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Abstract

In this paper, we derive the exact rate of convergence of some approximation schemes
associated to scalar stochastic differential equations driven by a fractional Brownian
motion with Hurst index H. We consider two cases. If H > 1/2, the exact rate of
convergence of the Euler scheme is determined. We show that the error of the Euler
scheme converges almost surely to a random variable, which in particular depends on
the Malliavin derivative of the solution. This result extends those contained in [17]
and [I8]. When 1/6 < H < 1/2, the exact rate of convergence of the Crank-Nicholson
scheme is determined for a particular equation. Here we show convergence in law of
the error to a random variable, which depends on the solution of the equation and an
independent Gaussian random variable.
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1 Introduction

Let B = (B, t € [0,1]) be a fractional Brownian motion (in short: fBm) with Hurst
parameter H € (0,1), i.e., B is a continuous centered Gaussian process with covariance
function

1
Ry(s,t) = 5(321{ + 2 |t — 521, st e0,1].

For H = 1/2, B is a standard Brownian motion, while for H # 1/2, it is neither a semi-
martingale nor a Markov process. Moreover, it holds

(E|B;, — B2 =t — 5|, s,te]0,1],

and almost all sample paths of B are Holder continuous of any order « € (0, H).
In this paper, we are interested in the pathwise approximation of the equation

X, =x0+/0ta(XS)st+/0t b(X,)ds, te[0,1], (1)

with a deterministic initial value zg € R. Here, o and b satisfy some standard smoothness
assumptions and the integral equation (1) is understood in the sense of Russo-Vallois. Let
us recall briefly the significant points of this theory.

Definition 1 (following [27]) Let Z = (Zi)ico,1) be a stochastic process with continuous
paths.

o A family of processes (Ht(e))te[o,l} is said to converge to the process (Hy);c(o) in the ucp

sense, if SUP;e(o 1) ]Ht(a) — Hy| goes to 0 in probability, as e — 0.

e The (Russo-Vallois) forward integral fg Zsd~ By is defined by

¢
liﬁ(l] —ucp 5_1/ Zy(Biye — By)dt, (2)
E— 0

provided the limit exists.

e The (Russo-Vallois) symmetric integral fot Zsd° By is defined by
t
lim —ucp (2¢)7" / (Ztve + Zt)(Biye — By)dt, (3)
- 0
provided the limit exists.

Now we state the exact meaning of equation (I]) and give conditions for the existence and
uniqueness of its solution. We consider two cases, according to the value of H:



e Case H>1/2.
Here the integral with respect to B is defined by the forward integral (2I).

Proposition 1 If o € Cg and if b satisfies a global Lipschitz condition, then the
equation

X =m0+ /Ot o(Xs)d™ Bs + /Ot b(Xs)ds, te]l0,1] (4)

admits a unique solution X in the set of processes whose paths are Hélder continuous
of order o > 1 — H. Moreover, we have a Doss-Sussmann type [7, [29] representation:

Xt = ¢(At7 Bt)7 te [07 1]7 (5)

where ¢ and A are given respectively by

20 w1 0) = 0(olw,m2)), Gar0)= a1, ra R ©
T2

and
By
Azzexp<— /0 a’<¢<At,s>>ds>b<<z><At,Bt>>, Ao=z0,  te01. ()

Proof. If X and Y are two real processes whose paths are a.s. Holder continuous
of index a > 0 and 8 > 0 with a + 8 > 1, then fg Ysd~ X, coincides with the

Young integral fg Ysd X (see [28], Proposition 2.12). Consequently, Proposition [I is

a consequence of, e.g., [11] or [24].
O

e Case1/6 < H < 1/2.

When H < 1/2, in particular the forward integral fot B,d~ B, does not exist. Thus,
in this case, the use of the symmetric integral (3] is more adequate. Here we consider
only the case b = 0: for the general case see [19], [21] and Remark [

Proposition 2 If H > 1/6 and if o € C3(R) satisfies a global Lipschitz condition,
then the equation

t
X, = zo + / o(X,)d°Bs, tel0,1] 8)
0

admits a unique solution X in the set of processes of the form X, = f(By) with
f € C°(R). The solution is given by X; = ¢(xg, By), t € [0,1], where ¢ is defined by
(@).

Proof. See [19], Theorem 2.10.



Remark 1 In [2I], Nourdin and Simon developed recently a new concept, namely the
Newton-Cotes integral corrected by Lévy areas, in order to study equation (II) for any
H € (0,1). It allows to use a fixed point theorem to obtain existence and uniqueness in the
set of processes whose paths are Holder continuous of index a € (0,1) and not only in the
more restrictive - and a little arbitrary - set of processes of the form X; = f(By, A;) with
f:R x [0,1] — R regular enough and A a process with C'-trajectories, as shown in [19].

Approximation schemes for stochastic differential equations of the type () are stud-
ied only in few articles, see, e.g., [I7] and the references therein. In [I8], the second-named
author considers the approximation of autonomous differential equations driven by Holder
continuous functions (of any fractal index 0 < a < 1). He determines upper bounds for the
order of convergence of the Euler scheme and a Milshtein-type scheme, see also [30], and
applies then his results to the case of the fBm. In [I7], the first-named author studies the
following equation with additive fractional noise

X, = 20+ /0 ' o(5)dBs + /0 (s, Xo)ds, e 01] ()

under the hypothesis H > 1/2. For a mean-square-L?-error criterion, he derives by means
of the Malliavin calculus the exact rate of convergence of the Euler scheme, also for non-
equidistant discretizations. Moreover, the optimal approximation of equation (@) is also
studied in [I7].

