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This paper studies the local exact controllability and the local stabilization of the semilinear
Schrodinger equation posed on a product of n intervals (n > 1). Both internal and boundary
controls are considered, and the results are given with periodic (resp. Dirichlet or Neumann)
boundary conditions. In the case of internal control, we obtain local controllability results which
are sharp as far as the localization of the control region and the smoothness of the state space are
concerned. It is also proved that for the linear Schrodinger equation with Dirichlet control, the
exact controllability holds in H ~!(£) whenever the control region contains a neighborhood of a
vertex.
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1. Introduction

The control of the Schrodinger equation has received a lot of attention in the last
decades. (See e.g. Ref. 52 for an excellent review of the contributions up to 2003).
Significant progresses have been made for the linear Schrodinger equation on its
controllability and stabilizability properties (see Refs. 21, 24, 31, 36—38, 40, 42 and 43
for control issues, and Refs. 3, 11, 12, 27, 39, 51 for Carleman estimates and their
applications to inverse problems). For the control of the so-called bilinear Schrédinger
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equation, in which the bilinear term is linear in both the control and the state function,
see e.g. Refs. 1,2, 4—7, 10, 20, 41 and the references therein.

By contrast, the study of the nonlinear Schrodinger equation is still at its early
stage. Recently, Illner, Lange and Teismann'®?" considered the internal controll-
ability of the nonlinear Schrédinger equation posed on a finite interval with periodic
boundary conditions:

iy + Uy + f(u) = da(x)h(z, t). (1.1)

In (1.1), a denotes a smooth real function which is strictly supported in T, the one-
dimensional torus. They showed that the system (1.1) is locally exactly controllable
in the space H!(T). Their approach was based on the well-known Hilbert Uniqueness
Method (HUM) and Schauder fixed point theorem. Later, Lange and Teismann®®
considered internal control for the nonlinear Schrodinger equation (1.1) posed on a
finite interval with the homogeneous Dirichlet boundary conditions

u(0,t) = u(m,t) = 0 (1.2)

and established local exact controllability of the system (1.1)—(1.2) in the space
H{(0,7) around a special ground state of the system. Their approach was mainly
based upon HUM and the implicit function theorem. Dehman, Gérard and Lebeau®®
studied the internal control and stabilization of a class of defocusing nonlinear
Schrédinger equations posed on a two-dimensional compact Riemannian manifold M
without boundary

tuy + Au+ f(u) =ia(z)h(x,t).

They demonstrated, in particular, that the system is (semiglobally) exactly con-
trollable and stabilizable in the space H'!(M) assuming that the Geometric Control
Condition and some unique continuation properties are satisfied.

Recently, Rosier and Zhang’® proved that the cubic Schrodinger equation on the
torus T with a localized control

iy + Uy + Mul?u = ia(z)h(z,t), z €T, (1.3)

is locally exactly controllable in H*(T) for all s > 0 (hence, in L2(T)). Inspired by the
work of Russell—Zhang,*® the method of proof combined the momentum approach
and Bourgain analysis. In the same paper, the local stabilization by the feedback law
h = a(z)u(x,t) was established by applying the contraction mapping theorem in
some Bourgain space. Finally, similar results were obtained with Dirichlet (resp.
Neumann) homogeneous boundary conditions thanks to an extension argument.
More recently, Laurent® has shown that the system (1.3) is semiglobally exactly
controllable and stabilizable. The same result has also been derived by Laurent* for
certain manifolds of dimension 3, including T3, S? and S? x S!. The propagation of
compactness and regularity proved in Refs. 28 and 29 plays a crucial role in the
derivation of the stabilization results in these papers. See also Ref. 30 for another
application of these ideas to the semiglobal stabilization of the periodic Korteweg—
de Vries equation.
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In addition, Rosier and Zhang*” considered the following nonlinear Schrédinger
equation
iy + Au+ Mul?u =0

posed on a bounded domain §2 in R” with either the Dirichlet boundary conditions or
the Neumann boundary conditions. They showed that if

>n
s> —
27
or
n .
0§s<§ with 1 <n < 2+ 2s,
or

s=0,1 withn=2,

then the systems with control inputs acting on the whole boundary of €2 are locally
exactly controllable in the classical Sobolev space H*({2) around any smooth solution
of the Schrodinger equation.

The aim of this paper is to extend the results of Rosier and Zhang*® to any
dimension. More precisely, we shall assume that the spatial variable lives in the
rectangle

Q=1(0,1;) x---x(0,1,).

We shall investigate the control properties of the semilinear Schrodinger equation
iuy, + Au + Mu|%u = ia(z)h(z,t), (1.4)

where A € R and « € 2N*, by combining new linear controllability results in the
spaces H?*(Q) with Bourgain analysis. Let us briefly review the results proved in this
paper.

The internal controllability of the linear Schrodinger equation on T”

iuy + Au = ia(z)h(z,t), x€T", te€(0,7) (1.5)

is established in H*(T") for any s >0 and any function a # 0. (Note that the
Geometric Control Condition is not required.) It is derived from a well-known result in
L%(T"), due to Jaffard?! when n = 2 and Komornik?® for any n > 2, by an argument
allowing to shift the (state and control) space from L?(T") to H*(T"). In particular,
the exact controllability in H*(T™) will require a control input h € L2(0,T; H*(T")).
Similar results with Dirichlet or Neumann homogeneous boundary conditions are
deduced by using the extension argument from Rosier and Zhang.*¢

The boundary controllability of the linear Schrodinger equation is considered both
with Dirichlet control

u = 1p h(z,t) (1.6)
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and with Neumann control

ou

B
In (1.6) and in (1.7), T'y denotes an open set in 9. For the Dirichlet control, we shall
prove that in any dimension n > 2 the exact controllability holds in H () when-
ever I'y is a neighborhood of a vertex of ). The observability inequality for this
(arbitrarily small) control region is actually derived from the corresponding obser-
vability inequality for internal control by multiplier techniques.

= 1p, h(z, t). (1.7)

For the Neumann control, the exact controllability in L?(€2) is obtained in any
dimension when T is a side of €. Finally, the results with Dirichlet (resp. Neumann)
boundary controls are extended to any Sobolev space H*(§2) with s < 1/2 (resp.
s<1) by considering control inputs more regular in time, namely h €
HT(0,T; L%(09Q)) (vesp. h € H3(0,T; L2(N))).

The extension of the above exact controllability results to the semilinear
Schrodinger equation

iup + Au + Au|"u = ja(z)h(z,t) (1.8)

is performed on the basis of Bourgain analysis. The needed linear and multilinear
estimates are combined with a fixed-point argument to produce local exact con-
trollability results. Sharp results (for the support of the control input) are given for
the internal control. Boundary controllability results are derived from those estab-
lished for the linear equation with the aid of estimates in Bourgain spaces of solutions
of boundary-value problems with boundary terms given by HUM.

Finally, the local exponential stabilization with an internal feedback law is proved
by following the same approach as in Rosier and Zhang.¢

The paper is organized as follows. The controllability results for the linear
Schrédinger equation are collected in Sec. 2. Section 3 is devoted to the controllability
of the semilinear equations. Section 4 deals with the internal stabilization issue.
Multilinear estimates for nonlinearities of the form u® % are established in the
Appendix.

2. Linear Systems
2.1. Internal control

We first consider the linear open loop control system for the Schrodinger equation
posed on T" := (—m, 7)" with periodic boundary conditions:

tu; + Au = iGh = ia(z)h(z,t), u(z,0) = yy(z), (2.1)

where a € C>*(T") is a given smooth real-valued function and h = h(x,t) is the
control input.

We denote by H*(T™) the Sobolev space of the functions u defined on the torus T
(i.e. defined on R" and periodic of period 27 with respect to each variable ;) for
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which the H* norm
llulls = 11 = A)*ul| po(pay

is finite.
We first establish an internal observability inequality for the solution wv(t) =
W (t)vy of

{ivt +Av=0 (z,t) eT" xR, (2.2)

v(0) = vy.

Proposition 2.1. (Observability inequality in H~*(T")) Let a € C*(T") with
a#0 andT > 0. Then for any s > 0 there exists a constant ¢ > 0 such that for any
solution v of (2.2) with vy € H~*(T"), it holds

T
w2, < / law ()2 dt. (2.3)

Proof. We proceed in several steps.
Step 1. Assume that s = 0, and let
w={z e (-mm" |a(x)] > llallp=)/2}

Then, by Lemma 8.9 in Ref. 24, there exists some positive constant ¢ such that for
any square-summable sequence (c;)rezn\ o} We have

T
<o [ [
k0 0 w

E#0
The result is still valid when the set of indices is changed into Z" by Proposition 8.4 in
Ref. 24. This yields (2.3) when s = 0.

2
dxdt. (2.4)

Step 2. We prove the weaker inequality

T
llog 12, < C(/o llav(t)]|% odt + ||Uo||231> (2.5)

by contradiction. If (2.5) is false, then there exists a sequence {v;} of solutions of (2.2)
in C([0,T]; H=*(T™)) such that

T
1= o, (0%, = ](/O llaw; (8112 st + ||vj(0)||251>~ (2.6)

Since v; is bounded in L°([0,T]; H *(T")) and (v;); is bounded in L*([0,T];
H—72(T")) by (2.2), we infer from Aubin’s lemma that, for a subsequence again

denoted by {v;}, we have for j — oo
{vj — v in L*([0,T]; H~%(T")) weak %

v; —v in C([0,T]; H"(T")) Vr< —s
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where v € C,,([0,T]; H—*(T")) is a solution of (2.2). (C,([0,T]; H=*(T") denotes the
space of weakly sequentially continuous functions from [0,T] to H~*(T").) In par-
ticular, v;(0) — v(0) in H"(T") for any r < —s. Since v;(0) — 0in H~*1(T") by (2.6),
we conclude that v = 0. Let w; = (1 — A)~*/2v;. Then w; € L>([0,T]; L*(T")) and
w; — 0 in L>([0,T]; L*(T")) weak *
{wj — 0 in C([0,T]; H"(T")) Vr<O.

Let us split aw; into
aw; = (1= A) 7 (avy) = (1= A)[a, (1 - A) ;.

As the pseudodifferential operator [a, (1 — A)*?] maps continuously H"(T") into
Hr=+1(T"), we have that

(1—A)"*2la,(1—A)*?w; — 0 in C([0,T);H(T") foranyr<1. (2.7
Therefore, using (2.6) and (2.7), we obtain that

aw; — 0 in L*([0, T}; L*(T™)).

Clearly, w; also satisfies the linear Schrodinger equation (2.2), so we infer from the
observability inequality (2.3) established for s = 0 that

w;(0) — 0 in L*(T").

It follows that v;(0) = (1 — A)*/?w;(0) — 0 in H~*(T"), contradicting the fact that
[lv;(0)]|—s = 1 for all j.

Step 3. We prove (2.3) by contradiction. If (2.3) is false, there exists a sequence {v;}
of solutions of (2.2) in C([0,T]; H *(T")) such that

T
1= [lo,(0)]12, > / vy (8)[2,dt V5> 0. (2.8)
0

Extracting a subsequence if needed, we may assume that

v; —wv in L®([0,T]; H*(T")) weak * (2.9)

v; = v in C([0,T];H"(T")) Vr< —s (2.10)

for some solution v € C,([0,T); H=%(T")) of (2.2) (see Lemma 8.1 in Ref. 35).
Clearly, av; — av in L>([0,T]; H*(T")) weak * which, combined with (2.8), yields
av = 0. An application of Holmgren theorem (see e.g. Theorem 8.6.5 in Ref. 18) gives
v = 0. On the other hand, (2.10) gives v;(0) — 0 in H ~5~(T"). It then follows from

i
(2.5) that v;(0) — 0 in H~*(T"), and this contradicts (2.8). |

Applying HUM?* with L?(T") as pivot space, we infer from Proposition 2.1 the
following internal controllability of the linear Schrodinger equation in H*(T").

