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Abstract: We considera large bimorph mirror which is composedof three layers:
a purely elastic layer, a layer equippedwith a distribution of sensorpiezoelectric
inclusions,anda layer equippedwith a distribution of actuatorpiezoelectridnclusions.
Sucha device is modelizedby a systemof two coupledPDE, the first one involving
a second-orderoperatorwithout time deriative, and the secondone being a plate
equation.The controllability propertiesare investigatedor both the 1D modelandthe
2D model,andanoutputfeedbacKaw is proposedor the stabilizationof the 1D model.
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1. INTRODUCTION

The generalproblemunderstudyin this paperis the
controlandthestabilizationof abimorphmirror. Such
astructurds anactive multi-layeredflexible plate(see
Figurel):

e alayeris assumedo be a purely flexible plate
(thisis themirror);

e anotherlayeris equippedwith a distribution of
piezoelectrianclusions which areusedasactu-
ators

o thelastlayeris alsoequippedwith a distribution
of piezoelectricinclusions,which are usedas
sensors

Sucha device is usedin Adaptive Opticswith large
ground-basedelescopesRecall that the main goal
of Adaptive Opticsis to compensatén real time for
randomwavefrontdisturbances.

Thiskind of flexible structurenasbeeninvestigatedn

(LencznerandPrieut 2006).A PDE-typemodelhas
beenobtainedby makingthe characteristicimension
of the heterogeneitiesend to zeroin elastic plates

includingsmallinclusions Two-scalecorvergencefor
homogenizatiorasin (Allaire, 1992) wasused.The
goalof the presenfpaperis to investigatethe control-
lability andthe stabilizationpropertiesof thatmodel.

There exists a wide literaturefor the controllability
andthe stabilizationof flexible platesequippedwith

piezoelectrignclusions Seee.g.(Tucsnak1996;Cré-
peauand Prieut to appear)where controllability re-
sultsfor the Bernoulli Euler equationare obtainedby
using the Hilbert Uniqguenessviethod and Diophan-
tine approximationsStabilizationresultsfor thebeam
equationare given in (Ammari and Tucsnak,2000;
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Fig. 1. An active bimorphmirror



Ammari et al., 2001), (Liu and Zheng, 1999) and
(Le Gall etal., 2006).

An importantfeatureof the model consideredhere

is that there are two coupledPDE of very different

nature: the first one is defined by a second-order
operatorwithout ary time derivative, andthe second
oneis a EulerBernoulliequation.

Themodelunderconsideratiomwill beinvestigatedn
1D andin 2D.

1D MODEL (BEAM)

—0%u= —s0x + 209,
02w+ dgw+ w = 920,

w(0,t) = w(L,t) = oxw(0,t) = dxw(L,t) =0,

u(0,t) = u(L,t) =0.

In above system,x € (O,L) is the spatialcoordinate
andt is time, w standsfor the trans\ersedeflection
of thebeam u is the scaladongitudinal displacement,
and ¢ is the voltageappliedto the inclusionsof the
actuatotayer We shallassuméhata > 0 andthatsis
ary realnumber

2D MODEL (PLATE)

— (A 4+ p)o1div U — pAug

= —530p0 + 2,509, (1)
— (A4 p)o2div U — pAuy

= —1pgdpd + by65$5¢7 (2
OfW+ A°W+ W= gopdipt, (3)

ow
w_a—n_o onoQ, 4)
uu=u=0 onQ. (5)

In above systemx = (x1, %) € Q, whereQ Cc R?isa
Lipschitzianboundedopenset,01¢ = 0¢/0x1, 02 =
09 /0x2, U = (up,up) standsfor the 2D-longitudinal
displacementdivU = d;u; + d2up, and Einsteins
convention of summationfor repeatedindices has
beenadopted.As usual,A > 0 and > O standfor
the Lame coeficients. We shall assumethat the 2 x
2 matricesA = (ay), B = (bys), and G = (gqp) are
positive definite.

The paperis organizedasfollows. In Section2, we
prove the controllability of our model by treating
separatelyhe 1D modelandthe2D model.In Section
3 we investigatethe stabilizationof the 1D modelby
identifying acompatibilitycondition.

