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NULL CONTROLLABILITY OF A PARABOLIC SYSTEM WITH A
CUBIC COUPLING TERM*
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Abstract. We consider a system of two parabolic equations with a forcing term present in
one equation and a cubic coupling term in the other one. We prove that the system is locally null
controllable.
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1. Introduction. The control of coupled parabolic systems is a challenging is-
sue, which has attracted the interest of the control community in the last decade. Let
Q be a nonempty connected bounded subset of RY of class C?. Let w be a nonempty
open subset of Q. In [2, 1], the authors identified sharp conditions for the control of
systems of the form

(1.1) wy = (DA + A)w + Bh,

where w = (wq,...,wx) :  — RY is the state to be controlled, h = h(t,-) : Q —
RM is the control input supported in w, and D : RY — R, 4 : RV — RN, and
B :RM — RN are linear maps. In general, the rank of B is less than N, so that the
controllability of the full system depends strongly on the (linear) coupling present in
the system. See also [9, 11] for the Stokes system.

Here, we are concerned with the control of systems of semilinear parabolic systems
in which the coupling occurs through nonlinear terms only. More precisely, we study
the control properties of systems of the form

us — Au = g(u,v) + hl, in (0,T) x €,
(1.2) v — Av =u3 + Ruv in (0,T) x Q,
u=0, v=0 in (0,7) x 09,

where g : R x R — R is a given function of class C*° vanishing at (0,0) € R x R, R
is a given real number, and 1, is the characteristic function of w. This is a control

*Received by the editors January 29, 2010; accepted for publication (in revised form) September
16, 2010; published electronically December 16, 2010.

http://www.siam.org/journals/sicon/48-8/78453.html

TInstitut Universitaire de France, F-75005 Paris, France, and Université Pierre et Marie Curie -
Paris 6, UMR 7598, Laboratoire Jacques-Louis Lions, F-75005 Paris, France (coron@ann.jussieu.fr).
This author’s work was partially supported by the “Agence Nationale de la Recherche” (ANR),
Project C-QUID, grant BLAN-3-139579.

tUniversité Pierre et Marie Curie - Paris 6, UMR 7598, Laboratoire Jacques-Louis Lions, F-75005
Paris, France (guerrero@ann.jussieu.fr). This author’s work was partially supported by the “Agence
Nationale de la Recherche” (ANR), Project CISIFS, grant ANR-09-BLAN-0213-02.

§Institut Elie Cartan, UMR 7502 UHP/CNRS/INRIA, B.P. 239, 54506 Vandceuvre-lés-Nancy
Cedex, France (rosier@iecn.u-nancy.fr). This author’s work was partially supported by the “Agence
Nationale de la Recherche” (ANR), Project CISIFS, grant ANR-09-BLAN-0213-02.

5629

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



5630 J.-M. CORON, S. GUERRERO, AND L. ROSIER

system where, at time ¢ € [0, 7], the state is (u(t,-),v(t,-)) : @ — R? and the control
is h(t,") : @ = R.

The goal of this paper is to prove the local null controllability of system (1.2).
Our main result is as follows.

THEOREM 1. There exists § > 0 such that, for every (ug,vo) € L>(2)? satisfying

luoll o= () + [lvollLe=() < 4,

there exists a control h € L>((0,T)x ) such that the solution (u,v) € L>([0,T]x)?
of the Cauchy problem

us — Au = g(u,v) + hl, in (0,T) x Q,
v — Av =u3+ Ry in (0,T) x Q,
(1.3)
u=0, v=0 in (0,T) x 09,
u(0,-) = uo(-), v(0,:) =wvo(-) inQ
satisfies
(1.4) uw(T,)=0 and o(T,-)=0 inQ.

Let us give a system from chemistry to which our result applies. A reaction-
diffusion system describing a reversible chemical reaction (see [4, 5, 10]) takes the
form

(1.5) uy = Au — ak(u® — ™) in (0,7) x Q,
vy = Av + bk(u® —v™) in (0,7) x Q,

together with homogeneous Neumann boundary conditions. In (1.5)—(1.6), a and b
denote some positive numbers, and k and m are positive integers. The corresponding
reversible chemical reaction reads kA = mB. Incorporating a forcing term 1,h in
(1.5), we obtain a system of the form (1.3) when k¥ = 3 and m = 1, so that Theorem
1 may be applied. (In fact, Theorem 1 deals with Dirichlet homogeneous boundary
conditions, but the proof we give here can easily be adapted to deal with homogeneous
Neumann boundary conditions as well, and a scaling argument shows that one may
assume without loss of generality that b = 1/3.)

Remark 2. In Theorem 1, it is not possible to replace u® by u2. Indeed, by the
maximum principle, for every (ug,vg) € L*(Q)? and for every h € L>((0,T) x ),
the solution (u,v) € L>([0,T] x )2 of the Cauchy problem

ur — Au = g(u,v) + hl, in (0,7) x Q,
vy — Av =1u? + Rov in (0,7) x Q,
u=0, v=0 in (0,7) x 09,

w(0,) =wuo(-), v(0,-) =vo(-) inQ,

if it exists, satisfies
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where v* € L*°([0,T] x Q) is the solution of the linear Cauchy problem

v —Av* = Rv*  in (0,7) x Q,
vt =0 in (0,T) x 09,
v*(0,) = vo() in Q.

In particular, by the (strong) maximum principle, if vy > 0 and vy # 0, then v(T,-) > 0
in 2. L. Robbiano asked one of the authors whether the result in Theorem 1, with
u? still replaced by u?, could be true if we consider complez-valued functions. The
following result, whose proof is sketched in the appendix, shows that this is indeed
the case.

THEOREM 3. There exists § > 0 such that, for every (ug,vo) € L°°(Q;C)?
satisfying

[wollLo (o) + llvollLee(0) <9,

there exists a control h € L*((0,T) x Q; C) such that the solution (u,v) € L*([0,T] x
;C)? of the Cauchy problem

us — Au = g(u,v) + hl, in (0,T) x Q,
v — Av =u? + Ru in (0,T) x Q,
(1.7)
u=0, v=0 in (0,T) x 09,
U(O, ) = U()('), U(Oa ) = UO(') in
satisfies
(1.8) uw(T,)=0 and o(T,-)=0 inQ.

When trying to prove a local null controllability result, the first thing to do is to
look at the null controllability of the linearized control system around 0. Here, the
linearized control system reads as

uy — Au = 9,9(0,0)u + 9,9(0,0) + hl, in (0,T) x £,
(1.9) vy —Av = Ry in (0,7) x Q,
u=0, v=0 in (0,7) x 092

Clearly, the control h has no influence on v, and if v(0, ) # 0, then v(T),-) # 0. Hence
the linearized control system (1.9) is not null controllable and this strategy cannot be
applied to prove Theorem 1.

