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Geometric theta-lifting for the dual pair GSp,,,, GO,,,

Sergey Lysenko

ABSTRACT Let X be a smooth projective curve over an algebraically closed field of charac-
teristic > 2. Consider the dual pair H = GQ,,,,, G = GSp,,, over X, where H splits over an

étale two-sheeted covering 7 : X — X. Write Bung and Bung for the stacks of G-torsors
and H-torsors on X. We show that for m < n (respectively, for m > n) the theta-lifting
functor F : D(Bungy) — D(Bung) (respectively, Fy : D(Bung) — D(Bung)) commutes
with Hecke functors with respect to a morphism of the corresponding L-groups involving the
SLo of Arthur. In two particular cases n = m and m = n + 1 this becomes the geometric
Langlands functoriality for the corresponding dual pair.

As an application, we prove a particular case of the geometric Langlands conjectures.
Namely, we construct the automorphic Hecke eigensheaves on Bungs),, corresponding to the
endoscopic local systems on X.

1. INTRODUCTION

1.1 The classical theta correspondence for the dual reductive pair (GSp,,,, GOy,,) is known to
satisfy a version of strong Howe duality (cf. [I2]). In this paper, which is a continuation of [7],
we develop the geometric theory of theta-lifting for this dual pair in the everywhere unramified
case.

The classical theta-lifting operators for this dual pair are as follows. Let X be a smooth
projective geometrically connected curve over I, (with ¢ odd). Let F' =TF,(X), A be the adeles
ring of X, O the integer adeles. Write ) for the canonical line bundle on X. Pick a rank
2n-vector bundle M with symplectic form A?2M — A with values in a line bundle A on X. Let
G be the group scheme over X of automorphisms of the GSp,,,-torsor (M, A).

Let 7 : X — X be an étale two-sheeted covering with Galois group ¥ = {1,0}. Let &
be the o-anti-invariants in m,0. Fix a rank 2m-vector bundle V' on X with symmetric form
Sym?V — C with values in a line bundle C on X together with a compatible trivialization
v :C™™ ®det V= E&. This means that 42 : C72™ ® (det V)2 = O is the trivialization induced
by the symmetric form. Let H be the group scheme over X of automorphisms of V preserving
the symmetric form up to a multiple and fixing v. This is a form of GQY, , where GQY  is
the connected component of unity of the split orthogonal similitude group. Assume given an
isomorphism A ® C = Q.

Let Gapy the group scheme of automorphisms of M ® V preserving the symplectic form
N (M @ V) — Q. Write GH C G x H for the group subscheme over X of pairs (g,h) such
that g ® h acts trivially on A ® C. The metaplectic cover Gopm(A) — Gopm (A) splits naturally
after restriction under GH(A) — Gopm(A). Let S be the corresponding Weil representation
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of GH (A). The space SGH ((?) has a distinguished noqramiﬁed vector vy. If 0 : S — Qy is a
theta-functional then ¢¢ : GH(F)\GH(A)/GH(O) — Qg given by ¢o(g,h) = 0((g,h)vg) is the
classical theta-function. The theta-lifting operators

Fg : Funct(H(F)\H(A)/H(©O)) — Funct(G(F)\G(A)/G(O))

and
Fpg : Funct(G(F)\G(A)/G(O)) — Funct(H(F)\H(A)/H(O))

are the integral operators with kernel ¢ for the diagram of projections

GH(F)\GH(A)/GH(0)
N N 3 /a \op
H(F)\H(A)/H(O) G(F)\G(A)/G(O)

The following statement would be an analog of a theorem of Rallis [I1] for similitude groups
(the author have not found its proof in the litterature). If m < n (resp., m > n) then Fg
(resp., F7) commutes with the actions of global Hecke algebras H¢, H 5 with respect to certain
homomorphism Hg — Hy (resp., Hz — Hg). We prove a geometric version of this result
(cf. Theorem [). Its precise formulation in the geometric setting involves the SLy of Arthur
(or rather its maximal torus). In the particular case n = m (resp., m = n + 1) the SLy of
Arthur dissapears, and the corresponding morphisms of Hecke algebras come from morphisms
of L-groups H* — G* (resp, G¥ — HF).

