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EXACT BOUNDARY CONTROLLABILITY FOR THE LINEAR
KORTEWEG-DE VRIES EQUATION ON THE HALF-LINE*

LIONEL ROSIER'

Abstract. This paper is concerned with the controllability of the linear Korteweg—de Vries
equation on the domain ©Q = (0, +00), the control being applied at the left endpoint z = 0. It is
shown that the ezact boundary controllability holds true in L2(0,+o0o) provided that the solutions
are not required to be in L>(0,T, L2(0,+0c0)). The proof rests on a Carleman’s estimate and an
approximation theorem. A similar result is obtained for the heat equation and for the Schrodinger
equation.
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1. Introduction and main results. The Korteweg—de Vries (KdV) equation
(1.1) Up + Uy + Uy + Uz =0, >0, z€QCR,

may serve as a model for (among other things) propagation of small amplitude long
water waves in a uniform channel. In this context, t is time, x is the space variable,
and u stands for the deviation of the liquid’s surface from the equilibrium position.
The boundary (resp., internal) controllability of (1.1) has been extensively studied (see
[21], [22], [19], [20], and also [16] for the Benjamin—Bona—Mahony equation) when 2
is bounded, say © = (0, L). The (local) exact boundary controllability of (1.1) follows
in [19] from the exzact boundary controllability of the associated linear KdV equation,
namely

(1.2) U + Uy + Ugps = 0.

To date, there is no result as far as the boundary controllability of (1.1) or (1.2) on
some unbounded domain (say 2 = (0,+00)) is concerned. The aim of this paper is
to fill this gap in providing a study of the exact boundary controllability of (1.2) on
(0, +00), which may be seen as a first step in the knowledge of the control theory for
(1.1) on unbounded domains. It should be observed that the approzimate boundary
controllability of (1.2) in L?(0, +00) is quite easy to prove, whereas the ezact boundary
controllability requires a more sophisticated analysis, due to a lack of compactness.
An enlightening example of the difference between exact and approximate (internal)
controllabilities for linear PDEs in unbounded domains is provided by the following
result, whose (simple) proof is sketched in the appendix.

PROPOSITION 1.1. Consider a (real) constant coefficients differential operator

Au = 37 Ja; 5%, with domain D(A) = {u € L*(R); Au € L*(R)}. Assume that
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n > 2 (with a,, # 0) and that A generates a continuous semigroup (S(t)),. on L*(R).

Let T >0 and Ly < Lo be some numbers. Set

t>0

R = {/T S(T —t)f(t,)dt; f e L*R?), supp f C [0,T] x [Ll,L2]},
0

where supp f denotes the support of f. Then R is a strict dense subspace of L*(R).
In other words, when considering mild solutions (in C([0, T, L?(R)) ) of the forced
initial-value problem

where f denotes any square integrable function supported in [0,7] x [L1, La], the
space R of all reachable states is dense in (but different from) L?(R). Notice that for
Au = —Ugyy — Uy, letting Ly = —1 < Ly = 0 and taking the restrictions to (0, +00) of
the mild solutions, we readily infer the approximate boundary controllability of (1.2) in
L?(0,400). It turns out that the eract boundary controllability of (1.2) in L?(0, +00)
also fails to be true if we restrict ourselves to solutions with bounded energy, that
is, which belong to L>(0,T, L?(0,+00)). An implicit formulation (that is, without
specification of the boundary conditions) of this fact is given in the following theorem,
to be proved later in this paper.

THEOREM 1.2. Let T > 0. Then there exists ug € L?(0,+00) such that if u is
any function in L>=(0,T, L*(0,+00)) satisfying
(1.3) { Up + Uy + Ugpze =0 in D'((O,T) x (0, Jroo)),

Ujy—g = U0,

then u),_, # 0.

(Notice that u|,_, and u|,_, are meaningful in H=3(0,+o0) for any u € L>=(0, T,
L?(0,+00)) satisfying (1.3): Indeed, such a function belongs to the space W>(0, T,
H=3(0,+00)).) Theorem 1.2 tells us that even the (boundary) null-controllability fails
to be true for solutions with bounded energy. Nevertheless, when the bounded energy
condition (u € L*(0,T, L?(0,+00))) is dropped, the exact boundary controllability
of KAV holds true, as is shown in the following theorem, which is the main result of
this paper.

THEOREM 1.3. Let T,¢,b be positive numbers, with € < % Let L?((0,+00),
e~2%2dx) denote the space of (class of) measurable functions u : (0,4+00) — R such
that [7°° u?(z)e=2* dx < co. Let ug € L*(0,+00) and ur € L2((0,+00),e”"*dz).
Then there exists a function

ue leoc([o’ T] x [0’ +OO)) N C([07 6]7 L2(01 +OO)) n C([T —€, T]v L2((07 +OO)7 6_2bId$))
which solves

Up + Up + Ugge =0 in D'((0,T) x (0,+00)),
(1.4) up,_, = uo,
Ulpep = UT-
Let us make some comments.

1. The proof of Theorem 1.3 combines Fursikov—Imanuvilov’s approach (see [4])
for the boundary controllability of the Burgers equation on bounded domains (which
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is based on a global Carleman’s estimate) and, for the extension to some unbounded
domain, Rosay’s clever proof of Malgrange-Ehrenpreis’s theorem (see [18]), which uses
an approximation theorem. Roughly speaking, the approximation theorem allows us
to modify a sequence of solutions of u; + ug; + Uzee = f, defined on an increasing
sequence of domains, in such a way that it converges (strongly) in L? (R?). It should
be emphasized that our approach allows us to consider initial and final states in differ-
ent spaces of functions, thus exploiting an asymmetric property of the KdV equation,
namely the (forward) wellposedness of (1.2) in the asymmetric space L?(R,e?**dx)
for any b > 0 (see [9]). Notice that we may require that u € C([T — ¢, T], L*(0, +00))
if ur is also assumed to be in L?(0, +00).

2. As in [2] and [13], the formulation of the previous boundary controllability
result is implicit. Nevertheless, setting ho = u|,_,, h1 = Uz |,_os and hy = Uzz|,_o»
it may be seen that hg,hi,he € H~1(0,T) and, thanks to Holmgren’s uniqueness
theorem, that u is the only solution (in the same space as above) of the initial-value
boundary problem

Up 4 Ug + Uggz =0 in D'((0,T) x (0,+00)),
Upeo = ho, Uz |peg = ha, Uzz|,—o = ha,
ult:O = Uo-

Moreover u satisfies u|,_, = ur.