Theorem 2.1. Let T >0 and s > 0 be given. Then for any (ug,u,) € H*(T") x
H#(T") there exists a controlh € L2([0,T]; H*(T™)) such that the system (2.1) admits
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Control region

Trapped rays

Fig. 1. Internal control of the Schrédinger equation.

a unique solution w € C([0,T]; H*(T")) satisfying w(T) = u;. Moreover, we can
define a bounded operator

& H3(T") x H*(T") — L2([0, T]; H*(T")
such that for any (ug,u;) € H5(T™) x H*(T") it holds

T
W(T)ugy + /0 W(T — 7)(G(®(ug,u))) (-, T)dT = uy. (2.11)

The (small) control region is represented in Fig. 1. Trapped rays are drawn to
mean that the wave equation fails to be controllable with such control regions.
2.2. Boundary control

In this section 2 = (0,7)", and I'y denotes an open set in 5.

2.2.1. Dirichlet boundary control
We first adopt the following definition.

Definition 2.1. The open set 'y C 9 is called a Dirichlet control domain if
given any wug, u; € H1(2) and any time T >0, one may find a control h €
L%(0,T; L*(Ty)) such that the solution u = u(x,t) of

iu,+Au=0 in Qx (0,7)

u = 1Ip h(x,t) on I x (0,T) (2.12)

u(0) = uyg

satisfies u(T) = u;.
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The following result provides Dirichlet control domains which are arbitrarily small
in any dimension n > 2. Note that the wave equation fails to be controllable with
such control domains.

Theorem 2.2. Let Q) = (0,7)", and let Ty C 09 be any open set containing a vertex
of 0. Then Ty is a Dirichlet control domain.

By Dolecki—Russell test of controllability (or HUM), Theorem 2.2 is a direct
consequence of the following boundary observability result for the system

w;+Av=0 in Qx (0,7)
v=0 on 092 x (0,T) (2.13)
v(0) = vy.

Proposition 2.2. Assume that the (open) control region I'y C 92 contains a vertex
of 02 Then for every T > 0, there exists a constant ¢ > 0 such that

T
V00 2oy < € / /
0 J1,

for any solution v of (2.13) with vy € H(Q).

2
% dodt (2.14)

Proof. We proceed in several steps.

Step 1. First, we prove an observability inequality in H{(Q) with an internal
observation in an arbitrary subdomain of Q.

Control region

A

Trapped rays

Fig. 2. Boundary control of the Schrodinger equation.
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Lemma 2.1. Let w C Q be an arbitrary nonempty open set. Then there exists a
constant ¢ > 0 such that

T
HV?}OHZLz(Q) < c/0 /|Vv(:1c,t)|2d:rdt (2.15)

for every solution v of (2.13) with v, € H(S).

Proof of Lemma 2.1. Extend vto (—m, )" x (0,T) in such a way that v is an odd
function of x; for each ¢ = 1,...,n, and extend the initial state v, in a similar way.
Then v solves (2.2). Writing vy = ez ce’**, we have that

Vu(z,t) = Z icpe!Fa=FPD L,
keznr

It follows then from (2.4) that

n

”VUOH%Z(’H‘") = Z Z \kj|2|ck:|2

j=1 keZn

<3/ LZ
< c/ /\Vv|2d:cdt

The lemma is proved. O

ilko—lkt) dxdt
keZn

Step 2. We use the multiplier method to reduce the boundary observation inequality
to an internal observation inequality. Without loss of generality, we may assume that
Ty is a (small) neighborhood of the vertex M = (m,...,n) defined as

Ty={z€dQ o+ - +x, >nr—c},
where ¢ is a (possibly small) positive number. The following lemma is needed.

Lemma 2.2. There exists a non-negative function 6 € C3(R") which is null on {x €
R™; z; <0} and strictly convez on (0,400)™ N By(0).

Proof of Lemma 2.2. Set y™ = max(y,0) for all y € R. Let

O(as,...,2,) = (a7)" (1 v (x;>4>,

where ¢ > 0 is a small number whose value will be specified later. Clearly, 6 is a non-
negative function of class C3 on R™, which vanishes on the set {x; < 0}. To prove
that 6 is strictly convex on (0, +00)™ N By (0), it is sufficient to check that the Hessian
matrix

H(z) = ( aii,ij (x)) (2.16)
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is positive definite for every € (0, +00)"™ N B;(0). Simple computations give that for
any £ € R",

n n n
TH(z)¢ = 1222 (1 +6) x§> §1+12021 Y @3¢l + 32026, > 2le;.
j=2 j=2 J=2

From Young inequality, we obtain that
32leizjé €| < 26tz e + 10z1wies,

therefore
ETH(z)E > (12 — 26(n — 1))z ieT 4 2621 Zz@ > cl¢]? (2.17)
if z € (0,400)" N B;(0) and § < (6/13)(n —1)~L. |

At this position, we need an identity from Ref. 37.

Lemma 2.3. (Lemma 2.2 in Ref. 37) For any g € H?(2,R") and any solution v of
(2.13) issued from v, € Hol(Q), the following holds

F R
00
1 aoar 1 T . _
=—Im [ (vq-Vv)dz|y +=Re (vV(div q) - Vo)dzdt
2 Ja 2 0 Ja

+Re // % KO (2.18)
0 jI=1 81‘k 830

dadt

Let
w={zed; x4+ - +z,>nr—¢c}.

We readily infer from Lemma 2.2 that there exists a convex function § € C3(Q)
which is strictly convex on w and null on Q\w. Using (2.18) with ¢ = V6 we obtain

//w VT H(2)Vo(x)dzdt

< c/ / dadt—i— C&/ |vo| 2 +6/ |Vo|?de, (2.19)
r, 10 Q Q

where § > 0 is a small number and H(z) denotes the Hessian matrix given in (2.16).
In (2.19), we used the fact that both quantities [[v(t)|.2) and [[Vo(t)|[f2q) are
conserved. Using Lemma 2.1 and the fact that the Hessian matrix H(x) =
(026/0x;0x;)(x) is positive definite on w, we obtain

T v 2
2 < ov
ol e | [ |5

dodt + C(g/ |vo| 2dz (2.20)
Q
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for a convenient choice of 6. The proof of the estimate

T 2
||Uo||%2(9) < C/ /
0 Jr,

dodt (2.21)
is classical (see e.g. pp. 27 and 28 in Ref. 37). Then (2.14) follows from (2.20) and
(2.21). This completes the proof of Proposition 2.2 and Theorem 2.2. O

12
ov

Remark 2.1. (1) Theorem 2.2 is stated for a square 2 = (0, )", but it is valid (with

the same proof) for any rectangle Q = (0,1;) x --- x (0,1,).

(2) Using a frequential criterion and number theoretic arguments, Ramdani et al.*?
proved that when n = 2, 'y C 01 is a Dirichlet control domain if and only if T’y
has both a horizontal and a vertical component. It is, however, unclear whether
the approach in Ref. 43 can yield a similar result for n > 3.

(3) Using Theorem 2.1 on a rectangle Q = (—1,7) x (0,7)""! with a control input
supported in Q\Q, and next taking the restriction to €2, we infer that the linear
Schrodinger equation is controllable in L2(§2) with a control supported on a side.
(This fact can also be deduced from the Carleman inequalities established in
Ref. 39.) This suggests that the condition for a domain to be a Dirichlet control
domain is less restrictive when the state space is smoothed.

We now aim to extend Theorem 2.2 to a control result in a space H*(f2), with
5> —1. We define H3,(Q) = D(A?), where A, is the Dirichlet Laplacian; i.e. Apu =
—Au with domain D(Ap) = H2(Q) N H{(Q) € L(Q). First we need to replace the
characteristic function 1, by a smooth controller function g € L>(9Q). We adopt
the following

Definition 2.2. Let g € L>(0f2). We say that g is a smooth Dirichlet controller if

(i) there exists a constant C' > 0 such that
ov

T
Vo l|2. §C’//gm
Vel <€ [ [ o)

for any solution v of (2.13) emanating from v, € H(2) at t = 0;
(ii) for any face F of 99, gp = g|, € C>°(F) and for all k > 0

62k+1

2
dodt (2.22)

gr
W =0 on 8F7 (223)

where v denotes the unit outward normal vector to OF.

Note that for any nonempty open set 'y C 0f) containing a vertex of 92 one can
construct a smooth Dirichlet controller g supported in I'y. Consider for example a
small neighborhood T'y = [0,£)" N9 of 0 in IN. A smooth Dirichlet controller ¢
supported in I'j is given by

n

g(xlv"'7xn) = H p(xi>7

i=1
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where p € C*(R) fulfills

Note also that g € C°(9Q) and that the set {zx € 9Q;g(x) > 0} is an open neigh-
borhood of 0 in 0f2.

Let g be a smooth Dirichlet controller, and let S denote the bounded operator
HL(Q) — H Q) defined by Svy = u(T), where u = u(x,t) solves

iug+Au=0 inQx(0,7)
u=g(z)h(z,t) on N x (0,T) (2.24)
u(0) =0

with h(x,t) = (Ov/0v)(z,t), v = Wp(t)vy denoting the solution of

w;+Av=0 in Qx (0,7)
v=0 on 092 x (0,7) (2.25)
v(0) = vy.

Applying HUM, we infer from the observability inequality (2.22) that S is invertible.
We shall prove that a similar result holds in more regular spaces.

Theorem 2.3. Pick any number s € [~1,3). Then S is an isomorphism from

H3™(Q) onto H(Q). More precisely, for any T > 0 and any up € H3)(S), if we set
h(z,t) = (Ov/dv)(z,t) where v denotes the solution of (2.25) with vy = S~ uy, then
s+1

vy € H3%(Q), h € H5(0,T;L*(09)), and the solution u of (2.24) satisfies u €
C(0, T} H(9) and u(T) = uy.

Proof. Step 1. Let us first check that S~! is a bounded operator from H }(2) into
H32(Q) for s € [—1,2). The result is already known for s = —1. Assume first that
—1 < s <0, and pick any up € H}(Q) decomposed as

UT(QT) = Z ur p Sin(plxl) e Sin(pnxn)a
pe(N*)n

with " vy [p|%|ur ,|? < co. Let vy = S~ (ur) € Hp(S2) decomposed as

UO(m) = Z Up Sin(plxl) T Sin(pnxn)a (226)
pe(N*)n

and let v denote the solution of (2.25). The control given by HUM driving (2.24) from
0 to ug reads

ov ) 0
- _ —ilp|*t 2 (g ...l
h(z,t) :== o= pe(g ‘. vpe » (sin(pyzy) - - - sin(ppxy,)). (2.27)
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Let us write the solution u = u(x,t) of (2.24) in the form

u(@,t) = Y w,(t)sin(pyzy) - - sin(p,z,). (2.28)

pe(N*)n

The moments {u, (t)}pe(N*)n can be computed from the control input h by using
duality. Scaling in (2.24) by w, where w = Wp(t)w, is a smooth solution, we obtain

/ u(z, tyw xtda:_//dﬂ D2 do(a)i.

