
ON THE CONTROL OF A BIMORPH MIRROR

Pierre Le Gall
�

Christophe Prieur
���

Lionel Rosier
�

�
InstitutElie Cartan,Universit́eHenri Poincaŕe Nancy1, B.P.
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1. INTRODUCTION

The generalproblemunderstudyin this paperis the
controlandthestabilizationof abimorphmirror. Such
astructureis anactivemulti-layeredflexible plate(see
Figure1):� a layer is assumedto be a purely flexible plate

(this is themirror);� anotherlayer is equippedwith a distribution of
piezoelectricinclusions,which areusedasactu-
ators;� thelastlayeris alsoequippedwith a distribution
of piezoelectricinclusions,which are usedas
sensors.

Sucha device is usedin Adaptive Opticswith large
ground-basedtelescopes.Recall that the main goal
of Adaptive Opticsis to compensatein real time for
randomwavefrontdisturbances.

Thiskind of flexible structurehasbeeninvestigatedin
(LencznerandPrieur, 2006).A PDE-typemodelhas
beenobtainedby makingthecharacteristicdimension
of the heterogeneitiestend to zero in elastic plates

includingsmallinclusions.Two-scaleconvergencefor
homogenizationas in (Allaire, 1992)wasused.The
goalof thepresentpaperis to investigatethecontrol-
lability andthestabilizationpropertiesof thatmodel.

Thereexists a wide literature for the controllability
andthe stabilizationof flexible platesequippedwith
piezoelectricinclusions.Seee.g.(Tucsnak,1996;Cré-
peauand Prieur, to appear)wherecontrollability re-
sultsfor theBernoulli Eulerequationareobtainedby
using the Hilbert UniquenessMethod and Diophan-
tineapproximations.Stabilizationresultsfor thebeam
equationare given in (Ammari and Tucsnak,2000;
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Fig. 1. An active bimorphmirror



Ammari et al., 2001), (Liu and Zheng, 1999) and
(Le Gall etal., 2006).

An important featureof the model consideredhere
is that thereare two coupledPDE of very different
nature: the first one is defined by a second-order
operatorwithout any time derivative, andthe second
oneis a Euler-Bernoulliequation.

Themodelunderconsiderationwill beinvestigatedin
1D andin 2D.

1D MODEL (BEAM )���������� ���������
� ∂2

xu 	 � s∂xϕ 
 a∂2
xϕ �

∂2
t w 
 ∂4

xw 
 w 	 ∂2
xϕ �

w � 0 � t 
�	 w � L � t 
�	 ∂xw � 0 � t 
�	 ∂xw � L � t 
�	 0 �
u � 0 � t 
�	 u � L � t 
�	 0 �

In above system,x ��� 0 � L 
 is the spatialcoordinate
and t is time, w standsfor the transversedeflection
of thebeam,u is thescalarlongitudinaldisplacement,
andϕ is the voltageappliedto the inclusionsof the
actuatorlayer. Weshallassumethata � 0 andthats is
any realnumber.

2D MODEL (PLATE)

� � λ 
 µ
 ∂1div U � µ∆u1	 � sβ∂βϕ 
 aγδ∂2
γδϕ � (1)� � λ 
 µ
 ∂2div U � µ∆u2	 � tβ∂βϕ 
 bγδ∂2
γδϕ � (2)

∂2
t w 
 ∆2w 
 w 	 gαβ∂2

αβϕ � (3)

w 	 ∂w
∂n
	 0 on ∂Ω � (4)

u1 	 u2 	 0 on Ω � (5)

In above system,x 	�� x1 � x2 
�� Ω, whereΩ ��� 2 is a
Lipschitzianboundedopenset,∂1ϕ 	 ∂ϕ � ∂x1, ∂2ϕ 	
∂ϕ � ∂x2, U 	�� u1 � u2 
 standsfor the 2D-longitudinal
displacement,div U 	 ∂1u1 
 ∂2u2, and Einstein’s
convention of summationfor repeatedindices has
beenadopted.As usual,λ � 0 and µ � 0 standfor
the Lamecoefficients.We shall assumethat the 2 �
2 matricesA 	�� aγδ 
 , B 	�� bγδ 
 , and G 	�� gαβ 
 are
positivedefinite.