3. The method described in item 1 applies also to many other linear PDEs for
which the characteristic hyperplanes take the form {t = Const.}: For instance, the
heat equation u; — Au = 0 and the Schrédinger equation iu; + Au = 0 are concerned.
(See section 5.)

The paper is outlined as follows. The proof of Theorem 1.2 is given in section
2. It rests on a duality argument and on the behavior of the traces ug|,_,, Uzz|,_,
of exponential solutions for (1.2) with the boundary condition u,_, = 0. A global
Carleman’s estimate for the KdV equation (which is subsequently used) is stated and
proved in section 3. The proof of Theorem 1.3 is given in section 4, together with the
proof of the approximation theorem (Lemma 4.4). In the last section we sketch the
proof of similar results for the heat equation and the Schrodinger equation.

From now on, for the sake of brevity, we shall write P for the operator (9/0t) +
(0/0z) + (03 )0x3).

2. Proof of Theorem 1.2. The proof of Theorem 1.2 rests on the following key
result.

LEMMA 2.1.  There exists a family (v*)aso of functions in N,>oC>([0,T],
H"(0,400)) such that for every A >0

(2.1) Pv* =0 in (0,T) x (0,+00),
(2.2) v)‘|m=0 =0 on(0,7),
(2.3) [0X,Zo 1 £2(0,400) = 1,

and

(2.4) ||’U;\|z:0||H"(07T) + ||v;‘I|I:O | zrn 0,7y — 0 as X — 0 (for every n > 1).
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Proof. Let us consider the operator Av := —v,,, — v, with domain
D(A) = H?(0,+00) N H} (0, +00) C L*(0, +00).

Then A generates a strongly continuous semigroup (S(t)),., on L?(0,+00), and we

t>0
shall search for v* in the form of an exponential solution:

At) = S = e M),

where v} € D(A) solves Av) = —Av} and A € (0,+00). The roots of the equation

—23 — 2 = —\ may be written in the form 7, —L4ip, where 0 <r ~ Xas A — 07 and

1 r r
p=(143r2)2. Let wy(z) := Sm (e(=2+1M7) = ¢~ 5% gin(ux) (hence w) € D(A)
and Awy = —Awp). Easy calculations give

2 2 2
w20, 100) = | == ) -
’ r(r? 4+ 4u?)

2 2
Set ¢y = (M XS 2 = cyw)d, and v (£, 2) := e~ M) (z). Since we know that

2u2
(2.1)-(2.3) are true, it remains to prove (2.4). Obviously v)(t,0) = cype ™ and
v}, (t,0) = —capr e, and since ¢y — 0 as A — 0%, (2.4) follows. O

It will result from the next lemma that the traces u|,_,, uz|,_,, and gz, Jo=o of
a bounded energy solution u = u(t,z) of (1.2) belong to the dual space to H*(0,T)
(which is not to be confused with H=1(0,T) = HZ(0,T)").

LEMMA 2.2. Let T and L be positive numbers and let uw € L>(0,T,L?(0, L)) be
such that Pu =0 in D’((O,T) X (O,L)). Then uw € H3(0, L, H*(0,T)") and we have
for some constant C = C(L,T) >0

(2.5) (- O)|[ 10,7y + 1w (5 O) || 2 0,7y + 1t (45 0) | 272 0,7y
< Cllull o= (0,7,22(0,1))-

Proof. Since u; = —(Ugze + uz) € L2(0,T, H=3(0, L)), we see that u € H(0,T,
H=3(0, L)); hence for every f € H*(0,T, H3(0, L))

T T pL
(2.6) / (ur, f) dt = — / / wfy ddt + [{u, f)] o,

where (-,-) denotes the duality pairing (-, ->H_3(0,L)7H3(07L). Since u € C([0,T],
H=3(0,L))NL>(0,T,L?(0, L)), u, as a function of ¢, is weakly continuous in L?(0, L).
Hence

T
/ (ug, f) dt‘ < lullz2¢0,m)x(0,))  1fell2 0,7y % (0,1)
0

+Hlulle01,2200,0)) - (£ O, )220,y + 1F(Ts )l 2(0,1))
< Chllull o, 1,200,)) - | fll 20,1, 51 (0,1))

2.7)

for some constant C; = C1(T, L) > 0. Since H(0,T, H3(0, L)) is dense in L?(0, L,
H'(0,T)), we infer from (2.7) that u, € L?(0, L, H'(0,T)"). Integrating three times
with respect to (w.r.t.) z in the equation

(U + ) = —y in D'(0, L, H*(0,T)")
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(us € L?(0, L, H*(0,T)) being given by (2.6)), we deduce that u € H3(0, L, H*(0,T)’)
and (2.5) follows. d

We now proceed to the proof of Theorem 1.2. Arguing by contradiction, we
assume that for every ug € L?(0, +00) there exists a function u € L>(0, T, L?(0, +00))
such that Pu = 0 in D'((0,T) x (0,+00)), u),_, = uo, and u|,_, = 0. Let E denote
the space

{u € L>(0,T,L*(0,+00)), Pu=0in D'((0,T) x (0,+00)) and uj,_, = 0},
endowed with the norm ||ul|g = [|u||Le(0,7,22(0,4o0))- It is @ Banach space, since

) —p [l -3 0,400) < Cllullmro,m,1-3(0,400)) < C'lulle

for all w € E and some constants C,C” > 0. Also, the linear map A : u € F
u),_, € H3(0,400) is continuous. Actually, thanks to [14, Lem. 8.1], A takes values
in L2(0,4+00) and we readily infer from the closed graph theorem that A is continuous
as a map from E into L?(0,40c). Let N = kerA, let E stand for the quotient
space of E by N, and let w denote the natural projection of E onto E. Then E
is a Banach space for the norm ||7(u)||z := inf,ecq) [|w|E, and the induced map
A : E — L?(0,+00) (defined by A(m(u)) = A(u) for any u € E) has a continuous
inverse by the open mapping theorem. For every A > 0 we pick u* € E such that
m(u*) = A= (v*(0,-)) (with v* as in Lemma 2.1) and

