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Partial Differential Equations and Applications

Free boundary problems, shape optimization, inverse
problems
Non-linear evolution problems, reaction-diffusion systems,
asymptotic behavior
Control and stabilization of systems governed by PDE’s
Integral equations, domain decomposition
Fluid-structure problems
Vlasov-Poisson-Maxwell equations, applications to plasma
physics

Previous collaborations with South America : INRIA associated
team ANCIF with the University of Chile
and a CAPES - COFECUB bilateral agreement with the UFRJ
and the LNCC
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A domain decomposition method for second order
nonlinear equations

Joint work with NourEddine Alaa from the University Cadi
Ayyad, Marrakech, Maroc

Introduction
The aim of this communication is to give a result of existence
and present a numerical analysis of weak non-negative
solutions for the following quasi-linear elliptic problem in one
and two dimensions:{

−Au(x) + G(x ,Du(x)) = F (x ,u(x)) + f (x) in Ω ,
u(x) = 0 on ∂Ω

(1)

where A is a second order derivatives operator in one
dimension and the Laplace operator in two dimensions, G,F
are measurable and continuous non negative functions. The
function f is given finite and non negative. The domain
Ω ⊂ RN , N = 1,2 is open and bounded.
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In the one dimensional case we are particularly interested by
situations where f is irregular and where the growth of both G
with respect to u′ and F with respect to u are arbitrary. A model
problem is the following:{

−u′′(t) + |u′(t)|q = |u(t)|p + f in (0,1)
u(0) = u(1) = 0

(2)

where p,q ≥ 1 and f ∈ M+
B (0,1).
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In the two dimensional case we assume that the growth of G is
subquadratic. A classical example is the following:{

−∆u(x) + |∇u(x)|p = |u(x)|q + f in Ω
u = 0 in ∂Ω

(3)

where 1 < p,q <∞ and

f ∈ L1(Ω), f ≥ 0
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Remarks

•When f is regular, it is proved by in P.L. Lions that if (2) has a
non negative supersolution in W 1,∞

0 then (2) has a solution in
W 1,∞

0
⋂

W 2,p. Here the supersolution vanish at the boundary.
•When f is irregular and G is subquadratic with respect to u′

namely:

G(t , r) ≤ c(g(t) + |r |2), g(t) ∈ L1(0,1), c > 0 (4)

Then (2) has a solution u ∈ H1
0 (0,1) if (2) has a supersolution

in W 1,∞(0,1).
Choquet-Bruhat-Leray, P.L. Lions,Boccardo-Murat-Puel, Bensoussan,
Gallouët, Brezis-Strauss, Baras-Pierre, Porretta

W k ,p(0,1) = {f ∈ Lp(0,1) such that∀α, |α| ≤ k , ∂αf ∈ Lp(0,1)}.
W k ,p

0 (0,1) is the closure of C∞c (0,1) in W k ,p(0,1).
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Another problem is the numerical approximation of the solution
of (1).
The general algorithm for numerical solution of these equations
is one application of the Newton method to the discretized
version of problem (1):

Find U ∈ RN such that A U = H(U)

where A is a sparse matrix and H : RN → RN is a nonlinear
operator. The Newton algorithm is given by:

choose U0 in a neighborhood of the solution
and solve until convergence
(A− H ′(Uk ) Id) (Uk+1 − Uk ) = −A Uk + H(Uk )

where H ′(Uk ) is the Jacobian matrix of the operator H
computed in Uk and Id is the identity matrix in RN .
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The main result in the one dimensional case
We assume

f is a nonnegative finite measure on (0,1) (5)

and G,F : [0,1]× R → [0,+∞) are such that G,F are
measurable.

The functions r → G(t , r),F (t , r) are continuous almostevery t
(6)

F (t , .) is nondecreasing and G(t , .) is convex, (7)

∀r ∈ R, G(., r), F (., r) are integrable on (0,1) (8)

G(t ,0) = min{G(t , r), r ∈ R} = 0 and F (t ,0) = 0. (9)
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We introduce the notions of weak solution, supersolution and
subsolution in the one dimensional case.