The paperis organizedas follows. In Section2, we
prove the controllability of our model by treating
separatelythe1D modelandthe2D model.In Section
3 we investigatethestabilizationof the1D modelby
identifyingacompatibilitycondition.

2. CONTROLLABILITY PROPERTIES

2.1 Toyproblem

We first investigatethe possibility of achieving the
exact controllability in finite time. The main feature
of thecontrolproblemunderstudyis thefact thatwe
have to control the solutionu (respU 	�� u1 � u2 
 ) of
an elliptic equation,in additionof the solutionw of
the beam(resp.plate)equation.In a certainsense,u
or U may be viewed asan “output” dependingonly
on the input ϕ. The considerationof the following
“toy problem” is quite illuminating. Considerthree
matricesA � � n ! n, B � � n ! m andC �"� k ! m andthe
followingcontrolledlinearsystemin finite dimension:#

ẋ 	 Ax 
 Bu�
y 	 Cu � (6)

We shall say that � x � y
 is controllable in time T if
for all pairs � x0 � y0 
 , � xT � yT 
 in � n �$� k one may
find a control input u � C �&% 0 � T ' ; � m
 and a solution� x � t 
(� y � t 
&
 of (6) connecting� x0 � y0 
 to � xT � yT 
 . Then
thefollowing resultholds.

Proposition1. � x � y
 is controllablein time T for any
T � 0 if and only if the pair of matrices � A � B
 is
controllableandthematrixC is onto.

Proof. The sense) is obvious. Conversely, assume
that thepair � A � B
 is controllableandthat thematrix
C is onto(i.e.,themapu �*� m +, Cu �*� k is onto).Let
two pairs � x0 � y0 
 and � xT � yT 
 begivenin � n �*� k. In
a first stepwe constructa trajectory � x̄ � ȳ
 associated
with acontrolū suchthatȳ � 0
�	 y0 andȳ � T 
-	 yT . To
dothiswepick somevectorsu0 anduT suchthaty0 	
Cu0 andyT 	 CuT, andwe setū � t 
 : 	.� 1 � t � T 
 u0 
� t � T 
 uT. Let x̄ denotethe solution of ˙̄x 	 Ax̄ 
 Bū,
x̄ � 0
-	 0, andlet ȳ � t 
-	 Cū � t 
 . Performingthechange
of variablesx̂ 	 x � x̄, û 	 u � ū, and ŷ 	 y � ȳ, we
noticethatthepair � x̂ � ŷ
 hasto satisfythesystem#

˙̂x 	 Ax̂ 
 Bû �
ŷ 	 Cû �

theconstraintsbeingnow Cû � 0
-	 Cû � T 
�	 0, x̂ � 0
-	
x0 � x̄ � 0
 , and x̂ � T 
/	 xT � x̄ � T 
 . The pair � A � B
 be-
ing controllable,it is well known thatwe may find a
controlinputu � C∞

0 � 0 � T 
 steeringx̂ from x0 � x̄ � 0
 to
xT
� x̄ � T 
 .

Roughlyspeaking,to designthecontrolwe first con-
structa “static” controlallowing to connecty0 to yT ,
andnext weaddto it a dynamicalcorrectionallowing
to connectx0 to xT . The point is that this correction
may be chosenwith the additionalconstraintthat it
vanishesat bothextremitiesof % 0 � T ' . We shall seein
thenext sectionthatthismethodworksaswell for the
controlof thebimorphmirror.



2.2 Controllabil ityof the1D system.

Let us introducethe spacesV 	 H2 � 0 � L 
�0 H1
0 � 0 � L 
 ,

Ṽ 	 H2
0 � 0 � L 
 ,H 	 L2 � 0 � L 
 andtheoperator12� w� v
3	� v� � w4 45 � w
 with domain 67�819
:	;� H4 � 0 � L 
<0

H2
0 � 0 � L 
&
�� H2

0 � 0 � L 
�� Ṽ � H. Thenwe have thefol-
lowing result.

