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A Relation Between Continuous

Time-Varying and Discontinuous
Feedback Stabilization*
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Abstract

We prove that a control system which can be asymptotically
stabilized in the Filippov sense by means of a discontinuous feed-
back law can be asymptotically stabilized by means of a continu-
ous periodic time-varying feedback law. If, moreover, the control
system is affine then it can be asymptotically stabilized by means
of a continuous feedback law.
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1 Introduction
Let ¥ be the control system
L= f(z,u) (1.1)

where u € IR™ is the control, z € IR" the state, and f a map from IR"” xIR™
into IR® such that
f € C°(R" x R™;R"). (1.2)

Throughout this paper we assume
f(0,0) = 0. (1.3)

It has been proved by R.W. Brockett in [4] that the local controllability of
Y does not imply that X can be asymptotically stabilized by means of a
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continuous feedback law. To get round this problem two main strategies
have been proposed:
(1) Asymptotic stabilization by means of a discontinuous feedback law
-see e.g. the pioneer work by H. Sussmann [18] as well as [11], [15],
[1], and [5], and the references therein,

(ii)- Asymptotic stabilization by means of a continuous periodic time-
varying feedback law -see e.g. the pioneer works by E. Sontag and
H. Sussmann [19] and by C. Samson [17] as well as [6], [7], and the
references therein.

The main goal of this paper is to show a relation between these two
strategies. Before stating this relation we need to specify the meaning of
asymptotic stability for a system £ = X(z) where X is a discontinuous
vector field. Many definitions are possible but, following H. Hermes [13], it
seems natural to adopt
Definition 1.1. Let X € L2 (IR*;IR*). Then 0 is a locally asymptotically
stable point of ¢ = X () if

(i) for any € > 0 there exists § > 0 such that any solution, in the Fil-

ippov sense, of £ = X(z) which is defined at t = 0 and is mazimal,
is defined on [0, +00) if |€(0)| < & and moreover

|z(0)} < 6 = |z(t)] < €, Vt€E[0,+00), (1.4)

(ii) there ezists n in (0,+00] such that any mazimal solution, in the
Filippov sense, of £ = X(«z) which is defined at t = 0 s defined on
[0,+00) if |z(0)| < 7 and moreover

|z(0)] < n = (z(t) — 0 as t — oc0). (1.5)

Furthermore, if in (ii) one can take 7 = +oo, then 0 is a globally
asymptotically stable point of £ = X(z).

Let us recall that a solution in the Filippov sense of £ = X(z) on an
interval I is (see [10]) a locally absolutely continuous map from I into IR™
such that

z(t) € F(z(t)) for almost all ¢ in T (1.6)

with
F(z) :=() [ ©avX((z + eB)\N), (1.7)

€>0|N[=0

where B is the unit ball of IR”, and, for a set A, |A| is the Lebesgue measure
of 2 and conv A is the smaller closed convex set containing A. A maximal
solution (in the Filippov sense) of £ = X (z) is a solution £ on some interval
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I such that there exists no solution defined on an interval which contains
strictly I and which is equal to z on I.
Note that, if X is continuous,

Fy) = {X()} (1.8)

and therefore in this case our definition of asymptotic stability coincide
with the usual one.

We now define “asymptotically stabilizable by means of a discontinuous
feedback law (resp. periodic time-varying continuous feedback law)”.

Definition 1.2. System X is locally (resp. globally) asymptotically stabi-
lizable by means of a discontinuous feedback law if there ezists

u € LZ (IR™;IR™)

such that
Essential Sup {|u(z)|; |z| < €} — 0 as e —0, (1.9)

{ 0 is a locally (resp. globally) asymptotically (1.10)

stable point of £ = f(z, u(z)).

Definition 1.3. System X is locally (resp. globally) asymptotically stabi-
lizable by means of a continuous time-varying feedback law of period T if
there exists u € CO(IR™ x IR;IR™) such that

u(z,t+T) = u(z,t) VY(z,t) €ERR" xR, (1.11)
u(0,8) =0 Vt e R,

{0 is a locally (resp. globally) asymptotically (1.12)

stable point of & = f(z, u(z,1)).