Our methods extend those of [7], the global results are derived from the corresponding local
ones. Remind that S = ®/ _x S, is the restricted tensor product of local Weil representations.
Let F, be the completion of F' at z € X, O, C F, the ring of integers. The geometric
analog of the GH (F,)-representation S, is the Weil category W (Lq(Wo(E}))) (cf. Sections 3.1-
3.2). Informally speaking, we work rather with the geometric analog of the compactly induced
representation

Sy = c—indg;g(;lz)gF’”) Sy

Its manifestation is a family of categories D, (Lq(Wa(Fy))) indexed by a € Z (cf. Section 4.2).

Our main local result is Theorem Bl In classical terms, it compares the action of Hecke
operators for G and H on the natural nonramified vector in S,. As a byproduct, we also obtain
some new results at the classical level of functions (Propositions A.1 and A.2). For a even
they reduce to a result from [I0], but for a odd they are new and amount to a calculation
of K x SO(O,)-invariants in the Weil representation of (Spy,, x SQy,,)(F,), where K is the
nonstandard maximal compact subgroup of Sps,, (F.).

1.2 The most striking application of our Theorem [ is a proof of the following particular case
of the geometric Langlands conjecture for G = GSp,. Let E be an irreducible rank 2 smooth
Qy-sheaf on X equipped with an isomorphism 7*y = det E, where y is a smooth Q-sheaf on
X of rank one. Then 7.(E*) is equipped with a natural symplectic form A%(m,E*) — x 71, so

can be viewed as a G-local system Es on X, where G is the Langlands dual group over Q,;. We



construct the automorphic sheaf K on Bung, which is a Hecke eigensheaf with respect to Ex
(cf. Corollary [I).
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2. MAIN RESULTS

2.1 NOTATION From now on k denotes an algebraically closed field of characteristic p > 2, all
the schemes (or stacks) we consider are defined over k (except in Section 4.8.7.2).

Fix a prime ¢ # p. For a scheme (or stack) S write D(S) for the bounded derived category of
(-adic étale sheaves on S, and P(S) C D(S) for the category of perverse sheaves. Set DP(S) =
®icz P(S)[i] € D(S). By definition, we let for K, K’ € P(S),i,j € Z

, . Hom K, K'"), for i=j
HomDP(S)(K[Z],K,[J]) = { 0 Pl ) for z#i

Since we are working over an algebraically closed field, we systematically ignore Tate twists
(except in Section 4.8.7.2, where we work over a finite subfield ky C k. In this case we also fix a
square root @g(%) of the sheaf Qy(1) over Speckp). Fix a nontrivial character 1 : F, — @Z‘ and
denote by L, the corresponding Artin-Shreier sheaf on Al

If V. - S and V* — § are dual rank n vector bundles over a stack .S, we normalize the
Fourier transform Foury, : D(V) — D(V*) by Foury(K) = (pv«)1(§*Ly @ pyK)[n](5), where
pv,py+ are the projections, and £ : V xg V* — Al is the pairing.

For a sheaf of groups G on a scheme S5, .7-'(0; denotes the trivial G-torsor on S. For a
representation V' of G and a G-torsor Fg on S write Vg, =V xC Fe for the induced vector
bundle on S. For a morphism of stacks f : ¥ — Z denote by dim.rel(f) the function of
connected component C of Y given by dim C — dim C’, where C” is the connected component of
Z containing f(C).

2.2 HECKE OPERATORS Let X be a smooth connected projective curve. For r > 1 write Bun,
for the stack of rank r vector bundles on X. The Picard stack Bun; is also denoted Pic X. For
a connected reductive group G over k, let Bung denote the stack of G-torsors on X.

Given a maximal torus and a Borel subgroup T C B C G, we write Ag (resp., A(;,) for the
coweights (resp., weights) lattice of G. Let Af (resp., AY) denote the set of dominant coweights
(resp., dominant weights) of G. Write pg (resp., pg) for the half sum of the positive roots (resp.,
coroots) of G, wy for the longuest element of the Weyl group of G.

Set K = k(X). For a closed point x € X let K, be the completion of K at x, O, C K, be
its ring of integers.

The following notations are borrowed from [7]. Write Grg, for the affine grassmanian
G(K,;)/G(O,). This is an ind-scheme classifying a G-torsor Fg on X together with a trivial-

ization 0 : Fg |x—» A—T}"(g |x—z. For \ € AE write @é\}@ C Grg, for the closed subscheme
classifying (Fg, 3) for which Vfg(—O\, Nz) C Vi, for every G-module V' whose weights are < A

The unique dense open G(O,)-orbit in @(()\},:v is denoted Gr(()‘}’x.
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For ¢ € 7(G) the connected component Crl of Grg classifies pairs (Fc, ) such that
Vfg(_<97 A)) = Vg, for every one-dimensional G-module with highest weight A.