Our proof of Theorem 1 relies on the return method, a method introduced in [6]
for a stabilization problem and in [7] for the controllability of the Euler equations of
incompressible fluids (see [8, Chapter 6] and the references therein for other applica-
tions of this method). Applied to the control system (1.2), it consists in looking for a
trajectory ((@,), h) of the control system (1.2) such that the following hold:

(i) it goes from (0,0) to (0,0), i.e., u(0,-) =v(0,-) =w(T,:) =v(T, ) = 0;

(ii) the linearized control system around that trajectory is null controllable.
With this trajectory and a suitable fixed point theory at hand, one can hope to get
the null controllability stated in Theorem 1. We shall see that this is indeed the case.
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This paper is organized as follows. Section 2 is devoted to the construction of the
trajectory ((@, ), h). In section 3, using some Carleman inequality, we prove that the
linearized control system around ((@,), h) is null controllable (subsection 3.1). Next,
we deduce the local null controllability around this trajectory by using the Kakutani
fixed point theorem (subsection 3.2). The appendix contains a sketch of the proof of

Theorem 3.

2. Construction of the trajectory ((w,), h). Let us define Q := (0,7 x Q.
The goal of this section is to prove the existence of © € C*(Q), v € C>(Q), and
h € C*(Q) such that

(2.1) the supports of @, 7, and h are compact and included in (0,7) x w,
(2.2) U — AT = g(u,T) + h in Q,

(2.3) Ty — AT =" + Ro in Q,

(2.4) u # 0.

The existence of such @ € C®(Q), ¥ € C*°(Q), and h € C=(Q) follows from the
following theorem.

THEOREM 4. Let p > 0 and R be two constants. Then there exist two functions
Vit,z) eERxRYN = V(t,z) €R and K : (t,z) € R x RN s K(t,z) € R such that

(2.5) Ve O®R xRY), and V(t,z) =0 V(t,x) € R x RY with max(|t|, |z]) > p,
(2.6) K € C®°(R xR"Y), and K(t,z) =0 V(t,z) € R x RN with max(|t],|z|) > p,
(2.7) K #0,

(2.8) Vi = AV + RV + K3,

Indeed, let xp € w, and let p > 0 be small enough so that

" T
max - —
2

Then, it suffices to define @ € C>=(Q), 7 € C*(Q), and h € C>=(Q) by

,|a:—x0|> <p=(t,z) € (0,T) x w.

u(t, ) ::K<t— %,x—m), v(t,x):=V (t— %,x—xo) V(t,x) € Q,

h:=u; — Au—g(w,7) in Q.

Proof of Theorem 4. Note first that we may assume without loss of generality
that R = 0. Indeed, setting

V(t,z)=e BV (t,2), K(t,z)=e T3K(, ),
(2.8) is transformed into
Vi =AV + K3,

From now on, we assume that R = 0. We may also assume that p = 1. Indeed, if the
construction has been done for p =1 and R = 0, then for any p > 0 the functions

Vit,) =V(p 2t p tx), K(t,z)= p*%K(pfzt,pflx),
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with support in [—p?, p?] x {|z| < p}, satisfy the equation V; = AV + K3. We assume
from now on that R = 0 and that p = 1. Let r = |z|. We seek a radial function
V(t,z) = v(t,r) fulfilling the following properties:

(2.9) veC®R xR, wt,r)=0 for|t|>1lorr>1,

1
N-1 3
(2.10) k= <vt — Vpp — " vr> € C=(R x RY).
The smoothness of V and K := (V; — AV)% at the points (£,0), t € [—1,1], will
follow from additional properties of v (see below). As far as the construction of v is
concerned, the idea is to have a precise knowledge of the place where k vanishes and

a good “behavior” of v near the place where k vanishes to ensure that k is of class
C®°. For the v we are going to construct, we shall have

{(t,r); k(t,r) <0} ={(t,r); 0 < A({t)/2 <7 < At)},
{(t,r); k(t,r) >0} ={(t,7r); 0 <r < A(t)/2}.

See Figure 1.

r = A(t)

-1

C {tr); k(t,r) > 0}
B {(t,r); k(t,r) < 0}

Fic. 1. {(¢,7); k(t,r) > 0} and {(t,r); k(t,r) < 0}.

Let us introduce some notation. Let

(2.11) Mt) =e(1—t3?2, |t] <1,
__1

2.12 =4 ¢ 7 <l

(2.12) fo(?) { 0, it > 1,

where € > 0 is a (small) parameter chosen later. We search for v in the form

3

(2.13) otr) = 3 Filgi(2),

i=0
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where z := r/A(t), go is defined in Lemma 5 (see below), and the functions f; = f;(¢),
1<i<3,and g; = gi(2), 1 < i < 3, defined during the proof, are in C*°(R) and
fulfill

(2.14) supp fi C [~1,1],

1 6§61 6
2.1 supp ¢; C | = — o, = + 2| .
(2.15) bupng{2 22—|— ]

In (2.15), 0 € (0,1/10) is a given number. Let us begin with the construction of g.
LEMMA 5. There exists a function G € C* ([0, +00)) such that

(2.16) o= (L) gorlscaclis
. 2)=\z-35 or 3 Z2<5+0,
1 1
(2.17) (z—g)G(z)>O for0 <z <1, 2755,
and such that the solution gy to the Cauchy problem
N -1
(2.18) 90" (z) + 90'(2) = G(2), z>0,
(2.19) g90(1) = g5(1) =0
satisfies
(2.20) g(z)=1-22 if 0<2z<3,
(2.21) Golz)=e T2 if 1-5<z<1,
(2.22) go(z) =0 if z>1.
Proof of Lemma 5. Note first that, by (2.18), (2.20)-(2.22),
(2.23)
—2N if0<z<9,
1
G(z)=q [2N(1-22)72 =822(1 - 22) 3 +422(1 - 2%) Y e 7 ifl-d<z2<1,
0 if 2z > 1.

Hence only the values of G on [6, 5 — 6] and on [§ + §,1 — &] remain to be defined.
Let G € C*(0,+00) be any function satisfying (2.16) and (2.23), and denote by go
the solution of (2.18)—(2.19). Clearly, (2.21)—(2.22) are satisfied. Finally, it is clear
that (2.20) holds if and only if go(0") = 1 and g{(0") = 0. Note that (2.18) may be
written as

1 _
(2.24) T (N 1gl) = G.

