Parameter estimation for a-fractional bridges
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Abstract: Let o, T > 0. We study the asymptotic properties of a least squares estimator for the
parameter « of a fractional bridge defined as dX; = —a« TX_tt dt +dB;, 0 <t < T, where B is a
fractional Brownian motion of Hurst parameter H > % Depending on the value of «, we prove that
we may have strong consistency or not as ¢ — 7. When we have consistency, we obtain the rate of
this convergence as well. Also, we compare our results to the (known) case where B is replaced by a

standard Brownian motion W.

It is great pleasure for us to dedicate this paper to our friend David Nualart, in celebration of his
60th birthday and with all our admiration.

1 Introduction

Let W be a standard Brownian motion and let o be a non-negative real parameter. In recent years,
the study of various problems related to the (so-called) a-Wiener bridge, that is, to the solution X to

Xy

Xo=0; dX,=—az"

dt+dW,, 0<t<T, (1)

has attracted interest. For a motivation and further references, we refer the reader to Barczy and Pap
[2, 3], as well as Mansuy [6]. Because (1) is linear, it is immediate to solve it explicitely; one then gets
the following formula:

X, = (T — ) /Ot(T—s)‘adWs, te0,7),

the integral with respect to W being a Wiener integral.

An example of interesting problem related to X is the statistical estimation of o when one observes
the whole trajectory of X. A natural candidate is the maximum likelihood estimator (MLE), which
can be easily computed for this model, due to the specific form of (1): one gets

([ ) ([ ). et "

In (2), the integral with respect to X must of course be understood in the It6 sense. On the other
hand, at this stage it is worth noticing that d; coincides with a least squares estimator (LSE) as well;
indeed, a; (formally) minimizes
t
ar [
0

Also, it is worth bearing in mind an alternative formula for &;, which is more easily amenable to
analysis and which is immediately shown thanks to (1):
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When dealing with (3) by means of a semimartingale approach, it is not very difficult to check that
a; is indeed a strongly consistent estimator of . The next step generally consists in studying the
second-order approximation. Let us describe what is known about this problem: as ¢t — T,

Oif0<a<%then

(T =173 (= &) =5 T3 (1 - 20) x C(1), (4)
with C(1) the standard Cauchy distribution, see [4, Theorem 2.8];
o if o = % then
log(T — (a — ) = o et (5)
Jo Wids
see [4, Theorem 2.5];
o if a > % then
[Tog(T — )] (o — @) =% N(0,2a — 1), (6)

see [4, Theorem 2.11].

Thus, we have the full picture for the asymptotic behavior of the MLE/LSE associated to a-Wiener
bridges.

In the present paper, our goal is to investigate what happens when, in (1), the standard Brownian
motion W is replaced by a fractional Brownian motion B. More precisely, suppose from now on that
X = {Xt}iep,1) is the solution to

Xy

XQZO; dXt:_aT—t

dt+dB;, 0<t<T, (7)

where B is a fractional Brownian motion with known parameter H, whereas o > 0 is considered as
an unknown parameter. Although X could have been defined for all H in (0, 1), for technical reasons
and in order to keep the length of our paper within bounds we restrict ourself to the case H € (%, 1)
in the sequel.

In order to estimate the unknown parameter o when the whole trajectory of X is observed, we
continue to consider the estimator &, given by (2). (It is no longer the MLE, but it is still a LSE.)
Nevertheless, there is a major difference with respect to the standard Brownian motion case. Indeed,
the process X being no longer a semimartingale, in (2) one cannot utilize the It6 integral to integrate
with respect to it. However, because X has® y-Holder continuous paths on [0, ¢] for all v € (%, H) and
all t € [0,T), one can choose, instead, the Young integral (see Section 2.3 for the main properties of
this integral, notably its chain rule (17) and how (18) relies it Skorohod integral).

Let us now describe the results we prove in the present paper. First, in Theorem 1 we show that the
(strong) consistency of @; as t — T holds true if and only if a < % Then, depending on the precise value
of a € (0, %], we derive the asymptotic behavior of the error @y — «.. It turns out that, once adequately
renormalized, this error converges either in law or almost surely, to a limit that we are able to compute
explicitely. More specifically, we show in Theorem 2 the following convergences (below and throughout
the paper, C(1) always stands for the standard Cauchy distribution and S(a,b) = f01 20711 — ) ldx
for the usual Beta function): as t — T,

o if 0 << 1— H then

H-o)3(2—-2H —a,2H — 1)
(1-H—-a)f(l—a,2H 1)

(T — )" (o — @) 25 7o 1 (1 - 2a)\/( xC(1);  (8)

§More precisely, we assume throughout the paper that we work with a suitable y-Hdlder continuous version
of X, which is easily shown to exist by the Kolmogorov-Centsov theorem.



o if « =1— H then

(T _ t)l—ZH
| log(T" — 1)

28(1— H,2H — 1)
B(H,2H — 1)

(o —ay) L p1-2H (9 fy — 1)3\/ x C(1); (9)

Oifl—H<a<%then

AP a) 5 (1 9 T 4B, v 4B T 4B, 2_
(- a-a) = (-2 [ | <T—s>a/</o <T—s>a>’ o)

° ifoz:%then

og(T — )| (a — @) 25 % (11)

When comparing the convergences (8) to (11) with those arising in the standard Brownian motion
case (that is, (4) to (6)), we observe a new and interesting phenomenom when the parameter o ranges
from 1 — H to % (of course, this case is immaterial in the standard Brownian motion case).

We hope our proofs of (8) to (11) to be elementary. Indeed, except maybe the link (18) between
Young and Skorohod integrals, they only involve soft arguments, often based on the mere derivation
of suitable equivalent for some integrals. In particular, unlike the classical approach (as used, e.g., in
[4]) we stress that, here, we use no tool coming from the semimartingale realm.

Before to conclude this introduction, we would like to mention the recent paper [5] by Hu and
Nualart, which has been a valuable source of inspiration. More specifically, the authors of [5] study
the estimation of the parameter o > 0 arising in the fractional Ornstein-Uhlenbeck model, defined as
dX; = —aXdt + dBy, t > 0, where B is a fractional Brownian motion of (known) index H € (3, 3).
They show the strong consistency of a least squares estimator @; as t — oo (with, however, a major
difference with respect to us: they are forced to use Skorohod integral rather than Young integral to
define @y, otherwise @; 4 « as t — oo; unfortunately, this leads to an impossible-to-simulate estima-
tor, and this is why they introduce an alternative estimator for «.) They then derive the associated
rate of convergence as well, by exhibiting a central limit theorem. Their calculations are of completely
different nature than ours because, to achieve their goal, the authors of [5] make use of the fourth
moment theorem of Nualart and Peccati [§].