Denote by Aa the intersection cohomology sheaf of @a. Write G for the Langlands dual
group to G, this is a reductive group over Q equipped with the dual maximal torus and Borel
subgroup T ¢ B ¢ G. Write Sphg for the category of G(O,)-equivariant perverse sheaves
on Grg,. This is a tensor category, and one has a canonical equivalence of tensor categories
Loc : Rep(G) = Sphg, where Rep(G) is the category of finite-dimensional representations of G
over Q; (cf. [9]).

For the definition of the Hecke functors

Hg ,Hg : Sphg x D(Bung) — D(X x Bung)

we refer the reader to ([7], Section 2.2.1). Write % : Sphg — Sphg for the covariant equivalence
induced by the map G(K,) — G(K.), g — g~ !. In view of Loc, the corresponding functor
% : Rep(G) = Rep(G) sends an irreducible G-module with h.w. A to the irreducible G-module
with h.w. —wo()). For A € Af we also write HA () = Hg (A}, ).
Set
D Sphg = @,z Sphg[r] € D(Grg)

As in ([7], Section 2.2.2), we equip it with a structure of a tensor category in such a way that the
Satake equivalence extends to an equivalence of tensor categories Loc® : Rep(@ X Gp,) = D Sphg.
Our convention is that G,, acts on Sphg[r] by the character z — z7".

Now let 7 : X — X be a finite étale Galois covering with Galois group . Given a homo-
morphism ¥ — Aut(G), let G be the group scheme on X obtained as the twisting of G by the
S-torsor m: X — X. Set K = k(X). For a closed point # € X write Kz for the completion of
K at &, Oz C K; for its ring of integers, and Grg ; for the affine grassmanian G(K;)/G(Oz).

Write Bung for the stack of G-torsors on X. One defines Hecke functors

:Hg , :Hg : Sphg x D(Bung) — D(Bung) (1)

as follows. Write zH¢ for the Hecke stack classifying G-torsors Fg, F(; on X and an isomorphism
Fa— F¢ |x—n(z)- We have a diagram

h— h—
Bung <+ 7Hg — Bung,

where K~ (resp., h™") sends (Fg, F(;, T) to Fg (resp., to F(;). Set Dz = Spec Oz. Let Bung ;
be the stack classifying F € Bung together with a trivialization Fg |p, — F2. Write id', id”
for the isomorphisms

G(0z)

#Ha — Bung ; x Grg z

such that the projection to the first factor corresponds to h™,h™ respectively. To S € Sphg,
K € D(Bung) one attaches their twisted external product (K XS)! and (K XS)" on 3Hg, they
are normalized to be perverse for K, S perverse. The functors (1) are defined by

HS (S, K) =h (KX +S)" and ;Hg(S,K)=h(KXS)



We have canonically ;Hg (xS, K) = ;Hg (S, K). Letting # move along X, one similarly defines
Hecke functors .
Hg ,Hg : Sphg x D(Bung) — D(X x Bung)

They are compatible with the tensor structure on Sphg and commute with the Verdier duality
(cf. [3L[7). The group ¥ acts on Grg z, hence also on Sphg by transport of structure, and for
o € ¥ we have isomorphisms of functors (o x id)* o H;; (S, ) = Hg (¢*S, -).

Assume that T is Y-invariant then X acts on the root datum R = (Ag, R, Ag, R) of (G, T),
here R and R stand for coroots and roots of G respectively. Given an action of ¥ on (G, T) such
that the composition ¥ — Aut(G,T) — Out(G) coincides with ¥ — Aut(G,T) — Qut(G), we
form the semi-direct product G := G x ¥ included into an exact sequence 1 — G — G x ¥ —
> — 1. This is a version of the L-group associated to Gr. Here G denotes the restriction of
the group scheme G to the generic point Spec F' € X of X (cf. [9]).

2.3 THETA-LIFTING FUNCTORS The following notations are borrowed from [5]. Write € for the
canonical line bundle on X. For k > 1 let GG}, denote the sheaf of automorphisms of (9’)“( ® QF
preserving the natural symplectic form A2(O% @ QF) — Q. The stack Bung, of Gi-torsors on
X classifies M € Bung, equipped with a symplectic form A2M — Q. Write Ag, for the line
bundle on Bung, with fibre det R['(X, M) at M, we view it as Z/2Z-graded of parity zero.
Let BEle — Bung, denote the po-gerb of square roots of Ag,. Write Aut for the perverse
theta-sheaf on ]/3—1\1/11(;]6 (cf. also [6]).