Definition
A function u is said to be a weak solution of (1) if{

u ∈W 1,∞
loc (0,1)

⋂
C0[0,1]

−u′′(t) + G(t ,u′(t)) = F (t ,u(t)) + f in D′(0,1)
(10)

(replace in (10) = by ≥ for a weak supersolution and by ≤ for a
weak subsolution)

Remark
In (10) u ∈W 1,∞

loc (0,1), using (8) we have G(t ,u′(t)) and
F (t ,u(t)) ∈ L1

loc (0,1). Hence every term in (10) makes sense.
W k ,p

loc (0,1) is the set of all the function f ∈ Lp
loc(0,1) such that

for all Ω ⊂⊂ (0,1), f |Ω ∈ W k ,p(0,1).
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Theorem

Assume (5)-(9). Assume that there exist a weak solution w for
the problem, {

w ∈W 1,∞
loc (0,1) ∩ C0[0,1]

−w ′′ = F (.,w) + f in D′(0,1)
(11)

Then w is a supersolution of (10) and there exist a weak
solution u of (10) (such that u ≤ w).

Remark If f ∈ M+
B (0,1), the problem:{

w ∈W 1,∞
0 (0,1)

−w ′′ + G(t ,w ′) = f in D′(0,1)
(12)

has an unique solution w , and w is a subsolution of the
problem (10).
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To prove the theorem we consider an approximate problem

Gn(t , r) =


G(t ,−n) + G′r (t ,−n) (r + n) if r ≤ −n
G(t , r) if |r | < n
G(t ,n) + G′r (t ,n) (r − n) if r ≥ n

(13)

where Gr
′ denotes a section of the subdifferential of G

with respect to r .
Then Gn satisfies Assumptions (6) -(9) and

Gn ≤ G , Gn ≤ Gn+1 (14)

then Gn(t , .) increases a.e. to G(t , .) as n tends to infinity.
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There exists a sequence (un) of solution of the problem:{
un+1 ∈ W 1,∞

0 (0,1)
−u′′n+1 + Gn+1(t ,u′n+1) = F (t ,un) + f in D′(0,1)

(15)
where u0 = w .
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For this sequence we can proof :

By induction that un+1 ≤ un ≤ w in [0,1] for all n ≥ 0.

that un is bounded in W 1,∞
loc (0,1) ∩ C0[0,1] independently

of n.

there exists a subsequence, still denoted by (un) for
simplicity, such that un converges to u strongly in L∞(0,1)
if n→∞. Also u′n+1 converges to u′ strongly in L1

loc(0,1)
and almost everywhere in (0,1).

Then we conclude that u′n+1 converges to u′ strongly in
L∞loc(0,1), and

||u′n||L∞(a,b) ≤ C′(a,b)

C′(a,b) = K (a,b) ( c(a,b) + ||w ||L∞(0,1)

+ ||f ||MB + ||w ||L∞(0,1))

K (a,b) = 1/η and 0 < η < a < η + b < 1.
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Since G(t , .) and F (t , .) are continuous with respect the two last
arguments, we have

G(t ,u′n+1) , F (t ,un) → G(t ,u′) , F (t ,u) a.e. t ∈ (0,1). (16)

On the other hand, for almost every t ∈ (a,b) and
∀0 < a < b < 1

|G(t ,u′n+1(t)| ≤ max
|r | ≤C′ (a,b)

|G(t , r)| = θ(t) (17)

and

|F (t ,un(t))| ≤ max
|s|≤max( ||w ||L∞(0,1), ||w ||L∞(0,1))

|F (t , s) | = θ̂(t) (18)

and θ, θ̂ ∈ L1
loc (0,1) from Assumption (8).
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Using Lebesgue’s dominate convergence Theorem, we also
have;

G(t ,u′n+1), F (t ,un) → G(t ,u′), F (t ,u) in L1(a,b) respectively

Now, we can pass to the limit in Problem (15). Let ϕ ∈ D (0,1)
with support of ϕ ⊂ [a,b] then

0 = limn→∞ 〈−u′′n+1 + G(u′n+1) − F (un) , ϕ 〉
= 〈−u′′ + G(u′) − F (u) , ϕ 〉

where 〈., .〉 denotes the duality pairing between D′(0,1) and
D(0,1). This completes the proof.
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Numerical Method
Then the algorithm can be formulated in the following way:
1) Find w ∈ H1

0 (0,1) such that:

(P1) − w ′′(t) ≥ F (t ,w) + f in (0,1)

2)Given u0 = w we compute a sequence, {un}n, solution
in H1

0 (0,1) of the non linear equation:

(P2) − u′′n+1(t) + Gn+1(t ,u′n+1) = F (t ,un) + f in (0,1)