The rest of our paper is organized as follows. In Section 2 we introduce the needed material for
our study, whereas Section 3 contains the precise statements and proofs of our results.

2 Basic notions for fractional Brownian motion

In this section, we briefly recall some basic facts concerning stochastic calculus with respect to
fractional Brownian motion; we refer to [7] for further details. Let B = {B;}:c0,1) be a fractional
Brownian motion with Hurst parameter H € (0, 1), defined on some probability space (2, F, P). (Here,
and throughout the text, we do assume that F is the sigma-field generated by B.) This means that
B is a centered Gaussian process with the covariance function E[B,B:] = Ry (s,t), where

1
Ru(s:t) = 5 (7 + 27— |t — 5?7 (12)

If H = , then B is a Brownian motion. From (12), one can easily see that E[|B; — B,|?] = |t — s[>,
so B has y—Hoélder continuous paths for any v € (0, H) thanks to the Kolmogorov-Centsov theorem.



2.1 Space of deterministic integrands

We denote by & the set of step R—valued functions on [0,7]. Let H be the Hilbert space defined as
the closure of £ with respect to the scalar product

(10.0:10,6))5 = Ru(t,5).

We denote by | - [# the associated norm. The mapping 1jg4 +— B; can be extended to an isometry
between H and the Gaussian space associated with B. We denote this isometry by

T
o B(g) = / o(3)dB,. (13)

When H € (4,1), it follows from [9] that the elements of 7 may not be functions but distributions
of negative order. It will be more convenient to work with a subspace of H which contains only
functions. Such a space is the set |#| of all measurable functions ¢ on [0,7] such that

oIty = H(2H — 1) / / Wlp(@)][u — o[22 dudv < .

If p,9 € |H| then

E[B(¢)B(¢)] = H(2H — 1)/0 /O o(u)(v)|u — o> 2dudv. (14)

We know that (|H],(:,-)j5) is a Banach space, but that (||, (-,-)7) is not complete (see, e.g., [9]).
We have the dense inclusions L2([0,T]) € L# ([0,T]) C [H| C H.

2.2 Malliavin derivative and Skorohod integral

Let & be the set of all smooth cylindrical random variables, which can be expressed as F' =
f(B(¢1),...,B(¢n)) where n > 1, f : R™ — R is a C*°-function such that f and all its derivatives
have at most polynomial growth, and ¢; € H, i = 1,...,n. The Malliavin derivative of F' with respect
to B is the element of L?(Q), H) defined by

D,F = Zaxz B(¢n))di(s), s €[0,T].

In particular D,B; = 19 4(s). As usual, D2 denotes the closure of the set of smooth random variables

with respect to the norm
IF|It, = E[F?]+ E[|DF|3].

The Malliavin derivative D verifies the chain rule: if ¢ : R” — R is C} and if (F;);—1,.., is a sequence
of elements of D'2, then p(F}, ..., F,) € D2 and we have, for any s € [0, T},

n

Dyp(Fy, ..., Fy Z

... F,)D,F;.

The Skorohod integral ¢ is the adjoint of the derivative operator D. If a random variable u € L?(Q, H)
belongs to the domain of the Skorohod integral (denoted by domd), that is, if it verifies

|E(DF,u)y| < ¢, \/E[F?] forany F € S,

then d(u) is defined by the duality relationship

E[Fé(u)]=E [(DF7 u>H] ,
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for every F € DY2. In the sequel, when t € [0,7] and u € domd, we shall sometimes write f(f us0 By

instead of d(ulp ). If h € H, notice moreover that fOT hsdBs = d(h) = B(h).

For every ¢ > 1, let H, be the gth Wiener chaos of B, that is, the closed linear subspace of L?(12)
generated by the random variables {H, (B (h)),h € H,||h|lx = 1}, where H, is the qth Hermite
polynomial. The mapping I,(h®9) = H, (B (h)) provides a linear isometry between the symmetric
tensor product H®? (equipped with the modified norm || - [|yes = ﬁH - |lp@q) and H,. Specifically,

for all f,g € H®? and ¢ > 1, one has

E[IQ(f)LI(g)} = q'<f7 g>7—[®q~ (]_5)

On the other hand, it is well-known that any random variable Z belonging to L2(f) admits the
following chaotic expansion:

Z] +qu(fq)» (16)

where the series converges in L?(2) and the kernels fq, belonging to H®?, are uniquely determined by
Z.

2.3 Young integral

For any ~ € [0, 1], we denote by €7([0,T]) the set of v-Holder continuous functions, that is, the set
of functions f : [0,7] — R such that

_ 1f@) = F(s)]
= 0<§1<1£)<T (t—s)Y <o

(Notice the calligraphic difference between a space ¥ of Holder continuous functions, and a space C
of continuously differentiable functions!). We also set | f|e = sup,c(o. 7y |f(t)], and we equip €7 ([0, T)
with the norm

[ £lly == 1fly + [floo-
Let f € €7([0,T]), and consider the operator T : C*([0,T]) — C°([0,T7]) defined as

:/0 fw)g' (u)du, te[0,T].

It can be shown (see, e.g., [10, Section 2.2]) that, for any S € (1 — v,1), there exists a constant
C., 5.7 > 0 depending only on 7, 8 and T such that, for any g € €°([0,T]),

Crprllfllgls-

We deduce that, for any v € (0,1), any f € €7([0,7]) and any B e (1 — 7, 1), the linear operator
Ty : CH([0,T]) c €°([0,T)) — €P([0,T)), defined as Ty(g) = [, f( u)du, is continuous with
respect to the norm ||-||3. By density, it extends (in an umque way) to an operator defined on €°. As
consequence if f € %7([0,T)), if g € €°([0,T]) and if v + 3 > 1, then the (so-called) Young integral

Jo f( ) is (well) defined as being T(g).