Pick any ¢ € (N*)" and choose wy(z) = sin(g,z1) - - - sin(g,z, ). We obtain from (2.27)
that

(5)"ie (0
//dQ lellzf 881/ (sin(q ;) - - - sin(q,,,))do(z)dt
( i(la2—lpl)8 dg)
/ gz )82(8111(1719:1) -sin(p,z,,))

X % (sin(gqyq) - - - sin(g,x,,))do(z). (2.29)

It follows that for ¢t =T

S(vy) =ur =u(T) = Z Z a, v, | sin(gqz,) - - -sin(g,z,) (2.30)

ge(N-)n
with
2\ " e—ilpl*T _ o—ila]*T o _
Gy = — (;) i [ o) in(pie) --sin(p,,)
X % (sin(gqyxy) - - - sin(g,x,,))do(z). (2.31)

n (2.31), we used the convention that

eii‘p‘% — e*i\q|2t

> — =ite 11" for |p| =| g. (2.32)
lql* — Ip|
Introduce the operator D7 defined by
D7 N esin(pizy)osin(paz,) | = Y |ploe,sin(piz) - osin(p,z,).

pe(N*)» pe(N+)n
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In what follows, ), and »_, will stand for ) c+)» and » cn+)n, respectively. We
aim to prove that vy € H37(Q) for up € Hj(Q). For vy given by (2.26), let

looll 2 =D Ipl* o, |
p

C denoting a constant varying from line to line, we have that

[vg]ls2 < 1D Iy
<O|S(D*wy)||
<C(ID*(Svo)ll-1 + IS, D* M ugll-1)
< C([lurlls + IS, D*Mwg|l-1).- (2.33)

Clearly

(5.0 oy =3 (Zaq,p<|p|8“—|q|s“> )Sln<qlx1>--~sin<qnwn>v
q p

hence

2
I[S, D* v %1 = Zlq\ 2[2 q.,p<|ps“—|q|‘““)vp] :

Writing 02 = Uy<j<9n_1F}, where the F}’s denote the faces of €, the integral term in
(2.31) may be written ) g<jc9._1 If, With

Iy = [ ofa) 5 (snoyan) -+ -sin(py,)) 5 (sinaan) sin,)do(a).

Let us estimate Iy, for Fj) := {z € 0Q;z,, = 0} =[ 0,7]"* x {0}. Then

n—1
/[ | g(zqy ..., 2,-1,0) [ H sin(p;x;) sin(g;z;)
0,71' n—1

j=1
/( : 1g($1,...,In_1,O)
0,7]"

n—1
1
X [ H §(cos(pj —qj)z; — cos(p; + q;)x )] dzry---dx,_4|.

J=1

‘IFU| = Pndpn dml o dmnfl

= Pn4n

Using (2.23) and integrations by parts, we see that for every k € N, we have for some
constant C), > 0

n—1

|IFU| S Ckpnqn H <pj - Qj> 7]6’ (234)
j=1

where (y) := (1+ |y|?)=.
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The corresponding contribution in ||[S, D¥!]v||2; is therefore estimated by
n—1

=> lal? (Zm%( II - qj>k> (la1* = Ip1%) ~YIpl*+* = lgl* ], I>

Since

|lp]*** — |q|**]

1l SCllpl—ItJIZI(lpl ;rlq\ )Solpl + |q|
(lgl* = IpI*) (lgl* = Ip|*) Ip| + gl

we have by Cauchy—Schwarz

n—1 2
s\ IpI° +lgl?

Ar, <O S TT oy — 0 ) 21
e pl+14ql

25 n—1
< cz (Z p||p| :| |qq|| - | (pj— a;) "“)
X (ZP%VMQ lj <ij]'>_k>- (2.35)

Pick any £ > 1. Then, as s < 0,
|p|2s+ IQIQS i L

zz ;Y [To-w e

94 Dn p n Tt q” ~~~~~ Pr1 J=

Therefore

AR <C Y an\vaH py— ;)

Q155 Gn-1
n—1

<eX bl ¥ I,

Qysln-1 J=
<O IpPy,l?
p

The estimate for another face Fj is similar. We conclude that
I1S, D* Mgl 2y < Cllvg||F < Cllur ||,

hence, with (2.33), vy € H5?(Q2). Let us now assume that up € H}(Q) with
0<s< % The proof is carried out as above when —1 < s < 0, except for the estimate
of A in (2.35). We know from the lines above that vy € Hp(Q2) for any o < 2. Then,
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by Cauchy—Schwarz inequality,

pl* +1al*, '
Ap, <OZ (an H i =) km| p|>

p[** + g (e
<OZ<Zp|p|+|qq|2"1H )
n—1
x <Zpilplvp|2 11 <quj>’“>-
P Jj=1

Note that

lpl** +1a*
n P
where
|2.5 1 n,1

o) sl
(ot oo
( Istf:q:ﬁ )
( q|28|p|1" )
>

-3

2
; (Il + la)?

Since 2s — 1 < 0,

25 1 n—1
( H (p; — qj>k> < const. < 0.

pn + qn) j=1
Also,
Z ( q p n— 1 )
< TL 7l
= 2
T~ \5~ (Pn+ ) ]:1
< Z qgfp;l
Pn q, pﬂ +qn
Z ( 25-3 > 2
; - i)
pn+1 " 1 pn(pn+m)2

Pn

2s

Yy
1+ E ps- 2/ ——dy
< =t (1+y)?

< const. < 0.

where ¢ = (¢, q,)-

(2.36)
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In the third line, we noticed that the function z > 0 +— x2$(p, + x) 2 is decreasing
for s < 0, which leads to the bound by the first and third terms, while for s > 0 this
function is first increasing up to = sp,, /(1 — s) and then decreasing, which leads to
the bound by the second and third terms. Finally,

n—1

Sy < lq' |2SZZ P H (pj—aq) "< Clg'I*.

