,0) = uo(x), x € (0,m), t>0

with either the Dirichlet boundary conditions

(2.18) u(0,t) =0, u(m,t) =0

or the Neumann boundary conditions

(2.19) u.(0,t) =0, ug(m,t) =0,

where again Qh(z,t) = q(z)h(z,t), g(x) is a given smooth function supported in a
subinterval of (0, 7).

THEOREM 2.2. Let s > 0 and T > 0 be given. For any ug, uy € H3;,(0,), there
exists

h e L*(0,T; H5(0, 7))
such that (2.17)—(2.18) admits a unique solution v € C([0,T); H*(0, 7)) satisfying
u(x,()) :uﬂ(m)a u(va) :ul(x)v (S (0777)'

THEOREM 2.3. Let s > 0 and T > 0 be given. For any uo, w1 € HZ,,, (0,7),
there exists

h € L*(0,T; H*(0,))
such that (2.17)—(2.19) admits a unique solution v € C([0,T); H*(0,7)) satisfying
u(z,0) = uo(x), u(z, T) = ui(x), x € (0,m).

We provide just the proof of Theorem 2.2. The proof of Theorem 2.3 is similar
and is, therefore, omitted.

Proof of Theorem 2.2. Note that if wg, w1 € H},;,(0,7), let vo and v; be the
odd extension of ug and wuq, respectively, from (0,7) to (—m, ), then both vy and
v1 belong to the space H,(—m, 7). Let g be the even extension of ¢ from (0,7) to
(—m,m) and consider the control system (2.1)-(2.2). According to Corollary 2.2, the
corresponding control input h(z,t) is also an odd (or even) function in the z variable.
Consequently, the corresponding solution v(z,t) is an odd function in the z variable,
which, when restricted to the interval (0,7), is a solution of the IBVP (2.17)—(2.18).
The controllability results regarding (2.17)—(2.18) as described in Theorem 2.3, thus,
follow from Theorem 2.1. The proof is complete. |
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3. Exact controllability for NLS. In this section, we intend to extend the
controllability results obtained for the linear Schrédinger equation to the nonlinear
Schrodinger equation.

Consideration is first given to the system described by the nonlinear Schrédinger
equation posed on the interval (—m, ) with the periodic boundary conditions:

(3.1) it + Uge + AMul?u =iGh, x € (—m,m), t e (0,T),
' u(z,0) = uo(x), u(—m,t) = u(m,t), Uy (=T, t) = uy(m, t).

According to Bourgain [2, 3], for given s > 0, ug € H;(—m,7), and h € L,
(R; Hy(—m, 7)), (3.1) admits a unique solution u € C(R; Hy(—m,7)). Our main con-
cern is the exact controllability of (3.1) as a distributive control system.

Recall that W (t) is the C°-group generated by the operator A, defined by (2.2),
on the space L?(—m, ), with which, the system (3.1) has the following equivalent

integral equation form:
(3.2) w(t)=W(t)uo + /0 Wt —7)(Gh)(T)dr + i)\/o W(t — 7)(|ul|?u)(T)dr.

As it has been pointed out in the introduction, a smoothing property is needed for
the operator from f to v:

v(t) = /0 Wt —7)f(r)dr.

This needed smoothing property was provided in Bourgain’s work [2, 3] where he
dealt with the Cauchy problem for the periodic Schrodinger equation.

Let b and s be two given real numbers. For a function w : (—m,7) X R, define
the quantity

o o 1/2
Ay s(w) = ( > (1+|n|)28/ |w(n,A)|2(1+|A+n2|)2bdA> ,

n=—oo

where w(n, \) denotes the Fourier transform of w(x,t) with respect to both the z and
t variables. Following Bourgain [2, 3], we introduce the following space:

(3.3) Xbs = {we LQ(R;HS(—TF,TF)); Ay s(w) < oo}

with the norm || - || xe.s 1= Ap s(-). For any given T > 0, X%S denotes the restriction
space of X”* on the time interval (0, 7T') with the associated quotient norm. It is clear
that X:l}’s is a Hilbert space,

Xp* = L*0,T; Hy(—m, 7))
and
Xbos  xbes

if by > bs.