The reason for considering in Definition 1.1 solutions in the Filippov sense
is, as explained in [13], the following one: the feedback law u(z(?)) is
determined after making a measurement of the state z(f) at time ¢; of
course this measurement gives only an approximation of z(t) : there is an
“error” e(t) between z(t) and its measurement. A direct consequence of
[13;Lemma 3] is

Proposition 1.4. Assume that f is locally Lipschitzian with respect to
z. Let z : [0,T] — IR" be a Filippov solution of 2 = f(z,u(z)) where
u € L (IR";IR™). Let € be a positive real number. Then there exist e €
L>((0,T);IR™) and an absolutely continuous function y : [0,T] — IR"
such that

le(t)| < eforall tin (0,T), (1.13)
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y(t) = f(y(t), u(y(t) + e(t))) for almost all ¢ in (0,T), (1.14)
y(0) = =(0), (1.15)

and
ly(t) ~ z(t)] < eforalltin [0,T]. (1.16)

Proof: Let § > 0. By [13;Lemma 3] there exists w € L>((0,T);IR™), and
an absolutely continuous function z : [0,7] — IR® such that

2(t) = f(z(t) + w(t), u(z(t) +w(t))) for almost all ¢ in (0,T), (1.17)

2(0) = z(0), (1.18)

and
[2(t) — z(t)] € 8, and |w(t)| < § for all ¢ in [0,T]. (1.19)

Let y be the maximal solution of

v = fy, u(2(t) + (), ¥(0) = =(0). (1.20)

By standard estimates on ordinary differential equations (see e.g. [12;II
Thm 3.2]) we have, if § is small enough

y is defined on [0, T, (1.21)

(1.16), (1.13), and (1.14) with e.g. e(t) = 2(¢) + w(t) — y(2).
Proposition 1.4 justifies our definition of asymptotically stabilization
by means of a discontinuous feedback law, and our main result is

Theorem 1.5. Assume that £ = f(x,u) can be locally (resp. globally)
asymptotically stabilized by means of a discontinuous feedback law. Then,
for any T > 0, & = f(z,u) can be locally (resp. globally) stabilized by
means of a continuous time-varying feedback law of period T); if, moreover,
z = f(z,u) is an affine system (i.e. f(z,u) = fo(z) + X iz, ui fi(x)), then
& = f(z,u) can be locally (resp. globally) asymptotically stabilized by means
of a continuous feedback law (independent of ¢ : u = u(x)).

Remark 1.6. There are completely controllable affine systems which are
globally asymptotically stabilized by means of a continuous periodic time
varying feedback law which cannot be locally asymptotically stabilized by
means of a continuous feedback law (e.g. &; = u1, 2 = ug, &3 = z ug —
zauy; see [17] or [6]). By Theorem 1.5 these systems cannot be locally
asymptotically stabilized by means of a discontinuous feedback law. Note
that this is not in contradiction with [18] (or [5] and [M] for the above
example): indeed our definition of asymptotic stability is more restrictive
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than the one used in [18], [5] and [M] (see e.g. the definition of “steers M
to p” in [18,p.42]; in particular we do not have any “exit rule” E on the
singular set of u in our definition of asymptotic stability).

In Section 2 we will give the proof of Theorem 1.5. In Section 3 we
will show that, in opposition to smooth stabilization, £ = f(z,u) may be
asymptotically stabilized by means of a discontinuous feedback law even
if £ = f(z,y), ¥ = v cannot be asymptotically stabilized by means of a
discontinuous feedback law.

2 Proof of Theorem 1.5

For simplicity we prove only the global statement (the proof of the local
statement is similar). Our first lemma is

Lemma 2.1. Assume that ¢ = f(z,u) can be globally asymptotically
stabilized by means of a discontinuous feedback law. Then there exists
V € CY(IR™; [0, +00)) such that

V(z) = 400 as |z| — 400, (2.1)

Ve £0 JueR™ st. f(z,u) - VV(2) <0, (2.2)
and, for all € > 0, there ezists § > 0 such that

|#] < 6 = (Ju € R™ with |u| < € and f(z,u) - VV(z) < 0). (2.3)

Let us remark that Theorem 1.5 in the affine case follows from Lemma 2.1
and a theorem due to A. Artstein [2;Thm 5.2].