Using (2.19), this gives upon integration

(2.25) —2N gl (2) = /1 sNT1G(s) ds.

This imposes the condition

(2.26) /01 sNT1G(s) ds = 0.
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Note that if (2.26) holds, then, by (2.25),

1 ©oN-1
(2.27) g0(z) = o o /0 s THG(s) ds,
which, combined with (2.23), yields
go(z) = —22,0< 2z < ¢,

and gj(0") = 0. Integrating (2.27) on [z, 1] and using (2.19), (2.23), (2.26), and an
integration by parts, we obtain, for 0 < z < §,

1 y
(2.28) go(Z):—/ #(/ SNlG(S)dS> dy

z 0

L/l G(y)dy — 2_p if N #2
2N J. ya\y)ay 2—NZ 1 )

1
/ y(Iny)G(y)dy — 22%In 2 it N=2.

(2.29) =

Then go(0") = 1, provided that

1
/ yG(y)dy=2—-N if N #2,
(2.30) 01
/ y(lny)Gly)dy=1 it N =2.
0
It is then an easy exercise to extend G on [§, 2 — 8] U[3 + 6,1 — 4] in such a way that
G is smooth and (2.17), (2.26), and (2.30) are satisfied. This concludes the proof of
Lemma 5. |

Let us turn now to the definition of the functions f; and g; for 1 < i < 3. Let
(t,z) range over (—1,1) x (0,1), so that (¢,7) ranges over the domain

O:={(t,r); —1<t<l, 0<r <)}

Differentiating in (2.13), we obtain

5 .
. A
v = E <,figi - XfﬂQf”) ;
=0

’UT‘T

ZA 2f1(<2>+ <1>>7

where f; := df;/dt and g := dig;/dzI. Let us introduce the function V = V(t, z)
defined by

V=2 [UTT-FN_lUT—Ut]
T

3
(2.31) = Z [fz ( 9! gt! ) + 20 o9 = N2 g -
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We aim to define f; and g; so that

V=V,=V,,=0 for-1<t<l, z=

)

Vize 2 cfp for —1<t<1, 2=

)

N~ DN~

for some constant ¢ > 0. By (2.16), (2.18), and (2.31),
1 1., /(1 , 1
v ( 5) = 5\ fogs” (§> — 2 fogo <5>
3
@ (1 m (1 Lisr (L
(dP (=) +2v=1)g" (= Mgt (=
+; [f <gz (2> +2(N —1)g, <2>) + 5 M fig; <2

ein(3)]

We impose the condition

) 1 1 ifi=1and j=2, . .
(2.32) 9i (2) o { 0 otherwise for 1<i<3, 0<j<2

V <'7 %) = %)\j\fog(()l) <%) — X% fogo (%) + f1.

The function f; is then defined by

It follows that

1. . 1 . 1
(2.33) fi= —5)\>\f09(()1) <§) + A% fogo (§> ;
so that
1
(2.34) 1% (-, 5) =0 on(—1,1).

Differentiating with respect to z in (2.31) yields, once more using (2.18),

V. = foGWD + 225 fog? + (MM fo — A2 fo)glV

> N-1 N-1 . . ;
(2:35) 2 [f i (953) o - 951)) + 2\ figl? + (i - Azf»gfl)] '
i=1
We infer from (2.16), (2.32), and (2.35) that
1 1. (/1 , Co (1
V. < 5) = 5\ fogy” <5) + (Mo = X fo)gg” (§>

4—<§5fm9)<%)>«+f1<ﬂAr_1y+%AA),

We impose the condition

@ (LY _[1 ifi=2
(2.36) 9 <2)"{ 0 ifie{1,3}
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and define f5 as
(2.37)

fai=— {fl (Z(N —1)+ %AA) + %/\J\fogég) (%) + (Mo — A2 fo)gs” <%)] :
It follows that
(2.38) V., (-, 1) =0 on(—1,1).
Differentiating (2.35) with respect to z, we get

Viz = foG® + 2A fogs” + 2\ fo — N fo)g§?

3
N -1 N-—-1 N-—-1 :
+ Z {fi <9§4) + 791(3) - 22—291@) + 2795”) + 2\ figl”

=1
(2.39) + (2MNfi — A2 f)g 2>] ,

which, together with (2.16), (2.32), and (2.36), leads to

(2.40) V.. ( %) _ l)\)‘\fogés) (%) - @M fo — A2 <%)
(Zfz (4) ( )) 2(N=1)fo —8(N—-1)f1 + %/\/.\fg + (2/\/.\f1 _ /\2]51).

We impose the condition

(2.41) g (1) [t s
2 0 ifie{1,2}

and define f3 as

fa=— va ~1)+ 1AA> fo+ (AN =8(N — 1)) f1 — A2 f,

. . 1
(2.42) + )\)\fog(g) (2) + (2 fo — N2 fo)gs” <§)] :
This gives

1
(2.43) V.. < 5) =0 on(-1,1).
By (2.16) and (2.39), we have, for (¢,2) € (—1,1) x (3 — 4,1 + ),
Ve =6f0 + R,

where

R = ZMfog(4) (3 fo — A2f)gl?
-1 N — N 1 N -1
+Z {f< o) N olyw N1 it 6—gg” 6—g(1>>
z

9; Z4 ?

(2.44) + 2\ igl) + (A — A2 i)gl”
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Let C denote various constants independent of ¢, ¢, and z, which may vary from line
to line. We claim that

(2.45) IR| < Ce%fy  for (t,2) € (—1,1) x (% -9, % +5) .

First, we have that

3
IR <C <|)\}\fo| + 22| fol + Z(lfil + [Mfil + /\2|fi|)> .

i=1
Since
(2.46) Mfo = —422t(1 —t2)3fo,  Nfo = —22%4(1 — t2)% fo,
one may write for each i € {1,...,3}

fi(t) = e2pilt,e) fo(1),
where p; € R[t,¢]. Therefore, there exists some constant C' > 0 such that
. . 3 .
A fol + A2[ fol + Z(|fi| + N[ fi]) < Ce* fo,
i=1

and (2.45) follows. We infer that for ¢ small enough

Vewr > (6= C2)fo > fo for (t2) € [—1,1] x <% —5,% +5> .