Before we proceed to show the exact controllability results, we present the fol-
lowing technical lemmas due to Bourgain [2, 3] which will play important roles in the
proof of Theorem 1.1.
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LEMMA 3.1. Let T >0, s >0, and 0 < b <1 be given. There exists a constant
C > 0 depending only on s and b such that

IW (1)l x2e < Clléll

for any ¢ € Hy(—m, 7).
LEMMA 3.2. Let T > 0,5 >0, and b € (2,2) and 2 > V' > max{3,b} be given.
There exists a constant C > 0 depending only on s, b, and b’ such that

for any f € Xgil’s.
LEMMA 3.3. Let s > 0 and b € (2,3) and § > V' > max{1,b} be given. There
exist some constants C > 0 and « > 0 depending only on s, b, and b’ such that

/ Wt — 7)f(r)dr
0

<’ .
o S Ml

ol gy 1.0 < OT ul o o] e ]

X -l
T
b,
for any T >0 and u, v, we X;°.

Now we are in a position to prove Theorem 1.1.
Proof of Theorem 1.1. Define

T
(3.4) w(T,u) = —i/\/O W(T = 7) (Ju]*u) (1)dr.

According to Corollary 2.1, for given ug, u1 € H,(—m, ), if one chooses
(3.5) h = ®(ug,u1 +w(T,u))

in (3.2), then

u(t) = W(t)uo + /0 Wt — 7)(G®(uo, u1 + w(T,u)))(r)dr

) t —7) (lu?u) (r)dr
(3.6) i [ Wie=) () ()
and
(3.7) u(0) = wo, u(T) = uy

by virtue of the definition of the operator ® (cf. Corollary 2.1). This suggests that
we consider the map

[(u) = W(t)up + /0 Wt — 7)(G(P(ug, ur + w(T,u))))(r)dr

t
(3.8) + i)\/ W(t—7) (Jul*u) (1)dr.

0
If the map I is shown to be a contraction in an appropriate space, then its fixed point

u is a solution of (1.2)—(1.3) with h = ®(ug, u1 +w(T,w)) and satisfies u(z, T) = u1(x).
We show this is the case in the space X:l}’s.
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Note that X»° = L*(0,T; Hy(—m,m)) and X215 is continuously imbedded into
XCZ}Q’S if b, < by. Applying Lemma 3.1, Lemma 3.2, and Lemma 3.3 with 3 > ¢’ >

b> 1 to (3.8) yields

1P s < elluolls + |G @uo, w + (T, w) | gore + e[l oo

X;’—l,s
It follows from the definitions of the operator ® that

|G(®(uo, ur + w(T, U)))HX;’—LS <c ||GP(uo,u1 +w(T), U))HLz(o,T;H;)
< c(lJuolls + lurlls + [lw(T, w)ls) -

Using Lemmas 3.1, 3.2, and 3.3, it follows that (note that A =1 or —1)

T
lw(T, w)ls = II/0 W(T — 7)(Jul*u)(7)dr]s

t
sup || [ W(t —7)(|ulu)(r)dr]|s
te(o,7] Jo

IN

IN

]
I [ W= ulPu) ()

< ellu®ul .0

< 3 e
< clluls
Consequently,
3
(3.9) Il 8.0 < e(lluolls + llualls) +ellull..-

For M > 0, let Sp; be a bounded subset of Xg:
S = {v € X5, [lvll o < M} .
Then, for any u € Sy,
IT (@)l e < clluolls + cllulls + eM®.
We choose § > 0 and M > 0 such that
(3.10) 2¢0 4 cM? < M, cM? < 1/2.
Then,

