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ABSTRACT. The purpose of this work is to study the internal stabilization of
a coupled system of two generalized Korteweg-de Vries equations under the
effect of a localized damping term. The exponential stability, as well as, the
global existence of weak solutions are investigated when the exponent in the
nonlinear term ranges over the interval [1,4). To obtain the decay we use
multiplier techniques combined with compactness arguments and reduce the
problem to prove a unique continuation property for weak solutions. Here, the
unique continuation is obtained via the usual Carleman estimate.

1. Introduction. We consider the initial-boundary problem for a coupled system
of two generalized Korteweg-de Vries equations Vries equation in the domain (0, L)
under the presence of a localized damping represented by a function b = b(x), that
is,
Ut F Ugzy + A3Vzze + a(U)uy + a10v, + az(uv), + b(x)u =10
b1ve + TV + Vgga + b2a3Uzze + a(V)Vy + boasuu, + boar (uv), + b(x)v =0,
where 0 < z < L, t > 0, with boundary conditions
u(0,t) =v(0,t) = u(L,t) =v(L,t) = ux(L,t) = vy, (L,t) =0, t>0 (2)
and initial conditions
u(x,0) = u’(z) and wv(x,0)="(x), 0<x<L. (3)

(1)

In (1),
r,a1,as,as,b; and by are real constants with 0 < (l%bg < 1 and by,be > 0.

When a(s) = s and b = 0 system (1) was derived by Gear and Grimshaw in
[8] as a model to describe strong interactions of two long internal gravity waves
in a stratified fluid, where the two waves are assumed to correspond to different
modes of the linearized equations of motion. It has the structure of a pair of KdV
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equations with both linear and nonlinear coupling terms and has been object of
intensive research in recent years (see, for instance, [1], [2], [4], [9], [11], [14], [15]).

This apparently complicated system appears as a special case of a broad class of
nonlinear evolution equations, which can be solved by the inverse scattering method
(see [1]). Tt can also be interpreted as a coupled nonlinear version of Korteweg-de
Vries generalized equations of the form

Ut + Ugzz + f(ua U)x =0
Ut + Uggz + g(ua v)m - 0,

with f and g satisfying f(u,v) = H,(u,v) and g(u,v) = H,(u,v) for a smooth
function H.

There is a large body of literature on dispersive models for wave problems, but
most of the studies are concerned with initial-value problems or with periodic bound-
ary conditions. However, the practical use of the wave systems and its relatives does
note always involve such mathematical formulation. Instead, the initial boundary
value problem often comes to the fore. Therefore, from a mathematical point of
view, it is also of interest to study the mathematical properties of the Korteweg-de
Vries family on a finite spatial interval. Moreover, it is important to point out
that there are many fundamental differences between the initial-value problem and
the initial- boundary-value problem. Most notably, the solution of an initial-value
(or with periodic boundary conditions) equation has many conservation properties
(e.g., the L?-norm), while the initial-boundary-value problems often dissipate the
energy at the boundary. Hence, we can use different mathematical frameworks to
study these two set problems.

Along this work we assume that a = a(s) and b = b(x) are real-valued function
that satisfy the conditions

a(0) =0, |aW(s)] <c(1+|s[P77),VsER,
where c is a positive constant and j = 0,1 if 1 <p <2 (4)
and j = 0,1,2 if p > 2,
and
{ b€ L*(0,L) is a nonnegative function, such that

()

b(z) > by >0 a. e. in w, where w C (0, L) is a nonempty open set.

Therefore, the damping term is acting effectively in w.
Let us consider the total energy associated to (1), in this case

1 L
E(t) = 5 / (byu? + b1v?)de. (6)
0
Then, we can (formally) verify that

d1

dt2
L 1 2

—/ b(x)(bou? + v?)dx = ~3 (\/ngg(o,t) + a%bng(o,t)> (7)
0

L

1

[ o b1y = [ 20200,0) + 5020,8) + asbous (0,110, 0,1)
0

L
f% (1 —a3bs) v2(0,t) — / b(x)(bu? + v?)dx <0,
0

for any ¢ > 0. The inequality above shows that the term b(z)(u + v) plays the role
of a feedback damping mechanism and, consequently, we can investigate whether
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the solutions of (1)-(3) tend to zero as ¢ — oo and under what rate they decay.
When 0 < a?by < 1, from (7) we can see that even when b = 0 or w = (), the
energy is dissipated through the extreme x = 0. However, the dissipation due to
the boundary terms u, (0, t) and v, (0, t) is not strong enough to guarantee the decay
of solutions of (1)-(3) for all values of L. In fact, in [11, 14, 15] it was proved that
the decay of the solutions of the linearized system may fail for some critical values
of the length L of the interval (0,L). Their analysis was inspired in the results
obtained by Rosier in [17] who discovered that, if the length L of the domain (0, L)
lies in a countable set of critical lengths of the form

&= {—\/ k? + ki + 12, k and [ are positive natural numbers}, (8)

the linear KAV equation possesses a solution with a constant L?—norm. Therefore,
these works suggests that, adding an extra damping term (like b(z)u and b(x)v, for
instance) the decay of solutions may be obtained for any L > 0.

When b(z) > by > 0 almost everywhere in (0, L), it is very simple to prove
that the energy F(t) decays exponentially as ¢ tends to infinity. The problem of
stabilization when the damping is effective only on a subset of (0, L) is much more
subtle. In this paper we are concerned with this problem. More precisely, our
purpose is to prove that, for any R > 0, there exist constants C = C(R) and
a = a(R) satisfying

E(t) < C(R)E(0)e )t v ¢ >0,

provided E(0) < R. This can be stated in the following equivalent form: Find
T > 0 and C > 0 such that

2
<C/ / )(bou? + v?)dx + = (\/>um 0,t) + a%bgvx(o,t)>

+3 (1 — a3bz) v2(0, t)]dt

holds for every finite energy solution of (1)-(3). Indeed, if the above inequality
holds, from (7) we obtain 0 < v < 1 such that
E(kT) <~+*E(0), Yk >0.
Since E(t) < E(kT) for kT <t < (k+ 1)T we get
1 nyy

B(t) < ZB(0)e

from which we obtain the main result of this paper:

(9)

Theorem 1.1. Let a = a(z) be a C? function such that
la(@)] < CA+[2fP), |/ (2)] < CA+[alP7), la"(@)] < C(AL+[27?), VzeR

where C' is a positive constant and 1 < p < 4. Then, if b satisfies (5), system
(1)-(3) is globally uniformly exponential stable.

This problem was first addressed in [12] for the scalar KAV equation assuming
that the damping function b = b(z) is active simultaneously in a neighborhood of
both extremes of the interval (0,L). Later on, in [3] the same analysis was devel-
oped for the case of the corresponding coupled system considered here. To obtain
(9) the authors follow closely the multiplier techniques developed in [17] for the
analysis of controllability properties of the scalar KdV equation. However, when
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using multipliers, the nonlinearity produces extra terms that in [3] were handled by
the so-called “Compactness-Uniqueness Argument”. Then, the problem of obtain-
ing (9) is reduced to show that the solution which satisfies b(x)u = b(x)v =0 a. e.
and u,(0,t) = v,(0,t) = 0 for all time ¢, has to be the trivial one. This problem
can be viewed as a unique continuation one since b(z)u = b(x)v = 0 implies that
(u,v) = (0,0) in {b(x) > 0} x (0,T). When the damping term is active in a subset
of the form (0,6) U (6, L —d), 6 > 0, as in [3, 12], the unique continuation property
was solved in two steps: first, by extending the solution as being zero outside the
interval (0, L), one gets a compactly supported (in space) solution of the Cauchy
problem for the KdV equation on the whole line. Then, one applies the classical
smoothing properties in [23] to show that the solution is smooth. This allows us to
use the unique continuation property results in [7] on smooth solutions to conclude
that w = v = 0. The general case, that is, the case in which the damping function
is active in any open subset of the domain was solved in [13]. To obtain the result
they proceed as in [16] and prove that the solutions vanishing in any subset of the
domain are necessarily smooth.

The problem we address here, as well as, the global well-posedness of strong and
weak solutions was first studied in [20] for the scalar KAV equation and 1 < p < 4.
The critical case p = 4 was solved in [10] considering data u® such that ||u®|[z2(0,1)
is small. In both works, the exponential decay is obtained following the analysis
described above, i. e., combining multiplier and compactness arguments. The
main task of our work is to extend the analysis developed in [10] and [20] for
the coupled system (1)-(3). The main difficulty in this context comes from the
structure of nonlinearities and the lack of regularity of the solutions we are dealing
with. Indeed, as we pointed out before, the unique continuation property can not
be applied directly. To overcome this problem we develop a Carleman inequality
which allows us to prove directly the unique continuation of weak solution. Such
inequality has some resemblance with those developed in [18, 19]. A possible way
of attacking the problem of the unique continuation would be to proceed as in
[16], i. e., showing that the solutions vanishing in any subinterval are necessarily
smooth. We have not pursued this approach due to the difficulties introduced by
the nonlinear terms.

We also prove the existence of weak solutions. Uniqueness remains wide open.
We rely on the smoothing effects of Kato’s type which are exhibited by solutions
of the corresponding linear problem combined with the semigroups theory. These
smoothing effects together with a contraction principle argument gives the local
result. The global result follows from some a priori estimates.

The paper is organized as follows. In section 2 we prove the existence of solutions.
Section 3 is devoted to obtain the Carleman estimate. In Section 4 we prove the
Unique Continuation Property and the exponential decay. Finally, in Section 5 we
present some closed related results.