Let us also remark that the converse of Lemma 2.1 is true. Indeed if the

conclusion of Lemma 2.1 holds, then there exist V € C!(IR"; [0, +00)) sat-
isfying (2.1), § € C°(R" \ {0}; (0, +00)), and u € LZ (IR"*; IR™) satisfying
(1.9) and such that, for all z in IR™ \ {0}, f(z,u(z)) - VV(z) < —8(z) from
which it follows, as in the regular case, that 0 is a globally asymptotically
stable point of £ = f(z, u(z)).
Proof of Lemma 2.1. Let v € L2 (IR";IR™) satisfying (1.9) be such
that 0 is a globally asymptotically stable point of £ = f(z, u(z)). Multi-
plying, if necessary, f(z,u(z)) by p(z) where p is a suitable function in
C°(IR"; [0, +00)) which is positive on IR*\{0}, we may assume, without
loss of generality, that

|f(z,u(z + e))| <Min(l, |z|/2) V(z,e) € R® x R™ with |e] <1. (2.4)
Using [16;Thm 2], we get
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Lemma 2.2. There ezxist V* in CO(IR"*;[0,+00)) and 7 in
C(IR™; [0, +00)) such that

V*(z) — +oo as |z] — +o0, (2.5)
Vi(z) =0 <=z =0, (2.6)
N(z)=0<==z=0, (2.7)
and
V*(2(1)) < V*(2(0)) — n(=(0)) (2.8)

for any Filippov solution of z = f(z,u(z)) defined on [0,1].
Let, for a measurable set A, |A| its Lebesgue measure. Let B(z,r) be
the open ball of radius r centered at z. For § in
C%(IR™; [0,1]) such that
(z)=0<=z=0 (2.9)
let X5 : IR® — IR" be defined by

1

Xs(z) = 1B(z, 8(2))| B(z,8(z))

f(z,u(y)dy ifz#0, (2.10)
X5(0) = 0. (2.11)
Note that by (2.4), (2.9), (2.10) and (2.11)
X5 € C°(IR™; {z € R™; |z]| < 1}). (2.12)
Our next lemma is
Lemma 2.3. There ezists § in CO(IR™; [0, 1]) satisfying (2.9) such that
0 is a globally asymptotically stable point of £ = Xs(z). (2.13)

Lemma 2.1 is a corollary of Lemma 2.3. Indeed, by an inverse of Lya-
punov’s second theorem due to J. Kurzweil [14,Thm 7] there exists V €
C*(IR"; [0, +00)) satisfying (2.1) such that

Xs(z) -VV(z) <0 VzeR™{0}; (2.14)

it remdins only to notice that (2.2) and (2.3) follow from (1.9), (2.9) and
(2.10).
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We now prove Lemma 2.3. For i € Z let

Di={zeR" i<|ej<i+1}ifi>0, (2.15)
Di={ceR"; 27! <|g|< 2} ifi<0, (2.16)

By (2.4) and (2.10), for any 6 in C°(IR"*; [0, 1]), any ¢ in Z, and any maximal
solution of 2 = Xs(z),

1:(0) € D; = (:c(t) €D;.,UD;UD;;; Vtelo, 1]) (2.17)
Note also that
Xs = fs+9s (2.18)
with )
- L u(y))d 2.19
fs() |B(z,8(2))| JB(z,5()) f,u(v) dy (2.19)
and
1

g5(z) = 1B@, 5@ Jae.sto) (f(z,u(v) — f(y, u(y)))dy. (2.20)

Arguing by contradiction, we get, using (2.7), (2.8), (2.17), (2.18), (2.19),
(2.20) and a compactness theorem due to A. Filippov [10,Thm 3] that for
any 7 in 7 there exists 6; > 0 such that, if 6(z) < & Vz € D;_1UD;UD;4
and if z(-) is any maximal solution of £ = X;(z) then

(2(0) € Di) = (V*(2(1)) < V*(2(0)) - %ﬂ(ﬂf(o)))- (2:21)
Therefore (recall |Xs| < 1) any 6 in C°(IR"; [0, 1)) satisfying (2.9) and
6(:!:‘) < Min(é;_l, 6;,6i41) Ve € D; VieZ (2.22)

has the properties required by Lemma 2.3.

Remark 2.4. We need Lemma 2.2 only to prove Lemma 2.3. One can
obtain also Lemma 2.3 by using Theorem A.2 of the appendix instead of
Lemma 2.2.

