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LOCAL GEOMETRIZED RANKIN-SELBERG
METHOD FOR GL§)

SERGEY LYSENKO

Abstract

Following G. Laumon 2], to a nonramified¢-adic local system E of rank n on a
curve X one associates a complex¢eddic sheaveg#g on the moduli stack of
rank n vector bundles on X with a section, which is cuspidal and satisfies the Hec
property for E. This is a geometric counterpart of the well-known construction due t
J. Shalika [L9] and I. Piatetski-Shapiro18]. We express the cohomology of the tensor
product, #g, ®nXE, in terms of cohomology of the symmetric powers of X. This ma
be considered as a geometric interpretation of the local part of the classical Rankil
Selberg method faBL(n) in the framework of the geometric Langlands program.

0. Introduction
This is the first in a series of two papers, where we propose a geometric version
the classical Rankin-Selberg method for computation of the scalar product of tv
cuspidal automorphic forms on Gh) over a function field. This geometrization fits
in the framework of the geometric Langlands program initiated by V. Drinfeld, A.
Beilinson, and Laumon.

Let X be a smooth, projective, geometrically connected curve Byetet ¢ be
a prime invertible inFq. According to the Langlands correspondence for(i@lover
function fields (proved by L. Lafforgue), to any smooth geometrically irredudible
sheafE of rankn on X is associated a (unique up to a multiple) cuspidal automorphi
form g : Bum(Fq) — Q¢, which is a Hecke eigenvector with respectBo The
function¢g is defined on the set Bu(iFg) of isomorphism classes of ramkvector
bundles onX.

The classical method of Rankin and Selberg for(GLmay be divided into two
parts: local and global. The global result calculates for any inté¢jee scalar product
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of two (appropriately normalized) automorphic forms

1
«(L L 1
> gac ELeeL), @)
LeBund (Fq)

where Burﬁ(Fq) is the set of isomorphism classes of vector bundles X of rank
n and degreel, and # AutL stands for the number of elements in AutMore pre-
cisely, this scalar product vanishes if and onl§if and E»> are nonisomorphic. In the
caseE; = E» = E, the answer is expressed in terms of the action of the geometri
Frobenius endomorphism onttX ® g, EndE).

The computation of1) is based on the equality of formal series

> > 4 Aut(gnl_l S yve (Dve Lt = LE{ 8 B2, a7,
d=0 (@1 L)en.#4(Fq)

(2
Heren.#4(Fq) is the set of isomorphism classes of paied—1 < L), wherelL is a
vector bundle orX of rankn and degree + n(n — 1)(g — 1), and<2 is the canonical
invertible sheaf onX ("1 is embedded irL as a subsheaf; i.e., the quotient is
allowed to have torsion). We have denotedlfe; ® E2, t) the L-function attached
to the local systenit; ® Ez on X.

Recall that the existence of the automorphic fargis a descent problem (cf.
[12]). Using an explicit construction due to Shalike9[ and Piatetski-Shapiralf],
one associates to a smodih-sheafE of rankn on X a functiongg : n.#4 (Fq) —

Q¢, which is cuspidal and satisfies the Hecke property with respet fthe Lang-
lands conjecture predicts that wh&nis geometrically irreduciblegg is constant
along the fibres of the projection#q(Fq) — Bung fMM-DO-D (Fq); that is, g is
the pullback of a functiogpe on Bum(Fq). So, @) is a statement independent of the
Langlands conjecture. In fac)(is of local nature: it is true for any local systeias
andE of rankn on X after replacingog by ¢g.

The main result of this paper is a strengthened geometric version of the equali

1
E L

#AUL(Q"N-1 < L)prl( )@PE, (L)
(@1 L)ensy([Fq)

— E d
=q¢ Y u(Fr(Ef®E)Y) ()
DeX@(Fq)

of coefficients in 2) for eachd > 0. HereX@ is thedth symmetric power o,
(Ef ® E2)@ is a constructabl@,-sheaf onX@ (cf. Sectionl), and Fr is the geo-
metric Frobenius endomorphism.

Let h.#y denote the moduli stack of pai(SZ”—1 S L), wherelL is a vector
bundle of rankn and degreal + n(n — 1)(g — 1) on X, ands is an inclusion of
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Ox-modules. Following Drinfeld3] (n = 2) and P. Deligngn = 1), Laumon [L2]
has defined a complex @g-sheavesaljéfé’ on n.#y, which is a geometric counter-
part of ge.* The geometric Langlands conjecture predicts that wias a smooth
geometrically irreducibl€),-sheaf of rank on X, njifEd descends with respect to the
projectionn.#Zy — Bun,, where Bug is the moduli stack of rank vector bundles
on X.

We establish for any smooth,-sheave£, E, of rankn on X and anyd > 0a
canonical isomorphism

RIc(n s, n gy ®n ) = RE(XY, (B © Ep)@)(d)[2d],

which is a geometric version oB). In fact, a more general statement is proved.
0.1. Conventions and notation

0.1.1.

Fix an algebraically closed ground fidtcbf characteristiqp > 0, a primef # p, and

an algebraic closur®, of Q,. All the schemes and stacks we use are definedlaver
Throughout the papeK denotes a fixed smooth projective connected curve of genu
g > 1 (overk).

We work with algebraic stacks in smooth topology and with (pervese)
sheaves on them. I is an algebraic stack locally of finite type, then the notion
of a (perverse});-sheaf on2" localizes in smooth topology and, hence, makes per
fect sense. However, the corresponding derived category is problematic. We adopt
point of view that an appropriate formalism exists. (It is partially establishetidj)[
Let f : 2 — % be a morphism of algebraic stacks. The functbfs f,, f, are
understood in the derived category sense.

We say thatf is ageneralized affine fibration of rank m the following cases:
first, if locally in smooth topology o there exists a homomorphism — L’ of
locally free coherent sheaves #hand anL’-torsor?”’ — % such thatf is identified
with 7 /L — %, the quotient being taken in stack sense, and’'rk rkL = m;
second, if the mag can be written as the composition of generalized affine fibration:
of first type of ranksmy, ..., me with Y~ m; = m. We essentially use the fact that for
a generalized affine fibratioh of rankm one hasfi Q; = Q¢ (—m)[—2m].

We fix a nontrivial additive characteyr : F, — @2‘ and denote byZ, the Artin-
Schreier sheaf oAﬁ associated t@r (see P, Section 1.7]). Fix also a square root of
pin Qg, and use it to define the she@f(1/2) over Sped'p and, hence, over Spkc

*We normalizaqjifEd as in Remarkl (cf. Section 2.1). This also gives a normalizationggf as the function
“trace of Frobenius” of. 7.
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0.1.2.

When we say that a stack classifiessomethingit should always be clear what an
S-family of somethings for anyk-schemeS; that is, what the groupoid Ho(8, %)
and what the functors Hotfp, ) — Hom(S,, %) are for each morphisi§ — $.

For example, i is the stack that classifies palvly < M with Mj (resp.,M2)
being a coherent sheaf ofiof generic ranks and of degree; (resp., of generic rank
i> and of degreel), then Hon{S, %) is the groupoid whose objects are inclusions
M1 < M of coherent sheaves @x X which areS-flat and such that the quotient
Mz/Mq is alsoS-flat, and for any poing € Sthe conditions on the generic rank and
on the degree oM; |sxx (i = 1, 2) hold. Morphisms from an objed#l; < M5 to
an objectM; — M are by definition the isomorphismd; = M; and M2 = M),
making the natural diagram commutative.

We denote by Shthe moduli stack of coherent sheavesXmf generic rank.
This is an algebraic stack locally of finite type. Its connected components are nul
bered byd € Z; the component S’mlassiﬁes coherent sheaves of raald of degree
d on X. The stack Sglis, in fact, of finite type.

By Pic X c Sh; we denote the open substack classifying invertiblemodules.
This is the Picard stack of. Its connected component BiX classifies line bundles
of degreed on X.

Denote by=" srg C srg the open substack given by the following property: For
a schemes an objectF of Hom(S, Sl'g) lies in Hom’S, =" Skg) if the geometric fibre
of F at any point ofX x Sis of dimension at most. We write X@ for the dth
symmetric power ofX. The morphism norm is denoted by divSH — X@ (cf.
[10, Section 6]). It sends thé’x-module &p, ... Dy ® Opy+...tDs ® - -+ B Op, tO
D1+ 2Dy +---+sDsif Dy, ..., Dg are effective divisors oiX.

0.1.3.
Fix the maximal torus of diagonal matrices in @l and the Borel subgroup of upper-
triangular matrices. Then the set of weights of @Lis identified withZ". The fun-
damental weights are given by = (1,...,1,0,...,0) € Z", where 1 occurs
times{=1,...,n).
Define the following semigroupa; c Ap C AY, consisting of weights. Let

An =171 andAl = {1 € Z" | A1+---+A; > 0 forall i}. The superscripp should
designate thad } contains theéZ.,-span of positive roots. Set alggi = {A = (A1 >

- > Xn > 0) | Aj € Z}). Similarly, we letA, ={A=0<Xt <---<An) | A €
7}.

Ford > 0 we also introduc&\nq C An, A;fd C A, and so on, where the
subscriptd means that we impose the conditidnx; = d. The half sum of positive
roots is denoted by.
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For a weighti. of GL(n) we introduce the schemes;, X*, X*, andxﬁ, which
should be thought of as the moduli schemesAgf(resp., of A, An, AR)-valued
divisors onX of degreer. The precise definition is as follows.

SetX} = []iLy X+ +4) A point of X} is a collection of (not necessarily
effective) divisorg Dy, ..., Dn) on X with Dy + - - - + Dj € X®*1F+4) et X* s
X3 be the closed subscheme given By > 0 for alli. Let X’ (resp.,X") be the
closed subscheme of* given byD1 > --- > Dy, (resp,D1 < --- < Dp).