Let n,m € Nand G = G = GSp,,,. Pick a maximal torus and Borel subgroup Tg C Bg C G.
The stack Bung classifies M € Bung,, A € Bun; with symplectic form A2M — A. Write Ag
for the Z/2Z-graded line bundle on Bung with fibre det RI'(X, M) at (M, A).

Write wq for the character of G such that A is obtained from (M,.A) by the extension of
scalars wy : G — Gy,. Write , Sphg C Sphg for the full subcategory of objects that vanishh off
the connected components Gr% satisfying (6, ©p) = —a.

Let 7 : X — X be an étale degree 2 covering with Galois group ¥ = {id,o}. Let & be the
o-anti-invariants in 7,0, it is equipped with a trivialization £2= Ox.

Let H = G@gm be the connected component of unity of the split orthogonal similitude group
GQs,,,, over k. Pick a maximal torus and Borel subgroup Ty C By C H. Pick 6 € Qs (k) with
62 = 1 such that ¢ ¢ SOy, (k). We assume in addition that & preserves Ty and By, so for
m > 2 it induces the uniqud] nontrivial automorphism of the Dynkin diagram of H. For m =1
we identify H—= G,,, x G,, in such a way that & permutes the two copies of G,,.

Realize H as the subgroup of GLa,, preserving up to a multiple the symmetric form given

by the matrix
0 E,
E, 0 ’

where E,, € GL,, is the unity. Take Ty to be the maximal torus of diagonal matrices, By the
Borel subgroup preserving for i = 1,...,m the isotropic subspace generated by the first ¢ base

Lexcept for m = 4. The group GOy also has trilitarian outer forms, we do not consider them.



vectors {eq,...,e;}. Then one may take & interchanging e,, and ey, and acting trivially on the
orthogonal complement to {e;,, 2, }.

Consider the corresponding Y-action on H by conjugation. Let H be the group scheme on
X, the twisting of H by the Y-torsor m: X — X.

The stack Bunj classifies: V' € Bung,,, C € Buny, a nondegenerate symmetric form Sym?V —
C, and a compatible trivialization v : C™" ® det V — £. This means that the composition

Cm @ (det V)2 5 £2550

is the isomorphism induced by V=V* @ C.

Write ¢ for the character of H such that C is the extension of scalars of (V,C) under
ao : H — G,,. Write , Sphyy C Sphy for the full subcategory of objects that vanish off the
connected components Gr% of Gry satisfying (0, &) = —a.

Let RCov® denote the stack classifying a line bundle I/ on X together with a trivialization
U®2 = 0. Tts connected components are indexed by HL,(X,Z/27), each connected component
is isomorphic to the classifying stack B(us2).

Let Bung be the stack classifying V' € Bunag,,, C € Bun; and a symmetric form Sym? V — C
such that the corresponding trivialization (C™™ ® det V)2 = O lies in the component of RCov’
given by (€, k). Note that

Bung = Speck Xpcg0 Bung,

where the map Speck — RCov? is given by (€, k). Write py : Bun; — Bung for the projection.
Let Ap be the Z/2Z-graded line bundle on Bungy with fibre det RI'(X, V') at (V,C). Set

Bung g = Bung Xp;ic x Bung,

where the map Bunyg — Pic X sends (V,C,Sym?V — C) to Q® C~!, and Bung — Pic X sends
(M,\>2M — A) to A. So, we have an isomorphism C ® A= () for a point of Bung y. Write
Bung, 5 for the stack obtained from Bung g by the base change Bunyz — Bung. Let

7 : Bung g — Bung,,,,

be the map sending a point as above to V@M with the induced symplectic form A2(V@M) — Q.
By ([5], Proposition 2), for a point (M, A, V,C) of Bung g there is a canonical Z/2Z-graded

isomorphism

det RT'(X, V)?" @ det R['(X, M )?™

(X M)—=
detRI'( X,V @ M) = det RT'(X, 0)?"" @ det RI'( X, A)?m

(2)

It yields a map 7 : Bung g — Bung,,,, sending (A2M — A,Sym’V — C,A®C=Q) to
(N(M®V) — Q,B). Here

_ detRI(X, V)" @ det RT(X, M)™
~ detRI'(X,0)"" @ det RT(X, Ay’

and B2 is identified with det R['(X, M ® V) via (2.



