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Abstract. We study the representation theory of the #~algebra #(g) asso-
ciated with a simple Lie algebra g at level k. We show that the “—" reduction
functor is exact and sends an irreducible module to zero or an irreducible
module at any level k € C. Moreover, we show that the character of each
irreducible highest weight representation of % (g) is completely determined
by that of the corresponding irreducible highest weight representation of
affine Lie algebra g of g. As a consequence we complete (for the “—" reduc-
tion) the proof of the conjecture of E. Frenkel, V. Kac and M. Wakimoto on
the existence and the construction of the modular invariant representations
of #-algebras.

Contents

1 Introduction . . . . ... .. ... ... 219
2 Quantum reduction for finite-dimensional simple Lie algebras . . . . . . .. .. 224
3 Filtration of vertex (super)algebras and BRST cohomology . . . . ... ... .. 236
4 Halgebras . . ... ..o 256
5 TIrreducible highest weight representations of #algebras . . . . . . ... ... .. 280
6 Functors HY(?)and H2(?) . . ... ... ... ... 289
7 Representation theory of #algebras through the functor H%(?) . . . . . ... .. 292
8 Proofof Theorem 7.5.3.. . . . . . . .. .. ... .. 302
9 Results for the functor H_E( ) e 313
A Compatible degreewise complete algebras . . . . . .. ... ... ... 316

1. Introduction

This paper is a continuation of the author’s earlier work [2] in which we
proved (completely for the “—” reduction and partially for the “+” reduc-
tion) the vanishing conjecture of E. Frenkel, V. Kac and M. Wakimoto [27].
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Let g be a finite-dimensional complex simple Lie algebra, g =
n_@®hen, its triangular decomposition, g the Kac—-Moody affinization
of g, k the level of g. Then the corresponding #-algebra #.(g) ([16,17,21,
50,51,59]), which is a Mobius conformal vertex algebra, can be constructed
by the method of B. Feigin and E. Frenkel [21] (see Sect. 4). It is known [21]
that for k # —h" the vertex algebra #(g) is conformal (or a vertex operator
algebra) of central charge c(k), where

1
k) =rankg— 12 (k+ 1Y) 157> = 2(p, 5" 6% ),
c(k) = rank g ((+ ) 15" <pp)+k+hv|p|>

while #/ ;v (g) is the center of the universal affine vertex algebra V_;v(g)
(see Sect. 4.3) associated with g at level —h". Here p is the half sum of
positive roots of g, 0" is the half sum of positive coroots of g and 4" is the
dual Coxeter number of g.

The simplest #-algebra #;(sl,) is the Virasoro vertex algebra, whose
representation theory is well-studied ([22,23,31,35]). However, #-algebras
for other simple Lie algebras are not generated by Lie algebras, and hence
one cannot apply the Lie algebra theory for #<algebras directly. As a con-
sequence, surprisingly little is known about their representation theory (see
e.g. [9]).

Let 36(#:(g)) be the Zhu algebra [29,60] of #(g) (see Sect. 3.12).
Then, by construction [21], 3h (#(g)) is isomorphic to the center Z(g) of the
universal enveloping algebra U(g) of g (Theorem 4.16.3 (ii)). Therefore, by
Zhu’s theorem [60], the irreducible highest weight representations of % (g)
are parameterized' by the central characters of Z(g) = S(f_))W. Let y;5 :
Z(g) — C be the evaluation at the Verma module M (1) of § with highest
weight & € h*. Denote by L(y;), with % € —p+W\b*, be the corresponding
irreducible highest weight representation of #(g). Here W is the Weyl
group of g. Then L(y;) is the simple quotient of the Verma module M(y;)
with highest weight y; (see Sect. 5). As in the case of Lie algebras, one has
a simple character formula for M(y;) (see Proposition 5.6.6).

One of the aim of this paper is to find the character formula of each
irreducible highest weight representation L(y;), that is, to determine the
integer m; in the expression ch L(y;) = Z,z ms, chM(yp).

To this end we study the method of quantum reduction [21,27], in par-
ticular the “—” reduction functor [27], which is the modified version of
the reduction functor originally introduced in [21] (the original reduction
functor is referred to as the “+” reduction functor): Fix the triangular decom-
position g = g_ @ h @ g of the affine Lie algebra g in the standard manner.
Then, one has the corresponding Bernstein—Gelfand—Gelfand category Oy
of g at level k (see Sect. 6.1). Let h; C h* be the set of weights of level &,

! To be precise, in the case that the level k is critical, “irreducible highest weight represen-
tations” should be replaced by “graded irreducible highest weight representations”, see
Sect. 4.17.
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M()X) € O the Verma module of g with highest weight A € b}, L(A) € O
the unique simple quotient of M()). Denote by H® (M) the cohomology
with coefficient in M € ¢y associated with the quantized Drinfeld—Sokolov
“—"reduction [21,27] (see Sect. 6.5). Then the correspondence

M +— H(M)

defines a functor from (; to the category of % (g§)-modules?.

Now recall that if A € bh* is admissible [38] then L(A) is called an
Kac—Wakimoto admissible representation. Conjecturally, Kac—Wakimoto
admissible representations exhaust all modular invariant representations
of g. In [27], E. Frenkel, V. Kac and M. Wakimoto conjectured that, for an
admissible weight A € h*, one has H' (L (1)) = 0 withi # 0and H°(L (L))
is an irreducible 7% (g)-module if X is non-degenerate [39]. (They showed
that H°(L (X)) is zero if X is a degenerate admissible weight.?) The remark-
able consequence of this conjecture is that the existence and the construction
of modular invariant representations of #-algebras. Namely, one can obtain
(non-trivial) modular invariant representations of #-algebras as the image of
non-degenerate Kac—Wakimoto (principal) admissible representations of g
by the functor H° (?). In the case that § = sl,, this conjecture is a known to
be true ([27]), and the corresponding modular invariant representations are
the minimal series representations [5] of the Virasoro (vertex) algebra.

Of this conjecture the part concerning the vanishing of cohomology is
proved in [2]. Therefore, it is remains to prove the irreducibility. It turns out
that the method of quantum reduction produces not only modular invariant
representations but also all the highest weight irreducible representations
of #-algebras, determining their characters.

Let b* 3 A — A € b* be the restriction. We refer to_)_\ as the classical
part of A. The weight A € bh* is called anti-dominant if M(}) is irreducible
over g. One knows that this condition is equivalent to

(1)
(A+p,a”) ¢{1,2, ...} for each element & of positive roots A of g.

It is clear that any central character of Z(g) is of the form y; for some anti-
dominant A € h*. Note thatif A € h* an admissible weight then by definition

it is non-degenerate if and only if its classical part A is anti-dominant.*
Let D(L(y;)) be the restricted dual of L(y;) in the sense of [26]. Then

D(L() = L(yy5)

as #.(g§)-modules, where wy is the longest element of W (Theorem 5.5.4 (i)).

2 The action of #(g) on H® (M) is slightly changed, see Sect. 6.4.

3 A dominant integral weights of g is a degenerate admissible weight. Therefore, an
integrable representation of g goes to zero by the functor H (?).

4 But a non-degenerate admissible weight X is by no means “anti-dominant” as a weight
of affine Lie algebra g, see [27,39]. (Indeed it is “regular dominant” so that the Weyl-Kac
type character formula holds for L(A) ([37]).)
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Main Theorem 1. Let k be an arbitrary complex number.

(i) (Theorem 7.6.1) For any object M of Oy, the cohomology H' (M) is
zero unless i = 0.
(i1) (Theorem 7.6.3) For A € by, there is an isomorphism

D(L(y;)) ifthe classical part X is anti-dominant,

HO(L(L)) =
(L @) 0 otherwise.

By Main Theorem 1 (1), which generalizes the result obtained in [2], it
follows that the correspondence M > H°(M) defines an exact functor
from Oy to the category of 7 (§)-modules at any k € C. Also, it holds that
H° (M) = M(y i) (Theorem 7.5.1). Therefore, if we choose A so

that its classical part A is anti-dominant, then we have

chL(y;) = Y [L(A) : M(1)] ch M(y;)
"

(Theorem 7.7.1). Here [L(A) : M(u)] € Z is determined by the formula
chL(}) = Zﬂ[L()\) : M(u)]ch M(w). This integer [L(X) : M(u)] is
known® and written in terms of Kazhdan—Lusztig polynomials [13,41-44].
Therefore the above formula gives the character of each irreducible highest
weight representation L(y;).

It is clear that the above explained conjecture of E. Frenkel, V. Kac
and M. Wakimoto [27] follows immediately from Main Theorem 1 (Corol-
lary 7.6.4).

Next we describe our results for the “+4” reduction, through which
W-algebras themselves are defined. In [27], E. Frenkel, V. Kac and M. Waki-
moto gave the similar conjecture also for the “+4” reduction. But the “+”
reduction is in general not as simple as the “—” reduction (if we consider
the whole category (%;). This is basically because the “4- reduction is not
compatible with the degree operator D of g as opposed to “—” reduction
(however see [3] for the case that g = sl,). Nevertheless we have the fol-
lowing result for this case: Let H jr (V) be the cohomology associated to the
quantized Drinfeld—Sokolov “+” reduction ([21,25], see Sect. 6.4). Denote

by (Dk[M the block of O corresponding to a weight A € b;.

Main Theorem 2. Suppose that ). € b* is non-critical and satisfies the
following condition:

Moy eZ foralla e {—a+nd;aec Ay, 1<n <hta),

where ht & is the height of &.

5 The character formula of L()) is not known if the level of A is critical. However, since
W v (@) is a commutative vertex algebra [21], in this case one knows that each L(y;) is
one-dimensional, see Sect. 4.17.
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(1) ([2]) Let M be any object of (9km. Then the cohomology H _’k (M) is zero
foralli # 0.
(i1) (Theorem 9.1.4) There is an isomorphism Hﬁ (L) = L(¥5_ gy pv)-

Let k be a rational number such that there exists a non-degenerated principal
admissible weight [38] of level k. Then the condition of Main Theorem 2 is
satisfied for . = kA and all the minimal series representations of #;(g) at
level k can be obtained as the image of the functor Hf: (?) (see Remark 9.1.8).
This proves the conjecture of E. Frenkel, V. Kac and M. Wakimoto for the
“4” reduction partially (Corollary 9.1.7).

This paper is organized as follows. In Sect. 2, we collect some funda-
mental results concerning the quantum reduction for finite-dimensional Lie
algebras [45,46,55]. We remark that the finite-dimensional version of the
functor H°(?) is identical to Soergel’s functor [58] ([4], see Theorem 2.6.1
and Remark 6.5.1). In Sect. 3, we prepare some general theory about fil-
tration of vertex superalgebras and BRST cohomology. In particular the
notion of strict filtration of vertex algebras is introduced (Sect. 3.8). The
definition of the current algebra [54] (= the universal enveloping algebra
in the sense of 1. Frenkel and Y. Zhu [29]) and the Zhu algebra of a vertex
algebra is also recalled. Some technical notion needed for this is summa-
rized in Appendix A. In Sect. 4, we recall the definition of #-algebras
and collect necessary information about its structure, following [25]. In
particular we define an important strict filtration of #(g) arising from the
argument of [25] (Sect. 4.11). We also describe the current algebra and the
Zhu algebra of #;(g) (Theorems 4.14.1, 4.14.2 and 4.16.3). Theorem 4.16.3
should be compared with Kostant’s Theorem [45] (Theorem 2.2.1) through
Kostant—Sternberg’s Theorem [46] (Theorem 2.4.2). In Sect. 5, we define
the Verma module M(y;) of #/(g) with highest weight y; and its simple
quotient L(y;). The duality structure of modules over #-algebras is also
discussed (Theorem 5.5.4). In Sect. 6, we recall the definition of the cate-
gory O and two reduction functors H}(?) and H*(?). We also recall some
of the structure of the category Oy for the later purpose. Sect. 7 is the main
part of this paper: we study the representation theory of #-algebras through
the “— reduction functor H°(?). Sect. 8 is devoted to the proof of The-
orem 7.5.3, which is the most crucial part in the proof of Main Theorem 1.
In Sect. 9 we prove Main Theorem 2.

In view of [14,36,40], the #-algebras #;(g) considered in this article
are the #~algebras associated with principal nilpotent orbits of g. There has
been rapidly growing interest in #-algebras associated with other nilpotent
orbits (see e.g. [12,30,57]).° The method developed in the present paper
works for general #-algebras as well (cf. [3]). The detail will appear in our
forthcoming papers.

6 While the present article was being refereed, the paper [De Sole, A., Kac, V., Finite
vs. affine W-algebras, Japanese J. Math. 1, No. 1, April, 2006, 137-261] appeared, which
studies the relationship between affine #algebras and finite #algebras in full generality.
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Notation. Throughout this paper the ground field is the complex number C
and tensor products and dimensions are always meant to be as vector spaces
over C if not otherwise stated.

2. Quantum reduction for finite-dimensional simple Lie algebras

2.1. The setting. Let g be a finite dimensional complex simple Lie algebra,
| = rank g. Let (-|-) the normalized invariant inner product of g, that is,
)= # x Killing form where /" is the dual Coxeter number of g.

For x € g we write g* for the centralizer of x in g.

Let e be a principal nilpotent element of g, so that dimg® = /. One
knows that g¢ is commutative. By the Jacobson—Morozov theorem, there
exists an sly-triple {e, hg, f} associated e, that is,

[hOv e] == 267 [hO’ f] == _2f’ [8, f] - hO-
Set

2) g == {x € §; [ho, x] =2jx} for € Z.

This gives a triangular decomposition § = i_ @ h @ i, where

(3) =g, =Py 1 =Py

j>0 j<0
We often identify the Cartan subalgebra b with its dual b* using the

form (- |-).
Let b_ = fi_ @ b. Then there is an exact sequence

@) 0—§ —bo “La o

Let A be the set of roots of §. We have the decomposition A = | |;.5 A,
where A./ = {a € A; (a0, hg) = 2j}. The set

®) := A
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is a basis of A, A+ = uj>oAj is the set of positive roots and A+ = uj<oAj
is the set of negative roots. Let Q be the roots lattice, P the weight lattice,
QV the coroot lattice, PV the coweight lattice. We write W for the Weyl
groups of g and wy for the longest element of W.

For o € A, the number («, 5) is called the height of o and denote by
hto. We have

(6) ho =2p",

and so Aj ={a e Ay ;hta = j}for j > 0.
Fix an anti-Lie algebra involution

(7) g2 X~ X' €3

such that e’ = f, f' = eand h’ = h for all h € b. Choose root vectors {J,}
such that J, = J_, and (J,, J_) = 1. Let {J;; i € I}, where

(8) I={1,2,...,1},

be a basis of h. Then the set {J,;a € I U A} forms a basis of g. Let cjb
be the structure constant with respect to this basis: [J,, Jp] = >4 c;{ pJd-
We have cg,ﬂ = —c:Z’_ﬂ fora, B,y € A,

Letd;, d, ..., d; be the exponents of g. There exists a basis {F}; i € I}
of g/ such that that is,

€)) P, € §q, orequivalently, [p", B]=—d;P.
By (4) for @ € A there exists an element /_, € b_ such that
(10) [f, Ly]=J,.

The set {P, I_,;i € I, € A} form a basis of b_.

2.2. Kostant’s theorems. Define an element x, € n’ by

(11) X+ () = (flx) forx en,.

Then ). is a character of n, that is, x, ([fi4, n;]) = 0. The character y
is non-degenerate in the sense of [45]: x4 (J,) # Oforall & € IT. Set

X=X+

Then x7 also defines a non-degenerate character of n,. Let ker x; =
ker(x} : U(ny) — C) and set

(12) Cyr = U(ny)/ ker .

This defines a one-dimensional representation of n.



226 T. Arakawa

Let M be a g-module. Define
(13) Wh(M) :={m € M;xm = x; (x)m forallx € n ]},
(14) WhE" (M) := {m € M; (ker i1)'m = 0 forr > 0}.
Then Wh(M) C Wh&"(M) and Whe*"(M) is a g-submodule of M. An
element of Wh(M) is called a Whittaker vector.

Let H*(n,, M) be the Lie algebra cohomology of n; with coefficient in
an;-module M. By definition we have

(15) Wh(M) = H(iy, M ® ;).

where 1 acts on V ® Cy, by the tensor product action.
Define a g-module Y by

(16) Y := U@ Qua,) Cx:-
Then Y = Whe"(Y). By the Frobenius reciprocity, we have an isomorphism
Wh(M) = Homy(Y, M) for any g-module M.

In particular Wh(Y) = Endg(Y). The space Wh(Y) is considered as
a C-algebra through the identification

17) Wh(Y) = Endg(Y).
Let Z(g) be the center of the universal enveloping algebra U(g) of g.
The following theorem is well-known.
Theorem 2.2.1 (B. Kostant [45]). The correspondence
Z(g) — Wh(Y) = H(n, Y ® Cy,)
z > z®1
gives an algebra isomorphism.

Let C be the Serre full subcategory of the category of g-modules con-
sisting of objects M such that M = Wh**"(M).

Theorem 2.2.2 (B. Kostant [45], see also [57, Appendix by S. Skryabin]).

(i) Let M be any object ofé. Then H' (g, V @ C5,) = 0foralli # 0.

(i1) The functor M — Wh(M) gives an equivalence of the category C and
the category of left Z(g)-modules. The inverse functor is given by the
functor E — Y Qg E.

Let C be the full subcategory of e consisting of objects V satisfying (1) M
is finitely generated over U(g), and (2) M is locally finite over Z(g).
Let FinZ(g) be the category of finite-dimensional Z(g)-modules. Then,
Y Rz E € C for E € FinZ(g). Therefore, by Theorem 2.2.2, we have an
equivalence of categories

(18) C = FinZ().
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2.3. Superspaces and superalgebras. A superspace is a Z,-graded vector
space V = V; @ V;. We set p(v) = jifve V;. The p(v) is called the parity
of v. We use the convention that when we write p(v) we are assuming
the vector v is homogeneous. A vector v is called even if p(v) = 0, and
odd if p(v) = 1. In this paper we write V" for V; and yodd for Vi.

A supersubspace W of V is a Z,-graded subspace of V: W = Weven gy Wwodd,
weven — W N Veven’ Wodd =Wn Vodd.

A superalgebra is a Z,-graded algebra A = A%" @ A°Y Fora,b € A
we set

[a, b] = ab — (—1)PPP)pq,

Any superalgebra can be viewed as a Lie superalgebra with respect to this
bracket.

The tensor product A ® B of two superalgebras A and B is considered
as a superalgebra by p(a ® 1) = p(a), p(1 ® b) = p(b),

(a1 @ by) - (@2 ® by) = (—1)?PVPD (q1a,) @ (b1by).

If no confusion can arise we often omit the tensor symbol for elements, e.g.
we write ab for a ® b.

2.4. The BRST construction of the center Z(g). The form (-]|-) of g
restricts to a non-degenerate symmetric bilinear form on n_ @ ny. Let C/
be the associated Clifford algebra. The C/ may be defined as the superalgebra
with

odd generators: ¥, witha € A,

relations: [V, V5] = 84150 Wwitha, B € A.

Here v, is regarded as the element of CI corresponding to the root vector
Jo € @. The algebra CI contains the Grassmann algebra A(n.) of ny as its
subalgebra:

(19) A(iz) = (Yo; @ € Ay) C CL
There is an isomorphism of linear spaces
Cl= A(Ry) ® A(fL).

The space A(n,) and A(n_) can be also considered as Cl-modules through
the identification

A(y) =Cl/(Cl-7), A(@_)=CIl/(Cl-ny).

These are irreducible C/-modules.
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Define a superalgebra C(g) by
(20) C@ = U@ ® Cl,

where U(g) is considered as a purely even superalgebra. Let O, € C(§) be
an odd element defined by

(21 0= 0%+ X+
_ 1
(22)  where Q%= Y JuYa— > > paVpiy
O(EAJr a,ﬂ,y€A+

Here the character x € 0’ is considered as an element of Cl, that is,

X =D iUV

acll
The following assertion can be checked by a direct calculation.

Proposition 2.4.1. We have
[0%. 0% =[x+, %41 =[OV, %] =0 inC(®.
In particular, (Q%)* = 33 = 0and Q2 = 0.
By Proposition 2.4.1 we have
(23) (ad 0,)> =0 in End C(g),
where ad O (¢) = [Q, c]. This follows from the relation

24 (01, [0+, cll =110+, O4), cl = [Q4,[Q4. ]l forc e C(@).
Define a Z-grading

(25) Ce=PC@® C"@- C"@cC"™@),
nez

by setting

(26) deg, = —1,degy, =1 forae A, and

degu =0 foru € U(g).
Then deg Q_+ = 1. Thus by (23) (C(g), ad Q+) is a cochain complex. Let
27) H*(C@®) =P H'(C@)

i€Z

be the corresponding cohomology space. The space H*(C(g)) inherits the
Z-graded superalgebra structure from C(g).
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Theorem 2.4.2 (B. Kostant and S. Sternberg [46]).

(i) The cohomology H'(C(g)) is zero for all i # 0.
(i1) The correspondence

Z(g — H(C(@))
z > z®l1
gives an algebra isomorphism.

Proof. Weidentify A(n_) with A(n%) via (-|-) and set ¥," = ¥, € A(1})

for @ € A,. For convenience put C = C(§) = U(g) ® CI, C" = C"(g).
Then

(28) C'= ) U@ ®AN@®) QN @)

i—j=n
The following assertion can be checked by a direct calculation.
Claim 1. We have

(29) ad O, =d, +d_

on C, whered. € End C(g) is defined by

(B0) diu@w Q@)=Y ((adJyu)) ® Yo ® w)

acAy

+u @ Yo ® ad Jo(w»))

1
—3 Y @ Yady, @) @ s,
a.Byely
(31)
(DA W@ @) = Y ull+ X(Je) ® 0 & ad Y (@2)
acAy

1

-3 Z o ptt ® 01 ® Y, ad Y (ad ¥ (1))

a,Byedy
foru € U(g), w, € Z\i(ﬁi), wy € A(ny).
Note that
d (U@ ® X ([@}) ® N (Ry) C U@ ® AT (1) @ A (i),
d_ (U@ e N@) AN @) CU®@ NG N (1)
Thus we have

(33) di =d*> =1d;,d_1=0.

(32
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Define
(34) Fré =Y U@ ® A () ® A(iy) C C.
i=p
Then
(35) C=F'CoF'C>...o>Fim“HIC =y,
(36) d.FrC c F'r*'C, d_FPC cC FrC.

Hence there is a corresponding converging spectral sequence E, = H*(C).
By definition and (31), we have

EV? = HPY(FPC/FPT'C,ad Q) = HI(U@G) ® AP (%) ® A°(7i}),d_).

The formula (31) shows that the cochain complex (C,d_) is identical to
the Chevalley complex for calculating the n, -homology

Ho (i, (U@ @ Cy,) ® A(Y)) = Ho(y, (U(G) ® Cyy)) @ A(RY)

(equipped with the opposite homological gradation). Here (U (9 ® Cy +) ®
A7) is regarded as a right U(n;)-module on which U(n,) acts only on

the first factor U(g) ® Cj.
Obviously the right n-module U(g) is free over n,, and thus, so is
U(g) ® Cy, . Therefore

(37)
gra _ (U@ ®Cy)/ U@ ®Cyny) @ A”(@L)  for ¢ =0,
7o for ¢ #0
_ W@ ®uai,) Cz) @ AP(w})  for g =0,
o for g # 0.

Next we calculate the term E,. From (16), (30) and (37) it follows that
E}? = 0 for g # 0 and that

EP’ = HP (R, Y ® Cy,).