. (Pn + @)?
It follows that

n—1

Ap <C Z > palpllv Pl ] w5 —a) ™

~~~~~ An-1 P J=1
Note that
n—1
Sld* I i —a) < Cp'®
Q1seesn-1 J=1
since, for k > 2s + 1,
Zq —q) k< Cpy.

(Split the sum into one for ¢; < 2p;, and another one for ¢; > 2p;.) Therefore, since
0<s<1/2,

Ap, < Cz 12720, * = llvoll34 3 < Clurll3- (2.37)

Thus, we have proved that S~! is bounded from H3,() into H () for -1 < s < 1.
Note that, for vy € H52(Q), h € H= (T; L2(89)) by (2.27).

Step 2. Since Sis an isomorphism from H },(2) onto H ,*(Q), it remains to prove that
S maps H5™(Q) into Hj (). The proof of Theorem 2.3 will thus be complete with
the following result.

Proposition 2.3. Let s € [-1,1) and T > 0. For any vy € H},?(2), let u =Ty,
denote the solution of (2.24) associated with h = Jv/dv, where v(t) = Wp(t)vy. Then
T is a bounded operator from H3(2) into C([0,T); H} ().

Proof of Proposition 2.3. It is well known that for any h € L2(0,7T; L2(99)),
there exists a unique solution u € C([0,77]; H 1(Q2)) in the transposition sense of
(2.24) (see e.g. Ref. 37). The result is therefore true for s = —1. Let us now assume
that s € (—1,%). From Step 1, we know that u is given by

—ilp|*t _ o—ilq|?t

2\ " e . .
) =-(2) ¥ (2w e | sinlae) - sinfam),

G€)n \pe)n
(2.38)
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where

Hor.) = [ o(w) 5L (inlpnay) -sin(p,a,)

X % (sin(q 1) - - - sin(g,z, ) )do(x). (2.39)

Again I(g,p,q) = Y o<i<2n-1 I, where the F}’s denote the faces of Q and Iy, is given
n (2.29). We have that

1Tz (0. 1et3 0y = 1D H(T00) | 2 0,721 (42))
< [P+ o)l L o130 1)
+ I, Dol L 0,70 51 ()
Since
IT(D* )l o.rerr () < CID gl < Clfvg sy,
it remains to estimate the commutator [I', D**!]u,. Clearly

([0, D=+ o) (¢)

([T "

a  \pilpl#ldl
n
X H sin(g;x;).
=1

The contribution in ||([T', D*t]vy)(#)]|%, due to Fy = {z € dQ; x,, = 0} is estimated
with (2.34) by

_ pl* + lqI®
BFO S CZ |q| 2 Z | p| | ‘_~_| | | F0|
q

;|pl#lgl

s+1 |s+1

—lg

PRSTE (e7PI*t — e=il*t) I(g, p, q)

n—1

cos [ 3 gl O

s [Pl Tl

Therefore, using the estimation of the R.H.S. of (2.36) in (2.37), we conclude that for
s<1/2

By, < Cllwl?

s+4
the constant C being uniform in ¢ € [0, T]. Therefore

[T, DSH]UOHLm(o,T;H;(Q)) < Cllvglls42:
Thus, we have proved that

llullp~o.r.m35 @) < C||U0||H-;;2(Q)' (2.40)
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Since u € C([0, T]; Hp'(f2)), we conclude that u € C,,([0,T]; H3(Q)). If we pick 5 €
(5,1/2) and 9, € H$™(1), the corresponding solution 7 belongs to C,,([0, T; H3,(£2)),
hence to C([0,T]; H5(R)), the embedding H3(Q2) C H$(Q) being compact. It fol-
lows from (2.40) combined with the density of H$™(Q) in H;(Q) that u €
C([0,T); H5(Q)) for vy € H3?(Q). In particular, u(T) € H},(Q), so that S is an
isomorphism from H 32(Q2) onto H (). This completes the proof of Proposition 2.3
and Theorem 2.3. O

2.2.2. Neumann boundary control
We adopt the following definition.

Definition 2.3. The open set 'y C 09 is called a Neumann control domain if given
any ug, u; € L?(Q) and any time T > 0, one may find a control h € L2(0,T; L?(T))
such that the solution u = u(z,t) of

i, +Au=0 inQx(0,7T)

gﬁzhﬁ@ﬁ on 90 x (0,T) (2.41)
1%
u(0) = uq

satisfies u(T) = u,.
The following result provides Neumann control domains in any dimension n > 2.

Proposition 2.4. Let Q = (0,7)", and let Ty C IQ be a side of Q. Then Ty is a
Neumann control domain.

Proof. Assume e.g. that T’y = {0} x (0,7)""!. By Dolecki—Russell criterion, we
only have to check the following observability inequality

T
Hmmwgcllw@mMma (2.42)
0

where v is any function in L2(Q2) and v = v(z, t) solves

v, +Av=0 in Qx (0,7)
ov

5=
v(0) = vy.

0 on 90 x (0,T) (2.43)

Expanding v, as

vo(z) = Z ¢ cos(kyzy) - - - cos(k,,),

keNn

then the corresponding solution v(z,t) reads

v(z,t) = Z cre Mt cos(kyxy) - - - cos(kyay,).
feNn
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It follows that
T
/ |v(z, t)|2dodt
0JT,

T
B [) /(0,7r)"l
> [
kg, >0 7 0

9 yeeeship =

2

Z cre Kt cos(kyxy) - - - cos(kyx, )| das - - - da,dt
ke~

2

dt ~ Y lel® ~ ool e

keNn,

7.2
E cke—zklt

k>0

where we used the orthogonality of the functions cos(kyxsy) - - - cos(k,x,) in L%(T)
and Ingham’s lemma. O

We now aim to extend Propos1t10n 2.4 to a control result in a space H*(Q2), s > 0.
We define H3(Q2) = (Az ), where Ay is the Neumann Laplacian (i.e. Ayu =
u— Au with D(Ay) = {u € H2(), 2 =0 on 09} C L%(12)). A result similar to
Theorem 2.3 may be obtained along the same lines. We limit ourselves to giving a
weaker result with a very short proof.

Theorem 2.4. Let Ty be a Neumann control domain, T =2m, s €[0,1) and
ug,u; € H3(Q). Then there ezists a control input h € H3(T; L?(99)) such that the
solution u of (2.41) satisfies u(T) = u;.

Proof. Without loss of generality, we may assume that uy = 0. A direct computation
shows that for any (smooth) solution u of (2.41) emanating from uy = 0 and any
(smooth) solution v of (2.43), the following holds

/Q u(z, T)v(x / /391F (z,t)vdodt. (2.44)

As usual, for any h € L2(0,T; L2(99)), the solution u € C([0,T]; L2(£2)) of (2.41) is
defined by

i(u(t), v(t)) 2 = —(h I, 0) 202200, VEE[0,T], Vu, € L*(9) (2.45)
where v(t) solves (2.43).
Claim 1. If vy € HN(Q) for some s € R, then v € H~3(T; L%(99)).

Indeed, if we write vg = Y _penn ¢ cos(kyzy) - - - cos(k,z,) and

v(z,t) = Z cxe M cos(kyxy) - - - cos(kyx,,)

keNn
then we have that

ol sz cniomy ~ 2+ W) lenl” ~ el (2.46)

We may rewrite (2.44) in the form
i<u(T)7 U(T»H;WHF = _<h7 1Fov> H3(T;L2(090)),H 3 (T;L2(09))" (2‘47>
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Note that u € C([0,T]; H3(€2)) if 0 < s < 1. It remains to establish the following:

Claim 2. (Observability inequality) The following estimate holds for the solutions of
(2.43):

2 2
||1F0UHH7%(']1';L2(GQ)) > const. ||’U0||H§’(Q) (248)

If (2.48) is not true, one can construct a sequence {v;} such that
51 s oy < 5O ey = 1. (2.49)

Let w; = (1 — 8?);%1)]-, where for any o € R

(1- 83);che”t = Z (14 |112)7cre™.

lez ez
Then w; solves (2.43) with w;(0) substituted to vy, and from (2.49) we obtain
Ip,w; — 0 in L*(T; L*(692)). (2.50)

As Ty is a Neumann control domain, we infer that w;(0) — 0 in L?(Q2), hence
w; — 0 in L*(T; L*(09)).
This gives
v;— 0 in H~3(T; L?(0%)).
Using (2.46), we infer that v;(0) — 0 in H y*(Q2), which contradicts (2.49). This
completes the proof of Theorem 2.4. O

3. Nonlinear Systems
3.1. Internal control

In this section we consider the following nonlinear control system

{iut + Au+ N(u) =iGh = ia(z)h(z,t), x€T" t>0, (3.1)
u(z,0) = ¢(z),
where a € C>(T"), and the nonlinearity N(u) reads

N(u) = u™u®, a;+a=1a+1>2, (3.2)

with A € R, and «, ay, ay € N. Note that for any o = 23 € 2N*, |u|®u = u/*+1u”.
We introduce the number

n g ifa=1,
2
n 3 1
=t © fa=2, :
San ST if (3.3)
2
g*E if a> 3.
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Thus s,, =8, =4 — % (the critical Sobolev exponent obtained by scaling
in NLS) for a >3, while s,, >s. for a=1,2 (except for n=a =2 where
S99 =5, =0).

By Corollary 3.1 (see below), the system (3.1) is locally well-posed in the space
H*(T") for « > 1 and s > s,,,, with ¢ € H*(T") and h € L} (R, H*(T")).

Our main concern is its exact controllability in the space H*(T").

Theorem 3.1. For given n > 2, ay,ay € N with oy +ay =:a+1> 2, and a #Z 0,
the system (3.1) is locally exactly controllable in the space H*(T") for any s > s, ,,.
More precisely, for any givenT > 0, there exists a number 6 > 0 depending ona, n, T
and X such that if ¢, v € H*(T") satisfy

olls <6, 1Pl <6,

then one can choose a control input h € L*(0,T; H*(T™)) such that the system (3.1)
admits a solution uw € C([0,T]; H*(T™)) satisfying

w(@,0) =d(z), u(z,T) = ().
The system (3.1) can be rewritten in its equivalent integral form

u(t) = W(t)p+i /0 Wt — 1) (N(w)(r)dr + /0 Wt - nGH (. (3.4)

To prove Theorem 3.1, a smoothing property is needed for the operator from fto
u, where

u(t) = /0 W(t —7)f(r)dr.

This needed smoothing property was provided in Bourgain’s work (see Refs. 8 and 9)
where he dealt with the Cauchy problem for the periodic Schrédinger equation.

For given s,b € R, the Bourgain space X is the space of functions u : T" x R —
C for which the norm

[ullx,, = W (=t)ul, )l

is finite. Decomposing u as
u(z,t) = / a(k, T)e!F et dr
kezn v R

we have that

hly, = 3 / (7 + K[2) 2 ()25 k, ) 2dr,
kezn /R

T

5. 1s the restriction norm

where we remind that (y) := (1 + |y|?)?. For given T' > 0, X
space

X0 = {wrnxom); v € Xgp}
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with the restriction norm

lullxr = inf{[|allx,,; @ € X5, Upnxor) = ul-

Before we proceed to show the exact controllability results, we present the
following two technical lemmas (see e.g. Ref. 50) which play important roles in the
proof of Theorem 3.1.

Lemma 3.1. For given T > 0 and s,b € R, there ezists a constant C > 0 such that
W@l < Clél,
for any ¢ € H*(T™).

Lemma 3.2. For given T >0, b > 1/2 and s € R, there exists a constant C' > 0
such that

The following multilinear estimate is crucial when applying the contraction

/OtW(t — 1) f(7)dr

< Ollfllxr,

T
Xs.h

for any f € Xzb_l.

mapping theorem.

Proposition 3.1. Letn > 2, « € N* and s > s,,,,. Then there exist some numbers
b€ (0,%) and C > 0 such that

a+1 a+1
IT @ <O ] luillx, Yus,- - uas € Xop, (3.5)
i=1 X, i=1

where u; denotes u; or u;.

Corollary 3.1. Letn > 2, a € N* and s > s,,,. Pick uy € H5(T") and h € X, =
L%(R; H*(T™)). Then there exist two numbers b > & and T = T(||ug|| (1), ||2]|x,,) s0
that the initial value problem (3.1) admits a unique solution u € XSTJ).

Remark 3.1. Proposition 3.1, which is proved in the Appendix for the sake of
completeness, is essentially due to Bourgain. It was proved in Ref. 9 when o = n = 2,
and in Ref. 8 in Besov-type spaces when s > s, where

Se if n =2,

max(sc,§> if n =3,

max(sc,?m> if n > 4.
n+4

Notice that s, > s, only for (a,n) € {(2,3),(2,4),(2,5),(3,4)}. The corresponding