2. Existence of solutions.

2.1. The linear system. In this section we study the existence of solutions of the
linear system corresponding to (1)-(3):
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Ut + Ugzy + A3Vzee + b(x)u =0, in (0,L) x (0,00)
b1vs + TV, + Vgga + b2a3Uzee + b(z)v = 0, in (0,L) x (0,00)
u(0,t) = u(L,t) = uy(L,t) =0, t € (0,00) (10)
v(0,t) = v, (L,t) = v, (L,t) =0, t € (0,00)
u(z,0) = u’(z) and v(z,0) =v%(x), xz € (0,L).
We introduce the Hilbert space
X = [L*(0, L))

endowed with the inner product

b L L
((uw),(%w))X:i/O UQDdCE-i-/O vpdx

and consider the operator
A: DA CX —-X
where
D(A) = {(u,v) € [H*(0,L)]* : w(0) = v(0) = u(L) = v(L) = uy(L) = v,(L) = 0}

and
—Uggr — A3Vzzx

A(u,v) = r boas 1 . (11)

Evm - Tuzmm - Flvxwz
With the notation introduced above, system (10) can be now written as an
abstract Cauchy problem in X. Setting U = (u, v) we have
dau

U0) =U%= (u’,2°).

On the other hand, it is easy to see that the adjoint of the operator A is the operator
A* defined by

Prrx + aSwzzz
bgag (12)

A, ) = | T 1

where
A" DAY C X - X

and

D(AY)
={(¢, ) € [H*(0, L)]* : 9(0) = ¥(0) = p(L) = ¥(L) = ¢4(0) = ¢5(0) = 0} .
We are interested in the following property of these two operators:
Proposition 1. The operator A and its adjoint A* are dissipative in X .

Proof. Let u,v € D(A). Multiplying the first equation of (10) by u and integrating
by parts in (0, L) we obtain

L 1 L
/ (—Uggr — A3Vgpy )udr = —51@(0) + a3/ VpplUg dT. (13)
0 0
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On the other hand, multiplying the second equation of (10) by v the following holds

L L
r 1 aszbs 1 azbo
——Vp — —Vgpg — ——Upzg VAT = ——v2(0) + —— Ugg Uz dT. 14
/0 ( by by by ) 2b1 v2(0) bi Jo (14)

Then, adding (13) and (14) hand to hand it follows that
(‘A(uv U)a (u7 U))X

b2 L L T b2a3 1
= a (_uxa:w - a3vxa:w)Udm +/ — 7 VU — 7 Ugzax — 7 Vzax 'de
0 0

by by by
bz 9 b2a3 L 1 2 a3b2 L
= T35 0 - Tx a:d - 57 0 - TT xd
2b1ux( )+ b ), VppUgp AT 261 2(0) + o ), Uz Uz d
by 1 agby [*
o b2 9 1 2 a3b2

1 2
_ _ZM((@%(OH Gourz(0)) +<1—a§b2>vi<o>)§0-

Hence, A is a dissipative operator in X. Analogously, we can deduce that

(@, 0), A* (0, 1)) x
= : \/b> L 2p L ’ b 2 <
= —Q—bl < 29090( )+ as 2¢m( )> (1—a3 2)¢ ( ) <0.

Therefore A* is also dissipative in X. O

As a consequence of the Proposition 1 we obtain the global well-posedness for
(10):

Theorem 2.1. Let (u®,v°) € X. There ezists a unique weak solution (u,v) =
S()(®,v°%) of (10) such that

(u, v) € C([0, T]; X).
Moreover, if (u®,v°) € D(A), then (10) has a unique (classical) solution (u,v) such
that
(u,v) € C([0,T]; D(A)) N C*(0,T; X).
Proof. Since A and A* are both dissipative, A is a closed operator and the respective
domains D(A) and D(A*) are dense and compactly embedded in X we conclude that

A generates a C° semigroup of contractions on X which we denote by {S(¢)}+>0.
Classical existence results then give us the global well-posedness for (10). O

An additional regularity result for the weak solutions of (10) is proven in the
next Theorem.

Theorem 2.2. Let (u°,2°) € X and (u,v) = S(-)(uo v%) the weak solution of
(10). Then, (u,v) € LZ(O,T; [HY(0,L)*) " HY(0,T;[H=2(0, L)]?) and there exists

a positive constant co such that

H(u»U)||L2(O,T;[H1(O,L)]2) < Co||(uO,UO)||X.
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Proof. The proof will be omitted since we use similar arguments as the one used in
Lemma 2.5. O

Using the previous results and some interpolation argument, we derive the global
well-posedness result in each space [H*(0, L)]?, for s € [0, 3].

Corollary 1. For any s € [0,3] and any (u°,v°) € [H*(0, L)]?, the solution (u,v)
of (10) belongs to C([0,T]; [H*(0, L)]?).

2.2. The nonlinear system. For 0 < s < 3, let X, denote the collection of all
the functions w € H*(0, L) satisfying the s-compatibility conditions

w(0) = w(L) =0 when 1/2 < s < 3/2
w(0) = w(L) =w'(L) =0 when 3/2 < s < 3.

X is endowed with the Hilbertian norm ||w||gs. For any T' > 0 we introduce the
space

Yor= C([O,T];XS) N L2<[0=T];HS+1(0=L))

endowed with the norm

l[wlly,.» = llwlleo,m;ze0,L)) + [lwllL2(0,17; 141 (0,1))-

The following technical Lemmas proved in [20] will be used to obtain the results
of this section. For the sake of completeness, we present a sketch of the proof.

Lemma 2.3. Let a = a(x) be a C° function such that, for 0 <p < 2,
la(z)| < C(1+ |z|P), VzeR,

where C' is a positive constant. Then, for any T > 0 and u,v € Yy 1,
T
| atutoten (Ol
< CTE D/ [l olly, , +CTV (14l ,) oy, ,

where C'is a positive constant. If u,v € Yoo N L?(0,T; HE(0, L)), then

T
/0 la(u(-, )va (-, Ol 20,2y At < CTE P/ ullF lolly, , -

Proof. We denote by C' a universal positive constant.
Using the assumptions on the function a and the inequality

1 1
B Dl e,y < C (e )l oo,y + I D ooy It D oo ) -

we get
la(ul, 0)vs (s Ol p20r) < ClluCa O oz l10( )l 20,1y + Cllow (o)l p2our)
2 2
< C ||u(.,t)||z£/2(o7L) ||uw(-vt)|‘i/2(o,1;) ||Uw(~vt)||L2(0,L)
+ O (1 el D20, ) TonCo ) 2o,y
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The first term on right hand side of the above inequality, when integrated, can be
bounded as follows:

T
2 2
/0 s N5 1 e GBS 1 vw (o )l 2 0.
p/4

T
2 2
< supgey<r llul.,t )||IL)/2 0,L) {/0 e (s O)llz20,1) dt} X

T (4—p)/4
4/(4
{ / o= (. 8) | 702 dt} < TP/l vlly, ,

if 0 < p < 2. Then,

T
| )t
<O TP/ ullflvlly, , + CTY? (1 + ||u||€O,T) 1vlly, 7 »

which completes the proof of the first inequality. If u,v € Yo N L?(0,T; Hg (0, L)),
we have

1 1
JuCes )l e 0,2 < € (s O oo,y Nt () 22 )

and the result is obtained in a similar way. O

The next technical Lemma reads as follows.

Lemma 2.4. For anyT >0,1<p<2, be L?0,L) and u,v,w € Yy 1,

T
/O ||bu||L2(o,L)dt < CTI/QHb”L?(o,L) ||UHYOYT3 (16)
T
| el de < TV uly ol (a7)
’ 1 (2—p)/4
p— 2— p
A P A L (18)
’ 1 (2-p)/
p— 2— 4
JA T Y e O T T o

where C' is a positive constant that depends only on L.

Proof. Estimates (17), (18) and (19) can be obtained following closely the arguments
used in the previous Lemma (see also [20]). Therefore, we omit the proofs. To obtain
(16) we use a direct computation

T L %
/ </ ok |u(x,t)|2dx> it
0 0

The proof is complete. O

1
2

T L
/ sup |u(z,t)] (/ Ib(z)[? dx) dt
0 z€(0,L) 0

cT'/? ||b||L2(0,L) ||U||Y0‘T :

IA

IN

The following Lemma is devoted to global a priori estimates for the solutions of
(1)-(3). We point out that the proof of Theorem 2.2 is obtained using the same
approach.
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Lemma 2.5. Let a = a(x) be a C° function such that, for 0 < p < 4,
a@)] < CA+]a?), VzeR,

where C' is a positive constant. Then, for any T > 0

(u <,T,v<,T>>HX—Hu )%

[ Vbt (0, 1) \/agbgvm(o,t))2 + (1 — a3bo) v2(0,t) | dt

L
/ b(x bgu —|—v)dxdt:0
0

and

1 )0, 0,001

<C{1+T)||(u, )|

P + T @, o) % + T (2,00 3

I

where C' is a positive constant.

Proof. We first introduce the functions

Alg) = /Owa(s)ds and  A(p) = /0<psa(s)ds.