Definition 1. Set Autg z = 7 Aut[dim. rel(7)]. For the diagram of projections

Bung 4 Bung g LN Bung
define F : D(Bung) — D(Bung) and Fy : D(Bung) — D(Bung) by

Fo(K) = p(Autg g ®q9*K)[— dim Bungy]

FH(K) =q (AutG,H ®p*K) [— dim Bung]

Since p and q are not representable, Fz and Fp a priori may send a bounded complex to a
complex, which is not bounded even over some open substack of finite type. Let also F5 denote
Fpy followed by restriction under Bung — Bung. Write Aut, 5 for the restriction of Autg g
under BunG’ i — Bung . By abuse of notation, the compositic;n Fgo(pg) is also denoted Fg.

2.4 MorpHISM OF L-GROUPS For m > 2 let iy € Spin,,, be the central element of order 2
such that Spin,,, /{ign} = SOs,,. Here Spin,,, and SQ,,, denote the corresponding split groups
over Speck. For m > 2 denote by GSpin,,, the quotient of G,, x Spin,,, by the subgroup
generated by (—1,ip). Let us convent that GSpiny — G,,, X G,,. The Langlands dual group is
H = GSpin,,,. We also have G = GSpiny,,;, where GSpiny, 1 := G, x Sping, 1 /{(—1,ig)}.
Here ig € Spiny,, | is the nontrivial central element.

Let Vi (resp., Vi) denote the standard representation of SOy, (resp., of SOy, 1).

CASE m < n. Pick an inclusion Vg — Vg compatible with symmetric forms. It yields an
inclusion H < G, which we assume compatible with the corresponding maximal tori. Pick an
element og € SO(Vg) = G,q normalizing Tg and preserving Viy and Ty C By. Let oy € O(Vi)
be its restriction to Vig. We assume that oy viewed as an automorphism of (H, Tg) extends the
action of ¥ on the roots datum of (H, Tg) defined in Section 2.3.

In concrete terms, one may take Vg = @?”H with symmetric form given by the matrix

0

0],

0
Ey
0 1

ooﬁm

where E,, € GL, is the unity. Take Tg to be the preimage of the torus of diagonal matrices
under G — SOy, 41. Let Vg C Vi be generated by {e1,...,em,€nt+1,--.,€ntm}. Let Ty be
the preimage under H — SO(Vf) of the torus of diagonal matrices, and By the Borel subgroup
preserving for i = 1,...,m the isotropic subspace generated by {eq,...,e;}. Then one may take
oc permuting e, and e,i,, sending esp+1 to —esn41 and acting trivially on the other base
vectors.

We let ¥ act on H and G via the elements o, og. So, the inclusion H «— G is Y-equivariant
and yields a morphism of the L-groups HX — GL.

CASE m > n. Pick an inclusion Vg — Vg compatible with symmetric forms. It yields an
inclusion G — H, which we assume compatible with the corresponding maximal tori. Let og



be the identical automorphism of V;. Extend it to an element o € O(Vf) by requiring that op
preserves Ty C By and oy ¢ SO(Vi), 0']12_]1 = id.
In concrete terms, take the symmetric form on Vg = Q?m given by the matrix

0 En,
(5 %)

Let Vi be the subspace of Vi generated by {e1,...,€n;€m+1,---sC€min;nt1 + €mint1}. Take
Tw to be the preimage under H — SO(Vi) of the torus of diagonal matrices, and By the Borel
subgroup preserving for ¢ = 1,...,m the isotropic subspace of Viy generated by {eq,...,e;}. Let
Tg be the preimage under G — H of Ty. Let o € O(Va) permute e, and ey, and act trivially
on the orthogonal complement to {€,, €2, }. Then oy lifts uniquely to an automorphism of the
exact sequence 1 — G, — H — SO(Vy) — 1 that acts trivially on G,,.

As above, the inclusion G — H is Y-equivariant and gives rise to a morphism of the L-groups
G X X = GL — f{ L .

Theorem 1. 1) For m < n there is a homomorphism r : H x G,, — G with the following
property. There exists an isomorphism

(m x id)"Hg (S, Fe(K)) = (IdXFg)(H (gRes™(S), K)) (3)

in D(X xBung) functorial in S € Sphg and K € D(Bung). Herenxid : X xBung — X xBung,
and iIdXFq : D(f( X Bung) — D(f( x Bung) is the corresponding theta-lifting functor.