Theorem1. Each pair �=� w0 � w1 
(� u0 
 , �&� w0> T � w1> T 
(�
uT 
 of tripletsof functionsin 6"�?19
�� V maybecon-
nectedby a trajectoryassociatedwith a control func-
tion ϕ � C �=% 0 � T ' ;H2 � 0 � L 
&
 .
Proof: As the systemis time-reversible, we may
assumewithout lossof generalitythatw0> T 	 w1> T 	
uT 	 0. Pick any triplet �=� w0 � w1 
@� u0 
 in 6"�?19
�� V.
As a A	 0, thereexistsa uniquesolutionϕ0 � V to the
elliptic problem#

a∂2
xϕ0 � s∂xϕ0 	 � ∂2

xu0 �
ϕ0 � 0
-	 ϕ0 � L 
B	 0 �

Let us set ϕ̄ � t 
C	�� 1 � t � T 
 ϕ0 and let � w̄ � ū
 be the
correspondingsolutionof thesystem�������������� �������������

� ∂2
xū 	 � s∂xϕ̄ 
 a∂2

xϕ̄ �
∂2

t w̄ 
 ∂4
xw̄ 
 w̄ 	 ∂2

xϕ̄ �
w̄ � 0 � t 
�	 w̄ � L � t 
�	 ∂xw̄ � 0 � t 
�	 ∂xw̄ � L � t 
�	 0 �
ū � 0 � t 
�	 ū � L � t 
�	 0 �
w̄ � x � 0
-	 ∂tw̄ � x � 0
-	 0 �

Noticethatū � x � 0
�	 u0 � x
 andū � x � T 
�	 0, for ϕ̄ � 0
�	
ϕ0 and ϕ̄ � T 
D	 0. As ∂2

xϕ̄ � C1 �&% 0 � T ' ;H 
 , we in-
fer from a classicalresult in semigrouptheory (see
e.g. (Cazenave and Haraux, 1998)) that � w̄ � ∂tw̄
E�
C �&% 0 � T ' ; 6"�?19
=
F0 C1 �&% 0 � T '&� Ṽ � H 
 . Next, weperform
a changeof unknown functions.We set ŵ 	 w � w̄,
û 	 u � ū, andϕ̂ 	 ϕ � ϕ̄. Thenthepair � ŵ � û
 solves�������������� �������������

� ∂2
xû 	 � s∂xϕ̂ 
 a∂2

xϕ̂ �
∂2

t ŵ 
 ∂4
xŵ 
 ŵ 	 ∂2

xϕ̂ �
ŵ � 0 � t 
�	 ŵ � L � t 
�	 ∂xŵ � 0 � t 
�	 ∂xŵ � L � t 
�	 0 �
û � 0 � t 
�	 û � L � t 
�	 0 �
ŵ � x � 0
-	 w0 � x
@� ∂tŵ � x � 0
-	 w1 � x
(�

andϕ̂ hasto bedesignedin suchawaythatû �=�G� 0
�	 0
and � ŵ �&�H� T 
@� ∂tŵ �=�H� T 
(� û �=�H� T 
=
�	�� � w̄ �&�H� T 
@� � ∂tw̄ �&�H� T 
(� 0
 .
In particular, the condition ϕ̂ �&�H� 0
C	 ϕ̂ �=�G� T 
I	 0 is
required.A classicalresult(Lions, 1988)on thecon-
trollability of theplateequationgivestheexistenceof
somecontrolinputϕ̂, whichis compactlysupportedin
time,andsuchthatthecorrespondingtrajectoryfulfills
all the above conditions.Alternatively, usingthe fact
that the control is appliedon the wholedomain,we

may designan explicit control input by specifying
sometrajectory � ŵ � ŵt 
 in theclassC �=% 0 � H ' ; 6 �819
&
30
C1 �=% 0 � T ' ;Ṽ � H 
 andfulfilling the above conditions.
Next, ϕ̂ � t 
 may be definedfor eacht ��% 0 � T ' as the
solutionof theelliptic problem#

∂2
xϕ̂ 	 ∂2

t ŵ 
 ∂4
xŵ 
 ŵ �

ϕ̂ � 0 � t 
�	 ϕ̂ � L � t 
�	 0 �
To completethe proof of Theorem1, we needthe
following result:

Proposition2. Let v0 � v1 � v2 be three functions in
H4 � 0 � L 
-0 H2

0 � 0 � L 
 , H2
0 � 0 � L 
 and L2 � 0 � L 
 , respec-

tively.Therethereexistsafunctionv � C �&% 0 � T ' ;H4 � 0 � L 
&
J0
C1 �=% 0 � T ' ;H2

0 � 0 � L 
=
30 C2 �&% 0 � T ' ;
L2 � 0 � L 
&
 fulfilling v � 0
K	 v0, vLM� 0
C	 v1, vL L8� 0
C	 v2

andv � T 
B	 vL � T 
B	 vL L � T 
-	 0.