In view of the definitions of V and of f; for 1 < ¢ < 3, we may write
(2.47) V(t,z) = fo(t) Z P;(t)k;j(z) =: fo(t)A(t, 2),
j=1

where p > 1, P; € R[t], and k; € C*°([0,+00)). Since
1 1 1
a(g)=a ()= (g) =0

Auen(t,z) 21 for (t,2) € [-1,1] x <% - 5,% + 5) ,

while

we conclude that we can write

1\* 1 1
(2.48) Alt,z) = | z — 5 (t,z) forte[-1,1], z € 3~ J, 3 +4),
where ¢ € C*°([-1,1]; X (5 — 6, 5 4+ 0).) and

9> recin se (Soades)
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From (2.15), (2.18), (2.31), and (2.47) we have that, for t € [-1,1] and |z — 3| > §

A(t,z) =G+ z/\/.\gé —\? jio 9o,

which, combined with (2.46) and (2.17), yields
A(t,2) - G| < CEIG(2)].

It follows that for € > 0 small enough

(249)  |A(t,2)] > %|G(z)| S0 forte|-1,1], z¢ [0,

N —
N >
| I
C
1
N —
N
—
N———

Gathering (2.48)—(2.49) we obtain that
ATV =22 fo(t)A(t,z) = B(t,2)°, te(-1,1), z€][0,1),
for some B € C*((—1,1) x [0,1)). Now define V (¢,x) by

V(t,x) :=v(t,|z]) = E fi(t) g )
From (2.15) and (2.20) we have that

|z

Vt,x) = fo(t) (1 - )\2(75)> for |z| < §|A(t)]-

Combined with (2.11), (2.12), and (2.21), this yields
(2.50) Ve C®[R x RY).

On the other hand, it follows from (2.15), (2.23), (2.31), (2.47), (2.48), and (2.49)
that

3
ATV =22, (z — %) (1- 2’2)7467ﬁ¢(t, z) for (t,2) € (—-1,1) x [0,1)

for some function ¢ € C*°([—1,1] x [0,1]) with |¢(¢,2)] = n > 0 on [-1,1] x [0, 1].
We observe that the function

2 _% 7% T2
esy b=t (5-5) (1-5) e TR ()

when extended by 0 for [¢t] > 1 or r > A(t) is of class C* on Ry x [0, +00),. Therefore

AV~ V)b (te) = (A2W)h (t %)

is of class C* on R x RV \ ([-1,1] x {0}) and on a neighborhood of (—1,1) x {0} by
(2.50) and the fact that

(AV = V)(t,0) = —2Ne2(1 — t3) "4 fo(t) + 2t(1 — t2) "2 fo(t) < 0

for ¢ > 0 small enough. The smoothness of (v; — Av)'/3 near (+1,0) follows from
(2.12) and (2.51). The proof of Theorem 4 is complete. O
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3. Local null controllability around the trajectory ((@,v),h). We con-
sider the trajectory ((w,v), h) of the control system (1.2) constructed in section 2. Let
((u,v),h) : Q — R2x R, and let ((¢1,C2),h) == ((u—u, v —7), h—h). Then ((u,v),h)
is a trajectory of (1.2) if and only if ((¢1,(2), k) fulfills

Cie — AG = Gi1(Cr, &) + Gia(Gr, )6 + hly  in (0,T) x Q,

(3.1) Got — AG = G21(C1, (2)C1 + G22(C1,(2) G2 in (0,7) x Q,
=0, =0 in (0,7) x 09,
where
Gll(Cl,CQ t $ = / )\Cl t X +u(t {E) Cg(t,x) +5(t,$)) d\
Cl +u <2+U<) gj(ﬂaéé +6) (t,ﬁ) if Cl(tax) 750’
1
), Gt @) +0(t, x)) if Gi(t,z) =0,
1 ag _
G12(<17<2)(t5$) = a ( (t,ZII),)\CQ(t,Qf) +U(ta$)) dA
0
et e i) Ao,
Ovg(u(t, z),v(t, x)) if (2(t,z) =0,

Go1(C15 G2) = (30 + 3uC + ¢7),
and G22(<1, CQ) =R

Note that
(3.2) G91(0,0) = 372

By (2.4) and (3.2), there exist t; € (0,T), t2 € (0,7, a nonempty open subset wy of
Q, and M > 0 such that

(33) wo Cw, t1<tg,

(3.4) G (0,0)(t, 7) > % W(t,2) € (t1, ) X wo.

Increasing M > 0 if necessary, we may also assume that

wo| |

(3.5) 1G35(0,0)[ = (@) < v(i,j) € {1,2}*

It is therefore natural to study the null controllability of the linear systems
Cl,t — ACl = all(t,x)C1 + alz(t,x)@ + hl, in (0, T) x €,
(36) Co,t — Al = an (t,ﬁ)cl + agg(t,$)C2 in (0, T) x €,
=0, =0 in (0,7) x 00
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under the following assumptions:

(37) asi (t,x) > V(t,x) S (tl,tg) X Wo,

S

(3.8) llaijllL=) < M V(i,5) € {1,2}*.

We will do this study in subsection 3.1. In subsection 3.2, we deduce from this

study the local null controllability around the trajectory ((w,v), h) and therefore get
Theorem 1.

3.1. Null controllability of a family of linear control systems. Let £ be
the set of (a11, a2, as1,a2) € L=(Q)* such that (3.7) and (3.8) hold. The goal of
this subsection is to prove the following lemma.

LEMMA 6. There exists C > 0 such that, for every (a11,a12,a21,a922) € € and for
every (a1, az) € L?(Q)?, there exists a control h € L°°(Q) satisfying

(3.9) [AllL@) < Cllanllz2e) + a2l ()

such that the solution to the Cauchy problem

Cie — AG = a1 (t,2)¢1 + arz(t, )¢ + hl,  in (0,T) x Q,

(3.10) Cap — A = ag1(t, 2)C1 + aga(t, )2 in (0,T) x Q,
=0, =0 in (0,T) x 09,
€i(0,:) = a1, ¢(0,-) =az in €

satisfies

(3.11) G(T,)=0 and ((T,-)=0.

Note that the coefficients a;; are in L°°(Q), so that we have existence and unique-
ness of solutions of (3.10) in C°([0,T]; L%(Q)?) N L%(0,T; H'(2)?). In order to prove
Lemma 6, we take h(t,-) = 0 for every ¢ € (0,t1). Note that there then exists C' > 0
such that, for every (ai1,a12,az1,az22) € € and for every (a1, az) € L?(2)2, the solu-
tion to the Cauchy problem (3.10) satisfies

(i, a5)llr2(0)2 < Cll(oa, a2)| L2 ()2,
with
(af,a3) = (Gu(t1, ), (1, )
Then, our goal will be to find h: (¢1,t2) X © — R satisfying
(3.12) Al Lo (1, t2) x) < CUICL (L Ml z2(0) + [1C2(t1, ) I E2(0)
such that the solution ({1, (2) of the Cauchy problem

Cl,t — ACl = all(t,x)C1 + alz(t,x)@ + hl, n (tl, tg) X Q,

(3.13) Co,t — AG = ag1(t, )1 + aga(t, ) in (t1,t2) x Q,
' ¢1=0, (=0 in (t1,t2) x 09,
Ci(ti, ) =af, (ft1,") = a3 in Q
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satisfies
(3.14) Ci(tz,") =0 and (a(t2,-) = 0.