(2.8) [l < 2llm(w)] 5 < 2 A7)

Let L be a positive number. Integrations by part in

T (L
// P(uMv dxdt =0
0 Jo
)\ L

L
(2.9) —/0 ’U>‘(07$>2 dx + [<u§:\m + UA,UA> _ <Ui\,’Ui> + <u)\’vwz>} o0 = 0,

result in

where (-, -) denotes here the duality pairing (-, ) 10,7y, 71 (0,7)- Since

[, D) o,y + 1wz Gy D)o,y + 1w (5 D)l o,y
< Cllullze(0,7,22(L,L+1))
< Cllul| o= (0,7,12(0,4-00))

(where C' = C(1,T) is as in Lemma 2.2) and since v*(-, L), v)(-, L) and v}, (-, L) — 0

x

in H1(0,T) as L — +o0, letting L — 400 in (2.9) and using (2.2)—(2.3) we get
+oo
1= / UA(va)Q dr = <ua>c\vv3/c\>\z=o - <u)\’v;c\a:>|z=o'
0
Hence, by (2.5) and (2.8) (also with C' = C(1,T))

(2.10) 1< 2CIR7 (o), Ny + N2,y lirsom ) -

Letting A — 0 in (2.10) and using (2.4) we get a contradiction. The proof of Theorem
1.2 is complete. 1]
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3. A Carleman’s estimate. Let T and L be positive numbers. Set
Z={qeC*[0,T] x [-L, L]); q(t,£L) = qu(t,+L) = quu(t,£L) =0 for 0 <t < T}.

This section is devoted to the proof of the following global Carleman’s estimate for
the KdV equation.

PROPOSITION 3.1. There exists a smooth positive function v on [—L, L] (which
depends on L) and there exist constants so = so(L,T) and C = C(L,T) such that for
all s> sg and all g € Z

3
2, S 2, 5 9 _% ddt
3 1 / / {t5 ‘Q| (T )3|Qz| + t(T t) |qmg| }e "
< C/ / |Qt + gz + qJ/.L-L| € t(T t) dxdt.

Proof. Let 1 = 1)(x) be a positive function (to be specified later) of class C? in

[-L, L] and let p(t,z) := % Let ¢ be given in Z and let s > 0. Set u := e~ %%q

and w := e *? P(e*?u). We readily get
(3.2) w = Au + Bug + Cugy + Upps + Uy,
with

B =1+ 3504, + 3(s¢.)?,
C :=3sp;.

Set Mi(u) := up + Uger + Bu, and Ma(u) := Au+ Cug,. We deduce the following
inequality:

(3.3) / My (u) Mo (u / (M (w) + Ma(u / /

(Here and in what follows, the integrals are extended to (0,7") x (—L, L).) To compute
the integral in the left-hand side of (3.3) we perform integrations by part w.r.t. = or
t. We readily get

(3.4) /Ml(u)Au: ;//(AtJrAer(AB /Au

and

(3.5) [ et By == [[ i~ 5 [[BO12,

Finally, using (3.2),

//utC’um = —/ Cmutum—/ Cugug
1
= //Cx(Au—i- Bug + Cugy + Upgr — w)ux + 3 // C'tui

S //(c A)p® + 5 //(QBCI —(CCy)s + Cge + Ci)u

/ Cum—/ Crwiy-

(3.6)
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Combining (3.4), (3.5), and (3.6) we get
2/ M () Mo () :—/YQ%+AMﬁ+MB%+U%AhW2
(3.7) + // (34, — (BC)y + 2BC, — (CCy)y + Cugw + Cp)ul

—3/ Cpu?, —2/ Crwiy-

If € is any number in (0, 1), then by the Cauchy—Schwarz inequality

2//C’xwu1.Se//Ciui—&—e*l//wz

.= 34, + BC, — B,C — (CCy)s + Cun + Cy — eC2,
= —3C;

Hence, setting

B

and using (3.3), (3.7) we get

(3.8) //Duz—i-//Eui—i—//FuiI < (1+e—1)//w2.

The function ¥ will be chosen in such a way that D, E, and F are positive. Clearly

1 4
mO(s ) (as s — +00)

O(s*
= —(3(sp2)), + lt‘*(T(—)t)4

(@) | O(sh)
(T —t)5 BT —1)F

D =—(AB), +

_ 5V(
= —15s 75

It follows that for s large enough, if

(3.9) |/ (x)] > 0 and ¢ (z) < 0 for z € [-L, L],
we have
D3>0
1 >0 ————
(8.10) = NS(T — 1)5

for some constant C; > 0. On the other hand, expanding F in a series of powers of
s, it is easy to see that there is no term in s® (because of cancellations) and that

E = 952((]_ — 6)(,0im — @z@mxm) + tz(g(j)t)Q
LW W@ @) | Os)
2T —1)? 2T —1)?

Hence for s large enough, if

(3.11) (1— )" (x)* =/ (x)y""(x) >0 forall x € [-L, L],
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we get for some constant Cy > 0

2

s
1 > - .
(3.12) E > Cth(Tft)2

Finally, for some constant C5 > 0

9" (x)s s
dT—@ZC%@—o

(3.13) F=-
provided that (3.9) holds true. Now pick some smooth positive function ¥ on [—L, L]
such that (3.9) and (3.11) are fulfilled for some ¢ > 0. (For instance, picking any e

n (0,1), ¥(z) = —2? + (2L + 1)(z + 2L) is convenient.) We infer from (3.8), (3.10),
(3.12), and (3.13) that, for s large enough,

2
14) u? 5 2 5 2 L< //
(8. //{t T— 1) *t?(T—tV“”t(T—t)“”}—C“ v

for some constant Cy > 0. Actually (3.14) may be slightly improved by observing

et ff e
A
oy

(thanks to (3.14)); hence, for s large enough,

(3.15) // u? + i w4 g2 <§C’//w2
(T — t)5 BT —t)p3 * (T —t) =f 2"

Replacing u with e™%%¢ in (3.15) we readily get (3.1) for some constant C' > 0 and s
large enough. The proof of Proposition 3.1 is complete. ]