Both problems (P1) and (P2) are nonlinear, and if (P1) have
a solution, the solution of problem (P2) converges to one
solution of (1) when n→∞.
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To solve the nonlinear equation (P1) we consider the Newton
method. We construct a sequence wk such that it converges to
w .
Let w0 = 0, we define wk+1 = wk + δ where δ is at each
iteration the solution of the following linear problem:

(P3)

{
−δ′′(t)− ∂F (t ,wk )

∂r δ(t) = (wk )′′(t) + F (t ,wk ) + f in (0,1)
δ(0) = δ(1) = 0

This problem is not necessary elliptic. Then to solve the
problem (P3) we introduce a domain decomposition method
where the measure of each subdomain should be determined
by the behavior of ||∂F (wk )

∂r ||∞.
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To simplify the text we reformulate Problem (P3) in the following
way: find v ∈ H1

0 (a,b) such that:{
− v ′′(t) + c(t) v(t) = h(t) in (a,b)

v(a) = v(b) = 0

where h ∈ MB(a,b), the set of finite measure in (a,b), and
c(t) ∈ L2(a,b), without any restriction in its sign. We assume
c∞ = ||c||L∞(a,b) bounded.
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Thanks to the Poincaré inequality we have:

(w ′,w ′)2
L2(a,b) =

∥∥w ′
∥∥2

L2(a,b)
≥ co

|b − a|
‖w‖2L2(a,b) =

co

|b − a|
(w ,w)2

L2(a,b)

and in the case of the bilinear form

a(w , v) = (w ′,w ′)2
L2(a,b) + (c w ,w)2

L2(a,b)

we obtain:

a(w ,w) ≥ (1− c∞
c0
|b − a|)(w ′,w ′)2

L2(a,b)

Then the bilinear form a(w , v) should be coercive if

|b − a| < c0

c∞
.
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The algorithm may be formulated as follows:

1) We compute c∞ =
∥∥∥∂F (wk )

∂r

∥∥∥
∞

. First we decompose (a,b)

in a set of m overlapping subdomains (ai , bi) such that
(a,b) = ∪m

i=1(ai , bi) and (ai , bi) ∩ (ai+1 , bi+1) 6= ∅ and
satisfies :

ai+1 < bi and |bi − ai | < min(
c0

c∞
,

π

2
√

c∞
)

2) Iteratively :
for l = 1, ... convergence
for i = 1, ..,m
We solve the following subdomains problems:
−(δl

i )
′′(t)− ∂F (t ,wk )

∂r δl
i (t) = (wk )′′(t) + F (t ,wk ) + f in (ai ,bi)

δl
i (ai) = δl

i−1(ai), δ
l
i (bi) = δl−1

i+1(bi)

where δl
1(0) = 0, and δl

m(1) = 0
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At each subdomain (ai ,bi) we consider a finite element
approximation method with Ni elements. At the termination of
the computation δl

i contains the approximate discrete solution
for (ai ,bi); i = 1, ...,m.

3) At this step for u0 = w̄ , iteratively for n = 1, until
convergence we solve the following non-linear problem
obtained using the Yosida approximation of G:{

−u′′n(t) + Gn(t ,u′n) = F (t ,un−1) + f in (0,1)
un(0) = un(1) = 0

(19)

At each n-step the Problem (19) is solved using a Newton
method.
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To simplify, without lost of generality, we assume that we can
consider a two domains decomposition (a,b) = (a, β)

⋃
(α,b)

such that:

α < β and (β − a), (b − α) < min(
c0

c∞
,

π

2
√

c∞
)

Then, if v0 is an initialization function defined in (a,b) and
vanishing in a and b we define for k ≥ 0, 2 sequences
vk

i , i = 1,2 solving the following problems:{
−(vk+1

1 )′′ (t) + c(t) vk+1
1 (t) = h in (a, β)

vk+1
1 (a) = 0; vk+1

1 (β) = vk
2 (β)

and {
−(vk+1

2 )′′(t) + c(t) vk+1
2 (t) = h in (α,b)

vk+1
2 (α) = vk

1 (α); vk+1
2 (b) = 0
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Schwarz overlapping domain decomposition algorithm

Theorem

Assume a,b, α and β satisfies the restriction:

α < β and (β − a), (b − α) < min(
c0

c∞
,

π

2
√

c∞
)

Then the sequence vk converges to v in C(a, β) and C(α,b).