Finally, we take h(t,-) = 0 for every t € (t2,T"). Of course, this construction provides
a control h € L*°((0,T) x Q) driving the solution of (3.10) to (0,0) at time t =T'. In
subsection 3.1.1 we prove the existence of h : (t1,t2) x 2 — R satisfying the required
property but with an L2-bound instead of (3.12). In subsection 3.1.2 we deal with
the condition (3.12). For the sake of simplicity, in these two subsections, we write
(0,T) instead of (t1,t2) and @ instead of (t1,t2) x 2.

3.1.1. Controls in L2. The goal of this subsection is to prove a null control-
lability result for the linear control systems (3.6) with L? controls.

LEMMA 7. There exists C > 0 such that, for every (a11,a12,a21,a22) € € and for
every (o, az) € L2(Q)2, there exists a control h € L?(Q) satisfying

1hllL2(@) < Clllanllzz) + llazllLz(e)
such that the solution to the Cauchy problem (3.10) satisfies (3.11).
In order to prove Lemma 7, we consider the associated adjoint system
—p1t — Ap1 = a11(t, x)p1 + a2 (t,x)p2  in (0,T) x Q,
—p2t — Apa = a12(t, x)p1 + ag(t,x)p2  in (0,T) x Q,
p1=0, @2=0 in (0,7) x 09,
o1(T,-) =or0(),  #2(T,) =2r() inQ

and set ¢ := (1, p2). For this system, we intend to prove the following observability
inequality:

(3.16) / (0, )] do < c// 1|2 dx dt.
(9] (O,T)Xwo

From estimate (3.16), with C > 0 independent of (a1, a1z, az1,a22) € £, it is classical
to deduce Lemma 7.

Let us recall the following Carleman inequality, proved in [12, Chapter 1], for the
heat equation with Dirichlet boundary conditions.

LEMMA 8. Letn(t) =t Y(T —t)~1. Let w; be a nonempty open set included in
Q. There exist a constant C > 0 and a function p € C?(;(0,+00)) such that, for
every z € HY(0,T; L*(Q)) N L2(0,T; H*(Q)) and for every s > C,

(3.17)
J[ e O sl 4 snl VAP 4 (on) (A5 + [af?))
0, T)xQ2

<C (// e @MW 5 4 Az|dx dt + // e @M (51)3|2|? da dt) .
(0,T)xQ (0,T) xw1

For w; we take a nonempty open set of RY whose closure (in RY) is included
in wg. Unless otherwise specified, we denote by C' various positive constants varying
from line to line which may depend on €, wg, w1, T, p, M, and other variables which
will be specified later. However, they are independent of (a11,a12,a21,a2) € &, of
(p1,7,92,1), and of other variables which will be specified later.

(3.15)
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We start by applying (3.17) to ¢1 and @9 (the solution of (3.15)):

// e~ O (s)?|o* + sl Vepl* + (1)~ (| Apl® + o)) da dt
(0, T)xQ
<C < / / e~ PN (|agy (L, 2)p1 + an (t, 2)pa|* + |ara(t, )1

0, T)xQ2

+ agg(t,x)gpg|2)dx dt + //

e sP(@)n(t) (50)3|¢|? da dt
(0,T) xw1

for every s > C. Using (3.8) and taking s large enough, we have

J[ e (sl snl Vil + (o)~ (Al + o)
(0, T)xQ
(3.18)

< C// e~ P@N® ()3 |2 da dt

(O,T)le

for every s > C. Finally, we estimate the local integral of ¢s. We multiply the first
equation in (3.15) by x(z)e™ @) (s1)3pq, where
(3.19) x € C*(Q;[0,+0c0)), the support of x is included in wy and x = 1 in w;.
Integrating in (0,7") X wo, this gives

/ / a (1, ) (@)e P10 (s1)3 oo ? dr
(0,T) xwo
(3.20)
- / / X(@)e= PO (530 (— 01, — Apy — any (£, 2 ) der .
(O,T)Xwo

Thanks to (3.7) and (3.19), the integral in the left-hand side of (3.20) is bounded

from below by
ct // e~ P@N® (51))3|9)? da dt.
(0,T) xw1

Let us now estimate the integral in the right-hand side of (3.20). Let € € (0,1). From
now on the constant C' > 0 may depend on ¢ € (0, 1). Using (3.8) (for (¢,7) = (1,1)),
we have that

(3.21)

// x(@)e™ PO (sp)Par (t,2)p1 d dt
(O,T)Xwo

< e// e~ 5P@®) (51)3| o |2 da dt + C// e 5P@n®) (s1)3 |y 2 da dt.
(0, T)xQ (0,T) xwo
Next, for the time derivative term, we integrate by parts with respect to t. We get

- // x(@)e™ @D (s1)305 1 4 da dt
(0,T) xwo

(3.22) = / / X(@)e™ OO (sn)3p0, o1 d dt
(O,T)XUJO

* // x(x) (e_sp(m)n(t) (5m)*)sp2 1 dz dt.
(0,T) xwo
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Using that |(e=*P(®)7(1) (s1)3),| < Cste=*r#)nt)y(#)5 and Cauchy-Schwarz’s inequal-
ity, we can estimate this term in the following way:

J[ o x@e o e o dods

(07T)><w0

(3.23) < e// e @ (s7) (|02t + (s1)*|p2|?) da dt
0, T)xQ2

+C // e~ P@n®) (51) 7|01 |2 da dt
(O,T)Xwo

for s > C. Finally, for the integral term with Ay, we integrate by parts twice with
respect to x to get

— // x(a:)eiSp(w)"(t) (877)3<p2 Apy dz dt
(0,T) xwo

—— [ AG@e O ) oy dodt
(O,T) Xwo
Using that

|A(x(x)e D) (sp)3 )|
< Ce @O (s)3(|Apa| + sn|Vepa| + (s1)?]2]), (t,2) € (0,T) X wo

in the previous identity, together with Cauchy—Schwarz’s inequality, we deduce that

- // x(a:)eiSp(w)"(t) (sn)3tp2 Ay dz dt
(0,T) xwo
(3.24) < 6//(0 - e~ @™ (s) 1| Apa|? + (51)|Vipa|? + (s1)*|p2|?) da dt
T x