COROLLARY 3.2. Let L > 0 and let f = f(t,x) be any function in L*(R; x
(fL,L)m) such that supp f C [t1,t2] X (=L, L), where —oo < t; < ty < co. Then for
every € > 0 there exist a positive number C = C(L,t1,t2,¢) (C does not depend on f)
and a function v € L*(R x (=L, L)) such that

(3.16) Ut + Vg + Vage = [ in D'(R x (=L, L)),
(3.17) suppv C [t1 — €,ta + €] X (=L, L),
(318) ||U||L2(]R><(7L,L)) O”f”LZ( LL))

Proof. Applying a translation w.r.t. time if needed, we may assume without loss
of generality that 0 =t — e < {1 < ta < ta + € =: T. We readily infer from (3.1) that
for some constants k,C; > 0 and for every q € Z

T (L . T (L
(3.19) / / q|?e” 70 dxdt < Cl/ / |Pq|? dxdt.
0J-L 0J-L
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Thus the bilinear form

T pL
(p,q) == / / Pp Pqdaxdt
0 —L

is a scalar product on Z. Let H denote the completion of Z for (-,-). Obviously

|q|2e_f<Tk*f) is integrable on (0,7) x (=L, L) if ¢ € H, and (3.19) holds true as well.
On the other hand the linear form

I(g) = —/OT/_LL fqdudt

is well defined and continuous on H. Indeed, using (3.19) and the assumption on the
support of f, we get

T L to L
. = < .
) [ [ \paldai / [ 1l dade < Col Tl i) (00

for some constant Co > 0. It follows from the Riesz representation theorem that there
exists a unique p € H such that

S

(3.21) forallge H (p,q) =1(q).

We set v := P(p) € L*((0,T) x (—L,L)). Taking ¢ € D((0,T) x (—L, L)) as a test
function in (3.21) we get

(P*(v),9)p(@).p@ = {(—f, 0D Q)@

where @ = (0,T) x (=L, L) and P* = —P is the (formal) adjoint to the operator
P. Hence Pv = f in D'(Q). Notice that v € H'(0,T, H 3(—L, L)), since v and
Vp = f—Vgze—v, belong to L2(0,T, H=3(—L, L)); hence v|,_, and v|,_, are meaningful
in H=3(—L,L). Now let ¢ € Z C H*(0,T, H3}(—L, L)). It follows from (3.21) that

T (L T L
—// fqdzdt :// v(qt + qo + Guae) dadt
0J-L 0o J-L
T

- - A <vt + v + Vazaxs Q> dt + [<,U’ q>]?:0

T L
_ _/ / fadxzdt + [(v, q)]{Z,
0 J—-L

where (-, -) denotes the duality pairing (-, ~>H_3(_L7L)7Hg(_L7L). Since q),_, and q|,_,
may be arbitrarily chosen in D(—L, L), we infer that v|,_, = v,_, = 0in H3(—L, L).
Extending v by setting v(¢t,2) = 0 for (¢,z) & (0,T) x (—L, L), we see that (3.16),
(3.17), and (3.18) hold true (with C' = Cy). d

Remark 1. Using [19, Thm. 1.2] instead of Proposition 3.1, one may prove that
the result in Corollary 3.2 also holds true for € = 0 and that the weight P may
be dropped in the integral term of the left-hand side of (3.19). Nevertheless, the proof
given here is direct and shorter, and it leads to a self-contained paper. Moreover, this
proof also works for the heat equation (see below the proof of Theorem 5.2).
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4. The proof of Theorem 1.3. For the comfort of the reader, we first give an
outline of the proof of Theorem 1.3. In the first step, we show that we are finished
if, for any f € L? (R?) with support in some strip [0,7] x R and any € > 0, there
exists a function v € L? (R?) supported in [—€,T + €] x R, which solves Pu = f.
This problem has already been solved when the whole domain R? is replaced by
R; X (—n,n)z, n > 1. (See Corollary 3.2.) At this stage, we are given a sequence of
solutions of Pu = f, which are defined on an increasing sequence of domains and are
supported in [—¢, T + €] x R. To ensure the convergence of this sequence in L? (R?),
we need an approximation theorem (Lemma 4.4), which differs from the one in [18]
by a careful control on the growth of the support in time. Two technical lemmas
(namely, Lemmas 4.2 and 4.3) are needed to prove the approximation theorem. The
final step is a standard Mittag—Leffler’s procedure.

Let ug € L?(0,400) and ugp € L?((0,+00),e2"*dz). It is well known (see [9])
that the operator Av = —v,,, with domain H3(R) (resp., {v € L*(R,e?**dx), Av €
L?(R,e*?dx)}) generates a continuous semigroup on L?(R) (resp., L?(R,e?**dz)).

Thanks to the standard change of functions
(4.1) v(t,z) = u(t,t + x)

we easily get two functions wuy(¢,z), ua(t,z) such that uy € C([0,T], L*(R)), uz €
C([0,T], L*(R, e?**dz)), and

Puy = Puy =0 on (O,T) XR,

| up(z) forae. x>0, | up(—=x) forae. z<0,
u(0, ) = { 0 for a.e. x <0, u2(0, ) = 0 for a.e. x > 0.

Now set @ (t, 2) = ua(T —t, —x). Obviously Pis =0 and G2, —a, on (0,+00). Let
¢ be any number in (e, 2) and let ¢ € C°°([0,7]) be such that ¢(t) =1 for t < ¢
and (t) = 0 for t > T — €. The change of functions

u(t, ) = e(t)ui(t, @) + (1 — @(t))tz(t, ) + w(t, x)
transforms (1.4) into

{ Pw =% (iy—u) inD((0,T) x (0,+00)),

w),_, =w),_, =0 on (0,+00).

Setting f(t,z) = ¢'(t)(a2(t, ®)—u1(t, x)), it is clear that we are finished if the following
result is proved.
PROPOSITION 4.1. Let f = f(t, ) be any function in L? (R?) such that

loc
supp f C [t1,t2] X R

where 0 < t; < to < T. Let € € (0,min(t1,T —t2)). Then there exists u € L? (R?)
such that

(4.2) Pu=fin D' R?) and supp u C [t; — €,t2 + ¢ x R.