But then by Theorem 2.2.2 (i) we have E5'? = 0 unless (p, ¢) = (0, 0) and
our spectral sequence collapses at E; = E,. This proves (i). Because the

term EZ? lies entirely in Eg’o the corresponding filtration of H 0(C(g)) is

trivial: H°(C(g)) = Wh(Y). Thus Theorem 2.2.1 proves (ii). |
Let
(38) Clsarsd eCl

be the anti-superalgebra automorphism defined by ¥ = ¥, for @ € A.
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This induces the anti-superalgebra automorphism

(39) C@scr>c eC@
defined by (u ® a)' = u' ® a' for u € U(g) and a € CI.
Set
_ . 1
(40) 0" :=(0%) = D JoVra—5 D cupbatply,
aeA a,ByeA_

@) 3 =G =Y X UdVa

acA_
42) 0-=(01) =0"+x-.
The element y_ can be considered as a character of n_ such that

43) ¥_(Jy) = (e|J,) forae A_.

We have (0%)? = (x_)> =02 =0,(ad 0_)> =0andad O_-Ci(g) C
C*=1(g). Thus (C(g), Q_) is a chain complex. Put

H.(C(§) == H.(C (), 0).

~

The anti-automorphism (39) induces an isomorphism H'(C(g))

H_;(C(g))foralli € Z. Therefore, by Theorem 2.4.2 we have H; (C(§)) = 0
for all i # 0 and the algebra isomorphism

(44) Z(§) = Hy(C())
z = z®I1

2.5. Whittaker functor. Let O (g) be the Bernstein—Gelfand—Gelfand cat-
egory [6] of g, that is, a full subcategory of the category of left g-modules
consisting of objects M such that the following hold:

— M is finitely generated over g;
— b acts semisimply on M;
— n, acts locally nilpotently on M.

Let M(L) € O(g) be the Verma module of § with highest weight A € h*,
L(}) € O(g) its unique simple quotient. Then every simple object of @ (§)
is isomorphic to exactly one of the L(1) with A € h*. Every object of
O(g) has finite length. It is known that M(X) = L(X) if and only if X is
anti-dominant, that is,

(45) A+p,aYy¢{1,2,3,...) foralla e A,.
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Let O (g) be the full subcategory of ) (g) consisting of objects M that admit
a Verma flag, that is, a finite filtration M = My D My D --- D M, = Osuch
that each successive subquotient M;/M;, is isomorphic to some Verma

module M(X;) with X; € f_)’f Let P(1) be the projective cover of L(X). Itis
known that P(1) € O*(§) for any X € b*
For a g-module M set

(46) CM):=M®A@[M_).

The space C(M) can be viewed naturally as a module over the superalgebra
C@ = U@ ®Cl.LetC;(M) = MQN (i), sothat C(M) = P, C;(M).
Then, a

Q0 -CiM)C Ci1(M).

One sees that the chain complex (CM), Q_)is identically the Chevalley
complex for the Lie algebra homology H,(n_, M ® C;_). Put

47) H;M) := H(i_,M ® C;_) = H(C(M), Q).
Note that the center Z(§) = Hy(U(§) @ €I, ad Q_) acts on H;(M) naturally:
[c] - [m]=[c-m] force U@ ®ClLveC ;M)
such that [Q,,c] = Q,m = 0.
By definition we have
(48) Hy(M) = M/ (ker x*)M.
Here, 3* = —x_ and ker y* = ker(x* : U(n_) — C).
Lemma 2.5.1. Let M be any object of ©O*(g).

(i) The homology H;(M) is zero for all i > 0.
(ii) The space M/(ker x*)"M is finite-dimensional for all r € Zx. In
particular Hy(M) is finite-dimensional.

Proof. (i) Since an object M of ©*(g) is free of finite rank over U(i_), we
have

(49) M®C; =M asn_-modules.

Hence, H;(M) = H;(a_, M). This gives H;(M) = 0 fori > 0 because M
is free over n_. (ii) By (49) we have

(50) M)/(ker ¥*)' M = M/(i_) M.

Hence the assertion follows. O
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Lemma 2.5.2. Let M be any object of O(g). Then the space M/ (ker x*)" M
is finite-dimensional for all r € Zs,. In particular Hy(M) is finite-
dimensional.

Proof. The assertion follows from Lemma 2.5.1 because O (g) has enough
projectives. o

Let MY the full dual space of M:
M"Y := Hom¢(M, C).

We regard MY as a g-module on which g acts by (xf)(v) = f(x'v) for
f € MY, ve M. Then by definition we have

(51)  Wh(M") = Homg(M/(ker 3* )M, C) = Homg(Hy(M), C).

Hence, by Lemma 2.5.2, Wh(M") is finite-dimensional for any object M
of O(g).

Remark 2.5.3. By Theorem 2.2.2 (ii) we have
WhEN(MY) =Y Q@G Wh(M™)

and Wh&" (M) belongs to C.

Theorem 2.5.4 (B. Kostant [45]). The cofunctor

O(g) — FinZ(g)
M +— Wh(M")

is exact.
Theorem 2.5.5. The functor

O(g) — FinZ(g)
M +— HyM)

is exact.

Proof. By (51), Lemma 2.5.2 and Theorem 2.5.4 the functor Hy(?) is exact
since it is the composition of two exact functors M +— Wh(M") and
M — Homc¢ (M, C). O

Theorem 2.5.6. Let M be any object of O(g). Then the homology H;(M)
is zero for all i # 0.
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Proof. We prove the assertion by induction on i > 1. Because the category
O (g) has enough projectives, there exists a projective object P € @ (g) and
an exact sequence

(52) O->N—->P—->M-—0
in O(g). Consider the corresponding long exact sequence
c B (P) > H(M) = Hiy(N) = -
(53) --- = Hi(P) > H(M) — Hy(N) — Hy(P) — HyM) — 0.
By Lemma 2.5.1, we have
(54) H;(P) =0fori > 0.

Hence, from Theorem 2.5.5 it follows that H;(M) = 0. Let i > 2. Then
from (53) and (54) we see that the vanishing of H;,_(N) for any object N

of @ (g) implies the vanishing of H;(M). This completes the proof. O
Let
(55) y : Z@ > 57

be the Harish—Chandra isomorphism with respect to the triangular decom-
position § = i_ @ h @, For A € h* let

(56) y; := (evaluation at A+p)oy:Z(G — C.

Then y; is the infinitesimal character of M(}), that is, zm = Yz (2)m for
z € Z(g) and m € M(A). We have

(57) Vi = Vaor Torallw e W.

Here,

(58) Woki=1wMh+p) —p.
Let

(59) C,, == Z(g)/ ker y;.

Theorem 2.5.7 ([55, Corollary 3.4.6, Theorem 3.4.7]). Let A€ f_)* There
are the following isomorphisms of Z(g)-modules:

(i) Ho(M()=C,;

i) Ho(L()) = C,, ifiris a.ntl.-dommant,
0 otherwise;

(iii) Ho(M(0)*) =C,..
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Proof. (i) The assertion follows from the fact that M(X) ® C,. = M)
as fi_-modules. (See the proof of Lemma 2.5.1 (i).) (ii) Suppose that A is
anti-dominant. Then L(X) = M(}), and hence the assertion follows from

the first assertion. Next suppose that A is not anti-dominant. Then there exist
exact sequences

0— M(ji) > ML) — ML)/ M(ji) — 0
and MO)/M(i) - L(L) — 0

with some i € W o A. By applying the exact functor Hy(?) we get the exact
sequences

0 — Ho(M(R)) — Ho(M(X)) — Ho(M(.)/M(i1)) — 0
and  Ho(M(3)/M()) — Ho(L()) — 0.

But Hy(M(R)) = Hy(M®)) by the first assertion. Therefore,
Hy(M(A)/M(j2)) = 0, and hence, Hy(L(1)) = 0. (iii) Let Ko(O(g)) and
Ko(FinZ(g)) denote the Grothendieck groups of @ (g) and FinZ(g), re-
spectively. Then, by Theorem 2.5.5, Hy(?) defines a well-defined map from
Ko(O(@)) to Ko(FinZ(g)). Because [M(1)*] = [M(A)] in Ky(O(g)), we
have [Hy(M(3)*)] = [Ho(M(3))] = [C,. ] in Ko(FinZ(g)). Because C,,_is
simple, this completes the proof. m|

By Theorem 2.5.7, we see in particular that any simple object of FinZ(g) is
isomorphic to Hy(L (X)) for some anti-dominant weight A.

2.6. Identification with Soergel’s functor. For A € b*, let W(X) =
(sa; (A + p,&") € Z) C W. It is known that W(L) is a Coxeter group
and it is called the integral Weyl group of A € h*. Let @ (g)"*! be the block

of O (g) corresponding to A, that is, (9(§1)m is the Serre full subcategory of
O (g) whose objects have all their local composition factors isomorphic to

L(w o A) with w € W(X). Then we have

o@m= P o@"
heh*
A is anti-dominant
Let A be anti-dominant. For an object M of O(g)"!, we regard
Homg(P (%), M) as a Z(g)-module by (zf)(v) = zf(v) for z € Z(§),
f € Homgz(P (), M) and v € M. Then, both Homg(P (%), ?) and Hy(?)
define functors from @ (§)"*! to FinZ(g). They are both exact functors. In-

deed, Homg (P (%), ?) is exact because P (1) is projective and Hy(?) is exact
by Theorem 2.5.5.
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The functor Homg(P(X),?) : O@"™ — FinZ(g) was studied by
W. Soergel [58]. By a result of E. Backelin [4] it follows that the func-

tor Hy(?) coincides the Soergel’s functor Homg(P (1), ?). Indeed one can
describe the corresponding natural transformation in the following manner:

Let T, € P(X) be any inverse image of the highest weight vector of

L)) by the canonical homomorphism P()) — L(X). Define a natural
transformation

(60) ® : Homy(P(X), ?) — Hy(?)

by

@y : Homg (P (L), M) — Ho(M) = M/ (ker x*)
f > [f(D2)]

with M € Obj (9(@)[“. (It is clear that @), is a homomorphism of Z(g)-
module.)

(61)

Theorem 2.6.1 (E.Backelin [4]). For each anti-dominant ). € f_)*, O defines
a natural isomorphism Hom@(ﬁ():), 7) = Hy(?) of functors from O (g)™ to
FinZ(g).

Proof.. We have to show that &), is isomorphism for each object M of
O (g)*. We prove this by induction on the length /(M) of the composition
series of M. Let I(M) = 1, that is, M = L(j1) for some i € W()) o A.
If i # A, then both Homg(P(X), L(1)) and Ho(L(fx)) are zero (see The-
orem 2.5.7). On the other hand, if i = A, then the map & L@ 1s clearly
an isomorphism by Theorem 2.5.7. Next let /(M) > 1. Then we have

an exact sequence 0 — My - M — M, — 0 in (9(@)m such that
(M), (M;) < [(M). This induces a commutative diagram

0 — Homg(P (%), M;) — Homy(P (%), M) — Homy(P (1), Mp) — 0
o o |
0— Ho(M,) — Hy(M) — Hy(M>) — 0.

The upper row is obviously exact and the lower row is exact by The-
orem 2.5.5. Hence we are done by the induction hypothesis and the five-
lemma. =

3. Filtration of vertex (super)algebras and BRST cohomology

3.1. Some notation. Let V be any superspace. We set

(62) L(V):=V®C[t ']



Representation theory of # algebras 237

This is considered as a superspace such that L(V)®*" = L(V®*") and
L(V)°4 = L(V°4) For any subring R of C[t, t~'] we consider V ® R as
a supersubspace of L(V).

The symmetric algebra S(V') of a superspace V is the superalgebra

(63) S(V) =S (V") @ A (VY),

where S(Ve") is the (usual) symmetric algebra of U and A (V°%) is the
Grassmann algebra of V°44,

Afiltration F' = {F, V; p € Z} of asuperspace V is a Z,-graded filtration
of the vector space V: F,V = (F, V)" &(F,V)°Y, where (F, V)" =
FI‘J VN Veven’ (FI‘J V)Odd — FI‘J VN VOdd.

A filtration F of V is called exhaustive if V.= [ , BV and separated
it(, RV =0.

For an increasing filtration {F, V} of a superspace V, we set gr’ V =
@, e’ V, where gt V = F,V/F, V. For any filtration F we write o,
for the symbol map £,V — gtf’ V.= E,V/E, ;.

Below up until the end of Sect. 3 we treat superspaces, supersubspaces,
Lie superalgebras, vertex superalgebras etc., unless otherwise stated. How-
ever for convention we shall often drop the prefix “super”.

3.2. Vertex algebras (see [25,33]). Let V be a vertex algebra,

(64) Y(0,2) =Y vz " € BndV)[[z, 2]
nez

the field associated with v € V, |0) the vacuum so that Y(]|0), z) = idy, T
the translation operator:

d
(65) [T, Y(v,2)] = Y(Tv, z) = d—Y(v, 7)) YveV.
Z
We have
m
(66) [ty V] =D (i ) (U@ V) n4n—i)»
=0
m i
Um)V)n) = Z (z) (=D (un—iy Vi
i>0
(67) _(_l)p(u>p(v)(_l)mv(m+n—i)u(i))

for u, v € V. The sum in the right hand side of (66) is finite because the
axiom of vertex algebras requires that u,,v = 0 for sufficiently large n. The
relations (67) is called the Borchards identity.
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A subspace U of V is said to strongly generate V if V is spanned by the
vectors

a{Lnl) e .a{:nr)|0>
witha’» e U,r >0, jo e J,n, > 1.
Aneven element H of End V is called a Hamiltonian if H acts semisim-
ply on H satisfying
(68) [H,Y(v,2)] = Y(Hv, z) + zY(Tv,z) Vv e V.
If v € Vis a eigenvector of H then its eigenvalue A is called the conformal

weight of v and denoted by A . We use the convention that when we write A,
we are assuming that v is an eigenvector of H. By (68) one has

(69) Ay =0,

(70) Ayppo =Dy + Ay —n—1.
Set

(71) V_a={veV;H- -v= Av},

so that V = @Aec V_a. The V is called Z-graded (by H) if V_, = 0
unless A € Z; V is called Z--graded if V_, = 0 unless A € Zy.

Let V be a Z-graded vertex algebra, H the Hamiltonian. We say that V
is compatibly 7Z--gradable if V admits a Hamiltonian H’ which gives
a Zso-grading of V satisfying [H, H'] = 0.

The vertex algebra V is called commutative if [u ), vi] = O for all
u,v eV, m,n € Z. It is well-known that V is commutative if and only if
Ugyv =0forallu,v e V,m > 0.

3.3. Mobius conformal vertex algebras and conformal vertex algebras.
Let V be a Z-graded vertex algebra, H the Hamiltonian. Suppose there
exists an even operator 7" on V satisfying the following:

(72) [T*, H] = T*,
(73) [T*, Y(v,2)] = Y(T*v, z) + 2zY(Hv, 2) + 2°Y(Tv,z) Yve V.

Then V is called a Mobius conformal vertex algebra [33, Section 4.9]. In
this case the triplet {7, H, T'} forms the Lie algebra s[,(C) in End V:

A vector which is annihilated by T* is called a quasi-primary vector.
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A conformal vector of V is an even vector w € V_, such that the cor-
responding field Y(w,z) =),z L(n)z_”_2 has the following properties:

(i) [Lm),Ln)]=m—n)L(m+n)+= 8m+,, ocy idy form,n € Z,
where cy € C (the central charge);

(i) T =L(-1);

(iii) the action of L(0) is semisimple and a Hamiltonian (i.e. satisfies (68))

In this case V has the Mdbius conformal vertex algebra structure with
T* = L(1) and H = L(0). A vertex algebra with a conformal vector is
called conformal (or vertex operator algebra).

3.4. Filtration of vertex algebras. A vertex algebra V is called filtered if
there exists an increasing filtration ' = {F, V} of V as a superspace which
is compatible with the vertex algebra structure in the following sense:

(74)  10) € KV\F,V,
(75) T-FV CEYV,;
(76) v - F,V C F, )V forall p,qg € Z,ve F,Vandn € Z.

Also, unless otherwise stated, we require a filtration of a vertex algebra V
to be separated and exhaustive.

A filtration of a Z-graded vertex algebra V is a filtration F of V which
is compatible with the action of the Hamiltonian: H - F,V C F,V.

If (V, F) is a filtered vertex algebra (resp. a filtered Z-graded vertex
algebra) then gr’ V is naturally a vertex algebra (resp. a Z-graded vertex
algebra), see e.g. [49]. The vertex algebra gr V is called the graded vertex
algebra associated with the filtered vertex algebra V.

A filtered vertex (super)algebra (V, F') is called quasi-commutative if
grf’ V is commutative. If (V, F) is quasi-commutative then gr’ V is natu-
rally a vertex Poisson algebra ([49, Proposition 4.2]). However we do not
use this fact in this article.

3.5. Standard filtration

Theorem 3.5.1 ([49]). Let V be a vertex algebra, which is Z-graded
by H, and compatibly Z-o-gradable by H'. Take a strongly generating
H, H'-invariant subspace U of V. Let {a’; j € J} be a basis of U,
A; = Ay Let GV, with p € Z, be the subspace of V spanned by all
the vectors

11
A—ny) ( na) ( n;)l())

withr >0, j, € J, ng > 1 satisfying the relation

Ajj+Aj+--+Aj, <p.
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Here by convention |0) € GoV\G_V. Then

(1) G ={G,V} gives a filtration of the Z-graded vertex algebra V;

(i) (V, G) is quasi-commutative;

(iii) G is the finest filtration of V such that V_n C GAV for all A. In
particular the filtration G is independent of the choice of a strongly
generating H, H'-invariant subspace U of V.

Remark 3.5.2. In [49] it was assume that V is Z-(-graded and V, = C|0).
However it is easy to see that Theorem 3.5.1 follows from the the assertion
in the case that V is Z>(-graded. Also, in the case that V is Z--graded, it
is not difficult to remove the condition that V, = C|0).

The filtration G given in Theorem 3.5.1 is called the standard filtration of
a Z-graded, compatibly Z--gradable vertex algebra V.

3.6. PBW basis of vertex algebras. LetV be a vertex algebra, F' afiltration
of V such that (V, F) is quasi-commutative. Let U be a subspace of V such

that the its image U in gr” V strongly generates gr’ V. Then U strongly
generates V. We have the surjective linear map

sUCH 1y — arf v

(77) L L _]
(a@t™)...(adt™) — A_pyy - .a(fnr>|0)
witha' € U,a; > 1.

We say that a subspace U C V generates a PBW basis of V if there
exists a filtration F of V such that (V, F) is quasi-commutative and the
map (77) is a linear isomorphism; In this case we say that V admits a PBW
basis.

3.7. Vacuum subalgebras. For a vertex algebra V, let
(78) VacV:={veV; T -v=0].

Then |0) € VacV. The VacV is a vertex subalgebra of V and called the
vacuum subalgebra of V [33, Remark 4.4b].

Suppose that V is filtered, F its filtration. Then F induces a filtration of
VacV: F, VacV = VacV N F, V. There is a natural embedding of vertex
algebras

(79) grf VacV < Vac(gr’ V)

which is given by the correspondence o), (v) — o, (v) with v € F, Vac V.

Proposition 3.7.1. Let V be a vertex algebra that admits a PBW basis.
Then VacV = C|0).
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Proof. By assumption there exist a subspace U of V and a filtration F' of V
such that gr” V commutative and the map (77) is a linear isomorphism.
By (79) it is sufficient to show that Vac(gr’ V) = C|0).

By assumption gr/ V is isomorphic to the space of the following form:

R=C[x",;jepn=1]@ Ay, j€Jin=1),
where A(y((i >n); j € J;,n > 1) is the Grassmann algebra with generators

y((i )n), J € J;, n > 1. Under this identification 7T acts as the following

derivation:

[Toxd] = nxlmy [Ty =midn

Define the even derivations [H, ?], [T™, 7] on R by the following:

) 7 _ ) ) 7 _ )
[H’ x(w)] =Xy [H’ y(w)] =NYn
x () ) x () )
(77 x5y = nx iy [Ty ] = ny oy
Here by convention x(((’;)) = y(((’;;) = 0 for all j, j'. This gives the well-
defined action of s[,(C) on R. Therefore by [33, Proposition 4.9(a)] we
have Vac(grf V) = {v € R; H - v = 0} = C|0). O

Remark 3.7.2. In general if V is a Z-o-graded Mobius conformal vertex
algebra then VacV C V), see [33, Proposition 4.9].

3.8. Strict filtration. Let V be a filtered vertex algebra, F its filtration.
Then TH,V C F,VNTV. We call F strict if

(80) EVNTV =TFYVY forall p.
Lemma 3.8.1.

(1) The filtration F is strict if and only if the natural embedding
grf VacV < Vac(gr” V) is an isomorphism of vertex algebras.
(i) If Vac(gr’ V) = C|0), then VacV = C|0) and F is strict.

Proof. (i) Let Vac(gr) V) = Vac(gr" V) ngtl V. = {v € RV, Tv €
F;,,l V}/F;,,l V. Then

Vac(gr! V)/ grl VacV ={ve F,V;Tv € F,_;V}/(F,_;V + F, Vac V).
One sees that the correspondence v — Tv induces an isomorphism
(81)  Vac(gr! V)/ gt Vac(V) = (K, VNTEV)/TF,_,V.

But as easily seen F is strict if and only if F,_ VN TF,V = TF, ;V for
all p. Therefore, the assertion follows. (ii) The first assertion is obvious.
The second assertion follows from (i). O
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Proposition 3.8.2. Let 'V be a vertex algebra, F its filtration. Suppose that
er’ V admits a PBW basis. Then VacV = C|0) and F is strict.

Proof. By assumption and Proposition 3.7.1, Vac (grf V) = C|0). Therefore
Lemma 3.8.1 (ii) gives the assertion. O

Proposition 3.8.3. Let V be a Z-graded, compatibly Z-(-gradable vertex
algebra that admits a PBW basis. Then the standard filtration G is strict.

Proof. Under the assumption of Proposition, gr® V admits a PBW basis.
Thus the assertion follows from Proposition 3.8.2. O

3.9. Lie algebras attached to vertex algebras. LetV be a vertex algebra.
Define

(82) LWV):=LNV)/Ima_y,
where

., d
(83) d_1 =T ®1d+1d®z.

Then £(V) has the Lie algebra structure [8], whose the commutation relation
is given by

(84) [u{m}, v{n}] = Z (’/;,.1) (u(r)v){m+n—r},
r>0

where vy,; denotes the image of v ® " with v € V and n € Z in £(V).

By (66) the correspondence vy, — v, defines a representation of £(V)
onV.
Define the adjoint action ad 7" of 7" on £(V) by the following.

(85) adT - Viny = [T, U{n}] = (Tv{,,}) = —hV{n—1}-

If V is graded by a Hamiltonian H, then there is a adjoint action ad H
of the Hamiltonian H on £(V) in view of (68):

(86) ad H - uyy = [H, uy] := (Hu)ppy + (Tu) g1y

This gives a Z-grading of £(V): £(V) = @7 LV) 4, [E(V) 4, L(V) 4] C
L£(V)yya, where

87) LWV),={ue(V);ad H - -u = —du}.
Set

(88) Up i= VintA,—1}-
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Then ad H - v, = —nv, and £(V), is spanned by v, with homogeneous
vectors v € V. One has
A, — 1
(89) [t va] =) (’" s ) (U V-
r>0

Next suppose that V is Mobius conformal. Then we also have the adjoint
action of 7*:

(90) adT* - vy = [T*, vyl := (T*V) () + 2(HV) uy 1) + (TV) (42
Thus sl,(C) = span{T™*, H, T} acts on £(V) by derivation:
91) adX-[uy,v,]=[adX u,,adX-v,] forX e{T* H T},

u,veV,m,neZ.

The same proof of [52, Proposition 4.1.1] applies for the following
assertion because only the Mobius conformal structure of V is used in the
argument (cf. [26, Section 2.8]).

Proposition 3.9.1 ([52, Proposition 4.1.1], cf. [26, Section 5]). Let V be
a Z-graded Mobius conformal vertex algebra on which T* acts locally
nilpotently. Set

(=D ("), if pv)y =0

0(va) = V=I(=D2 ), ifp) =1

forv e V, n € Z. Then 0 defines a well-defined anti-Lie algebra isomorph-
ism of £(V) such that 0*(v) = (—1)"®v,

If V is purely even then 6 is an anti-Lie algebra involution of £(V).