In the nonaffine case Theorem 1.5 is a consequence of Lemma 2.1 and
of

Proposition 2.5. Assume that the conclusion of Lemma 2.1 holds. Then,

for any positive T, & = f(z,u) can be globally asympiotically stabilized by
means of a continuous T—periodic time-varying feedback law.
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Remark 2.6. a) Proposition 2.5 has been previously proved by E. Sontag
and H. Sussmann in [19;(3.5)] when n = 1 (the periodicity of the stabilizing
time-varying feedback law is not stated in [19] but can bé easily obtained
from the proof of [19;(3.5)]). b) It follows from [2;Thm 4.3] and Proposition
2.5 that, if £ = f(z,u) can be stabilized by means of a relaxed feedback law
which is continuous at 0 (and vanishes at zero), it can be, for any positive
T, globally asymptotically stabilized by means of a continuous T'—periodic
time-varying feedback law.

Proof of Proposition 2.5. Clearly by changing the scale of time if nec-

€ssary we may assume
T=2. (2.23)

Our first lemma follows from [2].

Lemma 2.7. Under the assumptions of Proposition 2.5 there exists v
R” x R — IR™ such that

v € C®°((R™"\{0}) x R;R™) N C°(IR" x IR; R™)

v(z,s+ 1) =v(z,s) VY(z,s) e R" xR, (2.24)
v(0,s) =0 Vs€IR, (2.25)

and L
VV(z)- /0 (@, o(z,5))ds < 0 Ve € R™\{0}. (2.26)

Proof of Lemma 2.7. With the notations of [2;p.1167] (with W =
IR"\{0}) we define ¥ : (IR*\{0}) x [0,1) — IR™ in the following way:
let = be a point belonging to the simplex [z, ..., z;,] with i} < -+ < #;in
particular

k
r = Z t;jz;j (227)
ji=1

with ¢;, € [0,1] Vj € [1, k] and
ot =1 (2-28)

For t € [Zj: ti., Z;=1tij) (with the convention Z;.J:l t;; = 0) and
£ e[l k] let
(z,t) = ug,. (2.29)
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Using (2.3) we may require that if z;, — 0 as ¢ — oo then u;; — 0 as
g — co. Therefore

Sup {|5(z,t)|; t € [0,1)} — 0 as £ — 0. (2.30)

By construction
1
VV(z)- / Fz,5(z,1))dt < 0 Vz € R™{0}. (2.31)
0

It remains only to extend ¥ to all R" x IR by requiring (2.24) and (2.25)
and then to smooth it to get v.

We now go back to the proof of Proposition 2.5. Let v be as in Lemma
2.7 and let for e > 0

Xe(z,t) = f(z,v(x,t/e)).
Let K and K’ be two compact sets of IR"\ {0} such that K C Interior( K').
Let ~
1
0 < § = Min {—VV(m) / f(z,v(z,t))dt; z € K'} . (2.32)
0

Then we have
Lemma 2.8. There ezists €9 > 0 such that for all € in (0, €]

(2 = Xe(=,t), 2(0) € K) = (z(t) € K', Vt €[0,¢]), (2.33)
(2 = Xe(=,1), 2(0) € K) = (V(z(e)) < V(2(0)) — (6/2)e).  (2.34)

Proof of Lemma 2.8. Clearly there exists €; > 0 such that, for ¢ € (0, ],
(2.33) holds. We now assume that ¢ € (0,¢1] and let z be a solution of
& = X.(z,t) with z(0) € K. We have

V(z(e)) - V(2(0)) = /Oe VV((t)) - f(2(2), v(=(2), t/e))dt,  (2.35)

IVV(z(t)) — VV(2(0))| < C(e), (2.36)
|F(z(2), v(z(2),t/€)) — f(2(0),v(x(0),t/e))| < C(e), (2.37)

where C(¢) is a constant independent of z(0) in K and ¢ in [0,¢) and
satisfies
elin'(l) C(e)=0. (2.38)

75



J.-M. CORON AND L. ROSIER

From (2.32), (2.35), (2.36), (2.37), and (2.38) we get (2.34) if ¢ € (0,¢0)
with ¢y € (0,¢;] small enough.
Let r = (r;; ¢ € ZZ) be a sequence of positive real numbers such that

r; <rip1 Vi€ Z, (2.39)
.liin ri = 400, (2.40)
1im ;= 0. (2.41)

Replacing V by V — V(0) we may assume
V(0) = 0. (2.42)
For two real numbers a and b let
D(a,b)={z€R"; a < V(z)<b}. (2.43)