Remark 2. The question whether Proposition 4.1 remains valid with e = 0 is open.
Notice that the answer is negative for the heat equation. (See Remark 3 below.)
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As in [18] the proof of Proposition 4.1 rests on an approximation theorem (Lemma
4.4), which in turn is obtained as a consequence of two preliminary lemmas. In what
follows Sz will denote the unitary group in L?(—L, L) generated by the operator
Au = —ugy, — Uy with domain

D(A) = {u e H3(~L,L); u(—L) = u(L), uz(—L) = uyz(L), Upe(—L) = tpe(L)}-

Set e, (z) = \/%em%z for n € Z. e, is an eigenvector for A associated with the

eigenvalue w, = i\,, with

mT\3 T
(4.3) A, = ("f) —n7-
If ug is any complex-valued function in L?(—L, L), decomposed as ug = > nez Cnn,

we have for every t € R

(4.4) Sp(t)ug = Z erteen.

neZ

We are now ready to state the first lemma, which may be seen as a preliminary version
to the approximation theorem.

LEMMA 4.2. Let l1,ly, L, t1,t5,T be numbers such that 0 < 1 < ly < L and
0<ty<to<T. Letue L*((0,T) x (=la,l2)) be such that

(4.5) Pu=0 in (0,T) x (=l2,la) and supp u C [t1,t2] X (—=l2,13).

Let 6 > 0 with 26 < min(t1,T — t2) and n > 0 be given. Then there exist vi, vy €
L?*(—L,L) and v € L? ((0,T) x (=L, L)) such that

(4.6) Pv=0 i (0,T)x (-L, L),

(4.7) v(t,) = Sp(t —t1 +26)vy for t1 — 26 <t <ty —0,
(4.8) v(t,) =Sp(t —ta —8)vy for to+06 <t <tg+ 26,
(4.9) [v =l 2 (1 ~26,t2+28) x (~t1,10)) <7

Roughly speaking, (4.7)—(4.8) mean that for ¢ € (£, — 26,t1 — 6) U (t2 + 6, t2 + 26)
v satisfies (in addition to Pv = 0) the boundary conditions v(—L) = v(L), vy(—L) =
vz (L), and vgye(—L) = vy (L).

Proof of Lemma 4.2. Set Q = (0,T) x (—L, L), Qs = (t1 — 26,t2 + 26) x (—l1,11).
Smoothing u by convolution and multiplying the regularized function by a cut-off
function (of x), we easily get a function u’ € D(R?) such that

supp v’ C [t1 — 6,12 + 8] x [—la, 1],
(4.10) Pvw =0 in (0,T) x (=I1,1l;) and

[/ — ul| 3

£2((0,1)x (~11,11)) <
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Let
£ ={ve L*Q); Iv,vy € L*(—L,L) s.t. (4.6), (4.7), and (4.8) hold true}.

The lemma is proved if we may find v € £ such that [[v — v'|[z2(q,) < 2. We are
finished if we prove v’ € £ = £+, where the closure and the orthogonal complement
are taken in the space L?(Qs). Fix a function g € £+ C L?(Qs). Before proving
(v, 9)12(Qs) = 0, we begin with the following claim.

Cram 1. Let T = {¢ € C®(R?); supp ¢ C [t1 — 6,t2 + 8] x R}. Then there

exists C' > 0 such that
(4.11) forall o € T [(,9)r2(Qs)| < ClIIP @ll2(Q)-

Proof of Claim 1. Let v € T, and set 9 (t) := fot Sp(t—T1)Pp(r)dr for 0 <t < T}
that is, ¢ is the (strong) solution of the following boundary initial-value problem:

Py =Py inQ,
¢(t7 7L) :¢(t7L)7

7/]:0 (t, _L) = % (ta L)a
¢za§ (tv _L) = ¢ZL’ZE (tv L)7

Clearly v := ¢ — ¢ € £ ((4.7)—(4.8) hold true with v; = 0, v = ¥(t2 + 8)); hence
(¥ —©,9)12(Qs) = 0. On the other hand, it is clear that

for all t € [0,T] [0l r2(—.0y < IPellLror2 -y < VTPl

hence

(s 9)lL2(@s) = [(¥: 9 L2(@s) < Tllgllz2(@s) - 1P ¢llL2(a)-

This completes the proof of Claim 1. We now proceed to the next claim.
CLAIM 2. There exists a function w € L*(Q) such that

(4.12) forall p € T (¢,9)12(Qs) = (P, w)r2(qQ)-

Proof of Claim 2. Let Z := {(Py)|,; v € T}. Notice first that for any ¢ € Z,
if ¢ = (P¢1)), = (Pp2)|, for two functions 1,2 € 7, then 1 — 3 € &; hence
(01— 2,9)12(Qs) = 0. It follows that the (linear) map A: ¢ € Z +— (©,9)12(gs) €R
(if = (P )),, ¢ € T) is well defined. Let H denote the closure of Z in L*(Q). We
infer from (4.11) that A may be extended to H in such a way that A is a continuous
linear form on H. It follows from Riesz representation theorem that there exists
w € H such that A(¢) = (¢, w)r2(q) for all ¢ € H. Then (4.12) holds true.

We are now ready to prove (u/,g)r2(g,) = 0. Extend g and w on R? to g, w by
setting

g(t,x) =0 for (t,x) € R?\ Qs,
w(t,x) =0 for (t,x) e R\ Q.

Set Q= (t;1 —é,ta+6) x R and let ¢ € D(Q) C 7. Obviously

(©,9)12(Qs) = (. 9) 12y and (P, w)r2(q) = (P, ) r2(q);
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hence it follows from (4.12) that

(P* 0, 0)pr (), D) = (9, ) D (2),D(Q)"

Thus
Pi =g in D(Q)
and
Prw=0 for t1 —6<t<ty+6 and |z|> 1.
Since

w(t,z) =0 fort; —6 <t <ty+dand |z|>L
we infer from Holmgren’s uniqueness theorem (see [5, Thm. 8.6.8]) that
(4.13) w(t,z) =0fort; —6 <t <ta+6 and |z|>1;.
Applying (4.12) to v’ € T and using (4.10), (4.13) we get

(W, 9)r2(Qs) = (Pu',w)r2(q)

_ !/
= (Pu ’w)L2((tl—é,t2+6)><(—l1,l1))
=0.