3.10. Filtration of £(V). Let V be a filtered vertex algebra, F its filtration.
Define an increasing filtration on L(V) by

F,L(V) = L(F,V)

(Notation (62)). This gives the quotient filtration { F, £(V)} of the Lie algebra
L£(WV).

Proposition 3.10.1. Let V be a filtered vertex algebra, F = {F,V} its
filtration. Then there is a natural surjective Lie algebra homomorphism
L(grf V) — grf £(V) given by the correspondence

(92) (0, (V) ny > 0, (V) forpeZ,veV,nel.

Moreover if F is strict then this is an isomorphism.
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Proof. By definition £(gr” V) = @ ., £(gry V), where

(gl V) =gl L(V) /o (g] L(V))
=F,LV)/(Fi L(V) +0_1F,L(V)).

On the other hand

gy &(V) = F,L£(V)/Fpoy £(V)
= B, L(V)/ (F—1 L(V) + 91 L(V) N F,L(V)).

Clearly 0_1F, L(V) C d_1L(V) N F, L(V). Thus (92) is well-defined and
surjective. It is straightforward to see that it is a Lie algebra homomorphism.

Next assume that F is strict. It is sufficient to show that the opposite
correspondence

(93) 0p (Vi) > (0, (V)(ny forpeZ,veV,nel.
1s well-defined. For this we need to show that
(94) 01 LCV)NF,L(V) Co_1F,L(V).

Letw € 0_1L(V) N F, L(V). Then w has the form

w=) e =) (T)®fi+vu®f)

i=1 i=1

with v; € V, f; € C[t,t~']. We have to show that each v; belongs to F, V.
We may assume that { f;} are linearly independent homogeneous elements
of C[t,t7'], and deg f; > deg fiy for all i. Because f; has the largest
degree, it follows that Tv; must belong to £, V. Therefore v must belong to
F,V since F is strict. Repeating this argument, we get v; € F,V for all .0

3.11. Current algebras of vertex algebras and V-modules. LetV beaZ-
graded vertex algebra, H its Hamiltonian. Following [54], we associate with
V the current algebra 3(V), which is essentially the universal enveloping
algebra of V in the sense of I. Frenkel and Y. Zhu [29]: Let U(V) be
the quotient of the universal enveloping algebra U(L£(V)) of £(V) by the
two-sided ideal generated by (]0))y — 1. The action ad H naturally extends
to UWV). Let UV),; = {u € U(V);ad H - u = —du}. This makes U(V)
a graded algebra:

UWV) = @U(V)d, UWV)y - U)o CUWV)ga
del
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Denote by fj(V) = B,z fJ(V)d the standard degreewise completion

(see Sect. A.2) of U(V). The U(V) is equipped with the left linear top-
ology defined by the decreasing sequence of the left ideals

@) = ker (TV) - UV (@ YUV UW),))

deZ r>N

with N > 0. Let B(V) = 60,;, B(V), be the ideal of I~J(V) corresponding
to the Borchards identity, i.e. the Z-graded two-sided ideal generated by

(95)
(”(m)v){n}—z< )( D (tm—iyvpusiy — (=DPOPO (=1 vy iyt y)

i>0

with u,v € V, m,n € 7Z. Let B(V) = @deZB(V)d be the degreewise

closure (see Sect. A.2) of B(V) in U(V) The current algebra of V is the
quotient algebra

(96) (V) == UV)/BV).

By definition the L{(V) is graded by ad H:

UV) = PUWVY. U(V)g={u € UV):ad H - u = —du}.
deZ

The (V) is equipped with the left linear topology induced by that of fj(V).
Its topology is defined by the decreasing sequence of left ideals .7y (L(V)),
where 7y (U(V)) is the image of .Zy (U(V)) in (V). The space Zy (L4(V))
coincides with the degreewise closure of L(V) - )" _  $U(V), in LU(V).

The (V) is a compatible degreewise complete algebra [54]: Each (V),
is complete with respect to the relative topology:

O UV)g =limUy(V)q,  where Uy (V)q := U(V)a/ Iy V),
N

and the multiplication map U(V),; x U(V)y — (V)44 is continuous,
see [54] for details. Here .2y (U(V))y = {u € Iy(U(V)); ad H -u = —du}.
We set Uy (V) = B,y Un (V).

The image of v,, with v € V, n € Z, by the natural map £(V) — (V)
is denoted also by v,, and so is its image in Uy (V).

Proposition 3.11.1 ([54, Proposition 6.4.1]). The image of £(V) in (V)
is dense, that is, the natural map £(V) 3> v, — v, € Uy (V) is surjective
forall N > 0.
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Set

(98) UV)zo = PUV)a. UV)-o 1= DUV

d>0 d>0

These are subalgebras of (V).

Suppose that V is Mdobius conformal. Then, by [28, Section 5], the
anti-Lie algebra isomorphism 6 : £(V) — £(V) induces a anti-algebra
isomorphism 0 : (V) — U(V) such that O(LU(V),) = U(V)_,.

3.12. V-modules and Zhu algebras. LetV be a Z-graded vertex algebra,
H its Hamiltonian. A V-module is by definition a 31(V)-module. A graded
V-module is a ${(V)-module M which carries a C-grading M = @, .c My
such that 4(V), - My, C M, for all n, d. Let V-grMod be the category of
graded V-modules: the objects of V-grMod are graded V-modules and the
morphisms of V-grMod are all the graded $4(V)-module homomorphisms.
Here a $(V)-module homomorphism ¢ : M — N is called graded if for
each d € C there exists d’ € C satisfying ¢(My,) C Ny, foralln € Z.

An admissible V-module [1] is a graded V-module such that M, = 0
for n > 0 with a fixed d. If M is a admissible V-module then the action
(V) x M — M is continuous with respect to the topology on (V) and
the discrete topology on M. Let V-adMod be the full subcategory of the
category of graded V-modules consisting of admissible V-modules. If V is
Z>o-graded then V belongs to V-adMod when considered as a V-module.

Let V be a Z-graded vertex algebra. With it one associated the Zhu
Algebra 3h(V) [60] of V, which is the unital associative algebra in the
usual sense. As remarked in [29] one may define 35 (V) as

99) 36(V) = Up(V)o(= {a € Up(V); ad H - a = 0}),

or equivalently,

(100) 35(V) = UWV)o/ Y UV) V),

r>0

(see [52, Theorem A.2.11] for the proof of the equivalence with the usual
definition).

For a graded V-module M, let M,,, be the sum of nonzero homogeneous
subspace My with My, = O for all n > 0. Then M, is naturally a module
over 3h(V).If M is a simple object of V-adMod then M,,, = M, for some d.

Theorem 3.12.1 (Zhu [60]). Let V be a Z--graded vertex algebra. The
correspondence M +— M, gives a bijection between equivalence classes
of simple objects of V-adMod and the equivalence classes of irreducible
representations of 3H(V).
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3.13. Filtration of (V). LetV be a Z-graded vertex algebra, F its filtra-
tion. Then F induces a filtration {F, U(V)} of U(V):

EUWV)= Y Fp&V) FpV) - Fp £(V).

p1tpattpr=p
The following assertion follows from Proposition 3.10.1.

Lemma 3.13.1. There is a natural surjective homomorphism U(grt V) —
erf U(V) of graded algebra given by the correspondence

(o_pl(vl))nl e (Gpr(vr))n, > Oyt py (vrlll ..... Un,)

withv' € V, n; € Z. This is an isomorphism if F is strict.

Let F, INJ(V) be the degreewise closure of the image of F,U(V) in ﬁ(V)
This gives a filtration of U(V) Let {F LL(V)} be the quotlent filtration:
FUY) = F, U(V) /F, B(V) where F, B(V) B(V) NFE, U(V) The union
U » F, (V) is dense in U(V). Let {F Uy(V)} with N > O be the quotient
filtration of 5 (V). This is an exhaustive filtration.

Remark 3.13.2. 1f F.1'V = Othen { F, Uy (V)} is obviously separated. Let V
be a Z-graded, compatibly Z.-gradable vertex algebra, G the standard fil-
tration. Then from Proposition 3.11.1 one sees that the filtration {G, Uy (V)}
is separated.

The following assertion follows from Proposition 3.10.1.

Theorem 3.13.3. LetV be a Z-graded vertex algebra, F its filtration. Then
there is a natural surjective linear map Uy (grf V) — grf Uy (V) given by
the correspondence

(60 @), (00, 0), > G, (8, 1))

with v € V, n; € Z for each N. Moreover if the filtration F is strict then
this is an isomorphism.

Let gr74(V) denote the degreewise completion of gr’ (V). Then the
surjection in Theorem 3.13.3 extends to the surjective homomorphism
U(grf V) — grFU(V) of compatible degreewise complete algebras, which
is an isomorphism if F is strict.

Let £, 36(V) = 3h(V) N F,4Uy(V). This gives the filtration 36 (V). The
following assertion is obvious from Theorem 3.13.3 and the Definition (99).

Theorem 3.13.4. Let V be a Z-graded vertex algebra, F its filtration.
Then there is a natural surjective algebra homomorphism 3bh(grf V) —
erf 36(V) given by the correspondence

(C (Ul))o e (0, (V) g > Opytntp, (vo - vp)

withv' € V. Moreover if the filtration F is strict then this is an isomorphism.
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3.14. The PBW theorem for current algebras and Zhu algebras. Let V
be a Z-graded vertex algebra, H its Hamiltonian, F its filtration such that
(V, F) is quasi-commutative. Take a H-invariant subspace U of V such that

its image U in grf U strongly generates gr” V.
We define the adjoint action on L(U) (Notation 3.9) byadH -u®t" =
(Hu) @ t" — (n + Du ® t". This action extends naturally to the symmetric

algebra S(L(U)):
S(L(T)) = @ S(LO))a,

del
S(L(U))g = {a e S(L(U));ad H -a = —da).

Let S(U) denote the standard degreewise completion of S(L(U)):

(101) S(U) = 1i£nSN(U),
N

(102)  where Sy(0) = SO/ (@D Y SLWDNaSLD)),).

deZ r>N

The space Sy(U) can be identified with the subalgebra of S(L(U))
spanned by the elements of the form

(103) o () @A g, (u) @ ¢ A

with p; € Z, u' € U, n; € 7 satisfying

(104) ni+---+n <N

Theorem 3.14.1. Let V, F, U, U be as above. Then the map
Sn(0) — g’ Uy (V)

o, @ @MTAT o, ) @A T s a0, (u,lll coup )

is surjective for each N > 0. Further, if U generates a PBW basis of gr’ V
then this is an isomorphism.

Proof. First, the map
Sw(0) — Un(gr" V)

o, @ @MtATl o, )@ s g, (u,il) oy, (1))

is surjective, and bijective if U generates a PBW basis of gr’ V. To show
this, the proof of [25, Lemma 4.3.2] applies. (In fact the proof is easier
because gr” V is supercommutative.) Second, if U generates a PBW basis
of grf V then F is strict by Proposition 3.8.2. Therefore the assertion follows
from Theorem 3.13.3. O



Representation theory of # algebras 249

The map in Theorem 3.14.1 extends to the surjective homomorphism
S(U) — grf (V) of compatible degreewise complete algebra, which is
an isomorphism if F is strict.

If V is compatibly Z-(-gradable then one can take the standard filtration
as the filtration in Theorem 3.14.1.

The following immediately follows from Theorem 3.14.1.

Theorem 3.14.2. Let V, F, U, U be as above. Then the map
S(U) — g’ 3H(V)
Oy (') -+ 0 (W) 1> Gy, (- - )

is a surjective algebra homomorphism. Further, if U generates a PBW basis
then this is an isomorphism.

3.15. BRST construction of vertex algebras. Let V. = P, _, V' be
a vertex algebra with an additional Z-gradation, which is shown by the
upper index: v, - V/ C V7 forve Vin € Z, V' = @, V', where
Vi, =V NV_,.

Suppose there exists an odd operator Q € End(V) satisfying the follow-
ing:

(105) 0% =0,
(106) Q0-Vicvitl 0/0y=0, [0,T]=0,
(107) [0,Y(v,2)]=Y (Qu,z), YveV.

Then (V, Q) is a cochain complex. Let

H*(V):=H'(V, Q) =P H'(V, 0).
i€’
From (107) it follows that the action of the field Y([v], z) with [v] € H*(V)
is well-defined on H*(V). Therefore H*(V) is a vertex algebra and H°(V)
is a vertex subalgebra of H*(V). We call (V, Q) a weak BRST complex of
vertex algebras, and Q the corresponding BRST operator. If Q is compatible
with a Hamiltonian H of V, that is, if

(108) [0, H] =0,

then H*(V) is graded by the Hamiltonian H. In this case (V, Q) is called
weak BRST complex of 7-graded vertex algebras. Further, if V is Mobius
conformal and the BRST operator Q commutes with 7* then H*(V) is also
Mobius conformal.

A BRST complex of vertex algebras is a weak BRST complex (V, Q)
of vertex algebras such that Q coincides with the residue A, of the filed
Y(A, 7) associated with some odd element A € V'. In this case the condi-
tions (106) and (107) are automatically satisfied.
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3.16. Filtration of vertex algebras and spectral sequences. Let (V, Q)
be a weak BRST complex of vertex algebras. Let F be a filtration of V such
that

(109) F1V=0 and Q- -FEVCFEV forallp.

Then the action of Q on grf V is well-defined and (grf V, Q) is a weak
BRST complex of vertex algebras. Also, F' induces a filtration of H*(V):

(110) F,H*(V) =1Im: (H*(F,V) — H*(V)).

This is an increasing, separated, exhaustive filtration compatible with the
vertex algebra structure of H* (V). Further, there is a natural vertex algebra
homomorphism

(111) gr’ H*(V) - H*(grf V)

given by the correspondence o, ([v]) > [0} (v)].
An increasing filtration {F,V} can be transformed into a decreasing
filtration by setting F*V = F_,V. Thus we have the following.

Proposition 3.16.1. LetV, Q, F be as above. Then there exists a converging
spectral sequence E{" = H*(V) such that

EV! = HM (@ V), ERT =g HPT(V).

If H(gr" V) = 0 for all i # 0 then the spectral sequence collapses at
E| = E, and consequently H' (V) = 0 for i # 0, and the natural map
grf HO(V) — H%(grf V) is an isomorphism of vertex algebras.

3.17. BRST cohomology of attached Lie algebras. Let (V, Q) be
a weak BRST complex of vertex algebras. The action of Q on V induces
the adjoint action ad Q on £(V):

ad Q - vy = (QVv)yy forveV,n e Z.

We have (ad Q)? = 0and (£(V), ad Q) can be viewed as a cochain complex.
The cohomology H*(£(V)) = P,., H {(L(V)) is naturally a Lie algebra.
If Vis graded by H and Q is compatible with H then H*(£(V)) is Z-graded
by ad H.

There is a natural Lie algebra homomorphism

(112) L(H*(V)) = H*(L(V))

given by the correspondence [v](,, — [vy] withv € V, n € Z. Here [v]y
denotes the image of [v]®¢" in £L(H*(V)), where [v] is the cohomology class
of a cocycle v € V, and [vy,;] denotes the cohomology class of a cocycle
vy € £(V). (We shall use similar convention throughout the paper).
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Theorem 3.17.1. Suppose that VacV = C]|0), Vac H*(V) = C|0),
HO(V) # 0 and H (V) = 0 for all i # 0. Then H'(£(V)) = 0 for
i # 0 the natural map S(H°(V)) — H°(L(V)) is an isomorphism of Lie
algebras.

The following assertion is easily seen.

Lemma 3.17.2. Let V be a vertex algebra such that VacV = C|0). Then
ker(o_; : L(V) - L(V)) = C(]0) ® 1).

Proof of Theorem 3.17. 1. First, considering L (V) as a cochain complex with
the differential Q ® id, we have

L(H°(V)) fori=0

(13 HI(L(V) = {0 fori # 0.

Second, consider the long exact sequence associated with the short exact
sequence of cochain complexes

0—-C(0)®1) = L(V) = L(V)/C(]0)® 1) — 0.
Then by (113) we obtain the exact sequences

(114)

0— H(L(\V)/C(0)® 1)) » HT(C0)® 1)) - 0 fori # —1,0,
(115)

0— H ' (L(V)/C(0)® 1)) > H*(C(I0) ® 1)) - L(H°(V))

— H(L(V)/C(0) ® 1)) — 0.
We obviously have that H'(C(0) ® 1)) = 0 fori # 0 and
(116) H°(C(0) ® 1)) = C(|0) ® 1).

By (116) it follows that the middle map H°(C(|0) ® 1)) — L(H°(V))
in (115) is injective. Therefore (114) and (115) give

L(H°(V))/C(10)® 1) fori=0

(117)  H'(L(V)/C(0) @ 1) = {0 fori # 0.

Third, by assumption and Lemma 3.17.2, we have the following exact
sequences:

(118) 0—L(V)/C(0) ® 1) =25 L(V) — £(V) = 0,
(119) 0 — L(H°(V))/C(10)® 1) L L(HYVY) — S(H(V)) — 0,
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The (118) is an exact sequence of cochain complexes. Thus we have the
corresponding long exact sequence. This together with (113),(117) gives
H'(£(V)) =0fori # 0, —1 and the exact sequence
0— H (L)) — LH"(V)/C(0)®1) — LH’(V))
— H(L(V)) — 0.
However the middle map L(H%(V))/C(|0)®1) — L(H°(V)) is the deriva-

tion d_,. Therefore by (119) this is exact. Hence H~'(£(V)) is zero and
that £(H°(V)) is isomorphic to H°(£(V)). This completes the proof. O

3.18. BRST cohomology of current algebras. Let (V, Q) be a weak
BRST complex of Z-graded vertex algebras. The action of ad Q extends to
a degree-preserving derivation of (V) such that (ad Q)> = 0 because Q
is odd (cf. (24)). Thus each (L (V), ad Q) is a cochain complex, which is
Z-graded by ad H:

H* Uy (V) = €D H* Un(V))a,
deZ
H*(Un(V))a = {[v]l € H* Uy (V)); ad H - [v] = —d[v]}.

This makes a projective system {H*(y(V)),} of linear spaces for each d.
Set

(120)

H*(SU(V) = D H*@V)a,  where H*(S(V)g = lim H* (U (V)),.
deZ N

There is a natural linear map
(121) Un(H*(V)) = H* Uy (V)

for each N given by the correspondence

[vl]nl U V) [v,lll ...v;r].

Let F a filtration of V which is compatible with H such that F~;V =0
and Q - F,V C F,V for all p. Then the corresponding filtration {F, Uy (V)}
satisfies

(122) F i Uy(V)=0, adQ - FUyV) C FUy(V).
Thus we have the following.

Proposition 3.18.1. Let V, Q, F be as above. There exists a converging
spectral sequence E f 1= H*(Uyn(V)) such that

EP? = Hpta (grf,,ilN(V)) , ERT= grfl, HPH (U (V).
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If H (grf Uy (V) = 0 for all i # 0 then the spectral sequence collapses
at E; = E, and consequently H' (U (V)) = 0 fori # 0, and the natural
map

g’ H'WUyn (V) — H (gr tu(V))
given by the correspondence o, ([a]) — [0, (a)] is a linear isomorphism.

Proposition 3.18.2. Let'V, Q, F be as above. Assume that

— the filtration F of V is strict;

— the filtration of H*(V) induced by F is also strict;

— the natural map gr® H*(V) — H*(gr" V) is an isomorphism of vertex
algebras;

— the natural map gr¥ H*(Uy(V)) — H*(gr’ Uy(V)) is an linear iso-
morphism;

— the natural map Uy (H*(gr' V)) — H*WUy(er" V) is a linear iso-
morphism.

Then the natural map Un(H*(V)) — H*(Uy(V)) is also a linear iso-
morphism.

Proof. The filtration {F,H*(V)} of H*(V) induces a (filtration
{RUN(H*(V))} of Uy(H*(V)). The natural map Uy(H*(V)) —
H* Uy (V)) preserves the filtration. Therefore it is sufficient to show that
the induced homomorphism grf Uy (H*(V)) — grf H*(Uy(V)) is an iso-
morphism.

We have

(123) g’ Uy (H* (V) = Uy (gr” H*(V)) = Uy (H*(gr" V),
(124) grf H* (Un(V)) = H* (grf Uy (V) = H* (Uy(er’ V)
by assumption and Theorem 3.13.3. By chasing the isomorphisms one finds

that it is enough to show that Uy (H*(gr’ V)) = H*(Uy(gr’ V)). But this
is contained in the assumption. O

3.19. Our favorite cases

Theorem 3.19.1. Let (V, Q) be a weak BRST complex of 7-graded vertex
algebras, H the Hamiltonian. Assume that there exists an H-invariant sub-
space U and a filtration F of V (compatible with H ) satisfying the following:

(a) F/,V=0;

(b) (V, F) is quasi-commutative;

() Q-FKYV CHEY forall p;

(d) The image U of U in gtV is preserved by the action of Q. Further,
H (U) =0fori #0;

(e) U generates a PBW basis of the commutative vertex algebra grf' V, so
that U generates a PBW basis of V.
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Then we have the following:

() H(V)=0and H (gr" V) =0fori # 0.

(ii)  F induces a strict filtration { F, H*(V)} of the Z-graded vertex algebra
HO(V) such that (H°(V), F) is quasi-commutative.

(iii) The natural map gr¥ H*(V) — H%grf V) is an isomorphism of
vertex algebras.

(iv) The natural map H°(U) — H°(grf V) is injective and its image
generates a PBW basis of H(gr" V) = gr HO(V).

(v) Foreach N, H (4y(V)) = O withi # 0.

(vi) For each N, the natural map gr' HO(Uy (V) — HO(Uy(grf V) is
an isomorphism.

(vii) For each N, the natural map y(H*(V)) — HUy(V)) is an iso-
morphism.

Proof. First, we calculate H*(gr” V). By assumption, there is the isomorph-
ism

(125) SUClr 1) > grf v

given by (77). Consider U ® C[+~']+~! as a cochain complex with the
differential QO ® 1. Extend the action of Q to an odd derivation of
S(U ® C[t~']+~"). Then (125) is a cochain map. Because

HY(U)@Clt 't (i =0),

(126) HOQC[ '™ = {0 (i £0)

by assumption, it follows that
(127) Hi(gr" V) = H(S(U @ Clr 1Y)

) SH Oy Cl ey (=0,
o (i #0),

see [40, Lemma 3.2]. Applying Proposition 3.16.1, the assertion (127) for
i # 0proves (i) and (iii), while the assertion (127) for i = 0 proves (iv). We
have also proved (ii) because the only non-trivial assertion is the strictness
of the filtration and this follows from (iv) and Proposition 3.8.2.

The assertions (v), (vi) and (vii) remain to be proved. For this we compute
the cohomology H*(gr! 4y (V)). By Theorem 3.14.1 and (ii), we have

(128) H* (g Uy (V) = H*(Sn (D).

Here, L(U) is considered as a complex with the differential Q ® 1, and its

action is extended to Sy (U) as an odd derivation. By definition, we have
the exact sequence of cochain maps

(129) 0 — S(L(U)) Z S(L(U),) — S(L(U)) = Sy(U) — 0.

r>N
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But the differential is degree-preserving, therefore by identifying Sy (U)
with the subalgebra of S(L(U)) as in Sect. 3.14, Sy(U) can be identified
with a subcomplex of § (L(D)). Namely, the exact sequence (129) splits;

(130)  H*(S(LWO)) = H*(SLD) Y. SLWD),)) & H* Sy(D)).

r>N

On the other hand we have

- 0 J .:
(131) H'(S(L(U)))z{g(L(H W fgi #gj

in the same manner as (127). Together with (130), this gives

. _ O/77 -
(132) H,(SN(U)):{EN(H (@) g:#g

Thus we can apply Proposition 3.18.1 (ii) to obtain H'({y(V)) = 0 for
i # 0 and the isomorphism

(133)  gr HOWn(V)) = H (g’ Uy(V))
> HO (Un(gr" V) = Sy(HOO)).