In this paper, we are interested in the exact rate of convergence of the Euler scheme
associated to (@) and of the Crank-Nicholson schemes associated to (8). Thus here, com-
pared to [I7], we study the non-additive case. We obtain two types of results (see Section
3 for precise statements):

(i) It H>1 /2 and under standard assumptions on o and b, then the classical Euler scheme
X" with step-size 1/n for equation (@) defined by

{ Xg=a0 o —n (10)
X(k+1)/n = Xk/n + O-(Xk/n)ABk/n + b(Xk/n)ﬁv ke {07 RN 1}7

and X; = Yﬁlﬂ /n for t € [0, 1] verifies

_ 1!
WX X ] 5/ o' (X,) D X1ds. (11)
0

Here DXy, s,t € [0,1] denotes the Malliavin derivative at time s of X; with respect to
the fBm B. This result is somewhat surprising because it does not have an analogue



in the case of the standard Brownian motion. Indeed, in this framework, or more
generally when SDEs driven by semimartingales are considered, it is generally shown
that 7711 converges a.s. to Xy and then that the correctly renormalized difference
converges in law, see, e.g, [I3] and Remark [2, point 3. For the approximation of It6-
SDEs with respect to mean square error criterions, see, e.g., [12] or [16] and Remark

2l point 3.
Moreover, if we consider the global error on the interval [0, 1] of the Euler scheme, we
obtain .
— 1
n2H-1 HX” - XHOO 252 sup / o' (Xs)Ds Xyds| .
te(0,1] |J0

(ii) Assume that 1/6 < H < 1/2 and let us consider the Crank-Nicholson scheme X™ with
step-size 1/n associated to (8)):

X{f = X0
v — n 1 ¥ Y
Xlet1)n = Xim T2 (J(Xk/n) + J(X(k+1)/n)) (Bk+1)/n — Bi/n)s
ke{0,...,n—1},
SO (12)
and X' = X ﬁlﬂ /n for ¢t € [0, 1]. Here we obtain the following rates of convergence:

e (Ezact rate) If the diffusion coefficient o € C! satisfies
a(az)z = aa?® + fz + v with some «, 8,7 € R,

we have R o
n3H-1/2 [X{L - Xl] - o) G, (13)

with G ~ N(0,1) independent of X; and 0% given by ([22). We prove also an
equivalent of (I3]), at the global level:
c «

—>0'HE sup |o(Xy) Wy,
te(0,1]

R3=12 G

ke{0,...,n}

with W a standard Brownian motion independent of X.

Compared to the above result for the Euler scheme, the convergence to a mixing
law obtained here is classical in the semimartingale framework. In the fBm
framework, such a phenomenon was already obtained in three recent papers for
1/2 < H < 3/4: in [5], the authors study the asymptotic behavior of the power
variation of processes of the form fOT usdBs, while, in [14] and [15] the asymptotic

behavior of fot fxXHa (7: nf=1)ds is studied, where X * denotes the broken-line

approximation with stepsize 1/n of the solution X of (8) and X" its derivative.



o (Upper bound) If 1/3 < H < 1/2 and o € C;° is bounded, we have

for any o < 3H —1/2, n® [X'{L - Xl] Prob g, (14)

Note that (i) covers in particular the case of a linear diffusion coefficient, while in (ii)
we consider smooth diffusion coeflicients, which are bounded and therefore nonlin-

ear. The exact rate of convergence in the general case (ii) remains an open problem
although it seems that it is again 3H —1/2, as in (i).

The paper is organized as follows. In Section 2, we recall a few facts about the Malliavin
calculus with respect to the fBm B. Section 3 contains the results concerning the exact
rates of convergence for the Euler and the Crank-Nicholson schemes associated to (4)) and
([B]) respectively. The proofs of the results for the Euler scheme are postponed to Section 4.

2 Recalls of Malliavin calculus with respect to a fBm

Let us give a few facts about the Gaussian structure of fBm and its Malliavin derivative
process, following Section 3.1 in [23] and Chapter 1.2 in [22]. Let £ be the set of step-
functions on [0, 1]. Consider the Hilbert space H defined as the closure of £ with respect to
the scalar product

<1[07t]’1[075]>H = RH(t, S), s,t € [0, 1]

More precisely, if we set
Ku(t,s) = T(H+1/2) Yt — ) YV2F(H -1/2,1/2— H;H +1/2,1 —t/s),

where F' denotes the standard hypergeometric function, and if we define the linear operator
K3 from € to L?([0,1]) by

T
(Kio)) = Ku(T.5)ol) + [ (o) =) T2 (rs) e, s € 1]

then H is isometric to L?([0,1]) due to the equality

T
(s p)y = /0 (Kpe)(s)(Kpp)(s)ds, ¢,peH. (15)

The process B is a centered Gaussian process with covariance function Ry, hence its asso-
ciated Gaussian space is isometric to H through the mapping 14 — B;.

Let f : R®™ — R be a smooth function with compact support and consider the
random variable F' = f(By,,...,By,) (we then say that F' is a smooth random variable).
The derivative process of F is the element of L?(Q2,H) defined by

D,F = Za—xi(Btl,---,Btn)l[o,ti}(s), s € [0,1].
i=1



In particular DsB; = 1jg4(s). As usual, D2 is the closure of the set of smooth random
variables with respect to the norm

I1FIR, = EIFP] +E[ID.FIE].

The divergence operator § is the adjoint of the derivative operator. If a random variable
u € L*(Q,H) belongs to the domain of the divergence operator, then §(u) is defined by the

duality relationship
E(Fé(u)) = E(DF,u)n,
for every F € D12,

Finally, let us recall the following result proved in [20]:

Proposition 3 Let H > 1/2, 0 € Cg and b € Cl}. Then we have for the unique solution
X = (X3, t €[0,1]) of equation ({f) that X; € DY2 for any t € (0,1] and

t t
DXy = o(Xs)exp (/ v (Xy)du +/ a’(Xu)d_Bu> , 0<s<t<1, t>0. (16)

3 Exact rates of convergence

In the sequel, we will assume that [0, 1] is partitioned by {0 =ty < t; < ... < t, = 1}
with ¢, = k/n, 0 < k < n. Rates of convergence will thus be given relative to this partition
scheme. For simplicity, we write ABy, instead of B(j41)/, — By/,. For the usage of
non-equidistant discretization in the simulation of fBm, see Remark B, point 2.

3.1 Euler scheme

In this section, we assume that H > 1/2 and we consider equation (@), i.e., the integral
with respect to B is defined by (2)). The Euler scheme X" for equation (@) is defined by
(I0). The following theorem shows that the exact rate of convergence of the Euler scheme
is in general n=27+1 for the error at the single point ¢ = 1.

