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Output feedback stabilization of a clamped-free beam
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31077 Toulouse, France

(Received 17 July 2006, in final form 5 September 2006)

We consider a Euler—Bernoulli beam, clamped at one extremity and free at the other, to which
are attached a piezoelectric actuator and a collocated sensor touching the clamped extremity.
We provide an output feedback law and characterize the sensor/actuator lengths for which the
strong stabilization holds. Finally, we prove that the energy decreases to zero in a polynomial
way for almost all lengths, and in an exponential way for lengths admitting a certain coprime

factorization.

1. Introduction

The Euler-Bernoulli equation provides a very
commonly used model for the dynamic behaviour of a
flexible beam, when the cross-sectional dimensions of
the beam are small in comparison to its length. In
the last decade, a lot of papers were devoted to the
pointwise feedback stabilization of a beam; see e.g.
Chen et al. (1987), Conrad (1990), Lagnese and
Leugering (1991a, b), Morgiil (1992), Rebarber (1995),
Liu and Zheng (1999), Ammari and Tucsnak (2000)
and de Queiroz et al. (2000) or to the modelling of piezo-
ceramic actuation of beams (Crawley and Anderson
1990, Banks and Smith 1992) or to the controllability
of such systems (Crépeau and Prieur (to appear),
Tucsnak 1996). The piezoceramic actuation of beams
or plates is investigated numerically and experimentally
in Destuynder et al. (1992), Banks et al. (1993) and
Destuynder (1999).

In this paper, we consider the control problem
modelling the vibrations of a Euler—Bernoulli beam
which is subject to the action of an attached
piezoelectric actuator. If we assume that the beam is
clamped at one end and free at the other, and that the

*Corresponding author. Email: rosier@iecn.u-nancy.fr

actuator is touching the clamped end, then we obtain
the system

Wrt(x: t) + Wxxxx(xs t) = _h(t) % (.X),
dx
W(O, t) = WX(O, t) = Wxx(”s [) = wxxx(na [) =0,
w(x,0) = wl(x), wi(x,0) = w!(x).

In the above equations, x € (0, ) is the spatial coordi-
nate, ¢ is time, w stands for the transverse deflection of
the beam, w, = dw/0t, etc., 0 and & are the coordinates
of the extremities of the actuator (0 < & < m), §, is the
Dirac measure at the point y, and / stands for the con-
trol input (see figure 1).

We are interested in the stabilization of the
above system, the control /& being expressed as a
function of the output wy(0,7) — wy(& 1) = —w(&, 1).
This corresponds to the situation where the output
comes from a piezoelectric sensor located on the same
interval (0, &) as the actuator. Formal computations on
the variations of the energy

T
B, ) = f (wel? + w2 dx
0

lead to take

h(1) := —Kwy(&, 1)
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Figure 1. Clamped-free beam with collocated sensor/actuator.

where K is some number whose range will be
specified later. In short, we are interested in the stability
properties of the closed-loop system

6 04 Wi (0, = K60 T2 0, (n
w(0, 1) =wy(0, 1) = Wy (71, ) = Wy (1, 6) =0, (2)

w(x,0) =w’(x), w(x,0)=w!(x). (3)

The main goal of the paper is to characterize the
lengths of the sensor/actuator leading to ‘‘good”
stability properties for (1)—(3), i.e., with an exponential
(or polynomial) energy decay rate.

The study of the controllability properties of a PDE
is often considered as the first step towards the control
theory of that PDE. The exact controllability of a
beam hinged at both ends and subject to the action of
a piezoelectric actuator is characterized in function of
the location of the actuator in Tucsnak (1996).
It is shown in that paper that the space of controllable
states is related to Diophantine approximation
properties for the extremities of the actuator. A similar
study is performed in Crépeau and Prieur (to appear)
in the more difficult framework of a clamped-free
beam. The stabilization of a beam hinged at both ends
and subject to a pointwise force has been deeply studied
in Ammari and Tucsnak (2000). The method of
proof consists of deducing the decay estimates from
observability inequalities for the associated free problem
via sharp trace regularity results.

When we compare our work with Ammari
and Tucsnak (2000) we notice that: (i) the boundary
conditions here, where only an asymptotic expansion
of the eigenvalues for the free evolution of (1)—(3) is
known, are more difficult to handle than the ones in
Ammari and Tucsnak (2000) (where
e.g. the eigenvectors for the free evolution reduce to
sin functions); (ii) the method of proof used in
Ammari and Tucsnak (2000) cannot be applied

here due to an additional difficulty. The key observed
quantity, namely the integral term f0T|wx,(E, N> de, is
of the same order as [[(W’ w3, ;1 for the free
evolution (K=0), whereas it is of the same order as
w0, whl|2., ;0 for the controlled system (K > 0).
Thus, a spectral analysis resting on the free evolution
as in Ammari and Tucsnak (2000) cannot be performed
here.

To obtain our decay estimates, we follow the
frequency-domain approach described in Liu and
Zheng (1999) and based on a sharp estimation of a
resolvent on the imaginary axis. More precisely,
we combine the multiplier method to a careful
computation of the value at x = of the solution to
(1)=(3). Thanks to that calculation, we obtain an explicit
polynomial decay estimate valid for almost every value
of & and an exponential decay estimate when & admits
a certain coprime factorization.

The paper is outlined as follows. The well-posedness
of (1)—(3) in the energy space is investigated in §2. The
lengths & of the actuator for which the strong stability
holds are characterized in §3. The last section contains
the main results of the paper, namely Theorem 3
(resp., Theorem 4) which provides an exponential
(resp., polynomial) energy decay rate.