Here the second isomorphism follows from (ii) and Theorem 3.13.3 and
the last isomorphism follows from (132) (iv) and Theorem 3.14.1. We have
proved (v) and (vi). Finally, because H°(U) generates a PBW basis of
HO(gr"'V),

Uy (H(grF V) = Sy(H(D)),

by Theorem 3.14.1. This, together with (133), implies that the natural map
Uy (H (grf V)) — HOUy(er’ V)) is an isomorphism. Therefore we con-
clude that all the conditions in Proposition 3.18.2 are satisfied. Hence (vii)
is proved. This completes the proof. O

If the assumption of Theorem 3.19.1 is satisfied then the isomorphism
in (viii) extends to the isomorphism

(134) SUCHO(V)) = HOWU(W)).

In particular, in this case H°(£4(V)) has the compatible degreewise complete
algebra structure.

Theorem 3.19.2. Let (V, Q) be a weak BRST complex of Z>(-graded ver-
tex algebra, H the Hamiltonian. Assume that there exists an H-invariant
subspace U satisfying the following:
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(a) U generates a PBW basis of V; '

(b) Q-U C U, so that U is a subcomplex of V. Further, H' (U) = 0 for
i 0.

Let G be the standard filtration of V. Then we have the following:

() H(V)=0and H (gr V) =0 fori # 0.

(i1) The filtration {G, H(V))} induced by G is the standard filtration of
HO(V).

(i) The natural map

ar® HO(V) —» H (g V)

is an isomorphism of vertex algebras.

(iv) The naturalmap H®(U) — H®(V) isinjective and its image generates
a PBW basis of HO(V).

(v) Foreach N, H (4y(V)) = O withi # 0.

(vi) For each N, the natural map gr® H°(Uy(V)) — HOUy(gr® V)) is
an linear isomorphism.

(vii) For each N, the natural map $\y(H°(V)) = HUxn(V)) is a linear
isomorphism.

Proof. If we take G as the filtration F in Theorem 3.19.1 then (U, G) satis-
fies the conditions (a)—(e) in Theorem 3.19.1. Indeed, because Q - U C U,
it follows that Q@ - G,V C G, V, from the definition of the standard filtration
(see Theorem 3.5.1). So we only need to show that the condition (d) is
satisfied, that is,

(135) H*(U) = H*(D).

Because U generate a PBW basis of V, o, (#) # 0 for a nonzero element
of u € U. Because Ay, = A,, this implies that o, (Qu) = 0 means
Qu = 0. Similarly, if oo, (u) = Qoa, (') = oa,(Qu’) for u, u’ € U, then
u = Qu'. Thus (135) is proved. Therefore all the assertions except for (ii)
follow directly from Theorem 3.19.1. But (ii) also, follows from (iii), (iv)
and the definition of the standard filtration. O

4. W-algebras

Throughout this paper, k represents a complex number (= the level of the
affine Lie algebra g associated with g). There is no restriction on k unless
otherwise stated.

4.1. Affine Lie algebras (see [32] for details). We freely use the notation
of Sect. 2. Let g be the (non-twisted) affine Lie algebra associated with
(g,(, )). This is the Lie algebra given by

g=g®C[t,+'1oCKaCD
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with the commutation relations

[X(m), Y(n)] = [X, Y](m + n) + m8y4n (X, Y)K,
[D, X(m)] =mX(m), [K,g]=0

for X,Y € g, m,n € Z. Here
(136) X(n)=X®1t" forXeg,nel.

The subalgebra g ® C C g is naturally identified with g. The invariant
symmetric bilinear form ( | ) is extended from g to g as follows:

(X(m)|Y(n)) = (X, Y)épnsno, DIK) =1,
(X(m)|D) = (X(m)|K) = (D|D) = (K|K) = 0.

Fix the triangular decomposition g = g_ @ h & g, in the standard way.
That is,

h=heCKaCD,
g =1 QCr NeheCt ' ''en, C[r ¢!,
g =n_QCltdhCltlt ® i, @ C[t].

Let
(137) h*=h*®CA®CS

be the dual of h. Here, A and § are dual elements of K and D, respectively.
For A € b*, the number (A, K) is called the level of A. Let b denote the set
of the weights of level k:

(138) b == (A € b*; (A, K) = k}.

Let A be the restriction of A € h* to h*. We refer to A as the classical part
of A.

Let A be the set of roots of g, A, the set of positive roots, A_ = —A .
Then, A = A™ LI A™, where A is the set of real roots and A™ is the set
of imaginary roots. Let IT be the standard basis of A™, A} = A™ N Ay,
A" = A"™N A.. Then

Af:{a—i—né;aeAJr, n>0lu{—a+ndaecAy, n>1}

Let Q be the root lattice, O, = > . Ar Zsoa C Q. We define a partial

ordering u < Aonh*byr—pu e Q..
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Let W C GL(b*) be the Weyl group of g generated by the reflections s,
with @ € A™, where s,(A) = A — (A, a”)a for L € h*. We have W =
W x QY. Let W be the extended Weyl group of g: W =W x P¥. We write
t,, for the element of W corresponding to . € PV:

() = A+ (0 K)o — ((A, ) + %wz(x, K)) 5 for A € h*.

Let
(139) W, i={weW;ATnuw ' (A®) = ¢}.

Then W = W, x W. N

The dot action of W on h* is defined by w o A = w(X + p) — p, where
p=p+h'Ao€bt

For 1 € bh*, let

(140) A ={a e A" (A +p,a") € 7},
(141) Ac(A) = AR N AL,
(142) W) == (sq; € AL)) C W.

One knows that W() is a Coxeter subgroup of W and itis called the integral
Weyl group of A € b*

4.2. Graded duals. Let M be any semisimple h-module. We write M* for
the weight space of M of weight A:

(143) M* :={m € M; hm = A(h)m for all h € b)}.
Let P(M) = {Xx € bh*; M* # 0}, the set of weights of M. If dim M* < oo
for all . € P(M), then we define the graded dual M* of M by
(144) M* = @HomC(M*, C) c Homg¢ (M, C).
Py
It is clear that ((M)*)* = M.

4.3. Universal affine vertex algebras associated with Lie algebras. De-
fine a g-module Vi (g) by

(145) Vi(@) = U(9) ®ugecieckocp) C.

Here, C is considered as a g ® C[¢] & CK & CD-module on which g ® Clz]
@ CD acts trivially and K acts as the multiplication by k.

It is well-known that the space V,(g) has the natural vertex algebra
structure: The vacuum vector is given by [0) = 1 ® 1; The translation
operator is defined by the relations

(146) T|0)=0, [T,Jn))=-nJn—1) forJegandn cZ;
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The filed corresponding to J(—1)|0) with J € g is

(147) J(2) = Z Jn)z "

nez

and the fields corresponding to other vectors determined by (147) in the
sense of the reconstruction theorem [33, Theorem 4.5], [25, The-
orem 4.4.1]: Explicitly, they are given by

Y(Joy (=ny = 1) ... Jo (=, — 1D]0), 2)

1
= ——— My (D). T, (2)
ny!...n! -

fora; € IUA,n; > 0.Here d, = d% and : a(z)b(z) : is the normally ordered
product [33, Section 3.1].

The vertex algebra V;(g) is Mobius conformal: The Hamiltonian is —D;
The operator T* is defined by the relations

(148) T*|0)=0, [T*,J(n)]=-nJin+1) forJegandn €Z,

see [33, Remark 5.7.d].

The Mobious conformal vertex algebra Vi(g) is called the universal
affine vertex algebra at level k associated with g.

It is clear that Vi(g) is Zs-graded:

(149) Vi@ = P vi@-a
A€Zxo
(150) Vi(@)o = C|0), dim Vi (g)_a < oo forall A.

The standard filtration of V,(g) coincides with the one induced by the
standard filtration of U(g ® C[t~']t~") (in the usual sense). The subspace
Vi (§)_1 generates a PBW basis of Vi (g) (see Sect. 3.6).

For k # —h" Vi(g) is conformal by the Sugawara construction: The
conformal vector is wg = 1/2(k + hY) ZaeiuA J,(=1)J%(—1)|0), where

{J% a e I U A} is abasis dual to {J,}. We write

(151) Y(wg,2) = L82) = ) L8(m)z """,
nez

4.4. Affine clifford algebras and the corresponding vertex algebras.
Define the nilpotent subalgebra Ln. of g by

(152) Liy =7, QCls,t7'].

Let C/ be the Clifford algebra associated with Ln, @ Ln_ and its symmetric
bilinear form defined by the identification (Ln4)* = Lu through (-|-).
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As CI (see Sect. 2.4), CI may be defined as the superalgebra with

odd generators: ¥, (n) witha € A, n € Z,
relations: [V, (m), Yg(n)] = 8u4p,00mn0 Witha, B € A,m,n eZ.

Here i, (n) is regarded as the element of C/ corresponding to the vector
Ju(n) € g.

The algebra €I contains the Grassmann algebra A(Ln) of Lng as its
subalgebra: A(Liy) = (Y (n); @ € Ay, n € Z). One has

(153) Cl=A(Lny) ® A(Ln)

as linear spaces.

In view of (153), the adjoint action of h on Ln. induces an action of h
on CI. In particular there is the adjoint action of D on CI.

Let # be the irreducible representation of C/ generated by a vector 1
such that

(154) Yy(m)1=0 ifa+nde Af.
Then
(155) F=ALn_Ng_ )@ A(LnNg_)

as linear spaces. We regard & as an h-module under this identification:

j:{ = @KE*QJF ?A’

156 _
(156) 1eF° y(n)F* Cc FHet forae A, neZ.

Then F* is finite-dimensional for all A.
The space ¥ is naturally a conformal vertex superalgebra: The vacuum
vector is 1; The translation operator 7 is defined by the relations

T1 =0,
[T, Yo (n)] = —npy(n —1) fora e Ay, neZ,
[T, Yo(n)]=—n— DYypy(n —1) fora e A_,neZ;

The Hamiltonian is —D; The fields are determined by the reconstruction
theorem and the following:

(157 YWu(=D1,2) =¥ (2) =Y Yu(mz """ foraeA,,

nez

(158)  Y(Wu(O)l,2) = ¥ (2) == Y Yu(m)z " fora € A_;

nez
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The conformal vector is chosen as wy = Zaeﬁ+ Y_o (=D Yy (—1)]0). We
write

(159) Yr, ) =L/ =) L'@""
nez
The vertex superalgebra ¥ is Z-graded:
(160) F= Fa dimF, < ooforall A.
AnZ=q

Denote by Ug the subspace of & spanned by v, (—1)1, ¥, (0)1 with
a € A,. Then Ug generates a PBW basis of .

4.5. The BRST complex of quantized Drinfeld—Sokolov reduction. Re-
call that a tensor product of vertex superalgebras is naturally a vertex su-
peralgebra ([25, Lemma 1.3.6]).

Define a vertex algebra Ci(g) by

(161) Cu(@) = Vi(® ® 7.

The vacuum vector |0) ® 1 is also denoted by |0). The vertex algebra Cy(g)
is naturally Mobious conformal with the diagonal action of s[,(C).

We consider Cy (g) as an h-module by the tensor product action. Then —D
is the Hamiltonian. The vertex superalgebra Cy(g) is clearly Z-(-graded,;
The subspace

(162) U=Vi(@-18Us

generates a PBW basis of Cy(g). As before, we often omit the tensor product
symbol: Vk(@)fl = Vk(@)fl ® (Cl, Uj: = |0> X U}*. ‘We have

(163) Vac Ci(g) = C|0)

by Proposition 3.8.2.
Define

(164) 0%(2) = 0%(2) + x+(2) € (End Cx(@)[[z. 211,
by
(165) 0% () =) Ofmz """

nez
1
=2 h@QVa@ =5 Y @YY (2),
acA a,ByeAy

(166) x1 () =Y xp(mz "= Y 4 (J)Va(2),

nez acA
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where x, is the character of n, defined by (11), and cg, g is the structure

constant of g as in Sect. 2.1. The Q% (z) and x, (z) are fields corresponding
to the vectors Qj:(— 1)]0) and x4 (0)|0), respectively.
By abuse of notation, we set

(167) QY := (Q1(=DI0)), = O} (0)
1
= D hCmva =5 Y ppa DY m),

aeAy,neZ iflf&;{)
(168) x4+ = (x+(0)[0)) ) = x+(1) = Z X+ (Jo) Yo (1),
O(EAJr

(169) 0 = (QL(=1) + x:(0)]0)) o, = O% + x4

Lemma 4.5.1. We have ( fﬁ)z = Xi = [Q%, x+] = 0. In particular we
have Qi =0.

Proof. Direct calculation. O

Let £ = P,.;, F' be an additional Z-gradation of the vertex algebra
F defined by

| fora e A_

degl =0, degyn(n) = 1 foraeA
_ 4.

Set
Ci(g) =Vi(@ @ F"  withi € Z

This gives a Z-gradation of Cy(g): Cx(§) = D,;, C,i(g).
By definition,

0+ Ci® C G @.
Therefore, by Lemma 4.5.1, (Cx(g), Q) is a BRST complex of vertex

algebras in the sense of Sect. 3.15. This complex is called the BRST complex
of the quantized Drinfeld-Sokolov (“+”) reduction [21,25].

Remark 4.5.2. As in Sect. 2.4, x; may be identified with the character of
the Lie algebra Ln, defined by

x+(J(n)) =68,_1x+(J) forJ en;andn € Z.
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4.6. Change of hamiltonian. The BRST operator Q. above is not com-
patible with the Hamiltonian —D of Cy(g). Consider the weight space
decomposition Ci(g) = @Aeh* Cr ()" with respect to the action of . Then
one has

(170 QY- C@®@" C G@" x4 G@" C Y C@ "

aell

Set
(171) Dyew :=D + 16\/ € h
where pV is as in Sect. 2.1.

Lemma 4.6.1. The operator —D,, defines a Hamiltonian on Ci(g). The
action of Dyey on Ci(g) commutes with that of Q .

Proof. The first assertion is easy to check. The second assertion follows
from (170). |

We denote by Cj(g)new the vertex algebra Ci(g) equipped with the new
Hamiltonian —D,,,. We write

(172) Ce@new = EP Cr(@—new-
A€EZ

where
Ck(ﬁ)—A,new = {C € Ck(ﬁ)7 Dpew - ¢ = _AC}-

Note that Ci(§)new 1s N0 more Zs(-graded. It is compatibly Z(-gradable
by —D (see Sect. 3.2).

The Mobious conformal structure is changed accordingly: Let T* =
T*® 1+ 1®L(1). Set

(173) T* = T* —257(1),

new
where ;37(1) is the operator on C;(g)” such that
p"(1]0) =0,
[6¥(D). Jm)] =[5, J1(n + 1) + k8,1 (5"|))id  for J € §.n € Z,
[57 (D). Yu()] = (5" ) +1)  fora e A n e

The triplet {T°,, —Drew, T} gives Ci(g) a Mobious conformal structure (cf.
Sect. 4.17). We have

(174) [0+ T ] =0.

Also, the action of T*

new

on Cy(g) is locally nilpotent.
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Put
(175) t:=CT*

new

+ CDpew + CT.

We consider t as a Lie algebra isomorphic to sl,(C).
Below if no confusion can arise we write just Ci(g) for Cy(@)new. We
write Cy(@)o1q for the vertex algebra Cy(g) with the (old) Hamiltonian —D.

4.7. Definition of #-algebras. The following assertion was proved by
B. Feigin and E. Frenkel [21] for generic &, by J. de Boer and T. Tjin [14]
for all £ in the case that g = s[,, and by E. Frenkel [25] for the general case.

Theorem 4.7.1. The cohomology H'(Ci(g)) is zero for all i # 0.
Define

(176) () = H(Cr()).

This is a Mobious conformal vertex algebra for all k € C, because the action
of vt on Cy(g) commutes with the BRST operator Q.. The vertex algebra
#;(g) is called the #-algebra associated with § at level k.

For the later purpose we recall the proof of Theorem 4.7.1 given by [25]
in next sections.

4.8. The tensor product decomposition of the complex C;(g). Follow-
ing [25, Chapter 15], we set

To@ = Tz = Ju@) = Y @Y ()
neZ B.yeAi
fora e I UA.

Lemma 4.8.1. We have the following relations for m,n € 7Z.:

() [Ja(m), T = 3, ¢y Jatm+n) + k+h")m(Ja, J)ninoifa, b €
ITUA ora,beUA_,

(i) [Ju(m), Yg(n)] = Zycz’ﬂlﬁy(m +n)ifae ILAL,B € Ay or
aclUA_, BeA._.

Proof. Direct caculation. O
Let Cy(g)’ be the subspace of C;(g) spanned by the elements

Jai, (=11« e (=) Yy (=) - Y, (—1)]0)

with o, a;, € Ay, n;,m; € Z. Then, by Lemma 4.8.1, Ci(g)’ is a vertex
subalgebra of C,(g). Similarly, let C(g)” be the vertex subalgebra of C;(g)
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spanned by the elements

oy (=n1) o Ja, (=)W, (=) .V, (—mg)[0)
witha; € IUA_, &), € A_,n;,m; € Z.Then Cy(g)" is a vertex subalgebra
of C;(g) by Lemma 4.8.1.

Lemma 4.8.2. We have the following relations for n € 7.:
(0%, Yu(m)] = To(n) and [0%. ./];(n)] =0 foraeAy;
[ Y ()] = xs (Ju () and [x4, Ju(m)] =0 fora € Ay
1
[0 vatm] = =5 > ¥ p¥, )

ByeAy
k+1=n

and (x4, ¥—o ()] =0  fora € Ay;
(0% Tum] = Y i vaIk)  n = kaa(n)

€Ay beA_ul

k+l=n
fora e A_UT;
[X+v j;l(”)] - Z ([f’ Ja], Jﬁ)‘/lfﬁ(l’l =+ 1) fora = A7 L I_’
BeA
where
k, = k=2 pyen CZ,/SC:Z,—/S fora e é,,
0 forael.
Proof. Direct calculation. 0

By Lemma 4.8.2 and the fact that O, |0) = 0, it follows that

(77) T Cr@) C C@) x4 - Ce@®' C Ce(®)
s0 Q1 - Cr(@)' C Ci(@),
(178) 0% - Cr@" C Cr@", x+ - Cu(®" C Cu(®)”

so Q4 - Cr(@" C Cr(@)".

Thus both Ci(§)’ and Ci(§)” are subcomplexes of Cy(g). Hence both
(Cr(®), Q1) and (Cr(8)”, Q) are weak BRST complexes of vertex alge-
bras (see Sect. 3.15). The cohomological gradation takes only non-positive
values on Ci(g)" and only non-negative values on C,(g)”:

(179) @ =Pc@. a@ =Pca”

i<0 i>0

where C;(8)" = C(@) N C(®)' and Ci(8)" = C1(8) N Cu ()"
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Proposition 4.8.3.
(1) Let U’ be the subspace of C(g)' spanned by the vectors

T.(=DI0), Y (=DI0) witha € A,.

Then U’ generates a PBW basis of Ci(g)'.
(i1) Let U" be the subspace of Ci(g)" spanned by the vectors

T.(=D)0), v_o(0)|0) withae IUA_,a € A,.

Then U"” generates a PBW basis of Ci(g)".
(iii) The subspace U' + U" = U' @ U" generates a PBW basis of Ci(§),
and the multiplication map
Taoy (=10) Ay, (=) 0 10) @ Toy (=) . Wiy, (=) ... 10)
> Ty (1) Wy () Ty (=) A (=) 10)

gives the isomorphism of cochain complexes Ci. ()’ Q@ Cr(8)" = Ci(g).
In particular by the Kiinneth theorem one has

H"(C(9)) = @ H?(C(®)) ® HI(Cr()")
pt+q=n
foralln € 7.

Tt is clear that Ci(g)’ and Cy(g)” is preserved by the action of t. Therefore
both C;(g)’ and Cy(§)” are Mobious conformal, and thus so are H*(Cy(g)’)
and H*(Cy(§)").

Proposition 4.8.4 ([25, 15.2.6]). The cohomology H'(Ci(g)’) is zero for
all i # 0 and one has H°(C(g)") = C.

The following assertion follows directly from Propositions 4.8.3 and 4.8.4.

Theorem 4.8.5 ([25, Lemma 15.2.7]). The natural embedding Ci(g)" —
Ci(9) induces the isomorphism H®*(Ci(§)”) = H*(Ci(8)) of Mdbius con-
formal vertex algebras. In particular,

H(C(@®") = 7@ (= H'(Cu(®))
as Mobius conformal vertex algebras.

Remark 4.8.6. By (179) we have H*(C(3)") = {c € C)(3)"; Q+c =0} C
Ci(9)". Therefore, by Theorem 4.8.5 #;(g) can be regarded as a vertex
subalgebra of Cy(g)”, and thus of C,(g).
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4.9. The filtration F of C,(g)”. We keep the notation of previous sections.
The vertex algebra C; (§)” is considered to be equipped with the Hamiltonian
—D,ew. We have

(180) Aia(*l)l()) = htOl + 1, A‘/’—a(o)l(» = htOl fOI‘O( € A_A'_,

(181) A =1 foriel.

Thus Cy(9)" is Z>o-graded:

(182)

@ = P @ s C@f=Cl0), dimC(@’, <00 VA,

AeZ=g

It is clear that Cy(g)” is an h-submodule of Ci(g) and we have

_y A
(183) G@'= P @

(A, pV)<—n
for all n.
Proposition 4.9.1. Define an increasing filtration F = {F,Ci(g)"}
of Ce(9)" by
(184) EC(@®" =) FECi@",

n
—\// — N\ A
ECG@ = @ (G®")"
()2 pn
Then we have the following:

(1) F is a (separated, exhaustive,) strict filtration of the vertex algebra
Ci(9)" such that
v F,C(®)" C G (®" Vp,
E,Ci(@" =0.
(i) grf C(§)" = C()" as Mébius conformal vertex algebras.
(iii) For all_p we have Q% - E,Ck(ﬁ):’ C B Ck(_ﬁ)” and x4 - F,Ci(§)" C
F,Ci()", and thus Q1 - F,Ci(g)" C F, Ci(9)".
Proof. For (i), the strictness of F follows from (ii), together with Propos-

ition 4.8.3 (ii) and Proposition 3.8.2. Other assertions are easily seen. (ii) is
easily seen. (iii) follows from (170). O

The (Cx(g)”, x) is also a weak BRST complex of vertex algebras. By
Proposition 4.9.1,

(185) H* (gr" Cu(®)") = H*(Cr(®)", x1),

as Mobius conformal vertex algebras.
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4.10. The vertex algebra H*(Cy(g)", x+). According to [25, 15.2.9], the
cohomology H*(Cy(g), x-) is easy to calculate, in view of Theorem 3.19.2:
Let

Pi(z) =) Pi(mz """,

nez

with i € I, be the linear combination of j;(z) corresponding to P, € g/
(see Sect. 2.1). Similarly, let T_o(z) = 3,5 T o(n)z ™" " with @ € A, be
the linear combination of J,(z) corresponding to I_,. Then from the fifth
formula of Lemma 4.8.2 it follows that

(186) (X, P()]=0 Viel neZ,
(187) [Xis Lo =Yoo +1) YaeA,, neZ.

Let L/ = g/ ® C[t, '] (notation Sect. 2.1). This is a commutative
subalgebra of g. Set V(§/) = U(Lg’) - |0) C Vi (). This is a commutative
Mobius conformal vertex subalgebra of Vi (g). Here, the M6bius conformal
structure of V(g/) is considered to be given by t.

By (186) there is an embedding of vertex algebras of the following form:

(188)
V(@) - HO(C}\(@)”, X+) CACk(ﬁ)”
P, (=ny) Py,(=ny) ... P, (—=n,)|0) = P; (—ny)P,,(—=ny) ... P, (—n,)[0).

One sees that (188) is r-equivalent.

Proposition 4.10.1.

(i) [25, Lemma 15.2.10] The cohomology H'(Ci(8)", x.) is zero for all
i # 0 and the map (188) gives an isomorphism

Vg = HY(C(@)", x1)

of Mobius conformal vertex algebras.