Let p = (pi;i € Z) be the sequence of positive real numbers defined by

1
0 < pi = Min {—VV(:B) / F(z,v(z,t))dt; =€ D(r, r,-+1)} . (2.49)
0
Let a = (a;;i{ € Z) be a sequence of positive real numbers such that
ri+2a; <riy1 —2a;41 ViEZ (2.45)
and, for a sequence, let A € CY((0, +00); [0, 1]) be defined by
A(s) = |s—7i| fa; if s € [r; — ai, 7 + a4

A(s) =1if s € [ri + @i, rig1 — aiga]. (2.46)

For a sequence of positive real numbers € = (¢;;¢ € Z) we define a contin-
uous time-varying feedback law w on IR™ x [0, 1] by

w(z,t) = v(z,t/e;)A(V(z)) if z € D(r;,riq1) (2.47)

w(0,t) = 0. (2.48)

If £ = (&;;i € Z) is another sequence of positive real numbers we will say
that e < ¢ if
g <é&;, VieZh. (2.49)

Then, using Lemma 2.8, one easily gets
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Lemma 2.9. Let a = (a;;i € 7ZZ) be a sequence of positive real numbers
such that (2.45) holds. Then there exists a sequence £ of positive real num-
bers such that if ¢ < & then any mazimal solution of ¢ = f(z,w(z,t))
defined at 0 is defined on [0, 1] and satisfies for all i in Z and for alli in
[0, 1]

V(2(0)) € [ri1, 7] = V(2(2)) < V(2(0)) + 2Max(ai—1,a;) ,  (2.50)

V(z(0)) < ri — 2a; =
V(a(1) < Max(res + 2051, V(2(0) — (ui/2)).  (251)

Let now ' = (v{;i € Z) be the sequence of positive real numbers defined
by
ri= DE T (2.52)
2
For two sequences a’,¢’ of positive real numbers we define as before but,
with 7! instead of r;, a time-varying feedback law w' € CO(IR" x [0, 1]; IR™).
Finally let 4 : IR™ x [0,2] —» IR™ be defined by

a(z,t) = w(z,t) if t € [0,1], (2.53)
a(z,t) =uw'(z,t - 1)if t € (1,2]. (2.54)
Note that
2 € C°(IR™ x ([0, 2\{1}); IR™), (2.55)
Sup {|a(z,t)|;t € [0,2]} > 0asz — 0. (2.56)

One easily checks using Lemma 2.9 that if a and a’ are small enough (i.e.
a;+a} <1 Vi € Z for a suitable choice of 7; > 0) then, if € and ¢’ are small
enough, any maximal solution of z = f(z,u(z,t)) defined at t = 7 € {0,1}
is defined on [r, 2] and satisfies

V(z(t)) < 2V(z(T)) Vt €[r,2], (2.57)
V(2(2)) < V(2(0)) — 8(z(0)) if 7 =0, (2.58)

where 6 € C°(IR"; [0, +00)) satisfies
6(z) =0<=2z=0. (2.59)

Let 7 € C°(IR*;[0,1/2]) with 5(z) = 0 <= z = 0. We define u
R" x [0,2] - IR™ by u(0,t) = 0 for all ¢ in [0, 2], and for =z # 0
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(i) ift<1—n(z)ortel,2—n(z)

u(z,t) = iz, t), (2.60)
(ii) if t € [1 — n(z),1]
_l__th 77(:'3)+t"‘1w1z
u(z,t) = o) (z,0) + o) (z,0), (2.61)
(iii) if t € [2 — (=), 2]
2ot tm2hn@)
u(z,t) = pres) (z,t)+ (@) (z,0). (2.62)
Note that
u € C°(R" x [0,2];IR™), (2.63)
u(z,0) = u(z,2), Vz € R". (2.64)

We extend u to all IR™ x IR by requiring
u(z,t+2) = u(z,t) Y(z,t) e R” xR. (2.65)
By (2.64) and (2.65)
u € C°(R" x IR;IR™). (2.66)

Let Dy = {z € IR"; 3*~1 < V(z) < 8%} for k € Z. From the definition of u
we get that there exists a sequence € = (ex; k € Z) of positive real numbers
such that, if

7(z) <er Vz € Dy VkeZ, (2.67)

then any maximal solution of £ = f(z,u(z,t)) defined at ¢ = 0 which
satisfies V(2(0)) € [3%¥~1,8%+1] is defined on [0,2] and satisfies