values of s;,s. and s,, are reported in Table 1. We notice that s,, <s, for
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Table 1. s, s,, and s, for (a,n) € {(2,3),(2,4),(2,5),(3,4)}.

(a,m) (2,3) (2,4) (2,5) (3,4)
s 3 3 5 3
4 2 3 2
Sam 5 7 27 4
8 6 16 3
Se 1 1 3 4
2 2 3

(a,m) €{(2,3),(2,4),(3,4)}. On the other hand, s, = s, < s,,, for & =2 and n > 6.
Sharp results for the local well-posedness of NLS on T" are also given in Ref. 22 for
a=n=1,and in Ref. 17 for (ay,ay) = (0,2) and 2 < n < 4.

It follows at once from Proposition 3.1 that for any 7' > 0, any s > s, ,,, and some
b>1/2,b" >b—1 we have

IN@W) — N@w)llxr, < Clollgr, + wl§r )lo — wllxr, Yo.we XT,
We are now in a position to give a proof of Theorem 3.1.

Proof of Theorem 3.1. Set
T
(v, T) = i / W(T — 7)N(v)(7)dr.
0

By Theorem 2.1, if we choose
h = ®(¢7 77[] - w(u T))a
then
t
W)+ [ Wt = )N @)+ Go6,b — wlo, D) (7)dr
0
_ [¢(x) inT" when ¢t =0,
B {w(w) —wv,T)+w(,T)=1¢(x) inT"* whent=T.

It suggests to us to consider the nonlinear map:
t
L(v) =W(t)op + z/ W(t—7)iNW)) + GP(p, v — w(v,T))(7)dr.
0

The proof would be complete if we can show that this map I" has a fixed point in the
space X1, with b € (4,1).

To this end, note that by using Lemmas 3.1, 3.2 and Proposition 3.1, there exist a
number b € (%, 1) and some constants C;, j = 1,2,3 such that

IT@)lxr, < Cilllls + Il + llw(o, TII,) + Collvll o

for any v € X zb and
[T (v1) = T(wa)llxr, < Cullw(vr, T) = wlvy, T)s
+ Cs([lvrll 7, + llvall 5 Mo — valxr,
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for any vy, v, € X ST »- Note that there exists a constant Cy > 0 such that

llw(v, T)]|s (t—1)N(v)(7)dr

C((0,T|;H=(Tn))

< const. (t—7)N(v)(7)dr

xT
5,0

< Gl &7 -
Similarly
[w(vy, T) = w(vy, T)|s < C5(||U1||§(;{:b + ||U2||§('5{b)|\01 - U?HXI,}'
As a result, by increasing the constants Cy and C;, we obtain
IP(@)lLxz, < Colliglls + [1lly) + Cellvll 57
for any v € X7 » and
I0w1) = Dwa)llxr, < Collloallr, + lloallr Moy = vallxr,

for any vy,v, € X1,. Pick §>0, ¢, ¥ € H5(T") with [|¢], + [[9)lls < 6, and set
M =2C,6. If ||U||XTI; < M and

||vj||X£b SM? j:132a
then
IC@lxr, < €16+ CoMett
as long as
CoM“ < 1
S

Choose ¢ > 0 so that M = 2C} 6 fulfills
1 1
C2M(1 SE and CgMa Sz,

and let B;; be the ball in the space X Zb centered at the origin of radius M. For given
¢, ¢ € H*(T") with [[¢]]; + [[¢[|s < 6, we have

I0)lr, < M
for any v € By, and

1
[0(v1) = D(vg)llxr, < 5””1 — vallxr,

for any v;,vy € By;. That is to say, I' is a contraction in the ball B,,;. The proof is
complete. O
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Let us now consider the Schrodinger equation posed on a cube Q = (0, 7)"
iu; + Au+ N(u) = ia(x)h(x,t), z€Q, te(0,T) (3.7)
with either the homogeneous Dirichlet boundary conditions
u(z,t) =0 (x,t) € 0Q x (0,T) (3.8)
or the homogeneous Neumann boundary conditions

P =0 (2,0) €00 % (0.7). (3.9)

The nonlinearity N (u) is still as in (3.2).

It is remarkable that internal control results with Dirichlet (resp. Neumann)
homogeneous boundary conditions can be deduced from those already proved for
periodic boundary conditions.

Corollary 3.2. For givenn > 2, oy, a9 € N with ay + a9 =: a«+1 > 2 and « even,
and a % 0, the system (3.7)—(3.8) is locally exactly controllable in the space H7, ()
for any s > s,,. More precisely, for any given T > 0, there exists a number 6 > 0
depending on a,n, T and X such that if p,7p € H}H(Q) satisfy

ollms @) <6, (Y]
then one can choose a control input h € L*(0,T; H}(Q)) such that the system (3.7)—
(3.8) admits a solution w € C([0,T); HH(Q)) satisfying
U(I,O) - d’(x)a U(I7T) - 1/)(90)

Corollary 3.3. For given n > 2, aj, a9 € N with oy + a9y =:a+12>2 and a # 0,
the system (3.7)—(3.9) is locally exactly controllable in the space Hx(2) for any
5> 84, More precisely, for any given T > 0, there exists a number 6 > 0 depending
on a, n, T and X such that if ¢, » € H3(QQ) satisfy

lelms@) <0, [¥llmsy@ <6,

@) <0,

then one can choose a control input h € L*>(0,T; H3(Q)) such that the system
(3.7)—(3.9) admits a solution u € C([0,T]; H} () satisfying

u(w,O) = ¢(m)7 u(m,T) = ¢($)

We shall say that a function from (—m, )" to Cis odd (resp. even), if it is odd with
respect to each coordinate x;, 1 < i < n. The proof relies on the basic, but crucial
observation that the functions in H},(Q2) (resp. H 3 (f2)) coincide with the restrictions
to Q of the functions in H*(T") which are odd (resp. even). The issue is therefore
reduced to an extension of Theorem 3.1 in the framework of odd (resp. even) func-
tions in H*(T"). Extending the function a in (3.7) to T" as an even function, we
notice that the control input A in Theorem 2.1 can be chosen odd (resp. even) if the
functions ¢, 1 are odd (resp. even). Indeed, the observability inequality holds as well
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in the subspaces

H(fdd(Tn) = {U € H;(Tn)v U,(J}]_, s i1y L Ly gy - a‘rn) = —U;($)
Ve eTr Vi},
H(fvcn(T”) = {u € H;(T”), U(:El, sy Lim1y Ty Ly - e axn) = u(x)
VeeTn Vi)
of H*(T") for s <0. On the other hand, since v and N(u) are simultaneously odd
(resp. even), we see that the contraction mapping theorem can be applied in a

space of odd (resp. even) trajectories to derive the result in Corollary 3.2 (resp.
Corollary 3.3). Full details are provided in Ref. 46 for n = 1.

3.2. Boundary control

In this section we consider the Schrodinger equation posed on a rectangle
Q= (Oall) X X (Oaln)

w; +Au+ N(u) =0, ze€, te(0,7) (3.10)
with either the Dirichlet boundary conditions
u(z,t) = 1p h(z,t) (x,t) € 02 x (0,T) (3.11)

or the Neumann boundary conditions

%(x,t) =1p,h(z,t) (x,t) € 02 x (0,T). (3.12)

When we consider a smooth Dirichlet controller g, then the boundary condition
(3.11) will be replaced by

u(z,t) = g(x)h(z,t) (x,t) € 02 x (0,T). (3.13)

N (u) still stands for the nonlinear term in NLS. We first give a result (with a small
control region) providing precise information on the smoothness of the control input
and of the trajectories when N(u) is weakly nonlinear. To simplify the exposition, we
assume here that

Q= (0,m)".

We denote by u = Wp(t)uy the solution of (2.12) for h =0. For given s,b € R,
X, () denotes the Bourgain space of functions u : Q x R — C for which the norm

[ullx, @) = clWp(=t)u(, )| g o)

is finite. Decomposing u as

u(x, t) = Z /]Rﬁ(k, T)e ™ sin(kyxy) - - - sin(k,x,, )dT

ke(N*)n
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we can choose the constant ¢ so that

2 0 Z /T+|k| (k)5 ik, 7) | dr < oo,

lull

The restriction norm space X sTb(Q) is defined in the usual way (see above the defi-
nition of X STb) For uw e H}H () given, we denote by @ its odd extension to
T" = (—m,m)"; i.e. Uomn = u, and % is odd with respect to each coordinate x;. Note
that @ € H5(T") ~ ||ullzrs o) Defining (-, t) from u(-,¢) in a similar way,
we observe that

||73||ij ~ H“HX@(Q)

It is then clear that Lemmas 3.1 and 3.2 hold true with Wp(t), H,(2) and X7, ()
substituted to W(t), H*(T") and X[, respectively. We shall assume that the non-
linear term N(u) satisfies the following multilinear estimate

IN(u) = N(v)llx,, @ < c(u,v)[[u—vlx,,@ (3.14)

where s € R, —1/2 < b <b < b +1and c(u,v) = 0asu— 0, v—0in X, ().
Theorem 2.3 can be extended to a semilinear context as follows.

Theorem 3.2. Let g be a smooth Dirichlet controller, and let the nonlinearity N(u)
satisfy (3.2) and (3.14) with s € [~1,3), b > 0 and s + 2b < 3. Pick any T > 0. Then
there exists 6 > 0 such that for any uy,ur € H}H(Q) satisfying

luollzrs @) <6, Nurllmy@ <6

s+1

one may ﬁnd a control input h € H= (T; L*(00Q)) and a solution u € C([0,T7;
Hy())NXL, of (3.10) and (3.13) such that u(0) =uy and u(T) = ur.

Proof. For up € H}(2), let h be the control given by HUM which steers (2.24)
from 0 to up, namely h = dv/dv with v=Wp(t)vy, and vy = S 'up € H?(Q)

(cf. Theorem 2.3). Recall that h € H= (T; L2(09)) by (2.27). We set u = Auyp =
'S ~'up. The regularity of u is depicted in the following proposition. O

Proposition 3.2. Assume that —1 < s<1/2 and s+2b<1/2. Then A maps
continuously H$(Q) into C([0,T); HjH(Q)) N XL, (Q).

Proof of Proposition 3.2. It follows from Proposition 2.3 and Theorem 2.3 that A
maps continuously Hp () into C([0,T]; HH(2)). Let us turn our attention to the
Bourgain space X ,(€2).

Step 1. We prove several claims used thereafter.
Claim 3. For any v > 1/2, it holds

sup A2 -k < 0.
AeR keZZ< >
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In what follows, C denotes a constant independent of A\ and k£ which may vary from
line to line. Pick A\ e RT. For 0 < A <1

(2= k%) < (k)77 4+ (1= k)
and the result is then obvious. For A > 1, we have

A—1 0
Z (A2 — k%) SC(/ |/\2—a?2|‘7dx+/ Jc2—/\2|‘”’d:z:+1>
0 A

keZ +1

1-)\-1 +0oo
:C)J?W(/ |1—y2|ﬂdy+/ |y2—1|”/’dy+1)
0 1421

1At 2
< C’/\IQW(/ |1—y|’7dy+/ |y—1|""dy+1)
0 IS

- {C’)\127()\1+"’ +1) if v#1;
T lCAH(In A +1) ify=1

and the claim follows.

Claim 4. If s> -1, 0<é6 <1, s+25<1/2, and k> 1+2(s+ 1), then for some
constant C' > 0
25+2 n—1

L dn —k 25+2
S(p) = Z W U1 (p;—q;) " < C(p)**2.

gl #pl J

Write S(p) = S'(p) + S%(p), where the sum S!(p) is restricted to the ¢ = (¢’,q,)
with [g'| > |p| and |g| # [p|- Noticing that |¢|* — [p|* = q;; + |¢'|* — [p|* > g7, for such
¢, we obtain that

n—1
S'p) <> @™y [l -4 F < <o)
=1

n q’

To bound S2(p), we fix any ¢’ € (N*)"~! with |¢'| < |p| and set

A=/Ip* = l¢]> > 1.

We have that

Z q2s+2 2542 rers
— < C / ———dz + \*"
o1 |q721 _ )\2|2(1—6) - A2[>1 ‘xz _ >\2|2(176)

Gnilar—
C )\23+46—1/ y> _dy + APF2
pro1zae Jy? — 112079

()\25+4571 . )\274{5 ln )\ + )\25+2)

n—1
(et Ss -,
J=1

IN

IN

IN

c
c

IN
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It follows that

n—1

S p)<C> ( 25+2+Z -4 5“) p—a)™"

q’ =1

n—1

<C pis+2 + Z Z s+1 pj . qj> —k

Jj=1 ¢;>1
<C 29+2 + Z Z p + q s+1 _ > (k—s—1)
— J J

7=1 qj>1

To complete the proof of Claim 4, we need the following:
Claim 5. Let 0 > 0 and k > o + 1. Then there exists a constant C > 0 such that
Z (m+n)?(m—n)""<Cn° VYn>1.