2. Well-posedness of (1)—(3)

The well-posedness of (1)~(3) in the energy space is
obtained in this section as a direct application of the
classical semi-group theory. To specify the operator,
we have to see for which function w the r.h.s. of (1)
belongs to L?(0, ). Let us introduce some notations.
If w is any function in H'(0,&) N H'(¢, ), we define
{we} € L*(0,7) by

wP'©O(x) if x € (0, ),

W?@’”)(x) if x € (&, 1),

{wid(x) ==
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where w2 ©9 (resp. wP©7) denotes the distributional
derivative 9w/dx in D'(0,&) (resp. in D'(§,w)).
We also set [w];:= w(&") — w(&7). It follows that

wy = {we} 4+ [wl8:  in D'(0, 7).

Assume now that w,v € H*(0, ), and define u € D'(0, )
by t := —Wyrey + Kv(£)dSe/dx. If u € L?(0, 1), then the
restriction of wyyy, to each of the intervals (0,&) and
(¢&,m7) has to be a square-integrable function; hence
w e H*0,&) N HY&, ). Calculating wyyy, Wyrrye and u,
we obtain

Wxxx = {Wxxx} + [Wxx]gai;‘a

d
Wirxx = {(Warxx} + [Wxxx]g(sé + [Wxx];,% aaé >

and

d
U= —{Wyxw} — [Wxxx]ggé - [Wxx]g a‘ss

d
+ Kvx(é)afsé- S

Then u € L?(0,7) provided that all the coefficients in
front of the Dirac measures vanish, i.e.,

KVX(S) = [Wxx]g

and
[Wiwle = 0.

We are now in a position to define the operator
associated with (1)—(3).

Let V= {w e H*(0,7)| w(0) = w'(0) =0} (where ' =
d/dx)  (wi,w)y = [7 wiwidx, and H=L*0,n),
(vi,v2)y = fy vivadx. Then ‘H =V x H, endowed with
the usual product norm, is a (complex) Hilbert space.
If we introduce v := w;, and define the operator A with
domain

D(A) = {z=(w,v)| (w.v) € H*(0,7)%,
w e HY0,8) N H* (&, ),
w(0) = wy(0) = wix() = Wyxx(11) = 0, v(0) = v(0) =0,
Kvy(§) = [Wales [Wanle= 0}

by

d
Az= <Va — Wxxxx +KV‘C(‘§)dx8§) = (V’ - {Wxxxx})a (5)

then we see that the closed-loop system (1)—(3) may be
interpreted as the initial value problem for the abstract
first-order evolution equation in H

%:AZ, t>0

2(0) = (w0, wh).

The first result in this paper is the following one.

Theorem 1: [f K > 0, then A generates a Cy-semigroup
(€)= of contractions in H.

Proof: Obviously, D(A) is dense in H. According to
a classical result (see e.g. Liu and Zheng (1999,
[Theorem 1.2.4]), the theorem is proved if we
show that A is dissipative and that 0 € p(A), the
resolvent set of A. Let us begin with the dissipativ-

ity property.
Lemma 1: For any z = (w,v) € D(A) we have that

(Az,2)p, =2 Im ( / Vx Wy dX> — Kv(®1>. (6)
0
In particular, Re(Az,z), = —Kv (&> <0, ie, A is

dissipative.

Proof of Lemma 1: Pick any pair of functions
(w,v) € D(A). Then

(.A(W, V), (W: V))H = / Vxxm dx - / {"Vxxxx}V dx'
0 0

After some integrations by parts on the intervals (0, &)
and (&, ), we obtain that

T 3 T
- / {Wxxxx }V = / { Wxxxx }V - / {Wxxxx }V
0 0 é

7T
= [ WaxVxx dx+ [Wxxv_x]i=0 + [Wxxv_x];z:g
0

__ / Wes T dx — [l 72 @),
0
Hence

(AGE, ). O, W)y = /0 (i — ey T) A — Dlea B

=2i Im(/ VxdoX> - K|V\(€)|2
0

We now proceed to the study of A~'. The following
result holds true. O
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Proposition 1: 0 € p(A).

Proof: We have to prove that the operator
A: D(A) — H is one-to-one and onto, and that its
inverse A7':H— H is continuous. Let a pair
(f,g) € H be given, and let us investigate the equation
A(w,v) = (f,g), where (w,v) has to be found in D(A).
We have to solve the system

o
- {Wxxxx} =4

supplemented by adequate boundary conditions.
To eliminate g, we introduce the (unique) solution
Ww e H*0, ) of the following elliptic problem

_‘Z/xxxx =g
{ ﬂ’Y(O) = ‘I}\(O) = ﬂ}xx(ﬂ) = ﬂ)xxx(ﬂ) =0.

Setting w = 1w +w and C := Kv(§) = Kf.(§), we have
to solve

e = 0 )
W(0) = 14(0) = Won(m) = Wn(m) =0 (8)
[iade = C ©)
[ = 0 (10)

where 1 is to be found in H*(0, ) N H*0, &) N H*(&, n).
In particular,

[W]e = D] = 0. (11)

We infer from (7) and (8) that there exist some constants
a», az, by, and b; such that

. arx? + azx’ if 0 < x <é§,
w(x) = .

bo+bi(x—m) ifé&<x<m.
It follows from (10) that a3;=0. Equation (9) gives
—2a; = C; hence a; = —C/2. Finally, it is easily seen
that by and b are uniquely determined by the following
system of linear equations (coming from (11))

{ by + bi(§ — 1) = wE%,
bl = 2a2$.

This proves the existence and uniqueness of W, and the
existence and uniqueness of a pair (w,v) € D(A) such
that A(w,v) = (f,g). To see that 0 € p(A), it remains
to prove that the map A~':H — H is continuous.
Let (w,v) =A~'(f.g). Then [vllz = [/l 17,0 <
Constlig|l 4, W]l < Const|C| < Const|| f]|. Therefore,

l(w, »liz; = ConstlI(f,&)ll-

This completes the proofs of Proposition 1 and of
Theorem 1. ]

Proposition 2:  The operator A™': H — H is compact.