V(z(t)) <3V(z(0)) Vtel0,2], (2.68)
V(z(2)) < V(z(0)). (2.69)
Indeed this can be easily seen by noticing that, given k in Z, there exists
6 = 8(k) > 0 such that for every solution z : [0,2] — UickyaDr of

z = f(x,u(z,t)) and every solution # : [1,2] — Uick42D: of the same
equation then

(1) — 51)} < 6 = V(5(2)) < V(2(0)) — %0(:0(0)). (2.70)

We now choose n € C°(IR"; [0, 1/2]) satisfying (2.67) for all k in Z. Then
0 is globally asymptotically stable point of ¢ = f(z, u(z,t)).
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3 Stabilisation

STABILISATION BY MEANS OF DISCONTINUOUS FEEDBACK LAWS AND
INTEGRATOR

Let us recall first a result proved independently in [3] and [20] (see also
[8] for related results): if the smooth (e.g. of class C!) system & = f(z,u)
can be locally asymptotically stabilized by means of a smooth (e.g. of class
C!) feedback law then z = f(z,y), ¥ = v can be locally asymptotically
stabilized by means of a smooth (e.g. of class C?) feedback law.

In this section we give an example showing that, even if f is analytic,
this no longer is true if we replace smooth feedback laws by discontinuous
feedback laws. Our example will be with n = 2, m = 1. Note that by
a theorem due to W.P. Dayawansa and C.F. Martin [9] there is no such
example with n = 1, m = 1. Our example is given in the following

Proposition 3.1. The system #; = u(€ R), 2 = z12 — 2z1u? can
be locally asymptotically stabilized by means of a discontinuous feedback
law. But the system &, = y, &2 = z12 — 22192, ¥ = v cannot be locally
asymptotically stabilized by means of a discontinuous feedback law. In fact
it cannot also be locally asymptotically stabilized by means of a time-varying
feedback law.

Remark 3.2. If f is only continuous there are systems withn = m =1
such that £ = f(z,u) can be locally asymptotically stabilized by means
of a continuous feedback law and such that £ = f(z,y), ¥y = v cannot
be asymptotically stabilized by means of a feedback law (time-varying or
discontinuous). This is the case for example if f(z,u) = 3 —u: 0 is a
globally asymptotically stable pomt of & = f(z,u(z)) with u(z) = 223,

but, 1fV(z y) = z — 32, i=z3 —y, y=vthen V=23 —y—2yp >
(v? )a —y—2yv > 0if V > 0,|v] < 1, and |y| small; this shows that
z = f(z,y), ¥y = v cannot be locally asymptotically stabilized by means of
a feedback law (time-varying or discontinuous).

Proof of Proposition 3.1. We first prove that £, = u, &3 = 2,2 —

2z,u? can be locally asymptotically stabilized by means of a discontinuous
feedback law. Let u : IR? — IR be defined by

u(zl,zz) = (132 - 21‘1)% if |:L'2 - 1,‘1| > (1,‘22 + 1712)%, (31)
u(ml, 1,‘2) = I:l:zl% if IZQ — 131' S (1‘22 + 1‘12)%. (32)

Note that (1.9) holds. Let V € C'(IR?;IR) be defined by
V(.’l:l,.’liz) = 1‘% —r1z2 4+ 1722. (33)
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Note that
V(z1,z2) > V(0) if (x1,22) # (0,0). (3.4)

Moreover straightforward computations show that, with X(z) =

(u(2), 1% — 2214%) (= (2, u(@))),
X(z) - VV(z) < —(212 + £2%)? if |z| is small enough (3.5)

which shows that 0 is a locally asymptotically stable point of £ = f(z, u(z)).

We now prove that #; =y, 3 = 2,2 — 2z,y?, ¥ = v cannot be locally
asymptotically stabilized by means of (discontinuous or time-varying) feed-
back law. Let H € C'(IR?,1R) be defined by

H(z1,23,y) = T3 +yz1°. (3.6)

Then )
H=z,%(1+v). (3.7

Therefore H > 0 if v > —1 which gives the desired statement (note that
(0,0,0) is in the closure of {(z,v); H(z,y) > 0}).