2. CONTROLLABILITY PROPERIES
2.1 Toy problem

We first investigatethe possibility of achieving the
exact controllability in finite time. The main feature
of the controlproblemunderstudyis the fact thatwe
have to control the solutionu (respU = (ug, up)) of
an elliptic equation,in addition of the solutionw of
the beam(resp.plate) equation.n a certainsensep
or U may be viewed asan “output” dependingonly
on the input ¢. The considerationof the following
“toy problem” is quite illuminating. Considerthree
matricesA € R™" B € R™™MandC e RK*Mandthe
following controlledlinearsystermin finite dimension:
X = Ax+ BLl7

{ y =Cu. ()

We shall say that (x,y) is contwollable in time T if
for all pairs (X°,y°), (x",y") in R" x Rk one may
find a control input u € C([0, T];R™) and a solution
(x(t),y(t)) of (6) connectingx®,y°) to (xT,y"). Then
thefollowing resultholds.

Propositionl. (x,y) is controllablein time T for ary
T > 0 if andonly if the pair of matrices(A,B) is
controllableandthe matrix C is onto.

Proof. The sense=- is obvious. Corversely assume
thatthe pair (A, B) is controllableandthat the matrix
Cisonto(i.e.,themapu e R™— Cue R¥isonto).Let
two pairs(x2,y°) and(x",y") begivenin R"x Rk In
afirst stepwe constructa trajectory (X, y) associated
with acontrolt suchthaty(0) = y° andy(T) = y". To
dothis we pick somevectorsu® andu’ suchthaty® =
Cu? andy™ = Cu', andwe setu(t) := (1—t/T)u0 +
(t/T)u". Let x denotethe solution of X = AX+ B,
x(0) = 0, andlet y(t) = Cu(t). Performingthechange
of variablesk = x—x, i=u—u, andy=y—vy, we
noticethatthe pair (X, y) hasto satisfythe system

52 :A)?—}-BO,
y =Ci,

the constraintdeingnow CG(0) = CaG(T) = 0,%X(0) =

Xo — X(0), andX(T) = xr —X(T). The pair (A, B) be-
ing controllable,it is well known thatwe may find a
controlinputu € Cz (0, T) steeringk from xo — X(0) to

XT — )RT) |

Roughlyspeakingto designthe control we first con-
structa “static” control allowing to connecty® to y,

andnext we addto it adynamicalcorrectionallowing

to connect to x". The point is that this correction
may be chosenwith the additional constraintthat it

vanishesat both extremitiesof [0, T]. We shall seein

thenext sectionthatthis methodworksaswell for the
controlof thebimorphmirror.



2.2 Contmollability of the 1D system.

Let usintroducethe spaces/ = H2(0,L) N HE(0,L),
V=HEZ(O,L),H=L30,L) andtheoperatoﬂl(w V)=
(v,—w¥ —w) with domain D(4) = (H*(O,L) N
HZ(0,L)) x H3(0,L) C V x H. Thenwe have thefol-
lowing result.

Theoeml. Each pair (w2, wh),u%), ((WPT,whT),
u') of triplets of functionsin D(4) x V maybe con-
nectedby a trajectoryassociatedvith a control func-
tion ¢ € C([0, T];H?(0,L)).

Proof: As the systemis time-reversible, we may
assumawvithout lossof generalitythatw®’ = whT =
u" = 0. Pick ary triplet (W%, w'),u) in D(4) x V.
As a # 0, thereexists a uniquesolution$® € V to the
elliptic problem

{ aa)%q)o - Saxq)o =
$°(0) = ¢°(L) =0

Let usset(t) = (1—t/T)¢% andlet (w,U) be the
correspondingolutionof the system

_a)%u_: _Saxq?+ aa)%q?J

—92u0,

OPW+ W+ W = 026,

w(0,t) = w(L,t) = 0xw(0,t) = oyw(L,t) =0,
u(0,t) =u(L,1) =0,
w(x,0) = oyw(x,0) = 0.

Noticethatu(x, 0) = u%(x) andu(x, T) = 0, for ¢(0) =
$° and §(T) = 0. As 82$ € CY([0, T];H), we in-
fer from a classicalresultin semigrouptheory (see
e.g. (Cazenge and Haraux, 1998)) that (w, ow) €
C([0,T]; D(4)) NCY[0, T],V x H). Next, we perform
a changeof unknown functions.We setw = w— w,
G=u—u,andd = ¢ — ¢. Thenthepair (W, () solves

—030 = —s0, +adgh,

0PW+ O+ W = 02,

W(0,t) = W(L,t) = 8xW(0,t) = dxW(L,t) = 0,
0(0,t) = G(L,t) =0,
W(x,0) =wP(x), dn(x,0) = wh(x).