Proof: Since

LA™ (o )lpay = 1AL Dl + 1L )l

we see that A~ is continuous from D into D(A),
therefore it is sufficient to prove that the embedding
D(A) — H is compact. Let ((w",v")) _, be any bounded
sequence in D(A). We have to prove that a subsequence
((w",v")) converges (strongly) in H. As [[V'|l g0, <
Const., there exist a subsequence (") and a function
ve H=L*0,n) such that v/ — v in H. On the other
hand, [[W'|l 20, 7 + {520, ) < Const., so

W' 120, ) + W' | grae. vy < Comst.

Extracting if needed a subsequence again denoted by
((w",v")), we infer that there exists a function w e V'
such that W — w in H*(0,7), and w" — w in H*(0, )
and in H*(&, ). It follows that w” — w in H*(0,£) and
in H*(&, 7). We conclude that w” — w in V. O

3. Strong stability

3.1 Free evolution

In this section we recall some useful facts about the free
evolution of (1)—(3); i.e., when K=0. Thus we consider
the homogeneous Cauchy problem

¢It + ¢xxxx = 09 (12)
#0,7) = ¢:(0,1) = Pu(71, 1) = Prxx(mr, 1) = 0, (13)
¢('9 0) = ¢07 ¢t('s 0) = ¢1' (14)

Let A: D(A) — L*(0,7) be the operator with domain
D(A):={¢p € H(0,7)] $(0) = $+(0) = (1) = prx() = 0}

and defined by A¢ = ¢rrv. Obviously, A7 s a
compact symmetric operator on L*(0,7), hence
there exists a countable orthonormal basis of L*(0, )
constituted of eigenvectors of A~' (and of A).
The following result [(Crepeau and Prieur (to
appear), Lemma 2.1] provides useful results about the
eigenvectors of A.
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Proposition 3: The L*(0,n)-normalized eigenfunctions
of A are the functions (Vi) defined by

Yi(x) = \/LE { cos(ax) — cosh(ayx)
+ wi( sinh(ex) — sin(ax))}, (15)

where ay. is the kth positive root of
1 4 cos(a) cosh(axm) = 0, (16)

and

__cos(aym) + cosh(aym)
* = sin(ayr) + sinh(aen)

and the eigenvalue associated with Y is A = o
Moreover, we have as k — 400

1 2 /2
=k =5+ (=D e o), (1)
i =1+ 2(=1) e + o(e™*"), (18)

and

— sinh(ay p) + i cosh(ay p)
_ {e"‘kp + o(e™%P) if0<p<m/2, (19)
T (= 1e P 4 p(emT=0)) if 7/2 < p <.

It is ecasily seen that if ¢"=D>, ¢}y, and

@' =3 #¥k, then the solution ¢ =¢(x,1) of
(12)—(14) reads

P(x, 1) = :20?(¢? cos(lax|*1) + %sm(muzz)) Yi(x).
7 0)
3.2 Statement of the strong stability result
For any k > 1 let
Sk = 1{& € (0, 7] Y(§) = 0}, 21)

and set

S 1= Up>15k-

Definition 1: We say that (1)—(3) is strongly stable in
H, if for any (w°, w') € H we have that

Ew(0), wi(0) = l(w(0), w13, = 0

as t — 400.

The following theorem provides a characterization of
the lengths of the sensor/actuator for which the strong
stability holds.

Theorem 2: The system (1)—(3) is strongly stable in H
if and only if K> 0 and & € S.

Proof: First, it follows from Lemma 1 that for any
(W%, w') € D(A4) and for any ¢ > 0,

Ew(T),W(T)) — EiW°, w') = —2K /0 ' (€ D> dr. (22)

Thus, the condition K > 0 is needed for the energy to
decrease. On the other hand, if &€ € Sy for some k > 1,
then any state of the form (¢°, ¢') = (¢ ¥, ) ¥x) gives
rise to a solution of (1)-(3) whose energy does not
tend to 0. Thus K > 0 together with & ¢ S constitutes
a necessary condition for (1)—(3) to be strongly stable.
Let us now check that this condition is also sufficient.
We need the following result, which extends
Proposition 1. |

Proposition 4 iR C p(A).

Proof of Proposition 4: Since A~' is compact, the
spectrum of A is constituted only of eigenvalues, so to
prove the claim it is sufficient to check that for any
B € R* the equation

(iB — A)(w,v) =(0,0), (w,v) € D(A) (23)

admits only the trivial solution (w, v) = (0, 0). Using (23)
and (6), we obtain that

0 = (B = A, ). (o, W)
- i(ﬁnw, DI — 2Im / " vn—dx) K@
0

hence
[Wxx]gz Kv.(§) =0
and w € H*0, 7). On the other hand, (23) yields

—BPw+w® =0
w(0) = w'(0) = w”’(mr) = w” () = 0,

so if w # 0, then g7 = A; and w = Cyy; for some k > 1,
CeC. It follows that 0= KV (&) =iBKCy¥(&);
hence C=0 (since K # 0 and & ¢ S), contradicting the
assumption w # 0. Therefore w =v = 0.

Applying a classical stability theorem due to
Arendt-Batty (1988), we infer from Proposition 4 that
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the system (1)—(3) is strongly stable in . This completes
the proof of Theorem 2. O

Remark 1:

(1) Proceeding as in Le Gall ef al. (to appear), one may
write a more elementary proof of Theorem 2 by
using LaSalle’s invariance principle (see Ammari
and Tucsnak (2000) for strong stability results
obtained this way).

(i) If €€ S, and £ ¢ Sy for k' #k, then a strong
stability result also holds true in the subspace
H' := Span{(¥,0), (0, ¥)}* of codimension 2.

3.3 Properties of the set S of critical lengths

As the set S plays a crucial role in all the stability results,
we collect some of its properties in the following
proposition.

Proposition 5: The set S is countable and dense in (0, ).