Proof of Proposition 2. Let � ψk 
 k N 1 denotean or-
thonormalbasisof L2 � 0 � L 
 constitutedof eigenfunc-
tions for the operatorAw 	 w4 45 with the boundary
conditionsw � 0
K	 w � L 
I	 wL8� 0
I	 wL8� L 
D	 0. The
eigenvalueassociatedwith thefunctionψk is denoted
by λk. Pickany functionh � C4 �H�PO�
 suchthath � 0
-	
h4 35 � 0
E	 1, hLM� 0
I	 hL LQ� 0
I	 h4 45 � 0
D	 0, and any
function g � C4 �H�PO�
 suchthat g � t 
/	 1 for t R T � 4
andg � t 
�	 0 for t S T � 2. If thefunctionsv0, v1 andv2

aredecomposedalongtheψk’sas

v0 	 ∑
k N 1

akψk � v1 	 ∑
k N 1

bkψk � v2 	 ∑
k N 1

ckψk

then ∑k N 1 T k8 U ak
U 2 
 k4 U bk

U 2 
 U ck
U 2 V9W ∞ � The func-

tion v is thendefinedas

v � x � t 
 : 	 g � t 
 ∑
k N 1 X akh �=Y λkt 



 bkY λk

hL L � Y λkt 
-
 ck

λk
hL � Y λkt 
�Z ψk � x
(�

As λk [ Ck4 as k , ∞ , one readily obtains that
v � C �=% 0 � T ' ;H4 � 0 � L 
=
\0 C1 �&% 0 � T ' ;H2

0 � 0 � L 
&
0 C2 �=% 0 � T ' ;L2 � 0 � L 
&
 . Thepropertiesv � 0
B	 v0,
vLM� 0
-	 v1 � vL LQ� 0
-	 v2 andv � T 
-	 vLQ� T 
�	 vL LM� T 
B	 0
areobvious.
The proof of Theorem1 is completedby applying
Proposition2 to v0 	 w0, v1 	 w1, andv2 	 � ∂4

xw0 �
w0 on the interval % 0 � T � 2' , andnext to v0 	 � w̄ � T 
 ,
v1 	 w̄t � T 
 andv2 	 � ∂4

xw̄ � T 
 � w̄ � T 
 on theinterval% T � 2 � T ' by reversingthetime.

Remark1. To simplify the exposition, we have im-
posedDirichletboundaryconditions(ϕ � 0 � t 
�	 ϕ � L � t 
�	
0) to thecontrolinput ϕ, but Neumannboundarycon-
ditions(i.e.∂xϕ � 0 � t 
]	 ∂xϕ � L � t 
�	 0 togetherwith e.g.^ L

0 ϕ � x � t 
 dx 	 0) maybetakeninstead.

2.3 Controllabil ityof the2D system.

Noticefirst that for any trajectory � w � t 
(� U � t 
=
 of (1)-
(5) associatedwith the control input ϕ � t 
 , t �_% 0 � T ' ,



the controlϕ hasto be at eachinstantt a solutionof
thefollowing systemof elliptic PDE

� sβ∂βϕ 
 aγδ∂2
γδϕ 	 f1 � (7)� tβ∂βϕ 
 bγδ∂2
γδϕ 	 f2 � (8)

where fi : 	 � � λ 
 µ
 ∂idiv U � µ∆ui for i 	 1 � 2. Ob-
viously, for ϕ to exist the functions f1 and f2 have to
satisfya compatibilitycondition, namely� � tβ∂β 
 bγδ∂2

γδ 
 f1 	�� � sβ∂β 
 aγδ∂2
γδ 
 f2 � (9)

If, moreover, � tβ∂β 
 bγδ∂2
γδ 	 λ � � sβ∂β 
 aγδ∂2

γδ 
 ,
then f2 	 λ f1.