m>1
Split the sum into X, + 35 where X; = > ,,<3, (m + n)?(m — n) ~*. Note that
By < (4n)7 3 () < Cln)
1€

since k > 1. On the other hand, noticing that m —n > (m +n)/2 for m > 3n, we

have that
2 < Y 2m-n)m—n) <O > (m—n)") <C.

m>3n m>3n

Claim 5 is proved. Pick £ > 1+ 2(s+ 1) > 1. It follows from Claim 5 that
Z <pj + qj>s+1 <pj _ qj>7(k7571) < Cp;+1.
4gj
Since s +1 > 0 and p; > 1, we conclude that
S(p) < CE™ + (/) ™) < Ofp) >+
This completes the proof of Claim 4.

Step 2. Assume that s <0 and s+ 2b < 1/2, and pick any up € Hj(Q) and any
n € CF(R) with n(t) =1 for 0 <t < T. Let vy = S~ up € H5 () be decomposed
as in (2.26). Let us prove that u = Aup € X7,. Tt is sufficient to prove that

In(t)ullx

Recall that u is given by (2.38) and (2.39), and that u(t) may be defined this way for
all t € R. Again, we can limit ourselves to proving that up € xT b
contribution due to Fy = {z € 9Q; x, = 0} in u. up, is decomposed as

Up, = Z Uq(t) Sin((hll?l) T Sin(qnxn)v
ge(N7)"

X, O||UO||H5‘ Q)+

where up, is the
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where

e*i\pl% — e*illﬂzt
Fy

wo=-(2)" %

2 2
pe(N*)n |q| - |p|

with the convention (2.32). " denoting time Fourier transform, an application of the
elementary property

(@) (r) = in(r — 1)

yields

R A I S Cen ELLETTL P

2 _ 2
piipld lq|* — |p|
+ Z v, tn(t) (1 + |CI|2)IF0

For a function w decomposed as

= Y w(0sin(gay) - sing,z,)

qe(N*)n

we recall that
wlm = > [ drtr+1a?) (@ la, )P
qe(N*)n
Therefore, it is sufficient to check that

= Y [ar@P i+ )R < e X )
ge(N*)n p

Using (2.34), we may write
I<c(li+ 1+ 1),

where
n—1 2
L= [ara®r+1a?? | X i+ )l [T ;-0 )
q pilp|=ldl 5=l
(r+la?)| 2
s i+ g T -
= Z /dT<Q>2 (T+ g Z Upw DPndn H pi—a) "),
piviAq | 1T P =1
2
2 2\ 2 (7 + p*) T k
=Y [dr@*@+d?)*| > Ul = P | P II ® -
q 3|l #dl J=1

We bound separately I;, I, and I5.
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(a)

2
n—1
n= o [ md@r) S @ e | Stk [T ;- a0
q pilp|=lq| j=1
n—1 n—1
<CY (@%a| D vl p%H pi—a) D (p;—a) 7" |,
q pilpl=lql pilpl=lg| J=1

where we used successively a change of variables in the integral term, the fact that
n € S(R) and Cauchy—Schwarz inequality. From

n—1 n—1

S IIei-a"< > ([[w-a* > 1
ilpl=lg| =1 ProPr1 \ J=1 pilp|=lql
n—1
<II D ) *F<oo
Jj=1 p;eZ
we deduce that
n—1
L<CY L2 Y. @*2 [ e-a)*"
P alg|=Ipl J=1
<O o>
p
(b)
v n—1 2
IQ_C’( do{o)?|7 (o) )Z Y25q 2 Z WPnH<Pj—Qj>_k
=1

q pilpl#al

< CZ <q>23q£ Z ||q|2 Nal2 _ |p[2]2(0=6) H
q

pilpl#ldl |p| |
‘n—l
< | > a2 =P ] i —a) 7" |,
pilpl#ldl J=1

where we used Cauchy—Schwarz inequality, and ¢ > 1/4 was chosen so that
s+ 26 < 1/2. From Claim 3, we obtain that

n—1
> lal® = Ipl* H (pj—q;) "

pilpl#al

<CZ H pj—q;) " Z (g% = [p|?) =% < const.

J=1 puilp|#ldl
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Therefore, since s < 0, we see that

I, < C'ZQQSH Z |Up|2p% ﬁ
, < _ Pl Fn
pilpl#dl llal? = [pI**" J=1

and from Claim 4

L<COY lol?lpl*
p

(¢) From the elementary estimate

(T+141*) < er+ [pI*)(la* = [pI?)

we infer that

2
s n(r+ P+ p12)" T _
I3 SCZ/dT<q>2 |qn|2 Z ‘Upl H |2_| |2|17b pn H <p]_q7> i
7 pipFldl a-—1p =1
(3.15)

For any fixed v > 1, we have that for some constant ¢ > 0
()7 (0)] < clo)™ Vo eR.
Expanding the squared term in (3.15) results in

vy | |v5]Dy P
RECY Ml Y S e bl
q

2
pivial w1190

p|?|*~*
n—1
X ( pj—a;) " (p; — q]‘>_k> /dT<T+ Ip|%) (7 + [p|*) ™
2 2 |Up| |Uﬁ|pn15n
SO @™l D> D g

q pilpl#lgl  Bilpl#lal

[pI?|""

j=

n—1
X ( (p; —a) "B — Qj>_k> (Ipl* = 1p1*) 77,
1
where we used the following estimate valid for v > 1 (see e.g. Lemma 7.34 in Ref. 33)
/ dr{T+ 1) {17+ 79) 7V < e{ty — 1) 7.

Thus

2.2 n—1
2 : 2s .2 Z |’Up| Pn k
q piipAlal 119 p J=1

n—1

< S TT &5 —a) *lol? — 152

Di|pl#lel =1
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Since v > 1/2, it follows from Claim 3 that

n—1
S T @ - a) *llpl> — 13
p J=1
n—1
< 3 [ @-a)"> 32+ 1512 - Ipl2) =7 < const.
PryosPp1 J=1 P
Thus
9 |U | p n—1
2 n —k
LeO e > ooa— aeay 1] e —a)™
q pilplAlal 119 p =1

Using Claim 4 and the fact that s € [-1,0), we have that
25+2 n—1

q _
L<CY ool Y —W_" s LL (i =) " <> [u el
p p

ailal#lpl IpI’| =1

Step 3. Assume that s+ 2b < 1/2 with s € [0,1/2). Let ur, vy, u and 7 be as in
Step 2. Then

[In(#)T ool

x,, SClnD*Ty|lx ,,
< C(lln®T(D*  vo)llx ,, + IIn(OL, D wgllx ). (3.16)

According to Step 2, the first term on the R.H.S. of (3.16) is less than C||D* 1y, <
Cl|lvolls42, for =14 2b < 1/2. The contribution due to Fy = {x € 9Q; z, =0} in
[n(t)[T, D**wg||% 1, is estimated by

CFU<Z/dT 27 1 [g2)?

s+1 _ s+1
% Z v, Ip| lq|

pilpl#al

< C(Iy + I3),

o T+ p?) — i+ |d*) I,
la|* — Ip|

where

IrZ/dT 2r 1 Jg2)2

2

Ip|® + lg|* [ _
<[ > Jvn(r+1al )Impnqn]_[@j—qﬁ ",
p;lpl#a| q j=1
I = Z/dT 2(r 4 |g|2)2
n—1 2

A lp|* + lg|* -
X Z ‘Up’l](T—F |p|2)|— Pnln H <pj - qj> g

il Ipl =+ lal 1

We bound separately I and I.
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(a) We have that

1 < o [aoto o)

- pl*+1dl* T B
SR e B S R B o [ [T

2

q ilp|#ld| [pl -+ gl j=1
2
pl*+lal* L
R |

5> |p|3+25\vp|2
< Clu

9+37

where we used (2.36) and (2.37).
(b) Doing computations similar to those performed in Step 2, we obtain that

B p|** + lg|*
I5<CY (@72 > lylrh - nslld® = Ipl? I%H pi—aq;) "
q

il (el =+l g
<Y lulPlpl® D (Ipl + lgh)¥+2 H —q) "
p @:lal#[pl j=1
< Cllvolli,

where we used the fact that s + 2b < 1/2. Since s + 2 > 1, we finally have that
Cr, < C||vo||§{g+2(9)
This completes the proof of Proposition 3.2.

We can now complete the proof of Theorem 3.2. Let s,b,uy and up be as in the
statement of the theorem. Using Proposition 3.2 and proceeding as in the proof of
Theorem 3.1, one can show that the map

I'(v) =Wp(t)ug + i/o Wp(t —7)N(v)(1)dr

+ Alup — Wp(T)ug — w(v, T)) (3.17)

has a fixed-point T'(v) = v in some closed ball B); C X T, () provided that ||ug|| o)t
[lur|| 13 () is small enough Such a trajectory v fulfills all the requirements of Theorem
3.2.In partlcular ve XT »() N C([0,T]; Hp(€2)). The smoothness of the last term in
(3.17) follows from Pr0p051tion 3.2.In (3.17), we used the notation

(0, T) = i /0 Wi (T — 7)N(v)(r)dr.
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Note that fOtWD(t —7)N(v)(r)dr € XTI}, 1(Q) C C([0,T); H}(12)), by Lemma 3.2,
(3.14), and the fact that b’ > —1/2. In particular, w(v,T) € Hp (). The proof of
Theorem 3.2 is achieved. O

Remark 3.2. (a) Using ideas from Ref. 8, it is likely that Theorem 3.2 may be

applied when n > 2, T is a neighborhood of a vertex, and N(u) = A|u|*u with a > 0

small enough.

(b) The condition s+ 2b < 1/2 in Proposition 3.2 is actually sharp. Indeed, let us
take m =1 and pick any p € N* and any ne S(R) with |f(7r)] >1 for
—1 <7< 1.8Set vy(z) = sin(pz) for z € Q@ = (0, 7). With T’y = {0}, we have that
I, = pg with

2% —— .
——in(t)(T + p?)p* if ¢ = p;
Ty (T) = . )
E 20)(r +p?) =0T +¢°) £
-— SRR pq if g #p.
™ ?-p
Therefore
m? . (7 +p?) =i+ ¢»)|?
Tl o = [dr S @ g T 22

Gq#p

+([artr+ 2o+ 500 ) 2!

s i +p?)°
Z/dTZ ()? <T+q2>2b|q(2_p2|2| p*¢* + J(p),

4:9#p

where |J(p)| < Cp2+t4 < Cjvy|| 2.5, according to the estimations of Iy, I, and the fact
that

/dT<T + @2 (r + p®) (T + ¢?)|dr < const. < occ.

Since for ¢ # p

—p2+1

/dT<T+q2>2b|ﬁ(T+p2)‘2 > / dT<T+q2>2b > C|q2 _p2|2b

—p2-1

we have that for s +2b > 1/2,

S TI S
/dTZ 27_+ 2b|( 2|)2|pq>CpZ|q 2b2>2q2_oo

¢:q9#p |q q>p

therefore nu & X, (€2). The condition s 4 2b < 1/2 seems related to the fact that any
smooth function on T™ with non-null boundary values belongs to the space H}(2) for
s < 1/2 only. Better results would probably require to consider Bourgain spaces
other than X ;(£2).
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Corollary 3.4. Let n=1, Q = (0,7), I’y = {0}, and let the nonlinear term N(u)
satisfy

IN(u) = N()| < C(lu]* + [v|*)|lu -], Vu,veR

for some o € [0,5/4). Let p = 3(oc+ 1) < 3. Then there exists a number § > 0 such
that for any uy,up € L2(2) satzsfymg

lluollzz) <0,  urllpzo) <6

one may find a function h € H2(0,T) and a solution u € C([0,T]; L2(2))N
LP(0,T; LP(QY)) of (3.10) and (3.11) such that u(0) = uy and w(T) = urp.

For instance, N (u) = A|u|“u with 0 < a < 5/4, and N, (u) of the form (3.2) with
a =1 are concerned.

Proof. From the classical Strichartz estimate (see e.g. Ref. 50)

lellzs:zacry < Cllullx,g

we obtain at once the following estimates involving the spaces X STb(Q)
llullLao,m: L)) < C||U||XT. L():

) < Cllull 4

lellxr o

) 8 Ls OTLd(SZ))

Notice that for v € L?(0,T; LP(2)), we have that

/ Wit — P)N()(r)dr € X15(Q) € C([0,T): L*(2)) N L(0,T; L().
Indeed,
< CHN(U)HX: (@)

05<Q) 8

T <CINW)|

/0 Wp(t — )N (v)(1)dr

L3703 Q)
< CHUHLp 0.T:Lr()) < °

In particular, w(v,T) = ifOT Wp(T — 7)N(v)(7)dr € L?(Q2). On the other hand, by
Proposition 3.2, A maps continuously L2(£2) into C([0,T]; L%(2)) N X () for any
b < 1/4. Interpolating between

XO% C LYR; LY(T)) and Xop = L*(R; L*(T))
we obtain that

3/1 1\ 1
P(R: LP f S (i —.
Xop C LP(R; LP(T)) for b 2(2 p)<4

Therefore

A(L*(Q)) € C([0,T]; L*()) N LP(0, T LP(2)).
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It follows that the map
t
D) = Wolthuo +i | Wp(t = )N)(r)dr + Aur = Wo(T)ug ~ w(u.T)
0

is well-defined from LP(0,T; LP(2)) into C([0,T7]; L%(2)) N L*(0,T; LP()). Using
the computations above, one readily sees that I' contracts in some ball B;; C
L?(0,T; LP(92)), provided that [[ug|l12(q) + [[urllz2(o) is small enough. |

Corollary 3.5. Theorem 3.2 may be applied whenn =2, Q = (0,7)2, g is a smooth
Dirichlet controller, N(u) = u?, s € (—2,—1%), be (2,3) with s +2b < 3, and b’ >
—% is sufficiently close to —%.

Corollary 3.5 is a direct consequence of Theorem 3.2 and of the following result,
whose proof will be given in the Appendix.

Proposition 3.3. Lets € (—2,—1) andb € (2,3). Then there existsb' € (—%,— %)
and C > 0 such that

191921 x,,,(r2) < Cllvillx,, v lvallx,,r2)s Vo1, v € X3 (T?), (3.18)

Xs,b(Q)Hu2||Xs.b(Q)’ Vul,uQ € Xs,b(Q)' (319)

|@1s]lx,, ) <Cllul

Notice that if we increase the value of s, the state space in which the controllability