The Young integral obeys the followmg chain rule. Let ¢ : R2 —> R be a C? function, and let
f,9 € €7([0,T)) with v > 3. Then |, g—?( u), g(u))df (u) and fo (u), g(u))dg(u) are well-defined
as Young integrals. Moreover, for all ¢ € [0,T],

L 9¢ " 0¢
o(f(t),9(t)) = &(f(0),9(0)) + . af =7 (f(w), g(w))df (u) + ; gg(f(u),g(u))dg(u)- (17)



2.4 Link between Young and Skorohod integrals

Assume H > £, and let u = (u;)e[o,7) be a process with paths in € ([0, T]) for some fixed y > 1—H.

Then, according to the previous section, the integral fOT usdB, exists pathwise in the Young sense.
Suppose moreover that u; belongs to D2 for all ¢ € [0, 7], and that u satisfies

T T
P (/ / | Dug|[t — s> 2dsdt < oo) =1
o Jo

Then u € domd, and we have (see [1]), for all ¢ € [0, T7:

t t t t
/ usdBs = / us0Bs + H(2H — 1)/ / Dgug|z — s> 2dsdz. (18)
0 0 0 0
In particular, notice that

T T
/ psdBs = / »s0Bs = B(p) (19)
0 0

when ¢ is non-random.

3 Statement and proofs of our main results

In all this section, we fix a fractional Brownian motion B of Hurst index H € (3,1), as well as
a parameter « > 0. Let us consider the solution X to (7). It is readily checked that we have the
following explicit expression for X;:

t
X =(T - t)o‘/ (T —s)"“dBs, te€][0,T), (20)
0
where the integral can be understood either in the Young sense, or in the Skorohod sense, see indeed
(19).

For convenience, and because it will play an important role in the forthcoming computations, we
introduce the following two processes related to X: for ¢ € [0, 7],

6§ = /0 (T — 5)~*dB; (21)

n = /Ot dB, (T — u)*~ ! /Ou dBy(T — s)™ = /Ot(T —u)®1¢,dB,. (22)

In particular, we observe that

¢
X, =(T—-1t)% and / TX“ dB, =mn fortel0,T). (23)
0 — U

When « is between 0 and H (resp. 1 — H and H), in Lemma 4 (resp. Lemma 5) we shall actually
show that the process £ (resp. 1) is well-defined on the whole interval [0, 7] (notice that we could have
had a problem at ¢t = T'), and that it admits a continuous modification. This is why we may and will
assume in the sequel, without loss of generality, that £ (resp. 7) is continuous when 0 < o < H (resp.
1-H<a<H).

Recall the definition (2) of &;. By using (7) and then (23), as well as the definitions (21) and (22),
we arrive to the following formula:

t

o — G = fo Xu(T —u)~'dB, _ Nt .
[T X2T —u)~2ds  [3(T —u)2=2¢2du
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Thus, in order to prove the convergences (8) to (11) of the introduction (that is, our main result!),
we are left to study the (joint) asymptotic behaviors of 7; and fOt(T —u)?*72¢2dy as t — T. The
asymptotic behavior of fg(T — u)?*72¢2duy is rather easy to derive (see Lemma 9), because it looks
like a convergence a la Cesaro when o < % In contrast, the asymptotic behavior of 7, is more difficult
to obtain, and will depend on the relative position of «a with respect to 1 — H. It is actually the
combination of Lemmas 3, 5, 6, 7, 8 that will allow to derive it for the full range of values of «.

We are now in position to prove our two main results, that we restate here as theorems for
convenience.

. prob.
Theorem 1 We have &; — a/\% ast —T. When o < H we have almost sure convergence as well.

As a corollary, we find that @y is a strong consistent estimator of « if and only if « < % The next
result precises the associated rate of convergence in this case.

Theorem 2 Let G ~ N(0,1) be independent of B, let C(1) stand for the standard Cauchy distribution,
and let 5(a,b) = fol 2971 (1 — 2)°~'dz denote the usual Beta function.

1. Assume a € (0,1 — H). Then, ast — T,

(Tt H(a-a) =% (1—204)\/H(2H—1)ﬁ(2_a_2H’2H_1)XG
T

1-H—-«

e [ A e o)

2. Assume a=1—H. Then, ast — T,

w A law B % — — g
|10g(T_t)|(a &) = (2H-1)%\/2HB0 - H,2H 0 g

la_w 1—2H % 2/8(1_H,2H_1)
a7 (2H—1)\/ S -1 < ¢

3. Assume o € (1 —H, %) Then, ast — T,

— ~ a.s. 1- 20[) nr
T—-t)?Ha—a) &5 7<
=" o) o
4. Assume o = % Then, ast — T,
~ a.s. 1
[log(T — t)| (o — ) = 3

The rest of this section is devoted to the proofs of Theorems 1 and 2. Before to be in position to
do so, we need to state and prove some auxiliary lemmas. In what follows we use the same symbol ¢
for all constants whose precise value is not important for our consideration.

Lemma 3 Let o, 8 € (0,1) be such that o+ < 2H. Then, for all T > 0,

T T T T
/ ds (T_S)iﬁ/ dr (T —r)~%|s —r|?H 2 :/ dssfﬁ/ drr=%s —r|?"172 < co.
0 0 0 0



Proof. By homogeneity, we first notice that

T T 1 1
/ dss™” / drr=%|s —r|?H-2 = p2H-a=8 / dss™” / drr=%|s —r|?1=2,
0 0 0 0

so that it is not a loss of generality to assume in the proof that T = 1. If a + 1 < 2H then
fl/s = — 2 2dr < es72HHIF implying in turn

0
1 1 1 1/s 1
/ dss_ﬂ/ drr_“\s—r|2H_2:/ dss2H_“_ﬁ_1/ drr=|1 — 7?12 <c/ s Pds < oo.
0 0 0 0 0

If  +1=2H, then fol/s r1=2H 11 — p|2H=2dr < ¢(1 + |log s|), implying in turn

1 1 1 1
/ dssiﬁ/ drr7a|sfr\2H72 = / dssiﬂ/ drrlfQH\s—r|2H72
0 0 0 0
1 1/s 1
= / ds s_ﬁ/ dr 17271 — p2PH2 c/ s (1 + |log s|)ds < cc.
0 0 0

Finally, if « +1 > 2H, then

1 1 1 1/s
/ ds siﬂ/ drr=%s—r]?H72 = / ds s?H—a=p-1 / drr=®1 —r|?172
0 0 0 0

1 e}
/ sH—a=B=1g x / =1 = r?H2dr < 0.
0 0

N

Lemma 4 Assume o € (0, H). Recall the definition (21) of &. Then & = limy_,7 & emists in L2,
Moreover, for all € € (0, H — «), the process {&;}ieo, 1) admits a modification with (H — o — ¢)-Hélder
continuous paths, still denoted & in the sequel. In particular, & — &1 almost surely ast — T.