It is not clear, however, that these conditions are
sufficient to guaranteethe existenceof a solutionof
(7)-(8). We shalladoptthefollowing

Definition1. A quadruplet� w0 � w1 � u1 � u2 
��� H4 � Ω 
\0 H2
0 � Ω 
=
B� H2

0 � Ω 
��7� H2 � Ω 
30 H1
0 � Ω 
&
 2 will

be said to be compatibleif the system(7)-(8) pos-
sessesa solutionϕ � H2 � Ω 
 , the functions f1, f2 be-
ing definedas fi : 	 � � λ 
 µ
 ∂idiv � u1 � u2 
 � µ∆ui for
i 	 1 � 2.

Thenthefollowing resultholdstrue.

Theorem2. Eachpair � w0 � w1 � u1 � u2 
 , � w0> T � w1> T � uT
1 � uT

2 

of compatiblequadrupletsmay be connectedby a
trajectory associatedwith a control function ϕ �
C �&% 0 � T ' ;H2 � Ω 
&
 .
Proof. Theproof followsthesamepatternasfor The-
orem1. Onceagain,wemayassumethattheterminal
quadrupletis � 0 � 0 � 0 � 0
 .
Step1: Controlof thestaticequations.

As the quadruplet � w0 � w1 � u1 � u2 
 is assumedto be
compatible,thereexists a function ϕ0 � H2 � Ω 
 solv-
ing (7)-(8). We set ϕ̄ � t 
 : 	�� 1 � t � T 
 ϕ0. Next, w̄ is
definedasthesolutionof theplateequation(3) (with ϕ̄
substitutedto ϕ) with theboundaryconditions(4) and
issuingfrom � 0 � 0
 , andŪ 	�� ū1 � ū2 
 is thesolutionof
theelliptic problem(1), (2) and(5).

Step2: Controlof theplateequation.

Weperformthechangeof unknownfunctionsŵ 	 w �
w̄, ûi 	 ui

� ūi (i 	 1 � 2),andϕ̂ 	 ϕ � ϕ̄. Thenû1 � û2 � ŵ
and ϕ̂ have to fulfill (1)-(5). The constraintsat time
0 andT arerespectively � ŵ � 0
@� ŵt � 0
@� û1 � 0
(� û2 � 0
&
�	� w0 � w1 � 0 � 0
 and� ŵ � T 
(� ŵt � T 
@� û1 � T 
@� û2 � T 
&
�	`� � w̄ � T 
(� � w̄t � T 
@� 0 � 0
 .
To conclude,we apply the following result whose
proof is virtually thesameasfor Proposition2.

Proposition3. Let v0 � v1 � v2 be three functions in
H4 � Ω 
/0 H2

0 � Ω 
 , H2
0 � Ω 
 , and L2 � Ω 
 , respectively.

Then there exists a function v � C �=% 0 � T ' ;H4 � Ω 
&
�0
C1 �=% 0 � T ' ;H2

0 � Ω 
&
30 C2 �&% 0 � T ' ;L2 � Ω 
=
 fulfilling
v � 0
-	 v0 � vLQ� 0
�	 v1 � vL L8� 0
-	 v2 andv � T 
-	 vLM� T 
-	
vL L8� T 
-	 0.

Theproofof Theorem2 is complete.

3. OUTPUTSTABILIZA TION OFAN ADAPTIVE
MIRROR

We considerthesystem

� ∂2
xu 	 � s∂xϕ 
 a∂2

xϕ (10)

∂2
t w 
 ∂4

xw 
 w 	 ∂2
xϕ (11)

I 	 ∂t � ∂2
xw 
 c∂xu
 (12)

I is thedistributedcurrentfield measuredthroughthe
layerequippedwith sensorpiezoelectricpatches.

We areinterestedin the outputstabilizationof above
system,thecontrolϕ beingexpressedasa functionof
the output I . In Adaptive Optics,this correspondsto
theproblemof thestabilizationat therestpositionof
a largemirror equippedwith piezoelectricsensorsand
actuators.This problemshouldbeseenasa first step
towardsthe trackingproblem,for which a control in-
putis designedsothatthestateof themirror converges
to agiventrajectory.

