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We consider a Euler–Bernoulli beam, clamped at one extremity and free at the other, to which
are attached a piezoelectric actuator and a collocated sensor touching the clamped extremity.
We provide an output feedback law and characterize the sensor/actuator lengths for which the

strong stabilization holds. Finally, we prove that the energy decreases to zero in a polynomial
way for almost all lengths, and in an exponential way for lengths admitting a certain coprime
factorization.

1. Introduction

The Euler–Bernoulli equation provides a very

commonly used model for the dynamic behaviour of a

flexible beam, when the cross-sectional dimensions of

the beam are small in comparison to its length. In

the last decade, a lot of papers were devoted to the

pointwise feedback stabilization of a beam; see e.g.

Chen et al. (1987), Conrad (1990), Lagnese and

Leugering (1991a, b), Morgül (1992), Rebarber (1995),

Liu and Zheng (1999), Ammari and Tucsnak (2000)

and de Queiroz et al. (2000) or to the modelling of piezo-

ceramic actuation of beams (Crawley and Anderson

1990, Banks and Smith 1992) or to the controllability

of such systems (Crépeau and Prieur (to appear),

Tucsnak 1996). The piezoceramic actuation of beams

or plates is investigated numerically and experimentally

in Destuynder et al. (1992), Banks et al. (1993) and

Destuynder (1999).
In this paper, we consider the control problem

modelling the vibrations of a Euler–Bernoulli beam

which is subject to the action of an attached

piezoelectric actuator. If we assume that the beam is

clamped at one end and free at the other, and that the

actuator is touching the clamped end, then we obtain
the system

wttðx, tÞ þ wxxxxðx, tÞ ¼ �hðtÞ
d��
dx

ðxÞ,

wð0, tÞ ¼ wxð0, tÞ ¼ wxxð�, tÞ ¼ wxxxð�, tÞ ¼ 0,

wðx, 0Þ ¼ w0ðxÞ, wtðx, 0Þ ¼ w1ðxÞ:

In the above equations, x 2 ð0,�Þ is the spatial coordi-
nate, t is time, w stands for the transverse deflection of
the beam, wt ¼ @w=@t, etc., 0 and � are the coordinates
of the extremities of the actuator (0 < � � �), �y is the
Dirac measure at the point y, and h stands for the con-
trol input (see figure 1).

We are interested in the stabilization of the
above system, the control h being expressed as a
function of the output wxð0, tÞ � wxð�, tÞ ¼ �wxð�, tÞ.
This corresponds to the situation where the output
comes from a piezoelectric sensor located on the same
interval ð0, �Þ as the actuator. Formal computations on
the variations of the energy

Eðw,wtÞ ¼

Z �

0

ðjwxxj
2 þ jwtj

2Þ dx

lead to take

hðtÞ :¼ �Kwxtð�, tÞ*Corresponding author. Email: rosier@iecn.u-nancy.fr
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where K is some number whose range will be
specified later. In short, we are interested in the stability
properties of the closed-loop system

wttðx, tÞþwxxxxðx, tÞ ¼Kwxtð�, tÞ
d��
dx

ðxÞ, ð1Þ

wð0, tÞ ¼wxð0, tÞ ¼wxxð�, tÞ ¼wxxxð�, tÞ ¼ 0, ð2Þ

wðx, 0Þ ¼w0ðxÞ, wtðx, 0Þ ¼w1ðxÞ: ð3Þ

The main goal of the paper is to characterize the
lengths of the sensor/actuator leading to ‘‘good’’
stability properties for (1)–(3), i.e., with an exponential
(or polynomial) energy decay rate.
The study of the controllability properties of a PDE

is often considered as the first step towards the control
theory of that PDE. The exact controllability of a
beam hinged at both ends and subject to the action of
a piezoelectric actuator is characterized in function of
the location of the actuator in Tucsnak (1996).
It is shown in that paper that the space of controllable
states is related to Diophantine approximation
properties for the extremities of the actuator. A similar
study is performed in Crépeau and Prieur (to appear)
in the more difficult framework of a clamped-free
beam. The stabilization of a beam hinged at both ends
and subject to a pointwise force has been deeply studied
in Ammari and Tucsnak (2000). The method of
proof consists of deducing the decay estimates from
observability inequalities for the associated free problem
via sharp trace regularity results.
When we compare our work with Ammari

and Tucsnak (2000) we notice that: (i) the boundary
conditions here, where only an asymptotic expansion
of the eigenvalues for the free evolution of (1)–(3) is
known, are more difficult to handle than the ones in
Ammari and Tucsnak (2000) (where
e.g. the eigenvectors for the free evolution reduce to
sin functions); (ii) the method of proof used in
Ammari and Tucsnak (2000) cannot be applied

here due to an additional difficulty. The key observed
quantity, namely the integral term

R T
0 jwxtð�, tÞj

2 dt, is
of the same order as kðw0,w1Þk2H3�H1 for the free
evolution (K¼ 0), whereas it is of the same order as
kðw0,w1Þk2H2�H0 for the controlled system (K>0).
Thus, a spectral analysis resting on the free evolution
as in Ammari and Tucsnak (2000) cannot be performed
here.

To obtain our decay estimates, we follow the
frequency-domain approach described in Liu and
Zheng (1999) and based on a sharp estimation of a
resolvent on the imaginary axis. More precisely,
we combine the multiplier method to a careful
computation of the value at x ¼ � of the solution to
(1)–(3). Thanks to that calculation, we obtain an explicit
polynomial decay estimate valid for almost every value
of �, and an exponential decay estimate when � admits
a certain coprime factorization.

The paper is outlined as follows. The well-posedness
of (1)–(3) in the energy space is investigated in x 2. The
lengths � of the actuator for which the strong stability
holds are characterized in x 3. The last section contains
the main results of the paper, namely Theorem 3
(resp., Theorem 4) which provides an exponential
(resp., polynomial) energy decay rate.

2. Well-posedness of (1)–(3)

The well-posedness of (1)–(3) in the energy space is
obtained in this section as a direct application of the
classical semi-group theory. To specify the operator,
we have to see for which function w the r.h.s. of (1)
belongs to L2ð0,�Þ. Let us introduce some notations.
If w is any function in H1ð0, �Þ \H1ð�,�Þ, we define
fwxg 2 L2ð0,�Þ by

fwxgðxÞ :¼
wD0ð0, �Þ
x ðxÞ if x 2 ð0, �Þ,

wD0ð�,�Þ
x ðxÞ if x 2 ð�,�Þ,

(

Sensor

Actuator

x

x

π

Beam

w

Figure 1. Clamped-free beam with collocated sensor/actuator.

1202 P. Le Gall et al.
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where wD0ð0, �Þ
x (resp. wD0ð�,�Þ

x ) denotes the distributional
derivative @w=@x in D0ð0, �Þ (resp. in D0ð�,�Þ).
We also set ½w�� :¼ wð�þÞ � wð��Þ. It follows that

wx ¼ fwxg þ ½w���� in D0ð0,�Þ:

Assume now that w, v 2 H2ð0,�Þ, and define u 2 D0ð0,�Þ
by u :¼ �wxxxx þ K�xð�Þd��=dx. If u 2 L2ð0,�Þ, then the
restriction of wxxxx to each of the intervals ð0, �Þ and
ð�,�Þ has to be a square-integrable function; hence
w 2 H4ð0, �Þ \H4ð�,�Þ. Calculating wxxx, wxxxx and u,
we obtain

wxxx ¼ fwxxxg þ ½wxx����,

wxxxx ¼ fwxxxxg þ ½wxxx���� þ ½wxx��
d

dx
��,

and

u ¼ �fwxxxxg � ½wxxx���� � ½wxx��
d

dx
��

þ K�xð�Þ
d

dx
��: ð4Þ

Then u 2 L2ð0,�Þ provided that all the coefficients in
front of the Dirac measures vanish, i.e.,