Theorem 1 Let b € Cg and o € Cg’. Then, as n — oo, we have
-1 a.s 1 1
n2H -1 (X —Xi] = - 5/ o' (Xs)DsX1ds. (17)
0

Proof. We postpone it to Section 4. O



Remark 2 1. The asymptotic constant of the error does not vanish, e.g., for the linear
equation with constant coefficients, i.e.,

t t
X = xo +7/ Xsd” Bs + ﬁ/ Xsds, te€]0,1] (18)
0 0

with 7,8 € R, v # 0 and zy # 0.

2. The appearance of the Malliavin derivative in the asymptotic constant seems to be
due to the fact that (D;Xi)ejo,1] measures the functional dependency of X; on the
driving fBm, see [25].

3. For the It6-SDE, i.e., the case H = 1/2, it is shown in [13] that

1
1/2 [57n _ yIto| £ 1 1y Ito\y —1
n [Xl X! }—> _\/iyl/o oo’ (X1O)y L aw,

as n — 0o, with a Brownian motion W, which is independent of the Brownian motion
B, and

s . 1 . s .
Y, = exp (/ b (x1oy — 500"(X}f°) du —I—/ o (X10) dBu> , s€0,1].
0 0

In [3] the analogous assertion for the mean-square error is established, i.e.,

— 12 1 1 ) 2
nE(X1 — Xl — 3B / oo’ (XYY, L aw,
0

as 1 — OQ.

4. Assume that b € Cg, o € Cg’ and that additionally b and o are bounded with
infyer |o(x)] > 0. Under these stronger assumptions, which are a priori only of
technical nature, we can show - by applying the same techniques - that Theorem [ is
also valid with respect to the mean square error, i.e.,

2) 1/2

as n — oo. Note that under the above assumptions on b and o equation ([7]) simplifies

to
b(¢(A¢, Br))
Ay = 2L Ag = g, tel0,1],
'S (oA By 0T 0.1
which allows us to control the integrability of the remainder terms in the error expan-
sions made in the Proof of Theorem [11

1
/ o' (X) D X1ds
0

_ —n 2\ 1/2 1
n2H1<E‘X1_X1|> —>§<E



5. For equation (I8]) and when H < 3/4, it is possible to go further and to obtain a
convergence in law for the third term in the asymptotic development of X ?, see also
Theorem [B We have, as n — +oo,

X7 2 ox
WX x2S 2 X, (19)
U PO (RS T B SD Y ¢

with G a centered Gaussian random variable. For H = 3/4 the last convergence is
again valid if one replaces n2f—1/2 by p2H-1/2 (log n)_l/z. Indeed, we have

n—1

. |

X3 = xpexp (’YBl + 6 - §’Y2 E (ABy/n)? + Rn>
k=0

with n?#=1/2|R,| 2% 0 as n — co. Thus it holds, as n — +oo0,

2 2 n—1
XU X+ 77 X1l _JW X1 Y [0 ABy)? — 1)
k=0

Hence Theorem 3 (or Theorem 6 for the case H = 3/4) in [5] allows us to obtain the
convergence in law in (I9). When H > 3/4, it seems to be hard to derive a result in
law since, in this case, arguments used in the proof of Theorem 3 in [5] are not valid
anymore. Indeed, in this case, we do not work in a Gaussian framework, see, e.g.,
Theorem 8 in [5].

To overcome this problem one can modify the Euler scheme for the linear equation
such that the second order quadratic variation of B appears in the error expansion.
See, e.g., [I5] for a similar strategy in the case of weighted p-variations of fractional
diffusions. The second order quadratic variation of fractional Brownian motion is
given by

n—1

V2(B) = (Bges1)/n — 2Brsn + Ba1yn)”
k=1

It is well known, compare for example [I], that

nA-ty2(B) 2% 492
n2H—1/2V3(B) . n1/2(4 . 22H) £, G,

as n — 00, where G is a centered Gaussian random variable with known variance
c%{ > 0. Moreover, by an obvious modification of Proposition @ we also have

(BLn22v2(B) —n'/2(4 = 221)) 5 (B1,G)



as n — oo, with G independent of Bj.

For the following approximation scheme for the linear equation (I))

Xg = X0
~n Nn ~TL 2 ~TL ~TL
Xlryn = Xin TIXL 0 BB + 5 X5, Bk B A1) /n B + 5Xk/n%’

ke{0,...,n—1},
we get by straightforward calculations

51
2

— 1 1
X, = Xjexp <—172Vn2(3) - ﬁ7315 + Rn>

with p@in{2H=1/21} R | 2% 0 as n — oco. Hence we obtain
> a.s ’72
n2H-1 [X{L - Xl} 25 T (4 - 22Xy

as n — oo. Furthermore, we get the following error expansions according to the
different values of H.

(i) Case 1/2 < H < 3/4:

~ fy2 L 72
n2H-1/2 [X{z — X1+ (- 22H)X1n1_2H] —= - XiG.

(ii) Case H = 3/4:

> 72 7 32
n [X{‘ - X+ (- 23/2)X1n_1/2] 5 = X6 - X - X By

(iii) Case 3/4 < H < 1:

. ,72 C ﬁ2
n [X{L - X+ (- 22H)X1n1_2H} — =5 X1 = fyX1 By

Thus for this scheme we get — according to the values of H — different error expansions
due to the drift part of the equation.

For the global error on the interval [0, 1], we obtain the following result.

Theorem 2
— 1
n2H_1HXn — X|loo 25, - sup
te[0,1]

/t o' (Xs)Ds Xyds| . (20)
0

Proof. We postpone it to Section 4.
10



|

Hence the Euler scheme obtains the same exact rate of convergence for the global error on
the interval [0,1] as for the error at the single point ¢t = 1. Moreover we have a.s.

sup =0

t
/0/(XS)DSX1dS
te(0,1] |J0

if and only if a.s.
X, € (o6")71({0}) forall te0,1].

Remark 3 1. If b = 0, Theorem [l and 2] are again valid under the weaker assumption
that o € Cg. Since in this case

D.X, = o(Xs)exp ( / t a’(Xu)d_Bu> —o(X))  selod],

which is an obvious consequence of the change of variable formula for fBm, we have

here .
X - X ] 2 - %U(Xl) /0 o' (X,)ds
and .
n2H-1 Hyn —XHOO &% sup |o(Xy) / o' (Xs)ds|,
te(0,1] 0
respectively.