andd hasto bedesignedn suchawaythat((.,0) = 0
and(W(., T),0W(.,T),0(.,T)) = (—w(., T), —0w(.,
In particular the condition §(.,0) = §(.,T) =0 is
required.A classicalresult(Lions, 1988)on the con-
trollability of the plateequationgivesthe existenceof
somecontrolinputd, whichis compactlysupportedn
time,andsuchthatthecorrespondingdrajectoryfulfills
all the abore conditions.Alternatively, usingthe fact
that the controlis appliedon the whole domain,we

T),0).

may designan explicit control input by specifying
sometrajectory(\W, W) in theclassC([0, H]; D(A4)) N
CY([0,T];V x H) andfulfilling the abose conditions.
Next, §(t) may be definedfor eacht € [0,T] asthe
solutionof theelliptic problem

{ 020 = O2W+ O + W,

$(0,t) =H(L,t) =0.

To completethe proof of Theorem1, we needthe
following result:

Proposition2. Let \°,v! 2 be three functions in
H4(0,L) N H3(0,L), HZ(O,L) and L2(0,L), respec-
tively. Therethereexistsafunctionve C([0, T]; H4(0,L)) N
CY([0, TJ;HE(O, L)) NCH([0, T];

L2(0,L)) fulfilling v(0) =°, V(0) = V%, v/(0) = V2
andv(T) = \/(T) = \/I(T) =

Proof of Proposition 2. Let (Yi)k>1 denotean or-

thonormalbasisof L2(0,L) constitutedof eigenfunc-
tions for the operatorAw = w(* with the boundary
conditionsw(0) = w(L) = w/(0) = w(L) = 0. The
eigevalueassociateavith thefunctionyy is denoted
by Ak. Pickary functionh € C*(IR*) suchthath(0) =

h®(0) = 1, h(0) = h'(0) = h(¥(0) = 0, and ary

functiong € C*(R*) suchthatg(t) = Lfort < T/4

andg(t) = 0fort > T/2.If thefunctions\?, v} andv?

aredecomposedlongthe y’sas

W= > adk, vi= z bWk, V2 = > Gl

k>1 k>1

then Y1 (K8|aw|>+ k4|bk|2+|ck| 2) < . The func-
tion v is thendefinedas

vixt) =g(t) 3 (ah(vAd)

k>1
b /1 Ck /
# /R (VD)) Wl

As A ~ Ck* ask — o , one readily obtains that
ve C([0, TJ;H4(0, L)) N CY([0, T]; HZ(0, L))

NC?([0, T];L2(0,L)). The properties/(0) = \°,
V(0) = v, v/(0) =2 andv(T) = V(T) = V/(T) =
areobvious. [ |
The proof of Theorem1 is completedby applylng
Propositior2 to V2 = w0, v = w?, andv? =

wP ontheinterval [0, T/2], andnext to W = —W(T),
vl = w(T) andv? = —95w(T) —W(T) ontheinterval
[T/2,T] by reversingthetime. [ |

Remarkl. To simplify the exposition, we have im-
posedirichletboundaryconditiong(¢(0,t) = $(L,t) =
0) to thecontrolinput ¢, but Neumanrboundarycon-
ditions(i.e.dx$(0,t) = dxp (L, t) = Otogethemwith e.g.
J5 (xt) dx = 0) maybetakeninstead.

2.3 Contmollability of the 2D system.

Noticefirst thatfor ary trajectory(w(t),U (t)) of (1)-
(5) associatedvith the controlinput ¢(t), t € [0, T],



the control$ hasto be at eachinstantt a solutionof
thefollowing systemof elliptic PDE

—5p0p0 + 2050 = f1, (7)
—tp0pt + bys0id = Fo, ®)

wheref; := — (A + p)0idivU — pAy; for i = 1,2. Ob-
viously, for ¢ to exist the functions f; and f, have to
satisfya compatibility condition namely

(—tp0p + bys0%) f1 = (—Sp0p +ays0i) f2. ()

If, morewer, —tBaB + bv56$6 = )\(—8[36[3 + ay56$6),
thenf, = Afy.

It is not clear however, that these conditions are
sufficient to guarantedhe existenceof a solution of
(7)-(8). We shalladoptthe following

Definition1. A quadruple(w® w!, u;, up) €
(HHQ)NHZ(Q)) x H3(Q) x (H3(Q) NH(Q))? will
be saidto be compatibleif the system(7)-(8) pos-
sesses solutiond € H2(Q), the functionsfy, f2 be-
ing definedas f; := —(A + p)didiv (ug, up) — pAy; for
i=12.

Thenthefollowing resultholdstrue.