Let dk = vk
1 − v in (a, β) and ek = vk

2 − v in (α,b).
We prove the following inequality:

||dk+2||∞ ≤ γ ||dk ||∞ and ||ek+2||∞ ≤ γ ||ek ||∞

where γ < 1.
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Numerical example

{
−u′′(t) + α(t) |u′(t)|q = β(t) |u(t)|p + f in (0,1)
u(0) = u(1) = 0

where p = 3, q = 4 and:

α(t) =

{
0 in (0,0.5)

10× (t − 0.5) in (0.5,1)

β(t) =

{
36× (0.5− t) in (0,0.5)

0 in (0.5,1)
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Figure: f (t) = 5. ∗ δt , t = 0.5,m=7,p=3,q=4
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Figure: f (t) = 5. ∗ δt , t = 0.5,m=2,p=3,q=4
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Figure: f (t) = 5. ∗ δt , t = 0.5,m=7
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In the two dimensional case we consider the following example:{
−∆u + G(x ,∇u) = F (x ,u) + f in Ω
u(x) = 0 on ∂Ω

(20)

where: G(x , r) = |r |p = (r2
1 + r2

2 )
p
2 and r = (r1, r2) ∈ R2 for

1 < p <∞.
F (x , s) = η sq where s ∈ R+ and 1 < q <∞.
f (x) = xσ1 + xτ2 where x = (x1, x2) ∈ Ω and −1 < σ, τ <∞.
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Figure: η = 45, p=q=3,σ = τ = 2
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Figure: η = 45, p=q=3,m=36
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evolution of the correction

Figure: η = 45, p=q=3,m=36
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Figure: η = 45, p=q=3,m=36
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Electromagnetic Casting Inverse Problem

Joint work with Alfredo Canelas and Jose Herskovits from the:
Mechanical Engineering Program - COPPE - Federal University
of Rio de Janeiro, CT, Cidade Universiária, Ilha do Fundão, Rio
de Janeiro, Brazil.
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Model Problem in 3d.

∇× B = µ0j0 in Ω

∇ .B = 0 in Ω
B.ν = 0 on ∂ω = Γ
||B|| → 0 at ∞
‖B‖2

2µ0
+ σH+ ρg · x3 = p0 on Γ

µ0 the magnetic permeability.
ν the unit normal vector.
σ the surface tension.
H the curvature of Γ = ∂Ω.
p0 a constant unknown of the
problem.
j0 is the current density.
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example
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Model Problem in 2d

−∆ϕΩ = µ0j0 in Ω

ϕΩ = 0 on Γ
ϕΩ = O(1) at∞

1
2µ0
|∇ϕΩ|2 + σC = p0 on Γ

ω

Ω
j 0

Γ
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Model Problem in 2d

F (Ω, ϕΩ) = − 1
2µ0

∫
Ω
||∇ϕΩ||2dx + σ

∫
Γ

dγ(x)

µ0 the magnetic permeability.
σ the surface tension.
C the curvature of Γ = ∂Ω.
p0 a constant unknown of the problem.

j0 = I (
m∑

p=1

αpδxp )

I is the current density.
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The state equation

First of all we introduce the function :

ϕ1(x) = −µ0

2π

∫
R2

ln |x − y |j0(y)dy +
µ0

2π
ln |x |

∫
R2

j0(y) dy .

solution of −∆ϕΩ = µ0j0 in R2.
Then solve the state equation is equivalent to compute ϕΩ(x):

ϕΩ(x) = v(x) + ϕ1(x)

where v is the solution of:

−∆v = 0 in Ω

v = −ϕ1 on Γ
v = O(1) at∞
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The state equation

Next we introduce the integral single layer representation of the
solution of the problem:

v(x) = − 1
2π

∫
Γ

q(y)ln|x − y |dΓ(y) + c

with q(y) ∈ H−1/2(Γ) the solution of:

−ϕ1(x) = − 1
2π

∫
Γ

q(y)ln|x − y |dΓ(y) + c

and: ∫
Γk

q(y)dΓ = 0
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The shape optimization inverse problem in 2d

Given Ω∗ the target shape, we want to compute j0 solution of
the following optimization problem:

min
j0
δ(Ω, Ω∗)

where Ω ∈ O the set of admissible domains, with the following
constraints:

−∆ϕ = µ0j0 in Ω

ϕ = 0 on ∂Ω

ϕ(x) = O(1) as ||x || → ∞
1

2µ0
||∂ϕ
∂ν
||2 + σC = p0 on Γ∫

ω
dx = S0
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The shape optimization inverse problem