2. For H # 1/2 the increments of fractional Brownian motion are correlated. There-
fore the exact simulation of B(t1),...,B(t;) is in general computationally very ex-
pensive. The Cholesky decomposition method, which is to our best knowledge the
only known exact method for the non-equidistant simulation of fractional Brownian,
requires O(n3) operations. Moreover the covariance matrix, which has to be decom-
posed, is ill-conditioned. If the discretization is equidistant, i.e., t; = i/n, i =1,...,n,
the computational cost can be lowered considerably, making use of the stationarity of
the increments of fractional Brownian motion. For example, the Davies-Harte algo-
rithm for the equidistant simulation of fractional Brownian motion has computational
cost O(nlog(n)), see, e.g., [6]. For a comprehensive survey of simulation methods for
fractional Brownian motion, see, e.g., [4].

3. In the Skorohod setting, it is in general difficult to write an Euler type scheme asso-
ciated to equation (), even if H > 1/2 and b = 0. Indeed, in this case, by using the
integration by parts rule 6(Fu) = Fo(u) — (DF, u)y for the Skorohod integral and by

11



approximating X(41y/n by Xp/n + fk(;f;’l)/" 0(X})/n)0Bs (as in the case H = 1/2), one
obtains

Xiernym = Xpm + (X /m) (Bt — Biyn) — ' (X ) DX ks Lt/ (k1) /] ) H-

The problem is that the Malliavin derivative DYZ/,L appears, which is difficult to
compute directly. Moreover, the error analysis of such an approximation seems also
to be very difficult, because the L?-norm of the Skorohod integral involves the first
Malliavin derivative of the integrand. Thus, for analyzing such an approximation
scheme, we need also to control the difference between the Malliavin derivative of
the solution and the Malliavin derivative of the approximation. But this involves the
second Malliavin derivative etc. and we cannot have closable formulas. It is one of
the reasons for which we preferred here to work within the Russo-Vallois framework,
instead of the Skorohod one. Another reason is that the Russo-Vallois framework is,
from our point of view, simpler in the one-dimensional case than the Skorohod one,
as it is shown in [19].

3.2 Crank-Nicholson scheme

In this section, we assume that 1/6 < H < 1/2 and we consider equation (8). Let X"
be the Crank-Nicholson scheme defined by (I2]), which is the canonical scheme associated
to equation (§]), since the integral with respect to the driving fBm B is defined by the
symmetric integral. It is an implicit scheme, but it is nevertheless well-defined, since for
n sufficiently large, x — z — %ABk /n0(x) is invertible. Although (I2]) seems to be rather
close to (I0) with b = 0, the situation is in fact here significantly more difficult. That is
why we study the rate of convergence for the Crank-Nicholson scheme only in the following
particular cases:

e Casel: 1/6 < H < 1/2 and o € C! satisfies o(z)? = ax?+ B+~ for some a, 3,7 € R,
e Case 2: 1/3 < H <1/2 and o € C;° bounded.

3.2.1 Casel

Compared to Theorem[I] we have here a convergence in law. Moreover, the limit of the error
is expressed as a mixed law between B; and an independent standard Gaussian random
variable G, see also Remark 2] point 4.

Theorem 3 Assume that 1/6 < H < 1/2 and o € C! satisfies o(x)? = az® + Bz + v for
some a, 3,7 € R. Then, as n — oo, we have

n3H—-1/2 {X{L _ Xl] i)gH % o(X1)G. (21)

12



Here G ~ N(0,1) is independent of X1 and

of =4/3+1/3) 0(0)%, where 20(¢) = (£ + 1)* + (¢ — 1)* — 2027 (22)
/=1

In fact, we have also a result at a functional level:

Theorem 4 Assume that 1/6 < H < 1/2 and o € C' satisfies o(x)? = ax? + Bx + v for
some a, B,y € R. Then, as n — oo, we have

_ n £ @
n3H-12 g X1 = Xijn —0H 5 SUp lo(Xy) Wy . (23)
ke{0,....n} t€[0,1]

Here W is a standard Brownian motion independent of X and og > 0 is once again given

by (22).

Remark 4 1. In [I9], equation (R is also studied and it is shown that X{L converges in
probability if and only if H > 1/6 and that, in this case, the limit is X7, the solution of
equation (8) at ¢t = 1. Of course, this fact is also an obvious consequence of Theorem

Bl

2. Let us show how the constant in (22)) appears. Set Y, = n~1/2 Zz;é(nH ABk/n)g. We

claim that Var[Y,] — 0% as n — +oo. Indeed, using (nHBt/n)te[Om) £ (Bt)te(0,00)5

we have
Var[V,] =n~! Z [(Bs1 — Bi)*(Bes1r — Be)] .
k,6=0

Since 3 = Hs(x) + 3H;(x), where Hi(x) = z and H3(z) = 2% — 3z denote the
first and third Hermite polynomial, we can write, by using the well-known identity
E[H;(X)H;(Y)] =0 for i # j and E[H;(X)H;(Y)] = E[XY]?/i! for a centered Gaus-
sian vector (X,Y) with Var[X] = Var[Y] =1 (see, e.g., [22], Lemma 1.1.1):

Varly, Zee k) +9n—1ZM k),
k=0 k,0=0

with

20(¢ — k) = 2B [(Byy1 — Bi)(Bes1 — Bo)] = |0 — b+ 127 40— k— 1 — 2]¢ — k.
2

On the one hand, let us remark that n=! ZZZiO 0((—k) =n"'E <Zz;é Byy1 — Bk) =

n?f=1 - 0asn — 4oo, if H < 1/2. On the other hand, we can write

n—1 n—1 n—1n 1

Zee k)3 :Z P42 > (- k) 22%9(5)3.

k=0 k=0 k=0 {¢=k+1 k=0 (=1

13



Consequently, since 6(¢) < 0 for H < 1/2, we deduce by using Cesaro’s theorem that
Var[Y,] — 0% given by 22), as n — +oc.