We considerthefollowing initial conditions:

w � x � 0
-	 w0 � x
@� ∂tw � x � 0
-	 w1 � x
@� (13)

We will prescribetheboundaryconditionslater.

To stabilize(10)-(12),it is naturalto try to imposethe
following additionalfeedbackcondition

∂2
xϕ 	 k∂tw 
 kL ∂t∂2

xw� (14)

k andkL beingtwo realnumberswhoserangewill be
specifiedlater.

The feedbackcondition (14) is consistentwith the
outputfeedbackcondition(namelyϕ 	 Λ � I 
 for some
operatorΛ) providedthatsome“compatibility condi-
tion” is fulfilled by any solutionof (10)-(12)and(14).

3.1 Thecompatibilitycondition

To statethis compatibilityconditionin a simpleway,
weconsiderfirst periodicboundaryconditionsonu, w
andϕ andweassumethatL 	 π. Thenwemayrewrite
(10)-(12)and(14) in usingFourierseries.Indeed,we
have



u � x � t 
�	 ∑
naJb αn � t 
 einx �

w � x � t 
�	 ∑
naJb βn � t 
 einx �

I � x � t 
�	 ∑
naJb γn � t 
 einx �

where � αn 
 , � βn 
 and � γn 
 are three sequencesof
functionsof time which areof classC2. To express
thatϕ dependsonly on I , weintroducealsoasequence� λn 
 of complex numberssuchthat

ϕ � x � t 
-	 ∑
naJb λnγn � t 
 einx �

Let us rewrite (10)-(12) and (14) in terms of these
sequences.Easilycomputationsyields

αn 	 � isλnγn

n
� aλnγn (15)

β̈n 
 βn � n4 
 1
-	c� k � n2kL 
 β̇n (16)

γn 	 � n2β̇n 
 incα̇n (17)� n2λnγn 	c� k � n2kL 
 β̇n (18)

The expressionof βn � t 
 may be deducedfrom (16).
Equations(15) and(18) allow usto computeαn. The
condition(17) canberestatedasfollows(with (15)):

cγ̇nλn � s � ian 
 � n2β̇n � γn 	 0 � (19)

Notethat(18) impliesthat

β̇n

γn
� t 
�d β̇n

γn
� t 	 0
@� (20)

This is a compatibility condition which has to be
fulfilled for (14) to hold.

However, wenotethatwhenc 	 0, (19) implies

γn 	 � n2β̇n �
In thiscase,thecompatibilitycondition(20) is always
satisfied.Thuswewill assumethereafterthatc 	 0,so
thatthecompatibilityconditionholds.

3.2 Stabilitywhenc 	 0

Assumingc 	 0, (19) implies

γn 	 � n2β̇n

and(18) yields

λn 	 k � n2kL
n4 �

which correspondsto the following output feedback
law

∂2
xϕ 	 k∂tw 
 kL ∂t∂2

xw	 kΛ � I 
3
 kL I �
whereΛ 	.� ∂2

x 
&e 1 with periodicboundaryconditions.

Let us go back to the framework of the clamped
beam,andlet Λ denotenow theoperator� ∂2

x 
 e 1 with

Dirichlet boundaryconditions.The control input ϕ,
whichhasto fulfill (14), is definedby

ϕ 	 Λ � kΛ � I 
3
 kL I 
-	 Λ � k∂tw 
 kL ∂t∂2
xw
(�

Thenthemodelunderstudybecomes� ∂2
xu 	 � s∂xϕ 
 a∂2

xϕ (21)

∂2
t w 
 ∂4

xw 
 w 	 k∂tw 
 kL ∂t∂2
xw� (22)

I 	 ∂t∂2
xw (23)

ϕ 	 Λ � kΛ � I 
3
 kL I 
@� (24)

with theinitial conditions

w � x � 0
-	 w0 � x
@� ∂tw � x � 0
-	 w1 � x
@� (25)

andtheboundaryconditions

w � 0 � t 
�	 ∂xw � 0 � t 
�	 w � L � t 
�	 ∂xw � L � t 
�	 0 � (26)

u � 0 � t 
�	 u � L � t 
�	 0 � (27)

Theseboundaryconditionsmeanphysically that the
beamis clampedat bothextremities.