Proof. Because @ < H, by Lemma 3 we have that fOT dss™® fOT duu=%s — u[*" =2 < co. For all
s <t < T, we thus have, using (14) to get the first equality,

E {(gt - 58)2] H(2H —1) /St du(T —u)™® /st dv(T —v) %o — w2
T—s T—s

- H(2H—1)/

duu_o‘/ dvv™ v — ul? 2
T—t T—t

t—s t—s
= H(2H71)/ du(u+T—t)*a/ dv(v+T — )" v — >3
0 0

t—s t—s
< H(2H—1)/ duu‘“/ dvv= v — 72
0 0

1 1
= HQ2H-1)(t- 5)2H720‘/ du u*a/ dvv™ v — u|2H*2 =c(t— 3)2H*2a,
0 0

By the Cauchy criterion, we deduce that &p := lim,_,7 & exists in L2. Moreover, because the process &
is centered and Gaussian, the Kolmogorov-Centsov theorem applies as well, thus leading to the desired
conclusion. [ ]

Lemma 5 Assume o € (1 — H, H). Recall the definition (22) of n:. Then nr := limy_,7 1, exists in
L2. Moreover, there exists v > 0 such that {nt}epo,m) admits a modification with ~-Hélder continuous
paths, still denoted n in the sequel. In particular, n; — nr almost surely ast — T.



Proof. As a first step, fix 81,02 € (1 — H, H) and let us show that there exists ¢ = (81,82, H) > 0
and ¢ = ¢(By, B2, H) > 0 such that, for all 0 < s <t < T,

/ (T — )P (T — )~ u — o2 ~2dudv < c(t — s)°. (24)
[0,¢] % [s,t]
Indeed, we have

T T—s
/ (T—u)_ﬁl(T—v)_ﬂ2|u—v\2H_2dudv:/ duu=P / dvv=P2|y — v|2H =2
[0,] X [s,1]

T—t T—t

t t—s t t—s
/du(u—&—T—t)_Bl/ dv(v+T—t)_ﬁ2|u—v\2H_2</ duu_ﬁl/ dvvP2 |y — v|2H =2
0 0 0 0

t—s t—s t t—s
= / duufﬁl/ dvv762|u—v|2H72—|—/ duufﬁl/ dvv= P2 (u —v)2H 2
0 0 t—s 0

1 1 ¢ (t—s)/
= (tfs)ZHfﬁlfﬁz/duufﬁl/dvv752|u—v|2H72+/ duuiﬁl*BZJﬂH*l/ ) 5111)752(1711)21{72
0 0 t— 0

S
T
< et — )2 PP gt — 5)t P2 / duu P11 =2 (see Lemma 3 for the first integral and
t—s

use 1 — v < 1 for the second one)
1 if /1 <2H -1

= c(t—s)2H PP Lot — ) P2 {14 |log(t — s)| if p =2H —1

(t—s)2H-1=5 if 8y >2H — 1
< ce(t—s)° forsomee € (0,1A(2H — 31) — B2),

hence (24) is shown.
Now, let ¢ < T. Using (18), we can write

_ ' _ua—l _ ! " _ua—l “ v _,U—au_UZH—Z
nt_/ogu(T =158, + H(2H 1)/0d(T ) /Od(T )~ (u—v)2H2 (25)

<To have the right to write (25), according to Section 2.4 we must check that: (i) u — (T — u)*~1&,

belongs almost surely to €7([0,¢]) for some v > 1 — H; (ii) &, € DY? for all u € [0,¢], and (4ii)
f[o,tP(T —u)® Y Dy&y| lu — v)*P ~2dudv < oo almost surely. To keep the length of this paper within
bounds, we will do it completely here, and this will serve as a basis for the proof of the other instances
where a similar verification should have been made as well. The main reason why (i) to (iii) are easy
to check is because we are integrating on the compact interval [0, ¢] with ¢ strictly less than T.

Proof of (i). Firstly, u — (T —u)®~! is C>° and bounded on [0,¢]. Secondly, for u,v € [0,t] with,
say, u < v, we have

El6, — €)% = HQH-1) /

u

dalT — ) [ dy(T =gy a1
< (T—t)*2°‘H(2H—1)/ dx/ dyly — 2?72 = (T — t) 72w — u)?.

Hence, by combining the Kolmogorov-Centsov theorem with the fact that £ is Gaussian, we get that
(almost) all the sample paths of ¢ are §-Holderian on [0,¢] for any 6 € (0, H). Consequently, by
choosing v € (1 — H, H) (which is possible since H > 1/2), the proof of (4) is concluded.

Proof of (i7). This is evident, using the representation (21) of ¢ as well as the fact that s —
(T'— 5)"*1j0,4(s) € |H], see Section 2.1.



Proof of (iii). Here again, it is easy: indeed, we have D&, = (T — v)™*1jg4)(v), 50

/ (T — u)* YDy | lu — v 2 dudv = /
[0,]2

(T — u)* YT —v)~ |u — v|*2dudv < oo.)
[0,)2

Let us go back to the proof. We deduce from (25), after setting

1
pi(u,v) = §(T —u V)T —unv)™ 10,42 (u, v),

that
ne = Iz(pe) + H(2H — 1) /O du(T —u)*! /O du(T — v) =% (u — v)2H 2,

Hence, because of (15),

2

Bln—nr] = 2o plfes + 12— 07 ([ aur = [ aw -y p?)
S (20)
We have, by observing that ¢; — ¢, € |H|®2,
ot — @sll302
= H?(2H - 1)? /[0 . [pi(u,0) = ps(u, 0)] [@r(m, ) — a2, 9)] [u — 2| 2|0 — y P dudvdady
= 1H2(2H —1)2 / (T—uvVo)* (T —zVvy)* (T —unv) (T —-2zAy)~®
4 ([0,1]2\[0,5]2)2

x|u — z|*"72|jv — y|*" " 2dudvdzdy.
Taking into account the form of the domain in the previous integral and using that p; — ¢, is symmetric,

we easily show that ||y — ¢ ||3,s2 is upper bounded (up to constant, and without seeking for sharpness)
by a sum of integrals of the type