100y < M,

for any u € Sa, if ||uglls <6 and [Ju1||s < d. In addition, for any u, v € Sy, since

P(u) —T(v) = /0 Wt —1)(GP(0,w(T,u) —w(T,v)))(r)dr

+ i)\/o W(t—7) (Jul*(u — v) + va(u — v) + (@—v)v°) (7)dr

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



986 LIONEL ROSIER AND BING-YU ZHANG
and
T
W(T, ) — (T, v) = / W(T — ) (Juf2(u — v) +vT(u —v) + (@ D)) (r)dr,
0

a similar argument shows that

I0() — T (@)l e < el e + 0]l )l = ] .

< eMP|ju— vl go.s
T
1
< Sl vl

Thus, the map I' is a contraction on Sj; provided that § and M are chosen according
to (3.10) and |Jug|ls <4, |lui]ls < J. As a result, its fixed point u € Sy is the unique
solution of the integral equation (3.8). The proof is complete. O

Next our attention is turned to the system described by the nonlinear Schrédinger
equation posed on the finite interval (0, 7) with the Dirichlet boundary conditions:

(3.11) iy + Ve + Av|?v = Qhy, € (0,7), t >0,
' v(x,0) = vo(x), v(0,t) =0, v(m,t) = 0.

It has been shown in [1] that for given s > 0 and vy € H?,;(0,7) and hy €
L, (R; H*(0,7)), (3.11) admits a unique solution v € C(R; H*(0,7)). Moreover, if
we let g be the even extension of ¢ from the interval (0,7) to the interval (—m,7),
and ug be the odd extension of vy from the interval (0,7) to the interval (—m, ). If
u = u(z,t) is the odd extension solution v(z,t) of (3.11) from the interval (0, 7) to the
interval (—m,7) with respect to the z-variable, then v € C(R; H,(—m, 7)) and solves
(3.1) with h being the odd extension of hy from the interval (0,7) to the interval
(—m, ) with respect to the z-variable. On the other hand, if g is an even function,
ug € Hy(—m,m) is an odd function and & is also an odd function with respect to the
a-variable in (3.1), then the corresponding solution u of (3.1) is also an odd function.
If we let v(z,t) be its restriction on the interval (0, ), then v solves (3.11) with vo, ¢
and hy being the restrictions of ug, g, and h on the interval (0, ), respectively.

Proof of Theorem 1.2. For given vy and v1 € H?,,(0,7), let up and uy be their
odd extensions from (0,7) to (—m, 7). We have ug, u1 € Hy(—m, 7). In addition,
let g be the even extension of ¢ from (0,7) to (—m,m). It is sufficient to show that
there exists a control input i € L*(0,T; H5(—m, 7)), which is odd with respect to the
z-variable, such that (3.1) admits a solution u € C([0,T7]; H;(—m, 7)) which is odd
with respect to the x-variable and satisfies

u(z, T) = ui(x).

Indeed, if this is the case, let v be the restriction of u to (0,7) with respect to the
a-variable. Then v € C([0,T]; H*(0, 7)) solves (3.11) and satisfies

v(z, T) = v1(x).

To this end, as in the proof of Theorem 1.2, consider the map

[(u) = W(t)up + /0 Wt — 17)(G(P(ug, ur + w(T,u))))(r)dr

+ i)\/o W(t—7) (Jul*u) (1)dr

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



CONTROL OF NONLINEAR SCHRODINGER EQUATION 987

for any
u € Sy = {v € X0*; v is odd with respect to z-variable, o] g < M}
T

where, we recall that
T
w(T,u) == i)\/ W(T — 7) (Jul*u) (1)dr.
0

Note that w(7T,u) is an odd function of = if u is an odd function of x. Thus, by
Corollary 2.2, G(®(ug,u1 +w(T,u))) is an odd function of z, and consequently, T'(u)
is an odd function of = for any u € Sy, Then the same argument as in the proof of
Theorem 1.1 shows that I' has a fixed point in the set Sas,, as long as |luol|s + ||u1lls
is small enough and M is chosen accordingly. The proof is complete. d

Now we consider the system described by the nonlinear Schrédinger equation
posed on the finite interval (0, 7) with the Neumann boundary conditions:

. . N
(3.12) {““t + War + Nw[*w = Qhy, € (0,7), t >0,

w(z,0) = wo(x), wy(0,t) =0, wy(m,t) = 0.