+ C// e 3P@n®) (s)7 |y |2 da dt.
(O,T)XUJO

Combining inequalities (3.21), (3.23), and (3.24) with (3.18) and (3.20) and taking
e € (0,1) small enough, we obtain

// e~ PO ((s)? [0 + s Veol” + (s0) (| A@I” + [ioe]?)) d dt
(0,T)xQ
(3.25)
<cf[ ey o
(0,T) xwo

for every s > C. From this estimate and taking into account the dissipation (in time)
of the heat system (3.15), one gets for s large enough

(320 6O Een <C [[ e OOy P dsa,
(0,T) xwo

which gives (3.16). Note that the constant C' in (3.26) may depend on s at this time.
The proof of Lemma 7 is finished. d
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3.1.2. Controls in L°°. Let us remark that the proof in this subsection follows
ideas of [3]. Let € € (0,1). In this subsection the constants C' > 0 do not depend on
e € (0,1). We choose s > 0 large enough so that (3.25) (and therefore also (3.26))
holds. Let (a1, az2) € L?(2)2. Let us consider, for each £ > 0, the extremal problem

1 1
3.27 inf = D@ (57T dr dt + (| C(T, )2 arr,
(3:27) heL2((1(1Jl,T)><wo) 2 //(07T)Xw0 € (sm)™"[R]” d dt + 90 1T ) 17202

where ¢ := ({1, (2) is the solution of (3.6) satisfying the initial condition

(328) Cl (0, ) = Qq, CQ(O, ) = 3.

Clearly, there exists a (unique) solution of (3.27) he with (esP(®)1(t) (sy)=T)1/2pe
belonging to L2((0,T) x wp). We extend k¢ to all of Q by letting h° := 0 on Q \
(0,T) x wo. Let us call ¢¢ := (¢§,¢5) the solution of (3.6) associated with h® with,
again, the initial condition (3.28). The necessary condition of the minimum yields

(3.29)
1
/ e*P@n®) (s)=ThE hda dt + —/ CE(T)-¢(T)dr =0 Yhe L2((0,T) x wp),
(0,T) xwo € Ja
where ¢ := ({1, (2) is the solution of

Cl,t — ACl = all(t,x)C1 + alz(t,x)@ + hlwo in (O,T) x €,

(3.30) Co,t — AQe = ao1(t, )¢ + a(t, )¢ in (0,7) x Q,
' G=0, =0 on (0,7) x 09,
Cl(ov ) - <2(07 ) - 0 in Q

Let us now introduce (¢5,¢5) as the solution of the following homogeneous adjoint
system:

_Spit — Ay = all(tﬂ x)(pi + a21(t7 :E)(pg in (07 T) x €2,
—95 — A5 = ara(t, )] + aze(t,z)ps in (0,T) x Q,

(3.31) oS =5 =0 on (0,T) x 09,

1
o (T,-) = —ECE(T, 9 in Q.
Then, the duality properties between ¢° and { provide

_é/QCE(T)'C(T)dx://(O,T)xwowi dz dt,

which, combined with (3.29), yields

// h ol dedt = // e*P@M®) (s))=ThE hdx dt  Yh € L*((0,T) X wp).
(0,T) xwo (0,T) xwo

Consequently, we can identify h:

(3.32) he = e P@® (sn) %1, .
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From the systems fulfilled by (¢ and ¢°, we find, using (3.32),

1 —sp(x

ST B = [ e O )i vt + [ 470 ads,

€ (0,T) xwo Q

with a := (o, a2). Inequality (3.26) used for ¢° tells us that
ll% (0, ')H%?(Q)? < C// e—sp(z)n(t)(sn)q(pﬂQ dz dt,
(O,T)Xwo
so, once more using (3.32),
1 ol ~

(3.33) g”CE(Tv ')||2L2(Q)2 + (e ol W)(Sn) 7)1/2h5||%2((o7:r)w0) < O||a||2L2(Q)2'

Consequently, we deduce the existence of a control  such that (e*P(®)1(®) (sn)=7")1/2h €
L?((0,T) x wp) (whose corresponding solution we denote by () such that ((T,-) = 0
and

(3.34) 1(e2#ED (sm) ") YRl 1201 xwo) < Clll 202

Let us finally bound the L*°-norm of the control h®. For this, we now develop a
bootstrap argument.
o Let

1b570 — e*SP(w)ﬂ(t)/2 (877)71/2(,05,

1
1l)s,l — e—sp(z)n(t)/2(8n)—5/2(ps _ ¢5,0.
(sn)?

Let £(R?;R?) be the vector space of linear maps from R? into itself. Using (3.31), one
easily checks that ¢! fulfills a backward heat system with a homogeneous Dirichlet
boundary condition and a final null condition of the following form:

—Pt — Ayt =d; i (0,T) x €,

(3.35) wal =0 on (O,T) x 09,
Yo, ) =0 in Q,

with

(3.36) di(t, ) = Ay (t, 2)9=° + ()~ V=0 - Vp,

where A1 € L°°(Q; L(R?*;R?)) satisfies (see, in particular, (3.8))
(3.37) A1l Lo (@;c(r2;R2)) < C.
In (3.36) and in the following, we use the notation
(VO -Vp)(t,z) = (VO (t,x) - Vp(x), Vs (t,z) - Vp(x)) for 6 = (61,60): Q — R
Thanks to (3.25), (3.32), (3.33), (3.36), and (3.37),

(3.38) di € L*(Q)* and | dillr2(g)2 < Cllallr2(a):.
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For r € [1,400], let X, := L"(0,T; W*7(Q)?) N W7(0,T; L"(2)?). We denote by
| - |l x, its usual norm. Let

(3.39) p1 = 2.
From (3.35), (3.38), (3.39), and a standard parabolic regularity theorem, we have
(3.40) ot e Xp,, 95

x,, < Cllalzz)2-

e For k € N\ {0}, let

W’k — e—sp(m)n(t)/Q(Sn)—1/2—2k<ps _ 1 ws,O.

(sm)2*

Let us define, by induction on k, a sequence (pg)ren {0} of elements of [2, +o0] by

N+ 2)pi—
N+ 2)pe. if pr_1 < N +2,
» N+2—-pr
F 2pg—1 if pr_1 =N +2,
+o00 if pp_1 >N +2.

One easily checks the following:
— If N =2[, with [ € N\ {0}, one has
N +2
N —2(k—-2)
P2 = 2(N +2),
pr =+oo Vk =1+ 3.

pr =2 ifk<l+2,

— If N=2]+1, with [ € N, one has

N +2
N —2(k—2)
pr=+oo Vk>1+2.