In the two dimensional case, we assume ω simply connected,
the boundary is only one Jordan curve Γ. We assume also that
j0 is compactly supported in Ω.
For each p0 such that

p0 ≥ 2σmax
x∈Γ
C(x) (21)

there exist B if and only if
(i) Γ is a analytic curve.
(ii) If p0 = 2σmaxx∈Γ C(x), this global maximum must be

attain in a number even of points.
Moreover the magnetic field is well determined in a
neighborhood of ω (local uniqueness).
See (Henrot and Pierre).
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The shape optimization inverse problem

Then if Γ is analytic and σ ≥ 0 the shaping inverse problem
have a solution. We can always find a current distribution
concentrated in a curve in Ω. But it’s not always possible to
have a current distribution j0 given by a addition of a finite
number of Dirac masses.
From a practical point of view if we do not want some current at
infinity, we must to build a charges distribution such that∫

Ω j0 = 0 and then it’s necessary that:

p0 = 2σmax
x∈Γ
C(x) (22)

See (Henrot and Pierre, Pierre and Rouy, Felici and Brancher).
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The Shape Optimization Problem

Typically we want to compute a shape Ω∗ such that:

Ω∗ = argmin{F (Ω, ϕΩ) : Ω ∈ O}

where:

• O is a set of admissible domains Ω

• F is a cost function depending on Ω and the solution of a
partial differential equation.
• Our interest is to use the Newton method to obtain a point Ω∗

which satisfies the Karush-Kuhn-Tucker necessary conditions.
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Shape derivatives

Let Ω be a bounded domain of RN .
Let V be a regular vector field (for instance in the Banach
spaceW1,∞(RN ,RN)) with compact support in an open
neighborhood of Ω. We consider domain deformations defined
by the mapping:

T (V ) : x → x + V (x)

and we set ΩV = T (Ω) = {x + V (x), x ∈ Ω}.
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Shape derivatives

For every V ∈ W1,∞(RN ,RN) such that ‖V‖W1,∞(RN ,RN ) < 1
the mapping Id + V is a diffeomorphism. Le O(Ω) be the set of
images of Ω.
If F (Ω) is a cost function is defined in O(Ω), F is shape
differentiable if the function:

V → F (ΩV ) (23)

is differentiable in 0 in the Banach spaceW1,∞(RN ,RN). This
derivative is a linear continues function defined in
W1,∞(RN ,RN) denoted F ′(Ω).
It can be shown that the linear application V → F ′(Ω)(V ) si
determined by the normal part of V in the boundary of Ω.
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Let L be the Lagrangian function defined in O(ω)× R by:

L(ω,p0) = E(ω)− p0 ( m(ω)− S0), (24)

Then, the first order optimality condition is the following:

L′(ω,p0)(V ) = 0 ∀ V ∈ W 1,∞(R2,R2). (25)

This kind of optimality conditions often appear in hydrodynamic
problems and other fluid problems.
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Theorem

Let Ω be the complement of a compact set ω in R2 with
nonempty interior. Assume that Γ = ∂ω = ∂Ω is of class C2. Let
V be in W 1,∞(R2,R2) with compact support. Let j0 be a square
integrable function with compact support in Ω.
Then, there exists a unique solution ϕωV in C1(ΩV ) of:

−∆ϕωv = µ0j0 in ΩV ,
ϕωV = 0 on ∂ΩV ,

ϕωV (x) = O(1) as ‖x‖ → ∞.
(26)

and the shape derivative of the lagrangian L is given by:

L′(ω,p0)(V ) =

∫
Γ

(
1

2µ0
‖∇ϕω‖2 + σC − p0

)
(V · ν)dΓ, (27)

where ν is the unit normal to Γ oriented toward Ω, C is the
curvature of Γ (seen from the metal) and ϕω the solution of (26).
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Shape discretization

We construct a sequence of (Γk , ϕΩk ,Z k ) such that:

• Γk is a piecewise linear closed surface approximation of Γ.
The nodes of the surface Γk are denoted by x i,k .
• If Ωk is the domain of boundary Γk then ϕΩk is the numerical
solution of the state PDE’s equation.
• Z k is a continuous piecewise linear vector field from Γk in R3

such that:

Z k (x) =
n∑

i=1

uiZ i,k (x)

and

Z i,k (x j,k ) = δi,j Ẑ i,k
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Update of the Surface

The updated surface Γk+1 is then given by:

Γk+1 =
{

X = x +
n∑

i=1

uiZ i,k (x); ui ∈ IR, x ∈ Γk}
where ūt = (u1, · · · .un) ∈ Rn are the unknowns which

determine the evolution of the surface Γk .
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Variational formulation with boundary element

−1
2π

∫
Γ

q(y)ln|x − y |dΓ(y) + c = −ϕ1(x) x ∈ Γ

In numerical calculations we consider a piecewise constant
approximation qh(x) of q(x)

qh(x) =
n∑

i=1

qiei(x) (28)

where ei(x) = 1 if x ∈ [x i,k , x i+1,k ] and zero elsewhere.