It has been shown in [1] that for given s > 0 and wg € HZ,.,, (0,7) and hy €
L, .(R; H*(0,7), (3.12) admits a unique solution v € C(R; H*(0,7)). Moreover, if
we let g be the even extension of ¢ from the interval (0,7) to the interval (—m, ),
and ug be the even extension of wy from the interval (0, ) to the interval (—m,w), if
u = u(z, t) denotes the even extension solution of w(x,t) from the interval (0, 7) to the
interval (—m, ) with respect to the z-variable, then u € C(R; H;(—m, 7)) and solves
(3.1) with h being the even extension of h; from the interval (0,7) to the interval
(—m, ) with respect to the z-variable. On the other hand, if g is an even function,
ug € Hy(—m,m) is an even function and h is also an even function with respect to the
a-variable in (3.1), then the corresponding solution w of (3.1) is also an even function.
If we let w(x,t) be its restriction on the interval (0, 7), then v solves (3.12) with wy,
q, and hy being the restrictions of ug, g and h to the interval (0, ), respectively. This
leads us to the proof of Theorem 1.3.

Proof of Theorem 1.3. Tt is exactly the same as the one of Theorem 1.2, except
that all the odd extensions become even extensions. The proof is complete. d

Finally, we consider the boundary control of the nonlinear Schrédinger equation
posed on the interval (0, 7) with the Dirichlet boundary conditions:

0,7), t >0,

g + Uze + Mu|?u =0, € (0,
(3.13) { —h(t),  u(mt) =0

u(x,0) = uo(x), v(0,1)

or with the Neumann boundary conditions:

(3.14)

iwg + Wer + Aw|?w =0, x€(0,7), t>0,
w(x,0) = wo(x), wg(0,t) = h(t), wg(m,t) = 0.

Proof of Theorem 1.4. We prove only part (a). The proof of part (b) is similar.
Consider the nonlinear Schrodinger equation posed on the finite interval (—m, 7) with
Dirichlet boundary conditions:

Wy + Wy + Mw]?w = ig(x)p(z, t), z € (—m, ), teR,
(3.15) w(x,0) = to(z), =€ (—mm),
w(—m,t) =0, w(m,t) =0, teR
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where g is supported in the interval (—m,0) and p(x,t) is a control input, and g is
an extension of ug € H*(0,7) to the space H*(—m, ) satisfying @o(—m) = 0. For
given u; € H®(0,m) let @; be its extension to the space H®(—m, 7). According to
Theorem 1.2, one can find u € L*(0,T; H*(—m, 7)) such that (3.15) admits a unique
solution w € C([0,T]; H*(—m, 7)) such that

w(z,0) = ag(x), w(z, T) = u1(x).

Let u = u(x,t) be the restriction of w(z,t) to the interval (0,7). Then u € C([0,T7;
H#(0,7)) solves (3.13) with h(t) := w(0,t), and satisfies

u(z,0) = uo(x), u(z, T) = ui(x), x € (0,7).