3. In [10], in particular the approximation of fBm by its piecewise linear interpolation
B} = Byyjn + (nt — nt))(Bes1)jn — Biym)s  t € [k/n, (k+1)/n]

is studied. It is shown that the correct renormalization of ||B — E"HOO converges to
the Gumbel distribution, i.e.,

P (IB" = Blloo < 0n(vn+ /1)) — exp(— exp(~a))

as n — for x € R, where 0,, ~ cgn~H with ¢z > 0 and v, is in terms of log(n). Since
3H —1/2 > H for H > 1/4, the analogue of Theorem 2 in the setting of Theorem 4,

i.e.,
Q@

n3H=L2| X0 Xl 5 o — sup |o(Xy) Wi,

12 40,

as n — 00, can not hold without further restriction of the Hurst parameter.

For the proof of Theorem [B] we need the following Lemma.

Lemma 1 i) We have, for H < 1/2,

n—1
(Bl,n3H_1/2 > (AB, /n)?’) £,(B1,G), asn — +00, (24)
k=0

where G is a centered Gaussian random variable with variance o% given by (22),
independent of Bj.

it) We have

n—1
n>H—1/2 Z(ABk/n)S £, G', as n — oo,
k=0

where G' is a centered Gaussian random variable.

i1i) We have

n—1
nSH—1 Z(ABk/n)G Prob 15, as n — +oo.
k=0

Proof of Lemma [Il The second and the third point are classical: we refer to [2]. Thus
we have only to prove the first point. Let us denote by Hy(z) = z and Hz(z) = 23 — 3x the
first and third Hermite polynomial. Since H < 1/2, we have

n—1
n~1/? Z Hl(nHABk/n) = nH_1/231 Prob 0
k=0

14



and we deduce that the convergence in law (24)) will hold if and only if

n—1
<Bl,n-1/2 ZHg,(nHABk/n)) £.(B1,6), (25)

k=0
as n — +oo. In [2], it is shown that n~=1/2 Hg(’I’L AByy,) £, G. See also the second
point of Remark [ Then, the proof (23] is ﬁmshed by the following Proposition, which is
an obvious consequence of the main result contained in [26]. O

Proposition 4 Let (F*, F3') be a random vector such that, for every n, F* (i = 1,3) is

in the i-th Wiener chaos associated to the fBm B. If F|' i>G1 and F3' i>G3 with G
(i =1,3) some Gaussian variables, then L(F]', F3) — L(G1) @ L(G3).

Proof of Theorem Bl In [19], the second-named author proved

R a n—1 Oé2 n—1 n—1
X{'=¢ (Bl t 135 Z(ABk/n)3 t% Z(ABk/n)5 + 0 <Z(ABk/n)6> ,$0> . (26)

k=0 k=0 k=0

Note that X1 = ¢(xg, B1) and ¢ (21, 75) = 0(¢(x1,22)). Consequently by a Taylor expan-
sion X’{L — X1 equals

2 n

_ 1 n—1 n—1 2
—J (X1) Z AByn)’+ 307 K1) (ABy)*+0 [ 1X1] x> (ABg)° A <Z(ABk/n)3>
k=0 0 k=0 k=0

B
Il

By the second point of Lemma [I we deduce that n3H—1/2 ZZ;&(ABWHP — 0 in law,
hence in probability. By the third point of Lemma [Il and since H > 1/6, we have that
n3H—1/2 ZZ;&(ABk/n)ﬁ = nl/273H y pSH-1 ZZ;%(ABk/n)G — 0 in probability. By the

2
first point of Lemma [I and since H > 1/6, we have that n37—1/2 ( Z;é(ABk/n)g) =

2
pl/2—3H (n?’H —1/2 ZZ;&(AB;g /n)?’) — 0 in probability. Then, using again the first point
of Lemma [I] and Slutsky’s Lemma, we obtain (21I). O

Proof of Theorem [4l Exactly as in the proof of Theorem 3 in [5], we can prove

(Bt,ngH_l/Q‘/g"(B)t) LBy, o Wy), as n — +oo,
in the space D([0,1])? equipped with the Skorohod topology. Here, W is a standard Brow-

nian motion independent of B and V3*(B) is defined by Vi*(B); = ?ﬁ)_l(ABg /m)?. To
obtain Theorem [ it suffices then to adapt the proof of Theorem [l below. O

15



3.2.2 Case 2

Now assume that o € C;° is bounded and that 1/3 < H < 1/2.
In the sequel, we will need some fine properties concerning the m-order variation of
B on the interval [0,1]. Let us state them in the following proposition:

Proposition 5 Let h € CI}.

1. If m € N is even then, for any H € (0,1):

n—1 1
mH— m Prob m)!
n i Z h(Bk/n)(B(k+1)/n - Bk/n) — W /0 h(BS)dS, as n — —+00.
k=0 :

2. If m € N\ {1} is odd then, for any H € (1/4,1/2) and « < mH —1/2:

«a m Prob

as n — +o0.
Proof.

1. When h =1, it is a classical result: we refer to [2] for instance. To obtain the general
case, it suffices to adapt the methodology developed in step 5 of [§], p. 8. or in the
proof of Theorem 1 in [5].

2. Using the same linear regression as in the proof of Theorem 4.1 in [9], we can prove
that, when H < 1/2:

i
L

n® ¥ [M(Bgt1ym) + M Bijn)l (Bes1)/n — Brm)™
0

e
Il

converges in probability to 0, for any o < mH — 1/2. Convergence (21 can then be
obtained using a Taylor expansion and the fact that H > 1/4.

Details are left to the reader.

O
Using the above proposition we can show the following result.
Theorem 5 Assume that H € (1/3,1/2) and o € C;° is bounded. Then we have:
For any o < 3H — 1/2, n“ [X( n) Xl] rob (28)

as n — oQ.

16



Proof of Theorem [5l In the following, denote

N Zyjn = (Zgesr1yn — Ziopn)’

for j,n € N, k € {0,...,n — 1} and a process Z = (Z;)ic[o,1)- When j = 1, we prefer the
notation AZy /, instead of AL Z, /n for simplicity. Denote also, for p € N,

AP(B) = _nax llAka/n\.

Moreover, it is recall that ¢ given by () verifies the semigroup property:
Vr,y,z €R, ¢(d(x,y),2) = dp(x,y + 2) (29)
and we have
X = ¢(z, By), t €10,1].