The first identity is obtained multiplying the first equation of (1) by u, the second
one by v and integrating over (0, L) x (0,T). Therefore, we observe that

T oL ) 1 o2
_/0 / uurdrdt = HU(~7T)HL2(1 _’Hu HL2(1)

0

T /L
/ / ua(u)udedt = / / w)dzdt =0

0T L 1 (7
/ / Ulgppdrdt = —f/ / 5p e 2dxdt = / u?(0,t)dt

0 2 0

T L
/ / UV gppdrdt = / / Uy Vg dxdt

0T L 1 (T L
/ / uvv dxdt = / / u—vzdxdt —f/ / upv2dadt
2J)o Jo

T /L 1 [T L
/ / w(uv)dedt = / / uguvdrdt = 5/ / wlvydadt.
o Jo o Jo o Jo

(=)

(=)

[}

o
[}
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Analogously,

T L 1 2 1 0 2
0 vvpdadt = - ||U('7T)HL2(1 Y HU HL"’(I)
T L
/ / va(v)vydedt = / / v)dzdt =0
o Jo
T L 1 T
/ / VVggpdadt = —f/ / —dexdt / v2(0,t)dt
0 2 0
T /L
/ / VUgzpgdrdt = / / VgUgpdrdt
0 o Jo
T /L T Loy 1 /T L
/ / vuuzdrdt = / / v—u’dzdt = —7/ / vpuldrdt
0 o Jo Ox 2Jo Jo
T L T L 1 [T L
/ / v(uv)dedt = / / vpuvdrdt = f/ / v2u,dxdt.
o Jo o Jo 2Jo Jo

o

o

(=)

Since

T L T T L
/ / UpVppdrdt = —/ ug (0, t)v, (0, 8)dt — / / VpUggdrdt
o Jo 0 o Jo

we can multiply the first equation in (1) by by and add the above identities hand
to hand to obtain

b2 b2 T
Z T+ 5 I Da0ny + 5 [ (0.0

T
1
+b2a3/ um(O,t)vr(O,t)dtJri/ (0,1) dt+b2/ / Yu?dadt
0 0

T L
2 2
[0 ] et = 2 gy + 5 190

by

that is,

<

DI = 1|05

*y /OT [ VB (0.0) + \faha0,(0.0))” + (1= a3ta) i20.0)| - (20)

o (T (L
—I—b— / / b(z) (bau® + v?) dadt = 0.
o Jo

[(u(., T),
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To bound the solution in L?(0, T [H(0,L)]?) we proceed in the same way using
the multipliers zu for the first equation and zv for the second one. We obtain

T L 1 L 1 [
/ zuudrdt = 7/ zu?(z, T)dx — */ z(u’)?dx
0,.Jo 2Jo 2

T L T (L
/ / xua(u)umdxdt:/ / 2 Ay (v)dzdt = / / A(u)dadt
0,.J0 0,,/0

L 3 T L
TUUpzdrdt = = /uzda:dt

I :
T L
/ / TUV gz drdt = 2/ Ug dxdt+/ / LUy Vpdrdt
0..J0 0 o
/
/

Tuvv drdt = — (uv + TULV dwdt

T L
/ / zulvydrdt — f/ / vuldxdt
o Jo

ru(uv) dedt =

h

N = N =
ﬁ
o\

h

and

L
vu? 4 2vLu dxdt

9r 70 L
/ / xvummdxdt:/ / v uxdxdt—/ / TULUgpdrdt
0. J0 0 Jg
/, X
/ xv?uydedt — 7/ / woldzdt.
0

As a consequence, the following holds

352/ / U dxdt+3a3b2/ / UgpUgpdadt + = / / vidadt

—/ TU dex—f——/ U dex—i—bg/ / xu2d:vdt
2 b by 0\2

b Yrvdxdt = z(u’)? dx—|— x(v ) dx

—|—a1b2/ / uv2dxdt+a2b2/ / qudxdt / / v2dadt
+b2/ / dacdt+/ / A )dxdt.
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Then, from (20) we deduce that

3b2/ / 2dmdt+6a3b2/ / uxvxdxdtJrS/ / 2dzdt
[

< (L +T7)||(u®, v))||% + 2a1bs / / uv?dadt 4 2a2by

—|—2b2/ / dxdt—i—?/ / v)dxdt.
0 o Jo

Moreover, choosing € such that 0 < y/a2by < € < 1, we obtain

1 2p
2a3boty Uy = 2 (Ex/bgugg) (\/G%bg) > —2byu? — a?’—zzvz.
€ €

This inequality together with (21) allow us to deduce that

a2b, T
3b21—£ / / udxdt—i—?)( ;2 )/
0

T (L
< (b L+ Tr)||(u®, 0))||% + 2a1b2/ / uviddt + 2a2b2/ / vuldrdt  (22)

—|—2b2/ / u)dxdt + 2/ / v)dxdt.

The next steps are devoted to estimate the terms on the right hand side of (22).
From the assumptions on the function a, we have

e )’<c< L )

2 p+2
for some constant C' > 0. Then, from (20) and the Gagliardo-Nirenberg and Young’s
inequalities, we obtain positive constants C' and C’ such that

//A Ydxdt <—/ / \|dwdt+7/ / |u|P*? dadt

w dxdt  (21)

L
vidadt

CTb1 C
< S N OB+ / el 20, el e o,
CTb 25C P
< Sl O+ / a7, el 32 0,1 (23)
CTb1 ) 2§CT1*§ bivs, . o S /T AN
< = (2 2 dt
< g MO+ = () el O (e
CTb 2C'T &2 3§
< S I OB+ e IOl 4 Huzu%zt

for any § > 0. Analogously, we get

T L _
/ A(v)dxdt
0

cT 20" st2p 35
< W, )% + —Il(u° )|| ||Ux|| dt, (24)
2bgy 0%-»p
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for any 6 > 0, where 5,(7 > 0. Now, letting p = 2 we can proceed as in the

previous estimate to obtain
b la T /L
§72|21‘/ / u? + vidrdt

T (L
bgal/ / woldxdt
o Jo
ba lar|T 2 Cbhyla |T2
< BlT o e el T |u(//'wmg -

< % H(uO,UO)HX +0252a1 N [ Hx + 7/ / vy deds

T /L
as / / vuldxdt
o Jo

e (N R e

Returning to (22) and taking estimates (23) up to (26) into account we deduce that
a2b2 T L
3by(1 — €2 — 2)) / / u dxdt+3(1—3—2)\> v2dxdt
€2 o Jo

<Ci+T) || (0]

and

(26)

(27)

X >\ H u’, 0" Hx = (v HX J

where C7, Cy and C3 are positive constants. For € > 0 defined before, we can
choose A > 0 such that 1 —e? =2\ >0and 1 — b2a3 — 2X > 0, which completes the
proof. O

In the sequel, we prove a well-posedness result constituting the basic ingredient
for obtaining the main result of this section.

Lemma 2.6. Let a = a(x) be a C! function such that
la(z)] < C(1+ |z|P) and |d'(z)| < C(1+|z[P™"), VzeR,

where C is a positive constant and 1 < p < 2. Then, for any T > 0 and (u°,v°) € X
system (1)-(3) has a unique global solution.

Proof. By computations similar to those performed in the proof of Lemma 2.5, we
obtain that for any f = (f1, f2) € C*([0,T]; X) and any U° = (u°,2°) € D(A), the
solution U = (u, v) of the system

Ut + Ugge + A3Vzze + b(x)u = f17 in (07 L) X (Oa OO)
b1V + TV + Ve + b2a3ULze + b(JE)U = f2, in (Oa L) X (07 OO)
u(0,t) = u(L,t) = uy(L,t) = O (0, 00)

t e (0,00
v(0,t) = vy (L,t) = vz (L, t) = t € (0,00
u(x,0) = u’(z) and v(ac70) (m), xz€(0,L

fulfills

T
sup ||U(t) ||X+/ / (u? 4 v2)dzdt)? < <|u0|x+/ |f||th>
0<t<T 0

for some constant C' = C(T') nondecreasing in 7. A density argument yields that
U € C([0,T); X) when f € L*(0,T; X) and U° € X. This will be done by applying
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the fixed point argument. Therefore, we use the variation of the constant formula
to rewrite system in the integral form
In order to obtain the result we first prove the local existence.

Ut) = S, v") - /0 S(t—r) (a(u)ux + a1vvy + az(uv)s + b(x)u, %ﬁj)v:ﬁ

b b b
+ Buuw + &(uv)x + ﬂv dr,
b1 b1 b

where {S(t)}+>0 is the C° semigroup obtained in Theorem 2.1. Then, for positive
constants R and 6, to be chosen later, we consider the set

Bro = {U = (u,v) € [Yoo N L*(0,T; H}(0,L))]* : 1Ullyz, < R}.

With the notation above, for U € X fixed we introduce the map P on Bry as
follows

PU(t) = S(t)(u’,v") — /o S(t—7) (a(u)um + a1vv; + az(uv), + b(z)u, %T)'Uz

b b b
+ @uux + M(uv)x + ﬂv dr.
by by b1

First we have to prove that P maps Bpg into itself. Therefore, from Lemmas
2.3 and 2.4 we obtain positive constants Cy, C7,Cs and Cj3, such that

0
IT(u, 0)lyz, < Co [ (®,0°)] ¢ + Cl/o (Ha(u)uz”m(o,m + larvvall 20,1
1
F llaz(uv)ell 20,1y + 10(@)ull 20 1) + by la(v)vall 20,1
1 1 1
+a [b2azuusl| 2 1) + "‘a [[b2a1 (uv)s |l 120,y + b 1b(x)vll 20,1 | dT
< Co ||, o) + 0P (Jullg !+ o)) (28)

2
+C20"2 (14 bl 20,0y ) (Nllyg , + Wolly,,, ) + 64 (Nl , + ol , )

< Col|(u, )| + Cr0@ PR (Jluly, , + lolly,,

+Co0"2 (1416l 20,y ) (s, + I0ly, , ) +2Cs6" 4R (llully,,, + el ) -

for any (u,v) € Br,p. We should also prove that P is a contraction from Bp g into
itself for some R and T. Then, for any (u,v) and (¢, ) in Br¢ we note that

P(u’ v)t_ P(¢> @)
= —/ S(t —7) (a(u)(u = @)e + (a(u) = a(9)) ¢ + a10(V = @)o + a1 (v — ©)pu

+a2(uo— $)av + az2(u — @)vy + a2gz(v — ) + a2d(v — @)z + b(x)(u — ¢),
a(v) Pz | a2by azby

p, (0 ®)at(alv) - a(s@))bf +o—u(u—9)e+ ——(u—9)bs

b b
b
4 (= 9o+ G2 (= 0)os + 520 (0= 0) + G R0 — )

b b
+28 (y — ) )dr.
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Since

[ 16t @)l < [0 107 o
from Lemmas 2.3 and 2.4 we obtain
1P, ) = P(6,9)lly,
< oD u—glly, , (Il + Nl 1]y, , + 1615,
+C0' Ju = by, , (1+ 16l 2(0.1,
+Co'/ |u— ¢||Y0,9 Hu||L2(0,L) +2 ||¢||L2(0,L) +4 ||UHL2(0,L))
+C8 o = @l , (10z20,0) + 2 19l 20,2 + 41l 220, )
+C0' o = ¢ly,, (1+ 10201, )
+C6C/4 o = glly, , (0], , + Iol8 ) el + 101, ,) -
Consequently,