The proof is complete. O

4. Stabilization. In this section we study long-time behavior of the closed-loop
system

i + gy + AMulPu = —ig?u, z € (-m,m), t€R,
(4.1) (u(z,0) =uo(z), =€ (-7, m),
u(_ﬂ-a t) = u(ﬂ',t), uz(_ﬂ-vt) = uz(ﬂ-a t)'

We first consider the associated linear system:

i + Uy = —ig*u, € (—m,7), t € R,
(4.2) u(z,0) =up(x), € (—m, ),
u(_ﬂ-v t) = u(ﬂ-a )7 uz(_ﬂ-a t) = ur(ﬂ-v t)'

For given s > 0, define an operator A, in the space H*(—m, m) by
Ay, =02 —g?

with domain D(4,) = Hjt?(—m, 7). By the standard semigroup theory, it generates
a continuous group (Wy(t))ter of operators on H := H;(—m, ) and for any given
initial data ug € H®(—m, ), the corresponding solution w of (4.2) can be expressed as

u(t) = Wy(t)uo.

Moreover, the semigroup (Wy(¢)):cgr+ is exponentially stable in H.
PROPOSITION 4.1. There exist positive constants C > 0 and v > 0 such that

(4.3) Wy (t)uolls < Ce™"[Juolls ¥t >0.

Proof. When s = 0, g?u = GG*u and, thus, the exponential stability of (Wy(t))scr+
is a direct consequence of Theorem 2.1 according to [12]. To prove (4.3) when s = 2,
we pick ug € H2(—m,7) and set v := u;. Then v solves the system
(4.4) vy = Ve — g2 (20, v(x,0) = vo(x) := z”;w;’ — g% (x)up (),
U(_ﬂ-v t) = U(Tf’, t)v Uz(_ﬂ-a t) = 'Um(ﬂ-a t)'

By the property (4.3) established when s = 0, we have

lu(®)llo < Ce™"|luollo,  [lv(®)llo < Ce™[[vo]lo-
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Since iz, = v + g2u, we conclude that
llu(t)la < Ce™[Juolla ¥t > 0.

An easy induction yields (4.3) for any s € 2N. The proposition follows by a classical
interpolation argument. The proof is complete. O

Now we turn our attention to the stability properties of the nonlinear system (4.1)
which can be rewritten in equivalent its integral form

t
(4.5) u(t) = W, (H)uo + iA / W,y (t — 7) (|uf?) (7)dr.

0
At this point, we need to establish Lemmas 3.1 and 3.2 with the semigroup W(t)
substituted by the semigroup W, (¢).

LEMMA 4.1. Let T >0, s >0, and 0 < b <1 be given. There exists a constant
C > 0 depending only on s and b such that

IW, ()6l 20 < Cllélls

for any ¢ € Hy(—m, 7).
Proof. An application of Duhamel formula gives

(4.6) W, (t)6 = W (t) — / W(t - 1) (*Wy(r)6) dr.
It follows that

I, @0l <Ol + | [ W) (Wy(r0) ar

Xhe

< Cllglls + € [|#Wy ()] 1.

< Cl¢lls + ClIWg ()l L2015 (~m,my) (a8 b =1 <0)
< Cllglls,

as desired. 0

LEMMA 4.2. Let T > 0,5 >0, be (3,2), and b’ € (b,2) be given. There exists
a constant C' > 0 depending only on s, b, and b’ such that

for any f € Xg_l’s.
Proof. Tt follows from (4.6) that

/ Wy(t — 1) f(r)dr
0

< —1,s
oo = Ol

/Ot W, (t—r)f(r)dr = /Ot W(t—r)f(T)dT—/Ot W(t—r)g® (/O W, (r — s)f(s)ds) dr,

and hence, using Lemma 3.2,

/Wg(t—T)f(T)dT 92/ W, (t — 5)f(s)ds
0 0

. §C||f||Xb/—1,s+C‘ W

XT,S T XTfl,S
t

[ wate=s)sts)as
0

<Al +CT*|g]]

2
b —1,s b,
XT XTS Xl),s
T
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for some constant o > 0, by virtue of Lemma 3.3. The result follows at once if T is
small enough, say T < Ty. For T > Ty, the result follows from Lemma 4.1 and an
easy induction argument. O

Now we are in position to prove Theorem 1.5

Proof of Theorem 1.5. For given s > 0, there exist some positive constants C, v
such that