Given a closed pointD;) of Xi’\ with Dj = ), di xX, we associate to it a divisor
on X with values inAP. The value of this divisor at is the weight(dy x, ..., dn.x).
In the same way, a closed point &f* (resp.,X*, X*) can be viewed as A, (resp.,
A, AR)-valued divisor onX.

0.1.4.

Forx € A;d, define the polynomial functov” of a Q,-vector spacd/ as follows.
Letr = (A1, ..., A, 0,...,0) with Ay > 0. Denote byU* the irreducible repre-
sentation ofS; (over Q) associated ta.. So, for example, ik = (d, 0, ..., 0), then
U* S Qis trivial, and if A = (1, ..., 1), thenU* is the signature representation. Set

VA — (V®d ®Q U)»)Sj’

where it is understood th& acts by permutations o®9 and diagonally on the
tensor product. Im = dimV < n’, thenV* = 0; otherwiseV* is the irreducible
representation of GIV) of the highest weight.1, ..., An, 0, ..., 0) € Af 4.

1. Laumon’s perverse sheaf?g
Let E be a smoott),-sheaf onX. Recall the definition of Laumon’s perverse sheaf
,ﬁfg on Sl’g associated t&E (see [L2]). Denote by sym: X9 — X@ the natural
map, and consider the smodfh-sheafE®d on X9. Notice that symEX¥%)[d] is a
perverse sheaf. Set

E@ = (sym(EX ).

SinceE@ is a direct summand of sytEXY), E@[d] s also a perverse sheaf.

Denote by.ZI%++1 (1 occursd times) the stack of complete flagF; C

- C Fq), whereF; is a coherent torsion sheaf ot of lengthi. The morphism

p: ZlLl srg that sendsF; C --- C Fy) to Fq is representable and proper.
The morphismg : ZI1t+1 — S x ... x S} that sendsF; c --- C Fg) to
(F1, F2/F1, ..., F4/F4—1) is a generalized affine fibration. This, in particular, im-
plies thatZ1%! is smooth.

Springer’s sheaf Sfron SIf is defined as

Spi = pyg* (div*¥)*(EXY).
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Sincep is small, Sp‘é is a perverse sheaf that coincides with the Goresky-MacPhersc
extension of its restriction to any nonempty open substack éf Blalso carries a
naturalS;-action (cf. [L2, Theorem 3.3.1]). Set

28 = Homg, (triv, Spid),

where triv denotes the trivial representation of the symmetric g&up\gain,zg

is a direct summand of Sprso.Zd is perverse and coincides with the Goresky-
MacPherson extension of its restriction to any honempty open substackgoWﬁh
have a smooth morphisi@ — Slﬂ that sends a divisdD to &p, and the pullback
of 8 under this map is identified wit& @,

2. Main results

2.1
Fixn > 0,d > 0. Let2 be the canonical invertible sheaf & Denote by, 24 the
stack that classifies collections

(0O=Loclic--ClacCL, (8), 4)

whereL, C L is a modification of rank vector bundles orX with degL/Ly) =

d, (L) is a complete flag of subbundles &, ands : Qi3 Li/Li_1 is an
isomorphism(i = 1,...,n). We have a map : 12y — Aﬁ that at the level of
k-points sends the above collection to the sum ef 1 classes in

k> Exth@" 1, Q") = Exti(Lit1/Li, Li/Li—1)

which correspond to the succesive extensions>OLj/Li_1 — Ljt1/Li—-1 —
Lita/Li — 0.

LetB :nQy — =" ng be the map that sends$)(to L /L. It is of finite type and
smooth of relative dimensidn= b(n, d) = nd+(1—-9) Zi”:‘lliz. Thereforen 2y is
smooth and of finite type. So, E is a smoothQ,-sheaf onX, then on, 24 we have
a perversd),-sheaf

T, =L u*.,%[b](g).

Let 70 : n2q4 — X@ be the map that sendg)(to the divisorD € X@ for
which the inclusion of invertible sheaves'L, — A"L induces an isomorphism
AMLn(D)S A" L. We also have a mag@ — Pic X that sends a divisob to
Ox (D).

Let ,.#4 be the stack classifying pait®"~! < L), whereL is ann-bundle on

X with
degL _ degg(n—l)+(n—2)+---+(n—n)) —d.
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The forgetful maps : .24 — n.#4 is representable, and the following diagram
commutes:
1¢ \

e S Pid X

whered is the map that send"~! < L) to detL @ Q(t—W+@-M+-+0-M penpte
by
T nld Xty n<d — X@ X pid X@
the morphismrg x 7. SinceX@ — Picd X is representable and separated, the

diagonal map : X@ — X@ x4 X@ is a closed immersion. Our main result is
the next theorem.

MAIN LOCAL THEOREM
For any smoott{),-sheaves EE’ on X of ranks mn, respectively, wittmin{m, m’}
< n, there exists a canonical isomorphism

nnZEy B nZg ) (E®E)d(2d]
in the derived category on ® x4y X@.

Remark 1

0] The stack,2qg x4, nZd is of finite type, though.#4 is not, so thatr is of
finite type but not representable.

(i)  Define the complex. 7 on n.#y asn 8 = ;;(nﬂg,w). The geometric
Langlands conjecture claims that i is a smooth irreduciblé),-sheaf of
rankn on X, then for eacld > O the complexﬂi/EOI descends with respect to
the projectiom.Zy — Bum,.

2.2

Actually, we prove a more general statement. Recall thaQfevector spaceg&, E’
of dimensionan, m'’, respectively, we have

Ssynf(E®E)= @ E*® (E).

+
)\eAr,d

wherer = min{m, m’}. To formulate the version of the Main Local Theorem that we
actually prove, we globalize the above equality as follows.

Fori € A;d and a smootl),-sheafE on X, we define a constructab{@ -sheaf
E% on X% (cf. Section 3.1) which is a global analog of the corresponding polynomiz
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functor. The fibre ofE% at D = Y, AxX is the tensor product over closed points

of X,
X (Eo™,
xeX
where Ex denotes the fibre o at x. For example, foi. = (d, 0, ..., 0) we have
X% = X@ andE* = E@. Another example is that for = w; we obtainX* = X
andE% = A'E.
Denote byr* : X% — X@ the map that send®; > --- > D > 0) € XA to

> Di.

LEMMA 1
For any smooti);-sheaves EE’ on X of ranks mmn, respectively, there is a canon-
ical filtration

0="YEQENY c=HE®EN? C---

on (E ® E)N@ by constructable subsheaves with the following property. First, if
min{m, m’} < n, then="(E ® E)@ = (E @ E")@. Second, there is a canonical
refinement of this filtration such that

o "EQ®ENYS P niEL®ED
reAfy
for each n.
MAIN LOCAL THEOREMp,
For any smoott),-sheaves EE’ on X there exists a canonical isomorphism
m(aFE y ¥ nFg 1) =NE® E)N @ (d)2d]
in the derived category on ® x4y X@.
2.3

The proof consists of the following steps. Let us denotg 8y the stack classifying
collections(L, (tj)), whereL is a vector bundle oiX of rankn,

i : QM=D+M=2)++M—i) AP
is an inclusion of’x-modules(i = 1, ..., n), and
degL _ degg(n_l)‘i‘(n_z)"r'"+(n_n)) =d.
Given an object 0, 24, we get the morphisms

ti : QDO Li — AL,
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This definesamap : 24 — nZg. Notice thatt : n2q — n.#4 factors as2y RS
nZd4 — n.#4, Where the second arrow is the forgetful map. Singdgy — .44 is
representable and separated, the natural@¥px , 2, n2d — nZd X,z n<d is a
closed immersion. Let

7' n2d X, 2y n2d — X@ Rl X@

be the restriction ofr to 24 x 2, nZd4. The first step is to establish the following
result.

THEOREMA
For any smooti),-sheaves EE’ on X, the natural map

Ty ’nFE 1) = 10Ty B aFE )

is an isomorphism.

Our proof of Theoren? is based on Propositich which is a corollary of the geo-
metric Casselman-Shalika formula for Gi) (cf. [16], [7], [17]). We present it in
Section3, written independently of the rest of the paper.

The second step is as follows. Leét: 24 — X@ pe the map that sends
(L, (t)) to the divisorD € X@ such that, induces an isomorphism

Q(n—l)+-<<+(n—n)(D) 3 AL,

so thatg o ¢ = mo. We write f : 1 2g x,24 nZd — X@ for the composition
n2d X, 24 n2d = nZd 2 X@ where the first map is the natural projection. The
morphismf is of finite type but not representable. Since the diagram

nZd X, 25n2d = nZd X,.z4 nd
b f N
[
X (@) —  X@ X picd x X (@
commutes, the Main Local Theorem is just a combination of Theokewith the
following result.

THEOREMB
For any smoott),-sheaves EE’ on X, there is a canonical isomorphism

I FEy B nfg )5 =NE®E)V(d)2d]. (5)

We present two different proofs of Theoretn In the first proof, which occupies
Sections 6.1-6.5, we derive Theoré&nfrom the following result.
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THEOREMC

Let="div : ="SH — X@ denote the restriction odiv : SH — X@. For any
smoothQ,-sheaves EE’ on X, the complexfndiv)!(zg&i”d,) is placed in degrees
less than or equal te-2d, and for the highest cohomology sheaf of this complex w
have canonically

R (="div), (£ @ £8)(—d) 5 ="E @ E)©@.

In Section 6.6 we present an alternative proof of TheoBerihe idea of this proof
was communicated to the author by D. Gaitsgory. This proof requires the addition
assumption mifrk E, rk E’} < n. The reader interested in the proof of the Main Local
Theorem under this assumption may skip Sections 6.1-6.5.