Theoem2. Eachpair (w®,wt, ug, up), (WO whT ul ul)

of compatiblequadrupletsmay be connectedby a
trajectory associatedwith a control function ¢ €
C([0, T}, H3(Q)).

Proof. Theprooffollowsthesamepatternasfor The-
orem1l. Onceagain,we mayassumehattheterminal
quadruplets (0,0,0,0).

Stepl: Controlof the staticequations.

As the quadruplet(w®, w!, u;, up) is assumedo be
compatible thereexists a function $° € H?(Q) solv-
ing (7)-(8). We setd(t) := (1—t/T)¢$°. Next, wis
definedasthesolutionof theplateequation(3) (with ¢
substitutedo ¢) with the boundaryconditions(4) and
issuingfrom (0, 0), andU = (uy, Up) is the solutionof
theelliptic problem(1), (2) and(5).

Step2: Controlof the plateequation.

We performthechangeof unknavnfunctionsiv =w-—

w, 0 =u—0i (i=1,2),andd = ¢ — $. Thendy, Gz, W
and$ have to fulfill (1)-(5). The constraintsat time
0 andT arerespectiely (W(0),W(0), 01(0), 02(0)) =

(w®, wt,0,0) and

(W(T), W (T), 0a(T), G2(T)) = (—=W(T), —w(T), 0,0).
To conclude,we apply the following result whose
proofis virtually the sameasfor Proposition2.

Proposition3. Let V2, v! 2 be three functions in
HY(Q) N H2(Q), H3(Q), and L2(Q), respectiely.
Then there exists a function v € C([0, T];H4(Q)) N
CY([0, T); HZ(%)) N C3([0, T]; L2(Q)) fulfilling

v(0) =\P, V(0) =i, v'(0) =v2 andv(T) = V(T) =
v/(T)=0.
Theproofof Theorenm? is complete. ]

3. OUTPUTSTABILIZATION OF AN ADAPTIVE
MIRROR

We considerthesystem

—02u = —Sdxd + adZd (10)
02w+ dpw+w = 02 (11)
| = 0 (02w + caxu) (12)

| is thedistributedcurrentfield measuredhroughthe
layerequippedwvith sensolpiezoelectrigpatches.

We areinterestedn the outputstabilizationof above
systemthecontrol¢ beingexpressedisa functionof
the outputl. In Adaptive Optics,this correspondso
the problemof the stabilizationat the restpositionof
alargemirror equippedwvith piezoelectriccsensorand
actuatorsThis problemshouldbe seenasa first step
towardsthe trackingproblem,for which a controlin-
putis designedsothatthestateof themirror corverges
to agiventrajectory

We considerthefollowing initial conditions:

w(x,0) =wP(x), dw(x,0) =wi(x).  (13)
We will prescribeheboundaryconditionslater.

To stabilize(10)-(12),it is naturalto try to imposethe
following additionalfeedbackcondition

020 = kdyw+ K 002w, (14)

k andk’ beingtwo realnumbersvhoserangewill be
specifiedater.

The feedbackcondition (14) is consistentwith the
outputfeedbaclcondition(namelyd = A(l) for some
operator\) providedthatsome“compatibility condi-
tion” is fulfilled by ary solutionof (10)-(12) and(14).

3.1 Thecompatibilitycondition

To statethis compatibility conditionin a simpleway,
we consideffirst periodichoundaryconditionsonu, w
and¢ andwe assumehatL = 1. Thenwe mayrewrite
(10)-(12)and(14) in usingFourierseriesIndeed,we
have



u(x,t) = Zan(t)e‘m‘,
w(xt) = ZBn(t)ei”X,
I(xt) = Ezyn(t)emx,

where (an), (Bn) and (yn) are three sequencef
functionsof time which are of classC?. To express
that¢ dependsnly onl, weintroducealsoasequence
(An) of complex numberssuchthat

b(x,t) = anyn(t)ei“X.
NEZ

Let us rewrite (10)-(12) and (14) in termsof these
sequenceg£asilycomputationyields

G= IS)\rTVn . a}\nyn (15)

Bn+ Bn(n4+ 1) = (k—nzk’)Bn (16)
Vn = —N2Bn +incdy, (17)
—nAn¥n = (k—n?K)By (18)

The expressionof Bp(t) may be deducedrom (16).
Equationg15) and(18) allow usto computean. The
condition(17) canberestatedasfollows (with (15)):

CYnAn(S—ian) — n?Bn—yn = O. (19)
Notethat(18)impliesthat
Bn .\ _ Bn
—(t)= —(t=0). 20
v (t) m (t=0) (20)

This is a compatibility condition which hasto be
fulfilled for (14)to hold.