1P(u,v) = P(¢, @) lyz, < CLOC PR (Hu ~ ¢lly,, + v - sonyo,g)

+Co0'/2 (1 + ||b||L2(0,L)) (”U = Pllyy, +llv— <P||Y0,9)

+C38" R (JJu = élly,, + v = ¢y, ,) (29)
< G2 (14 [l 2o,y ) 1 (000) = (60,

+C1OE PR [[(u,0) = (6,9)llyz, + 0B (,v) = (&,0) vz, -

L2(0,L)

Estimate (28) shows that P sends Y, into itself if we choose R = 2Cj || (u®, v°)||
and 6 (possibly small) satisfying

M\H

C1OC—P/ARP 4 0,01/ (1 118l 2 o, L)) + 30V R <
Indeed, in this case we obtain
1P (u,v)llyz, < R

With this choice of § and R from estimate (29) it follows that

1P, ) = P8, 9)lyz, < 5 1w 0) = (6, 9)lyz,

[\U\H/—\

which shows that P is a contraction in YO 0
This concludes the proof of the local existence and uniqueness. The global exis-
tence comes from the a priori bound of the solutions. O

The same arguments as those in the proof of Lemma 2.6 and Corollary 1 lead to
the following local well-posedness result.

Corollary 2. Letbe€ H'(0,L), let a = a(z) be a C* function such that
la(@)] < CA+[al?), o/ (@)] < CA+ [P, la"(z)| < C(L+ [2P7%), VzeR,

where C' is a positive constant and p > 2. Then, for any (u®,v°) € [H{ (0, L)]? there
exists a T* > 0, depending only on ||(u®,v°)||(zr1(0,0)2, such that system (1)-(3)
admits a unique solution (u,v) € L°(0,T*;[H}(0,L)]?).
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Proof. The ideas involved in the proof follow closely the previous arguments and
those presented in the proof of Lemmas 2.11 and 2.12 in [20]. The extension of such
results for the model under consideration was proved in [4], Proposition 5.3 (see
also Remark 5.5 in [6]). Therefore, we omit the details.

We note that in order to apply the fixed point argument we first rewrite the
system in the following integral form

U(t) =T(t)(u’v°)
a(v) azby aiby

t
—/ Tt —7) | a(w)ug + a1vv, + as(uv)y, vy + Uy + (uv)y | dr,
0 b1 by by

where {T'(t)}+>0 denotes the C° semigroup property generated by the linear part
of the system.

To obtain the global well-posedness one needs to establish the corresponding
global a priori estimate in the space H'(0, L), which is not available. O

Using Lemma 2.6 we prove the main result of this section:
Theorem 2.7. Let a = a(z) be a C? function such that
la(z)] < C(L+ [2[?), |/ (x)] < C(L+ |2[P71), [a"(2)] < C(L+[2P7?), VzeR,
where C is a positive constant and 1 < p < 4. Then, for any (u°,v°) € X, system
(1)-(3) admits at least one solution (u,v) € Cy(R; X) N LE (RY; [HL(0, L)]?).

Proof. We consider the sequence of functions {an}, oy in C§°(R;R), such that

an(p) = a(p)  uniformly on each compact set of R,

) , 30
\ag(u)|gc(1+|ﬂ|ﬁ), Vn>0 VpeR, j=0,1,2, where C > 0. (30)

Observe that
lan ()] < C(L+ |pl) and |, (n)] < C(n)(1+ |ufP~).

For each n, Lemma 2.6 guarantees the existence of a unique function U = (u,v) €
C(R*; X) N L?(R; [Hg (0, L)]?) which solves

Un,t + A (Un )Un,z + Un sez + A3Vn zo0 + A1VRVn ¢ + G2 (UnUn) g
+b(z)u, =0,
b1Vnt + Tz + an(Vn) U,z + D2a3Un gze + Un ez + b2a2Unly 4
+b2a1 (unvy) e + b(x)v, =0, (31)
Un(0,1) = up (L, t) = up (L, t) =0,
U (0,t) = vp (L, t) = vy (L, t) =0,

un(x,0) = ug(x), va(z,0) =vo(x),

where 0 < < L and t > 0. Moreover, from Lemma 2.5 we get
2
[[(un (- T), 0n (-, T

1 /T
—l—b— [(v/boti (0, 1) + 1/ aZbavn, . (0,1))* + (1 — agbg) vi’w(O,t)]dt
1Jo

o (T (L ,
+lT/ / b(z) (baup + v) dadt = ||(uo, vo)|x
1Jo Jo
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T L T L
/ / u?  drdt + / / v2  dxdt
0o Jo ’ o Jo

0 ,0\]2 0 ,0y/|® 0 0y T2
< C{A+T) [|(u®, 0] + T || (u®, 0|5 + T (u®, %) & },

for any T' > 0, where C' > 0. The estimates above show that the sequence
{Un}nen = {(un, vn) bnen is bounded in L (RT; X)NLE (RT;[HJ (0, L)]?). There-
fore, there exists a function U = (u, v) and a subsequence, still denoted by the same

index n, such that

and

U, = U weakly * in L>®[R";X) (32)
U, —U weakly in L} (RT;[H(0,L)]?). (33)

The goal is to pass the limit in (31) to prove that U = (u,v) is a weak solution of
the problem. The main difficult is the study of the nonlinear terms. In order to do
that we introduce the functions

¢ _ ©
An(p) == / an(s)ds and  A,(p) = / san(s)ds (34)
0 0
and prove that
(Ap(un), An(vyn)) = (A(u), A(v)) in  [D'((0,L) x (0,400))]?, asn — oco. (35)
To obtain the result, need that the following holds:

Cram 1. For any T'> 0 and o € (1, ; ] the sequence {(A,(un), An(vpn)) tnen is

bounded in the space [L*((0,T) x (0, L))]Q.
Indeed, from (30)

® ®
|Aaw|s/’mangs/ﬁCﬂ1+meUscm1+wW“»
0 0
which give that

[An(9)|™ < Ca(1+ [ *PFY),

for some positive constants C; and Cs that does not depend on n. Then, since
W < 2 we can combine Lemma 2.5 and Gagliardo-Nirenberg’s inequality to

/ / n(n)|* dedt < Cy (TL+/ / |ty |2 PV dxdt)

[eY 1)—-2 2
<y (TL ‘|‘/ ||un||L(oIoJZ)3;) ||u7l||L2(0,L) dt)
0

T a(p«i:zl)72 a(p+21)72 2
S CQ TL+CS/O ||UTLHL2(0,L) ”un,zH]ﬂ(o,L) ||unHL2(0,L) dt

obtain

+1) T (p+1)—2
< Cy (TLJngHuOH “/0 ||unz||L2(0L) dt) < Cy,

for some C3 > 0 and Cy = C4(T, ||[u°||x) > 0. Analogously, we have

/ / “drdt < Cy.
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This completes the proof of the Claim 1.

CramM 2. For any T > 0 and « as in Step 1, the sequence {Uy, ; tnen =
{(tnt,Vnt) }nen is bounded in L*(0,T; [H~2(0, L)]?).

The estimates obtained for {U, }nen guarantees that the terms v, vy 4, (UnUn ) s,
UpUn and (u,v,), that appears in (31) are bounded in L*(0,7;[H2(0,L)]?).
Indeed, observe that o < 2, L1(0, L) ¢ H=2(0, L) and

[unvnzllL20.;10,2)) < lunllzoe0,7:22(0,L)) 1Vnll 220,712 0,1))-

The same result is valid for the linear terms. On the other hand, due to the
embedding L*(0, L) — H~*(0, L) and Claim 1 we conclude that

0z (Ap(un), An(vy)) = (a(un)tn,z, a(Vy) Uy ») is bounded in [L2(0,T;[H~2(0,1)]*)]>.
Now, noting that

Unt = —(a(Un)Un e + Ungze + A3Vn 000 + A1V Vnz + a2(UnVn)e + b(T)un),

blUn,t =

— (1,2 + a(Vn)Vno + b203Un saz + Vn zos + D202UnUn & + b2a1 (UnVy )z + D(X)Vy)
we obtain the result.

CrLAIM 3. (See Ergoroff Theorem) Let Q be an open subset in RN, If {f, }en is a
sequence in LP(Q), with 1 < p < oo, such that f, — f and f,(x) — g(z) a.e., as
n — 0o, then f(x) = g(x) a. e.

Now, we can complete the proof. Since {U,, }nen is bounded in L?(0,T; [HE(0, L)]?)
and {U,, ¢ hnen in L2(0,T;[H~2(0, L)]?), from Corollary 4 in [21], we obtain a sub-
sequence, still denoted by the same index, such that

U,—U in [L*0,T;L*0,L))]?, strongly and a. e. (36)
Then, from (30) and (36), we have
(A (up(z,1), Ap(vn(z,t))) — (A(u(z, 1)), A(v(2,t))) a. e. for (z,t) € (0,L) x RT.
Moreover, from Claim 1, we can pass to a subsequence (if necessary) to obtain a
function g = (g1, g2) € L*(0,T; [L*(0, L)]?) for which
(An(un(z,1)), An(va (@, 1)) = (g1,92) i [L¥(0,T; L0, L))]*.

Consequently, Claim 3 allows us to conclude that (A(u(x,t)), A(v(z,t))) = (91, 92)
and then

(An(un (2, ), An(va(z, 1) = (Alu(z, 1)), A(v(z,t))) in [D'((0, L)x(0, +00))]*.
Taking the spatial derivative we deduce that
(A (Un)Un 2y @ (V) Vn ) = (a(u)ug, a(v)vg) in [D'((0,L) x (0,+00))]?.