3. Around the geometric Casselman-Shalika formula foiGL(n)

3.1
The purpose of Sectiofi is to present Propositiofi, which is a corollary of the
geometric Casselman-Shalika formulae for@L(cf. [16], [7], [17]). To formulate
it we introduce some notation.

Fix 1 € A, 4. Recall thatx? is the scheme of collection®1, ..., Dp), where
D; is an effective divisor orX of degreerj with Dy < --- < Dy. Let

A o X)L — =n Sl’g
be the map that send®1, ..., Dp) to
Q" LD/ Q" e Q"3(Dy)/ Q"2 @ - @ 6(Dn)/ 0.

According to [L2, Theorem 3.3.8], iE is a smooth),-sheaf onX, then the complex
i;gg is placed in degrees less than or equal &2 with respect to the usual t-
structure, where

am) ', n—1,n-2...,0)

Moreover, ifm € N is such thab = (0, ..., 0, Ap—m+1, - - - » An) With Ap—my1 > O,
then the 2(A) th cohomology sheaf dt;ffg vanishes if and only if rlE < m.

For a weighth = (A1,...,An), SetAl = (An,...,A1). Also, denote byt :
X = Xj‘rt the isomorphism that sen@B1, ..., Dp) to (Dp, ..., D1).

Definition 1
For any smootl),-sheafE on X, define the shedE* on X* by

E* = #2W iy 28 (am)).
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i A Al Mt EA
Also, define the shed’ on X’ by E} =t,E*.

Let S — X* be the vector bundle whose fibre 0@, ..., Dy) is the vector space
of collections(oy, ..., on_1), Where

i € Hom(Q"" 1 @"(D)/Q").
By us : 8 — Al we denote the map that at t_he Ievel_ kipoints sends
(01, ..., 0n_1) tothe sum oh—1 classes ik = Ext}(Q"~—1, Q") corresponding
to the pullbacks of
0— Q" - Q"(D) - Q" (D)/Q"" -0

with respect ta; : Q"'-1 — Q"(D;)/ Q"
Let #7 be the following stack of collectiongD;, ..., Dp) € X* and a flag
(F1 c ... c EM) of coherent torsion sheaves &nwith trivializations
Fi/Fi—l 3 Qn—i (DI)/QH—I

fori = 1,...,n. The projectionr : #* — X’ is a generalized affine fibration of
rank zero.

Letk : #* — S be the morphism ovex” defined as follows. Given a®&point
of #*, consider foii = 1, ..., n — 1 the exact sequence

0— Q"1 5 Q" (D) —» @D/ > 0.
(Here<2 should be understood as the sheaf of relative differerfiiglsy,s.) It induces
amap
fom(anifl, ani (DI )/anl)

— ExtH Q"D T QM (Dp/Q") ()
which is an isomorphism o#'s«x-modules, becaus®;.1 > D;. The map
k sends this point of#* to (o1,...,0n_1), Whereo; is the global section of
2om(Q"1-1 Q"—1(Dy)/Q"), whose image undes) corresponds to the exten-

0— F'/F'~t - FH/F =1 o FIH/F 0,
Denote also byy : #* — =" SH the morphism that send&* c --- ¢ F")
to FN.

PROPOSITIONL
For any smoottQ),-sheaf E on X, there is a canonical isomorphism

n (B L8 ®k*usZy) =S EL. (7)

The proof is given in Section 3.3.
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3.2. Local lemma
For the convenience of the reader, we begin with a local counterpart of Propdsition
working completely in a local setting.

Let & be a complete locdk-algebra with residue fiel#, which is regular of
dimension one (that is, choosing a generatoof the maximal idealn C &, one
identifies&’ with the ringk[[w]] of formal power series of one variable). Denote by
K the field of fractions ot. Let 2 be the completed module of relative differentials
of ¢ overk (so,Q is a free¢-module generated byw). Fori > 0 we writeQ2' for
theith tensor power of2 (over ¢). For an integem, denote by (m) c Q' ®4 K
the ¢-submodule generated by Mdw®' .

Recall that we have fixed € A, 4. Consider the stac%oc classifying collec-
tions: a flag of torsion sheavés! c --- ¢ F") over Spf¢ with trivializations

fori =1,...,n.(The subscript “loc” stands for local counterparts of certain stack:
or morphlsms) Clearly#,;. — Sped is a generalized affine fibration of rank zero.
We also have the schenﬁ%c whose set ok-points is the set ofoy, . . ., on_1) with

oi € Hom(Q" = Q" (3j)/").

Besides, we have a maps)ioc : tc — Al that at the level ok—points sends
(01, ...,0n-1) 10 Y _resai. One also defines a morphismy : |OC S, in the
same way as.

Let =" Stﬁ(ﬁ) be the stack classifying coherent torsion shedvem Spfo of
lengthd for which dim(F ® » k) < n. It is stratified by locally closed substacks

Sh'(0) indexed byy € A+ nd- The stratum Sh ©) classifies sheaves isomorphic to
O/m"@--- @ O/m'’

Let 4, be the intersection cohomology sheaf associated to the constant sheaf on
stratum SKH(20). Let

By toc : Wit — =" SH(0)

be the map that sends! c --- ¢ F") to F".
A local version of Propositioti can be stated as follows.

LEMMA 2
Foranyv € A:d, we have canonically

0 if vt £ A,

RU(#E Bl oo By @ ki c(its)ioe Ly ) S 1 -
C( loc ﬂ/ﬂ,loc v loc'\#S)Ioc 10) Q¢[—d]@®)) if T
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Proof
Denote by#;}. the stack of collections: a flag of torsion shea¢g$ c --- ¢ F")
on Spf& with trivializations

Fi/FES @M/ QM (<hniv)
that sendgFl c --- c FM)

fori = 1,...,n. We have an isomorphist#>. = Wvlgc
to the flag(F! c - -- ¢ F") with

F' = ext}(FY/FM, @'

fori =1, ..., n. This duality allows us to switch between dominant and antidominan
weights of GL(n).

Putl; = Q" 1@...@ Q" fori =1, ..., n. Denote by#r%+ (L) the moduli
scheme of7-sublattices? c I:n such that

dim(Ln/%) = d.

Choosing a trivializatiori:n = oM, one identifies this scheme with the connected
componemgrd”r = @rdt(o") of the positive part of the affine grassmanian for
GL(n).

We have a locally closed subschere— %r%*(L,) whose set ok-points
consists of# with the following property. If% = % N L;, then the image of the
inclusion, /%; _1 — Q" is Q" (=An_i41) fori =1,...,n.

We have a mapiioc : S — %, given by F' = Lj/% fori = 1,...,n.
One checks thajioc is an affine fibration of rank(i!). We also have a smooth and
surjective map

grd+(Ly,) — ="sH(o)

that sends? c L to L,/#, and we denote byr”(L,) the preimage of the stratum
SH (€) under this map. The Goresky-MacPherson extensio@®2(v, p)]1((v, p))
from%r (L) to its closure is a perverse sheaf denoteds#y(cf. [6]). So, our asser-
tion is nothing but the geometric Casselman-Shalika formulaeX(6f, [7], [17]):

(S ay @ ~ 3k K (MS) 00”21/’) If Vt = ,
9 © 1% i
RI Cc }|OC loc [ QZ[_2<U’ p)]( (U, p)) | \)t A.

We need Lemma 2 in a slightly different form. Aut= Q" 1(x) @ --- & Q" (A)

fori =1,...,n. Let %rd*(Ln) be the moduli scheme af-sublattices#z c L,

such that diniL,/%) = d. As in the proof of Lemm&, on grdt(L,) we get a
stratification by locally closed subschenis” (L) indexed byv € An+’d, and the
perverse sheaves,.
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By S C @r9+(L,) we denote the locally closed subscheme whose s&t of
points consists of sublattice® with the following property. Le?, = #Z N L;. The
condition is that the image of the inclusion

R | % -1 Li/Li-1 > Q" (%)

is the sublattice? < Q" (x) fori = 1,...,n. We also have a mapoc : S —

%gc given byF' = L;/%, fori =1, ..., n. This is an affine fibration of ran&(1).
Leti : Spedk — Sbe the distinguished point that correspondsze= Q"1 @

<@ 0. Putioe = (S)loc © Kloc © Nioc- We use Lemma under the following form.

LEMMA 3
+ .
Foranyv € A 4 we have canonically

if vt 2,

RTo(S, o ® e Zy) S 1 - |
’ o Qel=20%, p)1(=(%, p))  if vt = A.

Moreover, this isomorphism is obtained by applying the funBidg to the composi-
tion of the canonical maps

Ay @ ULy — 15 *(y @ Uine-Ly) = T 200, p) (i1 () ® wipeLy))-

Proof
As is easy to see, it # A, then the fibrd*(«/, ® UineZy) is placed in (usual)
degrees strictly less theri2 p). For vt = A this fibre equals

Qe[—2(x, p)](— (1, p)).

Since the closure ogr”(Ln) in @rd-t(L,) is the union of strat&r’(L,) with

v < AL, our assertion follows from Lemniacombined with the geometric statement
due to B. C. Ngo (cf.17, Lemma 5.2]):

(i) SNgr'(Ln) =0 for v <!,

(i)  SN%rY(Ly) is the point Spek <> S for v = Al. O

Remark 2

The shift in degree and the twist are calculated using the following two formulae. F
any weightv of GL(n) we havea(v)—a(v') = 2(v, p) and 2(v)—2(v, p) = d(n—1),
whered = ) ;.