However, we notethatwhenc = 0, (19)implies

Yo = —n°Bn.
In this casethe compatibilitycondition(20) is always

satisfied Thuswewill assuméhereaftethatc= 0, so
thatthe compatibilityconditionholds.

3.2 Stabilitywhenc =0

Assumingc = 0, (19) implies

Yn = —HZBn
and(18)yields
k— n2K
>\n = n4 )

which correspondgo the following outputfeedback
law

02¢ = kdyw+ K'0;02w
=KkA(l) +KI,
where/ = (92)~1 with periodichoundaryconditions.

Let us go back to the framevork of the clamped
beam,andlet A denotenow the operator(d2)~* with

Dirichlet boundaryconditions.The control input ¢,
which hasto fulfill (14), is definedby

& = AKA(1) + K1) = A(kdw+ K0 02w).

Thenthemodelunderstudybecomes

—0}u = —SDx$ + 2050 (21)
02w+ Ogw+ w = kdw + k'd;02w, (22)
| = 0,0%wW (23)
b = AKA() + K1), (24)
with theinitial conditions

w(x,0) =wP(x), dw(x,0) =w'(x),  (25)

andthe boundaryconditions
w(0,t) = o,w(0,t) = w(L,t) = dxw(L,t) =0, (26)
u(0,t)=u(L,t)=0. (27)

Theseboundaryconditionsmeanphysically that the
beamis clampedat bothextremities.

Let usintroducethefollowing enegy functional
1 L
EW) =5 [ (132w-+ o+ wi?)dx

Formalcomputationslongthe solutionsof (22) yield
d
dt

Let the spaces/ andH be asin Section2.2. Using

Fourier seriesin the sin(krx/L)’s, we may extend A

asa continuousoperatorfrom H=2(0,L) into H. (21)

and(27) maythenbewrittenas

u=s\(0xp) — ad.
Thefollowingresultis thelastmainresultof thepaper

L
E(w) = / K|9ew|? — K |0cdyw| .
0

Theoem3. Assumethatk < 0 andk’ > 0. Thenfor
ary (wW?,wl) €V x H, thereexists a uniquesolution
(u,w) of (21)-(27) suchthatu € CO(R*;H) andw €
CO(R*;V)NCYR*; H).

Moreover we have that
lull2oL) +E(W) — 0
ast — +oo.

Proof. Letusintroducetheoperato(w, v) = (v, —w¥ —
w + kv + KV') with domain D(A) = (H4(0,L) N
H2(0,L)) x H3(0,L) C V x H. The spaceV x H is
endavedwith thefollowing scalarproduct

<<‘<,V) , (‘(IY)>:/OL(W'W'+W)dx+/OLV\7dx.
(28)
We have, for all (w,v) € D(A),

<A<‘\’/V> , <‘\’/V>> — k/Ovadx—k’/oL(\/)zdx (29)



andthusA is a dissipatve operatoras soonask <
0 and k' > 0. It may be seenthat A generatesa
continuoussemigroug(S(t) )t>o of contractionsn V x
H.

Let us now turn to the strongstability. To prove the
strongstability, it is clearlysufficientto shaw that

tli_r)r;)é(t) (ﬁ) =0 v(ﬁ) e D(A).

Sincethe imbedding®D(A) C V x H is compactthe

T () ys()

t>0

is precompactn V x H for ary (ﬁ) in D(A). In

this casethe w-limit setof ( ﬁ ) definedby

w(ﬁ) ={WeV xH, 3(ty), th > +o,
S(tn) (ﬁ) —W asn— o}

is nonemptyfor ary (ﬁ) in D(A). Moreover, ac-

cordingto LaSalles invarianceprinciple, if

weo()

then,for allt > 0,
WII = [[St)W]]

where|| - || is thenormassociatedavith (28). Pick ary
W= W2, whT € w(wP,whT, andset(w(t), V(t))T =
S(t)(wP, wh)T. Using (29), we obtainthatv(t) = 0 for
all t > 0. The function w then solves 3w+ w = 0
togetherwith the boundary conditions (26), hence
w = 0. Thereforew? = w! = 0. Thus,whent — oo,
(w,dw) — (0,0) inV x H, hencel — 0in H=2(0,L)
and¢ — 0andu — 0in L2(O,L). [ |

Remark2. Whenc =0, k < 0 andk’ > 0, the result
in Theorem3 still holdsfor the 2D modelwith V =
H2(Q) andH = L%(Q).
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