Finally, putting the convergences above together we can pass the weak limit in the
system (31). However, to conclude that U is a weak solution it remains to prove
U satisfies U(x,0) = u°(z) and U € Cy,([0,T]; X). Since {U,}nen is bounded in
L>(0,T; X) and {Up ¢}nen in LY(0,T;[H2(0,L)]?), with @ > 1, we can apply
again Corollary 4 in [21] to obtain a subsequence {U, }nen satisfying

U,—U in C([0,T);[H*(0,L)]*), forany T > 0. (37)

In particular,
U%x) = Up(z,0) — U(z,0).
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As U € L>=(0,T; X) N C([0,T];[H~1(0,L)]?), from Lemma 1.4 in [22] we deduce
that U € Cy ([0, T]; X). 0

3. A Carleman estimate. The proof of our main result is based in the so called
“Compactness-Uniqueness Argument”. The key is to establish a unique continua-
tion property for weak solution of the linearized system

(b ba _( T
A<b233 113) and Bl(le), fi)

with f; = fi(z,t), i = 1,2,3, 4, being real-valued functions in a suitable space. Since
the matrix A has two real eigenvalues there exists a diagonal matrix P € Max2(R)
such that A = P~'DP, where D is a diagonal matrix whose diagonal elements are
the eigenvalues of A. Hence, by means of the following change of variable

(7)=r(7)

blat + .ﬁlﬁw + )\2aa:x:r + jéaa: =0,

where

system (38) can be written as
(39)

where A\; and A\ are the eigenvalues of A and ﬁ = ﬁ-(x,t), i =1,2,3,4, are real-
valued functions. System (38) is simpler to deal with since the coupling terms are
of first order. Moreover, if the unique continuation property holds for (39) it also
remains valid for (38). We also remark that the above system is equivalent to the
equation

LU =0, (40)
where £ has the form
)
L= "’Lla f2%
f35: Lo
with Ly and Lo given by
o0 03 ~ 0 0 03 ~ 0
Li=b— +\=— — and Ly =bj— + \g—— —_
1=big thgs thyy ad Le=big + g s+ fags

For the sake of simplicity, from now onwards we will drop the notation u,v and
use the notation u, v in the system (39)-(40).

The following Carleman estimate plays the main role for proving the unique
continuation property for (39)-(40). In order to establish the result we introduce
the space

V ={qe L*0,T; H3(0,L)) N H*0,T; H*(0, L)) :
Q(tvo) = Q£(t7 L) = Qmm(tvL) = q(tv L) = O}
endowed with the norm

1/2
ety = {12120 7320 0.0 + ot B0 e 0.0 }

and observe that
v c e([0,7], H(0, L)). (41)
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With the notation introduced above we can state the main result of this section.
The proof is obtained following the arguments developed in [18, 19].

Theorem 3.1. Let T, L and R be positive numbers and f; € V, such that || fi||y <
R, for 1 <i < 4. Then, there exist a smooth positive function ¥ on [0, L] and two
constants ¢ > 0 and sg > 0 such that for any ® € V XV and s > sg, we have

/T/L I
o Jo BT =ty A BT Lt v

Tk 5 _ogb(@)
<c |LD|“e™ "% T=0 dxdt.
o Jo

Proof. Let R >0, and f; € V, such that || f;||v < R, for 1 <i < 4. Let ¢ = () be

a positive function (to be specified later) of class C? in [0, L] and let ¢ (¢, x) = %

For p,q € V and s > 0, we set u = e~ *¥p, v = e~ *?q and
W = e Y L(e*Pu, e’ v).
Thus,

W e " Ly(e*fu) + 6759"]?2%(65‘9@) .
efs*pfg%(es“"u) + e % Lo(e*Pv)
Now, we introduce wy = e~ *¥ Ly (e*?u) and we = e~ ¥ Ly(e*Pv). Then,
0 o3
=+ s
e Yot * 1 0a3
3

3] 0 ~ 0
— osep. Yoose —sp s —sp 7 Y (s
= e b 5 (e®fu) + e\ pe (e®fu) + e~ f1 o (e*Pu),

w +Fian)e )

3
where
e’wblg(ewu) = e by (e*Pspiu + e*Puy) = byspru + byug,

3 2

6_39”)\1%(68“%) =e %P\ %(ewsg@wu + e*Puy)

0
- 0.2 2 ; > » »
=e S“”Ala—x(ews iU+ €7 5P+ e P sy + 5P spiuy + %P uy,)

= 6’5¢A1(68W53<p§u + 2esﬁos2<pz<pmu + es“osaof‘,uz + 659052(,09590”11
+5P 8P ppatl + €59 8P pply + 2657 822Uy + 2657 8P prtly + 2€5P 8Py Uy

+e5P 80ty + € PUgyy) = )\153cp§u + 3)\152<pm<pmu + 3)\152<piur 4+ A1SPrrzt
+3M18Pz2Us + 3A15PpUse + M Ugza,

~ 9 _ - ~
e % fy 8—(es‘pu) =e ¥ f1(e*Pspru+ euy) = sfip.u+ frug.
x

Combining the above identities, we get

w; = bispiu+ brug + )\133g0iu + 3)\1$2cpmcpmu + 3)\152%25'% + A1SPrzzt
+3)\15S0:vzu93 + 3)\18@1”“11 + )\luzzz + Sfl‘pzu + fluz
= [S(blgOt + fl@z + Al@www) + 3)\152<pw§0$z + Al(‘g(pi)s]u (42)

+f1+ 3M50r + 3N (590) Jue + (BA150x )Uzs + Mlgza + bruy
= Au + Bug; + Cua:w + )\lua::rz + blut
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where
A - s(bl@t + flsam + )\1901193) + 3)\15290:03013:6 + )‘1(83013)3
B = fi+3\5¢m + 3\ (sps)? (43)
C = 3Aisp;.

We also readily get

wz = [S(bl% + .ﬁl‘pz + )\ZQPx:rz) + 3)‘2523018011 + )\2(8(,01)3]’0
+[f4 + 3)\2890:1:30 + 3)\2(53030)2]’09; + (3)\23()09:)1);1:9: + )\Q’U:EII + blvt (44)
= E'U —+ va + G’U;cm + )\QUI{L’fL‘ + blvtv

where
E = s(blwt + .]?4<Pw + )\2<pmzw) + 3)\232§0$§0ww + )\2(5901)3
F = fi+3X5000 + 3\a(5p,)? (45)
G = 3X\sp;.

At that point we observe that the arguments we are going to develop can be applied
to both wy and wy leading to the same result. Therefore, we will only deal with w;.
We set

A = s(bi1or + M@are) + M(s92)°
B = (3=081)M\5¢as + 3\ (5¢2)°
My(u) = brug + Mgss + Bug
My(u) = Au+ Cugy,

where 61 € (0,1) is a small number to be chosen later, we have
My(u) + Ma(u) = w1 — (sf100 + 3M5*aua)tt — (fi + 010 5000 s
Then, if | f1] < 61A15|@ge| for all (z,t) € Q = (0,L) x (0,T),

2 2
1M1 (w) + Ma(u)l|z2q) < 3(llwillz2(q)
2

(fl + 61 A18Pa ) Uz ) (46)

|

~ 2
2 3\
i H(fl )P 12(Q)

2 2 2
<3 (HU}lHLZ(Q) +(3+01)%\1s? H‘Prac‘PIUHLQ(Q) +407A%s° ”QDmmuxHL?(Q)) :

This is possible if s is large enough and |/ (z)| > 0 on [0, L], since ||f1|[p~ <
K||f1]lv < KR for some K > 0. On the other hand,
1M1 (w) + M ()| 72 g
2 2 Tt (47)
= I )y + M) gy +2 [ [ M) Mawpdot,

therefore, the next steps are devoted to estimate the last term of the above identity.
From now on, for the sake of brevity, we introduce the notation

//f3= /OT/OLf(t,x)dxdt and /f;: /OTf(t,L)dt:
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2//Ml(u)Mg(u) :2//Ml(u)(ﬁu+0um) :2//M1(u)21u
+2 / / (b1t + MUgae + Buy)Ciy, = / / 2M (u) Au (48)
+//2b1utC’um +//2(/\1umm+§uz)0um =1, + I + Is.

Now, performing integration by parts with respect to ¢ and = we get

I = //(blut 4+ MUgzs + Eum)qu

://blg(UQ)ZJr//2)\1uuzm/~l+//(,%(u2)gé

__ / / b2, — / / Mttty A — / / Mttty — / / W2(AB),

__ / / bt A, — / M2+ / / Sl d, + / / Mty — / / W2(AB),
_ / / bt A, — / M2+ / / SAu2A, — / / M2y, / / W2(AB),

= —//(blltJrAlﬁm+(Z§)x)u2+3A1//u§Zx—Alfuiﬁ

I3 ://2/\1uxmum0+//2§Cuxum
:/x\lCuiz—//x\leufm—i-/éCui—//(EC)wui
—//2b1 (Cuyg)guy = —//leCIutuI —//leCumum

//lecumugj—&—//QC (Au + Bug + Cugy + MUggs — w1)Ug
//blCtu _//c“u —|—//203u +/ocu —//cc 2
+/2Cm>\1umum - //2)\101xuwuwz —//2/\1Cxum - //QCxwww
—//(CIA)M+//(blct+2ow3—(ocgﬂ)ﬁxlcm)ug
/ (CoOuZ + 201 Cotigtipy — M Crppul) — / / 2\ Cpui2, — / / 2C, W1y

Combining (48) and the previous computations, it follows that

/ / M, () Mo / / (b1 A + M Ay + (AB), + (CA),)u?