Let usintroducethefollowing energy functional

E � w
�	 1
2 f L

0
� U ∂2

xw U 2 
 U ∂tw U 2 
 Uw U 2 
 dx �
Formalcomputationsalongthesolutionsof (22)yield

d
dt

E � w
B	 f L

0
k U ∂tw U 2 � kL U ∂t∂xw U 2dx �

Let the spacesV andH be as in Section2.2. Using
Fourier seriesin the sin� kπx� L 
 ’s, we may extendΛ
asa continuousoperatorfrom H e 2 � 0 � L 
 into H. (21)
and(27) maythenbewrittenas

u 	 sΛ � ∂xϕ 
 � aϕ �
Thefollowingresultis thelastmainresultof thepaper.

Theorem3. Assumethat k W 0 andkL�� 0. Thenfor
any � w0 � w1 
g� V � H, thereexists a uniquesolution� u � w
 of (21)-(27) suchthatu � C0 �?� O ;H 
 andw �
C0 �?�PO ;V 
30 C1 �H�PO ;H 
 .
Moreover wehave thath

u
h

L2 4 0> L 5 
 E � w
 , 0

ast , 
 ∞.

Proof. Let usintroducetheoperatorÃ � w� v
�	`� v� � w4 45 �
w 
 kv 
 kL vL LH
 with domain 67� Ã
9	i� H4 � 0 � L 
B0
H2

0 � 0 � L 
=
C� H2
0 � 0 � L 
K� V � H. The spaceV � H is

endowedwith thefollowing scalarproductj\k w
v
Z � k w̃

ṽ
Z*l 	 f L

0
� wL L w̃L L 
 ww̃
 dx 
 f L

0
vṽdx �

(28)

We have,for all � w� v
��m67� Ã
 ,j
Ã
k w

v
Zn� k w

v
Z l 	 k f L

0
v2 dx � kL f L

0
� vL 
 2dx (29)



and thus Ã is a dissipative operatoras soonas k W
0 and kLg� 0. It may be seenthat Ã generatesa
continuoussemigroup� S̃� t 
&
 t N 0 of contractionsin V �
H.

Let us now turn to the strongstability. To prove the
strongstability, it is clearlysufficient to show that

lim
t o ∞

S̃� t 
 k w0

w1 Z 	 0 p k w0

w1 Z �n67� Ã
@�
Sincethe imbedding 67� Ã
q� V � H is compact,the
set

orb
k w0

w1 Z 	sr
t N 0

S̃� t 
 k w0

w1 Z
is precompactin V � H for any

k w0

w1 Z in 6"� Ã
 . In

thiscasetheω-limit setof
k w0

w1 Z definedby

ω
k w0

w1 Z�	.t W � V � H ��u-� tn 
@� tn , 
 ∞ �
S� tn 
 k w0

w1 Z , W asn , ∞ v
is nonemptyfor any

k w0

w1 Z in 67� Ã
 . Moreover, ac-

cordingto LaSalle’s invarianceprinciple,if

W � ω
k w0

w1 Z
then,for all t S 0, h

W
h 	 h S� t 
 W h

where
h/w@h

is thenormassociatedwith (28).Pick any
W 	�� w̄0 � w̄1 
 T � ω � w0 � w1 
 T , andset � w̄ � t 
@� v̄ � t 
&
 T 	
S� t 
(� w̄0 � w̄1 
 T . Using(29),weobtainthat v̄ � t 
-	 0 for
all t S 0. The function w̄ then solves ∂4

xw̄ 
 w̄ 	 0
togetherwith the boundaryconditions (26), hence
w̄ d 0. Thereforew̄0 	 w̄1 	 0. Thus,when t , ∞,� w� ∂tw
 , � 0 � 0
 in V � H, henceI , 0 in H e 2 � 0 � L 

andϕ , 0 andu , 0 in L2 � 0 � L 
 .
Remark2. Whenc 	 0, k W 0 andkL�� 0, the result
in Theorem3 still holdsfor the 2D modelwith V 	
H2

0 � Ω 
 andH 	 L2 � Ω 
 .
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