result holds has to take into account the fact that the value (or the normal derivative)
of the function vanishes on 9Q\T'y. To state a result of this kind, we limit ourselves to
the situation when I'y is a side, e.g.

1_‘0 :{O} X(Ole) XX (Oaln)

Introduce the domain Q = (=1,1;) x (0,15) x - -- x (0,1,), a function a € C(Q\ Q),
and consider the internal control problem
i, + Au+ N(u) = ia(z)h(z,t), ze€Q, te(0,7T). (3.20)

Taking the restriction to € x (0,7") of solutions of (3.20), we obtain as a corollary of
Theorem 3.1 that both systems (3.10)—(3.11) and (3.10)—(3.12) are locally exactly
controllable in some subspace of H*(2) for any s > s, ,.

Corollary 3.6. For given a>1,n>2, A€R, s> s,, and T > 0, there erists a
constant 6 > 0 such that for any ug,u, € H*(Q) satisfying

luill sy <6, i=0,1
and
2s —1
’U,Z:A’LLZ::APUZZO :CE@Q\FO, p§|:84 :|, ’L:O’l
ou;  0Awu; AP, 25 —3
. L pr— v T e e e T 2 —_— < . —
<resp ey £y ey 0, 2z € IQ\Iy, p < [ 1 ], 1=0, 1>,



Control of the Nonlinear Schrodinger Equation on Rectangles 2331

then one can choose a control input h such that system (3.10)—(3.11) (resp. system
(3.10)—(3.12)) admits a solution u € C([0,T]; H*(Q)) with

u(:z:, 0) = uO(x), u(a:,T) - ul(‘r)

Remark 3.3. By using the same extension and restriction argument, one can derive
a local controllability result in the space H*(2) when s > s,, and for any given
bounded smooth set €2, provided that the control is applied on the whole boundary
(i.e. Ty = 0€2). A result of this kind for which the critical Sobolev exponent s = s, =
S99 = 0 is reached, is given in Ref. 47.

4. Stabilization

In this section we focus on the internal stabilization of the semilinear Schrodinger
equation on the torus T"

iu, + Au+ N(u) = —ia*(z)u, =z € T", (4.1)

where a is any smooth real function with a # 0.
We have the following local exponential stability result which does not require the
Geometric Control Condition.

Theorem 4.1. Let a € C°(T"), a #0 and let s > s, . Then there exist some
constants v, C such that every solution u of (4.1) issued from the initial state u, €
H:(T™) satisfies

lu®)lls < Ce™luolls Yt =>0. (4.2)

Proof. We proceed as in Ref. 46. The operator A, = iA — a? with domain D(4,) =
H**2(T") generates a continuous group (W, (¢)),er of operators on H*(T"). The first
step is to check that the semigroup (W, (¢)),cr+ is exponentially stable in H*(T").
This is done in the following. O

Proposition 4.1. There exist positive constants C' > 0 and v > 0 such that
W ()ulls < Ce™ Jlugll, Vit > 0. (4.3)

Proof of Proposition 4.1. When s = 0, the exponential stability of (W, (t))cg+ is
a direct consequence of Theorem 2.1, according to Ref. 36. To prove (4.3) when s = 2,
we pick any u, € H?(T") and set v := u,. Then v solves the system

{vt =iAv—a%(z)v, z€Tn, (4.4)
v(z,0) = vy(x) = iAuy(z) — a?(z)uy(z). '
By the property (4.3) established when s = 0, we have

(@)l < Ce gl 0@llo < Ce oyl

Since iAu = v + a?u, we conclude that

)]y < Ce™|ugll, Vit >0,
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An easy induction yields (4.3) for any s € 2N. The proposition then follows by a
classical interpolation argument.

Let us now turn our attention to the stability properties of the nonlinear system
Uy :Aau+7’N(u)7 U(,O) = U

that we shall write in its integral form
t
u(t) = W,(t)uy + z/ W, (t — 7)N(u)(7)dr. (4.5)
0

At this point, we need to establish linear estimates when W, is substituted to W.

Lemma 4.1. LetT > 0,5 >0 and 0 < b <1 be given. Then there erists a constant
C > 0 depending only on T, s and b such that

W@l < Clisll
for any ¢ € H(T")
Proof of Lemma 4.1. An application of Duhamel formula gives
Wt = Wt~ [ Wie— ) W.r)oldr (4:6)
It follows that

W Oellcr, < IW oI, + | [ Wee = @, rorar

< Cllgll, + Clla?W, (&)l |
< Cllgll, + CIWa (6l -y (a5 b—1<0)
< Cléll,

bed

s,b

as desired. |

Lemma 4.2. LetT >0,s>0andb < (% ,1) be given. Then there exists a constant
C > 0 depending only on T, s and b such that

/0 Wit — ) f(r)dr

<Ol
X b

forany f € XsT,b—r

Proof of Lemma 4.2. Tt follows from (4.6) that
/0 W, (t —7)f(7)dr
_ [ -7 ’TT—t —7'2<T7'— )’T
= [ we=nsir = [ Wi ( [ Wi =s)sis)ar
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hence

< Cllfllxr, , +C
.

s,b

/0 Wt — ) f(r)dr

a2/0 W, (t — s)f(s)ds

T
Xs.b—l

<Oy, + €| [ Wate = 911t

T
X0

< Olflxs, , +CT

[ wie=stsias

T
Xs.b

for some constant a > 0, by virtue of Lemma 3.2 and of Lemma 2.11 in Ref. 50. The
result follows at once if T'is small enough, say T < Tj,. For T' > T}, the result follows
from Lemma 4.1 and an easy induction. O

Let us now proceed to the proof of the exponential stability of the system (4.1).
Pick a number s > 0. According to Proposition 4.1, there exist positive constants C, v
such that

W (H)uglls < Ce™||uglls Vit > 0.

Pick a time T" > 0 such that

1

Ce T <=
¢ 4

and fix a number b € (3,1). We seek a solution u of the integral equation (4.5) in the
form of a fixed point of the map

T(u) = W, (t)ug + i/o W, (t — 7)N(u)(7)dr

in some ball By, of the space X .. This will be done provided that |ju||, < 8, where 6
is a small number to be determined. Furthermore, to ensure the exponential stability,
6 and M will be chosen in such a way that ||u(T)||, < ||uglls/2. Pick for the moment
any 6 > 0 and M > 0, and let uy € H*(T") be such that ||ug||, < . By computations
similar to those displayed in the proof of Theorem 3.1 with W, (t) substituted to
W (t), we arrive at

ID(w)llxr, < clluglly + M Vue By

and
I0(u) ~ D@)llxr, < eMOlu—vllyr Vu,ve By

for some constant ¢ > 0 independent of §, M, and uy. On the other hand, using the
estimate of ||w(T,u)||, in the proof of Theorem 3.1, we obtain

T
ID@)D)], < [Wa( Tyl + H [ W - onwwa

s

1
< 7 lluoll +earest,
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Pick § = 4cMt! where M > 0 is chosen so that
1
(4c® + )Mt <M and cM® < 5

Then we have
IT(w)llxr, <M Vue By
1
1T () — F('U)”Xzb < B} [l — vllxr Vu,v € By
Thus the map I', which is a contraction in B,;, has a fixed point v € B)y;. By
construction, u fulfills

)

[u(T)ll; = T () (D < 5-
Assume now that 0 < |Jyg||; < 6. Changing ¢ into 8’ := ||ug||, and M into M’ :=
(8'/8)7TM, we obtain that [Ju(T)||s < |jug|ls/2, and an obvious induction yields
w(kKT)||s < 2 F[ugl|s for any k> 0. As X7, C C([0,T]; H*(T")) for b > 1/2, and
ullxr < M = (6/ (4¢))#7, we infer by the semigroup property that there exist some

constants C’ > 0,7’ > 0 such that
Jut)]ls < C'e™"|lug]-

The proof is complete. O

Appendix A
A.1. Proof of Proposition 3.1
We proceed as in Ref. 9, pp. 115—118. We first introduce some notations. Let

|| = supj<i<p |z;] for o = (2;)1<i<, € R". We introduce a dyadic partition of Z"
z" = JD;,

J=0
where Dy = {0} and D; = {k € Z"; 297! < |k|,, <27} for j > 1. For any Holder
exponent p,q € [1,+o0], we write LYLY for LP(R,, L4(T7)). The (discrete) cube of
center xy € R™ and sidelength 2R > 0 is

Qzg, R) ={k € Z"; |k — xo|o < R}

The Strichartz estimate (see Refs. 8 and 16)

>n n+2 b>1
s R _
Xy ) 4 ) 27

[ullgizs < cllul

when combined with the standard estimates
1
||u||L;°L§ < dullx,,, b> D)

lullzzz2 = llullx,,

and Sobolev embedding theorem, gives by interpolation the following result.
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Lemma A.1. (Corollary 2.2 in Ref. 16) Let n > 2.

(i) For allp,q,s satisfying

0<

n
T (A1)

No|
SRR
=
K

<=, 0<-<

SR
NG
S

there exists a number b € (0,%) such that for all u € X, the following holds

lullzrrs < cllullx,,- (A.2)
(ii) For all p,q,s,b satisfying
1 1 1 1 1 1 1
0<—<—-<—-<—+-<1, s> (n—2)(———), and
PTqa 27 p ¢q 2 q
1 1
ps1_L1_1 (A.3)
p q

then for all u € X, (A.2) holds.

Let F, denote the Fourier transform in z, and let 1 denote the characteristic
function of the cube Q. The following result, inspired by an observation made in
Ref. 8, indicates that for a function spatially supported in a cube, only the sidelength
of the cube (not its center) comes into play in (A.2).

Lemma A.2. (Lemma 2.4 in Ref. 16) Assume that forp,q, s,b the estimate (A.2) is
valid. Then there exists a constant ¢ > 0 such that for any cube Q of center xq € R™
and sidelength R > 0, the following holds

I(F 2 1oFullpros < eR*|lullx,, (A4)

It follows that if (A.1) (or (A.3)) holds and if u = u(z,t) is a function decom-
posed as

then
1
2
lullprrs < eRoJlullx, =R / (m+ k)" la(k, 7)|%dr | . (A5)
|-zl <R R
Let the functions uy, ..., u,41 € X, be given, where s and b denote some positive

numbers, and let us set

U= UpUg - Uqq1,
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where 4, is u; or @;. To estimate [lul|x, , we proceed by duality, estimating the
integral [, [, utdxdt for any v € X_,, with [[v]|x , < 1. By Plancherel theorem

/R / ”uadxdt:ké / a(k, 7)o (k, 7)dr
-y / ( i<k7-,,n>><k>—85<k,r>,

at1

where k=Fk +---+kyq and 7=7; 4+ --+7,.4. Notice that wu(k;,;)=
'l/:l,i(—kz’, _Ti)' ertlng kl € Djz,’ ]l Z 0, we obtain

uvdmdt\ DS / l<k>s< II |ai<ki,n->|><k>%<k, ),

JiJas1 ki€Dy;

Tn

where now k = ki -+ ko1, 7= 271 £ (Fk; i G4 = wy, —k; if 4; = @, and
the same for +7;). We shall focus on the sum ¥ = Zh>]2> Seins the other contri-
butions leading to similar bounds. As |k;|,. < 2|k;|s for i > 2, we have that

a+1
s<e 3 o Z/ (H iy (ks 1) ) k) ~*[o(k, 7).
J122Ja+1 kieDj YT Tas \ i
Pick v € N* with
a < 2772
and split ¥ into ¥; + 35 where ¥, corresponds to the ji,..., j,41 for which
NZ2h+tV7+22702732 2 jas1-

Consider a “partition” of D; into a collection of cubes Q; of sidelength 272
DJl = U Ql'
1

Note that each k € D; belongs to at most 2" cubes @);. For any /, we denote by Q ; the
cube of sidelength 27217 with the same center as Q; if k = k; £ ks, ..., and with center
the opposite of that of Q; if k = —k; £ ky ... . We claim that k € Ql when k; € @; and
k; € D;, for i > 2. Indeed

|koloo + -+ [kgit]oo < @292 < 281772 (A.6)

hence if Q; = Q(xg,2%271)
|:|:1"0 - k|oo < |:|:.’E0 - ikl‘oo + |k2‘:>c et ‘ka+1‘oc

< 207l 4 20+y=2 < 20ty
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Notice also that @l CD; _1UD; UDj ., since the sidelength of Ql is at most 2712