+ / / (BA Ay + b1Cy + 205 B — (CCy)a + Mt Comn — (BC)a )2 (49)

—//SAleuiz - //2c$w1ugg +/(—Alﬁ+ CoC — MChp + BOY2
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+/)\10u§m+/2)\10murum
://EUZJr//Euif//3/\1C'gcu:2mf//QC’mwluQE
+/Fu§ +/)\10u§x +/2)\16’xumum,

D = —bA —M\Aysw — (AB), — (CLA),
E = 3MAy+ b0y +2C,B — (CCh)z + A Cazz — (BC)y
F = —MA+C,C—)\Cy + BC.

where

Now, observe that,

wlcwuz

1
ge//Ciui—i-*//w%’ (50)
€
for any € > 0, and

2’/)\1035%@” < )\1/uiw +)\1/C§ui. (51)

Then, combining (46), (47) and (49)-(51) we deduce that

//Du—f—//Eu—//B)qCum /Fu—i—/)\lCum
FR@I ) + Mg =2 [ [ wiCoua =2 [ MCotiyns
M)+ Mooy e [ [zt [ [wtn [uz, o [ oz
+3//w1 3(3+61)°Als 4//wixwiu2+125f/\382//<ﬂixugi

Hence
// D - 3(3+01)*\3s" g2, | u?

+// E—gcg—m?x%s%ix ui—f—//(—?))\le)uiz (52)
+/(ﬁ —MCHu; + /(Alc —A)uz, < (3+ %)//w%

The function ¢ and the constants 61, and s, (defined in the statement of the
Theorem) are chosen in such way that the functions in the brackets on the left

hand side of (52) are positive. On the other hand, the functions f1 and flx that
appears in A, B, D and E are uniformly bounded since

< KR.
"hHL‘X’((O,L)x(O,T)) + Hfll L>((0,L)x (0, T)) Hle
Then,
B o= —(AB)tO0(ot ) = —(3A25(00))e + Ot

- e T ) T WS e e TR s

4 / 4,011 4
—  _15)\255p4 S -1 5 sV (@) () S
5)‘15 PrPax +O(t4(T—t)4) 5)‘15 t5(T—t)5 +O( )a
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as s — oo. Moreover, if s is large enough,

|¢/(z)] > 0 and ¢ (z) < 0 for = € [0, L],

we get
N s 4.2 2 57
D — >Ki————
3(3 + 1) S PrPra 1t5(T — t)57 (53)
for some constant K; > 0. On the other hand,
E = 9A%53S03Q011‘ + 6)\3590“(38@% + 352 ) (9>‘15 PePox)z
s
—{((3 = 61)spzs + 357 33)\1<pz} +O 2T 75)2)
= 30,52\202, + (30, — 18)52A%0y Pras + O( =
187 A1 Pz + ( 1 )8 1Pz + (t (T—t)z),
and, therefore,
= 2 2122 2 2.2 o P (2)?
E —eC; — 1267 A7s%p5, = A7s“(301 —9e — 126 ) 2T 1)2
"
5 —1 2)\2¢ (z)y" () S .
+ BN e Ol )
Now, choosing d; = 107! and € = 1072, we get 35, — 9¢ — 1267 > 0. Then, if
(@) # 0 and ¥/ ()9 (x) < 0 for x € [0, L],
we obtain a positive constant Ko > 0, such that, for s sufficiently large
= 2 2,2 2 s
Finally,
Y (x) s
—3MC, = -9\ > Ky
! YHT —0) = TPHT 1) (55)
= 2 2.3 .3 2.3 3 52 53
F— ) = =) A - V> Ky————
1Cz 18 901+9 15 <pz+0(t2(T—t)2) = 4t3(T—t)3 (56)
MC =N = 3M\Isp,— A > K5
1 1 15¢e =M 2 Koy, (57)

for some positive constants K3, K4 and K5, provided s is sufficiently large and
Y (x) < 0 and ¢'(z) > 0 for € [0, L].
To summarize, the function v has to fulfill the following conditions:
Y e C3(0,L]), >0 >0, ¢’ <0andy'y" <0in0,L]

¥(z) = 1 +4L? + x(3L — x) is convenient. Thus, for s sufficiently large, we infer
from (53)-(57)

//{t5(T85— t)5u2 + tQ(TSQ— t)?“i + t(TS_ t)“im} < Kﬁ//ﬂﬁ (58)
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for some positive constant Kg > 0. Now if we take into account that

< 3 f [

we can improve the above estimate as follows

//{t5(TS5_ t)5“2+t3(T83_ t)3u§+t(TS— ) Uy } *Ks//wl, (59)

for s large enough.

As we pointed before, similar computations give us a similar estimate for (44).
Therefore, to conclude the proof we proceed as follows. We replace u by e~ %¢p in
(59) to obtain

s s —250(2)
//{t5 et (Tt)3pi+t(Tt)pi"’”}et(T” et

where ¢ = ¢(L TR) Next, we set v = e~ *¥q:

// 2y & o e dydt
#5(T — t)5 t(T—t)3qg” t)q”

<c// (La2(q Ze T dxdt.

Letting ® = ( 2 ) and adding the last two inequalities hand to hand we deduce

that

5 3
S 2 S 2 S 2 —2st(x)
5 1O + g [P + o [P p e T dudt
//{tS(T—wﬁ' St 1 Ty '}e v

=G / / (Ly(p)? + La(q)2)e 70 dudt,

where C, = C,(L, T, R). On the other hand,

//’f2q ‘ e_r?%’ﬁf))dxdth’ HL (Q)//‘q ‘ ef(T 1) dxdt

—2:9(2)
= 4//{t5 5 |(I)| +ﬂ|®m| +W|CI)II| }et(Tt) dadt

~ —2s(x) ~ 12
Co//‘f?,px‘ e ¥ T=0 dxdt < C, HL //\p e T dpdt

3
2 2 —2s¢(x)
- 4//{,55 £y |‘b| +ﬂ|¢z| +m|®m| }e “T-0 dxdt,

for s large enough.

(60)

an
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The above computations combined with (59) allows to obtain the following esti-
mates

3
S 2 s 9| 2w
) - | D, — | D, HT=0) dxdt
//{t e Ll G
~ 2
<C, [ [@W?+ Late? - 2| faae])
and

1 s° 2 s® 2 s =0
92 S P = | P —|P WT—0 drdt
2//{755(T—t)5| | +t3(T—t)3‘ | +t(T—t)| vz }e x

<C, [ [P + La(@? - 2|

L) < 2[L0(0) + |

—2s9(2)
et dxdt (61)

—2s

e HT- T dedt. (62)

Since

and

~ 2
+2)f2Qz

)

~ 2 ~ 2
Lo < 2|La() + Foa| +2|Fops

we can add (61) and ( 2) to conclude that

s3 s —259(x)
//{ts 5|‘I’|2 qu’ﬂ? + M|@xz|2}e TT=0 dwdt

~ ~ —2s1(x)
= G / /(LI(P)2 + La(9)? = 2| fagu|* = 2| fape|?)e "0 dadt
~ ~ —2s¢(x)
< 20, [ [(@a) + ) + (Lala) + Fops))e 755 daat
The proof is now complete. O

4. Exponential stabilization. In this section we prove the uniform exponen-
tial decay of the total energy E(t). We will require the so-called “Compactness-
Uniqueness Argument” which reduces the problem to prove a Unique Continuation
Property for weak solutions. As the weak solution of (1)-(3) may fail to be unique,
we will say that the solution is exponential stable if the following property holds.

Definition 4.1. System (1)-(3) is said to be locally uniformly exponentially stable
in X if for any R > 0 there exist positive constants C' and « such that for any
u? = (u?,0%) with E(0) < R and for any weak solution U = (u,v) of (1)-(3), the
following holds

E(t) <CE(0)e ™, Vit>0.
If the constant « is independent of R, the system (1)-(3) is said to be globally
uniformly exponentially stable in X.

As a consequence of Theorem 3.1 we obtain a unique continuation result for (1).
In order to prove the result the following technical lemma will be needed.

Lemma 4.2. IfV is a Banach space and g € LP(0,T;V), with 1 < p < oo, then
for any h > 0 the function g™ = glM(2,t) given by

[h] 1 t+h
g (x,t) = 7 g(z,s)ds
t

satisfies
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(i) g e Whr(0,T — h; V),
(ii) 119" 2o, r—n:vy < |l9llLr07:v)s
(iii) g™ — g in LP(0,T';V) as h — 0, forp < oo and T' < T.
Proof. See Proposition 1.4.29 in [5] (see also [21]). O

The following result is the first step to establish the unique continuation result.

Proposition 2. Let T and | be positive numbers. If U = (u,v) € is such that
U e L>(0,T;[H'(0,0)]?) and solves

g + a(w) Uy + Upgr + A3Vzze + @10V, + az(uv), =0 i (0,1) x (0,7,
bive + 15 + a(V)vg + b2a3Uses + Vpga

+boaguuy + boar(uv), =0 in(0,1) x (0,7T),
u(0,t) = v(0,t) =0 fort e (0,T),
u=v=0 in(l',1) x (0,T)

with a € CO(R,R) and 0 < ' < I, then u=v =0 in (0,1) x (0,T).
Proof. We first observe that the above system can be written as
b1Up + AUyyy + [B(U) + RIU, + C(U)U, =0 in (0,1) x (0,7,
Uu,t)=0 for te(0,7),
U=0 i (',1)x(0,T),

where U = (u,v), A is given in (38),

_ biasv b1 (agu + ayv) ({00
B(U) = ( ba(azu + a1v) baaiu , = r and

(P 0

Now, for any U we consider the function
Ul = (ul? ylhly

given by Lemma 4.2.
Then, for T/ < T and h small enough UM € W°°(0, T’; [H}(0,1)]?) and solves

UM + AUR, + (IBU) + RIU)™ + (C(U)U)™ =0 in (0,1) x (0,T"),
Uhlo,t)=0 for te (0,77,
vl =0 in (',1) x (0, T").
Since u,v € L>=(0,T; H*(0,1)), then
a(u)ug, a(v)vg, (UW0)z, utty, vv, € L(0,T; L*(0,1)).