Proof: To prove that S is (at most) countable, it is
sufficient to prove that each set S is finite. But
Sk = (w;()_l(O)ﬂ(O, m], and the function v, which is
analytic, has only a finite number of zeros in the interval
(0, 7] if it is not identically null. To check the last
property, we need first to establish Claim 1.

Claim 1 (ux #1 Vk > 1). Argue by contradiction. If
the claim is false, then there exists some k > 1 with

_cos(aym) + cosh(aym)
~ sin(aym) 4+ sinh(ogm)

1. (24)

Let x = cos(aym). Using (16) and (24), we arrive to
the equation

x—x =4Vl —x2++4/x2-1

whose solutions are easily found to be £1. Now, (16)
has no solution if cos(ar) = £1. The claim is proved.

Derivating in (15) we obtain
Y (x) = 772 ( = oy sin(ax) — oy sinh(ox)
+ (e cosh(agx) — e cos(axx)))
~ nil/zak(uk COSh(O[kX) - Sinh(akx))

Pl — e
2

as x — 400, hence v # 0. The proof that S is at most
countable is achieved.

Let us now check that S is dense in (0, 7] (hence not
finite). Applying Proposition 3, we obtain that

Y (x) = —V 27 2y (sin(akx + %) + 0(67&1"'))

on each of the intervals [0,77/2 —¢] and [7/2 + &, 7]
(¢ > 0 being arbitrarily small), §=4(¢) € (0,7/2)
denoting some appropriate constant. Applying
the intermediate values theorem, we conclude that the
function ) vanishes between any pair of successive
extrema of the function sin(oyx + 7/4) on each of the
above intervals. The density of S follows at once. [

4. Energy decay rates

In this section we provide explicit energy decay rates
in function of the length & of the sensor/actuator.

4.1 Exponential decay rate

An exponential decay rate is first derived when &/ is
rational with

£ 4k +3

ST ik ez 2
<7 a2 TRke 25)

Theorem 3: Let £ €S be such that &/7 € Q and (25)
holds true. Then

sup 1B — A7l < . (26)

It follows that the semigroup (e[A)tzo is exponentially
stable; i.e., there exist two constants C >0 and § > 0
such that

tA —5t
le" zollyy < Ce ™ lzolly

for any zy = (wg, v9) € H and any t > 0.

Remark 2: It is easy to see that & := 7 does not belong
to S, and that (25) is satisfied for this choice of &.
Unfortunately, checking that § ¢ S for a & fulfilling
(25) secems to be a very hard task.

Proof of Theorem 3: The exponential stability of the
semigroup (e4),., is in fact equivalent to the resolvent
estimate (26) by virtue of a well-known result due to
Huang and Priiss, see Priiss (1984) and Huang (1985).
Therefore, we shall focus on the proof of (26). As the
usefulness of the condition (25) will appear quite far in
the proof, we assume at the beginning of the proof
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that & is any number in (0, 7]. Let us argue by contradic-
tion. If (26) is false, then there exist B, € R,
(Wn, vu) € D(A) for n =1,2,... such that

100 vl = 1, 1Bal — 400 (27)

and if we set (f,,2,) 1= (iB, — AWy, V),

(.fh’ gn) - (O’ O) in Ha (28)

ie.
iBuwy —vy=f,— 0 inV, (29)
i, + {w,(f)} =g,— 0 inH. (30)

Replacing if necessary ,, w, and v, by —8,, W, and v,,
respectively, we may assume that g, > 0 for all n. Our
goal is to obtain a contradiction to (27). This will be
done in four steps. In the first step, using the multiplier
method we establish some estimates which show that we
are done if B,w,(w) — 0 as n — 4o0. In the second step,
we show that the couple (w, (), w, (7)) may be obtained
as the solution of a 2 x 2 linear system by performing a
direct integration of (29) and (30). In the two remaining
steps we estimate the determinants involved in the reso-
lution of that linear system. In what follows, the letters
C,C,C",... will denote positive constants which may
vary from line to line.

Step 1 (Basic estimates by the multiplier method): We
infer from (6) that

KV, (&)1* = Re((iBy — AWy i)y (Was V)3
= Re((fna &n)s (W, Vn))Ha (31)

hence, using (27) and (28),
V(&> — 0 asn— 4oo. (32)
On the other hand, (29) and (30) give as n— oo

iﬁn”Wn“%/ - (Vm Wn)V g 0, (33)
iBullvall; + (WP}, 1) — 0. (34)

Taking the difference of (33) and (34) we obtain

iBu(llwall3 = Ivall3) — / viwrdx — / (W, dx — 0

but

Im</ v;’wgdx—}-/ w9y, dx) =

by (6), hence
Bu(lwally — lvallz;) — 0. (35)
Therefore, using (27) and (29) we conclude that

,Jim ”Wn”V— lim IIVnIIH— lim 1Bawallzy =3+ (36)

Eliminating v, in (30) by using (29), we obtain
—Bawn + (0} = gu + iBuf (37)
hence
(=Bown + WY qw)) = (n + iBufuaw))y  (38)

for any real function ¢ € C3([0, 7]).

It follows from (36) and a classical interpolation
inequality (see e.g. Lions and Magenes (1972)) that for
any s € [0,2)

w, = 0 in H*(0, 7). (39)
In particular,

(&> gW,)y — 0. (40)

On the other hand,
[ hawax == [ Gaymax + g @
0 0
but, using (29) and (36), we obtain

8, /0 )T dx| < Clfalliiom |Bawalln — 0, (42)

and
Bufu(7)q(m)wy(71) = 0(Bywn(7)). (43)
It follows that

(@Bufs W) = 0(Buwa(m)) + o(1). (44)
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Let us now turn to the left hand side of (38). We have
2Re(Bwns gy = £ [ ol dx = Bl o g
0
(45)

Integrating by parts in

§
({w,(f)},qw:),{ :/ wWgwr dx+f wWawr dx,
0

we arrive to

2Re({w£l4)},qw;l)H =3 / |w:1’|2q’dx+ |w;’(0)|2q(0)
0

T
—/ 1w |2q" dx
0

+4@[ W, P)+2Re (¢ @w @],
+Iw,(m)q" ()

_3/ W *q

+2Kq(&)Re (v, (E)w)(EY)) +o(1)

(46)

by (39) and (32), provided that ¢(0) = 0. Gathering
together (40), (44), (45) and (46) with ¢(x) = x, we

obtain
T T
3/ |w;;|2dx+,3§/ Iw,|? dx
0 0

= (Bywn(7) + o(1)) Buw, (1)
— 2KERe(V,(5)Wi(ED)) + o(1). 47)

The above equality may be simplified thanks to the next
result.