The proof of Lemma 4.2 is complete. 0

Next result is an observability result.
LEMMA 4.3. Let I, L, T be positive numbers such that | < L. Then there exists a
constant C > 0 such that for every ug € L*>(—L, L), if u denotes S (-)ug, we have

(4.14) leollza(-z.2) < Cllwl s (0,10 1))
(Hence
(4.15) [l 207y x (1.2 < VTCullL2(0.7)x (—1.1))-)

Proof. Pick T" € (0, %) and v > Z. Let N € N be such that
AN —Any =2 \y >y and (R E€Z, |n|>N)= A\py1 — Ay > 7.

By Ingham’s inequality (see [7]) there exists a constant CT" > 0 such that for ev-
ery sequence (an)jn|>n of complex numbers, with a, = 0 for |n| large enough, the
following inequality holds true:

2
T/
(4.16) Zmﬁgﬁ/ > ane™| dt.

In|>N T |inj>N

Let Z,, := Span(e,) forn € Zand Z =
pin Z by

nez Zn C L?(—L, L). We define a seminorm

! 3
p(u) == (/_l |u(m)|2d$c> foru e Z.
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p is clearly a norm in each Z,. On the other hand, if ug € Z N (B, <y Za)" (L,
up may be written in the form uy = Z|n\zN ¢nen with ¢, = 0 for |n| large enough),
then applying (4.16) (with a,, = %ei()‘"r*”%x)) and integrating w.r.t. x on (—1,1),
we get

2

2 l 27’
21 Z —'C;I[ SC’T/ / Z e”‘”cnen(x) drdzx;
~1Jo

In|>N [n|>N
hence, by Fubini’s theorem,

L , 27"’ 9
ol < TC7 [ p(Suru)’ ar

Finally, for any ug € L?>(—L, L), we have

27’
2 . 2
| pSem) ar < ISLCIE, o)

= 2T/HUO||2L2(—L,L)-

Since T > 27", it follows from [10, Thm. 5.2] that there exists a constant C' > 0
such that (4.14) holds true for all zo € Z. We get (4.14) for all ug € L*(—L,L) by a
density argument. ]

We now proceed to the proof of the following approximation theorem, which
differs from the one in [18] by an additional property on the support.

LEMMA 4.4. Let n € N\ {0,1} and let t1,t2,T be numbers such that 0 < t1 <
ty < T. Let u € L*((0,T) x (—n,n)) be such that Pu = 0 in (0,T) x (—n,n)
and supp u C [t1,t2] X (=n,n). Let 0 < € < min(t1,T — t2). Then there exists
v e L*((0,T) x (—n—1,n+1)) such that

(4.17) Pv=0 in(0,T) % (—n—1,n+1),
(4.18) supp v C [t1 —€,ta+ €] X (—mn—1,n+ 1),
(4.19) lv — ull <e.

£2((0,7)x(~n+1,n-1))

Proof. Let n > 0 (to be chosen later). By Lemma 4.2, applied with L = n + 1,
there exists o € L2((0,T) x (—n — 1,n+ 1)) such that

Py=0 in (0,7)x (—n—1,n+1),

(4.20) (t,) = Sut1 (t—tl—f—%) v for t1—§<t<t1—§,
(4.21) 5(t,) = S (t ity — i) va for o+ i <t<ty+ %

for some v1,v9 € L?(—n — 1,n + 1) and

15— u||L2((tlfi,t2+§)><(*n+1’”*1)) =
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In order that (4.18) be fulfilled, we multiply ¥ by a cut-off function. Let ¢ € D(0,T)
be such that 0 < ¢ <1, p(t) = 1forallt € [t; —§,t2+§] and supp (@) C [t1—§, t2+5].
Set o(t,x) = p(t)0(t, x). It follows that

€ €
supp ¥ C [tl f§,t2+§} X (—m—1,n+1)-

Hence

1o~ uHL?((O,T)x(fn+l7nfl))

= ||1_) - UHL2 ((n,%’tﬂ»%)x(fn{»l,nfl))
S ||(@ - 1)’EHL2 ((tl_
+[|o —ull

.2+ 5)x(~n+ln-1))
L2 ((ti— 5 ta+ §) X (—nt1,n—1))’

Since supp u C [t1,t2] X (—n,n) and ¢(t) = 1 for t; — § <t <ty + §, we get

—1)7 |2
It ) ”L2((tl—g,t2+§)X(—n+1,n—1))

< |9
(4.22) < ||L2({(tlfg,tlfi)u(ter%,ter%)}X(7n+17n*1))

<o —ul?

L?((tlfg,thr;)X(fnJan*l))

< n?
Hence
(4.23) 10— uf <2

£2((0.1)x(~n+1,n-1)) =
Finally Pv = ‘Z—f 9 in (0,T) x (—n — 1,n + 1); hence

_
1P ”L2 ((0.1)x(~n—1,n+1))

<122 |32 )
S Gz - | ||L2({(tl*%Jfl*%)U(t2+i7t2+%)}X(*"*LnJrl))

Since (4.20), (4.21) hold true, we infer from Lemma 4.3 that there exists a constant
C = C(n,€) > 0 such that

< Ol g,

HU”Lz ((tlfg,h*i)x(*n*lﬂﬂ’l)) 7§,tlfi)><(fn+1,n71))

and also

< Cllg||

HUHLz ((t2+5 b2+ 5)x (—n—1n+1)) L2 ((t2+ % ta+5) X (—nt1,n—1))

Hence, by (4.22),

_ dy
(4.24) HPU”LQ((O,T)X(—n—l,n+1)) < OHE”L‘X’(O,T) n

We finally modify v in order that (4.17) be satisfied. By Corollary 3.2 there exist a
constant C’ > 0 (which depends on n, ¢y, t2, and €) and a function w € L?((0,T) x
(—n—1,n+ 1)) such that
Pw=P9v in (0,T) X (—n—1,n+1),
supp w C [t —€,ta+ €] X (—mn—1,n+ 1),
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and also

(4.25) o] ) <Pl

£2((0.7)x (~n—1,n+1) (0,7)x(~n—1,n+1))