Consequently, we get v, ¢ L>®(0,T"; X) and so UM € L°°(0,T"; [H>(0,1)]?).

On the other hand, returning to (38) we can define fi = byagv, fo = bi(asu+a1v),
f3 = ba(agu+aiv) and fy = baaju+r. Then, we have B(U)+ R = B;. Furthermore,
we can use the change of variable P~1U := U , where P is the diagonalization of
the matrix of A, to obtain (39). Note that the functions f; = f;(z,t) introduced in
(39) are such that ﬁ € L§e (0, L) since f; € L2 (0,L), 4 =1,2,3,4.

loc loc
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For the sake of simplicity, from now onwards we will drop the notation U and use

the notation U. Then, letting P = ( Z ?

) the analysis presented above allows

us to apply Theorem 3.1 to obtain,
T’ l 5 3 R h] —25 @)
$o {0+ e O + g U e

<Co J3" fy (IP1CPO)PULII + [P~ B(PU)PULIP|®) > 5

< GG fo fo <| (cu + dv)ug, h]| +|(a(eu + fv)Ux)[h]|2> BT

g _uie) (63)
+C,Cq fo fo <| (eu+ fo)uy h| + |(a(cu + dv)v, )| )ei ®

t(T/ —t)

_gg_t(2)
+CoC fy Jy (1) P2+ w0 P2 |0 )2 o () )2 ) 207
:Eizl &)

for any s > s, where C, and C; are positive constants.

The next steps are devoted to estimate the terms on the right hand side of (63).
Let us focus on I;. First observe that

()
L = / /‘ (cu + dv)u )[h] ST

2
< 2/ / ( alcu + dv)ug)" — a(cu + dv)ul

= I + L2
Since a(cu + dv) € L*°(0,T; L*>(0, l)) we get

Is < O/ / ‘ h]‘ t(ﬁ(’r)o

Then, comparing the power s in both sides of (63) we conclude that the term I15 can
be dropped by increasing the constants C, and s, in a convenient way. Moreover,
the fact that a(cu + dv)u, € L?(0,T; L?(0,1)) together with Lemma 4.2 allow us to
deduce that, as h — 0,

(a(cu + dv)ug)™ = a(cu+ dv)u, in  L*(0,T"; L*(0,1)),
a(cu + dv)ul" = a(cu + dv)u, in L2(0,77; L*(0,1)).

b ()

2
+ ‘a(cu + dv)u[wh]‘ ) PRciEn)

_og, _%(@)
Now, fixing s = sg and observing that e 280 1) < 1, from the above convergences
the following holds
Ii1 —0, as h—0.

A similar analysis can be done for the terms I;, 1 =2,...,8.
Consequently, as h — 0,

O T B R LA G
|U "+ UM + Ui |~ ¢ €
t5 t3(T/ _ )3 (T/ _ t) T

converges to zero. This completes the proof. Indeed, from Lemma 4.2 we have that
UM — U in L?(0,T'; X) which guarantees that U = 0 in (0,1) x (0, T"). Moreover,
since T" can be taken arbitrarily close to T, we obtain U =0 in (0,1) x (0,7). O

The unique continuation result reads as follows:
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Corollary 3. Let w C (0,L) be a nonempty open subset. If U = (u,v) is such that
U € L*(0,T; [H(0,L)]?) and solves

g + a(w)uy + Uppr + A3Vzze + A10V, + az(uv), =0 in(0,1) x (0,7,
bive + 15 + a(V)vg + b2a3Uzes + Vaga

+boasuuy + boar(uwv), =0 in(0,1) x (0,T),
u(0,t) =v(0,t) =0 fort e (0,T),
u=v=0 inw x (0,T)

with a € CO(R,R), thenu=v =0 in (0,L) x (0,T).

Proof. The arguments used to obtain the result are known (see, for instance, [20]).

Without loss of generality we may assume that w = (I1,13) with 0 <1y <ls < L.
Pick I = ({1 +12)/2. Applying Proposition 2 to the function U(z,t) on (0,1) x (0,T)
and then to the function U(L — z,T —t) on (0,L — 1) x (0,T), we conclude that
U=0on (0,L)x(0,T). O

We first prove a local uniform result.

Proposition 3. Let a = a(x) be a C? function such that
la(z)] < C(L+ [2fP), |a'(2)] < C(L+ [P, |a"(2)] <C(1+[27?), Vo eR

where C' is a positive constant and 1 < p < 4. Then, if b satisfies (5), system
(1)-(3) s locally uniformly stable.

Proof. As we pointed out in Section 1, to obtain the exponential decay of E(t) we
claim that the following inequality holds

<C’/ / )(bou? + v?)do+

- (64
2<¢E%m¢)% @@%@JO iofawgngHﬁ

for every finite energy solution of (1)-(3), where C = C(R,T) is a positive constant.
To prove (64) we first multiply the first equation of (1) by (T —t)bau and add with
the second one multiplied by (7' — t)v. Performing integration by parts we get

// 2dzdt+—// dedt—i——/ T — t)u2 (0, t)dt

+7/(T £y mnﬁ+m%/1@—w%mw%m@d

T L
+bo / / — t)b(z)u*dadt + / / (T — t)b(x)vdxdt
o Jo

T T
T o IO [ (0020,
2 0 2 0
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that is,

Z’QZ/L( )dx+b1/ (1°)2da
f by / / uldedt + — / / 2dmdt>

,/ [(\/gum(o,tH a2bv,(0,1))2 + (1 — a2by) g(o,t)]dt

/ / )(bou?® + v?)dxdt.

Then, to obtain (64) we have to prove that, for any 7' > 0 and R > 0, there exists
a constant C(R,T) > 0 satisfying

b, [T (L T L
—2/ / u2dmdt—|—/ / v2dadt
b1 Jo Jo 0o Jo

< C(R, T)(/OT [(/baua(0,1) + Va3ba02(0,6)) + (1~ a3b) V2(0,)|dt (66)

+ /0 ' /0 ’ 20(z) (bau® + vz)d:r,dt)

for any weak solution U of (1)-(3), whenever [|u’||x < R.

We argue by contradiction. Suppose that (66) is not true. Then, there exists a se-
quence of functions {U, }nen = {(tn, vn) tnen € Cw ([0, T]; X)NL?(0,T; [HL(0, L)]?),
such that

(65)

(un(.,0),0n(, 0))l[x <R, (67)
solution of
01Un,i + AUn,zzz + RUpz + B(Un)Unz + C(Un)Up + D(x)Uy =0,
Un(0,t) =U,(L,t) =U, (L,t) =0, (68)
Un(z,0) = Uy, o(x),

where x € (0,L), t > 0 and A, R, B,C were introduced in the proof of Corollary 2
and D is as diagonal matrix whose diagonal elements are damping functions b1 b(x)
and b(x). Moreover,

i 2 lunllZ20.mir20,0)) T 1001122 0 712200,0) _

n—00 1, ’

(69)
where

I, = /T |:(\/£un,x(0at) + angUml‘(Oat))Q + (1 - a3b2) (O t) dt

+2/ / )(bou? + v2)dzdt.

bo
On = < ||Un||L2(o T;02(0,L)) T HUnHL2 (0,T;L2(0, L))) = ||Un||L2(0,T;X) (70)

Let

[SIE
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and consider

Zola,t) = —Un(a,1) = ( Un(@,1) > (71)

n wy (z,t)
For each n € N, Z,, satisfies
bIZn,t + AZn,:r:mv + RZn,:v + UnB(Zn)Zn,z + C(UnZn)Zn + D(m)Zn = 07
Z,(0,t) = Z,(L,t) = Z,, (L, t) = 0,

Z(2,0) = Zy o(z) = Leol®),

On

(72)
with 0 < < L and t > 0,
||Zn||%2(O,T;X) =1 (73)
and
T
/ [(Vb2yn 2(0, 1) + 1/ a3bawn o (0,1))% + (1 — a3ba) w) (0, 1))t
0 (74)

T L
+ / / 2b(x) (bay? + w?)dxdt — 0,
0 0

as n — 0o. Observe that the energy dissipation law and (67) guarantee that o, is
bounded. Then, extracting a subsequence, still denoted by the same index, we can
assume that

op, — o > 0.
Moreover, combining (65), (73) and (74) we deduce that ||Z,, || x is bounded. Then,
following the arguments used in the proof of Theorem 2.7, we can prove that there
exists a function Z = (y, w) such that

Zn—Z in L*®0,T;X) weak*;
Z,—Z in L*0,T;[H*(0,L)]*) weak ;
Zy—Z in L*0,T;X) a e ; (75)
Zn—Z in C([0,T];[H7H0,L)]*);
C(onZn)Zng — C(0cZ)Z, in D'((0,L) x (0,T)).
The last convergence follows from the fact that
la(onm)] < C(L+|onl” [uf”) < C"(1+ |pf”),
where C” is a positive constant. Consequently, by (74) and (75) we obtain
1 Z]|z201:x) =1 (76)

and

T
/0 {(\/gyw(o,t) +\/adbow, (0,1))* + (1 — a3bs) w2(0,t) | dt

T L (77)
—|—/ / 2b(2) (b2y? + w?)dadt < 0.
o Jo
Due to the statements above we conclude that Z fulfills
017y + AZypy + RZy + 0B(2)Zy + C(02)Z + D(z)Z = 0 -
Z(0,t) = Z(L,t) =0,

in D'((0,L) x (0,7)) and
Z

0 on wx(0,7). (79)
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Now, we can apply the unique continuation property given by Corollary 3 to con-
clude that Z = 0in (0, L) x (0,T"), which contradicts (76). Consequently, (66) holds
and the result follows.