/[ It ]Z(T —u)PUT — )P (T — )7 P(T — y) P u — 22 2 |v — y|*H 2 dudvdady,
0,t] x[s,t]x[0,T

with 1, 82, 83,84 € {o,1 — a}. Hence, combining Lemma 3 with (24), we deduce that there exists
¢ > 0 small enough and ¢ > 0 such that, for all s,¢ € [0,T],

o = @sll3yee < clt = sI°. (27)

On the other hand, we can write, for all s <t < T,

/: du(T — u)*~? /0" Lo — ) — )22

T
/ duua_l/ dvv™ (v —u)?2
T—t u

t—s t
= / du(u—i—T—t)"_l/ dv(v+T —t)"%(v —u)*1 72
0

u
t—s T
/ duuo‘_l/ dvv=%(v — )12
0 u

_T_
=

1
(t —s)2-1 / duu®! / dvv™ (v —u)?2
0 u

1 (O
(t —s)2H-1 / duu?=2 / dvv= (v —1)2172, (28)
0 1

N
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Let us consider three cases. Assume first that o« > 2H — 1: in this case,
(GO oo
/ v % — 1) 2dv < / v v — 1) 2dy < o0;
1 1
leading, thanks to (28), to
t u
/ du(T — u)** / dv(T —v)~%(u — v)?H 72 L et — )21
s 0
The second case is when o = 2H — 1: we then have
=s)u
/ o= (w — 122y < c(1+ [log(t — 5)| + | log ul)
1
so that, by (28),
t u
/ du(T — u)** / dv(T —v)"*(u—v)27 72 et — 5)*P 1 (1 + |log(t — s)]).
s 0
Finally, the third case is when o« < 2H — 1: in this case,
(o
/ ) U—a(v _ 1)2H_2d1] < C(t _ S)a—2H+1uoz—2H+1;
1

so that, by (28),
t u
/ du(T — u)** / dv(T —v)~%(u — v)* =2 L et — 5)°.
s 0

To summarize, we have shown that there exists ¢ > 0 such that, for all s,¢ € [0, 7],

t u
/ du(T — u)*~1 / dv(T — v) ™ (u — v)*7 72 < c(1+ [log(|t — s)|[Lgaman—1y)|t — s|@H =D (29)
s 0

By inserting (27) and (29) into (26), we finally get that there exists £ > 0 small enough and ¢ > 0
such that, for all s,t € [0, 7],

E {(nt — 775)2} < clt — st

By the Cauchy criterion, we deduce that 7 := lim,_,r 7, exists in L2. Moreover, because 1, — 1, —
E[n:] + E[ns] belongs to the second Wiener chaos of B (where all the LP norms are equivalent), the
Kolmogorov-Centsov theorem applies as well, thus leading to the desired conclusion. [ |

Lemma 6 Recall the definition (22) of n.. For any t € [0,T), we have

t
moo= /(T— u)*dB, X/(T—S ~“dB; /53 —s) /53 —u)®
2H—1/ds —s) /du — )2 (s —u)?H2

Proof. Fix t € [0,T). Applying the change of variable formula (17) to the right-hand side of the first
equality in (22) leads to

nt:/ot(T—u)a_ldBux/ot(T—s)_o‘st—/otst (T — )~ /OsdBu (T —w) . (30)
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On the other hand, by (18) we have that
t s
/ dB, (T — s)—a/ dB, (T —u)*~ " (31)
0 0
t s t s
— / 6B, (T —s)™ / 6B, (T —uw)* '+ H(2H — 1)/ ds(T — s)*a/ du(T —u)* (s —u)?H 2.
0 0

0 0

The desired conclusion follows. (We omit the justification of (30) and (31) because it suffices to proceed
as in the proof (25).) ]

Lemma 7 Let f$(a,b) = fol 29711 — 2)~Ydz denote the usual Beta function, let Z be any o{B}-
measurable random variable satisfying P(Z < oo) = 1, and let G ~ N(0,1) be independent of B.

1. Assume a € (0,1 — H). Then, ast — T,

(Z, (T—t)l_H_a /Ot(T—U)a_ldB“) law, (Z, \/H(?H— 1)/8(2—?_—}211‘.7_720[17— 1) G) .
(32)

2. Assumea=1—H. Then, ast — T,

u)HdBu> law, (Z, V2HZH — 1)1 — H,2H — 1) G) . (33)

1 ¢
<Z’ V| log(T —t)] /0 -

Proof. By a standard approximation procedure, we first notice that it is not a loss of generality to
assume that Z belongs to L*() (using e.g. that Z 1{z7/<ny —> Z as n — 00).

1. Set N = \/H(2H71)6(27+EEZH71)G. For any d > 1 and any s1,...,s4 € [0,T), we shall

prove that
t
(le, ey By, (T — t)l’H’o‘/ (T — u)“ldBu) 2% (Bey,--.yBeyy, N) ast—T.  (34)
0
Suppose for a moment that (34) has been shown, and let us proceed with the proof of (32). By the

very construction of H and by reasoning by approximation, we deduce that, for any [ > 1 and any
hi,...,h; € H with unit norms,

¢
(B(hl), .., B(h), (T — t)l—H—a/ (T — u)“_ldBu) =% (B(m),...,B(l),N) ast—T.
0
This implies that, for any [ > 1, any hq,...,h; € H with unit norms and any integers q1,...,q = 0,

(qu (B(h1)),. .., Hy (B(h)),(T —t)'=H-2 /Ot(T = u)’“dBu)

B (Hyy (B(h)), ..., Hy (B(h)),N) ast—T,

with H, the gth Hermite polynomial. Using now the very definition of the Wiener chaoses and by
reasoning by approximation once again, we deduce that, for any [ > 1, any integers ¢1,...,q = 0 and
any f1 € HOU, ..., f; € HOU,

(£ a0 (T = 0 [ (0= 0B ) 2% (1 (7). L ()LN) a5 T,

Thus, for any random variable F' € L?(Q) with a finite chaotic decomposition, we have

<F, (T — t)t—H-o /Ot(T - u)a—ldBu) % (F,N) ast—T. (35)

12



To conclude, let us consider the chaotic decomposition (16) of Z. By applying (35) to F = E[Z] +
22:1 I,(f,) and then letting n — oo, we finally deduce that (32) holds true.