K �xð�Þ ¼ ½wxx��

and

½wxxx�� ¼ 0:

We are now in a position to define the operator
associated with (1)–(3).
Let V ¼ fw 2 H2ð0,�Þj wð0Þ ¼ w0ð0Þ ¼ 0g (where 0 ¼

d=dx) ðw1,w2ÞV ¼
R �
0 w00

1w
00
2dx, and H ¼ L2ð0,�Þ,

ð�1, �2ÞH ¼
R �
0 �1�2dx. Then H ¼ V�H, endowed with

the usual product norm, is a (complex) Hilbert space.
If we introduce v :¼ wt and define the operator A with
domain

DðAÞ ¼
�
z ¼ ðw, vÞ j ðw, vÞ 2 H2ð0,�Þ2,

w 2 H4ð0, �Þ \H4ð�,�Þ,

wð0Þ ¼ wxð0Þ ¼ wxxð�Þ ¼ wxxxð�Þ ¼ 0, vð0Þ ¼ �xð0Þ ¼ 0,

K�xð�Þ ¼ wxx½ ��, wxxx½ ��¼ 0
�

by

Az¼ v, �wxxxxþK�xð�Þ
d

dx
��

� �
¼ v,�fwxxxxgð Þ, ð5Þ

then we see that the closed-loop system (1)–(3) may be
interpreted as the initial value problem for the abstract
first-order evolution equation in H

dz

dt
¼ Az, t > 0

zð0Þ ¼ ðw0,w1Þ:

8<
:

The first result in this paper is the following one.

Theorem 1: If K � 0, then A generates a C0-semigroup
ðetAÞt�0 of contractions in H.

Proof: Obviously, DðAÞ is dense in H. According to
a classical result (see e.g. Liu and Zheng (1999,
[Theorem 1.2.4]), the theorem is proved if we
show that A is dissipative and that 0 2 �ðAÞ, the
resolvent set of A. Let us begin with the dissipativ-
ity property.

Lemma 1: For any z ¼ ðw, vÞ 2 DðAÞ we have that

ðAz, zÞH ¼ 2i Im

Z �

0

�xxwxx dx

� �
� Kj�xð�Þj

2: ð6Þ

In particular, ReðAz, zÞH ¼ �Kj�xð�Þj
2 � 0, i.e., A is

dissipative.

Proof of Lemma 1: Pick any pair of functions
ðw, vÞ 2 DðAÞ. Then

ðAðw, vÞ, ðw, vÞÞH ¼

Z �

0

�xxwxx dx�

Z �

0

fwxxxxgv dx:

After some integrations by parts on the intervals ð0, �Þ
and ð�,�Þ, we obtain that

�

Z �

0

fwxxxxgv¼�

Z �

0

fwxxxxgv�

Z �

�

fwxxxxgv

¼�

Z �

0

wxx�xx dxþ ½wxx�x�
�
x¼0 þ ½wxx�x�

�
x¼�

¼�

Z �

0

wxx�xx dx� ½wxx���xð�Þ:

Hence

ðAðw, vÞ, ðw, vÞÞH ¼

Z �

0

ð�xxwxx � wxx�xxÞ dx� ½wxx���xð�Þ

¼ 2i Im

Z �

0

�xxwxx dx

� �
� Kj�xð�Þj

2:

We now proceed to the study of A
�1. The following

result holds true. œ

Output feedback stabilization of a clamped-free beam 1203
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Proposition 1: 0 2 �ðAÞ.

Proof: We have to prove that the operator
A : DðAÞ ! H is one-to-one and onto, and that its
inverse A

�1 : H ! H is continuous. Let a pair
ð f, gÞ 2 H be given, and let us investigate the equation
Aðw, vÞ ¼ ð f, gÞ, where (w, v) has to be found in DðAÞ.
We have to solve the system

v ¼ f

�fwxxxxg ¼ g

�

supplemented by adequate boundary conditions.
To eliminate g, we introduce the (unique) solution
~w 2 H4ð0,�Þ of the following elliptic problem

� ~wxxxx ¼ g

~wð0Þ ¼ ~wxð0Þ ¼ ~wxxð�Þ ¼ ~wxxxð�Þ ¼ 0:

�

Setting w ¼ ~wþ ŵ and C :¼ K�xð�Þ ¼ Kfxð�Þ, we have
to solve

fŵxxxxg ¼ 0 ð7Þ

ŵð0Þ ¼ ŵxð0Þ ¼ ŵxxð�Þ ¼ ŵxxxð�Þ ¼ 0 ð8Þ

½ŵxx�� ¼ C ð9Þ

½ŵxxx�� ¼ 0 ð10Þ

where ŵ is to be found in H2ð0,�Þ \H4ð0, �Þ \H4ð�,�Þ.
In particular,

½ŵ�� ¼ ½ŵx�� ¼ 0: ð11Þ

We infer from (7) and (8) that there exist some constants
a2, a3, b0, and b1 such that

ŵðxÞ ¼
a2x

2 þ a3x
3 if 0 < x < �,

b0 þ b1ðx� �Þ if � < x < �:

�

It follows from (10) that a3¼ 0. Equation (9) gives
�2a2 ¼ C; hence a2 ¼ �C=2. Finally, it is easily seen
that b0 and b1 are uniquely determined by the following
system of linear equations (coming from (11))

b0 þ b1ð� � �Þ ¼ a2�
2,

b1 ¼ 2a2�:

�

This proves the existence and uniqueness of ŵ, and the
existence and uniqueness of a pair ðw, vÞ 2 DðAÞ such
that Aðw, vÞ ¼ ð f, gÞ. To see that 0 2 �ðAÞ, it remains
to prove that the map A

�1 : H ! H is continuous.
Let ðw, vÞ ¼ A

�1
ð f, gÞ. Then kvkH ¼ kfkH, k ~wkH4ð0,�Þ �

ConstkgkH, kŵkV � ConstjCj � Constk fkV. Therefore,

kðw, vÞkH � Constkð f, gÞkH:

This completes the proofs of Proposition 1 and of
Theorem 1. œ

Proposition 2: The operator A�1 : H ! H is compact.

Proof: Since

kA
�1
ð f, gÞkDðAÞ ¼ kA

�1
ð f, gÞkH þ kð f, gÞkH,

we see that A
�1 is continuous from D into DðAÞ,

therefore it is sufficient to prove that the embedding
DðAÞ ! H is compact. Let

�
ðwn, vnÞ

�
n�0

be any bounded
sequence in DðAÞ. We have to prove that a subsequence�
ðwn0 , vn

0

Þ
�
converges (strongly) in H. As kvnkH2ð0,�Þ �

Const:, there exist a subsequence ðvn
0

Þ and a function
v 2 H ¼ L2ð0,�Þ such that vn

0

! v in H. On the other
hand, kwnkH2ð0,�Þ þ kfwn

xxxxgkL2ð0,�Þ � Const:, so

kwnkH4ð0, �Þ þ kwnkH4ð�,�Þ � Const:

Extracting if needed a subsequence again denoted by�
ðwn0 , vn

0

Þ
�
, we infer that there exists a function w 2 V

such that wn0 * w in H2ð0,�Þ, and wn0 * w in H4ð0, �Þ
and in H4ð�,�Þ. It follows that wn0 ! w in H2ð0, �Þ and
in H2ð�,�Þ. We conclude that wn0 ! w in V. œ

3. Strong stability

3.1 Free evolution

In this section we recall some useful facts about the free
evolution of (1)–(3); i.e., when K¼ 0. Thus we consider
the homogeneous Cauchy problem

�tt þ �xxxx ¼ 0, ð12Þ

�ð0, tÞ ¼ �xð0, tÞ ¼ �xxð�, tÞ ¼ �xxxð�, tÞ ¼ 0, ð13Þ

�ð:, 0Þ ¼ �0, �tð:, 0Þ ¼ �1: ð14Þ

Let A : DðAÞ ! L2ð0,�Þ be the operator with domain

DðAÞ :¼ �2H4ð0,�Þj �ð0Þ ¼�xð0Þ ¼�xxð�Þ ¼�xxxð�Þ ¼ 0
� �

and defined by A� ¼ �xxxx. Obviously, A�1 is a
compact symmetric operator on L2ð0,�Þ, hence
there exists a countable orthonormal basis of L2ð0,�Þ
constituted of eigenvectors of A�1 (and of A).
The following result [(Crepeau and Prieur (to
appear), Lemma 2.1] provides useful results about the
eigenvectors of A.