3.3. Proof of Propositiorl
We return to our notation in the global case (as in Section 3.1).
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Step 1.Denote by#* the scheme of collectiongDs, ..., Dy) € X*, a diagram

Ly Cc---C Ly
U U 8)
B C-C Rn

whereL; = Q"D @ ---® Q" (Dy) fori = 1,...,n, and(%) is a complete
flag of vector subbundles on arbundleZ,, such that the natural map

R | % -1 Li/Li_1 > Q" (D)

induces an isomorphisi#, /%, _1 = Q". We have a map : #* — #* over X*
given by _
F' =Li/%

fori =1,...,n. Thisis an affine fibration of ran&(1), so that
Qe S Qe(— a)[— 2aW)].

Put? = 1 o 5. We replace the functar(-) by

f* () (a())[2a) |-

The advantage is thatis representable whereass not.
The morphisnt : #* — X* admits a canonical sectign: X* — #* defined

by _
%I ZQnil@"'@Qnil

fori = 1,...,n. Notice thatt is a closed immersion. The following diagram com-
mutes: i

v Lo Loxk

V Bw _ te Sid

snsHl & x:
Besides, the composition
Xt 5 o Lo K g Bs pl
is the zero map. Now applying the functdrto the canonical morphism
N (Bl L8 ® K*uELy) — ELE N (B L8 @ K*UEZy),

we get a map

o (By L @K usy) » ir2E(am)[2am)]. ()
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Define (7) as the composition oBj with the canonical map
ir 28 (am)[2a0)] — 22D iy 28 (am)).

Now we check that{) is an isomorphism fibre by fibre.

Step 2.Fix ak-point(Dy, ..., Dy) of X*. Let Dj = > x Ai.x X. So, the correspond-
ing A, -valued divisor onX associates t& € X the antidominant weight

Ax = (AL x, ---»Anx) € Arzdx

with dy = > A x.
Fori =1,...,n, putLi = Q"D & ---® Q" (Dj). For every closed point
X € X, let
((Ll)x c---C (Ln)x)
be the restriction of the flag.1 C --- C Lp) to SpeoﬁAx,x.
Letgrdx’Jr((Ln)x) denote the moduli scheme of sublatticés— (Ln)x such that

By & C @r%*((Ln)x) we denote the locally closed subscheme whose skt of
points consists of sublattice® C (Ln)x with the following property. Let%z, =
Z N (Li)x. The condition is that the image of the natural inclusion

% | % -1 — (Lx/(Li—Dx = (@™ (i x X)),

is the sublattice2?~" ¢ ("' (Ai.x X))x fori =1,...,n.
For everyx € X, one defines the stack}* and the schem§: with morphisms

ST oy % g Hx pL

which are local counterparts of the corresponding stacks and morphisms for t
weightiy. So, after the base chan@®, ..., Dn) : Spedk — X*, the diagram

A e

becomes
[Ts— 17 -11s:
xXeX xXeX xXeX
the morphisms being the product of morphismsandxy, respectively. The restric-
tionofus: S — Alto [ Txex S% is the sum of morphism@ss)x.
Forv e A:{dx, the perverse shea#, considered as a sheaf et %t ((Ln)y) is
denoteds, x (cf. Section 3.2).
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From [6, Proposition 3.1 and Lemma 4.2] it follows that the restriction of
n*,&jﬂfé’ to [ [xcx Sk is identified withXlycx Fx, whereFy is the restriction of

@ ol-dn-0)(“20 ") o gy

under the inclusiors, < ¢r %t ((Lp)x) (the sum being taken overe A;fdx).
Now combining Lemma with [12, Theorem 3.3.8]), we get the desired asser-
tion. This concludes the proof of Proposititn a

4, Geometric Whittaker models for GL(n)

4.1. The stack%q
Consider the stackZq defined in Section 2.3. We impose Pliicker’s relations on
a point(L, (tj)) of .24, which means that generically;) come from a complete
flag of vector subbundles df. Our definition is justified by the following simple
observation.

Let V be a vector space of dimension(over any field). Fom > k > i >
1, letaxi : AKV @ ATV — AKtlV @ AI-1V be the contraction map that sends
U® (v Ava A--- Avj)to

[
Z(—l)j(U/\vj)(X)(vl/\m/\ﬁj A AV
j=1

LEMMA 4

Given nonzero elementsd AV forl < i < n, the following are equivalent:

(1) there exists a complete flag of vector subspfices\p c V1 C --- C Vh =V
such thatite A"V, c AlV;

(2) forn>Kk>i > 1, we havex(tk ®tj) =0.

Proof
The statement is obvious in characteristic zero. Let us give an argument that holds
any characteristic. Writey A- - - Ag forthe image 0B1®- - -®g undervV® — AV,

We construct by induction ok the elementsy, ..., e € V such that; =
eeAn---Angfori =1,...,k Letep = t1, and assume that, ..., e_1 are already
constructed.

To constructe, we show by induction omn thatty = e; A --- A § A wk—j for
somewk_i € AK1V, and we definey asw.
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First, sincexy 1(tk ®t1) = —tx Aep = 0, we getly = e A wi—1 for somewy_1 €
AK=1v . Now assume thdk = € A - - - A§_1 A wk_it1 for somewy_i+1 € AKTIH1lV
withi < k. Then

it ®t) =ik ® €L A--AE)) = (D (tkre)®(@EA---AG_1) =0.

It follows thatty A g = 0. So, there existek_i € AKTV such thaty = e; A -+ A
g A wk—i. We are done. O

Now we define the closed substagky — 24 by the conditionsy i (tx ® tj) = 0
forn>k >i > 1, where

aki : AL@ AL » AKFIL @ AL

are the contraction maps defined as above. Then thegnfiagtors through, 24 —
nZd = nZd.

We stratify, %4 by locally closed substack‘;épA C n%y numbered by Aﬁ’d.
The stratumy?* is defined by the following condition: the degree of the divisor of
zeros ofty : Q=D+ +0-) «, ATl equalsiy +---+ A fori = 1,...,n. Recall
that a point ofX?) is a collection of divisorgDy1, ..., Dy) on X with deg Dj) = A;
andDq +---+ Dj > Ofor alli. So, the stach/r} classifies collections

O=LpcLic---cLy=L, (s). (D) e X5), (10)
where(L}) is a complete flag of subbundles on a rankector bundlel and
§: QO D+H+0-D(p 4 ... 4 D) Al L

is an isomorphism.

Define the closed substadk* — 7 as¥; X X3 X*. Soifr ¢ Ap, then?* is
empty. Notice that the projection x 4, n2a — ¥ factors throughv* — 7,
and forx € Ap, g the corresponding morphism‘g\ X2 n2d = V* X gy n2d —> V'
is an affine fibration of rank& ().

4.2. The sheaves@g’w

Definition 2
For any smootlQ),-sheafE on X, putn(@g’w = (p!(njg’w).

Clearly, the restriction qﬁ@g " toa stratumY/pA of n%4 vanishes outside the closed
substacky* of ”f/p*. Fori € An.g, denote by&"gw the restriction ohﬂg’w to v,
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Define the closed substagk* — 7* as?”? x y. X*. Recall that the subscheme
X* of X* is given by the condition < D1 < --- < Dy, where(Dj) € X*. Let
wy : ¥+ — Al be the map that at the level kfpoints sendsl(0) to the sum oh — 1
classes in
k= Ext(Q""1(Di), 2" (D)
corresponding to the pullbacks of the successive extensions

0— Li’/Lf_l — Li’+1/Li/_1—> Li/+1/L{ -0
' e
Q" (Dy) Q"1 1(Dj41)

with respect to the inclusiof"~' ~1(D;) — Q"' ~1(Dj,1).

PROPOSITION2
Let E be a smootf),-sheaf on X of rank m and e An.d- Then
(1) 2t vanishes unless

)\1:--~=)\.n_m=O; (*)

(2)  under condition(x) the complem,@gw is supported atV* — 7*, and its
restriction to#” is isomorphic to the tensor product of

b —2a())

ui«fw( 5

)b - 2a)]

with the inverse image of Eundery* — X* .

Remark 3

(i) The sheaf, L@g’w was also considered by E. Frenkel, Gaitsgory, and K. ViloBen [
Section 4.3]. They show that for any smodih-sheafE on X, nyg,v, is a perverse
sheaf and the Goresky-MacPherson extension of its restriction to any nonempty oy
substack of,%4. Besides, the Verdier dual Qt@gv, is canonically isomorphic to
n,@gw,l (see B, Sections 4.6 and 4.7]). We notice that the stratificatiof?f used

in [8, Section 4.10] is different from ours, so that our Proposifios a strengthened
version of B, Proposition 4.12].

According to [7], [8], in the case rlE = n the perverse sheat@gw can be
thought of as a geometric counterpart of the Whittaker function canonically attach
to E.

(i) For m > 0, let)'%y C %y denote the open substack given by the following
conditions: the image of; is aline subbundlen AL fori =1,....,n—m. In
particular,"%y = 1%y for m > n. Then Propositior?(1) claims thai;m@‘é’w is the
extension by zero of its restriction §%4 C n%.
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(iii) The relation between the sheav.e;?gw for differentn is as follows. Let
M2y be the preimage df%q4 undery : n 24 — n%q4. SO, 2y is the open substack
of .24 parametrizing collections}{ such that_/L,_n, is locally free.

Denote byt the stack of collectiongL; C --- C Lp_m+1 C L, (S)),
whereL /Ly_m is a vector bundle oiX of rankm, ands : Q- Li/Li_1is an
isomorphismi( = 1,...,n — m+ 1). Letu™ : M&xt — Al be the composition
nEXt - n—m+120 it Al where the first arrow is the map that forgets

Let m.# be the stack of pairsQ™ 1 < L), whereL is a vector bundle oiX
of rank m. Taking the quotient by ,_m, we get a mag'é€xt — m.#, which is a
generalized affine fibration.