Set v := ¥ —w. Then (4.17) and (4.18) are obvious, and we infer from (4.23), (4.24),
and (4.25) that
)
L>=(0,T)

Hence (4.19) holds true provided that 7 is small enough. 0
We now turn to the proof of Proposition 4.1, which is carried out as in [18].
Proof of Proposition 4.1. Let (t),>2 and (t5),>2 be two sequences of numbers
such that

ol de
v u dt

/
£2((0,1) % (—n+1,n-1)) < (2 +CC

(4.26) foralln>2 1 —e<t! <t <t; <ty <ty <ti <tyte

We construct (by induction on n) a sequence (uy,)n>2 of functions such that, for every
n > 2,

(4.27) u, € L*((0,T) x (—n,n)),

(4.28) supp uy, C [t7,t5] X (—n,n),
(4.29) Pu,=f in (0,T) x (—n,n),
and, if n > 2,

(4.30) lun — un71‘|L2((0,T)><(7n+2,n72)) <27

ug is given by Corollary 3.2. Now let n > 2 and assume that ws,...,u, have been
constructed in such a way that (4.27)—(4.30) hold true. By Corollary 3.2 there exists
w € L*((0,T) x (—n — 1,n 4 1)) such that
supp w C [t2, 3] x (~n—1,n+1) and Pw=f in (0,T) x (—n —1,n+ 1)-
Since P(u, —w) =01in (0,7) x (—n,n) and
Supp (Un - w\(Q,T)X(fn,n)) C [t?atg} X (*ﬂ,ﬂ),
with 771 < 7 < 2 < ¢3! it follows from Lemma 4.4 that there exists a function
v € L*((0,T) x (—n—1,n+ 1)) such that
supp v C [P 8 x (~=n—1,n+1), Pv=0in (0,T) x (—n —1,n +1)
and also

—n—1
L C w)llLZ((o,T)x(—n+1,n—1)) <2 '

We set ty,41 := v+ w. Then (4.27)—(4.30) are fulfilled. Extending the u,’s by setting

U (t,2) = 0 for (¢, x) & (0,T) % (—n,n), we infer from (4.30) that the sequence (up)n>2
converges in L? (R?) towards a function u such that

supp u C [t1 — €,t2 + €] X R
by (4.26) and (4.28). Finally Pu = f in R? because of (4.29). This completes the
proof of Proposition 4.1 and also the proof of Theorem 1.3. 0
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5. The heat equation and the Schrodinger equation. In this section, we
are concerned with the control of the heat equation and of the Schrodinger equation
in unbounded domains. Let us first briefly discuss the controllability of the heat
equation
(5.1) up — Au =0,
where Au = vazl %, N > 1. By Proposition 1.1, the (boundary or internal)
approzimate controllablﬂity of (5.1) in unbounded domains is obvious. Notice that
this result is still valid (but not so obvious) for a semilinear heat equation; see [23].
As far as the boundary null-controllability of (5.1) is concerned, it has been proved in
[17] that no (nontrivial) function in D(€2) (the space of test functions) can be driven
to 0 when Q = RY := {(2/,zn) : 2/ € RV™!, 2y > 0} and solutions of (5.1) are
taken in some transposition sense. However, if all the solutions of (5.1) are taken into
consideration, then the null-controllability is recovered, thanks to the following result
by Jones (see [8], [13]).

THEOREM 5.1. Let ¢ € CO(RN) and T > 0. Then there erxists a function
u € C°0,T]) x RN) which solves (5.1) in the distributional sense for t > 0 and
satisfies u),_, = g, u|,_, = 0.

Notice that, as it has been pointed out in [13], the boundary control problem is
solved once and for all without reference to any specific domain or set of boundary
conditions. Theorem 5.1 is derived in [8] from the existence, for any ¢ > 0, of a
fundamental solution of the heat equation which is supported in the strip [0, €] x R,
A result close to Theorem 5.1 may be proved along the same lines as in section 4.

THEOREM 5.2. Let (S(t))t>0 denote the continuous semigroup on L*(RY) gen-

erated by the operator Au = Au with domain H?(RN). Let T, e be positive numbers
with € < % and let ug,u; € L>(RN). Then there exists a function

ue L7, ([0, 7] x RY)) n C([0,€] U [T — ¢, T], L*(RY))

which solves

ug—Au =0 in D'((0,T) x RN),
(5.2) U,_, = Uo,
U‘t=T = S(T)u1

Proof. Set, for any L > 0, Qf, := (—L, L)N. Let P; denote the operator % — A.
Let € € (¢, Z) and let ¢ € C°([0,7T]) be such that ¢(t) =1 for t < € and ¢(t) =0
for t > T — ¢’. The change of functions

u(t,) = o(t)S(t)uo + (1 — @(t))S(t)ur + w(t,-)
transforms (5.2) into

{le =22 S(t)(u1 —up) inD'((0,T) x RV),

w|t:0 = w|t:T =0.

Once again, it is clear that we are finished if Proposition 4.1 holds true with P; instead
of P. The estimate (see [3, Lem. 5.2], [4, Thm. 4.1])

T ' T
Jk >0, 3C > 0 s.t. / / \q|267t<kat> dzdt < C/ / lqe + Aq|? dadt
0 Qr 0 Qp
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for any ¢ € C?([0,T] x [~L,L)") such that q(t,z) = O,q(t,z) = 0 for (t,z) €
[0,T] x 0, shows that Corollary 3.2 holds true with P; instead of P. The other
key ingredient in the proof of Proposition 4.1, namely the internal observability result
(Lemma 4.3), may be found in the literature (see [12, Cor. 2]). If (SL(t))t>0 now
denotes the continuous semigroup on L?(Qr) generated by the operator Au = Au
with domain ngr(QL), then the proofs of Lemmas 4.2 and 4.4 and of Proposition 4.1
are word for word the same as those given above for the KdV equation. ]

Remark 3. For the heat equation, the results in Corollary 3.2 and in Proposition
4.1 are no longer true if we do € = 0. Indeed, if we assume that Corollary 3.2 is
true for the one-dimensional heat equation with e = 0 (for any f), then an argument
similar to the one used in the proof of Theorem 1.2 shows that for some constant
C > 0 we have

T pL T pL
(5.3) // \q|2dxdt§0// Gt — Qo2 ddt
0 J-L 0 J-L

for any ¢ € C?([0,T] x [-L, L]) such that q(t,+L) = q.(t,+L) = 0. Let E be the
classical fundamental solution of the one-dimensional heat equation, namely

Bitoy< | Gm) Fen(-%) ift>0 zER,
7 0 otherwise.