1204 P. Le Gall et al.
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Proposition 3: The L2ð0,�Þ-normalized eigenfunctions
of A are the functions ð kÞk�1 defined by

 kðxÞ ¼
1ffiffiffi
�

p
�
cosð�kxÞ � coshð�kxÞ

þ �k

�
sinhð�kxÞ � sinð�kxÞ

��
, ð15Þ

where �k is the kth positive root of

1þ cosð�k�Þ coshð�k�Þ ¼ 0, ð16Þ

and

�k ¼
cosð�k�Þ þ coshð�k�Þ

sinð�k�Þ þ sinhð�k�Þ
,

and the eigenvalue associated with  k is 	k ¼ j�kj
4.

Moreover, we have as k ! þ1

�k ¼ k�
1

2
þ ð�1Þkþ1 2e

�=2

�
e��k þ oðe��kÞ, ð17Þ

�k ¼ 1þ 2ð�1Þke��k� þ oðe��k�Þ, ð18Þ

and

� sinhð�k�Þþ�k coshð�k�Þ

¼
e��k�þoðe��k�Þ if 0<�<�=2,

ð�1Þke��kð���Þ þoðe��kð���ÞÞ if �=2<�<�:

�
ð19Þ

It is easily seen that if �0 ¼
P

k�1 �
0
k k, and

�1 ¼
P

k�1 �
1
k k, then the solution � ¼ �ðx, tÞ of

(12)–(14) reads

�ðx, tÞ ¼
Xþ1

k¼1

�0k cosðj�kj
2tÞ þ

�1k
j�kj

2
sinðj�kj

2tÞ

� �
 kðxÞ:

ð20Þ

3.2 Statement of the strong stability result

For any k � 1 let

Sk :¼ f� 2 ð0,�� j  0
kð�Þ ¼ 0g, ð21Þ

and set

S :¼ [k�1Sk:

Definition 1: We say that (1)–(3) is strongly stable in
H, if for any ðw0,w1Þ 2 H we have that

EðwðtÞ,wtðtÞÞ ¼ kðwðtÞ,wtðtÞÞk
2
H ! 0

as t ! þ1.

The following theorem provides a characterization of
the lengths of the sensor/actuator for which the strong
stability holds.

Theorem 2: The system (1)–(3) is strongly stable in H

if and only if K>0 and � 62 S.

Proof: First, it follows from Lemma 1 that for any
ðw0,w1Þ 2 DðAÞ and for any t � 0,

EðwðTÞ, vðTÞÞ � Eðw0,w1Þ ¼ �2K

Z T

0

j�xð�, tÞj
2 dt: ð22Þ

Thus, the condition K>0 is needed for the energy to
decrease. On the other hand, if � 2 Sk for some k � 1,
then any state of the form ð�0,�1Þ ¼ ð�0k k,�

1
k kÞ gives

rise to a solution of (1)–(3) whose energy does not
tend to 0. Thus K>0 together with � 62 S constitutes
a necessary condition for (1)–(3) to be strongly stable.
Let us now check that this condition is also sufficient.
We need the following result, which extends
Proposition 1. œ

Proposition 4 iR � �ðAÞ.

Proof of Proposition 4: Since A
�1 is compact, the

spectrum of A is constituted only of eigenvalues, so to
prove the claim it is sufficient to check that for any

 2 R

� the equation

ði
�AÞðw, vÞ ¼ ð0, 0Þ, ðw, vÞ 2 DðAÞ ð23Þ

admits only the trivial solution ðw, vÞ ¼ ð0, 0Þ. Using (23)
and (6), we obtain that

0 ¼ ðði
�AÞðw, vÞ, ðw, vÞÞH

¼ i 
kðw, vÞk2H � 2 Im

Z �

0

�xxwxx dx

� �
þ Kj�xð�Þj

2,

hence

wxx½ ��¼ K�xð�Þ ¼ 0

and w 2 H4ð0,�Þ. On the other hand, (23) yields

�
2wþ wð4Þ ¼ 0
wð0Þ ¼ w0ð0Þ ¼ w00ð�Þ ¼ w000ð�Þ ¼ 0,

�

so if w 6¼ 0, then 
2 ¼ 	k and w ¼ C k for some k � 1,
C 2 C. It follows that 0 ¼ Kv0ð�Þ ¼ i
KC 0

kð�Þ;
hence C¼ 0 (since K 6¼ 0 and � 62 S), contradicting the
assumption w 6¼ 0. Therefore w ¼ v ¼ 0.

Applying a classical stability theorem due to
Arendt–Batty (1988), we infer from Proposition 4 that

Output feedback stabilization of a clamped-free beam 1205
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the system (1)–(3) is strongly stable in H. This completes
the proof of Theorem 2. œ

Remark 1:

(i) Proceeding as in Le Gall et al. (to appear), one may
write a more elementary proof of Theorem 2 by
using LaSalle’s invariance principle (see Ammari
and Tucsnak (2000) for strong stability results
obtained this way).

(ii) If � 2 Sk and � 62 Sk0 for k0 6¼ k, then a strong
stability result also holds true in the subspace
H0 :¼ Spanfð k, 0Þ, ð0, kÞg

? of codimension 2.

3.3 Properties of the set S of critical lengths

As the set S plays a crucial role in all the stability results,
we collect some of its properties in the following
proposition.

Proposition 5: The set S is countable and dense in ð0,��.

Proof: To prove that S is (at most) countable, it is
sufficient to prove that each set Sk is finite. But
Sk ¼ ð 0

kÞ
�1
ð0Þ \ ð0,��, and the function  0

k, which is
analytic, has only a finite number of zeros in the interval
ð0,�� if it is not identically null. To check the last
property, we need first to establish Claim 1.

Claim 1 ð�k 6¼ 1 8k � 1Þ. Argue by contradiction. If
the claim is false, then there exists some k � 1 with

�k ¼
cosð�k�Þ þ coshð�k�Þ

sinð�k�Þ þ sinhð�k�Þ
¼ 1: ð24Þ

Let x ¼ cosð�k�Þ. Using (16) and (24), we arrive to
the equation

x� x�1 ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x�2 � 1

p

whose solutions are easily found to be �1. Now, (16)
has no solution if cosð�k�Þ ¼ �1. The claim is proved.

Derivating in (15) we obtain

 0
kðxÞ ¼ ��1=2

�
� �k sinð�kxÞ � �k sinhð�kxÞ

þ �kð�k coshð�kxÞ � �k cosð�kxÞÞ
�

	 ��1=2�kð�k coshð�kxÞ � sinhð�kxÞÞ

	
��1=2�kð�k � 1Þe�kx

2

as x ! þ1, hence  0
k 6
 0. The proof that S is at most

countable is achieved.

Let us now check that S is dense in ð0,�� (hence not
finite). Applying Proposition 3, we obtain that

 0
kðxÞ ¼ �

ffiffiffi
2

p
��1=2�k sin �kxþ

�

4

	 

þOðe���kÞ

	 


on each of the intervals ½0,�=2� "� and ½�=2þ ",��
(">0 being arbitrarily small), � ¼ �ð"Þ 2 ð0,�=2Þ
denoting some appropriate constant. Applying
the intermediate values theorem, we conclude that the
function  0

k vanishes between any pair of successive
extrema of the function sinð�kxþ �=4Þ on each of the
above intervals. The density of S follows at once. œ

4. Energy decay rates

In this section we provide explicit energy decay rates
in function of the length � of the sensor/actuator.