D =2 itk <l+2,

In particular,

N
We now use an induction argument on k. We assume that
(3.42) P Xy, and [0, < Clallzyp

(now C is allowed to depend on k) and that 1=F~1 fulfills a heat system of the
following form:

—w?k_l _ Aws,k—l — dk—l in (O,T) X Qa

(3.43) wa,k—l =0 on (O,T) % GQ,
¢a,k71(T7 ) =0 in Q’

with

(3.44) Qs (t,2) = At (L) + (s) 7 V44 =2 . W),
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where A1 € L>=(Q; L(R?;R?)) satisfies
(345) ||Ak,1 ||L00(Q;£(R2;]R2)) < C.

Note that we have just proved above that this induction assumption holds for k& = 2.
Using (3.43) and (3.44), one gets that =¥ fulfills the following backward heat system
with a homogeneous Dirichlet boundary condition and a final null condition:

—pF — Ap=F =d in (0,T) x Q,

(3.46) wak =0 on (O,T) x 09,
YER(T, ) =0 in €,

with

(3.47) di(t, 2) = Ap(t, 2)0=F 1 + (sn) 1 VyskE—1. v,

where Ay : Q — L(R?;R?) is defined by
n
(3.48) Ap = Ap_1 + 2%@

Id denoting the identity map of R?. From (3.45) and (3.48), one gets that
(349) Ak S LOO(Q, E(RZ;RZ)) and |‘Ak|‘Lm(Q;£(R2;R2)) < C.

Let us recall the following embeddings between Sobolev spaces (see, e.g., [13, Lemma
3.3, page 80]).

LEMMA 9. Let p € (1,400).

(1) If p< N+2, let

. (N +2)p
TN+2—p

Then X, is continuously embedded in L"(0,T; W7 (2)?).
(i) If p = N + 2, for every r € [1,+00), X, is continuously embedded in
L7(0,T; Whr(Q)2).
(iii) If p> N +2, X, is continuously embedded in L>°(0,T; W1>°(Q)?).
Applying Lemma 9 with p = pr_1 and using (3.42), we get that

(3.50)
R e LPE(0, T WHPH(Q)?) and [[95F | pow o, mswren 2) < Cllad| 222

From (3.47), (3.49), and (3.50), we have
(3.51) dy, € LP* (Q)2 and ||dkHLPk(Q)2 < C||aHL2(Q)2.

Using (3.46), (3.51), and a classical parabolic regularity theorem (see, e.g., [13, The-
orem 9.1, pages 341-342]), we have

(3.52) ¥F e X, and 9|, < Cllallzay:.

Hence (3.52) holds for every positive integer k. Let us choose an integer k such that
k > (N/2) + 3. Then using (3.41) and (3.52) we get that

(3.53) PF e L(Q)? and  [[YF| 1) < Cllal2(o2-

This shows that the control defined in (3.32) is bounded in L*°(Q) independently
of € by C||a|2(q)>. This concludes the proof of Lemma 6. O

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



CONTROLLABILITY PARABOLIC SYSTEM CUBIC COUPLING 5649

3.2. Local null controllability around the trajectory ((@, o), h). Let v >
0 be small enough so that, for every z = (z1, 22) € L>(Q)?,

(3.54)  (|lzllp@)2 < ¥) = ((G11(21, 22), G12(21, 22), G21(21, 22), Gaz(21, 22)) € ).

(The existence of such a v > 0 follows from (3.4) and (3.5).) Let Z be the set of
z = (21,22) € L>(Q)? such that ||z]|=(g)y> < v. By (3.54) and Lemma 6, there
exists Cy > 0 such that, for every z = (21,22) € Z and for every (a1, a2) € L>®(Q)?,
there exists a control h € L*°(Q) satisfying

(3.55) Al (@) < Co(lla|lL2(o) + llazll L2 ()
such that the solution (¢1,(2) to the Cauchy problem

Cl,t — ACl = G11(2’1, Z2)<1 + G12(2’1, ZQ)CQ +hl, in (O,T) x €,

(3.56) Cot — AQe = Ga1(21,22)C1 + Gaz(21, 22) (2 in (0,7) x Q,
' =0, =0 on (0,T) x 09,
G(0,) =1, C(0,7) = in Q

satisfies (3.11). We now define a set-valued mapping B : Z — L*°(Q)? in the following
way. Fix first any (ap,a2) € L>®(Q)2. For any z = (21,22) € Z, B(z) is the set of
(¢1,¢2) € L°°(Q)? such that, for some h € L*°(Q) fulfilling (3.55), (¢1,(2) is the
solution of (3.56) and this solution satisfies (3.11). As we have just pointed out,
B(z) is never empty. Theorem 1 will be proved if one can check that the set-valued
mapping z — B(z) has a fixed point (i.e., a point z such that z € B(z)) with the
additional hypothesis |[(a1, az2)|[z=(0)> being small enough. To get the existence of
this fixed point, we apply Kakutani’s fixed point theorem (see, e.g., [14, Theorem 9.B,
page 452]):

(i) for every z € Z, B(z) is a nonempty closed convex subset of L>(Q)?;

(ii) there exists a convex compact set K C Z such that

(3.57) B(z)CK Vze Z;

(iii) B is upper semicontinuous in L*°(Q)?; i.e., for every closed subset A of Z,
B7Y(A) := {z € Z; B(2) N A # 0} is closed (see, e.g., [14, Definition 9.3,
page 450]).
If (i)—(iii) hold, then there exists z € Z such that z € B(z).
Clearly (i) holds. Let us prove that (ii) holds. By standard estimates, there exists
C1 > 0 such that

(3.58) €l L=(@)2 < Cilllat|=(o) + lazllz=@) Vz € Z, V(€ B(2).

From now on we assume that (a1, az) € L%°(02)? satisfies

14
(3.59) llor ]| oo () + [laallLoe ) < o

From (3.58) and (3.59), one has

(3.60) B(z)CZ Vze Z.
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Let (A1, \2) € L>(Q)? be the solution to the following Cauchy problem:

)\1)13 — A/\l =0 in (O,T) X Q,

)\g)t — A/\g =0 in (O,T) X Q,
(3.61)

)\1 = 0, /\2 =0 on (O,T) X 89,

)\1 (0, ) = 7, )\2(0, ) = (g in Q.