Wy (Buolls < Ce™"luolls V¢ >0

according to Proposition 4.1. Choose T > 0 such that

Ce T <

R

and fix a number b € (%, %) We seek a solution u to the integral equation (4.5) as a
fixed point of the map

I'(u) = Wy(t)uo + i)\/o Wy(t — 1) (|u|2u) (r)dr

in some ball Sy, of the space X%S. This will be done provided that ||ug]|s < § where &
is a small number to be determined. Furthermore, to ensure the exponential stability,
d and M will be chosen in such a way that ||u(T)||s < ||uol|s/2. Pick for the moment
any § > 0 and M > 0, and let ugp € H be such that ||ug|ls < . By computations
similar to the ones displayed in the proof of Theorem 1.1 with W, (¢) substituted to

W (t), we arrive to
T ()l xz» < c||uglls +eM?  Vue Sy
and
ID(w) = D)l s < Ml — ol 1

for some constant ¢ > 0 independent of §, M, and ¢. On the other hand, using the
estimate of ||w (T, u)||s in the proof of Theorem 1.1, we obtain

T
T @) (Tl < Wy (Thuolls + / Wo(T — ) (ul?u) (t)dt

S

1
< Z||u0||s+cM3.
Pick § = 4cM? where M > 0 is chosen so that

(402+c) M2 <M and cM?<

N =

Then we have
IP()lyse <M Vue S

1
IP@) =Tz < llu=vllxze Vv € Sar
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Therefore, I' is a contraction in Sp;. Furthermore, its unique fixed point v € Sy
fulfills

)
lu(D)lls = IIP@)(D)]]s < 3-
Assume now that 0 < |luglls < 0. Changing § into ¢ := [|ug|ls and M into

M’ := (8'/6)3 M, we infer that |[u(T)||s < ||uol|s/2, and an obvious induction yields
[lu(nT)||s < 27"||ug||s for any n > 0. As Xgis C C([0,T]; Hy(—m,m)) for b > 1/2,
and ||ull xbe < M = (6/(4¢))3, we infer by the semigroup property that there exist

some constants C’ > 0,7/ > 0 such that
lu®)ls < C"e™" |-

The proof is complete. O

REFERENCES

=
[

. L. BoNna, S. M. SuUN, AND B.-Y. ZHANG, Nonhomogeneous boundary value problems of the
nonlinear Schrodinger equation, in preparation.

[2] J. BOURGAIN, Fourier transform restriction phenomena for certain lattice subsets and applica-

tions to non-linear evolution equations, part1: Schrodinger equations, Geom. Funct. Anal.,
3 (1993), pp. 107-156.

[3] J. BOURGAIN, Global Solutions of Nonlinear Schrédinger Equations, Collogium Publication,
Vol. 46, American Mathematical Society, Providence, RI, 1999.

N. BURQ AND M. ZWORSKI, Geometric control in the presence of a black box, J. Am. Math.
Soc., 17 (2004), pp. 443-471.

B. DEHMAN, P. GERARD, AND G. LEBEAU, Stabilization and control for the nonlinear equation
on a compact surface, Math. Z, 254 (2006), pp. 729-749.

[6] R.ILLNER, H. LANGE, AND H. TEISMANN, Limitations on the control of Schrédinger equations,
ESAIM Control Optim. Calc. Var., 12 (2006), pp. 615-635.

R. ILLNER, H. LANGE, AND H. AND TEISMANN, A note on the exact internal control of nonlinear
Schrédinger equations, CRM Proc. Lecture Notes, 33 (2003), pp. 127-137.
[8] S. JAFFARD, Contréle interne des vibrations d’une plaque rectangulaire, Port. Math., 47 (1990),
pp. 423-429.
[9] H. LANGE AND H. TEISMANN, Controllability of nonlinear Schrédinger equation in the vicinity
of the ground state, Math. Methods Appl. Sci., 30 (2007), pp. 1483-1505.