4.1 Exponential decay rate

An exponential decay rate is first derived when �=� is
rational with

�

�
6¼

4k0 þ 3

4kþ 2
, 8k, k0 2 Z: ð25Þ

Theorem 3: Let � 62 S be such that �=� 2 Q and (25)
holds true. Then

sup
j
j�1

kði
�AÞ
�1
k <1: ð26Þ

It follows that the semigroup ðetAÞt�0 is exponentially
stable; i.e., there exist two constants C> 0 and �> 0
such that

ketAz0kH � Ce��tkz0kH

for any z0 ¼ ðw0, �0Þ 2 H and any t � 0.

Remark 2: It is easy to see that � :¼ � does not belong
to S, and that (25) is satisfied for this choice of �.
Unfortunately, checking that � 62 S for a � fulfilling
(25) seems to be a very hard task.

Proof of Theorem 3: The exponential stability of the
semigroup ðetAÞt�0 is in fact equivalent to the resolvent
estimate (26) by virtue of a well-known result due to
Huang and Prüss, see Prüss (1984) and Huang (1985).
Therefore, we shall focus on the proof of (26). As the
usefulness of the condition (25) will appear quite far in
the proof, we assume at the beginning of the proof

1206 P. Le Gall et al.
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that � is any number in 0,�ð �. Let us argue by contradic-
tion. If (26) is false, then there exist 
n 2 R,
ðwn, �nÞ 2 DðAÞ for n ¼ 1, 2, . . . such that

kðwn, �nÞkH ¼ 1, j
nj ! þ1 ð27Þ

and if we set ð fn, gnÞ :¼ ði
n �AÞðwn, �nÞ,

ð fn, gnÞ ! ð0, 0Þ in H, ð28Þ

i.e.

i
nwn � �n ¼ fn ! 0 in V, ð29Þ

i
n�n þ wð4Þ
n

� �
¼ gn ! 0 in H: ð30Þ

Replacing if necessary 
n, wn and vn by �
n, wn and vn,
respectively, we may assume that 
n > 0 for all n. Our
goal is to obtain a contradiction to (27). This will be
done in four steps. In the first step, using the multiplier
method we establish some estimates which show that we
are done if 
nwnð�Þ ! 0 as n ! þ1. In the second step,
we show that the couple ðwnð�Þ,w

0
nð�ÞÞ may be obtained

as the solution of a 2� 2 linear system by performing a
direct integration of (29) and (30). In the two remaining
steps we estimate the determinants involved in the reso-
lution of that linear system. In what follows, the letters
C,C0,C00, . . . will denote positive constants which may
vary from line to line.

Step 1 (Basic estimates by the multiplier method): We
infer from (6) that

Kj�0nð�Þj
2 ¼ Reðði
n �AÞðwn, �nÞ, ðwn, �nÞÞH

¼ Reðð fn, gnÞ, ðwn, �nÞÞH, ð31Þ

hence, using (27) and (28),

j�0nð�Þj
2 ! 0 as n ! þ1: ð32Þ

On the other hand, (29) and (30) give as n!1

i
nkwnk
2
V � ð�n,wnÞV ! 0, ð33Þ

i
nk�nk
2
H þ ðfwð4Þ

n g, �nÞH ! 0: ð34Þ

Taking the difference of (33) and (34) we obtain

i
nðkwnk
2
V � k�nk

2
HÞ �

Z �

0

�00nw
00
n dx�

Z �

0

fwð4Þ
n g�n dx ! 0

but

Im

Z �

0

�00nw
00
n dxþ

Z �

0

fwð4Þ
n g�n dx

� �
¼ 0

by (6), hence


nðkwnk
2
V � k�nk

2
HÞ ! 0: ð35Þ

Therefore, using (27) and (29) we conclude that

lim
n!þ1

kwnk
2
V ¼ lim

n!þ1
k�nk

2
H ¼ lim

n!þ1
k
nwnk

2
H ¼ 1

2 � ð36Þ

Eliminating vn in (30) by using (29), we obtain

�
2nwn þ fwð4Þ
n g ¼ gn þ i
nfn, ð37Þ

hence

�
2nwn þ fwð4Þ
n g, qw0

n

� �
H
¼ ðgn þ i
nfn, qw

0
nÞH ð38Þ

for any real function q 2 C3ð½0,��Þ.
It follows from (36) and a classical interpolation

inequality (see e.g. Lions and Magenes (1972)) that for
any s 2 ½0, 2Þ

wn ! 0 in Hsð0,�Þ: ð39Þ

In particular,

ðgn, qw
0
nÞH ! 0: ð40Þ

On the other hand,

Z �

0

fnqw0
n dx ¼ �

Z �

0

ð fnqÞ
0wn dxþ fnð�Þqð�Þwnð�Þ ð41Þ

but, using (29) and (36), we obtain


n

Z �

0

ð fnqÞ
0wn dx

����
���� � CkfnkH1ð0,�Þk
nwnkH ! 0, ð42Þ

and


nfnð�Þqð�Þwnð�Þ ¼ oð
nwnð�ÞÞ: ð43Þ

It follows that

ði
nfn, qw
0
nÞH ¼ oð
nwnð�ÞÞ þ oð1Þ: ð44Þ

Output feedback stabilization of a clamped-free beam 1207
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Let us now turn to the left hand side of (38). We have

2Reð�
2nwn, qw
0
nÞH ¼ 
2n

Z �

0

q0jwnj
2 dx� 
2njwnð�Þj

2qð�Þ:

ð45Þ

Integrating by parts in

wð4Þ
n

� �
, qw0

n H ¼

Z �

0

wð4Þ
n qw0

n dxþ

Z �

�

wð4Þ
n qw0

n dx,

��

we arrive to

2Re fwð4Þ
n g,qw0

n

� �
H
¼ 3

Z �

0

jw00
nj
2q0dxþjw00

nð0Þj
2qð0Þ

�

Z �

0

jw0
nj
2q000dx

þqð�Þ jw00
nj
2

� 

�
þ2Re q0ð�Þw0

nð�Þ w
00
n

� 

�

	 

þjw0

nð�Þj
2q00ð�Þ

¼ 3

Z �

0

jw00
nj
2q0dx

þ2Kqð�ÞRe
�
�0nð�Þw

00
nð�

þÞ
�
þoð1Þ

ð46Þ

by (39) and (32), provided that qð0Þ ¼ 0. Gathering
together (40), (44), (45) and (46) with qðxÞ ¼ x, we
obtain

3

Z �

0

jw00
nj
2 dxþ 
2n

Z �

0

jwnj
2 dx

¼ ð�
nwnð�Þ þ oð1ÞÞ
nwnð�Þ

� 2K�Re
�
�0nð�Þw

00
nð�

þÞ
�
þ oð1Þ: ð47Þ

The above equality may be simplified thanks to the next
result.