(i) Let N > 0. The cohomology H'(Un(Ci(8)"), ad x.) is zero for all
i # 0 and the isomorphism V(§') = H°(Cw(@)", x+) in (i) induces
an isomorphism

Uy (V(§")) = HOWUn(Cu(@)"), ad x+)

(notation Section 3.11).

Proof. The set {Pi(—1)]0), T_o(—1)[0), ¥ (0)[0);i € I, a € A} forms
a basis of U” (notation Proposition 4.8.3), which generates a PBW basis
of Cr(9)".
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By (186) and (187), we have

(189) X+ P(=DI0)=0 Viel,
(190) X4+ La(=1)]0) = ¥4 (0)]0),
KoV a0]0) =0 VaeA,.

Hence
(191) xy - U cu”,

N - _sCP(—=DIJ0)y (=0
(192) H'(U", xy) = {SB’G’ Do Ei #0;
Therefore the assertion follows from Proposition 4.8.3 (ii) and
Theorem 3.19.2. |

4.11. The filtration F of 7#;(g). Let {F, % (g)} be the filtration of #;(g) =
H°(Cy(§)") induced by F:

(193) E, %) = Im (H°(F, C(®)") — H*(C:(®)")).

Then F is compatible with the Mobius conformal structure of #(g): ¢ -
B, (@) C F,7(9).

The following assertion proves Theorem 4.7.1:
Theorem 4.11.1 ([25, Theorem 15.1.9]). The cohomology H'(Ci(§)") is
zero for i # 0 and there is an isomorphism gr¥ W(§) = V(§') of Mobius
conformal vertex algebras.

Proof. By Propositions 3.16.1, the assertion follows from (185) and Propos-
ition 4.10.1 (i). O

By Theorem 4.11.1, (#(g), F) is quasi-commutative.
Lemma 4.11.2.
(i) The filtration F = {F, (@)} of .(9) is strict.
(i) We have Vac #;(g) = C|0).

Proof. Because

(194) Uvgr) = ED B(=1)I0)
el

I1S]

generates a PBW basis of V(g/) = grf #(g), we have that Vac % (g) =
C]0) and F is strict, by Proposition 3.8.2. m|

Remark 4.11.3. The filtration F differs from the standard filtration of #;(g).
One can characterize F as the finest filtration of 7 (g) such that Z(g) o C
Fa_1#(g) for all A > 0 (compare Theorem 3.5.1 (iii), cf. Remark 4.12.2).
The existence of such a filtration F can be proved for any Z(-graded vertex
algebra V with Vo = C|0).
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4.12. Quasi-primary generators of 7 (g). Let {F, Ci(g)"} be the filtration
of C(g)" defined in Proposition 4.9.1, { F;, #;.(g)} the induced filtration (193)
of #(9). )

__ Recall the exponent d; of g with i € I, see Sect. 2.1. By definition
Pi(—1)|0) € F;;Cr(8)".

Proposition 4.12.1.
(i) The action of v = CT., + CDynew + CT on #(g) is completely
reducible.

(i) Foreachi € I, there exists a quasi-primary vector W; € F; #:(g) C
Ck(9)" of conformal weight d; + 1 such that o4, (W;) = P (—1)|0)
(notation Section 3.1) under the identification gr¥ #(3) = V(g/).

(iii) Let Wy, ..., W, be as in (ii). Then the subspace Uy = @, ; CW;
generates a PBW basis of #(g).

Proof. (i) Because the isomorphism in Theorem 4.11.1 is D,y -equivalent,
it follows that there is no vector of conformal weight 1 in #(g). This
together Lemma 4.11.2 (ii) shows that Vac #(g) N Im 7., = 0. Thanks
to [33, Proposition 4.9 (b)], this proves the assertion. (ii) Because F' is
compatible with the action of t,

_ _ 0d; _
0 —> Fu 178 — Fu W@ —> grh %@ — 0

is an exact sequence of r-modules. Since #;(g) is completely reducible
over t by (i), there exist a v-equivalent linear map sy, : grgl_ Y(g) —
Fa,%:(g) such that o4, o s;, = id. The vector W; = s,4,(F,(—1)|0)) satisfies
the desired property, because P,(—1)|0) is quasi-primary. (iii) is obvious
from the fact that Uy g/, (see (194)) generates a PBW basis of V(g’). |

We fix quasi-primary generates Wy, ..., W, of #(g) which appeared in
Proposition 4.12.1. We write W; for the image of W; in gr’ #(g).

Remark 4.12.2. From Proposition 4.12.1 it follows that

E, (@)

n;>1, r € Z-y,
=span {(Wh )(=n)Wi) (=g + -« (Wi, ) (=) [0); di, +dj, + -- f_?_ d <p } .

One can prove that F, #(g) is spanned by vectors

1
W(py) -+ W,y 0D

1

withr > 0,n; > 1 and homogeneous vectors w', ..., w" € #(g) satisfying

Api 4+ Ay <p—r.
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4.13. The Lie algebra £(%;(g))
Theorem 4.13.1.

(i) The cohomology H' (C(8)") is zero for all i # 0 and there is a natural
Lie algebra isomorphism S(#(§)) = H°(L(Cv(d)"))

(ii) The cohomology H'(Cy(g)) is zero for all i # 0 and there is a natural
Lie algebra isomorphism £(#:(§)) = H°(L(Ci(d))).

Proof. By applying Theorem 3.17.1, the assertion follows from (163),
Lemma 4.11.2 and Theorems 4.8.5 and 4.7.1. O

We write W;(n) for (W;), € £(#(g)). By Theorem 4.13.1, this can be
considered also as an element of H°(£(Ci(§)")) = H°(L£(Ck(d))).

Let {F, £(#(g))} be the filtration of £(#(§)) induced by (193). Then
by Lemma 4.11.2 (i) and Proposition 3.10.1 we have the isomorphism of
Lie algebras

(195) L(gr" #(@®) > g’ L4 ®D)).
We write W, () for (W), € £(gr” % (@) = g S(#4 ().

4.14. The current algebra of 7/ (g)
Theorem 4.14.1.

(i) For each N, the cohomology H' (Un(Ci()")) is zero for all i # 0 and
the natural map Uy (@) — HUy(Cu(@)"))) is a linear isomorph-
ism.

(i) The cohomology H' (3h(Ci(8)")) is zero for all i # 0 and the natural
map 3h(#(@) — H°(3H(Ci(§)")) is an algebra isomorphism.

Proof. (1) By Proposition 4.10.1 (ii) and (185), one can apply Propos-
ition 3.18.1 (ii) to get:

(196) H (Un(C (@) =0 fori #0,
(197) gr’ HOWUn(C(@")) = HO(Un(gr" Cu(@")).

Because {F, Ci(§)"} is strict, we have Uy (gr” Cr(8)") = grf Un(Ci(§)")
by Theorem 3.13.3. Thus by (197)

(198) g’ HOWy(C@") = H (2" Uy (Cr(@")-
Also, by Theorem 4.11.1 and Proposition 4.10.1 (ii),

(199)  Uy(H (" C(@)")) = Uv(V(@")) = HO(Un(gr" Cu(@")).
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Therefore, by Proposition4.9.1 (i), Lemma4.11.2 (i), Theorem4.11.1, (198)
and (199), all the assumption of Proposition 3.18.2 are satisfied. Therefore
one has Uy(H(Cr(@)")) = HUy(Cr(g)")). (ii) The assertion follows
directly from (i). Indeed by definition 36(%#;(g)) is a direct summand of the
complex o (#4(g)):

30 (#(@) = {a € Yo(#i());ad H - a = 0}

= {a € H'Mo(Cu(®)")); ad H - a = 0} = HO(Sb(Ck(ﬁ)"))-D

By Theorem 4.14.1 (i) it follows that
(200) U (@) = HOC(@"))

(see (120)). In particular LL(#(g)) can be considered as s subalgebra of
U(Cr(g)"), and thus of $(Ci(g)) by Theorem 3.14.1.

Theorem 4.14.2.

(i) Foreach N, the cohomology H' (Un(Ci(§))) is zero foralli # 0and the
natural map Un(# (@) — HUn(Ck(@))) is a linear isomorphism.

(ii) The cohomology H'(3H(Ci(@))) is zero for all i # 0 and the natural
map 35(#(§)) — H°(3H(Ci(§))) is an algebra isomorphism.

Proof. Because (ii) follows from (i) (see above), it is sufficient to show (i).
Let N > 0. The embedding Ci(g)” — Ci(§) induces an embedding

(201) Uy (Cr(@)") = Un(Cr(@)),

by Theorem 3.14.1. By Theorem 4.14.1 (i), it is sufficient to show that the
map (201) induces an isomorphism

(202) H*(Un(C(@") = H* (Un(Ce(@))).

To prove this, consider the standard filtration G = {G,, Ci(g)} of C(g) with
respect to the (old) grading defined by the Hamiltonian —D. Then

(203) G_1Ci(g) =0.

Also, G, Ci(8)" = G, Ci(g) N Cr(§)” is the standard filtration of Ci(g)”
(with respect to the old grading). Because

(204) Q% (=1)|0) € GG (@), x+(0)|0) € GoCi (D)
and (C(g), G) is quasi-commutative, we have

(205) TG (@) C Gy Cr(@. X+ - Gy Ci(@) C Gpo1Ci(@).
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Therefore there are converging spectral sequences

(206) El? = H*Un(Ci(@), (ENI = H*Un(Cr(@)"),

see Proposition 3.18.1. Because the restriction of (201) gives a cochain map
(207) Gy Un (Ce(@)") — Gptn(Ci(9))

for each p, (201) induces a map (E”), — E, of spectral sequences. If
this is an isomorphism for » = 1, then this is an isomorphism for all
r > 1, inducing the desired isomorphism (202). So it is suffice to show the
following assertion:

Proposition 4.14.3. The natural embedding gr® Ci ()" — g% Ci(g) in-
duces an isomorphism H®(Uy(gr’ Cr(§)")) = H*(Uy(gr’ Cr(g))) for
all N.

Proof. By Proposition 4.8.3 we have
g Cu(@) = g1 Cu(@)' ® g’ Cu(@)”

as complexes and as (supercommutative) vertex algebras, where gr’ C;(g)’
is the graded vertex algebra associated with the standard filtration of Cy(g)’
(with respect to the old grading). For convenience we put V = gr’ Ci(g),
V= gr% Cu(g),and V5 = gr¢ Ci(g)”, sothatV = V,®V,. Let U’ and U”
be as in Proposition 4.8.3. Denote by U, (resp. U,) the image of U’ in V|
(resp. the image of U” in V,). Then Uy, U, and U, ® U, C V generates
PBW basis of V;, V;, and V, respectively. By (205) the differential O acts
as Q% onV,V; and V,.

Let F be the filtration defined in Proposition 4.9.1. Let F, V, be the image
of F, Ci(g)" in V,. Then {F,V,} gives a filtration of the supercommutative
vertex algebra V, such that

(208) O, KEVyCH 1V,
(see Proposition 4.9.1 (iii)). Set
FV =V, ® FEV,.

Then this also gives a filtration of the supercommutative vertex algebra V
which is compatible with Q. By (208) one has

(209) (er'V,0,)=(Vi®V,, 0% ®id)

as weak BRST complexes of supercommutative vertex algebras.
Denote by U, (resp. U,) the image of U, in gr V; (resp. the image of U,
in grf V,). Then U, generates a PBW basis of gr’ Vo and U := U, + U, =
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U, @ U, generates a PBW basis of the supercommutative vertex algebra
grf’ V. By (208) and the first formula in Lemma 4.8.2 it follows that

U, (i=0)

0 G#0),

U, (i=0)

0 (@{#0).

Therefore, by Theorem 3.19.1 (i), (iv), it follows that the H'(V,) =

H (V) = 0 fori # 0 and the natural embedding V, < V induces an
isomorphism

0, - Uy=0, H(U) = {

0.-UcU, Hf((/):{

(210) H(V,) = HOW).

Further, by Theorem 3.19.1 (v), (vii) we have

(211) H' (8 (V2)) = H'(Un (V) =0 fori #0,
(212) Un(HO (V) = HO(Un(V2)),

(213) Un(HO (V) = HOUn (V).

Therefore, by (210), (211), (212), and (213), it follows that V, < V induces
an isomorphism

(214) H*(Uy(V2)) = H* Uy (V).

This completes the proof. m|

4.15. A realization of U(C,(g)) and (% (g)). Let
g :=lg.0l=30Cl,1 '1®CK Cg,

and denote by U, (g’) the quotient of U(g’) by the two-sided ideal generated
by K — kid. There is a diagonal action of ad Dy, on the superalgebra
U(g) ® Cl. Let

(Uk(g/) ® Gl)d,new = {M € Uk(g) ® Cl; [Dpew, U] = du}
This gives U, (g') ® CI a graded algebra structure:
(215) U(@) ® Clyew = EPU(g) ® C new.
deZ

There is a natural homomorphism W : Ui(g") ® Cl — U(Cr(g)) of
graded algebras induced by the correspondence

(216) g3 J(n) = Jn)(= (J(=D]0)w) € £(Ci(@))

Q17)  Cl3 Yu(n) = Yu (M) (= Yu(=DI0))m € L(C(@),
218)  CI3 Yo(n) = Vo) (= Ya(0)0)n-1y € £(Ci()
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for J € §,a € A, n € Z. Denote by Wy the composite of ¥ with the
natural surjection U(Ci(g)) — Un(Cr(g)).
Set

219) ly = Uk(@) ® Clyew + Y _(Uk(g") ® Cl)gnew C Up(g) ® Cliew.-
d>N

Proposition 4.15.1. For each N > 0, there is an exact sequence
0 —> Iy —> U(g) ® CL % $Uy(Cr (@) —> 0.

Proof. Let {G,Un(Cy(g))} be the filtration of Uy (Ci(g)) induced by the
standard filtration G of C;(g) (with respect to the old grading). Let U be
the space as in (162), which generates a PBW basis of C;(g). Then by
Theorem 3.14.1 we have

(220) 29 Uy (Ci(@)) = Sy ).

(Here U is identified with its image in gr® C;(g).)
Let {G, (Ur(g') ® Clyew)} be the filtration of U(g') ® Clyew defined by

G*l (Uk(g/) ® @lnew) = O’
Go(Ur(g) ® Clyey) = A(LA_) = (Yy(n); € Ay, n € 7Z),

Gy (Un(@) ® Cloew) = Y J(1) - G (Ui(g) ® Clyey,)
neZ, Jeg

+ Y Ya®) Gy (Uk(@) ® Cloew)

neZ,ach
for p > 1. This defines a filtration of U;(g') ® Cl,ew such that
(221)  gr(Ui(g) ® Cluew) = S@Q Clt, 17']) @ A(Lii) @ A(LL).

This can be regarded as an isomorphism

(222) 2% (Uk(g) ® Clyew) = S(LU)).
By construction, W preserves the filtration. Therefore, ¥, induces a map
(223) 2 (U(g) ® Cloew) — g Un(Ci()).

But under the identification (220) and (222), the map (223) is identical to
the natural surjection S(L(U)) — Sy (U). Therefore (223) is surjective, and
its kernel is S(L(U)) Y_,_ y S(L(U)),, which is exactly the image of Iy in
gr9(Ui(g') ® Clpew). This completes the proof. O

Let Ui(g) ® Cl,.,, be the standard degreewise completion (Sect. A.2) of
Ui (g') ® CI with respect to the grading (215).

The following assertion immediately follows from Proposition 4.15.1
and (200).
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Proposition 4.15.2. There is an isomorphism (Cr(§)new) = Ui (g") @ Clew
as compatible degreewise complete algebras. Thus there is an isomorphism

UH(@) = HO(Ur(g) ® Cliyey, ad Q4.

4.16. New grading vs. old grading, and a realization of 3 (%7 (g)) (cf. [27,
Section 2.2]). Let

(Ur(g") ® Clyg,oia := {u € U(9) ® Cr(@); [D, u] = du}.
This also gives Uy (g') ® CI a graded algebra structure:

(224) Ui(g) ® Cloa = @D Ui(@) ® Clyoia-
del

Let Ukm Cl,q be the standard degreewise completion of U(g') ® CI
with respect to the grading (224).

Proposition 4.16.1. We have the following:

(1) UCr(@)ona) = Uk(/g7)\-(§ Cl,q as compatible degreewise complete al-
gebras.

(ii) The correspondence g > J +— J(0) € Up(Cr(§)o1a), Cl > Vo >
Yo (0) € Ug(Cr(@)oa) gives the algebra isomorphism U(g) ® Cl =
3H(Cr(@)ola)-

Proof. The proof of (1) is exactly in the same manner as Proposition 4.15.2.
(i) follows from (i). O

For each N > 0, Uy (Cr(8)o1g) and LUy (Cr(@)new) admit weight space
decompositions with respect to the adjoint action of h:

(225) UN(Ch(@oia) = D Un (Ch@ o)
reb*

(226) Un (Ce@new) = ED Un(Ch(@nen)
reh*

Letr; € W with & € PV. Then its action on b extends to an automorph-
ism of Uy (g') ® CI by the following:
t; (Ju(n)) = Ju(n — (o, 1)) fora € A, n € Z;
t;(h) =h —k(k,h) forh € b;
t:(Ji(n)) = Ji(n) foriel,n#0;
t; (W (n)) = Yo (n — (@, X)) forr € A,n € Z.
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One has:

tﬁv (n)

l/;v ((Uk(g/) ® @l)s,(,]d) C (Uk(g/) ® @l)d,new s

v (1)

-5 ((UK(g) ® €Djpe) C (Unle) ® CIYy

This shows that #5v and 7_ ;v extends to the mutually inverse isomorphisms

(227) 75 - UN(Cr(@)ola) = Un(Cr (@ new)

(228) gt UN(Ce(@new) = Un(Cr(@ota)

for all N, inducing isomorphisms

(229) 75t MCe(@oa) => UCh(@new)

(230) 75 M Ci(@new) > U(Ci(@)ora)

of compatible degreewise complete algebras. In particular, we have
(231) 75 30(Ce(@ota) = 3H(Ch(@new)

(232) 5 I0(Ce(@new) = 3H(Cr(@ola)-

The following assertion follows immediately from Proposition 4.16.1.

Proposition 4.16.2. The map T s induces the algebra isomorphism
3H(Cr(@new) = U(g) ® CL

We have
(233) (0%)= 0%, T () =x,,
(234) (00 =0, =0+ X,
where
(235) Xp = Y40
aell

Of course we have
(236) [X.. Q1] =0, (X)*=0, (Q.)=0,
which can be checked directly. Hence each (U (Ci(g)”), ad Q’,) is acochain

complex and one can define the corresponding cohomology

H*(UW(Ck(@o)) = EP H* UCe@o10))a>
del

H* (U(Cr(@)o1a))a = lim H* (Uy (Cr(§)o1a))-
N

In view of Proposition 4.16.1 (i),

H*S(Ce@)aa) = H*(U(g) ® Clyyy, ad Q).
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By Proposition 4.16.1 (ii), one finds that the subcomplex (3H(Ci(g),,4),

ad Q')) of Uy(Cr(@)gq) is identical to cochain complex (C(g),ad Q) con-
sidered in Sect. 2.4. Therefore by Theorem 2.4.2 we have

(237) H(3b(Cr(@))ola) = Z().
By (228) and (234), it is clear that

(238)  H*(Un(Ci(@))ola, ad Q') = H*(Un(Ci(@new). ad Q1) VN
Therefore, Theorem 4.14.2 and (237) give the following assertion.

Theorem 4.16.3. The H' (MU(Cy(§)o1a)) is zero foralli # 0 andt_ 5 induces
the following isomorphisms:

(i) UOK@) > HMC@ow) = H ULg) ® Clog. ad Q') as com-
patible degreewise topological algebras;
(ii) (cf. [27, Proposition 3.3 (1)]) 36(# (@) = H°(3h(Ci(@)oa)) = Z(@)

as algebras.

Below we often identify 3h(#(g)) with Z(g) through the isomorph-
1Sm 7_ oV

Similarly as above, let Ci(g)y,4 be the vertex algebra Ci(g)” equipped
with the Hamiltonian —D. To avoid confusion we may write Cy(g),.,, for
the same vertex algebra with the Hamiltonian —D,,,. By Theorem 3.14.1
and Proposition 4.8.3, U(Ci(g)s,) and U(Ci(§),.,,) are subalgebras of
S(Ck(@ola) and LU(Ci(g)new), respectively.

The restriction of (229) and (230) give the mutually inverse isomorph-
isms

(239) 15 Ck(@10) => MCk (@ o)
(240) T 50 MCr(@) ) > U(C(@)0)-

The U(Ci(g)7,4) is a subcomplex of (U(Cy(§)oa), ad Q',). The following
assertion follows from Theorem 4.14.1.

Theorem 4.16.4. The H'($1(Cy(8)/,,)) is zero for all i # 0 and /l‘\_ﬁv in-
duces the following isomorphisms:

1) UH@) = H O(M(Ck(ﬁ)gld)) as compatible degreewise topological
algebras;

(i) 3h(#(@)) = H(3h(Ci(@)gq)) as algebras.

Remark 4.16.5. Let a be the Lie superalgebra such that a®" is the Lie al-

gebra b_, a°% is the supercommutative Lie superalgebra fi_, and [x, y] =

ad(x)(y) for x € b = aoven, y € ii. = @°%. Then similarly as Propos-
ition 4.16.1 (ii) one sees that the correspondence

@ 5 J, > J,(0) € 35(Ce(@)1)
@ 5 J, > ¥, (0) € 3h(Cr(@))
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witha e TUA_, @ € A_, give the isomorphism

(241) U@ = 3h(C(@oia)

By Theorem 4.16.4 3h(#:(g)) = Z(§) can be identified with the commu-
tative subalgebra of U(a) consisting of elements that commutes with the
adjoint action of Q’, under the identification (241).

4.17. The conformal vector at non-critical level. Assume that k %= —h",
where 1" is the dual Coxeter number of g. Define

d —
. -n-2._ 718 f eV
L(z) = %L(n)z =L@+ L @) + 57,
where
PU@ =Y Az =5 @+ Y hte: Y (YD) ;-
ne’ acAy

A short calculation shows that

(242) [0, L(z)] =0.
Thus L(—2)|0) defines an element of 7% (g). Further, one sees that

(243) T, =L(1), —Duw=L(0), T=L(-1)

new
as elements of End C(g), and that

3

(244)  [L(m), L(n)] = (m — n)L(m + n) + %amﬂ,oc(k) id,

where

— ] _ VN5V 2 - =V 1 )
(245) o) =1 12((k+h)|,0| 2(ﬂ,p)+k+hv|p|>,

see [21,25,27] (Recall that [ is the rank of g). Therefore L(—2)|0) is a con-
formal vector of central charge c(k). Thus, the vertex algebra #(§) is
conformal for k #= —h".

Remark 4.17.1. Write k as k = —h + p/q. Then, as explained in [27], the
formula (245) can be written as

cky =1—12lgp — pp”I*/ pq.
which in the simply laced case becomes

c(k) = I(1 — k(R + D) (p — ¢)*/ pg).
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Proposition 4.17.2. Assume that k # —h". Then under the isomorphism
t_sv 2 A0(H(9)) = Z(§) in Theorem 4.16.3 (ii), the image of the Hamil-
tonian L(0) in 3h(#(g)) is mapped to the element

1

— 1 VNI 5V2 - =V —
2 i 2 kIO =2, P € 2@

Here 2 is the Casimir element of U(g).

Proof. Direct calculation. O

5. Irreducible highest weight representations of #-algebras

5.1. Verma modules of #-algebras. We identify 3h(#(g)) with the cen-
ter Z(g) of U(g) through Theorem 4.16.3 (ii).

Recall that y; : Z(g) — C with % € b* denotes the Harish-Chandra
homomorphism (with respect to the triangular decomposition § = n_ @

ha n.), see (56). The one-dimensional Z(g)-module CV; can be naturally

regarded as a U(%#(g))=o-module on which (%4 (g))~o acts trivially.
Define

(246) M(y;) = U(#(@)) ®uri(@)-o Cy; -

The #;(g)-module M(y;) is called the Verma module of #;.(g) with highest
weight y;. The canonical vector 1 ® 1 € M(y;) is called the highest weight
vector of M(y;) and denoted by |y;).