Now, let us proceed with the proof of (34). Because the left-hand side of (34) is a Gaussian vector,
to get (34) it is sufﬁcient to check the convergence of covariance matrices. Let us first compute the

limiting variance of (T — t)!~H#~-2 f )*~YdB, as t — T. By (14), for any ¢ € [0,T) we have

((T —t)i=He /Ot(T — u)a_ldBu>

t t
= H(2H —1)(T —t)*>72H~ 2“/ ds(T—s)a’lf du(T — u)* s — ul>172
0 0

2
E

T T
= H(2H —1)(T —t)* 21~ 20‘/ dssa_l/ duu®~1|s — )2
T—t T—t
T T

Tt =t
= H(2H71)/ dsso‘fl/ duu® s — ul?H 2
1 1

— H(2H—1)/ dsso‘fl/ duu® s —u|?7% ast T,
1 1

with
o0 o0 o0
/ dss*~ / duu® s —u|*72 = / ds s2a+2H_3/ duu® 1 —uf*172
1 1 1/s
] o) [e’e) 1
_ / g2a+2H— 3d8/ ua—l(u _ 1)2H—2du +/ ds g2a+2H=3 duu®t(1 - u)2H—2
1 1 1 /s
2—a—2H,2H -1 ! >
_ ﬁ( (0% ) ) +/ du Ua71(1 o ’LL)2H72/ dS 82a+2H73
2(1 — H — O() 0 /u
B2 -a—2H,2H 1)
- 1-H—« '
Thus,
t 1 mHEH-1)
lim E | (T =) "= [ (T —w)* 'dB =" T B(2-—a—2H,2H —1).
g (< o [ du) T g PG )

Ou the other hand, by (14) we have, for any v <t < T,
t
E {Bv x (T — t)l_H_“/ (T — u)"’_ldBu}
0
t v
= H(2H -1)(T - t)l_H_a/ du (T —u)*~! / ds |u — s[*12
0 0

t
= H(T—t)lfH*O‘/ (T —u)* (w1 +sign(v — u) x v —u|* 1)du

0
— 0 ast—T,

because fOT(T —u)* (w1 +sign(v — u) x |v — u[*71)du < co. Convergence (34) is then shown,
and (32) follows.

13



2. By (14), for any t € [0V (T'— 1),T) we have

(m/ HdB)
2H_1|/ ds(T — s) /du(T u) s — 22

| log(T
_ T
= HEH-1) dssfH/ duuH|s — >3
[log(T = )| Jr—s T—t
. T s
_ 2H(2H 1)/ ds S,H/ duufH(s u)2H72
| log(T —1)]
_ 2H(2H 1) /T ds /1 duu (1 )2
| log(T" — )]
_ 2H(2H -1) / duu=T (1 — )22 /T ds
o |1Og(T7t)| — T;t s
1
. _ log(T'w)
= 2H(2H -1 duu™ (1 —u)?2
@H ) [, du 1) " Tlog(T— )

T

Because fol |log(Tu)|u= (1 — u)?7~2du < oo, we get that

| (=

On the other hand, fix v € [0,T). For all t € [0V (T — 1), T), using (14) we can write

2
)y HdB ) —2H(2H —1)3(1—H,2H —1) ast—T.

/ )~ "dB,
\/|log —t)]
H(2H —1)
= /du —u) /ds|u 5212
VTog(T —1)]
2H-1

Sox(T — )| sien(v — w) x v — w22V du
|log(T—t)|/0 ( +sign(v — u) x v —u[?71)d

— 0 ast—T,

because fOT(T —u)* ! (w1 +sign(v — u) x [v —u|*" 71)du < co. Thus, we have shown that, for any
d>1 and any s1,...,84 € [0,T),

t
(BSI,...7BSd7(T—t)1_H_“/ (T — u)*~ 1dB> Low, (le,...,BSd,\/QH(QH—1)6(1—H,2H—1)G
0

(36)
as t — T. Finally, the same reasoning as in point 1 above allows to go from (36) to (33). The proof
of the lemma is concluded. ]

Lemma 8 Assume o € (0,1 — H|. Then, ast — T,

(/Ot 6B, (T —u)™ /Osan (T—v)"‘l)Q] < oo0.

limsup £
t—T
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Proof. Set ¢¢(u,v) = (T —uV v)"*(T —uAv)* 1 42(u,v). We have ¢, € |H|? and f(f OB, (T —
u)~® fou 6B, (T —v)*~! = I1(¢y), so that

limsup F¥
t—T

t u 2
( [omar—u [(om, <T—v>“-1) ] — 2 limsup |6 |20
0 0 t—T

t—=T

= 2H?(2H —1)? limsup/ by (u, v) by (z,y)|u — 2> 2 |v — y|?H 2 dudvdady
[0,7]*

1
= §H2(2H—1)2/ (T —uVo) ™ (T —uAv)* Y T —2Vy) (T —xAy)**
0,774

x|u — x| 72|v — y|?H 2 dudvdzdy

T T u
= 2H2(2H—1)2/ du(T—u)_a/ dx(T—x)_o‘|u—as|2H_2/ dv (T —v)*~!
0 0 0

< [T =yt -y
0
T T T T
= 2H2(2H—1)2/ duu_a/ da:m_a|u—x|2H_2/ dvvo‘_l/ dyy* o —y?H 2
0 0 u T
T T T v

T/
= 2H2(2H—1)2/ duu_a/ dxx_a|u—x|2H_2/ dvv2H+2o‘_3/ dyy® 1 — g2
0 0 u T

/v
Because a <1 — H and H < 1, we have o < 2 — 2H, so that
T/v 00
// y M1 =y P2y < / YoM =y P dy < oo
z/v 0

Moreover, because 2H + 2a — 3 < —1 due to our assumption on «, we have

T 2H+20—2 f 1—-H
2H+2a-3 u Ira<
/u dvw \C{ 1+ |logul ifa=1-H

Consequently, if « =1 — H, then

T T T T/v
/ duu=¢ / dx Zia‘u o I|2H72 / dv ,U2H+2a73 / dy ya71|1 o y|2H72
0 0 u z/v