Proposition 6:

IW/(ED? = O(1Buwa(m)I?) + o(1). (48)

Proof: Multiplying each term in (37) by gw] where
g € C*([&,]), and integrating over (£, ), we arrive to

B qw,,@dx—#/‘ g dx:/ (gn +iBuf)gw, dx.
H &

Clearly

=< Cligall allw,llzr — 0

7 _
/s gnqw,, dx

/ lﬂnfnqw/ dx = _lf (fnqylgnw_n dx + [ifnqﬂnw_’n]ga

and

so using again (29) and (36),

< (1B + Ban(P) + o(1).

/E (g0 +iBofy)g dx

On the other hand, we obtain after some integrations
by parts that

7T T
2Re [ (~Frmydr = ﬁi{ [ il ax = g, }
5 &
and that
T _ 7T x
2Re / whgnw dx = 3f g W/ dx — [|w;f|2q]s
& &

— /; q"Iw, > dx + [q"|w;|2]z
— 2Re[w)q'w), ] +2Re [w’”qw]

Taking ¢(x)=x and wusing the fact that
wi () = w;(r) = 0, we arrive to

/ lwl!|? dx+,3n/ [wal* dx +E(Jwy (€)1

+31Buwn(©)) + 2Re((w(E) — ) (©)w},(€)
= O(IBnwn(m)*) +o(1). (49)

The following claims are needed. O

Claim 2: B,w,(§) — 0 as n— oo.

Indeed, derivating once in (29) and evaluating at x = &,
we infer that iB,w,(§) =v,(§)+f,(§) — 0, by (28)
and (32).

Claim 3:  [[wyll g2 ) < CBa-
Indeed, it follows from (30) and (36) that

1B, Wl 2y < By Ngull 2. m) + 1Vall 2e.my < C

Since [|w, ||, is bounded, the claim follows.

We infer from Claim 3 that [w)(§7)| + [w)(§)| < CB,
which, combined to Claim 2, yields

Re((w)(E7) — &wl/(£))w,(§)) — 0 as n — oo.



Downloaded By: [Rosier, L.] At: 20:11 21 November 2007

Output feedback stabilization of a clamped-free beam 1209

Therefore, (49) yields

3 / W Rdx+ B f P A+ (W EDE + LB
13 3

= O(IBwa(&)1H) +o(1),

hence (48) follows. The proof of Proposition 6 is
complete. U

Using (32), (47) and (48), we arrive to

3 [C iR axt 8 [l dx = 00w + o),
0 0

(50)

Therefore, we obtain a contradiction with (36)

if B,wu(m) — 0. In the next steps, we show that
Buwn () — 0.

Step 2 Computation of wy,(m): To compute w,(7)
we integrate (37) on (0,w). More precisely, setting
F, := g, + iB,fn, we solve the system
_ﬁiwn + {WS:D} =F,

w,(0) = wi,(0) = w) () = w)/ () = 0,
[WH]SZ [W;,I]EZ [W;;,]E: 0,

[wy].= KV, (&) = K(iBuw, (&) — 1,())-

on (0, ),

To simplify the notations we drop the subscript n
in what follows. Let A and u be given numbers.
We first solve the following (backwards) Cauchy
Problem on (&, )

s) w® — 2w =F in (£ ),
l w(m) = A, w(m) =, w(m)=w"(m) =0,

and next the following (backwards) Cauchy Problem
on (0,8)

w® — 2w =F in(0,%),
(82) { wE) =wE), w(E)=wED), w(E)=w"ED),
w'(E7) =w'(E7) — K(ipw'(§7) — /' (§)).

Then XA and pu have to be chosen so that
w(0) = w'(0) = 0.

The ODE w® — 2w = F may be written as

4

w w 0
w w 0
w” w” 0
VU/N 14//// F
0 1 0 O
0 0 1 0
M = .
0 0 0 1
B0 0 0
Easy computations show that
a ’372a/// ﬂ72a// 1872a/
/ —2 1 —2 I
oM _ a a B a B 2a ’ (51)
a d a B a"

/1
a/// a// a/ a

where  a(x) := (cos(bx) + cosh(bx))/2 and b= ./B.
An integration of (S)) yields

w A
w n
1 (X) = e(x—n)M 0
w
M/// 0

x 0
+/ M . dy, xe(n),

)
hence
w A 0
) 3
”:/ (&) = eemm | | / R R P
w 0 - 0
w'” 0 F(y)
(52)
On the other hand, an integration of (S) leads to
w w 0
w - w _ Y ey 0
e I [T I B £
M/// ‘/V/// F(J/)
(53)
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Gathering (52) and (53), we obtain

w w 0
w w 0
0)=e EH+
W w” —[w"]e
w” w” 0
0
0 0
+ / e M dy
£ 0
Hy)
A 0
" 0 0
=™ + / e M dy
0 4 0
0 F(»)
0
0
Lot e
—K(ipw' (1) — 1(8))
0