Simple but tedious computations (see, for instance, [19]) allow us to obtain:

fcfkﬂ = 6 (X{0 ABym + (XA By + g(K()) A By + O(A7(B)))

0.(0.2)///

with f = ), and g = =35—. We deduce from the semi-group property ([29) that for
every { € {1 ,n}:

/—1 /—1
X7 = <x By + Y FXUA B+ 3 g(X)))A By + 0<nA5<B>>> . (30)
k=0 k=0

In particular, we have

v(n)
sup (X, — Xe/m
£e{0,...,n} ‘ ¢ /

= sup [X1) o Byn)| = 0ma¥B)  (31)
£e{0,...,n}

and then (B0]) becomes
R -1
XLE;?L _ <a: By + Z FX] ) N\APBy, + > 9(Xpyn)A' By + O(n2A7(B))> . (32)
k=0

Due to the assumptions on o we have that

S, 92) = Bl ) +Z @)~ P + O )™

17



Thus we get
1 Z?J(zﬁ

k—1

J

k1=0
+O(nm+1A3(m+1) (B))

i) Now assume for a moment that H > 5/12. By using [B3]) with m = 1 and g—gi(xl, x9) =
o(p(z1,22)) we get

k-1
X0 = Xijn+0(Xipn) S FRE ) A By + O(n*A(B)).
k1=0
and
k-1
Xlg/) = Xp/n + 0(Xk/n) Z F(Xiy ) A% By, 1 + O(n*A°(B)). (34)
k1=0

By inserting the previous equality in (32]) with £ = n, we obtain

n—1 n—1
M — g (x Bi+ > f(Xuym) A By + > f'o(Xpyn) A% By, Z F(Xpy ) A3By,

k=0 k=0 k1=0
n—1

+Zg<Xk/n)A4Bk/n+0(n3A9<B>)>- (35)
k=0

But we have, due to the second point of Theorem [ and the fact that ¢ = 20 f" and
Xt ¢(x>Bt)

n—1 n—1

a Prob

n (Z f(Xk/nW’Bk/n+Zg<Xk/n>A4Bk/n> =20
k=0 k=0

Moreover, since H > 5/12 and o < 3H — 1/2, we have
R HSAY(B) 22 g,
On the other hand, since

n—1
QZf 0 (Xi/n) A By Z F(Xky ) A By,
k=0 k1=
n—1 n—1 n—1
= <Z f’o(Xk/nm?’Bk/n) > F (X m)APBr i | =D F o (Xiyn) A By,
k=0 k1=0 k=0

18



we deduce, this time due to the first and the second point of Theorem [l that

n—1 k

a Prob

n®> " f'o(Xim)A*Bryn Y F( Xk yn) A% By, = 0.
k=0 k1=0

Finally, we obtain (28) when H > 5/12.
(ii) To prove the announced result, that is ([28)) for arbitrary H € (1/3,1/2), it suffices to
use ([B3) with the appropriate m for the considered H and then to proceed as in (i). The
remaining details are left to the reader.

O

4 Proof of Theorems [1 and

Throughout this section we assume that b € CZ, o € C} and H > 1/2. For g : [0,1] — R
and A € (0,1) we will use the usual notations

l9(t) —g(s)]
9l = sup |g(®),  llglx=sup ——=—.
t€[0,1] stel0]s4t |t — 8]

Moreover positive constants, depending only on b, o, their derivatives, zg and H, will be
denoted by ¢, regardless of their value. We will write A instead of 1/n.

The following properties of the function ¢ are taken from Lemma 2.1 in [30].

Lemma 2 Let ¢ given by ([@). Then we have

(a) P21, 22) = d(P(21, ), 22 — Y), r1 = ¢(Pp(x1,72), —22)
(b) g—i(iﬂl,lﬂz) = U(ZEl)g—z(wl,m)

2 2
(©) oo gplen —a2) = 20(@) 5w, ) + (00 )(a1) 5 (1,2
2
+g—£($1, —29) =0
(d) 1= g—i(¢(xlax2)7_x2)§—£(xlax2)

© et e [T oo as)

for all 1,29,y € R.

The following is well known and easy to prove.
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Lemma 3 Letn € N and a;,b; €R fori=1,...,n
(a) For xj, j =0,...,n given by the recursion

:Ej+1:$jbj—|—aj, 7=0,...,n—1,

with g = 0, we have

i _
:Z H b, j=1,...n.
=0 k=i+1

(b) If

|zj1] < Jajl[bs] 4 [ay], j=0,...,n—1,
with xg = 0 and |bj| > 1 for all j =0,...,n—1, then

n—1 n—1
| < ; bi|.
max f;] < 3 Jaf [ b
=0 k=1
We will also require that the Euler approximation of the solution and the process (At)te[o,l}
given by (7)) can be uniformly bounded in terms of the driving fBm.

Lemma 4 We have

sup sup Xkl < explcexp(c(|Blo + 1Bl7)  as., (36)
ne yeees Tl

A

[Alloo < exp(c exp(c[|Bll)) a.s. (37)

Proof. We prove only the first assertion, following the proof of Lemma 2.4. in [30]. The
second assertion can be obtained by a straightforward application of Gronwall’s Lemma to
equation (7). By Lemma 2| (a) we have

(X s —Bion) = G(O(X s ABrjn), —Blies1)/m)-
Using this, we obtain by the mean value theorem

(X (kt1)/m> —Brer1)/n) =X s —Bryn) = |:X(k+l)/n = (X /ns ABryn) a—xl(fk, —Bt1)/n)
with & between Y?k +1)/n and o(X /s ABg/n). Moreover

99

~n 82

1
(Xk/n70)+ §(ABk/n) 923

(X/ns Cr)
with [(x| < [ABy |- Thus we get
- N - 1 =y
(X ke jns ABrn) = Xpjp + 0(X /) AByyn + 5(00/)(¢(Xk/n7 ) (ABy)°

20



by the definition of ¢. So we finally obtain

~-N

(X 1) ms —Bryy/n) = #(X g jms = Bijn)
— [p0TE08 — S0 O N OB | 22 61— Bisry)
Since oo B
S, 22) = exp </0 0/(¢(x1,8))ds>
by Lemma [2] (), we have

o¢

8—a:1(€k’_B(k+l)/") < exp(c||Bloo)-

Due to the assumptions, the drift and diffusion coefficients satisfy a linear growth condition,
i.e.,
b(2)] < c(1 + ), lo(z)] < (1 + )

for z € R. Hence we get

(X (s1) /> = Birrym)| < 10X /s —Bron)| + € exp(c || Blloo) (1 + | X /) A
+c exp(c || Bllso) (1 + |¢(X s G (ABy ).