R(x) = ϕ1(x)− 1
2π

∫
Γ

qh(y)ln|x − y |dΓ(y) + c

Jean R. Roche Non-Linear P.D.E.’s Problems



Computational error:

A priori error:

||q − qh||
H−

1
2 (Γ)
≤ Chl+ 1

2 ||q||H l (Γ)

with l = min{τ, ν + 1}, ν = 0,1.
A posteriori error:

||q − qh||
H−

1
2 (Γ)
≤ C(

N∑
i=1

hi ||
∂R
∂s
||2L2(Γi )

)
1
2
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First formulation of the inverse problem

Let V be a regular vector field with compact support in an open
neighborhood of Ω∗ and Γ = (I + V )(Γ∗). Then the inverse
problem formulation is the following :

min
j0
||V ||2L2(Γ∗)

with the following constraints:∫
Γ
(

1
2µ0
||∂ϕ
∂ν
||2 + σC)Z .νdΓ =

∫
Γ

p0Z .νdΓ

for all Z in C1(R2,R2) and
−∆ϕ = µ0j0 in Ω
ϕ = 0 on ∂Ω

ϕ(x) = O(1) as ||x || → ∞
(29)

∫
ω

dx = S0
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Second formulation, indirect approach

An indirect approach of the inverse problem can be considered
if we introduce a slack variable function P(x) : Γ∗ → R in the
equilibrium equation. Then we obtain the following formulation
of the problem:

min
j0
||P||2L2(Γ∗)

such that:∫
Γ∗

(
1

2µ0
||∂ϕ
∂ν
||2+σC+P)Z .νdΓ =

∫
Γ∗

p0Z .νdΓ ∀ Z ∈ C1(R2,R2)

with the constraints (29). In this formulation the shape is no
more a unknown of the problem.
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Projection of the equilibrium equation

Let up be the vector of xp ∈ R2; p = 1, ...,m the position of the
m inductors. If we project the equilibrium equation in finite
dimension space generated by Z i , i = 1, ...n the discrete
version of the equilibrium is now the following:

DEi(up,u,qh, c,p0) =
1

2µ0

∫
Γ
||∂ϕh

∂ν
||2 (Z i · ν) dΓ+

+
( (x i − x i−1)

‖x i − x i−1‖
− (x i+1 − x i)

‖x i+1 − x i‖
)
· Ẑ i

−p0

∫
Γ
(Z i · ν) dΓ

where i = 1, ...n.
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First inverse problem formulation

Simultaneous Analysis and Design method (SAND)
Let L(u) =

∫
ω(u) dx and:

DE(up,u,qh, c,p0) = {DEi(up,u,qh, c,p0)}i=1,...n

Then the discretize version of the first inverse problem
formulation is the following:

min
up,u,q,c,p0

||V ||2L2(Γ∗) (30)

with the constraint:

G(up,u,q, c,p0) =

 A(u)qh − b(up,u)
L(u)− S0

DE(up,u,q, c,p0)

 = 0 (31)
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Second inverse problem formulation

In order to obtain a discretize version of the second inverse
problem formulation we consider a projection onto the
piecewise linear polynomials of the slack function P :

min
up,qh,c,p0

||P||2L2(Γ∗) (32)

with the constraint:

G(up,qh, c,p0,P) =

(
Aqh − b(up)

DF (up,q, c,p0,P)

)
= 0 (33)

where DF (up,q, c,p0,P) is a vector such that :

DFi(up,qh, c,p0,P) =
1

2µ0

∫
Γ∗
||∂ϕh

∂ν
||2 (Z i · ν) dΓ+

+
( (x i − x i−1)

‖x i − x i−1‖
− (x i+1 − x i)

‖x i+1 − x i‖
)
· Ẑ i

+ P
∫

Γ∗
Ph (Z i · ν) dΓ−p0

∫
Γ∗

(Z i · ν) dΓ
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Optimization Method

The Feasible Arc Interior Point Algorithm - FAIPA

It makes iterations on the primal and dual variables to solve the
Karush-Kuhn-Tucker optimality conditions.