Let p € D(—L,L) be such that p(z) = 1 for |z| < . Set q(t,z) = p(ac)%—f(t, x) for
x € (=L,L) and t > 0. Direct computations show that ||q||r2((e,r+e)x(~1,L)) — +00
as € — 07, whereas [|g: — qoel|L2((e, 7+e)x (~L,1)) = O(1), contradicting (5.3).

We now turn to the Schrodinger equation

(5.4) tup + Au=0.

For the sake of simplicity, we restrict ourselves to the one-dimensional case (i.e.,
N =1). The following result is proved in the same way as Theorem 1.3.

THEOREM 5.3. Let T, € be positive numbers with € < % and let ug,ur € L*(R).
Then there exists a function

ue L7, ([0,T) xR) N C([0,e] U [T —¢,T], L*(R))
which solves
iy 4+ uge =0 in D'((0,T) xR),
(5.5) u,_, = Uo,
U|t=T = ur.

Proof. We shall write P, for the operator % - iaa—;. Let (S(t))te]R denote the

unitary group on L?(R) generated by the operator Au = iu,, with domain H?(R).
Let ¢ and ¢ be as in the proof of Theorem 5.2. The change of functions
u(t,-) = p()S(t)uo + (1 — (t))S(t — T)ur + w(t,-)

transforms (5.5) into

{ Pow =% S1t)(S(~T)ur —uo) inD'((0,T) x R),
w|t:0 w|t =0.

=T
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We are again led to prove Proposition 4.1, but with P, instead of P. Let Sy, denote
here the unitary group on L2(—L, L) generated by the operator Au = iu,, with
domain {u € H*(—=L,L); u(—L) = u(L), uy(—L) = uz(L)}. Let e,(x) = \/;Tem%w
and A\, = (n%)? for n € Z. If ug € L*(—L, L) is decomposed as ug = >
then S(t)ug =Y, cp e lene, for all t € R.

A proof of Corollary 3.2 using a controllability result in the literature instead of
a Carleman’s estimate is as follows. Let w(t) := fttl Sp(t —1)f(r)dr € L*(—L,L)
for t1 < t < tp. By [15, Thm. 1.2] (the result being in fact true for any final
state yr € L?(2) instead of 0) there exists some (internal) control function h €
L3((t1,t2) x (L, L+ 1)) such that the solution y € C([t1,ta], L*(—L,L + 1)) of

neZ Cnena

Yt — Zya::z: = hX(L,LJrl) in (tlatQ) X (_L7 L+ 1)u
y =0 on (t1,ta) x {—L, L+ 1},
Yoy =0

satisfies y),_, = —w(t2) on (=L, L). Clearly, the function

(t) == w(t) +y(t) ifty <t <to,
W= 0 otherwise

fulfills vy — ivge = f in D' (R x (=L, L)), (3.17) (with e = 0) and (3.18).
As for the KdV equation the proof of Lemma 4.3 rests on Ingham’s inequality and

on [10, Thm. 5.2]. Here Z = @, . Zn, With Z¢ = Span(eo) and Z,, = Span(e,,,e_,)
for n > 1. To properly handle the left-hand side in Ingham’s estimate

2

(5.6) S Janl? < CT// S gt

n>N - n>N

(which is applied with a, = (cnen + c—pe_p)e 1)

the estimate

it is sufficient to observe that

1
l[cnen +c*n6*n”%2(71,) §(||Cn€n\|L2( Ly +lle—ne— n||L2 ll))

holds true provided that |n| is large enough, which implies (for N large enough)

l
[ X lewen e ez o S el = ool

n>N In|>N

The rest of the proof of Lemma 4.3 and of Proposition 4.1 is as above for the KdV
equation. 0

Appendix. Proof of Proposition 1.1.
We argue by contradiction and assume that R = L?(R). Consider the map

A: feL*((0,T) x (L1, La)) /5 —t)f(t,-)dt € L*(R)

(where f is the prolongation of f by 0 on R?). Let N = ker(A). Then the restriction
of A to the orthogonal complement of N in L?((0,7) x (L1, Ls)) is a one-to-one
continuous linear map which is onto L?(R); hence its inverse (A‘N )71 is continuous.
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Let f € D((0,T) x (L1, L)) and let wy € D(A*), where A* denotes the adjoint of
the operator A. (Clearly A*w = 37" (=1)'a;%%.) Recall that A* generates the

v dxt
continuous semigroup (S*(t)),., on L?(R). Set w(t) :== S*(T — t)wr for t € [0,T].

>0
Then w solves
dw *
{ e —A w,
’LU‘t:T = wr.
Let u(t fo (t — s)f(s,-)ds. Integrating by part in
/ / (+A* )udwdt:O,
we get
(A1) / / f, 2)w(t, z) dedt = /wT(x)u(T, x)dx.
Ly R

The same equation holds true (by density) for f € L*((0,T) x (L1, Ls)) and wy €
L?(R). Letting f = (AL )~ (wr), where wr is any function in L?(R) \ {0}, we get

2 .
HwT||L2(R) S ||f||L2((O,T)><(L1,L2)) : ||w||L2((O,T)><(L1,L2))’

hence

||wT||L2(]R) S ||(A|NL>_1H : ||w||L2((O,T)><(L1,L2)>.

Replacing wr by wr (- +n) (and also w(t, z) by w(t,x 4+ n)), we get

Jwrllza = lorC+ m)lza < 11D 1100 0y ga )
Letting n — oo, we get (by Lebesgue’s theorem) wr = 0, a contradiction. Thus
R # L?(R). Now let wpr € R+. We infer from (A.1) that

// flt, z)w(t, z) dxdt =0

for all f € L*((0,T)x (L1, Lg)); hence wy, 1, ., .. = 0. Since n > 2 (with a,, # 0) it
follows from Holmgren’s uniqueness theorem that w = 0 in (0,7") x R; hence wr = 0,
and we infer that R is dense in L?(R).
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