Since by Lemma [2] (a) B B
Xk/n = ¢(¢(Xk/n7 _Bk/n)7 Bk/n)?
and ¢(0,0) = 0, we have by Lemma[2 (b) and (e)
Kol < ¢ exp(e1Blloc) ( 16Ky =Byl + |1 Blloo)

and furthermore, since |Cx| < [ABy, |

6K Gl < € exp(c|Blloo) (K pnl + 1Blloo)
< ¢ exp(cl|Blloe) ( 16X~ Biya)| + 1Bl ) -

Together with
|ABy /| < ||Blly A2,

this yields

6 snyme—Bissam)l < 16K~ Bunl [1+¢ exple |Bll)(1 + B0
T exp(e]| Bllao) (1 + 1B )A.
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Setting M = || Bl + || B? 1/2 it follows by Lemma 3]

(X /s —Brym)| < Y cexple M)AT[(1+ ¢ exp(c M)A)
k=1 Jj=1
< exp(c exp(c M)).

Thus with o o

we get the estimate
X josnl < exp(€ | Blloo)|6(X s jns —Brym)| + cexp(c [ Blloo )| Blloo < exp(c exp(c M)).
O
Now we will state some Lemmas, which will be needed to determine the asymptotic constant

of the error of the Euler scheme. The following Lemma [B] can be shown by straightforward
calculations.

Lemma 5 Denote
fla =ew (= [ o) ds) sota),  myer
Then we have f € CY2 and in particular

f () = B (6 2) — F(z,9) /O o0l o) s,y ER

Lemma 6 We have a.s.

exp </ V(X du+/ q u)d‘Bu> _

¢ 0¢ ¢
61171( ty t)axl( S S)eXp (/s fy( U u)du> ) O_S_t_ 1

Proof. By Lemma[2] (d) and (e) we have

%(At,Bt) = exp </0Bt o' (p(As,u)) du> 7

gj (Xs,—Bs) = p<— /OBS 0'(¢(A5,u))du>_
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Using the notation
ola) = [ o0l w)du

we get by Lemma

0 0 t
Tz(At’Bt)ﬁ—z(Xs’ —Byg) exp (/ fy(Bu, Au) du>

= exp <Q(Bt7At) - Q(B:, As) + /: fy(Bu, Ay) du>
~ e [ (X, ) xp (9(Be, A) — (B A.)
o (- [ gl " 9722 (4, i §(Bus A

Since

9z(x,y) = o' (4(y, x))

and - 96
gy(@,y) = /0 7 (6109 5 (0:5) ds

we have by the change of variable formula for Riemann-Stieltjes integrals, see e.g., [I1],
t
9B, A9) ~ 9(Bo,A.) = [ ' (6(4u. B) B
’ t Ba, aqb
s [ ) g () dvda,,
s 0 (9%1
Since A] = f(By, A;) we finally get
0

t Bay,
9(Bi, Ay) — g(Ba, Ay) — / /O (9 0) 2 (Auy0) do £ (Bus Au)d

t
:/ o' (Xy)d™ By,

which shows the assertion.

The next Lemma can be shown by a density argument.
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Lemma 7 Letg,h € C([0,1]) and denote Ahy,,, = h((k+1)/n)—h(k/n) fork=0...,n—-1,
n e N. If

n—1
sup [n?H-1 Z 1[07t}(k/n)(Ahk/n)2 -t — 0
te[0,1] k=0
as n — 00, then it follows
n—1 t
sup (027137 (/)0 /) (M)~ [ g(s)ds| — 0
te(0,1] k=0 0

as n — Q.

Now we finally prove Theorem [I] and 2 In the following we will denote by C' random
constants, which depend only on b, o, their derivatives, zo, H, ||Bl/~ and [|B]|x with
A < H, regardless of their value. We start with the proof of Theorem [2

Proof of Theorem [2. (1) We first establish a rough estimate for the pathwise error of
the Euler scheme. For this, we follow the lines of the proof of Theorem 2.6. in [30]. Set

AL =Xy —Bym),  k=0,....n

for n € N. By a Taylor expansion, the properties of ¢ and Lemma [4] we have

~ i 09 —n x" X, % 7
v 8_:E1(Xk/m —Bion) (X (k1) — X kjn) — a—m(X’“/”’ —By /) ABy
1 a2¢ —n =N
5 g2 K/ = Bijn)o (Xijn)* (AByym)”
10%¢ —n 2
82¢ —n N 2 (1)
= Pugtm; Khmo ~Bryn)o(Xyn)(ABiyn)” + By
with
RV| < C(ABym)* + A AByyy + A%), )
Since
5 e (K~ Begn) 00 (Ki)
_ 1 82(25 —n 1 82(25 82(25 X,

—n 9 —n <N
= 58—33%(Xk/n7 =By jn)o(Xj/n)” + ga—ﬁ(Xk/m —Bi/n) — W(Xk/nv —Bj.jn)o (X /n)

by Lemma 2] (c), we have
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- 96
Aj = Ap + b(Xk/n)a

(Xp, —Bim)A + Qp + R,
for k=0,...,n—1,n €N, with

2 09

~ 1 n
Qi = 500 Xiy) BBy ) g (Ko =Bin). - k=0.om.

Since Yz/n = (25(;1\2, By /) and using Lemma 2] (d) and (e) we get
an in in A 1
i1 = A + f(Brn, AR)A + Q. + REC )
for k=0,...,n—1, n € N, with the function f given in Lemma [l Note that

sup sup |A}| < exp(c exp(c (|| Bl + |BIIF 2)));
neN k=0,...,n

as a consequence of Lemma [l Now set
ek:Ak/n— Z, k::O,...n.