Proposition 6:

jw00
nð�

þÞj2 ¼ Oðj
nwnð�Þj
2Þ þ oð1Þ: ð48Þ

Proof: Multiplying each term in (37) by qw0
n where

q 2 C3ð½�,��Þ, and integrating over ð�,�Þ, we arrive to

�
2n

Z �

�

qwnw0
ndxþ

Z �

�

qwð4Þ
n w0

ndx¼

Z �

�

ðgnþ i
nfnÞqw0
ndx:

Clearly Z �

�

gnqw0
n dx

�����
����� � CkgnkHkw

0
nkH ! 0

andZ �

�

i
nfnqw0
n dx ¼ �i

Z �

�

ð fnqÞ
0
nwn dxþ ifnq
nwn½ �

�
� ,

so using again (29) and (36),Z �

�

ðgnþ i
nfnÞqw0
ndx

�����
������ �4 j
nwnð�Þj

2þj
nwnð�Þj
2

� �
þoð1Þ:

On the other hand, we obtain after some integrations
by parts that

2Re

Z �

�

ð�
2nÞqwnw0
ndx ¼ 
2n

Z �

�

q0jwnj
2 dx� qjwnj

2
� 
�

�

� �

and that

2Re

Z �

�

wð4Þ
n qw0

n dx ¼ 3

Z �

�

q0jw00
nj
2 dx� jw00

nj
2q

� 
�
�

�

Z �

�

q000jw0
nj
2 dxþ q00jw0

nj
2

� 
�
�

� 2Re w00
nq

0w0
n

� 
�
�
þ2Re w000

n qw
0
n

� 
�
�
:

Taking qðxÞ ¼ x and using the fact that
w00
nð�Þ ¼ w000

n ð�Þ ¼ 0, we arrive to

3

Z �

�

jw00
nj
2 dxþ
2n

Z �

�

jwnj
2 dxþ �ðjw00

nð�
þÞj2

þ 1
2 j
nwnð�Þj

2Þþ2Re ðw00
nð�

þÞ� �w000
n ð�ÞÞw

0
nð�Þ

� �
¼Oðj
nwnð�Þj

2Þþoð1Þ: ð49Þ

The following claims are needed. œ

Claim 2: 
nw
0
nð�Þ ! 0 as n!1.

Indeed, derivating once in (29) and evaluating at x ¼ �,
we infer that i
nw

0
nð�Þ ¼ �0nð�Þ þ f0nð�Þ ! 0, by (28)

and (32).

Claim 3: kwnkH4ð�,�Þ � C
n.
Indeed, it follows from (30) and (36) that

k
�1
n wð4Þ

n kL2ð�,�Þ � 
�1
n kgnkL2ð�,�Þ þ k�nkL2ð�,�Þ � C:

Since kwnkV is bounded, the claim follows.

We infer from Claim 3 that jw00
nð�

þÞj þ jw000
n ð�Þj � C
n

which, combined to Claim 2, yields

Re
�
ðw00

nð�
þÞ � �w000

n ð�ÞÞw
0
nð�Þ

�
! 0 as n ! 1:

1208 P. Le Gall et al.
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Therefore, (49) yields

3

Z �

�

jw00
nj
2 dxþ
2n

Z �

�

jwnj
2 dxþ � jw00

nð�
þÞj2þ 1

2 j
nwnð�Þj
2

� �
¼Oðj
nwnð�Þj

2Þþoð1Þ,

hence (48) follows. The proof of Proposition 6 is
complete. œ

Using (32), (47) and (48), we arrive to

3

Z �

0

jw00
nj
2 dxþ 
2n

Z �

0

jwnj
2 dx ¼ Oðj
nwnð�Þj

2Þ þ oð1Þ:

ð50Þ

Therefore, we obtain a contradiction with (36)
if 
nwnð�Þ ! 0. In the next steps, we show that


nwnð�Þ ! 0.

Step 2 Computation of wnð�Þ: To compute wnð�Þ
we integrate (37) on ð0,�Þ. More precisely, setting

Fn :¼ gn þ i
nfn, we solve the system

�
2nwn þ fwð4Þ
n g ¼ Fn on ð0,�Þ,

wnð0Þ ¼ w0
nð0Þ ¼ w00

nð�Þ ¼ w000
n ð�Þ ¼ 0,

wn½ ��¼ w0
n

� 

�
¼ w000

n

� 

�
¼ 0,

w00
n

� 

�
¼ K�0nð�Þ ¼ Kði
nw

0
nð�Þ � f0nð�ÞÞ:

8>>>>>>><
>>>>>>>:

To simplify the notations we drop the subscript n
in what follows. Let 	 and � be given numbers.

We first solve the following (backwards) Cauchy

Problem on ð�,�Þ

ðS1Þ
wð4Þ � 
2w ¼ F in ð�,�Þ,

wð�Þ ¼ 	, w0ð�Þ ¼ �, w00ð�Þ ¼ w000ð�Þ ¼ 0,

(

and next the following (backwards) Cauchy Problem
on ð0, �Þ

ðS2Þ

wð4Þ �
2w¼ F in ð0,�Þ,

wð��Þ ¼wð�þÞ, w0ð��Þ ¼w0ð�þÞ, w000ð��Þ ¼w000ð�þÞ,

w00ð��Þ ¼w00ð�þÞ�K i
w0ð�þÞ� f0ð�Þð Þ:

8>><
>>:

Then 	 and � have to be chosen so that
wð0Þ ¼ w0ð0Þ ¼ 0.

The ODE wð4Þ � 
2w ¼ F may be written as

w

w0

w00

w000

0
BBBBB@

1
CCCCCA

0

¼ M

w

w0

w00

w000

0
BBBBB@

1
CCCCCAþ

0

0

0

F

0
BBBBB@

1
CCCCCA, with

M ¼

0 1 0 0

0 0 1 0

0 0 0 1


2 0 0 0

0
BBBBB@

1
CCCCCA�

Easy computations show that

exM ¼

a 
�2a000 
�2a00 
�2a0

a0 a 
�2a000 
�2a00

a00 a0 a 
�2a000

a000 a00 a0 a

0
BBB@

1
CCCA, ð51Þ

where aðxÞ :¼ ðcosðbxÞ þ coshðbxÞÞ=2 and b ¼
ffiffiffi



p
.

An integration of ðS1Þ yields

w

w0

w00

w000

0
BBBBB@

1
CCCCCAðxÞ ¼ eðx��ÞM

	

�

0

0

0
BBBBB@

1
CCCCCA

þ

Z x

�

eðx�yÞM

0

0

0

FðyÞ

0
BBBBB@

1
CCCCCAdy, x 2 ð�,�Þ,

hence

w

w0

w00

w000

0
BBB@

1
CCCAð�þÞ ¼ eð���ÞM

	

�

0

0

0
BBB@

1
CCCAþ

Z �

�

eð��yÞM

0

0

0

FðyÞ

0
BBB@

1
CCCAdy:

ð52Þ

On the other hand, an integration of ðS2Þ leads to

w
w0

w00

w000

0
BB@

1
CCAðxÞ ¼ eðx��ÞM

w
w0

w00

w000

0
BB@

1
CCAð��Þ þ

Z x

�

eðx�yÞM

0
0
0

FðyÞ

0
BB@

1
CCAdy:

ð53Þ

Output feedback stabilization of a clamped-free beam 1209
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Gathering (52) and (53), we obtain

w

w0

w00

w000

0
BBBBBB@

1
CCCCCCA
ð0Þ ¼ e��M

w

w0

w00

w000

0
BBBBBB@

1
CCCCCCA
ð�þÞ þ

0

0

�½w00��

0

0
BBBBBB@

1
CCCCCCA

0
BBBBBB@

1
CCCCCCA

þ

Z 0

�

e�yM

0

0

0

FðyÞ

0
BBBBBB@

1
CCCCCCA
dy

¼ e��M

	

�

0

0

0
BBBBBB@

1
CCCCCCA

þ

Z 0

�

e�yM

0

0

0

FðyÞ

0
BBBBBB@

1
CCCCCCA
dy

þ e��M

0

0

�K
�
i
w0ð�þÞ � f0ð�Þ

�
0

0
BBBBBB@

1
CCCCCCA
: ð54Þ

By (51) and (52),

w0ð�þÞ ¼ a0ð� � �Þ	þ að� � �Þ�þ

Z �

�


�2a00ð� � yÞFðyÞ dy,

hence, keeping only the two first equations in (54),
we arrive to

wð0Þ

w0ð0Þ

 !
¼

að��Þ 
�2a000ð��Þ

a0ð��Þ að��Þ

 !
	

�

 !

þ

Z 0

�


�2a0ð�yÞ


�2a00ð�yÞ

 !
FðyÞ dyþ


�2a00ð��Þ


�2a000ð��Þ

 !