Let ¢§ := (1 — A1 and & := (2 — A2. Then (¢}, ;) is the solution to the following
Cauchy problem:

Ge—AG =Dy in (0,7) x Q,
Gi—AG =D in (0,7) x 9,
(3.62) 2t 2 0,7)
=0, ¢=0 on (0,7T) x 0L,
¢:(0,)=0, ¢(0,)=0 1inQ,
with
(3.63) Dy := G11(21,22)C1 + Gia(z1, 22)C2 + hlo,
(3.64) Dy := Ga1(21,22)C1 + Gaa(21, 22)Ca.

Note that there exists Cy > 0 such that
(365) ||D1HL00(Q) + HD2||L0¢(Q) <0y Vze Z, VC € B(Z)

From (3.62), (3.65), and a classical parabolic regularity theorem (see, e.g., [13, Lemma
3.3, page 80 and Theorem 9.1, pages 341-342]), ¢* := (¢}, ¢3) € C°(Q)? and there
exists C3 > 0 such that, for every z € Z and for every ¢ € B(z),

(3.66) |C*(t,x) — (', a)| < Ca([t — ')V + |z —2'|) V(t,z)€Q, V(' ') eq.

Let K* be the set of (* = ({7, () € C°(Q)? such that (3.66) holds. Then (A, A2)+K*
is a compact convex subset of L>(Q)? and

(3.67) B(2) C (M, A) + K* Vze Z.

Then K := ((A1,A2) + K*) N Z is a convex compact subset of Z such that (3.57)
holds.

Let us finally prove the upper semicontinuity of B. Let A be a closed subset of
Z. Let (2%)ren be a sequence of elements in Z, let (C*)ren be a sequence of elements
in L>°(Q)?, and let z € Z be such that

(3.68) F 2 in L(Q) as k — +oo,
(3.69) ¢FeA VkeN,
(3.70) ¢* e B(zF) VkeN.

By (3.70), for every k € N there exists a control h* € L>(Q) satisfying

(3.71) 1% Lo (@) < Colllanll 2oy + llozllz2(oy)
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such that ¢* = (¢F, ¢¥) is the solution of the Cauchy problem

(T — A = Gri(a], 25)¢) + Gra(2f, 25)¢5 + hFl,  in (0,T) x Q,

(3.72) 5, — A = Gar (21, 25)CF + Gaa(2F, 25)¢5 in (0,7) x Q,
' =0, =0 on (0,T) x 99,
C{C(Ov ) = Qq, Cé(ov ) = Q2 in Q,

and this solution satisfies
(3.73) (T, ) =0, (5(T,) =0.

From (ii) and (3.71), there exist a strictly increasing sequence (k;)ien of integers,
h € L*(Q), and ¢ € Z such that

(3.74) Rkt — h  for the weak-* topology on L>(Q) as | — +o0,
(3.75) M= ¢ in L®(Q)? as | — +oc.

Note that, since A is closed, (3.69) and (3.75) imply that ¢ € A. Hence, in order to
prove (iii), it suffices to check that

(3.76) ¢ € B(2).

Letting | — +o0 in (3.72) and (3.73) and using (3.68), (3.74), and (3.75), we get
(3.11) and (3.56). (The two equalities in (3.11) and the last two equalities of (3.56)
have to be understood as equalities in L2(Q) for ¢* — ¢ in X;.) Letting [ — +oc0 in
(3.71) and using (3.74), we get (3.55). Hence (3.76) holds. This concludes the proof
of (iii) and of Theorem 1. O

4. Appendix: Sketch of the proof of Theorem 3. As the proof is very
similar to that of Theorem 1, we limit ourselves to pointing out only the differences.
First, Lemma 5 should be replaced by the following lemma.

LEMMA 10. There ezists a function G € C*([0,400); C) such that

(4.1) o= (1Y ol sc.<lis
. zZ)= 1% 5 0T2 z 2 )
(4.2) ImG(z) <0 for0<z< % -9,

(4.3) ReG(z) > ImG(z) >0 for%+5<z<1—5

and such that the solution go to the Cauchy problem

(1.4 9'() + o' (2) = G(z), = >0,
(4.5) g90(1) = g5(1) =0

satisfies

(4.6) go(z)=1-2% if 0<z<3,

(4.7) go(z)=e =22 if 1-6<z2<1,
(4.8) go(z) =0 if z> 1.
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The proof is carried out in the same way as for Lemma 5. Note that the conditions
(2.26) and (2.30) are easily satisfied thanks to the change of sign of Re G and Im G.
Theorem 4 is still true for some functions V : (t,z) € R x RY - V(¢,z) € C and
K :(t,z) e Rx RN — K(t,z) € C when (2.8) is replaced by

Vi =AV + RV + V2
In the proof, we consider the same functions A\(t) and fo(¢) and search for v(¢,r) in

the form
2

o(t,r) = fi(t)gi(2).

=0

f1, f2, 91, and g2 are defined in the same way as for Theorem 4, so that

1
V=V,=0 for-1<t<l, =3

Ver=2f 0+ R for -1 <t<1,

1
P
z 2‘ <o,
with |R| < Ce?fy. Letting A(t, z) = fo(t)~1V(t, 2), we have that

1)? 11
At z) = <z— 5) p(t,z) forte[-1,1], z € (5 —6,= +5) ,
where ¢ € C*°([—1, 1] x (% -4, % +0)) and
Re o(t,z) > fo(t) forte[-1,1], z € (% -4, % +5) .

On the other hand,
[A(t, z) - G| < Ce2|G(2)]

for =1 < ¢t < 1 and |z — 3| > 6/2. Using (4.2), (4.3), it is then clear that for
e small enough we have A(t,z) ¢ iR' for —=1 < ¢t < 1, z € (0,1) \ {3}. Defin-
ing the square root as an analytic function on the complement of iR*, we see that
A2V = A2 f,(t)A(t, z) = B(t, z)? for some B € C*((—1,1) x [0,1)). The end of the
construction of (V, K) is as in the proof of Theorem 4. In the study of the local null

controllability around the trajectory ((@,7), h), the functions G;; are defined in the
same way, except

GQl(Cl, Cg) =2u + Cl-

Therefore, (3.4) and (3.7) have to be changed to
|III1 G2 (07 0)(ta $)| = V(t, 33) € (tla tQ) X Wo,

|Im a21(t7$)| > V(t,x) S (tl,tg) X Wo,

SIS

respectively. Note that the functions in the control systems are complex-valued, so
that we have to conjugate the coefficients in the right-hand side of the adjoint system
(3.15). To estimate the local integral of 2, we multiply the first equation in (3.15) by
x(x)e=*P@)nM) (s1)3%5 (where 7 stands for the conjugate of ¢5) and take the absolute
value of the imaginary part of the left-hand side of (3.20). The remaining part of the
proof is the same as for Theorem 1.
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