Appendix

ROBUSTNESS OF ASYMPTOTICAL STABILITY FOR DISCRETE-TIME SYS-
TEMS

It is sometimes useful to study the discrete-time system associated with
an ordinary differential equation

i = f(2) (A1)

in the following way: if f is locally Lipschitzian, we define F(z) to be the
point reached from z at time 1, that is F'(z) = 2(1) where z(-) is the
solution of 2 = f(z) such that z(0) = 2. The discrete-time system we
consider is then

Tn4l = F(S!!n). (AQ)

When (A.1) is an asymptotically stable system, then (A.2) is also an asymp-
totically stable system. If f is now only assumed to be continuous, F
must be regarded as a set-valued map, since there exist in general many
points reached from z in time 1. Our aim is to prove, under some general
hypotheses—which are satisfied when F' is constructed from f as above—
that asymptotic stability for systems of the type

Tpy1 € Fzy). (A.3)
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is a robust property, i.e: if we perturb slightly such systems the asymptotic
stability property is not lost, (even if F is not the Poincaré map of an
ordinary differential equation.)

From now on we consider an open set G C IR, containing the origin,
a continuous map w : G — IR¥ | such that w(z) =0 <= =z = 0 and
w(z) — +oo as z — JG, and a set-valued map F : ¢ € G — F(z) C G
such that

(i) Vz € G, F(z) is a nonempty compact set;

(ii) F is upper semicontinuous (usc): given zp € G and an open set

2 D F(=zg), we may find 6§ > 0 such that |z — 24| < 6§ = F(z) C Q.

It may be noted that (i) together with (ii) are equivalent to
(iti) For every nonempty compact subset K, the set {(z,y) €eG%ze
K,y € F(z)} is a nonempty compact set.

For A C G, F(A) denotes the set Uzea F(z) and we define, for z € G,
the sequence (F™(z)),,, by the natural following induction: F°(z) =
{z}, F\(z) = F(2), and F*(z) = F(F* Y(z)) = Uy pr-1(s)F(y) forn > 1.
The following proposition is an immediate translation of a result obtained
by Kurzweil in [14].

Proposition A.1. Let F : G — P(G) be a set-valued map satisfying
(i), (ii) and such that F(0) = {0}. Then the following two properties are
equivalent:
P1: 0 is an asymptotically stable (on G) point for the system (A.3), that is

a) Ve, 36 such that w(z) < 6 = Vn, w(F*(z)) C[0,¢€];

b) all trajectories of (A.3) tend to 0 as n — +oo.
Pa: There exist an increasing function B : (0,+00) — (0,+00), with
limg_,o B(8) = 0 and a function T : (0,+00)> — (0,+400) such that
Ve > 0,Y8 > 0, for any trajectory (zn)n>o of (A.3), with w(zo) < B,
we have

¢) w(zn) < B(B) Vn > 0.

d) w(z,) <eVn>T(B,¢).

We now state the main result of this appendix, which can be used instead
of Lemma 2.2 to prove Lemma 2.3.

Theorem A.2. Assume that P; holds, then there exists § in
C%(G;[0,+00)) such that
i) 6 >0 on G\ {0};
i1} §(0) = 0;
i) F(z)+ B(0,6(z)) C G, Vz € G\{0};
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iv) 0 is an asymptotically stable (on G) point for the system
Ty € F(z,)+ B(0,6(zn)).

Theorem A.2 is an immediate consequence of

Lemma A.3. Let 8 >0 and N € IN be such that w(z) < 8 = w(F*(z)) C
[0,%] Vn > N. Then there ezists 6 > 0 such that, for any z¢ and any

sequence Zg,2),...,&N in G satisfying: w(zg) < B and Tp4 € F(25) +
B(0,6) for0<n < N — 1, we have
. B
w(zn) <3 (A4)
w(#,) < 2B(B) forn=0,1,..., N.

(B(-) is the function given by P,.)

Proof of Lemma A.3. Since the set-valued map F is usc, for any subset
K of G and any neighborhood V of F(K), there exists a neighborhood U
of K such that F(U) ¢ V. We apply inductively this fact to the sequence
of compact sets FN~1(zq), FN~?(z0),..., F(zq), {zo} for proving the ex-
istence of &, such that, if Zo € B(xo,65,) and Z,41 € F(Zs) + B(0, 62,)
for all n in [0, N — 1], then

d(%,, F™(z0)) < min(B(f), g) 0<n<N. (A.5)

Using the compactness of {z;w(z) < 8} the lemma follows.
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