2) For m > n there is a homomoprhism k : G x G, — H with the following property. There
exists an isomorphism

H (S, Fy(K)) ™ (r x id)* (id KF;) (Hg (gRes"(xS), K))

in D(XxBunH) functorial in S € Sphy and K € D(Bung). Here wxid : XxBunH — X xBung
and iIdXFg : D(X x Bung) — D(X x Bung) is the corresponding theta-lifting functor.

Remark 1. If m = n or m = n+1 then the restriction of k to G, is trivial. The explicit formulas
for k are given in Section 4.8.9. If m < n then & fits into the diagram

HxG, = G
! !

SO2 X Gy, 5 SO2n 41
If m > n then k fits into the diagram

GxG, = H
! !

S@Zn—l—l XGm > S@2m7

In both cases k is the map from ([7], Theorem 3).



For a € Z let “Bung, 5 be the stack classifying = € X, (M, A) € Bung, (V,C,v) € Bung,
and an isomorphism A ® C = Q(an(z)). We have the Hecke functors defined as in Section 2.2

HG @ —aSphg x D(Bung, z) — D(“Bung, )
and

H} 1 —aSphy x D(Bung, z) — D(“Bung, )
Set also HE(S ) = HE(*S ,-). We will derive Theorem [I] from the following Hecke property of
AutG -

Theorem 2. Let  be as in Theorem [1l.
1) For m < n there exists an isomorphism

Hg (S, Autg ) = Hy (xgRes™(S), Aut z) (4)

in D(*Bun, z) functorial in S € _, Sphg.

2) For m > n there exists an isomorphism
HE(S,AutGﬁ)SH‘G_(gReS’{(*S),AutG’H) (5)

in D(*Bun, z) functorial in S € _, Sphy.

2.5 APPLICATION: AUTOMORPHIC SHEAVES ON Bungsp, -

Keep the notation of Section 2.3 assuming m =n = 2, so G = GSpy. Let E be an irreducible
rank two smooth Qg-sheaf on X, y a rank one local system on X equipped with an isomorphism
7*x = det E. To this data one assoNCiates the perverse sheaf K 7 on Buny introduced i~n (7],
Section 5.1). The local system m,E* is equipped with a natural symplectic form A%(m,E*) —

x 1, so gives rise to a G-local system Eg on X. Since K Wil is a Hecke eigensheaf, Theorem [I]

implies the following.

Corollary 1. The complex FG(pH!KEX i) € D(Bung) is a Hecke eigensheaf corresponding to
the G-local system Eg.

Remark 2. i) We expect that for each open substack of finite type & C Bung the restriction of
Fo(pm K X ;) to U is a bounded complex. We also expect it to be perverse.

i) If X splits fix a numbering of connected components of X. Then E becomes a pair of
irreducible rank 2 local systems E7, E5 on X with the isomorphisms det 1 — det Ey — .

3. LOCAL THEORY

3.1 BACKGROUND ON NON-RAMIFIED WEIL CATEGORY

Remind the following constructions from [§]. Let W be a symplectic Tate space over k. By defi-
nition ([2], 4.2.13), W is a complete topological k-vector space having a base of neighbourhoods



of 0 consisting of commesurable vector subspaces (i.e., dimU;/(U; N Us) < oo for any Uy, Us
from this base). It is equipped with a (continuous) symplectic form A?W — k (it induces a
topological isomorphism W = W*).

For a k-subspace L C W write L+ = {w € W | (w,l) = 0 for all [ € L}. Write L4(W) for
the scheme of discrete lagrangian lattices in W. For a c-lattice R C W let Ly(W)r C Ly(W)
be the open subscheme of L € L;(W) satisfying L N R = 0.

For a k-point L € L4(W) one defines the category Hy, as in ([8], Section 6.1). Let us remind
the definition. For a c-lattice R ¢ R € W with RN L = 0 we have a lagrangian subspace
Lg = LNR* € L(R*/R) and the Heisenberg group Hg = Rt/R®k. Let H[, be the category
of perverse sheaves on Hp, which are (Lg, L,r)-equivariant under the left multiplication on Hg.
Here Lp = Lg x A C Hg and x g is the local system pr* Ly for the projection pr: L — Al
sending (I,a) to a. Let DH, C D(Hg) be the full subcategory of objects whose all perverse
cohomologies lie in Hp, .