T T
< c/ duuH_1(1+|10gu|)/ do xf =1y — 222
0 0
T T/uw
= c/ duu4H73(1+|loguD/ dr z =11 — |22
0 0
. 2
T
< C/o duu*™3(1 4 |logu|) x ¢ 1+ |logul if H=2
u?=3H if H> 2
< 09,

and the proof is concluded in this case. Assume now that o < 1 — H. Then

T T T T/v
/ duu—a/ dwx_a|u—x\2H_2/ dUU2H+2a—3/ dyya_l‘l _y|2H—2
u x/v

0 0
T T T T/u
< c/ duu2H+°‘_2/ drz™|u — o2 :c/ duu4H_3/ doex=*1 — 2172,
0 0 0 0
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Let us distinguish three different cases. First, if « < 2H — 1 then

T T/u T
/ duu4H73/ drz=|1 —z|*172 < c/ w2 dy < .
0

0 0

Second, if « = 2H — 1 then

T T/u T T/u
/ du u4H73/ dvao=@[1 - o?H-2 — / du U4H73/ do 2 ~2H |1 — g?H2
0 0 0 0

T
c/ w73 (1 + [logul)du < oo.
0

N

Third, if a > 2H — 1 then

T T/uw T 0o
/ duu4H_3/ de =1 — 2?2 < / u4H_3du/ 71 — 22 2dr < .
0 0 0 0

2
Thus, in all the possible cases we see that limsup, ,, E {(f(f 6By (T —u)~™ [, 6B, (T — v)”"l) } is

finite, and the proof of the lemma is done. [ ]

Lemma 9 Assume o« € (0, H), and recall the definition (21) of &. Then, ast — T':

1 2a/ 62 2a st a.g. 5%

1. if0<a<%, then

2. ifa= %, then
1 te
|[log(T —¢t)| Jo T —s

/é— 20(2d8 /é— 2a 2d8<OO

Proof. 1. Using the (% — %)—Hélderianity of ¢ (Lemma 4), we can write

52
1 2« 62 2(1 2d8 T
1 -2«

3. if%<o¢<H, then

—2« a— B aT2a71
) ””/'ﬁf—f%lw—s)? s b (T )
0 o
t H T2a—1
< C‘€|C>O(T—t)1_2(¥/ (T — )7""7 2d8—|—(T )1—2&7%
0 1—- 2«
H_ « H | 3c jjza*1
< C‘ﬂoo((T*t)T*?+(T7t)1*204T7+771)+(T7t)172aﬁ§%
— 2«

— 0 almost surely as ¢t — T'.

16



2. Using the (£ — 1)-Hélderianity of ¢ (Lemma 4), we can write

‘ t & dS—fT
|log -t Jo T—s
2
< T /|€ 5 gt g1
A 5“”|lo§<gTai)t>|5%
< ey T @0t - D

— 0 almost surely as t — T.

3. By Lemma 4, the process £ is continuous on [0, T], hence integrable. Moreover, s — (T — 5)?*2 is
integrable at s =T because o > % The convergence in point 3 is then clear, with a finite limit.
|

We are now ready to prove Theorems 1 and 2.

Proof of Theorem 1. Fix a > 0. Thanks to the change of variable formula (17) (which can be well
applied here, as is easily shown by proceeding as in the proof (25)), we can write, for any ¢ € [0,7):

1 2a—1,42 1—2a [ 20—2 (2 ! 2a—1
FT =07 = — (T —u)**2&du+ [ (T —u)** " gudéy
0 0
1—2a [
= D) @ /0 (T - U)2a_2€3du + Tt
so that )
1
a—ay = tgt +a—-. (37)
2T — t)1—2 fo E2(T — u)?2—2du 2

When «a € (0, 3), we have (T — ¢)! 2> fot (T — u)?*2du 3 15%% (resp. &2 %3 ¢2) ast — T by

Lemma, 9 (resp. Lemma 4); hence, as desired one gets that o — a; ¥ 0 as t — 7.
When o = 3, the identity (37) becomes

oG = & - (38)

2 fot (T — u)—ldu’

as t — T, we have fot E(T —u) " tdu X |log(T — t)|€2 (resp. €2 *3 ¢2) by Lemma 9 (resp. Lemma
4). Hence, here again we have o —a; *¥ 0 as t — T.

Suppose now that a € (3,H). Ast — T, we have f(f E(T — u)?*2du =¥ fo (T — u)?>~ 2du
(resp. &2 2% €2) by Lemma 9 (resp. Lemma 4). Hence (37) yields this time that o — @; 3 a — % as
t — T, that is a; 2> 5.

17



Assume finally that « > H. By (15), we have

t t
E[(T -t = (T / du(T — u)== / (T — v)=*|v — uf2H 2
0 0
T T
= (T —t)! / duu™® / dvv™ v — ul?H 2
T—t T—t
T _T

T—t T—1
= (T—t)2H_1/ duu_o‘/ dvv™ v — 772
1 1

1 1
_ (T o t)2H71 / du ua72H / dv Ua72H|”U o u‘2H72
T—t

1
duu2a72H71\/ d’U’Ua72H|1} o 1‘2H72
0

n
=S
|
<
i
P
|

1 if <1

N

o(T —t)2H~1 duw®* 201 5 & 14 |logu| ifa=1
T—t
T

ul—@ fa>1

|[log(T —¢)] ifa=H
< o(T —t)2H1 %

1 ifa>H
— Oast—T.