By (51) and (52),

W(EY) = d/(E — M + alE — T + / B2 — »)F() dy,

hence, keeping only the two first equations in (54),
we arrive to

w0)\ [(a(=m) p2d"(=m)\[*
w'(0) B a'(—mn) a(—m) iz
0 (B a ’(—y)> (ﬂza”(—é)>
+ F(y)dy +
/fr< ~2d'(—-y) ! ~2d"(—§)
x (Kf'(&) — iKB(d'(§ — M)A + a(§ — m)p
3
+ [ e y)F(y)dy))

Therefore, w(0) = w'(0) = 0 if and only if

mip mp \(A) _ [
npy My M o)

where

mi = a(—n) — iKp~'d"(=§)d (§ — )

1= p2d"(—m) — iKB~'d'(—&)a(€ — 1)
my = d'(—n) — iKB~'d" (—€)d (£ — )
myy = a(—m) — iKB~'d"(=&)a(s — )

0
- / B2d (—y)F() dy + KB~d ()
(—f’(&)+iﬂ / B2 — y)F(y)dy)
0
- / B2 (—)F) dy + KB~2d" (=)

(&) +iB f B2d" (& — y)F(y) dy)-

Letting

N = cymayy — comyp

D = myimy — myamy)

we obtain by Cramer rule A = N/D. In the next step we
show that |D| > Ce’™ if the number &/x is rational and
fulfills (25).

Step 3 Estimation of D: Substituting the expressions of
myy, M2, Mo and myy into D we obtain

D = (a(—m)—iKp ™' d"(=E)d (& — m))(a(—)
— iK™ 'd" (=&)a(s — 1)) — (Bd" (—7)
— iK™ 'd"(—&)a(E — m))(d (=)
—iKp™! ’”( £)d' (5 —m))
=a(—n)’ = B2d" (—m)d (—m)
—iKp™! {a”(—é)a (¢ —ma(—m) +a(—m)d" (—E)a(s — )
—d'(—&)a(E —m)d (—m) — 2" (—m)d" (—§)d (€ — )}
=:D|+1iD,.

Substituting the values of ¢ and of its derivatives in D;
we obtain

3

| 2
D, = (E (cos br + cosh bn)) -2 % (— sin bt — sinh brr)

X g(sin b — sinh brr)

1
=7 (cos2 b + cosh® b + 2 cos br cosh b
+ sin® b — sinh? br)

= %(1 + cos b cosh br). (55)
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Let us now turn to the estimation of D,.

Dy =—Kp~d (6 —m)(d"(=§a(—n) — p*d" (—m)d" (=§))
+a(s — m)a(-n)d" (—§) — d'(=§)d (-n))}.

To estimate D, we introduce the functions
G, H:[0,7] - R defined by

G(y) = d'(=§)a(=y) — Bd"(=y)a"(=§)
H(y) = a(=y)d"(=§) — d"(=§)d (=)

Then the following result holds.

Lemma 2:

b2 ebs
G(y) = ) <cosh b(y — &+ 7(cos by — sin by)

by
- %(Cos bE + sin bE) + 0(1)), (56)

b3 ebé
H(y) = T (sinh b(y — &) — 7(cos by + sin by)

by
— % (cos b& + sin bE) + 0(b)> : (57)

where O(1) denotes a term which is bounded in y, &, and b.

Proof of Lemma 2: Expanding « in the expression of
G, we obtain

2
G(y) = bz {(= cos b& + cosh bg)(cos by + cosh by)

—(sin by + sinh by)(sin b€ + sinh bé)}

>
= bz {cosh by cosh b& — sinh by sinh bg

1 1
+ E(eb‘f + e %) coshy — E(eby + e ") cos b
1 b " _b, . 1 bé _hE .
—E(e}—e })smbé—i(e — e *)sinby
— cos b€ cos by — sin by sin bE}

bé

2
- % {cosh by — &) + %(cos by — sinby)

e
_7((:05 b& + sin bE) + 0(1)}-

Thus (56) is proved. (57) may be obtained by noticing
that H(y) = G'(»). O

Applying Lemma 2 with y = 7, we obtain

Dy = —Kp~'(d(§ — 1)G(w) + a(§ — m)H(7))
N DET) _ h(r—)
= —KB {5 <— sin b(& — ) + f)

b2 <€h(n—é) ehé

X y 5 +7(cos b — sin brr)

b
- % (cos bE + sin bg) + 0(1))

1
+§ <cos b(& — )+

3 /obr—E)  bE
X bz <€T — %(cos b + sin brr)

bE=T) 1 Ghr—9)
2

b
- %(cos bE + sin bE) + 0(1)) }

Expanding D,, we notice that the coefficients in front of
the exponential terms ¢’ and ¢***=% vanish, so that
the leading exponential term is ¢””, and the remaining
exponential terms read P78, P obE G0 and

e?E=™_ We conclude that if £ < 7, then

D, = I](—é)(cos b + (cos b& + sin b§)
x (cosb(€ — 1) — sinb(& — 1))e"™ + O™y (58)

for some § > 0, and if & = 7, then
Kb . 5
D, = T ((cos brr + sin bm)e”™ + O(b)). (59)

It is clear that |D; 4+ iD,| > Ce’™ for b large enough if
& = m, for (cos b))’ + (cos b + sinbw)* > C > 0 for all
b eR.

Let us assume from now on that & <m, and
that the number &/ is rational and admits a coprime
factorization &/ = p/q, with p,q € N*, 0 < p < ¢, and
let us introduce the functions

c(b) := cos b + (cos b& + sin bE)
x (cos b(& — 7) — sin b(§ — 7)), (60)
h(b) := (cos br)> + (c(b))*. 61)

Lemma 3: inf,cgr |2(b)| > 0 if and only if p/q is not of
the form (4k’ + 3)/(4k +2), k. k' € Z.