For another c-lattice S C R we have (an exact for the perverse t-structures) transition functor
TS%R :DHr, = DHpg (cf. loc.cit., Section 6.1). Now Hj, is the inductive 2-limit of Hy,,, over
the partially ordered set of c-lattices R C R such that RN L = 0.

Given a c-lattice M in W, we have a Z/2Z-graded line bundle on L£4(W), whose fibre at L
is det(M : L). Remind that

det(M : L) =det(M & L — W),

where the complex M @ L — W is placed in cohomological degrees 0 and 1. If S ¢ M c S+
is a c-lattice with SN L = 0 then det(M : L)= det(M/S) ® det Lg, where Lg := LN S*.
Note that det(M : L) = det(M* : L) canonically. If M’ C W is another c-lattice then we have
det(M : L)= det(M : M') ® det(M' : L) canonically. If R" C W is a lagrangian c-lattice then,
as Z/27Z-graded, det(M : L) is of parity dim(R’ : M) mod 2.

Fix a one-dimensional Z/2Z-graded space Jy placed in degree dim(R’' : M) mod 2. Let Ay
be the Z/2Z-graded purely of degree zero line bundle on L£4(W) with fibre Jyw ® det(M : L) at
L. Let Zd(W) be the uo-gerb of square roots of Ay.

For k-points N, L0 ¢ Zd(W) one associates to them in a canonical way a functor Fyo ro :
DHr — DHy sending Hy, to Hy (defined as in [§], Section 6.2). Let us precise some details.
For a c-lattice R C R+ in W we have the projection

LyW)r — L(R*/R)

sending L to Lg. Let Ag be the Z/2Z-graded purely of degree zero line bundle on £(R*/R)
whose fibre at L; is det L1 ® det(M : R) ® Jw. Its restriction to L4(W)g identifies canonically
with Ay, hence a morphism of stacks

Lq(W)gr — L(RY/R) (6)

where Z(RL /R) is the gerb of square roots of Agr. Write N, LY, for the images of N, L? under
(6). By definition, the enchanced structure on Ly and Np is given by one-dimensional spaces
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Br, By equipped with
B? = det Lg ® det(M : R) ® Jw, By = det Np @ det(M : R) ® Jw,
hence an isomorphism B2~ det Ly @ det Ng for B := B, ® By @ det(M : R)™' @ Jy;;'. Write
fN%,L% :DHLp — DHyg (7)

for the canonical interwining functor corresponding to (Ng, Lr,B) (as in loc.cit, Section 6.2).
Then Fyo 1o is defined as the limit of the functors () over the partially ordered set of c-lattices
R C R* such that N, R € Lq(W)g. B

The proof of (Theorem 2, [§]) holds through, so for a k-point L° € £4(W) we have the functor
Fro: DHp, — D(L4(W)) exact for the perverse t-structures. For two k-points LO, N© € L4(W)
the diagram is canonically 2-commutative

DHy ¥ D(L(W)
l fNO,LO / ]:NO
DHy

The non-ramified Weil categoryNW(Ed(W)) is defined as the essential image of Fro : Hy —
P(L4(W)) for any k-point L € L4(W).

3.2 Let O be a complete discrete valuation k-algebra, F' its fraction field. Write 2 for the
completed module of relative differentials of O over k. For a free O-module V of finite rank
write V(r) C V ® F for the O-submodule t~"V, where ¢t € O is any uniformizer.

For r € Z let W,. be a free O-module of rank 2n with symplectic form A2W, — Q(r). Then

W,.(F) is a symplectic Tate space with the form A2W,.(F) — Q(F) B k. Set

ng = Urez Ed(Wr(F))

Let Gy, be the set of F-linear isomorphisms g : W,(F) — W;(F') of symplectic F-spaces.
Let G, = Sp(W,) as a group scheme over O.

Fix a Z/2Z-graded line 7, placed in degree nr mod 2. Let Ay, be the Z/27Z-graded purely
of degree zero line bundle on Ly(W,(F)) whose fibre at L is J, @ det(W, : L). Let Lq(W,(F))
be the pp-gerb of square roots of Ag,.

Let ,C’jbﬂ be the po-gerb over G, classifying g € Gp,, a one-dimensional space B and an
isomorphism B2= 7, @ J, ! @ det(W, : gW,). The composition Gep X Gpq — Geq lifts to a
morphism Q~c7b><§’7b7a — éw sending (g2, B2) € gc,by (g1,B1) € gb,a to (9291, B), where B = B1®Bs.