Given an initial interior point, it defines a sequence of interior
points such as a suitable cost function is monotonically
reduced.

At each point, a feasible descent arc is obtained and, then, an
inexact one dimensional search is done along it to find the next
primal variables.
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Numerical results

Test example:

a) b)

Figure: Example 1,a) initial distribution of the inductors, b) final
distribution of the inductors with formulation one and two.
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Numerical results
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Numerical results

Figure: Example 2 - Target shape and initial configuration of the
inductors.
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Numerical results

a)

b)

Figure: Example 2, final distribution of the inductors and final shape,
a) formulation one, b) formulation two.
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Numerical results

Figure: Example 2 , Equilibrium shape obtained using he inductors
resulting from the solution of the inverse problem by formulation two.
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Numerical results
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Figure: Example 2, Evolution of the cost function during the
iterations.a) formulation 1, b) formulation 2
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Numerical results

Figure: Example 6, Target shape and initial configuration of the
inductors.
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Numerical results

a) b)

Figure: Example 6, final distribution of the inductors and final shape,
a) formulation one, b) formulation two.
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Numerical results

Figure: Example 6, Equilibrium shape obtained using he inductors
resulting from the solution of the inverse problem by formulation two
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Figure: Example 3, initial configuration and geometric constraints of
examples Ex3a and Ex3b. Dash-dot line: target shape, solid line:
curves ψ(x) = ψ0 for four different values of ψ0, plus: inductor of
positive current, circle: inductor of negative current.
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a b

Figure: Solution of example Ex3a, first formulation, a solution and
geometric constraint, b equilibrium shape and level curves of the flux
function ϕ.
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a b

Figure: Solution of example Ex3a, second formulation, a solution and
geometric constraint, b equilibrium shape and level curves of the flux
function ϕ.
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Numerical Methods for Vlasov equation

Joint work with the CALVI team, N. Besse, P.Bertrand, N.
Crouseilles, F. Filbet, A. Ghizzo, S. Labrunie, G. Latu, M.
Mehrenberger, E. Sonnendrüker, ............................
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The Vlasov Equation :

The Vlasov equation describes the evolution of a system of
particles under the effects of self-consistent electro magnetic
fields. The unknown f (t , x , v) depends on time t , position x ,
and velocity v . It represents the distribution function of particles
(electrons, protons, ions,...) in phase space. This model can be
used for the study of beam propagation or of a collisionless
plasma. The evolution of f (t , x , v) in the phase space Rd × Rd ,
d = 1, ..,3, is given by the Vlasov equation,

∂f
∂t

+ v · ∂f
∂x

+ F (t ,x,v) · ∂f
∂v

= 0,

where the force field F (t ,x,v) is coupled with the distribution
function f giving a nonlinear system of equations.
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Vlasov-Poisson model

Let ρ(t ,x) be the macroscopic charge density and j(t ,x) the
current density.

ρ(t ,x) = q
∫

f (t ,x,v) dv, j(t ,x) = q
∫

f (t ,x,v)v dv.

where q is the single charge. The force field is given for the
Vlasov-Poisson model by:

F (t ,x,v) =
q
m

E(t ,x)

E(t ,x) = −∇xφ(t ,x)

∆xφ(t ,x) =
ρ(t ,x)

ε0

where m represents the mass of one particle.
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Vlasov-Maxwell system

For the Vlasov-Maxwell system, we have:

F (t ,x,v) =
q
m

(E(t,x) + v× B(t,x))

where E ,B are solution of the Maxwell equations:

− 1
c2
∂E
∂t

+∇× B = µ0 j,

∂B
∂t

(t ,x) +∇× E(t ,x) = 0,

∇ · E(t ,x) =
ρ(t ,x)

ε0
,

∇ · B(t ,x) = 0.
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Conservative form of the Vlasov equation

If F = (v,E + v× B)T and ∇x,v · F = 0.

∂f
∂t

+∇x,v · (Ff ) = 0,
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Conservative properties of Vlasov-Maxwell system

Maximum Principle

0 ≤ f (x,v, t) ≤ max
(x,v)

(f0(x,v)).

Lp norm conservation, p integer, 1 ≤ p ≤ ∞

d
dt

(∫
(f (x,v, t))p dx dv

)
= 0

Volume conservation. For every volume V in the phase
space ∫

V
f (x,v, t) dx dv =

∫
F−1(V )

f0(y,u) dy du.
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Movement conservation.

d
dt

[∫
vf dxdv +

∫
E× B dx

]
=

d
dt

[∫
J dx +

∫
E× B dx

]
= 0.