� Kf0ð�Þ � iK

�
a0ð� � �Þ	þ að� � �Þ�

�
þ

Z �

�


�2a00ð� � yÞFðyÞdy
��
:

Therefore, wð0Þ ¼ w0ð0Þ ¼ 0 if and only if

m11 m12

m21 m22

� �
	
�

� �
¼

c1
c2

� �
,

where

m11 ¼ að��Þ � iK
�1a00ð��Þa0ð� � �Þ

m12 ¼ 
�2a000ð��Þ � iK
�1a00ð��Það� � �Þ

m21 ¼ a0ð��Þ � iK
�1a000ð��Þa0ð� � �Þ

m22 ¼ að��Þ � iK
�1a000ð��Það� � �Þ

c1 ¼ �

Z 0

�


�2a0ð�yÞFðyÞ dyþ K
�2a00ð��Þ

� �f0ð�Þ þ i


Z �

�


�2a00ð� � yÞFðyÞ dy

� �

c2 ¼ �

Z 0

�


�2a00ð�yÞFðyÞ dyþ K
�2a000ð��Þ

� �f0ð�Þ þ i


Z �

�


�2a00ð� � yÞFðyÞ dy

� �
:

Letting

N ¼ c1m22 � c2m12

D ¼ m11m22 �m12m21

we obtain by Cramer rule 	¼N/D. In the next step we
show that jDj � Ceb� if the number �=� is rational and
fulfills (25).

Step 3 Estimation of D: Substituting the expressions of
m11,m12,m21 and m22 into D we obtain

D¼ ðað��Þ� iK
�1a00ð��Þa0ð���ÞÞðað��Þ

� iK
�1a000ð��Það���ÞÞ� ð
�2a000ð��Þ

� iK
�1a00ð��Það���ÞÞða0ð��Þ

� iK
�1a000ð��Þa0ð���ÞÞ

¼ að��Þ2�
�2a000ð��Þa0ð��Þ

� iK
�1 a00ð��Þa0ð���Það��Þþað��Þa000ð��Það���Þ
�

�a00ð��Það���Þa0ð��Þ�
�2a000ð��Þa000ð��Þa0ð���Þ
�

¼:D1þ iD2:

Substituting the values of a and of its derivatives in D1

we obtain

D1 ¼
1

2
ðcos b�þ cosh b�Þ

� �2

�
�2 b
3

2
ð� sin b�� sinh b�Þ

�
b

2
ðsin b�� sinh b�Þ

¼
1

4
cos2 b�þ cosh2 b�þ 2 cos b� cosh b�
�

þ sin2 b�� sinh2 b�
�

¼
1

2
ð1þ cos b� cosh b�Þ: ð55Þ

1210 P. Le Gall et al.
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Let us now turn to the estimation of D2.

D2 ¼�K
�1 a0ð���Þ a00ð��Það��Þ�
�2a000ð��Þa000ð��Þ
� ��

það���Þ að��Þa000ð��Þ� a00ð��Þa0ð��Þð Þ
�
:

To estimate D2 we introduce the functions
G,H : ½0,�� ! R defined by

GðyÞ ¼ a00ð��Það�yÞ � 
�2a000ð�yÞa000ð��Þ

HðyÞ ¼ að�yÞa000ð��Þ � a00ð��Þa0ð�yÞ:

Then the following result holds.

Lemma 2:

GðyÞ ¼
b2

4
cosh bðy� �Þ þ

eb�

2
ðcos by� sin byÞ

�

�
eby

2
ðcos b� þ sin b�Þ þOð1Þ

�
, ð56Þ

HðyÞ ¼
b3

4
sinh bðy� �Þ �

eb�

2
ðcos byþ sin byÞ

�

�
eby

2
ðcos b� þ sin b�Þ þOðbÞ

�
, ð57Þ

where O(1) denotes a term which is bounded in y, �, and b.

Proof of Lemma 2: Expanding a in the expression of
G, we obtain

GðyÞ ¼
b2

4
ð� cos b� þ cosh b�Þðcos byþ cosh byÞ
�

�ðsin byþ sinh byÞðsin b� þ sinh b�Þ
�

¼
b2

4
cosh by cosh b� � sinh by sinh b�
�

þ
1

2
ðeb� þ e�b�Þ cos by�

1

2
ðeby þ e�byÞ cos b�

�
1

2
ðeby � e�byÞ sin b� �

1

2
ðeb� � e�b�Þ sin by

� cos b� cos by� sin by sin b�
�

¼
b2

4
cosh bðy� �Þ þ

eb�

2
ðcos by� sin byÞ

�

�
eby

2
ðcos b� þ sin b�Þ þOð1Þ

�
:

Thus (56) is proved. (57) may be obtained by noticing
that HðyÞ ¼ G0ðyÞ. œ

Applying Lemma 2 with y ¼ �, we obtain

D2 ¼ �K
�1 a0ð� � �ÞGð�Þ þ að� � �ÞHð�Þð Þ

¼ �K
�1 b

2
� sin bð� � �Þ þ

ebð���Þ � ebð���Þ

2

� ��

�
b2

4

ebð���Þ

2
þ
eb�

2
ðcos b�� sin b�Þ

�

�
eb�

2
ðcos b� þ sin b�Þ þOð1Þ

�

þ
1

2
cos bð� � �Þ þ

ebð���Þ þ ebð���Þ

2

� �

�
b3

4

ebð���Þ

2
�
eb�

2
ðcos b�þ sin b�Þ

�

�
eb�

2
ðcos b� þ sin b�Þ þOð1Þ

��
:

Expanding D2, we notice that the coefficients in front of
the exponential terms ebð2���Þ and e2bð���Þ vanish, so that
the leading exponential term is eb�, and the remaining
exponential terms read ebð���Þ, ebð2���Þ, eb�, e0, and
ebð���Þ. We conclude that if � < �, then

D2 ¼
Kb

16
cosb�þðcosb�þ sinb�Þð

� cosbð���Þ� sinbð���Þð Þeb�þOðebð���ÞÞ ð58Þ

for some �>0, and if � ¼ �, then

D2 ¼
Kb

4
ðcos b�þ sin b�Þeb� þOðbÞ
� �

: ð59Þ

It is clear that jD1 þ iD2j � Ceb� for b large enough if
� ¼ �, for ðcos b�Þ2 þ ðcos b�þ sin b�Þ2 � C > 0 for all
b 2 R.

Let us assume from now on that � < �, and
that the number �=� is rational and admits a coprime
factorization �=� ¼ p=q, with p, q 2 N

�, 0 < p < q, and
let us introduce the functions

cðbÞ :¼ cos b�þ ðcos b� þ sin b�Þ

� ðcos bð� � �Þ � sin bð� � �ÞÞ, ð60Þ

hðbÞ :¼ ðcos b�Þ2 þ ðcðbÞÞ2: ð61Þ

Lemma 3: infb2R jhðbÞj > 0 if and only if p / q is not of
the form ð4k0 þ 3Þ=ð4kþ 2Þ, k, k0 2 Z.

Proof of Lemma 3: Since h is 2q-periodic, we only have
to characterize the rational numbers p / q for which
hðbÞ > 0 for all b 2 R. As h is the sum of two
squared terms, we may restrict ourselves to the b’s

Output feedback stabilization of a clamped-free beam 1211
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for which cos b� ¼ 0, namely b ¼ ð1=2Þ þ k, k 2 Z.
Then hðbÞ ¼ 4 cos2ðð1=2þ kÞ� � �=4Þ cos2ðð1=2þ kÞ �
ð� � �Þ þ �=4Þ, and a straightforward calculation
shows that hðbÞ ¼ 0 if and only if p / q is of the form
ð4k0 þ 3Þ=ð4kþ 2Þ, k, k0 2 Z. œ

Applying Lemma 3, we infer that as b ! þ1

jDj2 ¼ D2
1 þD2

2

� ChðbÞe2b� þO ebð2���Þ
� �

� C0e2b�

provided that the condition (25) is fulfilled.