[10] I. LASIECKA AND R. TRIGGIANI, Optimal regularity, exact controllability and uniform stabi-
lization of Schrédinger equaitons with Dirichlet control, Differ. Integral Equ., 5 (1992),
pp. 521-535.

. LEBEAU, Contréle de ’équation de Schrédinger, J. Math. Pures Appl., 71 (1992), pp. 267
792.

. L1u, Locally distributed control and damping for the conservative systems, STAM J. Control
Optim., 35 (1997), pp. 1574-1590.

11] G
K
[13] E. MACHTYNGIER, Contrélabilité exacte et stabilisation frontiére de I’équation de Schrédinger,
E
E
A

[12]

C. R. Acad. Sci. Paris, 310 (1990), pp. 801-806.
. MACHTYNGIER, Ezact controllability for the Schridinger equation, SIAM J. Control Optim.,
32 (1994), pp. 24-34.
. MACHTYNGIER AND E. ZUAZUA, Stabilization of the Schrodinger equation, Port. Math., 51
(1994), pp. 243-256.
. MERCADO, A. Osses, AND L. ROSIER, Inverse problems for the Schrodinger equation via
Carleman inequalities with degenerate weights, Inverse Problems, 24 (2008), 015017.
[17] L. MILLER, How violent are fast controls for Schrédinger and plate vibrations? Arch. Ration.
Mech. Anal., 172 (2004), pp. 429-456.
(18] A. PazoTo AND L. ROSIER, Stabilization of a Boussinesq system of KdV-KdV type, Systems
& Control Lett., 57 (2008), pp. 595-601.
[19] G. PERLA MENZALA, C. F. VASCONCELLOS, AND E. ZUAZUA, Stabilization of the Korteweg-de
Vries equation with localized damping, Quart. Appl. Math. 60 (2002), pp. 111-129.
[20] K.-D. PHUNG, Observability and controllability for Schrodinger equations, SIAM J. Control
Optim., 40 (2001), pp. 211-230.

[14]
[15]

[16]

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



992 LIONEL ROSIER AND BING-YU ZHANG

[21] K. RAMDANI, T. TAKAHASHI, G. TENENBAUM, AND M. TUCSNAK, A spectral approach for the
exact observability of infinite-dimensional systems with skew-adjoint generator, J. Funct.
Anal., 226 (2005) pp. 193-229.

[22] L. ROSIER, Ezact boundary controllability for the Korteweg-de Vries equation on a bounded
domain, ESAIM: Control Optim. Calc. Var., 2 (1997), pp. 33-55.

[23] L. ROSIER AND B.-Y. ZHANG, Global stabilization of the generalized Korteweg-de Vries equation,
SIAM J. Control Optim., 45 (2006), pp. 927-956.

[24] D. L. RUSSELL AND B.-Y. ZHANG, Controllability and stabilizability of the third order linear
dispersion equation on a periodic domain, SIAM J. Control Optim., 31 (1993), pp. 659-676.

[25] D. L. RUSSELL AND B.-Y. ZHANG, Ezact controllability and stabilizability of the Korteweg-de
Vries equation, Trans. Amer. Math. Soc., 348 (1996), pp. 3643-3672.

[26] R. M. YOUNG, An Introduction to Nonharmonic Fourier Series, Academic Press, New York,
1980.

[27] V. E. ZAKHAROV, Stability of periodic waves of finite amplitude on the surface of a deep fluid,
J. Appl. Mech. Tech. Phys., 9 (1968), pp. 190-194.

(28] B.-Y. ZHANG, Ezact boundary controllability of the Korteweg-de Vries equation, STAM J. Con-
trol Optim., 37 (1999), pp. 543-565.

[29] E. ZuazuAa, Remarks on the controllability of the Schrodinger equation, Quantum control:
Mathematical and numerical challenges, CRM Proc. Lecture Notes, 33, Amer. Math. Soc.,
Providence, RI, 2003, pp. 193-211.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