Energy conservation.

d
dt

[
1
2

∫
|v|2f dxdv +

1
2

∫
(E2 + B2) dx

]
= 0.
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Semi-Lagrangian Method

The classical Semi-Lagrangian Method is a backward method
of lines. Given f n in time step tn we compute f n+1 in time step
tn+1, it can be decomposed in two step:

1 For each point xi of the phase space grid we compute
X (tn; xi , tn+1) the value in tn of the characteristic whose
value is xi at time tn+1.

dV
dt

= E(X (t), t),
dX
dt

= V .

2 The distribution function f solution of the Vlasov equation
is constant along the characteristic then:

f n+1(xi) = f n(X (tn; xi , tn+1)),

we compute f n(X (tn; xi , tn+1) using interpolation because
in general the feet of the characteristic X (tn; xi , tn+1) do not
belongs to the grid.
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Figure: Semi-Lagrangian Method Scheme.
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For the 1− d Vlasov-Poisson equation we consider the
electrons distribution function f in a domain [0,L]× R :

∂f
∂t

+ v
∂f
∂x
− E(t , x)

∂f
∂v

= 0,

dE
dx

= ρ(t , x) = 1−
∫

f (t , x , v) dv ,

with the initial condition f (0, x , v) = f0(x , v), such that∫
f0(x , v) dx dv = L.

We set a uniform discrete grid in a truncated phase space
[0,L]× [−A,A] with grid points :

xi = i
L
N
, i = 0, . . . ,N − 1 and vj = −A + j

2A
M
, j = 0, . . . ,M

f0(x , v) = (1 + ε cos(kx))
1√
2π

e−
v2
2 , L = 4π.
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1 Given the initial distribution f0(x,v) we compute
ρ(0, x) = 1−

∫
f0(x , v) dv and E(x ,0) solving the Poisson

equation.
2 Given f n in (xi , vj) and En in xi we update of f from tn à

tn+1 (With splitting).
We compute f ∗ solving

∂f
∂t

+ En ∂f
∂v

= 0

in a half time step ∆t
2 using Semi-Lagrangian Method .

We compute f ∗∗ solving in a time step

∂f
∂t

+ v
∂f
∂x

= 0

We compute ρn+1(x) = 1−
∫

f ∗∗(x , v) dv and En+1.
We compute f n+1 solving in a half time step

∂f
∂t

+ En+1 ∂f
∂v

= 0

with the initial condition f ∗∗.
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Computation of the feet of the characteristic

Transport equation

∂f
∂t

+ F(x, t) · ∇f = 0

Characteristic
dX
dt

= F(X , t)

Compute the feet of the characteristic
Explicit solution if F does not depend on x
Else backward Euler method X n+1 − X n = ∆tF(X n, tn) or
second order scheme in two time step.
Fixed Point algorithm to compute X n
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Theorem

Let E ∈ C2([0,T ]×R) be given. Then the solution of the Vlasov
problem associated is C3([0,T ]× R2) and the approximation fh
computed using splitting, Semi-Lagrangian method with linear
interpolation verify the following error estimation

‖f − fh‖∞ ≤ C(∆t2 +
h2

∆t
).
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Conservative Semi Lagrangian method

Start with the conservative form

∂f
∂t

+∇x,v · (Ff ) = 0,

∫
V f (x,v, t) dx dv is conserved

Three steps
High degree polynomial
reconstruction of the mean values
in V
Compute the feet of the
characteristic
Compute the mean value in V at
time tn+1 using that∫

V f (x,v, t) dx dv is conserved
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Figure: L1 norm evolution, SPL = cubic splines, PSM = cubic splines
with a positivity filter, PSM2 = cubic splines with a another positivity
filter, Lag3 = Cubic Lagrange interpolation, PFC = Cubic Lagrange
interpolation with a positivity filter, PFC = Cubic Lagrange
interpolation with a another positivity
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Figure: L2 norm evolution, SPL = cubic splines, PSM = cubic splines
with a positivity filter, PSM2 = cubic splines with a another positivity
filter, Lag3 = Cubic Lagrange interpolation, PFC = Cubic Lagrange
interpolation with a positivity filter, PFC = Cubic Lagrange
interpolation with a another positivity
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Figure: Initial data.
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Figure: After 4500 time step .
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