and @; C D;,. It follows that

DD DS /
k€@ kZeD T Tatl

J1ZJaty+2 l
Jo 2 J3 2 2 Jan1 a+1€D

(ﬁ| k) (BB~ loh, 7).

Let us introduce the functions

/|U1 k T ‘6 szr‘rt
ke,

i(z,t) =S|o(k, 7)|e!®etT)dr
=2 | ko

keQ,

and

Bty = 3 /|ai(k,r)|ei<k-f+ﬁ>dr fori=2,. . atl
keD;, /R

By Plancherel theorem

3 < CZ 2j152// | fiha - - ho 19| dadt.
1 RJTn

J12Jaty+2
Jo=J3> 2 Jatt

Pick Holder exponents py, gy, ps, g € [1,00) such that

3 -1
AT (A.7)
4 P2
3 -1
. (A.8)
T D)
We have that
a+1
/ | fihy + -+ ho g1 dadt < ||fl||Lf1L,‘j.1 g HLflLZ.l H ||hi||Lf2L§2~
RJTn i=3

Assume that for some exponents s, by, S5, by, the following estimates hold

lullpmps <clullx,, (A.9)
||U||L52L§2 §C||U|X52_b2- (A.10)

Then, by (A.5) and the fact that the sidelength of Q; (resp. Q,) is 2% (resp. 27217), we
have

Ifill g <2 (Z / 74 k%) i ) (A11)

keQ,
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1
2

lgill g < 2% 2:/<T+|’€|2>2b1<’€>*28|@\2 ; (A.12)
ke@, "
1
2
||h2|Lf‘L§1 < 2721 Z / (7 + [K|2) 21| iy |2 (A.13)
k€D,

and fori=3,...,a+1

o=

Iilzns <2 | S [ (s 2202
T

keD;,

1
2

/T+|k| Y202 (k) 2o [y | (A.14)

keD;,
Using Cauchy—Schwarz in Y _;, we obtain
Si<e Y, 2erie (Z > / 7+ k]2 iy |2>

J12Ja+y+2 I ke@,
J2Z 032 0 2 Jan1

S5 [ o)

U ke

ol

/T+|k| a2 | Z r (K22 ()22 2
kGD T

keD;, T

2

S0 >EN b Sl KN ERICRTE

J1z2j+v+2 keDj T
J22J32> " 2 Jasa

ol

x > (7 + [K[2) 2 (k) = [0]

keD;, 1UD; UD;, 1 77

1

S [t ) @ > [
keDy, YT i:3 keD; VT

w2

1
2

We used the fact that a point k€ D; _;UD; UD; ; belongs to (at most) a
finite number of cubes Q;, bounded by (277 +1)". A sum > ;>0 (Pep, [, (7+
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K| %) 202 (K) 22| 4, |2 7 can be estimated by cllu;|| x
s9+e,by

for any ¢ > 0 thanks to Cauchy—

Schwarz. Summing successively in k.1, ..., k;, we arrive at
a+1
Iy < cllualix,, llx_, luellx,, ., H luillx, ., -
i=3

The same bound for 3, can be obtained by a more simple analysis. Indeed, as j; <
jo + v+ 1in the sum over j;,...,j. 1, We obtain

Sp<e Y 2J‘1S/[R : | fho -+ hyi1g|dadt,

J1<jaty+1
22732 ZJat1

where
fat) = Y [ it dr
keD; YR
glat)= > / K)ok, 7) e+ dr
k<271 +a)202 /R
and hy, ..., h,.1 as above. Since 27151 < ¢272%1 we still have

1
2

[ flpnpn < e > [ (r4 kDM iy |
keDy “T

1
2
”g”LflLZ-l < 20251 (Z (T + ‘k|2>2b1 (k) 23|f)|2> )
keZn YT
Next, %, is estimated as X; (see above). At this stage, we have proved that

a+1

A

=3

5 < el

Xy |UHX*S-’71 Xoperb2? (A 15)

where £ > 0 is arbitrarily small, the exponents sy, by, Sy, by are taken so that (A.9) and
(A.10) are satisfied, with the Holder exponents pi,q;, po, ¢ satisfying (A.7) and
(A.8). The proof will be complete if, in addition, we have

1

1
SZSUp{351+E,SQ+€}, b1<§, b2<§

We distinguish three cases: (i) a > 3; (i) « = 2; (iii) o = 1.

(i)a>3
We aim to reach any value s > s.. To find the sets of exponents (py,q,si,b;),
(P2, @, S, by) satisfying (A.1), (A.7) and (A.8), and leading to the “smallest” value
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of s, we are led to minimize the functional sup{3cy, oy}, where

n 2 n
o ==—|—+—/, A.16
! 2 <P1 Q1> ( )
n 2 n
g = —— | —+— A7
? 2 (Pz QQ) ( )
under the constraints
4 <p < oo, (A.18)
1 1 1
0<—<———, A.19
a2 m ( )
1 1 1
0<—<-——, (A.21)
@2 p
3 -1
SANT (A.22)
Y41 P2
3 -1
A . (A.23)
q1 92

At this point, it is convenient to introduce the numbers r;, ry with

1 2
—= (A.24)
LS Y 2 B
1 2
L (A.25)
Ty P2 @
Note that, by (A.22) and (A.23),
3 -1
2T e (A.26)
T T2
Therefore, 30y = § — 2+ - (resp. 0y = § — %) is a non-increasing function (resp. a

non-decreasing function) of r,. Thus the least value of sup{3cy, 05} is achieved when
301 = 09, which yields

n 2

@ AN
2 =5 =3 n-l-a ) 30120225_5' (A.27)

It remains to find py, q, ps, g satisfying (A.18)—(A.25). Note first that (A.23) is
satisfied whenever (A.22) is by (A.26). Taking p; as variable, we infer from (A.22),
(A.24) and (A.25) that

1 1 3 1 1 2 2
— = 1-=2), —=2(1+—)-——,
D2 a—1 b1 a1 3 no npy
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The constraints (A.20), (A.19) and (A.21) are found to be respectively equivalent to

—1\ !
D1 §3<1 - QT> (for o < 4),

2\ ! 2 4\ !
pp = supq6(n+ — , 6l l——) 11— — , P < 3o
« n no

The value p; = 6 fulfills all the requirements in (A.28). Now let s > 4 — % be given.

Choose & >0 such that 4e<s—(2—2), and pick s, € (01,01 +¢), and

sy € (09,09 +¢€). Then (A.9) and (A.10) hold for some numbers b; <1, by <1,
according to Lemma A.1. Finally set b = sup{b;, by }. Then we have

a+1
Y<c H luillx,, vilx .,
=1

(A.28)

which gives (3.5).

(i) o = 2

Observe first that the approach followed in (i) does not work for n > 2. Indeed, the
constraints (A.18)—(A.27) impose p; = py = ¢; = ¢ = 4, and the equation 30, = oy
is then satisfied only for n = 2. Assume n > 3. We now search a couple (p;,q;)

satisfying
1 1 1 1 1 1 1
0<—<—<-<—+—<1, s>n-2)|=z——],
L@ 2P @ 2 q
11 (A.29)
by>1————
Pt @
while (ps, go) still satisfies
1 1 1 1 1 n 2 n
0<—<-+, 0<—<-—-—, $>-————- A.30
Py~ 4 &2 p 272 b2 @ ( )

The Hoélder exponents (p;,q;) and (ps, go) have to satisfy the relations

1
S0y (A.31)
pP1 P2

1
sl (A.32)
9 9

We still minimize the functional sup{3cy, o5}, where

1 1 n 2 n n 2 3
op=(n-—2) 5 ) 0225————25———n 12
q1 P2 Q2 D2 q1

by solving in g; the equation 301 = 04. Taking p, = 4 to produce the least value of o5,

we find as solution ¢; = 3(1 + 4n{5) € (3,4), which yields p; = 4and ¢, = 4(n — 1) by
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(A.31) and (A.32), and

The constraints on py, qi, ps, g» in (A.29)—(A.30) are clearly fulfilled, for n > 2. Pick
now any s >%—%—4< i and € > 0 such that 4e <'s — (7_1_4(71—1) We next
pick s; € (01,01 +¢€), 89 € (09,09 +¢), by € (1 —L—qi 1), and by < § so that (A.2)
holds. Then (3.5) follows with b = sup{b, by }.

(iif) o = 1

In this case, we have with p; = ¢; =3

Y <cllulx

sby |u2||X:3sl+s,h1|‘U”X—s,hl

provided that (A.29) is satisfied, i.e.

n—2 1
81>0'1:T, b1>§'

Therefore, if s > & — 1, taking € > 0 such that 4e < s — (§ — 1), 51 € (01,01 +¢€), and
b=1b; € (3,3), we conclude that

X< C||U1||X5,b||u2||X5,bHU”X,&,,

and (3.5) follows. O

A.2. Proof of Proposition 3.3

We begin with the proof of (3.18) by following closely Ref. 17. Note, however, that
the main concern here is to have the condition s + 2b < 1/2 fulfilled. Let s, b be as in
the statement of Proposition 3.3, and let vy, v, € X, be decomposed as

vi(z,t) = /Z}'v (k,7)elketdr  j =1,2.
R

keZ?

(Here, we use the symbol F instead of * to denote Fourier transform in space and
time.) Let

fi(k,7) = (kY (r — |E|2)° Fo;(k, 1), i=1,2.
Then

2

lor0all,, = I06)°(r -+ %) [ [T G = %) il

TIHT2=T ky4ky=k i=
(A.33)

where fT1+T2:T > kyky—k Stands for [ d7y Y7y cze with the relations 7; + 75 = 7 and
ki + ky = k satisfied. Let A, (resp. A;, ¢ = 1,2) denote the region where the largest
number among (7 + |k|?), (11 — |k1|?) and (15 — |ks|?) is (7 + |k|?) (resp. (r; — |k;|?),
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i =1,2). We infer from the relation

2

2
T+ [K|* — Z(Tz — kil *) = [&[* + Z k|2
=1

i=1

that

i=1

2 2
(k)24 (ki <T+k‘| )+ Z<n—|ki|2>>. (A.34)
i=1

Let us begin with the region Ap. (A.34) gives, with 0 < e < inf{3(3 — [s]),2(b — [s])}
and —b' :=1(3—s)+e<3$

gzt I k)= < Ol + K%~

—.

i=1

The contribution in (A.33) due to A, is therefore bounded by

-3 Nl — |k |2V £
o [CRY I SRR R

2
L k7

—c|w ¥ wE
AT by T hy—k L2
2
=C| [[ 77 "17ul
=1 L?H;7
2 4
<C J T FHF vy . oq> =
2'11 L2LY 3

} 4
17 F N F lllagn 0>

/\ I/\
":1w1':1w1:1w

Il
_

[ T5=F 1 Fol|x -,

<C

(3

il x

sh?

where we used the fact that L(T2) ¢ H~%(T2) for ¢ > 4/3 (by dualizing the Soboley
embedding H2(T?2) c L?(T?) for p < 4) Holder inequality, and (A.2)—(A.3). We
also used the notation

1

2
ullx -, = (/ — [K%) | Fulk, T)I2d7> = |zlx,,
keZZ

borrowed from Ref. 16. It remains to estimate the contributions in (A.33) due to
the regions A; and A,. By symmetry, we can consider only the region A;. In A,
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since —s + 5 < b, we have that
(ky) ~>** (k1) = < C(71 = [ka]®) 72 < Oy = [k |?)?
and therefore the contribution in (A.33) is bounded by

(k)*(T + Ik\2>”// Do ik (s — ko) Ll

TIHTo=T by +ky=k

2
L kT

= C||IF il T2 F HFv,llx

sb! "

y (A.1)—(A.2) with —s > 1/3 and —b’ chosen sufficiently close to 3, we have that
X,y CLS(R;L(T?)), hence L5(R;L¥(T?)) C X4
It follows that
11110

X, S CH]:A|f1|J5757:71|7:772|||L%L§
oz

< CIF M filllzope J37€f71|-7:172|”L§’L§.
< CHEI||X;bHJ375‘7:71|]:52|”X;,)
< Cllvillx,, lloallx,

where we used Holder inequality and (A.2)—(A.3) with p = ¢ = 3. This completes
the proof of (3.18).

To derive (3.19) from (3.18), we consider two functions wuy,uy in X;,(2) C
X5(92), and consider their odd extensions vy,vy to (—m,m)?; ie. v;(eyxy, €xy) =
€160 (1, 25) for o = (z1,29) € Q and ¢ = 1. Note that v;,v, € X, and that
U1y = (010,)|,. For any function w = Y jene [ Fw(k, 7)e'™ cos(kyz) cos(kyzs )dr,
we set

lwll%, )y = / (7 + [K]*)* (k) **| Faw(k, 7)| *dr.
keN2

The Bourgain space X ;,(€2) y (with Neumann boundary conditions) is defined as the
space of w’s for which the norm [Jwl|x ), is finite. Since the function v,7, is even
with respect to both z; and x,, we have that

< Cllullx,

HU1U2| X, (Q)y NC||U1U2| Xy X, U2| ;b_C||U1| X, 5(Q) ||U2| X, ()"

We claim that X, ,(Q) = X,;,(Q)y for |s] <1/2 and |b|] < 1. Note first that this is
true for |s| < § and b =0, since

Xoo(Q) = L*(R; H*(Q)) = X, 0(Q)w-

The claim is also true for |s| < 1/2 and b = 1, since

ue X 1(Q) = ue X () and du + Aue X, (,(Q)
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and since a similar criterion may be written for X, ;(£2)y. The claim is therefore true
for |s| < 1/2 and 0 < b < 1 by interpolation, and for |s| < 1/2 and |b| < 1 by duality.
(3.19) follows for uy,uy € Xp(2), and also for uy,uy € X;,(2) by density. This
completes the proof of Proposition 3.3. O
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