Hence, having a look at (37) and because fot E(T — u)?*2du 3 fOT (T — u)?*2du € (0,00] as

~ b. .~ b.
t — T, we deduce that o — oy P a— % ast — T, that is oy P %
The proof of Theorem 1 is done. [ ]

Proof of Theorem 2. 1. Assume that « belongs to (0,1 — H). We have, by using Lemma 6 to go from
the first to the second line,
(T _ t)l_H_ant
(T — )12 [ €2(T — 5)20-2(s
(T — )= H=o [{(T —u)*~1dB, [, (T — s)~“dB,
T — )12 tgz T — §)20—24g
0 Ss
(T — )1 [T§B(T — 5)~* [} 6B, (T — u)* !
(T — )12 [§&2(T — s)%2ds
(T — ) = H=o [Tds (T — s)= [ du (T — u)*~ (s — u)?1—2
(T — )12 [J (T — 5)>*~2ds

(T =) (a—a;) =

—H(2H — 1)
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_ 12T2a (T_t)lfoa At(T—U)aldBu
y J3(T — s)=*dB, y €2
&r (1 —20)(T — t)1=20 [} €2(T — s)22=2ds

(T — )= [T§B(T — )= [i 6B, (T — u)*
(T = t)1=2 [J€2(T — 5)%~2ds
(T — ) =1 [V ds (T — 8)= [ du (T — u)* (s — u) > 2
(T —t)1=20 [T €2(T — 5)20=2ds
= a; X by X ¢ —dy — e, (39)

~H(2H — 1)

with clear definitions for a; to e;. Lemma 7 yields

a S (1 2a)\/H(2H 1)5(2*?:2%?* DI ng ast — T,

where G' ~ N(0,1) is independent of B, whereas Lemma 4 (resp. Lemma 9) implies that b; *3 1 (resp.
¢ 3 1) as t — T. On the other hand, by combining Lemma 9 with Lemma 8 (resp. Lemma 3), we

deduce that d; prop- () (resp. e prop- 0) as t — T. By plugging all these convergences together we get
that, ast — T,

B2-a-2H2H-1) G
1-H—« §T'

(T—6)*" " (@ —a) ™ 1- 2a)\/H(2H —1)

Because it is well-known that the ratio of two independent N (0, 1)-random variables is C(1)-distributed,
to conclude it remains to compute the variance o2 of &7 ~ N(0,02). By (15), we have:

T T
E[¢3] = H(2H—1)/0 du(T—u)_a/O dv(T —v) %o — u[*H =2
T T
= H(2H - 1)/ duu*a/ dvv™ v — ul?H 2

0
= 2H(2H - 1) -
0
1
= 2H(2H — 1)/ u2H*2a*1du/ v (1 — ) 2dy
0 0

0
T u
duu_o‘/ dvv™(u — )22
0
T

_ H(2H - 1) 2H -2«
= T B(1—a,2H — 1), (40)

and the proof of the first part of Theorem 2 is done.

2. Assume that « = 1 — H. The proof follows the same lines as in point 1 above. The counterpart
of decomposition (39) is here:

(T —t)t—24 2H —1 ¢

—a — =~ [ (T -s)"H"dB,
TR iy A
(T —w B, &2
&r (2H — 1)(T — t)2H=1 [ €2(T — 5)=2Hds
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[ 8By(T — s)H=1 [* 6B, (T —u)™ ¥

[log(T — 1)[(T — #)2H=1 [ €2(T — s)~2Hds

fot ds (T — s)"=1 [7 du (T — u)~H (s — u)*=2
[Tog(T — )[(T — £)H1 [ €2(T — s)=2Hds

= 6tthXEt—dt—gt.

—H(2H — 1)

Lemma 7 yields

aw G
G (2H — 1)3\/2H B(1 — H,2H — 1) x e wtoT,

T
where G ~ N (0, 1) is independent of B, whereas Lemma 4 (resp. Lemma 9) implies that b 231 (resp.
¢ ¥ 1) as t — T. On the other hand, by combining Lemma 9 with Lemma 8 (resp. Lemma 3), we
deduce that d, Pred ) (resp. € prop: 0) as t — T. By plugging all these convergences together we get
that, ast — T,

w ~ law _ % — -~ g
|10g(T_t)|(at o) ™ (2 — 1)} V2H B~ H.2H —1) x -

Moreover, by (40) we have that &7 ~ N (0, HT*#~23(H,2H — 1)). Thus,

x C(1),

G law n1—2H % Qﬁ(l—H,QH—l)
(2H — 1)%\/2H B(1 H,2H—1)x€—T_T (2H—1)\/ B2 1)

and the convergence in point 2 is shown.

3. Assume that « belongs to (1 — H, %) Using the decomposition

T2 (0 — &) = Nt
( t) (O( at) (T . t)1,2a f()t gg(T _ u)2a72du,

we immediately see that the second part of Theorem 2 is an obvious consequence of Lemmas 5 and 9.

4. Assume that o = . Recall the identity (38) for this particular value of a:

£
2 [ €2(T —u)~tdu

a—&t:

As t — T, we have £2 3 ¢2 by Lemma 4, whereas fo E(T -
Therefore, we deduce as announced that |log(T — t)|(a — @)

“tdu X |log(T — t)|€2% by Lemma 9.
ast—T. ]

Acknowledgments. We thank an anonymous referee for his/her careful reading of the manuscript
and for his/her valuable suggestions and remarks.

References

[1] E. Alos and D. Nualart (2003): Stochastic integration with respect to the fractional Brownian
motion. Stoch. Stoch. Reports 75, no. 3, 129-152.

[2] M. Barczy and G. Pap (2011): Explicit formulas for Laplace transforms of certain functionals of
some time inhomogeneous diffusions. J. Math. Anal. Appl. 380, no. 2, 405-424.

20



[3]
4]
[5]
[6]
[7]
18]

[9]

M. Barczy and G. Pap (2010): a-Wiener bridges: singularity of induced measures and sample path
properties. Stoch. Anal. Appl. 28, no. 3, 447-466.

M. Barczy and G. Pap (2010): Asymptotic behavior of maximum likelihood estimator for time
inhomogeneous diffusion processes. J. Statist. Plan. Infer. 140, no. 6, 1576-1593.

Y. Hu and D. Nualart (2010): Parameter estimation for fractional Ornstein-Uhlenbeck processes.
Statist. Probab. Lett. 80, 1030-1038.

R. Mansuy (2004): On a one-parameter generalization of the Brownian bridge and associated
quadratic functionals. J. Theoret. Probab. 17, no. 4, 1021-1029.

D. Nualart (2006): The Malliavin calculus and related topics. Springer-Verlag, Berlin, second
edition.

D. Nualart and G. Peccati (2005). Central limit theorems for sequences of multiple stochastic
integrals. Ann. Probab. 33 (1), 177-193.

V. Pipiras and M.S. Taqqu (2000): Integration questions related to fractional Brownian motion
Probab. Theory Rel. Fields 118, no. 2, 251-291.

[10] F. Russo and P. Vallois (2007): Elements of stochastic calculus via regularization. Séminaire de

Probabilités XL, 147-185. Lecture Notes in Math. 1899, Springer, Berlin.

21