Proof of Lemma 3: Since / is 2¢g-periodic, we only have
to characterize the rational numbers p/q for which
h(b) >0 for all beR. As h is the sum of two
squared terms, we may restrict ourselves to the b’s
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for which cosbhr =0, namely b= (1/2)+k, keZ.
Then  A(b) = 4cos*((1/2 + k)& — m/4) cos?((1/2 + k) x
(6—m)+m/4), and a straightforward calculation
shows that A(b) = 0 if and only if p/q is of the form
(4K 4+ 3)/(4k +2), k, K € Z. Ll

Applying Lemma 3, we infer that as b — 400
|D|* = D} + D3

> Ch(b)€2bn + 0(€b(2ﬂ76))
> C/€2b7r

provided that the condition (25) is fulfilled.

Step 4 Estimation of N: We have to bound the
quantity N = cymy — comys. Letting

0
- f B2 (—)F(y) dy
_ f B2 (—y)F() dy

3
and Z =g / d'(& — Y)F0) dy — 1 (&),

we obtain that
¢ =21+ KB (6725, =27+ KB 2d"(—£)Z3,

hence

N=(Z\+KB*d"(—&)Zs)a(—m) — KB~ d" (—&)a(€ — )
—(Zy+ KB2d" () Z3)(Bd" (—m)
— iK' d'(—§)a(g — )
= KB (d'(=&)a(—m) — Bd" (—€)d" (—m)) Z3
+Zi(a(—m) — iKB~ d" (—&)a(E — )
—Z,(B2d" (—m) — KB~ d"(=&)a(§ — )

— KB G (&) +iKPG(m) / d'(E— y)F(y)dy

0
-7 / {d(=r)a(=m)—iKp~'a" (~§)a(e — )

—d'(—y)(B 2" (=) —iKB~'d" (—E)a(€ — 7))} F(y)dy
=—KB2G(n)f (&)

0
g / (d(—)a(=m) — d"(—)Bd" (=m)F(y)dy
i 0
KB / (@ (=)d"(—&) — a'(~y)
3
x d'(—)a(s — F()dy
£
+iKp f (GO € — )+ (d(—)d" (&) — a(—y)

x ' (~&))a(e — )} F(y)dy)
= 11 +12+]3 +14

By virtue of Lemma 2,

2 b

|G()| = b coshb(m — &) + f(cos bmr — sin brr)

b

_ %(cos b& + sin b&) + O(1)
< Ch*e,
hence
L] < Cb2 ).

Let  K():=d(—y)a(—n) —d'(—y)p2a"(-m)  for

y € [0, ]. Then
=g [ Koo+ i [ KOy =1+ B
Since

K() = 2 {(sin by — sinh by)(cos b + cosh br)

—(— cos by + cosh by)(— sin brr — sinh brr)}

= Z { cosh by sinh bt — sinh by cosh bz

eby _ efby ehn efbr[

—fcosbn+fsinby

ebn _ efbrr eby + efby )
— fcosby + — sin bm

+ sin by cos brr — cos by sin bn}

b
= g {sinh b(wr —y)+ %(Sin by — cos by)

by
—i—%(— cos bt + sin brr) + 0(1)}

we see that

L] < B2 1K)y gl
< Ch73 (|| sinh b(rr — y)l| 7 + "™ || sin by — cos byl

+ 1”1y + 0M)lglly
< Ch3e" gy

On the other hand, integrating by parts in 73 yields

BE=ig" (— /0 K0)f () dy + [k@)f(y)]’o’)
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with

~ 4
K(y) = /0 K(z)dz

b

1 T
=7 {—coshb(n —y)— T(COS by + sin by)

by
+%(— cos brr + sin brr) + 0(1)}.
Thus
1B < CB ™ (If |y + Lfim)]) < CB ™ |1l

We now turn to the next term /5. We notice that

0
I = KB (s — ) f%_ (—H0)() + i) dy
3
— KB a(t — ) fo H()g()dy — KB a(é — )
3
x / H)f(y)dy = I} + B.
0

Since

b ehf
H(y) = T {cosh by — &) + T(Sin by — cosby)

by
- % (cos b& + sin b§) + O(bz)}

we have that
|53 < Cb=2" ([l cosh b(y — &)l 20.¢)
+e" || sin by — cos byllr20,¢)
Hle™ 20,6 + OB) gl
< Ch*" gl
Integrating twice by parts in 1 yields
L =—Kp*a(§ — )

§
x ( /0 GO () dy + [HOWY) - G(y)f’(y)ﬁ)

(since G’ = H). Using (56) and the fact that
f(0) =1(0) = 0, we obtain that

|13+ KB~2a(s — m) HENE)| < CB 20
x (PPN |+ 02|/ (€))
< CB' Iy

Using (57) to estimate H(&), we conclude that

I% = l—lzb_leb”(cos b& + sin bE)S(&) + O(ﬁ_lebnﬂfﬂ V)-

It remains to bound

3
L= KB~ / LO)(0) + iBf0)) dy

3 3
_ ik / LO)g0) dy — KB~ / LOYO) dy

=L+
where we have set
L(y) = G(m)a"( — y) — H (y)a(§ — 7).
We first estimate the function L.

b* bt
L(y) = 3 { (coshb(mr — &) + > (cos bt — sin br)

b
_ %(cos b§ + sin bg) + O(1))

X (—cosb(é — y) + coshb(& — y))

bé
— (coshb(y — &) + %(sin by — cosby)

eh

— 7} (cos b& + sin bE) + O(bz))

x (cos b(€ — ) + cosh b(€ — JT))}

b4

8 { o (; (cos bE + sin bE) cos b(E — y)

1
+ 1 (cosby — sin by))
(1 .
+ e (5 (cos b& + sin bE) cos b(& — 7)
1 .
+ 1 (cos b — sin bn))
el E) <— i) (cos bE + sin b&) + O (")) }
for every y € [§, ] and some § > 0. Thus
1151 = € lgln (¢ (1 00 b(E = Ml 12¢c

+ lcos by — sinby|| 2, n))

+ ||€by||L2(s, T ||€b(n+$7y)||L2(g, n T 0(€b(ﬂﬂs)))