Define a subspace U™ (#:(§)) of Uy (#(g)) (notation Sect. 3.11) by

(247)
U () := span{W; (—n1) - -+ - W, (—n,); r > 0, iy € I, ny > 1}.

Then by Theorem 3.14.1 and Proposition 4.12.1 (iii) there is a linear iso-
morphism

W (@) = M(y;)

(248) u = uly;).

The Verma module M(y; ) is an admissible % (§)-module (see Sect. 3.12)
by the natural grading such that

(249) M5 wop = Cly;),

which is unique up to a constant shift. By (248) each subspace M(y;), is
finite-dimensional.

Let M be any graded % (g)-module. Denote by S(M) the subspace of M
spanned by the homogeneous vectors m such that W;(n)m = 0 for all
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i € I,n > 0. Then S(M) is naturally a 3h(#(g))-module containing Miop
(notation Sect. 3.12). By definition we have the isomorphism

(250)  Homy guosM(y;). M) = D) Homy g, (C,,. Sy,
deC

where S(M),; = S(M) N M,.
Let F = {F,%/(g)} be the filtration of #;(g) defined by (193),
{F,4(#(9))}, the induced filtration of U(#4(g)). Set

(251) E,M(y;) == BU(®@) - 1vz)-

This defines an increasing, separated, exhaustive filtration of M(y;). By
definition, F,U(#(9)) - F,M(y;) C F,iqM(y;) for all p,q. Thus the
graded space gr” M(y;) is naturally a module over the commutative vertex
algebra gr’ #(g).
Proposition 5.1.1. We have

g’ M(y;) = U(er” #()) ®utart (-0 C

as grf #;(g)-modules, where C is the trivial $(gr” #(§))=o-module.
Namely the g™ #;(g)-module gr” M(y;) is isomorphic to the polynomial
ring

CIW;(—n);iel,n; > 1]

on which W;(n), with n < 0, acts by the multiplication, and W;(n), with
n > 0, acts trivially.

Proof. We have the surjective homomorphism (grf #(g)) Rsi(arf #(8)=0
C — grf M(y;) that sends 1 ® 1 to the image of |y;) in grf M(y;).
From (248) it follows that this is a bijection. |

Remark 5.1.2. Let MT(X) be the lowest weight Verma module of § with
lowest weight . Denote by y/ : Z(§) — C be the evaluation at Mt(x).
Then we have

(252) V;/ = Vuo(hy»

and hence M(yX’) = M(Vwo(i))’ where wy is the longest element of W.
Indeed let

(253) P ={eP;(ra')eZoVacA,)

Then for A € P, the irreducible finite-dimensional g-module L (1) has the
lowest weight wq(A). Thus (252) holds for all & € wy(P,). Hence it must
hold forall » € .
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5.2. A realization of M(y;). Let C, = CI, with A € bh* be the one-
dimensional representation of ${(Cy(§).4)>0 such that
T o, =¥ o1, =0 foraecA,,n>0
Jim)1, =0 foriel,n>0,
Ji0) 1, = A(J)1, foriel.

We consider C,_ as a cochain complex concentrated in degree 0 on which
the differential Q’, acts trivially. Let K(A) be a Ci(g)gq-module defined by

(254) K() = UC(@)g10) Bstci@!0 Cr-

This is an admissible 4(C,(g)”)-module with the natural grading such that
KM wp = C® C,. We regard K(1) as a cochain complex with the differ-
ential Q' , whose action is defined by the rule Q' (u ® 1) = [0/, u] ® 1
for u € YU(Cr(§)").

By (200) and (240), H*(K (X)) can be viewed as a #;(§)-module by the
following action:

(255) u - [v] = [T_ﬁv (u)v] foru € U(#(g)) and [v] € H*(K(L)).
Then H*(K(A)) is an admissible 7 (g)-module. By construction,

H(K())op = H' (K (Lap) = {E)C o
This is a 3h(#(g))-module.
Proposition 5.2.1. We have H°(K Mop = C,, as 3h(#(g))-modules.
Proof. We shall use the identification
(256) 30@) = HGhH(Cu(@a)- ad Q')
(257) = H"(3h(C(@ol), ad )
= H (U@ ® Cl,ad Q) = Z(§)

through Theorems 4.16.3 and 4.16.4.

Observe that MT(A + 2) has the central character
(258) y){+2ﬁ = Vwo(+25) = Ywgor = Vi

(notation Remark 5.1.2). o

The superalgebra 36(Ci(§)oa) = U(§)®@Clacts on MT(A+2p) @ A (i)
as in Sect. 2.5, and by (257) this induces the action of 3h(#.(g)) on the
space

Ho (s, MG +20) ® Cy,) = Ho(M' (R +25) ® A(ii.), O+).
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Let |A + 2/5)T = v;”p ® 1, where v;”ﬁ is the lowest weight vector of

MT(%+2p). Then C|A+25)" isasubcomplex of (MT (A4+25)QA (R4), O4).
From (the proof of) Theorem 2.5.7 (i), it follows that the natural embedding
Clr + 2,5)T — Mt + 2p) ® A(n,) induces an isomorphism

(259) Ho(CIA+25)") = HyGiv, MT(G+20) ® C;,) = C,,

as Z(g)-modules.
Consider MT(L+25) ® A(iiy) as a 3h(Ck (9)019)-module by the corres-
pondence

(260) Jo©) > Jo— Y gy, forae A_ul,
ﬁ,V€A+

(261) Yy (0) > Y, fora e A_

(see Remark 4.16.5). Then a short calculation shows that

(262) T +2p) =r)x+2p) foriel,

(263) T, 0)x+2p) =0 foraeA_.

Therefore the correspondence

(264) M 425) @ ARy) 3 A +25) = 1 € K(Wiop

gives a 3h(Cy(§)/,y)-equivalent cochain map. Here M (% +25) ® A(iy) is

considered as a cochain complex by reversing the homological gradation.
Therefore, it follows that (264) induces an isomorphism

Ho(M' (A +2p) ® A1), O1) = H (K(W)op-
By (259) this completes the proof. O

Proposition 5.2.2. We have H (K())) = 0 for i # 0 and H°(K(A)) =
M(y;) as #(§)-modules.

Proof. By (250) and Proposition 5.2.1 there is a unique % (g)-module
homomorphism

¢ M(y;) — HY(K()
that sends [y;) to [1 ® 1,] € HY(K())).
Let F be the filtration of Ci(g)” defined in Sect. 4.9, { F,3(Cr(§)59)}
the induced filtration. Define

(265) F,K() := BUCk(@)gia) + K(Mrop-
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Then this defines an increasing, separated, exhaustive filtration of K(A) such
that

(266)
C.RKM) CBOK®R, x.-FBKX CF,KQ), F,K@3) =0,

Thus there is a converging spectral sequence EY*Y = H*(K (L)) such that
(267) EP = H " (@l K).
By construction, we have
(268) H*(zr" K1) = H* (K, x}).
From the commutation relations

(269) (X} Ju(=m1 =Y (Lf. Ja), J¥-p(—n) forae A ul,
BeA
(270) X\ Yoa(—n)] =0 forae AL,
one can show exactly in the same manner as Proposition 4.10.1 that
(271) H (K), x1) =0 fori #0
and that there is a linear isomorphism
(272) S@ @ Cl ') = HOKM). X))
given by the correspondence
(P, @t™)...(P, @) > Py(=ny)... B (—n,) ® 1.

By (268) and (271) it follows that our spectral sequence collapses at
E, = E, and consequently we have H'(K(1)) = 0 for i # 0 and the
isomorphism
(273) e HO(K(0) = (g @ Cle ' ).

Finally, ¢(F,M(y;) C E,HO(K(A)) by construction. Thus we have
a gr’ #;(g)-module homomorphism

(274) g M(y;) — o HO(K(L)).

But from (273) and Proposition 5.1.1 it follows that (274) is a bijection.
Thus completes the proof. O
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5.3. Irreducible highest weight representations of #-algebras. Let

V= Ek Denote by N(y;) the sum of all proper graded % (g)-submodules of
M(y;). Define the graded #4(g)-module L(y;) by

(275) L(y3) == M(y;) /N(y;).

The image of |y;) € M(y;) in L(y;) is also denoted by [y;). We have
L(V}Z)top = Ch/;)

Theorem 5.3.1. The #(g)-modules L(y;) is a unique simple graded quo-
tient of M(ys). The set

{L(y;); 2+ p € W\h}

is the complete set of the isomorphism classes of simple objects

of #(§)-adMod.

Proof. 1t is clear that N(y;) Z |y;). Thus it follows that N(y;) is the
unique maximal graded submodule of M(y;). The second assertion is Zhu’s
theorem Theorem 3.12.1, which is easily seen from (250). O

Note that we have
(276) S(L(y;) =Cly)(=C,),

because otherwise L(y;) admits a non-trivial proper graded submodule.

5.4. The simple quotient of #;(g) is L()yya,). It is clear that % (g)op
= C|0) when %#(g) is considered as a #;(g)-modules. Set

(277) vacy :=1t_pv o kAg = —(k+h")p" € b*.
A short calculation shows that

v (7:(0)[0) = (vacy, J;)|0) fori €1,

T (Ju(0)]0) =0, T (Y (0)|0) =0 fora € A_
(cf. [2, Proposition 4.2]). Hence by Proposition 5.2.1 it follows that

(278) Yi(@op = Ce,
as 3h(#(g))-modules. Thus there exist a unique surjection M(yya,) —
#:(g) of #(g)-modules that sends |yya,) to |0). Therefore L(jyye,) is
a simple quotient of #4(g). By [26, Remark 4.3.2], L(jy,,) is a simple
vertex algebra.
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5.5. Duality functor D. Let 0 : £(#:(8)) — L£(#/(g)) be the anti-Lie
algebra involution as in Proposition 3.9.1. We have

(279) O(W; (n)) = (=D W, (—n)

because W; is quasi-primary.
The 6 is induced by the anti-Lie superalgebra isomorphism £(Cy(g)) —
£(Cy(g)) which is also denoted by 6. We have:

0(Jy(—(at, 7)) = —(= D@7V J(—(a, p¥)) fora € A,
0(h(0)) = —h(0) forh € b,

0o (—(et, 57)) = —vV/=1(=D)“" 1y, (—(a, ) fora € A,
OW_o (e, p7)) = V=1(=D'*? Ny, ((a, p¥)) fora € A.

Therefore the following hold:

Lemma 5.5.1. The 0 induces an anti-algebra isomorphism0 : 35(Ci(g)) —
36(Cr(®)) withf(a)* = (=1)?Da for a € 3H(Ci(§)), which is given by the
Sollowing formula under the identification 35(Cy(g)) = U(g) ® CI:

0(Jig) = —(—DMJ, forae Ay, O(h)=—h forheh,
(V) = —/—1(=D"y, forae A,
OW—o) = V-1(=D)""Y_y foraeA,.

Because
(280) 0(0y) = —v—10,,

6 induces anti-algebra automorphism of H°(3h(Ci(3)) = 3h(#4(d))
= Z(g), which is also denoted by 6.

Lemma 5.5.2. For & € b*, we have y; 00,z = v, -

Proof. Let . € Py (see (253)). Then L(1) has the central character y;.
Let L(1)? denote L(%) viewed as a g-module on which J € § acts by
J - v =60(J)v. Then the formulas in Lemma 5.5.1 show that L(X) has the
central character y ). This proves the assertion for all 2 € P, . Hence
it must hold for all A € b* i

Denote by &' (#;:(§)) the Serre full subcategory of #;(g)-adMod consisting
of graded #(g)-modules M = P sec Mg such that dim M,; < oo for all d.
The Verma module M(y;) belongs to & (#;(g)). Thus by Theorem 5.3.1
any simple object of 7 (§)-grMod belongs to & (#;:(g)).
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For an object M of &(#,(g)), define

(281) DM) = @HomC(Md, 0).
deC

Then the formula
(282) (u- fym) = (f,0w)m) foru e MH#(g)), f€ DM), me M

gives a #;(§)-module structure on D(M). By definition D(M) is an object
of O(#(9))-
One has

(283) D(DM)) =M

for M € O(#(g)). The correspondence M +— D(M) defines an exact
cofunctor from & (#;(§)) to itself (see Lemma 8.1.1).
The following assertion is clear.

Lemma 5.5.3. Let M € O(#:(8)). The correspondence N — D(N) gives
a bijection between the set of graded submodules of M and the set graded
quotients of D(M)

Let|y;)" denote the homogeneous vector of D(M(y;)) dualto |y;) € M(y;).
Then D(M(y;5))w0p = Cly;)™

Theorem 5.5.4. Let ., 1 € h.

(i) There is an isomorphism D(L(y;5)) = L(V—wo(i)) of #.(§)-modules.

(i) The Wi (§)-submodule of D(M(y;)) generated by D(M(y;))iop
= Cly;)" is isomorphic to L(y_,,G))- This is a unique simple graded
submodule of D(M(y;)).

(iii) Any nonzero (graded) homomorphic image of M(y;) in D(M(yy)) is
isomorphic to L(y;). Hence

. 1 if —wo(in) € Wol,
dimn Homy g (M(y;), DGy = £ ¥ =10
Proof. (i) By Lemma 5.5.3 it is clear that D(L(y;)) is a simple object
of O(#(g)). Thus it is sufficient to show that D(L(y;)) is a quotient of
M(V—wo(i))- Because its simple, S(D(L(y3))) = D(L(y;)wp = (C),_WU(X) by
Lemma 5.5.2. By (250), this proves the assertion. (ii) By Lemma 5.5.3
and the first assertion of Theorem 5.3.1, it follows that D(M(y;)) has
the unique simple graded submodule D(L(y;)), which is isomorphic to
L(y ,,i))> by (). Further we have ly;)* € D(L(y;)), because it is the
vector dual to |y;) € M(y;). Therefore the assertion follows. (iii) Let
¢ : M(y;) — D(M(yy)) be a homomorphism of graded #(g)-modules



288 T. Arakawa

and suppose that ¢(M(y;)) # 0. Then ¢(M(y;)) must contain |y;)*, by (ii).
From this it follows that

(284) SM(y;5)iop) = DM(Y))iop

because M(y;) is generated by M(y; )iop and ¢ is graded. Therefore, by (250),
DM(yu)wp = C, as Z(g)-modules. But by (ii) we also have

DM(yp))op = (Cy_wo(m, thus —wo(ft) € W o A. Conversely, if —wq(j1) €

W o A then (284) extends to the graded #(g)-module homomorphism
M(y;) — D(M(yz)), by (250). This completes the proof. O

Remark 5.5.5. Fork # —h" one has (L (0)) = L(0). Also, it is easy to see
that A)—L = Afwo()_u)‘

Because wy(pY) = —p ", we have the following assertion.

Proposition 5.5.6. The simple vertex algebra L(yyac, ) is self-dual, that is,
there is an isomorphism D(L(Yyae,)) = L(Vyac,)-

5.6. Critical level cases vs. non-critical level cases. It is known [21] that
the structure of % (g) drastically changes at the critical level k = —h". Thus,
though our argument does not depend on the parameter &, it makes sense to
discuss the difference between the critical level case and non-critical level
cases.

First, let k = —h". The following remarkable fact is well-known.

Theorem 5.6.1 (Feigin—Frenkel[21]). The vertex algebra W v (@) is com-
mutative. In fact it coincides with the center of V_;v(g) (in the sense of
vertex algebras).

Remark 5.6.2. If k £ —h" then the center of V. (§) is trivial. This follows
from the fact that Vac V;(g) = C|0) and[48, Proposition 3.11.2].

Since #/ v (§) is commutative it follows that N(y;) = > ,_, M(y;)a and
L(y;) is one-dimensional. Therefore the following assertion immediately
follows.

Proposition 5.6.3. Let k = —h". Then L(y;) is isomorphic to the one-
dimensional W v (§)-module on which W;(n), withi € I and n # 0, acts
trivially and 3b(#(9)) = Z(§) acts by the central character y;.

Nextletk # —h”. In this case #(g) has the conformal vector L(—2)|0).
By (245) and Proposition 4.17.2, we have:

(285) LO)]y5) = Azlyz),
where

A+ 5> rankg c(k)
286 A; = — .
(286) A2k 4 hY) 24 24
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Because the grading of M(y;) is determined by the action of —L(0) (up to
some constant shift), we have the following assertion.

Proposition 5.6.4. Letk # —h". Then each L(y;) is the unique irreducible
quotient of the #;(§)-module M(yy).

Remark 5.6.5. In the case that k = —h”, M(y;) has (many) non-graded
irreducible quotients.

For a #;(g)-module M, let M, be the generalized eigenspace of L(0)
of eigenvalue —d € C:

Vigg:={ve V; (L) +d)v=0 forr > 0}.

For an object M of O(#;(g)), define the normalized formal character ch M
of M by

(287) ch M =g~ 3 Y ¢~ dim Myg).
deC

One has ch M = q*% tryr ¢~ if L(0) acts on M semisimply.
The following assertion is easily seen from Propositions 4.17.2 and 5.1.1.
Proposition 5.6.6. It holds that

Ji+p]%
q 2(k+hV)

hM(y:) =
MO ="

forX € 6*, where n(q) = c]ﬁ ]_[,'21(1 — qi)-

One of the main purpose of this paper is to determine each of ch L(ys;).

6. Functors H?$ (?) and H*(?)

6.1. Category ;. Let O be the Serre full subcategory of the category of
left g-modules consisting of objects M satisfying the following:

— K acts as kid on M;
- M= @ M"* and dim M* < oo for all A;
reby
— there exists a finite subset {u,...,u,} C b such that P(M) C

U/M — 0.

Let M(X) € Obj O, be the Verma module with highest weight A € by,
v, € M(}) its highest weight vector. Let L(A) be the unique simple quotient
of M(L). Then every irreducible object of (9 is isomorphic to exactly one
of the L(A) with A € bj.
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The vertex algebra V,(g) is an object of (J; when considered as a g-
module; indeed Vi (g) is a quotient of M(kAy).

The correspondence M ~» M*, where M* is defined by (144), defines
the duality functor in @y. Here, g acts on M* by

(288) X)) = f(X'v)

where X +— X' is the anti-automorphism of g define by K’ = K, D' =D
and J(n)' = J'(—n) for J € g, n € Z (Notation (7)).

6.2. Category (9?. Let (9kA be the full subcategory of O, consisting of
objects M that admit a Verma flag, that is, a finite filtration M = My D
M; D --- D M, = 0 such that each successive subquotient M;/M; is

isomorphic to some Verma module M(4;) with A; € b;. The category (DkA is
stable under taking direct summands. Dually, let 9, be the full subcategory
of O consisting of objects M such that M* € Obj (9,?.

6.3. Truncated category (DEA (see [56, Section 2.10] for details). For
A € by, let (DkSA be the Serre full subcategory of (9 consisting of ob-
jects M such that M = @ M*. Then (9kSA is stable under taking (graded)

duals. It is known thatﬂef\ﬁery simple object L(u) € Obj O, n < A,
admits an indecomposable projective cover P-; (1) in (9?, and hence,
every finitely generated object in (9,? is an image of a projective ob-
ject of the form ED:ZI P<; (u;). It is also known that P<;(u) € Obj (9,?.
Dually, /<, () = P<,(w)* is the injective envelope of L(u) in (9,?. In

particular M € Obj (9,6SA is a submodule of an injective object of the form
PD:_, I () if its dual M* is finitely generated.

6.4. Functor H$ (?). Let M be an object of . Define
(289) C(La, M) =MQF = Z Cl(Liy, M),
i€Z
where C'(La,, M) :=M Q@ F'.

Then C(Ln,, M) is naturally regarded as a module over the vertex superal-
gebra Ci(g) = Vi(8) ® F (= C(Lny, Vi(g))) (recall Sect. 4). In particular,
Q. acts on C(Lny, M) satisfying

Q2 =0, Q. -C'(Lay, M)C CT(Lay, M).
Thus (C(Ln,, M), Q) is a cochain complex. Set
(290) H,(M) := H'(C(Li;, M), Q;) fori e Z.

The H$ (M) is called the cohomology of the BRST complex of the quan-

tized Drinfeld—Sokolov “+” reduction for Lun, with coefficients in M
([21,25,27]).
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Remark 6.4.1.

(i) We have H*(Ci(§)) = H(Vi(9)) and #(a) = H{ (Vi(@)).
(i) By definition

HY(M) = H>**(Liiy, M ® C,,),

where the right-hand-side is the semi-infinite cohomology [18] of the
Lie algebra Ln, with coefficientin M ® C,, .

The Ci(g)-module structure of C(Ln,, M) induces the #;(g)-module
structure on H) (M) with i € Z, by Theorem 4.14.2. Further, there is

a natural action of the operator D, on C(Ln,, M) commuting with Q.
Thus H$ (M) is graded by Dyey:

(291) HiM) = @D H} M)y, H}(M)q = {v € H}(M); Dyeyv = dv}.
deC
Therefore we have a functor form O to #;(g)-grMod defined by
M — HL(M).

6.5. Functor H*(?). Consider the automorphism of Uy (g) ® CI defined by

Jn) —~ —J'(n) forJegnel,

(292) Yo (n) > —(Yd)(n) fora € A,n€Z

(Notation (7) and (38)). Because it is degree-preserving, (292) induces an
algebra involution U(Cr(8)oa) = Uk(g") ® Cl, 4, which we denote by f.
Then

(293) T i=tot

defines an isomorphism U(Cr(§)new) — HU(Cr(8)o1a) of compatible degree-
wise complete algebras. We have:

(294) TL0N=0, 0 =0"+x,
(295) (Y =0 T0m =1

where Q% and x_ are the following elements of L(Cy(§)o1a)0, respectively:
(296)
1
D DR GRS S A A O ATOIACHE

aeA_, neZ a,Byeh_
k-+Hl4+m=0

(297) X- = X-(Ja) Ve (0),
Ao

[e4S]
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where y_ is defined by (43). Thus

(298) (0" =x2=[0" x-]=0, 0> =0
For M € Oy, set

(299) C(Li_ ,M):=M®F =) _ C'(La_, M),
i€Z
where
C(LAa_, M) =MQF"
(compare (289)). Then
Q_-Ci(La_, M) c C""(Lu_, M).

Thus (C(Ln_, M), Q_) is a cochain complex. The corresponding cohomo-
logy is denoted by H® (M ):

(300) H (M) := H(C(Li_, M), Q_) fori e Z.
Remark 6.5.1. By definition we have
H*M)=H>"(Lai_, M ®C,_),

where x_ is considered as the character of Ln_ defined by x_(J(n)) =
X—(Nd,0with J € n_ and n € Z (compare (47)).

By (200) and (240), each H' (M) has a #;(g)-module structure:
w-[v] =[] foru e UK (@), v e H (M).

There is a natural action of D on C(Ln_, M) commuting with Q_. Thus
H* (M) is graded by D:

(301) H*M) = @ H*(M);, H*M), = {ve H*(M);Dv = dv}.
deC

Therefore the correspondence
M+ H (M),

with i € Z, defines a functor from Oy to #;(g)-grMod, which is refereed as
the “—” reduction functor. The functor H*® (?) is essentially the same functor
studied by E. Frenkel, V. Kac and M. Wakimoto [27].

7. Representation theory of # algebras through the functor H°(?)

In this section we study the representation theory of #-algebras through
the “—" reduction functor H°(?). As in the previous sections, the complex
number £ is arbitrary unless otherwise stated.
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7.1. Category ;. Let M be an object of O. Regarded as a module over
Vi.(g) with the Hamiltonian D, its grading is given by the operator D:

M:@Md, My :={ve M;Dv=dv} = Z M*.
deZl o S):d
Each M, is naturally regarded as a module over g. Let &; be the full
subcategory of ¢ consisting of objects M such that each M, with d € C,
belongs to the category O (g) (notation Sect. 2.5). It is easily seen that (O is
a Serre full subcategory of (.