For 1< m < nthere is a commutative diagram

N24 S m@d X,z nEXt

J J oxid

where the left vertical arrow is the restriction f So, the restriction of 224 y 10
N%q is isomorphic to

b(m, d) — b(n, d))

m?3 , B (uM*.2y [b(m, d) — b(n, d)]( .

4.3. The support qf?/"gw
In this section we prove the following lemma.

LEMMA 5
The complex@gw vanishes outside the closed substack— ¥*.

This may be derived from the geometric Casselman-Shalika formulae, but we gi
a direct proof. We start with the following sublemma. Givere A, andv € A,
denote byZ;" the stack of collectiongDg, ..., Dp) € Xt (D, ..., D;) € X" and
a diagram

L} C---C Ly

U U (11)

Ly Cc---C Lp

where(Lj) (resp.,(L))) is a complete flag of vector subbundles on a rankector
bundleL, (resp.,L},) on X with trivializations

L{/L/_, S Q" (D + D))
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such that the image of the inclusidn/Li 1 — L{/L{_; = Q" (D + D) equals
QD) fori =1,...,n. Let

o)UY — (XM x XYY Xy YTV

be the map that forgets the flag; ). HereX* x XV — X**V denotes the summation
of divisors. The magp; is an affine fibration of rank(v).
Let X;.,, — X* x X" be the closed subscheme defined by

Di > Di—1+ Dj_;

fori = 2,...,n. The compositionX; , — X* x XV — XMV factors through
XA e XAV,

We also have a mag,” — ¥ that forgets(L{) and(D). By abuse of notation,
the composition of this map with,, : #* — Alis also denotegk; .

SUBLEMMA 1
The complexg;)iu;Zy is supported at the closed substack Xx yi+v YA of

(X* x X) x xa+v ¥V and is isomorphic to the inverse image of

ui s Zy[-2a09) (~aw)

from 71V,

Proof

Letus decomposg! into two affine fibrations,” — %, % (x> x XY) X yrrw VATV
defined as follows. Le¥;” be the stack of collections:
. (Di) € X*, (D)) € X";

. a complete flag of vector bundl¢k’ C --- C Ly) on X with trivializations
Li/L{_1= Q" (Di + D) (12)
fori =1,...,n;
. fori =1,...,n—1diagrams
0— Lj/Li; — Li/+1/Li/—1 — Li/+l/L{ -0
U U U
0> Q"(D) — F - Q"-YDjy) —0

where each row is an exact sequenc&gfmodules, and both left and right
vertical arrows are compatible with ).
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Now define the morphism,” — @Zk" by i = Ljs1/Lj_q1fori =1,...,n—1,
whereL; are from diagram(1). One checks that this is an affine fibration of rank

(N=2v1+ (M —=3rz2+--- +vn-2.

Define alsap; as the map that forgets @f . This is an affine fibration of rank; +
<+ vp_q.

Clearly, i, : %" — Alis constant along the fibres @’ — %.". So, it suffices
to prove the sublemma in the case- 2.

In this case a fibre op; is the affine space of mags: Lo/L1 — L5/L1 such
that the diagram commutes:

0— L’l/L1—> L’2/L1 — L’2/L’1—>O
te
Lo/L1

wherei is the canonical inclusion compatible with trivializations. On this affine space
we have a free and transitive action of Hdm/L 1, L’l/ L1). The restriction ofi}.Zy

to this affine space is a sheaf that changes under the action oflbgiry, L’ /L1)

by a local system, say,*.#y,, where

o Hom(Lo/L1, /1/L1) — k

is the following linear functional. It associatess@ Hom(L /L1, L/l/Ll) the class
of the pullback of
0—L;—L}—Ljy/L1—>0 (13)

under the compositio#(D;) — ¢(D2) = La/L1 3 L7/L1. The sequencel) is
just
0— Q(D1) » (D1 + D’l) — Q(D1 + D’l)/Q(Dl) — 0.
So,iu =0ifandonly if D2 > Dy + D’l. Besides, under this condition the pullback of
0—L]— Ly— Ly/L;—>0
under ¢(Dy 4+ D)) — 0&(D2 + D)) = L,/L] is identified (after tensoring by
0 (—D})) with the pullback of
O—-L;i—>Ly—>Ly/L1—0

under&'(D1) — € (Dy) = Ly/L1. Our assertion follows. O

Form > 0 andv € An 4, denote byZ1" the stack of flaggF! c --- ¢ F™), where
F' is a coherent torsion sheaf oawith degF' /F'—1) = v fori = 1,..., m. Let
div’ : Z1¥ — X" denote the composition

div x---xdiv

ﬁl"—)Sf‘Glx~-~xSh‘;m > XV,
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Setalsqy 2" = n2q xgy F1", where71" — SH sends(F c --- c F™ to F™
Denote byR' Jg the set of(n x m)-matricese = (el') l<i=zn 1<j=<m
with q €Z4, Y ¥ e =d. We have amap : 'Jy — And X Amd that sende to

(A, v), wherea; = Zje andv; = Y ¢ Fore € 1'Jg, putY® = [J; ; x@©). so,
Y€ classifies matrices of effective d|V|so(r’© ) on X such that deg)I ) = eI

For everyx € Ang, the stackr* x4 n2" is stratified by locally closed sub-
stacks.2¢ «— ¥* x .24 n2" indexed bye € 'Jq such thath(e) = (1, v). The
stratum2€ is the stack classifying the following collections:

. a diagram
LY c L c -~ c Ly
U U U
m-1 m-1 =
Ly c L, c .- c Ly
U ) ) (14)
U ) )
0 0 0
Ly ¢ L, <c -+ C Ly
whereLij is a vector bundle of rankon X, and all the maps are inclusions of
Ox-modules;
. amatrix(D/) € Y¢,
. isomorphismd."/LM . = Q" (D! + - .. + D™ such that the image of the
inclusion

L/ Lm0+ .-+ DM

equalsQ" (DL + - - + Dij) (i=1,....,n; j=0,...,m).

We have a natural map
9% 2% > Yo Xy ¥
that forgets all the rows inl{) except the top one. (He¢® — X* sends(Dij) to
(Dj) with D; = Zj Dij .) The morphisny* is an affine fibration of rank(1.).
Denote byY® — Y€ the closed subscheme given by the following conditions:

@) fori<n-—j,we haveDij =0;
(2) forl<j<m-1and2<i<n,wehaveD!+. ..+ Dij >Dl 4+

DIt

The composition2® — 12" — 1924 X Alis denoted byue.
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SUBLEMMA 2
The complexp®) 5%y is supported at ¥ x ., ¥ < Y&x yx, #* and is isomorphic
to the inverse image of B

5.2y (—a0))[~2200)]

from 7.

Proof

Apply Sublemmal m times forgetting successively the rows in diagrdm) (starting
from the lowest one and moving up. O

Proof of Lemméa&
Since.i”,;JI is a direct summand of the Springer sheadeS(nf. Sectionl), it suffices
to show that the restriction of

0(B* SP ®u*.Zy)

to 7* vanishes outside¢*. Putv = (1,...,1) € Aqq. The compositiop, 2" —

n2q - Alis also denoted by. By the projection formulae, we have to consider the
direct image with respect to the projection

VX gy 02" — v (15)

of pr; u*.%, tensored by some local system that comes fd0imThe stack/* x4,
n2" is stratified by locally closed substack indexed bye € 4J4 such thah(e) =
(%, v). The restriction of {5) to 2° can be decomposed as

e
4
2% 5 Yo xyo ¥ X Xy V=

So, our assertion follows from Sublemridecause the compositioff «— Y& —
X* factors throughx* — X*. O

Remark 4
Using Sublemma, one may also check that for anye A 4 and any Smooti,-
sheafE on X, E* [An] is a perverse sheaf ok .

4.4. Proof of Proposition E
Recall thaty* X2 n<d is the stack classifying the following collection&Dy,
.., Dp) € X* and a diagram

L} C---C Ly
U U (16)
L1 C---C Ln
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where(L{) (resp.,(Lj)) is a complete flag of vector subbundles on a rankector
bundleL;, (resp.,Ln) on X with trivializations

Li/Li_y = Q" (D))
such that the image of the natural inclusian’Lj 1 — L{/L{ ;= Q"1 (Dy) equals
Q"' fori = 1,...,n. Denote by
n: oy X2 n2d = o X yh y

the morphism over* , whose composition with the projectio x . #* — #*
sends (6) to the flag(L} /L1 C L)/L2 C --- C Ly/Ln). One checks thaj is a
(representable) affine fibration of raak)). Further, the composition

P gy 02d 2> VP xo W B g, SIS AL pT AL
coincides with the restriction gf : 24 — Al to the substack/* X2 n2d —
nZ4. S0, our assertion follows from Proposititn |

5. Proof of TheoremA
Recall the map : n 2y — X@ (cf. Section 2.3). By abuse of notation, its restriction
ton%y — nZy is also denotegh. We let

7T n%d Xay nZd — X@ X pid x X@

be the morphisngp x ¢. By 7’ we denote the restriction &f to the diagona} %y —
n%4 x .7y n%. Clearly, Theorenf is equivalent to the fact that the natural map

MnPRy B PE, ) = H6PEy ®nPg, )

is an isomorphism. Fok,v € Ap g4, we denote byz*:¥ the restriction of7 to the
substack
V* xotta V" > 0% Xt 024

In the case. = v we write (7**)’ for the restriction ofz*-* to the diagonat/'* —
4 XMy v 43

Using the stratification of%g x4z, n%a induced by both stratifications of the
first and the second multiple (cf. Section 4.1), Theoreis reduced to the following
statement.