< b= gl

1213
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Next we introduce the function i(y) = G(m)a — y)—
G(y)a(§ — ) which fulfills L” = L. Easy calculations
show that

L(y) = bg { — e (% (cos b& + sin bE) cos b(& — y)
+%(cos by — sin by))
+ et (; (cos b + sin bE) cos b(§ — m)
+ %(COS b — sin brr))
+eP ) (— %) (cos bE + sin bE) + 0(eb<”—5>)}
and that

L'(y) = % {eb” <% (cos b + sin bE) sin b(y — &)
+ %(cos by + sin by))
+ e (; (cos b& + sin b&) cos b(&E — )
+ % (cos b — sin bn))
—ebtrHE=)) (— %) (cos bE + sin bg) + O (") }
hence for all y € [, 7]
IL(y)| < Ch*e"™ and |L'(y)| < Ch e

Integrating twice by parts in /3, we obtain
;= KB ( /E L)' () dy + [L0y) - icy)f'(y)]’;),
hence

< CB (%I

+ 2 (f ()| + I ©))
< CB Ay

|2 - kg2 (Lo

On the other hand

KE[EG] = 1607 [~(cos bt +sin b2)1E)
+ (b)) + 0 )1}

where the function ¢(b) is defined in (60) and § > 0 is
small enough. It follows that

BiP= %bfleb”c(b)f(n) + 0B IN).

We conclude that

N l_Izb—leb”c(b)f(n) + OB~ (1N + ligln)  (62)

and that (writing again the subscript n)

Bn()] = | B %‘
_ K/ 16)b,ee(b, ()
- Dy +iD,

< CUlfully + llgnll )
—0 asn— oo

+ CUally + lignll )

by (28) and (58). Using (50), we obtain the promised
contradiction to (36). The proof of Theorem 3 is
achieved. L]

4.2 Polynomial decay rate

The next result asserts that a polynomial decay rate
still holds true for almost every value of &.

Theorem 4: For almost every & € (0,7) we have for
every [ >1

sup 1B 1B — A7 < 0. (63)

This implies by Liu and Rao (2005) that for every positive
integer k there exists a constant Cy > 0 such that

k/l
nt
||e[AZ()||H < Ci (l) (In Z)”ZOHD(Ak) Vzo € D(-Ak)

Proof of Theorem 4: Notice first that it is sufficient to
prove (63) for all numbers / € (1, 4+ co) N @ and for a.e.
&€ (0,m). Pick any [ € (1, + c0) N @, any & € (0,7) (to
be specified later) and argue by contradiction as in the
proof of Theorem 3. If (63) is false, then there exist
Bn € (0, +00), (Wy,v,) € D(A) for n = 1,2, ... such that

”(nyﬂa vn)”H - 17 ﬂn - +OO, (64)

and such that, setting ( f,,,g,) := (iB, — A)(w,, vy,),

BL(frsgn) = (0,0) in H. (65)
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Then (36) and (50) hold true, and to obtain a
contradiction to (36) it is sufficient to prove that
Buwn(r) — 0. The same calculations as in the proof of
Theorem 3 lead to w(rr) = N/D (the subscript n being
again omitted), where N fulfills (62), and D = D; + iD,
with D; and D, given by (55) and (58), respectively.
We aim to prove that |D| > CeP™/b**?¢ for any & > 0,
a.e. £€(0,m), and every b > 0 large enough. To this
end, we notice first that

(cos b& + sin b&)(cos b(&E — ) — sin b(§ — 7))

4 & 1\ . & 1
= 251nn(b;+z> smn(b(l —;) +4—1)'

Let |||x]|| = infrez |x — k|. We need the following result,
which is a variant of a classical result in Diophantine
approximations (compare [Lang (1995, Theorem 4]).
Its proof may be found in Crépeau and Prieur
(to appear).

Lemma 5: Pick any ¢ > 0. Then for almost every
a €(0,1), there is only a finite number of solutions
q € N* to the inequality

[

In particular, for a.e. « € (0, 1) one may find a positive
constant C such that for all ¢ € N*

1 1 C
Q'i‘z (¥+Z quE'

Applying that property to &/m and to 1—§&/m,
we conclude that for a.e. & € (0,7), we have for some
constant C > 0 and for all numbers b = ¢ +1, g € N*,

. &1 C . & 1 C
smn(b;+z>‘ —— and 51nn<b(1—;>+z>‘2m,

>
— pl+e

hence |c(b)] > Ch~>7% and

b

e
[Dy(b)| > Cm

if b is large enough. Since the function ¢(b) is uniformly
Lipschitz continuous on R, the same inequalities hold
(with different constants) for b (large enough) in

et 2 q2+23 ’ 2 q2+2£ ’

if the constant €’ > 0 is small enough. On the other
hand, one may associate with that constant C' >0 a
constant C” > 0 such that

ebn

IDiB) = € 55

for b large enough fulfilling |6 — (¢ +3)| = C'/¢*** for
each ¢ € N*. It follows that for a.e. & € (0,7), we have

b

ID(h)| > C—

" (66)

for b large enough. Gathering together (62) and (66),
we arrive to

1Bawa(m) < CHE(llgall g + Ifully) — O

as n — 400 by (65), if we pick & :=/— 1. Thus we have
obtained the desired contradiction to (36). The proof of
Theorem 4 is complete. ]

5. Conclusion

The paper was devoted to the output stabilization of a
clamped-free beam with collocated piezoelectric sensor/
actuator. Under the assumption that the actuator is
touching the clamped extremity of the beam, it has
been proved that the strong stability holds provided
that the length & of the actuator does not belong to
a certain dense countable set of (0,7). Under this
assumption it has been shown that the energy decreases
exponentially if the ratio &/7 belongs to a certain set of
rational numbers. The question whether this last
assumption may be dropped will be the purpose of
further research in a near future.
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