However, to apply the Corollary 3 we need to show that Z € L>°(0,T; [H'(0, L)]?).
Indeed, the boundary conditions follow from the second convergence in (75). So,
we claim that the following holds:

For 0 < t1 < ta < T, there exists a subinterval (ty,t5) C (t1,t2) such that
Z € L>(th, t5; [H'(0,L)]?).
Indeed, according to (37), for each weak solution W, we can obtain a sequence
{an}nen in C§°(R) satistying (30). Moreover if W), is a solution of

bIWn,t + Aan,mxz + RWn,x + O—nB(Wn)Wn,x + O(Uan)Wn + D(x)Wn == 07

W, (0,t) = Wy (L, t) = W, »(L,t) =0,

Wi (z,0) = Z, 0(x)

we get
Wn—2Z,—0 in C([0,T);[H*0,0)]?), as n— oo. (81)
Since
[IWallLz0,1:m1 0,0)2) < C,
for some C' > 0, we can pick a sequence {a, }nen C (t1, (t1 + t2)/2), such that, as

n — 00, ap, — a and [|[Wy (o) |[m10,0)2 < €', where C" > 0. On the other hand,
from (75) and (81) it follows that

Walan +-) = Z(a+-) in  C([0,e];[H(0,L)]*), as n— oo,

for any € < (t2 —t1)/2. Consequently, from Corollary 2, if ¢ is sufficiently small, we
obtain C” > 0 satisfying

Wi (etn + )| Lo 0,658 0,L)12) < C”,

which allows to conclude that Z € L (a, a + &; [H(0, L)]?).

Now we can complete the proof. Let t; € (0,7) and t2 € (¢1,7). Accord-
ing to the statement above, there exists some interval (¢},t,), such that Z €
Lo (th,th; [H'(0, L)]?). Then, Lemma 3 guarantees that Z = 0 in (0, L) x (#],t5).
As ty is arbitrarily close to t1, from the continuity of Z in H~1(0,L) we obtain
Z(0,t) = 0. O

Now we can prove the main result of this paper.

Proof of Theorem 1.1. The arguments used to obtain the result are known (see, for
instance, [20]).
Proposition 3 guarantees the existence of a constant a > 0, such that if £(0) < 1,
the corresponding solution fulfill
E(t) < C"E(0)e™, Vt>0.

Moreover, for a given R > 0 we obtain positive constants C = C'(R) and 8 = 5(R)
such that

E(t) <CE(0)e P, Vit >0,
whenever E(0) < R. Then, setting Tx := ! In(RC), we get

E(t) < C'"E(Tg)e TR Vit > Tg,



STABILIZATION OF A SYSTEM OF GKDV EQUATIONS 385

which give us that
E(t) < C'CE(0)e"Tre™ Yt > 0.
This completes the proof. O

5. Further comments.

5.1. The critical case a(s) = s*. If the procedure of the previous Section is
carried out, then we can address the existence of weak solutions, as well as, the
exponential decay of the total energy E(t) assuming that |[(u®, v°)||x << 1. We
follow the arguments in [10].

5.1.1. Ezponential Decay. We first remark that the energy dissipation law, as well
as, (65) remains valid when a(u) = u*. Therefore, we claim that, for any 7' > 0 and
R > 0, there exists a constant C' = C(R,T) > 0, such that

T oL b [T [E
/ / uldzdt + — / / v2dxdt
0

< C(R,T) (/ (VD2 (0,8) + 1/ a2bav,(0,1))? + (1 — aZbs) v2(0,8)]dt  (82)

+ /O /0 2b(m)(b2u2+v2)d:cdt),

for any solution solution of (1)-(3), whenever ||(u®,v%)||% < R2. Now, the idea is to
use the “Compactness-Uniqueness Argument”. Therefore, the following estimates
will be needed.

First estimate. Multiplying the first equation in (1) by zu, the second by zv and
performing integration by parts we get

T L T L
/ / (u2 4 v2)dzdt < C |||(u®,v*)||% +/ / (u® +v6)dxdt] , (83)
0 0 0 0

where C' = C(T L) is a positive. On the other hand, the Gagliardo-Nirenberg
inequality and (7) imply

/L/<mm<c/|wmm@mmwmm@ﬁ

T
SCII(UO»UO)HE%/O [z ()72 0,1yt

(84)

for some constant C' > 0. Similarly, we estimate fOT fOL v8dxdt. Then, returning to
(83) we deduce that

(1 O, )]l 0) o s 0.1y < C N (85)
Second estimate. To obtain a bound for u; we have to pay some attention to

1
the nonlinear term u*u, = £ .(u”). First, observe that the argument used in (84)

/ / |u® |6/5d:L‘dt <l / [l (8)]|72 (0,0)dt

SquUWXA e (8) 20,1, .

gives
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Therefore, from the (7) and (85) we get
{5} is bounded in L ((0,T) x (0, L)).
On the other hand, since L5 (0, L) < H1(0, L) we conclude that

1
{utu,} = {gaw(u5)} is bounded in L? (0, T} H%(0,L)).
Similarly, we estimate v*v,.

Third estimate. Now, we can obtain a bound for (u,v:). Indeed, since

Ut = —(Upge + A3Vpze + utug + a1vv, + ag(uv), + a(z)u)

b1vy = — (Vs + Vaza + b203Uzze + V10, + baasuu, + baay (uv), + a(x)v),
the previous estimates allows to conclude that

(ug,vy) is bounded in L3 (0, T; [H2(0, L)]?). (86)

Fourth estimate. Taking the arguments above into account, the main difficult
in this case is to pass to the limit in the nonlinear term wﬁwn,m when {wy, }nen i8
bounded in L2(0,T; H}(0, L))NL>(0,T; L*(0, L)). Therefore, we claim that the fol-
lowing hold: There ezists s > 0 such that {w, }nen is bounded in L*(0,T; H*(0, L)),
the embedding H*(0, L) — L*(0, L) being compact.
In fact, by interpolation we can deduce that {w,} is bounded in
[L9(0,T;L*(0, L)), L*(0,T; Hg (0, L)) = LP(0,T;[L?(0, L), Hy (0, L)]s),
where % = % + g and 0 < 0 < 1. Thus, choosing ¢ = oo, §# = 1/2, so that p = 4,
the claim holds with s = 1/2, i.e.,
[L?(0, L), H}(0, L)), = H?(0,L).
Furthermore, the embedding H= (0, L) < L*(0, L) is compact.

Thus, from the statements above and classical compactness results ([21], Corol-
lary 4) we can extract a subsequence of {wy, }nen, still denoted by the same index
n, such that

w,, — w strongly in L*(0,T; L*(0, L)). (87)
Then, arguing as in previous section, we deduce that F(t) decays to zero exponen-
tially.
5.1.2. Ezistence of Weak Solutions.

Definition 5.1. For (u°,v°) € X and T > 0, we denote by a weak solution of
(1)-(3) any function u € C,([0,7]; X) N L*(0,T; [H*(0, L)]?) which solves (1)-(3),
and such that, as p — 4,

u, — u weakly x in L*°(0,T; X),

u, — u weakly in L?(0,T; [H'(0,L)]?),
u, denoting a solution of (1)-(3) (as given by Theorem 2.7) for a(x) = 2P and
2<p<4
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We follow the same steps of the previous estimates and for the sake of simplicity
we drop the notation u, and and use the notation wu.

First estimate. Using the multipliers zu and zv the corresponding solution fulfill

T L T L
/ / (uz + vi)dxdt <C H(uo,vO)H?X + / / (up+2 + v”+2)dmdt] , (88)
o Jo o Jo

where C = C(T, L) is a positive constant. Then, from Gagliardo-Nirenberg inequal-
ity we obtain

1 2
/ / P2 ddt < C / O 1) 30,0

< OO, 0| / ot (82,1

(89)

for some constant C' > 0 that does not depend on p. Similarly, we estimate
fOT fOL vPT2dzdt. The above estimate and (88) give us that

(1 - ||(u07UO)H?{)”(“:U)H2L2(07T;[Hé(o7L)]2) <C H(uowo)l\%o (90)

Second estimate. This estimate is devoted to bound the term uPu. Arguing as
in the previous subsection and using (89)-(90), we deduce that

{uP*1} is bounded in L%((O,T) x (0, L)),
with a bound uniform in p. Therefore,
{(p+ DuPu,} = {0, (uP*)} is bounded in L%(&T; H™2(0,1)),
ie.,

{uPu,} = {9, (uP™)} is bounded in L%(O,T; H™2(0,L)) C Lg(O,T; H~2(0,L)),

since p is intended to go to 4 and g—ﬁ > 2. Similarly, we can estimate vPv,.
Third estimate. Combining the equations in (1) and the previous estimates, we

deduce that
(ug, v¢) is bounded in L7+ (0,T; [H=2(0, L)]?) € L% (0,T; H%(0, L)),

with a bound uniform in p.

Fourth estimate. To deal with to the nonlinear term we claim that the follow-
ing hold: There exists s > 0 such that {u,} is bounded in L*(0,T; H*(0,L)), the
embedding H*(0, L) < L*(0, L) being compact.

We can argue as before and use interpolation. Indeed, since %

0= % and ¢ = co we obtain the claim with s = %

Due to the statement above and classical compactness results ([21], Corollary
4) we can extract a subsequence of {u,} (still denoted by {u,}) and a function
uw e L>(0,T;X) N L0, T;[H'(0,L)]?), such that u, — u, as p — 4, in the sense

described above.

_1-6_9¢ :
=5 *35 choosing
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5.2. Extension of the previous results. The previous results lead one to con-
sider the same problem for other systems of dispersive equations. For example, a
coupled system represented by the following equations

Up + Ugge + (WPVPHL), =0

V¢ + Vg + Ugn + (Up+1vp)_7; =0.

with boundary conditions (2) and p € [1,4). The methods developed in this paper
allow showing that the same exponential decay property holds when the damping
potential b = b(x) is effective in any non-empty subinterval, but the details remains
to be done.
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