PROPOSITION3
Foranyi,v € Ang, the direct image(ﬁk’”)g(nﬂgw X\ 27, ) vanishes unless
A = v. Under the condition. = v the natural map

@0 Py W ngzégw—l) - @6ty ® ”'gzé”w‘l)

is an isomorphism.
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Proof
Puty; = v* X..u4q V2. The restriction oft*¥ to #1 can be decomposed as

T d d
7 = X2 xpay X2 = X xpay XO,

wherelr is the product of two projectiong* — X* and?’ — X". In the case
A = v we denote by diag #* — ¥ the diagonal map.
By Proposition2, our assertion is reduced to the following lemma.

LEMMA 6
Foranyi,v € A, 4, the direct imagelm(ujfw X /,L?.zwfl) vanishes unless = v.
Under the conditiork = v the natural map

Ym(ui Ly R s Ly-1) — tmdiag), (diag* (u} 2y ¥ uf2L,-1)

is an isomorphism.

We need the next straightforward sublemma. Given a divizand a coherent sheaf
M on X with a sectiong’(D) = M, denote bye’xtm. p the stack classifying exten-
sions of@x-modules 0— Q(D) —? — M — 0, and byus : &xty.p — Al the
map that sends this extension to the class of its pullback usder

SUBLEMMA 3
If s # 0, thenRI'¢(&Xtm, b, 1i-ZLy) =0.

Proof of Lemma 6

The stack; classifies the following collectiongDy, ..., Dn) € X*, (DY, ..., D},)
e XY, twoflags(Ly C --- C Ln = L)and(L] C --- C L, = L) of subbundles on
a rankn vector bundleL on X with trivializations

s:Q" (D) Li/Lis and  §:Q"(D)FL/L_,

fori = 1,...,n such that(L1,s;) and (L], s)) coincide (in particular, we have
D; = D).
Let ¥ — 71 be the closed substack defined by the condition that the flags
(Lic---cLi, (§j=1..i)) and (LjC---CL{, (§)j=1..i)

coincide. Lef 2y be the restriction of; £ X /,Ligwfl under? — ;. Also, let

> X Xpigd x XV
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be the restriction ofz to ¥. Arguing by induction, we show that for eveiy=
1,...,n—1, the natural map

(o0l Zy) — (FLonitiyy)

is an isomorphism.

To do so, denote by4{ the stack of the following collectiongD1, ..., Dp) €
X%, (D}, ....Dp) € X, two flags(Mi+1 C --- C My = M)and(M/,,; C -+~ C
M/, = M) of subbundles on a rank— i vector bundleM on X with trivializations

5 : Q"D Mj/Mj_1 and s Q"D S MMy

forj =i +1,...,n. Let also’.4 — .4 be the closed substack defined by the
condition that

(Miy1,S+41) and (Mi/+1’ 5|/+1)

coincide. Taking the quotient bly; = L{, we get a morphismy : % — 4{, which is
a generalized affine fibration. Further, we have a commutative diagram

Yiyr —> K

\ br N\
s> M > X Xy X2

whe_re the square is Cartesian. Applying Sublem_hiar the sections 1 — § 4 :
Q"'=1(D;) — M, one checks that the complex' %) is supported at 4, and

our assertion follows. O
Proposition3 also follows. O
This concludes the proof of Theorein O

6. Proof of TheoremsB and C

6.1. Plan of the proof
Proposition2 admits the following corollary.

COROLLARY 1
For any smooti),-sheaves EE’ on X, the complex

d
nYE,Ef xf f!(nygw X n«?d,’w_l)(—d)[—Zd]
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is a sheaf on X placed in degree zero. It has a canonical filtration by constructable
subsheaves such that

+
)»eAn’d

For each r < n there is a canonical inclusionfﬂ,;j e C nyg e, compatible with
filtrations.

Proof
By the prOJectlonformuIaeﬁyE £ S o E w®” w,l)( d)[—2d]. Calculate
this direct image with respect to the stratlflcatlorh@fd by locally closed substacks
¥4 indexed byx € AP na (cf. Section 4.1). Since the natural mag — X* is a
generallzed affine flbratlon of rartk— d — 2a()), our first assertion follows from
Proposition2.

Recall the open substacks?s C n% for r < n introduced in Section
4.2, Remark3(iii). Let ='¢ be the restriction ofp to %4. By the same remark,
5’¢!(n9‘é’w ®n9’d I 2d]—>r<7E £/ Our second assertion follows. o

This reduces our proof of TheoreBito the following steps. For € Amg, V' €
Am/ d andc = (v V'), setVe = X" xx@ X"". Recall our notatioR 2" = .24 X st
v (cf. Section 4.3). Let
£ 02" x4 n2" — V©
denote the compositiop2” x4, nQ”/ — Z1Y xxa@ F1” divvﬁdivw VEC. The
morphism f¢ is of finite type. Let alsd' f ¢ be the restriction off ¢ to the closed
substack
02" X, 24 n2” Cn2’ X2 n2".
The first step is as follows.

PROPOSITIONA
The morphism % is of relative dimension less than or equal te-lol, and the natural
map of the highest cohomology sheaves

R2C-D(£6),(u* Ly R p*Zy-1) - REO=D(£9),Q,

is an isomorphism.

Further, seWW¢ = Z1" X st Z1Y. Let diV® : W — V° be the map dit/ x div”. Set

=Nwe = we X st f”Stﬁ. Let also="div® denote the restriction of dito ="W°¢
WE,
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, BC <NHi/C
The morphisnt ¢ is decomposed as2" x,, 9,n2" 2, <npye T V¢, where
B¢ is the natural projection. The second step is the following lemma.

LEMMA 7
0] B¢ is smooth and surjective with connected fibres of dimension b;
(i) div® is of relative dimension less than or equaktal, so that

REC=D 1), Qe(b — d) = R (="div®),Qe(—d).

Now assume& = (v,v) withv = (1,...,1) € Add- Letnyg g denote the direct
image undeV ¢ — X@ of the sheaf

REO-D(£9),(u*.2y Rp* 2y 1)(b— d)

tensored by the local systefE® %)X (E'®¥9) onV¢. The groupSy x S acts naturally
on nyé g/~ By Corollary1, nyg g is the sheaf of & x &)-invariants ofnylg -

Cofnbining Lemma 7 and Proposition4, we learn that the cbmplex
(S”div)!(Spfé ® Spt‘é,) is placed in degrees less than or equal-1l, and there is a
canonicall§ x S)-equivariant isomorphism

nyE,E/ S R (Endiv)!(Spt‘ljE ® Spr‘é/)(—d).

Thus, TheorenB is reduced to Theorerq.

6.2. The stack%
For0<i < n, denote by 24 the stack classifying collections

(O:LoCL1C~~~CLiCF, (Sj)), (17)

whereF € Sh, (L) is a complete flag of vector subbundles on a raméctor bundle

Li, degF/Li) =d, andsj : '~ = Lj/Lj_1 is anisomorphisnij = 1,...,i).
We have the open substagly C ; 24 given by the following conditionF is

locally free. We also have a ma@q — Sh that sendsi(7) to F. Define a substack

i Z4 < i 24 xsh i 24
as follows. If Sis a scheme, then an object
(F, (Lj, s, (L, s)) (18)

of Hom(S, | 24 x s i Za) lies in Hom(S, i Zq) if the collections(L j, sj) and(L’, s]
coincide outside a closed subschemé&of X finite overS.
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LEMMA 8
The map Z4 — i 24 xsh i Zd is a closed immersion. In particular, the stacKy is
algebraic.

Proof
An object (18) of Hom(S, | 24 xsh i Z4) gives rise to a pair of sections

and
t} cQU-D+tl-]) 5 A |_/J. S AE

Clearly, (19) lies in Hom'S, | Zy) if and only if the support otj — tj is a closed
subscheme of x X finite overS(forall j =1,...,1).

SinceF is Slat, F (as well as its exterior powers) is locally free outside some
closed subscheme & x X finite overS. So, our assertion is a consequence of the
following sublemma, communicated to the author by Drinfeld. O

SUBLEMMA 4

(1) Let F be any coherent sheaf onxSX, which is locally free outside a closed
subscheme of & X finite over S. Let s be a global section of F. Consider
the following subfunctor Z of S (on the category of S-schemes): a morphis
S — S belongs to ZS) if the pullback of s to Sx X vanishes outside a
closed subscheme of 8 X finite over & Then the subfunctor Z is closed.

(2)  Suppose in addition that F is locally free. Theh-S S belongs to ZS) if
and only if the pullback of s to’S X vanishes.

Proof
If r : Sx X — SxP!is a finite morphism ove®, then the functoZ does not change
if we replace(X, F, s) by (PL, r.F, r.s). After localizing with respect t&, we may
assume thaBis affine and that there isas above with, F locally free overS x Al
(Recall that ifSis Noetherian, then any finite morphisgx X — S x P! overSis
flat (cf. [9, expose IV, Section 5.9])). So, we are reduced to the ¥aseP! with F
locally free overS x Al

If S= SpecR, then we have the projecti®{t]-moduleM = H%(Sx Al, F) and
its elements. RepresenM as a direct summand of a fr&®ft]-moduleM’. Clearly,
M’ is also a freeR-module. Ifs € R are the coordinates sfe M’ (over R), thenZ
is the closed subscheme $fefined by the equatiorss = 0. O

We have an open substacly C i Z4 given by the condition thaf is locally free.
In particular, by Sublemma&(2), n 24 = nZg %, nZq. Besides, if {8) is a point
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of %4, then the sections
Q=D+-+0-M 5 det| , < detF

and
—1) e -n) ~
QD+ X detl || < detF

coincide, where det Sh, — PicX denotes the determinant map (ci1]). This
yields a mapf : nZ4 — X@ whose restriction tg %4 coincides withf. We prove
in Section 6.3 thaff is of relative dimension less than or equakbte- d but not of
finite type. (The stackZy even has infinitely many irreducible components.)