We have ey = Ay — ¢(x9,0) = 0 and

(k+1)/n
‘ek—i-l’ < ’ek’(l + CA) + ‘Qk‘ + ‘R ‘ + /k f(BraAT) - f(Bk/mAk/n) dr

/n

Since

(k+1)/n
<C |Br — By | dr + CA?

(k+1)/
/k F(Br,Ar) = [ B Ayy) | < [

/n

we can rewrite the above recursion as
Jersa] < len] (1 + CA) +[Qul + B
with
R < C (IBIf— %5 + | Bla— AT 4 A%) < AT,

Since also N
‘Qk’ < C(ABk/n)2 < CAzH_2€7

we get by Lemma

n—1 n—1
<[[a+ca) ) < CAI=2
(e ey ]1) +C ; Qi1+ |RY) <
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Moreover, we have

Xy — Xpp| < CAZH-1=2¢ 41

due to X; = ¢(Ay, By), t € [0,1], and X}, = 6(A7, Byy), k= 0,...,n.

(2) Now we derive the exact asymptotics of the error of the Euler scheme. We can write
the recursion for the error e, = A/, — A} as

~ 1
ert1 = ek + fy(Bi/n, Agm)erd + Qr + R® + §fyy(Bk/m k) er A

with ng between Ay, and fAVkL Put
1 0
Qr = —5(00/)(Xk/n)(ABk/n)28—z(Xk/n, —Bi/n)-

By (@0) we have R
‘Qk _ Qk’ < CA4H_1_4€.

Since moreover

(k+1)/n
/ fy(BtyAt) dt — fy(Bk/m Ak/n)A < CAH-H—E7
k

/n
we get by (39) and (4I])
(k+1)/n 3)
Ch+1 =€+ ek // fy(BtaAt) dt+Qk+Rk
k/n
with

‘Rl(f), < O AmIn{4H—1—de, H+1—¢c}

Applying Lemma [ yields

R G+1)/n "
M- Ar=Yq ] (1 +/ fy(Bu Aydt | + R,
=0 j=itl i/
with
ke G+1)/n
sup \R,(:l)\ = sup ZRZ@ H (1 +/ fy(Bt, Ap) dt)
k=0,...,n k=1,...n =0 j=it1 j/n

< O AmIn{4H—2—4e,H—c}
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Thus it remains to consider the term

k-1 k=1 (+1)/n
ZQZ H 1+/ fy(Bt,At) dt | .
=0 j—itl iln
Now set
(j+1)/n
aj:/ fy(Bt,At)dt, jZO,...,’I’L—l.
i/n
Since
k—1 k—1
H (14 a;) —exp aj
J=i+1 J=i
i—1 i—1 k—1 k—1
< exp —Zaj exp Zaj H (1+aj;) —exp Zaj
J=0 j=0 j=i+1 j=0
we get

k-1 k-1
sup H (1+aj)—exp (Z aj) <CA

0<j<k—l<n|; 270y

by a straightforward application of Lemma Bl Hence we have

ok k/n
Apgn — A7 =Y Qiexp < ’ f4(Bs, Ay) ds> +RY. (42)
i=0 KAk
with

sup ’R](f’)‘ < CAmin{4H—2—4€,H—e}'

k=0,...,n

Moreover, since X; = ¢(A, By), t € [0, 1] and Yz/n = QS(XZ, By/n), k=0,...,n we have

. O . 10%
Xieyn = X = 5 (Akjns Beyn) (Agm — Af) + 202

A
s (Oks Bin)(Agm — AR)

with 0 between Ay, and EZ It follows by (40) and (42))

i/

o 09 - K ©)
Xijn — X = 8—331(141@/7“ By /n) Z Qi exp fy(Bs, As)ds | + Ry,
i=0 n

with
!jo)\ < O AmN{4H—2—4e, H—c}
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Since finally by Lemma

Ox1 (Ak/nyBk/n)QZ exXp fy(Bs,As)dS

1 9¢ ¢

= 2 or1 (Ak/na Bk/n)(aa )(Xz/n)a—xl(Xz/m _Bz/n)

i/n

k/n

exp ( fy(Bs, As) ds) (ABZ-/”)2
1

we have

Xijn — Xpojn=—2 Z o' (Xi/n)DijnXi/n(ABi/n)* + RY. (43)

Define X" = Xpn for t € [k/n, (k +1)/n[. Since clearly

IX = X"l < CAT,

we have o . .
1X = X"lloo = max | X — Xl + B}
with
IR < cal—=
Thus it follows
li 2H-1 X — X o = 1 2H— IX Y”
and we get by (@3]
1 k=
nh—{%o n2t- Hix — X" loo = nhngo kinax Z Xim) i/nXk/n(ABi/n)2"
=0
Furthermore it holds
n2H-1 k-1 , )
Jim QX ZZ:;U (Xi/n) DijnXiyn(ABin)
2H—1
n—00 4ergq —o
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with . .
Z; = exp (—/ b/(Xu) du — / 0/(Xu) d_Bu> , t €10,1].
t t

This is due to the fact that the sample paths of Z are Holder continuous of any order A < H.

It is well known that .
e

n? 1N " 100 4 (k/n) (ABy,)* 5 t
k=0
as n — oo for all t € [0,1]. Since n?7~1 Zz;é 1j0,(k/n)(ABy/,,)? is monotone in ¢, the
exceptional set of the almost sure convergence can be chosen independent of ¢ € [0, 1]. Thus
we get by Dini’s second theorem that a.s.

n—1
lim sup [n*7~1> 104 (k/n)(ABy,)* —t| = 0. (44)
0 tel0,1] =0
Hence it follows by Lemma [Tl
n—1
lim sup n?#71Z Z Lo, (i/n)a'(Xi/n)Di/nXl(ABi/n)Z
o0 tel0,1] i—0
¢
= sup Z; / o' (X)) Dy X1 du a.s.,
t€[0,1] 0
which finally shows the assertion.
0

Proof of Theorem [l By (3] we have

1
U/(Xi/n)Di/nXl(ABi/n)z + R

n

X -X =-

N[ =
-
Il
=]

with
’R1(’L6)‘ < CAmin{4H—2—4e,H—s}.

The assertion follows then by (44]) and Lemma[7 as in the previous proof.
]
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