Lemma 7.1.1.

(i) Any Verma module M()), with A € by, belongs to Oy.
(ii) Any simple module L(A), with A € by}, belongs to Oy.
(iii) Any object of (DkA belongs to Oy.
(iv) Any object of (9kv belongs to Oy.

Proof. (i) Certainly n acts locally nilpotently and h acts semisimply on
M()). We have to show that each M(1),, d € C, is finitely generated over §.
But this follows from the PBW theorem. (ii) and (iii) follow from (i). (iv)
The category O (g) is closed under taking (graded) duals. Hence Oy is closed
under taking (graded) duals. Therefore (iv) follows from (ii). O

Let (9,(5’\ be the Serre full subcategory of (¢, consisting of objects that
belong to both O and (9,?’\. Then by Lemma 7.1.1, P, () and I<;(u),
with ;1 < A, belong to O

From the following assertion it follows that every object of ¢ can be
obtained as an injective limit of objects of O;:

Proposition 7.1.2. Let M be an object of (9,?’\ with A € bi. Then there exists
a sequence My C M, C M5 ... of objects of@kSA such that M =, M;.

Proof. Finitely generated objects of ¢ belong to @y since each projective
module P, (u) does. Let 0 = My C M, C M, C Ms... be a highest
weight filtration of M, so that M = (J, M; and each successive subquo-
tient M;/M;_, is a highest weight module. In particular each M; is finitely
generated, and hence belongs to . O

Lemma 7.1.3. Fixd € C. Then for any object M of (9,?’\, with A € by, there
exists a finitely generated submodule M’ of M such that (M/M")y = 0 for
alld > d.

Proof. Let P = {vy, va, ...} beasetof generators of M such that (1) each v;
is a weight vector of weight u; € h*, (2) if we set M; = erzl U(g)v, (and
My = 0), then each M;/M;_; is a highest weight module with highest
weight ;. (so My C M, C ... is a highest weight filtration of M). Then by
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definition #{j > I; u; = pu} < [M : L(w)] for u € b*, where [M : L(p)]
is the multiplicity of L(u) in the local composition factor of M. Let

(302) Poa={vj € P;(n;,D) =d} C P.

Then we see from the definition of @y that P-, is a finite set. Thus M’ =

> vep., U(@v C M satisfies the desired properties. O

7.2. Cohomology of top parts. Let M be an object of O such that
M = @dsdo M, for some dy € C. Then by (160) we have C(La_, M) =
@ C(Ln_, M),, where C(La_, M), = {c € C(Lia_, M); Dc = d}. Thus
d=<dy

one has the following assertion.

Lemma 7.2.1. Let M be an object of Oy. Suppose that M = @ M, for

d=<dy
some dy € C. Then H* (M) = @ H*M)4. In particular, H* (M) =
d<dy
@ H* (M), for any object M of(DkSA.

d<(r,D)

Recallthat H;(M) = H;(i_, M®C5 ) = H{(M®A(A_), Q_) (notation
Sect. 2.5).

Lemma 7.2.2. Let M be an object of (9,?’\ with A € bj. Then, we have

H_(Myp)  fori <0,

H (M =
~(Mg.m) 0 fori > 0.

Proof. Because M is an object of O=", we have
C(Ln_, M).py = M, p) ® Fo.

Since Fy = span{y/_4,(0) ... ¥ o (0)1;o; € A} C F and F; is naturally
identified with A(n_). Thus we have

(303) C(Li_, M);.py = Mypy ® A[_) = C(My.p))

(see (46)). It is easily seen that the action of Q_ on C(Ln_, M), py, =
C(M ;1)) coincides with that of Q_. This completes the proof. O

We identify 3h(#:(g)) with Z(g) through Theorem 4.16.3(ii).
Proposition 7.2.3. For each A € b} we have the following isomorphisms
of 3h(#i(8))-modules

o | [c, . fi=o,
1) H.(M))op = HL(M(X)) 4.0y = O_“’OW ifi 4 0;
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. ; _|C, _ ifi =0and A € b* is anti-dominant,
(i) HL(L(A)ppy =17, 0@ ,
0 otherwise;

ifi =0,

. ) C )
(iii) H'_(Mm*)wp:H’_(M(A)*m,mz{O“om i 40

Proof. First, we have
(304) Vi o Biz@ = Youg(iys

which can be shown in the same manner as Lemma 5.5.2.

Next we have M(A)wp = M(A)pp) = M(A), LM)wp = L(A)p.p)
= L()) and M)y, = MW} p) = M(X)* as g-modules. Therefore the
assertion follows from Theorems 2.5.6, 2.5.7 and Lemma 7.2.2. O

7.3. A Technical Lemma. We need the following assertion for the later
argument (because the category (9,(5’\ is not Artinian in general).

Lemma 7.3.1. Fix A € b; and d € C. For any object M of (9kSA we have
the following:

(1) There exists afinitely generated submodule M' of M such that H®* (M) ;=
H* (M),

(i1) There exists afinitely generated submodule N of M* suchthat H® (M )=
H* (N")a.

Proof. (i) Let M’ be a finitely generated submodule of M asin Lemma 7.1.3,
so that

(M/M')y =0 foralld > d.

From the exact sequence 0 - M’ — M — M/M' — 0, we get the
following long exact sequence:

(305)
coo > HY(M/M'y - H (M"Y - H.(M) - H. (M/M') — - -

Clearly, the restriction of (305) to a D-eigenspace remains exact. We are
done by Lemma 7.2.1. (ii) Similarly as above, let N be a finitely gen-
erated submodule of M* such that (M*/N), = O for all d > d. Then
(M*/N)};, = 0foralld’ > d. Therefore H* (M*/N)*)y = Oforalld’ > d
by Lemma 7.2.1. The assertion follows by considering the long exact se-
quence corresponding to the exact sequence 0 — (M*/N)* — M —
N* — 0. O

7.4. Estimate of D-eigenvalues. For M € Oy, let H(M) = @ .c H.(M),
where H,(M), = H,(M,).
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Proposition 7.4.1. (i) Let M be an object of Ok. Then H;(M) = 0 for
i # 0and Hy(M) is finite-dimensional for all d € C.
(ii) For each object M of Oy we have H;(M) = O with i # 0.

Proof. (i) follows from Lemma 2.5.2 and Theorem 2.5.6. (ii) follows from
(i) and Proposition 7.1.2 since a homology functor commutes with injective
limits. m|

Theorem 7.4.2. Let A € by.

(1) ([27]) Let M be an object or (9?. Then each eigenspace H' (M) y, with
d € C, is finite-dimensional.
(i) Foreach object M 0f(9k5’\ we have H. (M), = Ounless |i| < (A, D)—d.

Proof. Because Li_Ng_ = (A_®C[+~']r~") @ 1i_, the space A" (LA_Ng_)
decomposes as

A" (La_Ng) (P AE-@Clr ') @ A (H-)  Vn.
i+j=n
Thus by (155) the space ¥ = @, F" decomposes as
F=AT(Li_/fi_) @ A(iL),
Fr= P ATTELA_/A)@ATIGE),

pt+q=n
peZ,qusO
where
(306) AT (La /i) =@ AT(ELA_ /7o),
PEZ
(307)
AtrLa /i) = @ AN, @CH' ) @ MR- Cl 1),
i—j=p
i,jeZZo

Let M € O7". Put C" = C"(Li_, M) and set

Fret = P M@ ATH(LA_ /i) ® M (f).

i>p
i—j=n

Then
(308) ---D FPC" D FPHIC" 5 ... o pridimi+lon —
(309) C" = U FPC",

p

(310) Q_FPC" c FPC"t.
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Thus there is a corresponding converging spectral sequence E, = H*(M).
This is the semi-infinite analogue of Hochschild—Serre spectral sequence
for the subalgebran_ C Ln_.

By definition we have

H_,M)® AZT*P(Lii_/i_) forg <0,

311 EP? =
(1D ! {0 for g > 0.

Hence by Proposition 7.4.1 it follows that

_ e _
(312) EPY = HyM)®@ A2 P(La_/a_) forg =0,
0 for g # 0.
Therefore we have
i ! i : . i,0
dim H- (Mg my-a = Z dim (1), p)_y = dim (EY7) by,
p+qg=i
(313)
= Z dim Ho(M) . py_a - dim AT (LAa_/R_) g0,
Yy
/’ ”ZO

where AZT*(Lii_/fi_); = {w € AT T*(LAi_/A_); Dw = dw}. But we have

(314) dimAZ T (Li_/fi_)_4 < co foralld,
(315) AYH(LA_ /A )4 =0 ifd<|i|
which follows immediately from the Definition (307).
By (313) and (315) we have H'(M); py—-a = 0 for d < |i|. This

shows (ii). Further, if M € @EA then by Proposition 7.4.1 Hy(M), is finite-
dimensional for all d. Therefore (313) and (314) give the assertion (i). O

Remark 7.4.3. Theorem 7.4.2 (ii) was partially proved in [2, Proposition
7.6]. (It also has a similar (weaker) statement for the “+” reduction.)

Recall the category &' (#(g)) defines in Sect. 5.5.

Corollary 7.4.4. The #(§)-module H'(M), with M € Oy, belongs to
O(Hi(8))-

7.5. Images of verma modules and their duals by the “—” reduction.
The following assertion is essentially due to [25], because its proof is the
same as Theorem 4.11.1.

Theorem 7.5.1 ([2, Theorem 5.7]). Let A € b}. The cohomology HE(M()))
is zero for all i # 0 and there is an isomorphism H° (M(L)) = M(V—wo(i))-
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Remark 7.5.2.

(i) The fact that HO(M())) = M(y_wo (X)) is not explicitly stated in [2], but

it easily follows from the proof of [2, Theorem 5.7]. In fact by using
exactly the same argument as Sect. 4.8, it can be proved in the same
manned as Proposition 5.2.2.

(ii) We have HO(M(w o 1)) = M(y.,, ;) forall w € W.
Theorem 7.5.3. Let 1 € b}. The cohomology H' (M(\)*) is zero for all
i # 0 and there is an isomorphism H°(M(1)*) = DM(y3)).

The proof of Theorem 7.5.3 is given in Sect. 8.
Theorem 7.5.1 in particular implies the following assertion.

Theorem 7.5.4 ([2, Theorem 8.1]). Let A, u € bi such that @ < . The
cohomology Hi(PSA (w)) is zero for all i # 0.

Similarly, the following assertion follows from Theorem 7.5.3.

Theorem 7.5.5. Let A, € b such that @ < A. The cohomology
H' (I<;(w)) is zero for all i # 0.

7.6. Results for the “—”’ reduction. The following result is a generaliza-
tion of the result established in [2].

Theorem 7.6.1. Let M be any object of Oy. The cohomology H'- (M) is zero
foralli # 0.

Proof. We may assume that M € Obj (9,? for some A € b;. Also, by

Proposition 7.1.2, we may further assume that M € Obj @kfx, since the
cohomology functor commutes with injective limits. Clearly, it is sufficient
to show that H' (M), = 0 for i # 0 with each d € C.

First, we show that H. (M), = 0 for all i > 0. By Lemma 7.3.1 (1), for
a given d, there exists a finitely generated submodule M’ of M such that

(316) H (M), =H (M), foralli e Z.

Because M’ is finitely generated, there exists a projective object P of the
form @;_, P;(u;) and an exact sequence

O>N—->P—->M-=>0
in (9,(5’\. As the corresponding long exact sequence we obtain:
317) ---— H'(P) > H. (M) > H*'(N) > H'(P) > ....

Hence, it follows that H. (M’) = H™(N) for all i > 0, by Theorem 7.5.4.
Therefore, we find

(318) H (M), = HY'(N); foralli > 0,
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by (316). But then, because N € Obj @kfk, we can repeat this argument to
find, for each r > 0, some object N, of (9,(5’\ such that

(319) H (M), = H'(N,), foralli > 0.

By Theorem 7.4.2 (ii), this implies that H* (M), = 0 fori > 0.

Next, we show that H (M), = 0 for all i < 0. (The argument is par-
allel to the above.) By Lemma 7.3.1 (ii) there exists a finitely generated
submodule V of M* such that H' (M); = H' (V*), for all i € Z. Be-
cause V is finitely generated, there exists an injective object / of the form
ED?:I I, () and an exact sequence

0=V -I]I—>L—->0

in @,fk. Considering the corresponding long exact sequence, Theorem 7.5.5
gives H' (V*) = H'7'(L) for all i < 0. This shows that H' (M); =
H'™'(L),foralli < 0.By repeating this argument we find that H (M), = 0
foralli < 0. O

Corollary 7.6.2. The correspondence M ~ H°(M) defines an exact func-
tor from O to #;(g)-adMod. Its restriction gives the exact functor H(?) :
Or = O(Hi(9)).

Theorem 7.6.3. Let A € b. There is an isomorphism

HOLGY) = L/ i) if = € b*is anti-dominant,
- 0 otherwise.

Proof. Because L()) is a quotient of M(L), the exactness of the functor
H°(?) (Corollary 7.6.2) imply that there is an exact sequence of % (g)-
modules

(320) H°(M()) — H°(L()) — 0.
By Theorem 7.5.1 we have

(321) HOM() =M, 5)-

Thus H°(L(A)) is generated by H(M (A)wop over #(g). By Propos-
ition7.2.3 () H°(M (AM)top= H'(M (M) (1,py- Because (320) is D-equivalent,
H°(L(})) # 0 if and only if H(L (M))p.py # 0. Hence, by Propos-
ition 7.2.3 (ii), it follows that H°(L(})) is nonzero if and only if its classical
part X is anti-dominant.

Next suppose that A is anti-dominant, so that H°(L(1)) # 0. Because
L(A) is also a submodule of M(A)*, by Theorem 7.5.3 and Corollary 7.6.2,
there is an exact sequence of #(g)-modules

(322) 0— HY (L) — DM(y3)).
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By Theorem 5.5.4 (iii), we immediately obtain from (320), (321) and (322)
that HO(L (%)) = L(y_,, ))- O

Recall that a weight A € b* is called principal admissible [38] if
(1) A is regular dominant, that is, (A + p,a") & Z, for all @ € AT,
and (2) A(A) = A™ as root systems.

Let Pr; be the set of principal admissible weights of level k. A principal
admissible weight A is called non-degenerate [39] if (A + p, ") & 7Z for all

a € A, or equivalently, if A is anti-dominant. Let Przondeg denote the set of

non-degenerated principal admissible weighs of level k.

Corollary 7.6.4 ([27, Conjecture 3.4_]). Let & € PL""%,

(i) [2] The cohomology H' (L(})) is zero for all i # 0.
(ii) There is an isomorphism H°(L())) = L(V—wo(i))‘

Remark 7.6.5.

(1) It is clear from Theorems 9.1.3 and 9.1.4 that H*(L(A)) = 0 for
Prk\Przondeg, as stated in [27] (without a complete proof).
(ii) It is known [39] that Pri*"*® £ ¢ if and only if

(323)
k+h" =p/qgeQ, (p,q=1, p>h', qg=>h, (qr’)=1,

where # is the Coxeter number of § and r" is the lacing number of g.
Let k be as (323). Set

—hY ,q—h g
Ly = (PL  PLE) W,

where w(A, u) = (wi, ww) for w € ﬁq, Pf:rhv is the set of integral

weights of level p — 1Y and Plf_h is the integral coweights of level
q—h:

PIY = {h e i (ha¥) €Zs foralla € AT),
Py ={ne b (@lu) € Zy foralla e AT).
Then there exists a bijection

=3 ~ d
WxlI,, = Prp"*
(wa ()\" M)) = wo A)»,/,Lv

where
Ay =h—(k+h) (R +p") + (k4 1) Ao.

Note that vacy = A(pth)Ao,(qfh)Ao-
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By Corollary 7.6.4 we have H*(L(w o Ay ,)) = HO(L(A;.,)) for all
weW,hp el ».q- Moreover all the simple modules

(324) {HOL (A5 O ) € 1 g)

are non-isomorphic. This is all explained in [27].
It is natural to expect that L(yy, ) is rational and C,-cofinite, and
the above set (324) are exactly the isomorphism classes of simple
L (¥yac, )-modules.

(iii) It is clear that our results apply for non-principal Kac—Wakimoto ad-
missible representations also, see [27, Remark 3.4.(c)].

7.7. Characters. For an object M of (9, define the integer [M : M(u)] by

(325) chM = "[M: M(1)]ch M),

neby

where ch M is the formal character of M: M = erb* et dim M*. Tt is
well-known [13,41-43] that the coefficient [L()X) : M(u)] is expressed in
terms of Kazhdan—Lusztig polynomials provided that k # —h", see the
formula [44, Theoreom 1.1].

The following assertion follows immediately from Proposition 5.6.6,
Theorems 7.5.1, 7.6.3, Corollary 7.6.2 and Remark 5.5.5.

Theorem 7.7.1. Letk # —h" and ) € bj}. Suppose that the classical part x
of A is anti-dominant. Then we have

ChL(¥ i) = D _ILG) 1 M) ch M(y (),

n

or equivalently,

chL(y;) = Y [L() : M(u)lch M(yz),
n
= S ILG) ¢ Mg "R gy,
"
By Theorem 7.7.1 we have obtained the character formula of all L(y;).
In particular we have proved the character formula of the “minimal ser-

ies representations” of #-algebras conjectured by E. Frenkel, V. Kac and
M. Wakimoto [27].

Remark 7.7.2.

(i) Using the vanishing of cohomology one may also apply the Euler—
Poincare character method [27] to obtain Theorem 7.7.1.
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(ii) By setting the formal character chHO(M) := 3" sec 9 dim HO(M) 4 for
M € O, we obtain the formula

chH(L())) = Z[L()\) - M(w)lg™? 1_[(1 g
H i>1

which is valid even at k = —h". If k = —h" then by Proposition 5.6.3
we have’

(326) LR s Mwlg"* P [ =g =g
1% i>1
if A is anti-dominant, and Zﬂ[L()\) : M(u)]gP [T=(1— g H'=0

if A is not anti-dominant.

8. Proof of Theorem 7.5.3.

In this section we prove Theorem 7.5.3. Fix k € C and A € bj.

8.1. Preliminaries. The following elementary fact has been already used
in this article and will be frequently used in the sequel.

Lemma 8.1.1. The correspondence M +— Homc (M, C) defines an exact
cofunctor from the category of finite-dimensional vector spaces to itself.

The following assertion will be also often used.

Lemma 8.1.2 (the universal coefficient theorem). Ler C = ,_;, C' be
a cochain complex of vector spaces, Q its differential. Let C¥ = @, _,(C vy

with (CV)' = Hom(C~, C). Then CV can be regarded as a cochain complex
with the differential QV, where (Q" f)(c¢) = f(Qc) with f € CY, ¢ € C.
If C is finite-dimensional then

(327) H'(CY) = Hom(H'(C), C)
foralli.

For a semisimple CD-module M we set
(328) My, ={m € M; Dm = dm}.

If dim M; < oo for all d we write

(329) DM) = EB Homg (M, C).
deC

7 For an application of the formula (326), see [T. Arakawa, A new proof of the Kac—
Kazhdan conjecture, International Mathematics Research Notices Volume 2006 (2006),
Article ID 27091, 5 pages], which appeared while the present article was being refereed.
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Recall the cochain complex (K(A), Q) with A € h* (see Sect. 5.2). In
view of Lemma 8.1.2, we have

D(H°(K(X))) fori =0,

(330) H'(D(K()A)) = D(H '(K())) = {0 fori #0

by Proposition 5.2.2, where D(K(A)) is considered as a subcomplex of the
dual complex (K(1)", (Q")").

The space D(K(A)) is a Cy(g)”-module through the anti-superalgebra
isomorphism U(Cr(g)5,y) = U(Cr(§)s,y) induced by the anti-Lie superal-
gebra isomorphism in Proposition 3.9.1, with respect to the (old) Mobius
conformal structure {T*, —D, T'}. We write 6,4 for this anti-superalgebra
isomorphism. To avoid confusion we write 6,.,, for the anti-superalgebra
isomorphism U(Cy(§) o) —> U(Ci(§)rne,) With respect to the Mobius con-
formal structure {7}y, —Dnew, T'}.

By (200) the Cy(§).4-modules structure on D(K(A)) gives rise to the

#;(g)-module structure on H°(D(K()))) = D(H°(K()))) through the
map (230). Because we have

(331) Bold Oz,ﬁv :,[iﬁv © Onews
it follows that
(332) D(H’(K (1)) = D(M(y;))

as #;(g)-modules.

8.2. Identification with duals. For any semisimple h-module M such
that M* is finite-dimensional for all A, we write M* for the linear space
P, Homc(M*, C), as in (144).

Let

(333) (|1 )F: FxF ->C
be the symmetric bilinear form defined by
ADgF =1,
(Yo (Mwi|wr) s = = =1 |[Y—o(—n)wr) &
fora € A+,neZ,a)] eF,w e F,

(Yo (M1 |02) 7 = /=1 | (—1) 1) 5

fora e Ay,neZ,wyeF,omeF

(recall Sect. 4.4). Then the form (:|-) 7 is non-degenerate. Indeed its restric-
tion to (F')* x (F')* is non-degenerate for each i € Z and u € h*.
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Let M be an object of . One may identify C(Ln_, M*) with
C(Ln,, M)* via the linear isomorphism

334 CULAMI=M®F = C(Lig, M) = (M ® F)*
few = (Mo = fin)(w|w)F).

Under the identification (334), we have

(335) (V=10_¢)(c) = ¢(Q'.c)

for ¢ € C(Lny, M)* = C(Ln_, M*) and ¢ € C(Lny, M), where Q',
is defined in (234). Thus, in view of Lemma 8.1.2, the cochain com-
plex (C(Ln_, M*), Q_) may be identified the subcomplex C(Ln,, M)*
of (C(Lny )", (Q7)Y).

We would like to apply the formula (327) to the case that M = M(}),
but unfortunately the complex (C(Ln,, M(X)), Q') is not a direct sum of
finite-dimensional subcomplexes.

Remark 8.2.1. We have H*(C(Ln,, M), Q") # H}(M) in general. In-
deed, the cohomology I_J’(C(Lt"u, M), Q',)is zeroforalliand M € O, be-
cause J,(0), with o € II, acts locally nilpotently on M ([27, Theorem 2.3]).

Under the identification C(Ln_, M*) = C(Ln,, M)*, the action of
#(g) of H®(M*) induced by the following Cy(g)”.,-module structure of
C(Lny, M)*:

"
)new

(336) (U - [)(€) = fOoa(—p ())) = [T (Brew())c)

for u € W(Cr(@)ney), f € C(Luy, M)* and c € C(Lny, M).
8.3. The first reduction of the computation of H® (M(A)*). Below we
mainly consider Cy(§).,, so if no confusion can arise we write just Cy(g)”
for Cr(8)4-

The cochain complex C(Lny, M(A)) = M(L) ® ¥ is endowed with the
grading defined by D: C(Lny, M(L)) = @, C(Lny, M(A))a. As a Ci(g)-
module

(337)  C(Lay, M)y = C(Liy, M) oy = M) @ A(f-).

Let C, () be the Cr(g)”-submodule of C(Ln,, M(X)) generated by the
vector |A):

(338) CL(0) = WC@") - |A),
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where [A) = v; ®1 and v, is the highest weight vector of M()). By definition
C. (1) is linearly spanned by the vectors

Tay(my) ... Jay () Wy (1) . .. Y, ()|

witha; e A_ U T, o; € A_, m;, n; € Z. Clearly,

(339) = P

d<(»..D)
(340) Cy(Miop = C(Lity, M(M))op = M(1) ® A(fL).

Remark 8.3.1. By considering the filtration induced by the standard filtra-
tion of Cy(g)”, one sees that

341) Cy)=SE-@CH@heClr ') @ A(R- @ Cl')).