Fork =0,...,i we have a closed substa}éﬁ% <> | Z4 given by the following
condition: for a point {8) of ; Z4 the flags

,,,,,

and

(O=LpC - CLi (§)j=1..k)
coincide. Notice that taking the quotient hy = L, one gets a ma}b@% — i_kZd,
which is a generalized affine fibration. This observation is a key point in the proof ¢
Propositiord.

6.3. Dimensions counting

Proof of Lemm&
(i) The mapp® is obtained by base change from the nfap, 24 — =" Srﬁ, which
is surjective and extends to a generalized affine fibration — Sfﬁ that sendsX7)
to F/Lnp.

(ii) We stratify WC by locally closed substack& € < W¢ indexed bye € ™ Jg
with h(e) = (v, v/). A point

(Flc.-.cF"=F, (FY c---c (F")Y =F) (19)
of WE€ lies in % & if
degFl) = Y g fori<izm 1<j=m,
k<i, I<j
WhereFiJ: = F' N (Fly.If (19 is a point of €, thenfor1<i <m, 1< j <m,
definelfiJ € Shy from the co-Cartesian square
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and putG! = F//F). setalso
j
we=[]sh .
i

The mapZ € — #© that sends9) to the coIIection(Gij) is a generalized affine
fibration of rank zero. We have a mag® — Y€ that sende{Gij) to the collection
(div Gij), and we define dfv: ¢ — Y€ as the compositior/® — #© — Y€
Since for anyi > 0 the morphism div SI"{) — X s of relative dimension less than
or equal to—i, our assertion follows. O

Define the stackZ° by the Cartesian square
| ¢ = i Z4
L |
FIV X gy FIV — Sf‘g xxm)Sf‘g

where the right vertical arrow sendsdj to (F/L; , F/L{). Let; 2°° C i 7° denote
the preimage of 24 under; ¢ — | Z. In particular, we havg 2 = 2" x4,
n2" . Let

f¢.,7°¢ > V¢
denote the compositionZ® — .Z1" x y@ Z1" dv XAV \/¢ The restriction off ¢
to n2°° coincides withf ¢. Notice thatf € is locally of finite type but not of finite type
in general.

LEMMA 9
The mapf© is of relative dimension less than or equal te-t.

Proof

Step 1.The stack 2" x,»,n2" is stratified by locally closed substacks x 4, 2¢
indexed by paire € 'Jq, € € nm/Jd such that there exists € An g with h(e) =
(A, v), h(€¢') = (A, V). (cf. Section 4.3).

The restriction off¢ : . 2°° — V° to a stratum2°® x4, 2¢ is written as the
composition

e 4

2% % 2, 2° U5 (Y8 xyi YO) Xy 7P = Y8 x40 YO > VE
Sincep® : 2% — Y® x . ¥* is an affine fibration of rank(x), and7* — X* is
a generalized affine fibration of rafk— d — 2a(), it follows that f € is of relative
dimension less than or equaltic- d.
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Step 2.Stratify Sk, by fixing the degree of the maximal torsion subshedf af Sh,.
Consider the induced stratification pZ°. A stratumn %S C 2 classifies the
following data: a point18) of , Z4, two flags of subsheaves

(LnCclLic---cLPM=F) (20)

and

(Lhc (L c---c My =F), (21)
and an exact sequence® Fp - F - M — 0 of &x-modules, wherd- € St‘g
andM is a vector bundle oiX of ranki.

The preimages of flag€() and 1) in Fg give rise to a point of#1* X s Z1* for
someai € A~m,k, Aoe :/\m/,k. This yields a stratification qizﬁf by locally closed
substackaﬂj‘fw — 2 indexed by pairs. € Amk, A’ € Any k.

For an object oﬁ&iﬁk, the vector bundlé together with the images of the cor-
responding flags oR defines a point of 2"~* x #, , 02" ~* The natural forgetful
map

nZC, — (F1* x st FI¥Y X (02" X 2y 02" )

is a generalized affine fibration of rank. Recall thab = b(n, d) depends om and
d (cf. Section 2.2). By Step 1,

_ I gt _ Y
HQU A X Ty no@U A — XV A X y(d=k) XV A

is of relative dimension less than or equabta, d—k)—(d—k) = b(n, d)—d—nk+k.
By Lemma7(ii),
T g FI¥ = X2 xao X

is of relative dimension less than or equaktk. Our assertion follows. O

6.4. Proof of Proposition
Let K24 be the preimage af%Zy underkZy — | Zy. Fork = 0,...,i, define the
stacks< ¢ c K Z° by the Cartesian squares
!‘ff‘: < !‘EZ’C o ;Z°
\ 2 2
K% o> g > 2
Denote by %y the restriction ofu*.%, X n*.%,, -1 under the composition

hgcg ngc—) n%:;no@d Xn% no@d
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Let also' f ¢ be the restriction of ¢ to 1 2°® < , 2. Arguing by induction, we show
that the natural map

R2(b—d) (I fC)'(Igvf) — RZ(b—d) (i-‘rl fC)'(i-‘rlg]//)

is anisomorphismfor=1,...,n— 1.

The mapu : n2q — Al extends naturally to a morphisp2q — Al defined in
the same way; it is also denoted by This allows us to extendZ, to a local system
' Zy on, Z¢, where' 7, is defined as the restriction pf* %y, K u*.Z, -1 under the
composition

LQ’N’C > 0 FC > 1%y > 0Dy X sh nZd.
We have the diagram

. p § R
i+1 gpC i C i c
nZt o L\Z — &

Yoo Ne 8 Sy
L7 — L7
in which the square is Cartesian, apdis a generalized affine fibration of rank
b(n, d) — b(n —i, d). Sinces is an open immersion,

RPB( 2y) — RPy(.Zy)
is an isomorphism over the image of (the smooth map)pplying Sublemmas for

M = F/L;, D = 0, and the sectios 11 — s1’+1 - Q"i-1 5 M, we learn that
Ry, (.Z,) is supported g}_; Z°°. Therefore,

Rtop,B! (I gv/) — RtOpa! (I +l$1//)

is an isomorphism. SAf ¢ is decomposed &sz° £ FC S VE, where, by
Lemma9, the second map is of relative dimension less than or eqluhtei, d) —d.
Thoughn_i ¢ — V¢ is not of finite type in general, its restriction to the imageof
is a morphism of finite type.

This concludes the proof of Propositién O

6.5. Proof of Theorer@
Recall that we have the mdp: ™ Jy — Amd x Any.d, and fore € ™ Jg we write

ve =TI, X(@) (cf. Section 4.3). Let
norm: |_| Y€ — V©
ech=1(c)

be the map that sends a mat(iEoij) € Y® to the collection((Dj), (D})), where
Di =) ; D/ andD| = Y, D/.
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LEMMA 10

0] The scheme Vis of pure dimension d, and its irreducible components are
numbered by the setf(c). Namely, to ee h—1(c) there corresponds the
componenhorm(Y®).

(i)  The mapnormis the normalization of . (More precisely, it is a finite mor-
phism, an isomorphism over an open dense subschem®g ahd the scheme
[lech-1(¢) Y is smooth.) So,

norm, Q,[d] = IC,

wherelC is the intersection conomology sheaf of.V

Proof
Stratify V¢ by locally closed subschemg¥¢ c V¢ indexed bye € h~1(c). First,
definecV° as the open subscheme¥t given by the following condition:

ifi >k 1> j, thenD) N D} = 4.

Then the compositiogV¢ < Y& "X V¢ is a locally closed immersion. As a sub-
scheme ol/¢, ¢V € is given by the condition that

foralli, j, we have deé(Z Dk) N (Z D,’)) = Z g.

k<i 1<j k<i, I<j

For anye € h—1(c), the schemgV ¢ is smooth, nonempty, and irreducible of dimen-
siond. This concludes the proof. O

LEMMA 11
There is a canonical isomorphisRT 24 (div¢),Q,(—d) = norm, Q.

We need the following straightforward sublemma.

SUBLEMMA 5

0] Letr : Y — Y’ be a separated morphism of schemes of finite type. Assun
that the fibres of r are of dimension less than or equal to d. Let F be a smoot
Qq-sheafon Y, let Uz Y be an open subscheme, and letre the restriction
of r to U. Then the natural maR?(ry),F — R2r,F is injective.

(i) Let(U j)j <J be a stratification of Y by locally closed subschemes which come
from a filtration of Y by closed subschemes. Lebe the restriction of r to
ul. ThenR_Zdn F admits a filtration by subsheaves with successive quotient
beingR¥r!F (j € J).
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Proof of Lemmall

Recall thatwe is stratified by locally closed substac#s® < W€ indexed bye ¢
h—1(c) and that we have the maps 8liv € — Y€ (cf. the proof of Lemma). The
diagram commutes:

U — W°€
J dive J dive
ye & ye

We have R2(div®),Q,(—d) = Q; canonically. Indeed, by Kiinneth formulae, this
is reduced to the fact that for amny> O the fibres of div: Sl{) — X® are connected
of dimension—i.
By Sublemmab(ii), on R=24(div®),Q, (—d) there is a filtration parametrized by
the seth—1(c) with successive quotients beirigornf),. Q.. We claim that any filtra-
tion with these successive quotients degenerates canonically into a direct sum. Inde
0] the different successive quotients are supported on different irreducible cor
ponents ofV®, so our filtration degenerates into a direct sum over some ope
dense subscheme 9f;

(i) the sheafnornf),Q,[d] is perverse and the Goresky-MacPherson extensiol
of its restriction to any open dense subschem¥ Gf

(i)  the property “perverse and the Goresky-MacPherson extension of its restr
tion to a given open subscheme\6f” is preserved for extensions.