Step 4 Estimation of N: We have to bound the
quantity N ¼ c1m22 � c2m12. Letting

Z1 :¼ �

Z 0

�


�2a0ð�yÞFðyÞdy

Z2 :¼ �

Z 0

�


�2a00ð�yÞFðyÞdy

and Z3 :¼ i
�1

Z �

�

a00ð� � yÞFðyÞ dy� f0ð�Þ,

we obtain that

c1 ¼ Z1 þ K
�2a00ð��ÞZ3, c2 ¼ Z2 þ K
�2a000ð��ÞZ3,

hence

N¼ðZ1þK
�2a00ð��ÞZ3Þðað��Þ� iK
�1a000ð��Það���ÞÞ

� ðZ2þK
�2a000ð��ÞZ3Þð

�2a000ð��Þ

� iK
�1a00ð��Það���ÞÞ

¼K
�2 a00ð��Það��Þ�
�2a000ð��Þa000ð��Þ
� �

Z3

þZ1 að��Þ� iK
�1a000ð��Það���Þ
� �

�Z2 

�2a000ð��Þ� iK
�1a00ð��Það���Þ

� �
¼�K
�2Gð�Þf0ð�Þþ iK
�3Gð�Þ

Z �

�

a00ð��yÞFðyÞdy

�
�2

Z 0

�

a0ð�yÞðað��Þ� iK
�1a000ð��Það���ÞÞ
�

�a00ð�yÞð
�2a000ð��Þ� iK
�1a00ð��Það���ÞÞ
�
FðyÞdy

¼�K
�2Gð�Þf0ð�Þ

�
�2

Z 0

�

ða0ð�yÞað��Þ�a00ð�yÞ
�2a000ð��ÞÞFðyÞdy

þ iK
�3

Z 0

�

ða0ð�yÞa000ð��Þ�a00ð�yÞ

�a00ð��ÞÞað���ÞFðyÞdy

þ iK
�3

Z �

�

Gð�Þa00ð��yÞþ
�
a0ð�yÞa000ð��Þ�a00ð�yÞ

�
�a00 ��Þ

�
að���Þ

� �
FðyÞdy

�
¼: I1þ I2þ I3þ I4:

By virtue of Lemma 2,

jGð�Þj ¼
b2

4
cosh bð�� �Þ þ

eb�

2
ðcos b�� sin b�Þ

����
�
eb�

2
ðcos b� þ sin b�Þ þOð1Þ

����
� Cb2eb�,

hence

jI1j � Cb�2eb�kfkV:

Let KðyÞ :¼ a0ð�yÞað��Þ � a00ð�yÞ
�2a000ð��Þ for
y 2 ½0,��. Then

I2 ¼ 
�2

Z �

0

KðyÞgðyÞdyþ i
�1

Z �

0

KðyÞfðyÞ dy ¼: I12 þ I22:

Since

KðyÞ ¼
b

4
ðsin by� sinh byÞðcos b�þ cosh b�Þ
�

�ð� cos byþ cosh byÞð� sin b�� sinh b�Þ
�

¼
b

4

(
cosh by sinh b�� sinh by cosh b�

�
eby � e�by

2
cos b�þ

eb� þ e�b�

2
sin by

�
eb� � e�b�

2
cos byþ

eby þ e�by

2
sin b�

þ sin by cos b�� cos by sin b�

)

¼
b

4
sinh bð�� yÞ þ

eb�

2
ðsin by� cos byÞ

�

þ
eby

2
ð� cos b�þ sin b�Þ þOð1Þ

�

we see that

jI12j � 
�2kKðyÞkH kgkH

� Cb�3 k sinh bð�� yÞkH þ eb�k sin by� cos bykH
�

þ kebykH þOð1ÞÞkgkH

� Cb�3eb�kgkH:

On the other hand, integrating by parts in I22 yields

I22 ¼ i
�1 �

Z �

0

~KðyÞf0ðyÞ dyþ ~KðyÞfðyÞ
� 
�

0

� �

1212 P. Le Gall et al.
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with

~KðyÞ ¼

Z y

0

KðzÞ dz

¼
1

4
� cosh bð�� yÞ �

eb�

2
ðcos byþ sin byÞ

�

þ
eby

2
ð� cos b�þ sin b�Þ þOð1Þ

�
:

Thus

jI22j � C
�1eb� kf0kH þ jfð�Þjð Þ � C
�1eb�kfkV:

We now turn to the next term I3. We notice that

I3 ¼ iK
�3að� � �Þ

Z 0

�

ð�H0ðyÞÞðgðyÞ þ i
fðyÞÞ dy

¼ iK
�3að� � �Þ

Z �

0

H0ðyÞgðyÞ dy� K
�2að� � �Þ

�

Z �

0

H0ðyÞfðyÞ dy ¼: I13 þ I23:

Since

H0ðyÞ ¼
b4

4
cosh bðy� �Þ þ

eb�

2
ðsin by� cos byÞ

�

�
eby

2
ðcos b� þ sin b�Þ þOðb2Þ

�

we have that

jI13j � Cb�2ebð���Þ k cosh bðy� �ÞkL2ð0, �Þ

�
þeb�k sin by� cos bykL2ð0, �Þ

þkebykL2ð0, �Þ þOðb2Þ
�
kgkH

� Cb�2eb�kgkH:

Integrating twice by parts in I23 yields

I23 ¼ �K
�2að� � �Þ

�

Z �

0

GðyÞf00ðyÞ dyþ HðyÞfðyÞ � GðyÞf0ðyÞ½ �
�
0

� �

(since G0 ¼ H). Using (56) and the fact that
fð0Þ ¼ f0ð0Þ ¼ 0, we obtain that

jI23þK
�2að���ÞHð�Þfð�Þj �C
�2ebð���Þ

� b2eb�kf00kHþ b2eb�jf0ð�Þj
� �

�C
�1eb�kfkV:

Using (57) to estimate H(�), we conclude that

I23 ¼
K

16
b�1eb�ðcos b� þ sin b�Þfð�Þ þO

�

�1eb�kfkV

�
:

It remains to bound

I4 ¼ iK
�3

Z �

�

LðyÞ
�
gðyÞ þ i
fðyÞ

�
dy

¼ iK
�3

Z �

�

LðyÞgðyÞ dy� K
�2

Z �

�

LðyÞfðyÞdy

¼: I14 þ I24

where we have set

LðyÞ :¼ Gð�Þa00ð� � yÞ �H0ðyÞað� � �Þ:

We first estimate the function L.

LðyÞ ¼
b4

8

��
cosh bð�� �Þ þ

eb�

2
ðcos b�� sin b�Þ

�
eb�

2
ðcos b� þ sin b�Þ þOð1Þ

�
� ð� cos bð� � yÞ þ cosh bð� � yÞÞ

�
�
cosh bðy� �Þ þ

eb�

2
ðsin by� cos byÞ

�
eby

2
ðcos b� þ sin b�Þ þOðb2Þ

�
� ðcos bð� � �Þ þ cosh bð� � �ÞÞ

�

¼
b4

8

�
eb�

1

2
ðcos b� þ sin b�Þ cos bð� � yÞ

�

þ
1

4
ðcos by� sin byÞ

�

þ eby
1

2
ðcos b� þ sin b�Þ cos bð� � �Þ

�

þ
1

4
ðcos b�� sin b�Þ

�

þebð�þ��yÞ �
1

4

� �
ðcos b� þ sin b�Þ þO

�
ebð���Þ

��

for every y 2 ½�,�� and some �>0. Thus

jI14j � Cb�2kgkH

	
eb�ðk cos bð� � yÞkL2ð�,�Þ

þ k cos by� sin bykL2ð�,�Þ



þ kebykL2ð�,�Þ þ kebð�þ��yÞkL2ð�,�Þ þOðebð���ÞÞ

�
� Cb�2eb�kgkH:

Output feedback stabilization of a clamped-free beam 1213
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Next we introduce the function ~LðyÞ :¼ Gð�Það� � yÞ�
GðyÞað� � �Þ which fulfills ~L00 ¼ L. Easy calculations
show that

~LðyÞ ¼
b2

8

�
� eb�

1

2
ðcos b� þ sin b�Þ cos bð� � yÞ

�

þ
1

4
ðcos by� sin byÞ

�

þ eby
1

2
ðcos b� þ sin b�Þ cos bð� � �Þ

�

þ
1

4
ðcos b�� sin b�Þ

�

þebð�þ��yÞ �
1

4

� �
ðcos b� þ sin b�Þ þOðebð���ÞÞ

�

and that

~L0ðyÞ ¼
b3

8

�
eb�

1

2
ðcos b� þ sin b�Þ sin bðy� �Þ

�

þ
1

4
ðcos byþ sin byÞ

�

þ eby
1

2
ðcos b� þ sin b�Þ cos bð� � �Þ

�

þ
1

4
ðcos b�� sin b�Þ

�

�ebð�þ��yÞ �
1

4

� �
ðcos b� þ sin b�Þ þO ebð���Þ

� ��
,

hence for all y 2 ½�,��

j ~LðyÞj � Cb2eb� and j ~L0ðyÞj � Cb3eb�:

Integrating twice by parts in I24, we obtain

I24 ¼ K
�2

Z �

�

~LðyÞf00ðyÞ dyþ ~L0ðyÞfðyÞ � ~LðyÞf0ðyÞ
� 
�

�

� �
,

hence

I24 � K
�2 ~L0ðyÞfðyÞ
� 
�

�

��� ��� � C
�2 b2eb�kf00kH
�

þ b2eb�ðjf0ð�Þj þ jf0ð�ÞjÞ
�

� C
�1eb�kfkV:

On the other hand

K
�2 ~L0ðyÞfðyÞ
� 
�

�
¼

K

16
b�1eb� �ðcos b� þ sin b�Þfð�Þ

�
þ cðbÞfð�Þ þOðe�b�ÞkfkV

�
,

where the function c(b) is defined in (60) and �>0 is
small enough. It follows that

I23 þ I24 ¼
K

16
b�1eb�cðbÞfð�Þ þOð
�1eb�kfkVÞ:

We conclude that

N ¼
K

16
b�1eb�cðbÞfð�Þ þOð
�1eb�ðkfkV þ kgkHÞÞ ð62Þ

and that (writing again the subscript n)

j
nwnð�Þj ¼ 
n
N

D

����
����

�
ðK=16Þbne

bn�cðbnÞfnð�Þ

D1 þ iD2

����
����þ CðkfnkV þ kgnkHÞ

� CðkfnkV þ kgnkHÞ

! 0 as n ! 1

by (28) and (58). Using (50), we obtain the promised
contradiction to (36). The proof of Theorem 3 is
achieved. œ

4.2 Polynomial decay rate

The next result asserts that a polynomial decay rate
still holds true for almost every value of �.

Theorem 4: For almost every � 2 ð0,�Þ we have for
every l>1

sup
j
j�1

j
j�lkði
�AÞ
�1
k <1: ð63Þ

This implies by Liu and Rao (2005) that for every positive
integer k there exists a constant Ck>0 such that

ketAz0kH � Ck
ln t

t

� �k=l

ðln tÞkz0kDðA
k
Þ

8z0 2 DðA
k
Þ:

Proof of Theorem 4: Notice first that it is sufficient to
prove (63) for all numbers l 2 ð1, þ1Þ \Q and for a.e.
� 2 ð0,�Þ. Pick any l 2 ð1, þ1Þ \Q, any � 2 ð0,�Þ (to
be specified later) and argue by contradiction as in the
proof of Theorem 3. If (63) is false, then there exist

n 2 ð0, þ1Þ, ðwn, �nÞ 2 DðAÞ for n ¼ 1, 2, . . . such that

kðwn, �nÞkH ¼ 1, 
n ! þ1, ð64Þ

and such that, setting ð fn, gnÞ :¼ ði
n �AÞðwn, �nÞ,


lnð fn, gnÞ ! ð0, 0Þ in H: ð65Þ

1214 P. Le Gall et al.
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Then (36) and (50) hold true, and to obtain a
contradiction to (36) it is sufficient to prove that

nwnð�Þ ! 0. The same calculations as in the proof of
Theorem 3 lead to wð�Þ ¼ N=D (the subscript n being
again omitted), where N fulfills (62), and D ¼ D1 þ iD2

with D1 and D2 given by (55) and (58), respectively.
We aim to prove that jDj � Ceb�=b2þ2" for any ">0,
a.e. � 2 ð0,�Þ, and every b>0 large enough. To this
end, we notice first that

ðcos b� þ sin b�Þðcos bð� � �Þ � sin bð� � �ÞÞ

¼ 2 sin� b
�

�
þ
1

4

� �
sin� b 1�

�

�

� �
þ
1

4

� �
:

Let kjxkj ¼ infk2Z jx� kj. We need the following result,
which is a variant of a classical result in Diophantine
approximations (compare [Lang (1995, Theorem 4]).
Its proof may be found in Crépeau and Prieur
(to appear).

Lemma 5: Pick any ">0. Then for almost every
� 2 ð0, 1Þ, there is only a finite number of solutions
q 2 N

� to the inequality

qþ
1

2

� �
�þ

1

4

����
����

����
���� < 1

q1þ"
�

In particular, for a.e. � 2 ð0, 1Þ one may find a positive
constant C such that for all q 2 N

�

qþ
1

2

� �
�þ

1

4

����
����

����
���� � C

q1þ"
�

Applying that property to �=� and to 1� �=�,
we conclude that for a.e. � 2 ð0,�Þ, we have for some
constant C>0 and for all numbers b ¼ qþ 1

2, q 2 N
�,

sin� b
�

�
þ
1

4

� �����
����� C

b1þ"
and sin� b 1�

�

�

� �
þ
1

4

� �����
����� C

b1þ"
,

hence jcðbÞj � Cb�2�2" and

jD2ðbÞj � C
eb�

b1þ2"

if b is large enough. Since the function c(b) is uniformly
Lipschitz continuous on R, the same inequalities hold
(with different constants) for b (large enough) in

[
q2N�

qþ
1

2
�

C0

q2þ2"
, qþ

1

2
þ

C0

q2þ2"

� �
,

if the constant C0 > 0 is small enough. On the other
hand, one may associate with that constant C0 > 0 a

constant C00 > 0 such that

jD1ðbÞj � C00 eb�

b2þ2"

for b large enough fulfilling jb� ðqþ 1
2Þj � C0=q2þ2" for

each q 2 N
�. It follows that for a.e. � 2 ð0,�Þ, we have

jDðbÞj � C
eb�

b2þ2"
ð66Þ

for b large enough. Gathering together (62) and (66),
we arrive to

j
nwnð�Þj � Cb2þ2"
n

�
kgnkH þ kfnkV

�
! 0

as n ! þ1 by (65), if we pick " :¼ l� 1. Thus we have
obtained the desired contradiction to (36). The proof of

Theorem 4 is complete. œ

5. Conclusion

The paper was devoted to the output stabilization of a

clamped-free beam with collocated piezoelectric sensor/

actuator. Under the assumption that the actuator is

touching the clamped extremity of the beam, it has

been proved that the strong stability holds provided

that the length � of the actuator does not belong to

a certain dense countable set of ð0,�Þ. Under this

assumption it has been shown that the energy decreases

exponentially if the ratio �=� belongs to a certain set of

rational numbers. The question whether this last

assumption may be dropped will be the purpose of

further research in a near future.
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