Proposition 8.3.2. We have Qi-C+(A) CCi(W)and x! -CL(A) C CL(M).
Hence Q', - C (L) C Cy(A), that is, (CL(X), Q) is a subcomplex of
(C(Lny, M(X)), Q).

Proof. The assertion that Q?ﬁ - C.(A) C CL () follows from the third and
the fourth formulas in Lemma 4.8.2 and the fact that Qi - |A) = 0. The
fact that x/ - C4(A) C C4(}) is obvious because this is an inner action of

Cr()". o
Remark 8.3.3. Note that x/ - [A) # 0.

The space C(Ln,, M())) is a direct sum of finite-dimensional weight
spaces C(Ln,, M(A))* with u € b*, and so is C(A). Thus the inclusion
C.(A) = C(Lny, M(1)) induces the surjection

(342) C(Ln_, M(A\)*) = C(Liy, M(A))* — CL(L)*

by Lemma 8.1.1. The map (342) is a cochain map if we consider C (A)* as
acochain complex with the differential Q_, where (Q_¢)(c) = ¢(Q’, ¢) for
¢ € Ci(A)* and ¢ € C4(1). The map (342) is also a U(Cy ()., )-module

homomorphism, whose action is given by (336). Thus the map (342) induces
a homomorphism of #(g)-modules

(343) H*(M(0)™) — H*(C(W)").

Proposition 8.3.4 ([2, Proposition 6.3]). The map (343) gives the following
isomorphism of #(g)-modules: H* (M(A)*) = H*(C(A)™).

Remark 8.3.5. One can use the argument of Sect. 4.8 to prove Propos-
ition 8.3.4.
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8.4. The assertion to be proved

Proposition 8.4.1. There exists an exhaustive, decreasing filtration
F: - DFC.W)*DFPHC 0" DFlc,()* DF'CL(M)* =0
of C+(A)* such that

UWC@ew) - FFCL (M) CFPCL (M),

new

Q_-FPCL(M)" CFPCL(M), D-FPCL(M)" CFPCL(V)”

for all p, and the associated spectral sequence E, = H®*(C(A)*) =
H* (M(L)*) satisfies the following: there exists a #(g)-equivalent iso-
morphism of cochain maps

(344) EP7 = DM(yp) ® (E!) forallr > 1.

(D)

Here D(M(y5)) ® (E? ’q)Q,D) is considered as a cochain complex with the
differential 1 ® d, and as a #;(g)-module on which #;(g) acts on the first
factor D(M(y3)).

Let us show that Proposition 8.4.1 implies Theorem 7.5.3.

Here and after, for a decreasing filtration F' = {F” M} of a superspace M
we write gry M = @, gry M, gtf. M = FPM/FP*'M.

Because F is compatible with the action of D, each E, is a direct sum of
D-eigenspaces:

(345) E, = D(Ea.

deC
Thus (E, ), converges to H®* (M(A)*)4:

(346) (E))g = H*(CL(AM)")g = H*(M(A)*); foreachd e C.

Also, because F is a filtration of Ci(§)”-modules, it follows that each EF?
is a #(g)-module. In particular

(347) Eo E gre H*(C1(A)*)  as #:(g)-modules.

Here, F” H*(C, (\)*) = Im(H*(FPC, (\)*) — H*(C4(M)")).
By (346) and (347), we have the linear isomorphism @ (EX), =
p+a=n
H" (M(A)*)4 for all d. In particular by Proposition 7.2.3 (iii) we have

C ifn =0,
0 otherwise.

(348) D (EL7) oy = H (MO op = {

p
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Because @D, +q:0(E£<;"7p )(1.py is one-dimensional, it follows that there ex-
ists po € Z such that

C if p=poandg = —po
4 p.q —
(349) (EZ) oy {o otherwise.
But by (344) we have
(350) EZY = DOM(y3) ® (EZY) , -

and therefore there is the following isomorphism of 7% (g)-modules:

DM(y;)) if (p.q) = (po. —po).

351 EP1 =
(351) e {0 otherwise.

This immediately gives H' (M(A)*) = 0 for i # 0. Also, because the

term E, lies entirely in EZJ"""°, the corresponding filtration of H°(M(A)*)
is trivial. Therefore we conclude that

H2(M(0)*) = DM(y;))

as #;(g)-modules.
In next sections we shall construct the filtration F satisfying the condi-
tions of Proposition 8.4.1.

8.5. The filtration F. The space C(1)ip = ML) ® A(i_) is spanned by
the vectors

Ty (0) ... o, (095, (0) ... 5, (0)[1)

with o, ,3,' € A_.
Note there is a U(Cr(§)”)-module isomorphism
(352) C: (W) = UC®") Bucr@)=o C+ Miop-

We shall define a filtration {F, C(A)p} of C(1)0p, and then extend it
to a filtration {F,C (1)} of the whole space C,(X). After that, we define
the filtration {FPC(1)*} of C.(A)*.

Set
(353)  RCiMpi= Y. Ci(igy C CrM)gp forp <0.
mj\i?j)fp

Then, F, C1(X)op 18 a subspace of C, (1)op linearly spanned by the vectors

Tt (0) ... T, (05, (0) ... Yrg, (0)|2)

with 3, (e, 5¥) + Y0, (B, 5”) < p(< 0).
The following assertion is a direct consequence of the definition.
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Lemma 8.5.1. Each F, C(X)p is preserved by the action of .Z,(n), Y (n)

witha € A_Ul, a € A, n > 0. Thus F,Cy(M)op is a U(Cr(@)")>0-
submodule of C1(A)op.

Proposition 8.5.2. The following hold:
(1) {F, C+(M)op} is an increasing filtration of C1(A)p:
ttt C Fp C+ ()V)top C Fp+1 C+()\')t0p C oo
e C ?F(‘)C-‘r()‘)top = C—&-()‘)top;

(11) mp Fp C+ O‘)top =0
(i) For each p,

i : Fp C+()‘)t0p C Fp C+()‘)t0p,
Xjr : Fp C+O‘)top C prl C+O‘)top-

Hence F, C(M)op Is a subcomplex of (C(A)iop, Q7).
(iv) The space C;.(A)iop/Fp C(A)rop is finite-dimensional for each p < 0.

Proof. (1)—(ii) are easily seen. (iii) The first inclusion follows from the fact
Q¢! preserves weight spaces with respect to the action of h. The second
assertion has been already seen in Lemma 8.5.1. (iv) is obvious. |

Let F,C (1) with p < 0 be the C(g)”-submodule of C, (1) generated by
Fp C+ ()\)top:

(354) Fy C+ (1) == UW(Ck(@") - F C(Wrop-

By Lemma 8.5.1, F, C_.(4) is spanned by the vectors
Jas(=m) o Jo (=m ) (=) g (=),

withae A_uUl, Bie A_m;,n; >0,ve F, C1+(X)1op- Further, by (352),
there is a C;(g)”-module isomorphism

(355) B Cr() = UCHD)) ®uci@ =0 Fr C+ Mrop-
The following assertion follows from Proposition 8.5.2 and (355).
Proposition 8.5.3. The following hold:

i) - CRCLA) CFRuCi(d) C--- CFRCL(A) =Cr(d);
(i1) ﬂp F,CL(A) =0.
(iii) Each C,C () is a subcomplex of (C (%), Q',):

F,CL(M) CRCi(), X R Ch() CFCL(L);

(iv) The space (C(A)/F,C(X))q is finite-dimensional for all p and d.
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Define
(356) FPFCL ()" = (CL(M)/F,CL ()"
This is a C¢(g)”-submodule of C, (1)*. By Proposition 8.5.3 (iii), we have
(357) Q_-FPCL(M)" CFPCL (1) forall p.

Also, it is clear that F”C_ (1)* is preserved by the action of D.
The following assertion is a consequence of Proposition 8.5.3 (iv).

Lemma 8.5.4. The space FPC_ (1)} is finite-dimensional for all p, d and
we have FP C 1 (A)* = D(C1(X)/F, C+(X)) as subspaces of Hom(C, (1), C).

By definition we have exact sequences
(358) 0—F’Ci(V)" = CL(V)* = (F,CL (M) — 0,
(359) 0 — FPCL(M)* — FF'CL(M)* — (F,CL(W)/Fm1 C+ (W) — 0.
These are cochain maps by Proposition 8.5.3 (iii).

Proposition 8.5.5. The FP = {FPC.())*} gives a decreasing, separated,
exhaustive filtration of the Ci(§)"-module C(\)*:

S DFPCL W) D FPHICL () D - D FCL (V) =0,
C. = JFre o
p

Proof. We need only to show that that F” is exhaustive. For this, it is enough
to show that

(360) (Com = JFre o
p

for each . By Proposition 8.5.3 (ii), [ » F, CL ()" = 0. Therefore, there

exists p such that F,C(A)* = 0, because C(1)" is finite-dimensional.
Thus (C(A)*)* = (FPC(A)*)*, and this proves (360). |

By Proposition 8.5.5 and (357) we obtain the converging spectral se-
quence corresponding to the filtration {FPC,(1)*}:

(361) E, = H*(CL(M)") = HZ(M(W)")
By definition,
(362) EPY = H"(gf CL(M)*, 0-).

We shall show our spectral sequence (361) satisfies the property (344)
in Proposition 8.4.1 in next sections.
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8.6. Computation of the term (E|),,p. First we compute (E]*?); p. By
definition,

(363) (EP) opy = H (& CL05,).
We have:

(364)  FPCi (Mg = (CL (M) /F, CL(M)igp = (Cr(Miop/Fp C1(Miop)™,
(365) &l Co () = (&1 C(Wop)

by (359). By Proposition 8.5.2 (iii),

(366)
QS_t . FpC-&-()‘):op C ch+()‘);kop X-- ch+()‘);kop - Fp+lc+()‘)fop'
Hence
G6n (B = D H(CH 0Y)"
j2a

(n.6Y)==p—1

by (353), because Q% commutes with the action of . Therefore, we can
apply Lemma 8.1.2 to get:

(368) (Ef’q)(x,n) = @ H=r (CJr()‘)ﬁ)p’ i)*
i
(,pV)=—p—1

On the other hand we have the following assertion, which is easily seen
from (340).

Lemma 8.6.1. The complex (Ci(A)iops Qi) is identical to the Chevalley
complex for calculating the Lie algebra cohomology H* (., M(X)):

Hi(f,, MO fori >0,

Hi(c+()")t0p’ i)ﬂ = {0 fori < 0.

As is well-known. H*(iiy, M(A))* = O unless & € W o i. Thus by
Lemma 8.6.1 it follows that

(369) H*(C1(Wop, OF) =0 unless € Wo k.

8.7. Computation of the term E;. By Lemma 8.5.4, each F”C.(})* is
a direct sum of finite-dimensional subcomplexes F’C, (1)}, and thus so is
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the complex grf C, (A)*. Hence we have

gl C,0)* = (gl Co())" =D (g, €M),

by (359). Therefore, applying Lemma 8.1.2, we obtain the following asser-
tion.

Proposition 8.7.1. There is an isomorphism
EPY =D (H 7 (g1 C+())
of #.(g)-modules for each p and q.

By Proposition 8.7.1 the computation of the term E; is reduced to the
computation of the cohomology of the cochain complex (grf C(}), o).
By (355) we have

(B70)  gr, C+(0) ZUCD") Bu(e,@r).,, (2 C+Miep)

as Cr(9)"-modules. Under this identification the action of Q' is described
by the following formula:

(371) 0 (u®v) =[0  ul®v+ (—D"u® Q%v

with u € U(Cr(§)"), v € gr™ C+ (M iop-

Observe that the U(Cy(g)”)>o-module gr]F7 C+(Mop 1s a direct sum
of one-dimensional representations. Indeed, for a weight vector v €
gr, C (M)iop, We have

(372) T =Y (n)v=0 foraeA_,n>0:;

(373) Jimv=0 foriel n>0;

(374) Ji(0w = (A, JH)v foriel.

Hence it follows that

(375) gl C.) = PEKW ®CL (M,
(1.pY)==p

(notation Sect. 5.2) as cochain complexes and C(g),,-modules, where
the right-hand-side is considered as a direct sum of tensor products of
cochain complexes (K(u), Q') and (C+(A)ff)p, 0%), and as a Ci(@)0-
module on which Ci(§),, acts on the first factor K(u). Therefore the
following assertion follows from Proposition 5.2.2 and (369).

Proposition 8.7.2. There is an isomorphism
H(gf C.(0) =M ® PH(C+(W)iy. OF)

neh*
(1.pV)==p
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of #(g)-modules for all i. Here Hi(gr; C. (X)) is considered as a #.(g)-
module via the map t_sv.

By (332), (336), (368), (369), Propositions 8.7.1 and 8.7.2 it follows that
we have

(376) EP = DM(y;) ® (ETY) , 1.

as #;(g)-modules for any p, g.

8.8. Computation of the term E,. The 7#(g) is a vertex subalgebra of
Cr(9)".., (see Remark 4.8.6). Therefore #;(g) acts on C, (1) itself, rather

new

than its cohomology, and C (1) is a U(#4(g))=o-submodule of C(}).
By (200) we have the cochain map

W (@) ® (C+-(Wiop/Fp C(Mop) = C(A)/F, C1(1)

77
(377) U = tpv(u) - v

(Notation (247)), where U~ (#4(8)) ® (C+ (M) iop/Fp C+(A)1op) is regarded as
a cochain complex with the differential 1 ® Q’,. By Proposition 8.5.2 (iv),

D (47 (#(8) ® (CMiop/Fp C+ (Mrop)) = DU (#4(@) ® FPC(W)y.

Here 4~ (#(g)) is considered as a D-module by D-u = [Dey, u]. Therefore
(377) induces a cochain map

(378) FPFCL(M)" — D™ (#(@)) @ FC(M)gy,

where D(U™ (#(8)))  FPC,. (k)fop is considered as a cochain complex with
the differential 1 ® O _.
It is clear the following diagram commutes:

(379)
W (@) ® (C(Miop/Fp C Miop)  —> C1(M)/F, C1 (1)

W (@) ® (C1(Mop/Fp1 C+ Miop) —> C () /Fpi1 C1 ().
Thus we have the following commutative diagram of cochain complexes:

FFC,(M)* —— DU (#4(®@)) @ FPCy (L5,

(380) T T

FPHIC ()" —— DA (@) @ FPHCL (Mg,
Therefore the map (378) induces the homomorphism of spectral sequence

(381) (Ey,dy) — (DAL (#(9)) ® (E)) by, 1 @ dy)
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We claim that the map (381) is an isomorphism for » > 1. To prove
this it is sufficient to show the assertion for » = 1. But for r = 1 (381) is
identical to the isomorphism (376), under the isomorphism (248). Moreover
for r > 1 we have

(382) EP? = DM(y) ® (EPY) , o,

as #;(g)-modules, where (E? ’q)mp is considered as the space of multiplicity.

Indeed this is true for » = 1 by (376), and thus must be true for all » > 1.
We have shown that the filtration {F”C, (1)*} satisfies the desired prop-

erty. Proposition 8.4.1 is proved. Hence Theorem 7.5.3 is proved. O

9. Results for the functor H?(?)

In this section we assume that k # —h".

9.1. Results for the “+” reduction. For A € b let 9} be the Serre full
subcategory of (9, whose objects have all their local composition factors
isomorphic to L(w o A) with w € W(L). We have

(383) o= P ol
[21eby/~

where ~ is the equivalent relation defined by A ~ u <<= u €
W) o & ([47)).
Consider the following condition on A € b;:

(384) AL() Nz (AT) = 0.

Since

(385) AT Nt (A®) ={-B+n8;Be Ay, n=1,2,...,ht B},
this condition is equivalent to

(386)
A+p, oy gZioralla e {—B+ns; e Ay, n=1,2,... htB}.

Because A(w o X)) = A(X) for w € W(L), the condition (384) can be
regarded as a condition on the block O},
The following assertion is straightforward from definition.

Lemma 9.1.1. Suppose that A € b satisfies the condition (384).

(i) The correspondence o — t_sv () gives a bijective map from A (L) to
A (t_pv o R).
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(i1) We have A(t_,v o A) N AL = (. That is, the classical part
tyvor=hr—(k+h)p" €h*
is anti-dominant.

Lemma 9.1.2. Assume that A € b} satisfies the condition (384), and let
M(w o A) < M(A), with w € W()A), be a non-trivial homomorphism of
g-modules. Then we have (w o A, Dpew) < (A, Dpew).

Proof. See [2, Lemma 7.5]. m|

The following result was established in [2].

Theorem 9.1.3. Assume that » € b satisfies the condition (384). Let M
be an object of (9,9]. Then the cohomology H jr (M) is zero for all i # 0.

The correspondence M +—> Hf: (M) defines an exact functor from (DIB] to
#(g)-adMod.

Theorem 9.1.4. Assume that A € b} satisfies the condition (384). Then
there is an isomorphism

H) (L) = Lvri7a0) = LWi_egnyov)-
Remark 9.1.5.

(1) If A € by satisfies the condition (384), then any element of W(L) o A
also satisfies the condition (384). Thus HE(L(w o) = L(VW)

for any w € W(A) under the assumption of Theorem 9.1.4.
(i1) For g = sl,(C) we do not need any condition on the block, see [3].

Corollary 9.1.6.

(1) ([21]) Let k € Q. Then the cohomology H ; (M) is zero for all i # 0
with any object M of Oy and there is an isomorphism HJ?(L(A)) =
L(¥5_ enoypv) Jor all & € by.

(i) Suppose that

r'jk¢Z forj=1,2,...,h,

where h is the Coxeter number of g. Then the cohomology H _’k (L(kAg))

is zero for all i # 0 and HE(L(kAO)) is isomorphic to L(Yya,) as
vertex algebras.

Suppose that Pi™*® = (. Then k = p/q — h¥ with p, g € N satisfy-
ing (323). Let

(387)  Proi={h—(k+h)ji+kAp;h e PPV, we P

(Notation Sect. 7.6). Then Pry is a subset of Pr; containing kAy.
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One checks that any element of Pry satisfies the condition (384). Thus
we have the following assertion, which proves [27, Conjecture 3.4, (a)]
partially.

Corollary 9.1.7. Suppose that there exists a non-degenerate principal ad-
missible weight of g of level k. Let ). € Pry. Then the cohomology H', (L(}))

is zero foralli # O andthere is anisomorphism Hf: (L) ZLY;_ iy -

Remark 9.1.8. From Remark 7.6.5 it follows that there is the surjective map

Prk —» Przondeg

A = l,ﬁv OA.

Hence HY(L(A)) = HY(L(t5+ o 1)) for all A € Przondleg and all the iso-
morphism classes in the set (324) can be obtained as the image of the
functor Hfr) ™.

9.2. Proof of Theorem 9.1.4. For M € O, let
(388) HY M)y := {[m] € H}(M); Dyew[m] = d[m]}.

Then we have HS (M) = @ ,.c H} (M),.
First, we have the following assertion.

Proposition 9.2.1. For each A € b} we have the following:
H'.(M(1)) =0 fori #0;
H{(M())op = HY (M) 3 pyesy = CIN),
ch H)(M(1)) = chM(¥5_ )50
where |A) = v; ® 1.
Proof. See [2, Theorem 5.8] and its proof. O

Remark 9.2.2. Tt is not true that HE(M(A)) = M(Vif(szvmv) in general

(compare Theorem 7.5.1). However this is probably true for A that satisfies
the condition (384).

Proposition 9.2.3. For any 1 € b} we have H)(M()))op = C
36 (#(@))-modules.

Vi— (k)Y as

~

Proof. The assertion follows by observing that C|A) = K(_5v o A)op
as 3h(#:(g))-modules, see Proposition 5.2.1, Sect. 5.4 and [2, Propos-
ition 4.2]. O

Lemma 9.2.4. Assume that ). € b} satisfies the condition (384). Then
Hﬂ(L()\)) belongs to O(W(§)) and there is the following isomorphism
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of 3h(#(§))-modules:
HY(LOW))op = HY(L(A)) Doy = C

Vi—(k+nVypv "

Proof. By the exactness of the functor Hfr) (7) (Theorem 9.1.3), we have the
exact sequence of #;(§)-modules

0— HY(N(L) — HY(M(A) — HY(L(A) — 0,

where N(A) is the maximal proper submodule of M(X). Hence Hﬁ (L))
belongs to &' (#;(g)) because HE (M(2)) does, by Proposition 9.2.1. To show

the rest of the assertion, we need only to show that HE (N(A)) . Dpewy = 0,
by Proposition 9.2.3. But this follows from Lemma 9.1.2. O

Proposition 9.2.5. Assume that A € b} satisfies the condition (384). Then
we have ch H)(L())) = ch L(Yi_ i)

Proof. By the exactness of the functor HE (?) and Proposition 9.2.1 we have

ch HY(L(1)) = ) [L() : M(u)]ch H) (M(11))
"

= Y [L() : M()]ch M(¥j—esnny )
"

On the other hand one knows from Theorem 7.7.1 and Lemma 9.1.1 that

ChL(¥5_oppyp) = P _IL(t_pv 0 1) : M(1)]ch M(y).

/

o

Hence one needs only to show that
(389) [LA) : M(u)] =[L(t_pv o)) : M(t_sv o )] forany u

under the condition (384) on A. But this follow from Lemma 9.1.1 and the
character formula [44, Theorem 1.1] of L(X). |

Proof of Theorem 9.1.4. By Lemma9.2.4 there is a non-trivial % (g)-module
homomorphism from M(V;,(Hhv),;v) to Hfr) (L (X)) that sends |VL(k+hV),5V>

to |A). But then HE(L()»)) must be isomorphic to L()/;,(Hhvmv), by Propos-
ition 9.2.5. |

A. Compatible degreewise complete algebras

A.1. Linear topology. Let .%y D .#; D ... be a decreasing sequence of
linear subspaces of a vector space V. A linear topology define by .7, is
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a topology on V such that the set {v + .#y; N € N} forms a fundamental
system of open neighborhoods of v € V. The closure of a subspace U C V
is given by )y (U + £y ). A completion V of V with respect to the linear
topology defined by ., is the projective limit

V =1imV/.%y
N

with the projective limit topology induced from the discrete topology on
each V/.#y. The topology on V coincides with the linear topology defined
by .#y, where .y is the kernel of the natural map V — V/.Zy. The
following assertion is well-known (see e.g. [53]).

Theorem A.1.1. Let V a vector space equipped with the linear topology
defined by a decreasing sequence {.%,} of subspaces. Let U C V and
give U and V/U the induced topology. Then we have the exact sequence
0—=>U—V—=U/V— 0and U coincides the closure of the image of U
inV.

A.2. Compatible degreewise complete algebras. Following [54], by
a compatible degreewise topological algebra we mean a Z-graded alge-
bra A = P, , Ag satisfying the following:

(i) each A, equipped with a topology and the multiplication map A; X Ay
— Ag.q 1s continuous with respect to this topology;

(ii) the topology of A, coincides with the linear topology define by .#y (A,)
with N > max(0, d), where .#y(A,) is the closure of )" . Ay, A,
in Ad.

Further, if A is degreewise complete, that is, if each A, is complete, then A
is called a compatible degreewise complete algebra. The degreewise com-
pletion of a compatible degreewise topological algebra is A = €, Aa,

where each Avd is the completion of A,:

Ag =1im Ay/ Iy (Ag).
N

Then A is a compatible degreewise complete algebra. By definition A
is degreewise complete if and only if A = A as compatible degreewise
topological algebras.

Let A = €,.; Aqs be any Z-graded algebra. The standard degree-
wise topology of A is the the linear topology defined by the sequence
Dz (> -y Aa—rA,). This makes A a compatible degreewise topological
algebra. The corresponding degreewise completion A of A is called the
standard degreewise completion.

Let J = @,y Ja be a graded subspace of a compatible degreewise
topological algebra A. The sum J of the closures Jy of J;in Ay is called the
degreewise closure of J.If J is an ideal then J is also an ideal of A. Further,
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if A is complete then J is the degreewise completion of J with respect to

the relative topology induced from A, and the quotient algebra A /J~ with
the quotient topology is also degreewise complete (Theorem A.1.1).
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