O
Finally, assume = (v, v) withv = (1,...,1) € Aqggq. Then the seh~1(c) is in
natural bijection withSy, and the map norm becomes
| | x¢— Ve
ey
whereX! = XV, and the map norm sends a pdiry, ..., X4) € X2 to ((X, ..., Xd),
(Xo1, - - - » Xsd)). The action ofSy x S on V¢ lifts naturally to an action on

(E¥Y® E'®%) @ norm, Q,,

and it is easy to see that, tE¥IX E'®¥ %) @ norm, Q) ¥*% = (E® E')@ canoni-
cally, where pr. V¢ — X@ denotes the projection. On the other hand, by Lerifipa

R~ div;(Spi ® Sp,)(—d) = pr,((E¥? X E'®%) ® norm, Q).

One checks that this isomorphism(&; x §)-equivariant. Taking the invariants, one
gets
R~ div,(£8 @ £4)(—d) S (E® E) O,
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By Sublemmas(i), the natural map R24(="div¢),Q; — R~24(div®),Q; is an
inclusion. It follows that

R™2(="div),(Spit ® SpiL,)(~d) - R~ div(Spt @ Sl )(—d)  (22)

is an inclusion. Taking th& x S-invariants in £2), one gets an incIusiWS’E, C

(E ® E"@, whose image is denoted'(E ® E')@. Sincen andd were arbitrary,

Lemmal follows now from Corollaryl, and the proof of Theoreiti is complete. o
So, TheorenB and the Main Local Theorem are also proved. O

6.6. Second proof of Theorein

In this section we present an alternative proof of Theofmnder the additional
assumption mifrk E, rk E’} < n. The idea of this proof was suggested to the author
by Gaitsgory.

Let , Modgy denote the stack classifying modificatioihs C L”) of rankn vector
bundles onX with degL’/L) = d. Letq : y Modyg — Skg be the map that sends
(L c L) to L’/L, and let supp nModg — X@ denote diwq. Ford’ > 0, let
P n%d XBum, n MOdy — n%g4q' be the map that sendd;), L C L') to ((t), L"),
wheret/ is the composition

Q=D+ Ny i i)

The mappy is representable and proper. lget : n% XBun, n Mody: — n%g denote
the projection. The magy is smooth of relative dimensiamd'.

The key ingredient is the Hecke property of Whittaker sheaves &derppo-
sition 7.5]). It admits the following immediate corollary. (The argument giver8jn [
Proposition 7.5] for rkE = n holds, in fact, for rkE < n.)

PROPOSITIONS
For any smoottQ,-sheaf E on X and any & 0, there is a natural map

2—n

(@ x supppy (W PE5) — n 28, RE(Z= )12 ),

which is an isomorphism ik E < n.

Letnﬁdd be the stack of flagéLo C --- € Lq), where(Lj C Ljt+1) € hnMod;
for all i. Let sUpp: nMody — X9 be the map that sendto C --- C Lg) to
(div(L1/Lo), ..., div(Lg/Lg-1)). Letp: n%/}f_’Bum nMody — n%4 XBun, n MOdy/
be the projection, and lgty : n%4 XBun, nMody — n%4+q be the composition
Pz o p.
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COROLLARY 2
For any smoottQ,-sheaf E on X and any,d’ > 0, there is a natural map

2d’ — nd’

(G x STPP: By (0 2 > n P, WES (=

)[Zd’ “nd],  (23)
which is an isomorphism ik E < n.

Proof

The map £3) is defined as follows. Lep o : 12y XBun, nM0Ody — nZyi+q be
the map thatsendd.; Cc --- Cc Lphc L cLl)to(Ly C --- C Ly C L. Let
P2 : n2d XBun, nM0Ody — nZyg denote the composition

== P2
n<d XBum, nMody — nZy XBum n Mody = nZy+d',

where the first arrow is the projection. Consider the commutative diagram

s

n<Zd XBun, nMOdy nZd+d’
J pxid X

n%d XBun, nMOdy

le'

n%+d’

Sincen Z£' " is a direct summand of

/

- _ / nd
(2 (nFE, X supg EXY )[nd’](T),
it follows thatnﬁgﬁ;'/ is a direct summand of
(Fo (7R, R SUPPES ) Ind ) (nd/2).
This yields a morphism
< ded d — R g (NT
Py WPEN ) > n P, K SUpg'E=“ [nd ](7>

Sinceqa x Supp is smooth of relative dimensidi(n—1), the desired map is obtained
from the last one by adjointness. To show thag)(is an isomorphism under the
condition rkE < n, applyd’ times Propositiors. O

Denote byssX? < X% the open subscheme that parametrizes pairwise differer
points(xu, ..., Xg) € X% (here “rss” stands for “regular semisimple”). LgMody
be the preimage d#sXY undersupp. The symmetric groufy acts orf>Mody, and
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the restriction oy to n%4 xBun, ;,SSIVTJdd/ is §y-invariant. So, the action d& on
nZ4 XBun, p-Mody lifts to an action on

Py (e .

Since the restrictiorﬁSSM’Edd/ — 1ssxd’ of sUpp isSy-equivariant,Sy acts on the
complex

(az x STPPiply (W 2L
restricted to, %4 x 'SX9". On the other handSy acts onEXY" and, hence, on the
right-hand side of43). Using the explicit description of mag¥), one easily proves
the following lemma.

LEMMA 12
For any smoothQ,-sheaf E on X, the ma®) restricted ton%g x X% is Sy-
equivariant.

Recall that for any smootB,-sheafE on X, the Verdier dual of; 5”%,1// is canonically

isomorphic tonﬁzg* s (see B, Lemma 4.7]). So, to prove TheoreEhwe must
establish a canonical isomorphism

¢ RAOMGPE . W 2L, ) AHomE, EN,

wherep : n %4 — X@ isthe map defined in Section 2.3. The statement of The@rem
being symmetric with respect to interchangiB@nd E’, we assume rk < n.

For any smooti);-sheafE on X, setnfﬁgw = oi(B* Sp ®u*.%)[b](b/2).
In other wordsn,@g’w is a complex op%4 obtained by replacing in the definition of
nZg , Laumon's sheatz by Springer's sheaf SBr Theorem follows now from
the next statement.

PROPOSITIONG
Let E, E’ be smooth),-sheaves on X wittk E < n. Then there exists a canonical
Si-equivariant isomorphism

¢« RZOM( 28 . ”@g',w) = sym, (#om(E, EHEY).

Proof

The idea is that Propositiofiis a tautological consequence of Corollapbtained

by applying the formalism of six functors. The equivariance property follows fror
Lemmal2. The precise argument is as follows.



490 SERGEY LYSENKO

Consider the commutative diagram

Pa
n?0 XBun, n Modg 4 nZd
v az { qa xsupp ¢
n% <« n%p x X@ - X@

Setw? =, 2 , for brevity. (It does not depend d&, though it does depend an.)
By definition,
. _ nd
0Py S b0 © 0* Spi)ind)( ).

LEMMA 13
We haveq’, ¥° ® g* Spil, = R#7om(q* Spi,., g%, w0 canonically and &
equivariantly.

Proof
Using the fact that bothys andqs o p are smooth of relative dimensiord, we get

4% w0 ® g* Spid, = pusUPFE ™ ® pa wO)
= p. R#om(stpp (E)®Y, p*qs, wO)
= p, R#om(stpp (E™)®Y, p'q), ¥O[—2nd](—nd))
= Rozom(pisUpg (E7)™9, g5, w0). o

Using Lemma 13, we get

RAOMGPE . 0 PR )
~ * d * 0 * Id nd
= P« R«%ﬂom(pay(ngzgw), q» VY- ®Qq*Sp /)[nd]<7)
~ | —nd
= py s RAAOM(ply 0 PE ) ® Q" SpiL. aly wO)1-ndll(—).
Let | : n20 — n% denote the natural open immersion. Sincgy — Spedk
is a generalized affine fibration, we hav& 82, Q¢) = Q. So, our assertion is
reduced to the following lemma.

LEMMA 14
There is a canonical Sequivariant isomorphism ovef?p x X@:

(g x supp, RAom(pl, (v P8 ) ® 4% Spi,.. gl W)
o _ , nd
() x id), (Q¢ R sym, #0m(E, E )&d)[nd]<7).
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Proof
Let pry : n%p X X9 — %, denote the projection. Using the commutative diagram

p —~
n%0 XBur, n MOdg <~ n%0 XBun, nM0dqg
| qa xsupp 4 qa xstpp
id x sym
n% x X@ <~ n%o x X4

we obtain

(q X SUPP+« R%ﬂom(pj](n@g,w) ® q* Spi,.. gy, ¥°)
= (g x supp« R%om(pg(ﬁi‘](n@%,w ® S%ﬁ(E/*)gd)v qé?qjo)
= (qu x SUPP.« P« RZoM(p%, (w22 ) ® SUPP (™)X, p'gly, wO)
5 (id x sym). (qa x SUPP: RAom(p5, (8. ,) ® sUpp (E™)™9,
(g x SUPP' pry, W°)
= (id x sym), R#7om((qz x SUPP1(pl, (w28 ) ® sUpP(E™)®Y), pr,, w0)

~ nd—2d

3 (id x sym), R#7om(¥°® (E ® E™)¥Y, pr), wO) [nd — 2d]<T>’
where the last isomorphism comes from Corollarsince pg, is smooth of relative
dimensiond, our assertion follows. O
This concludes the proof of Propositién O

Acknowledgmentsl am deeply grateful to V. Drinfeld, who has posed the problem
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suggested to the author an idea of the second proof of The®r@f Section 6.6). |
also wish to thank G. Laumon for constant support.
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