Consider the action map

Gva X La(Wa(F)) — La(Wy(F))

sending (g, B) € gb,a and (L, BL) € La(W4(F)) to (gL, B1), where B; = B® By, is equipped with
the induced isomorphism
B T, @ det(W, : gL)

11



In this way Q~ew = Ug pez ,C’jbﬂ becomes a groupoid acting on
L = Uyez Lo(W,(F))

The gerb ga,a — Gq,q has a canonical section over G,(0O) C G,q sending g € G4(O) to
(9,B = k) equipped with id : B>= det(W, : W,). One can define the equivariant derived
category D, (o) (La(Wo(F))) as in ([7], Section 8.2.2).

For g € Gy, and a c-lattice R C RY C W,(F) we have (gR)* = g(R'), and g induces an
isomorphism of symplectic spaces

g:RY/R=(gR)"/(gR) (8)

If L € Ly Wo(F))r then g yields an equivalence Hy,, — Hyr,, sending K to g, K for the map
g : Hr = Hgyp. Passing to the limit by R, we further get an equivalence g : Hy, = Hgyr.

Proposition 1. Let a,b€ Z, g € gb,a over g € Gypq and L° € La(Wo(F)) be k-points. Then the
diagram is canonically 2-commutative

DHL, H D(La(Wa(F)))
lg la

gLo

DHy 5 DEa(Wi(F)))

Proof Let R C R+ C W,(F) be a clattice with RN L = 0. We get an equivalence g :
Hip— Hyr,r- Let Ag be the line bundle on L(R*/R) whose fibre at L is

Jo @ det(W, : R) ® det Ly
Let E(RL/R) be the ps-gerb of square roots of Ar. We have the projection

Ly(Wa(F))r — L(R"/R)
sending L° to LY%. As in ([8], Section 6.4), we have the functors Fro : Hop — P(L(R*/R)). It
suffices to show that the diagram is canonically 2-commutative

Fro .
MHr, = P(L(RY/R))
lg L (9)
}—gLO ~
Hor,n —  P(L((gR)"/gR))
The above expression ngR is the image of §(L") under Ed(Wb(F))gR — L((gR)*/(gR)). Note
that QL(Q]R = g(LY), where
i: E(R"/R) = E((9R)" /oR)

sends (L1, B) to (gL1,B ® By). Here g = (g, Bo).
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Remind that Hr denotes the Heisenberg group R+/R x A'. For the isomorphism
g: L(R*/R) x L(R*/R) x Hr= L((gR)"/gR) x L((gR)"/gR) x Hyr
we have ¢*F = F' canonically, where F' is the CIO sheaf on each side (introduced in [8], Theo-
rem 1). The 2-commutativity of (@) follows. [J
By Proposition [, each g € G, yields an equivalence § : W(Lg(Wo(F))) = W (Lg(Wy(F))).

3.3 Now assume that we are given for each a € Z a decomposition W, = U,®U; @ (a), where U,
is a free O-module of rank n, U, and U} ® Q(a) are lagrangians, and the form w : AW, — Q(a)
is given by w(u,u*) = (u,u*) for u € U,,u* € U} ® Q(a), where (-,-) is the canonical pairing
between U, and U} @ Q(a).

Remark 3. If Uy is a free O-module of finite rank and Uy C U3 (F) is a O-lattice then there is a
canonical Z/2Z-graded isomorphism det(Us : U1)* = det(Uf @ Q : Uy @ ).

For a,b € Z let Uy, be the set of F-linear isomorphisms Uq(F) — Uy(F). We have an
inclusion Uy, — Gpa given by g — (g,(*g)™1). Here g € GL(U* ® Q)(F) is the adjoint
operator. By Remark 3] for g € U}, , we have canonically

det(Wy, : gW,) = det(Up : gU,)? @ (det Uy )* @ (det Uy ,) 0 @ det(O(=b) : O(—a))"[n(b — a)]

Assume in addition that n is even. Assume given a one-dimensional Z/2Z-graded purely
of degree zero vector space Jy,, equipped with jU@:ja ® det(U, )~ This yields a section

Poa:Upq — ,C’Zm defined as follows. We send g € U, , to (g, B), where
B = Jup® Ty @ det(Uy : gUs) @ det(O(—b) : O(—a))"/?
is equipped with the induced isomorphism
B*= 7, @ I @ det(Wy - W)

The section p is compatible with the groupoid structures on ,C’jem and U = Uy p Up . We let
U act on LG* via p.

Proposition 2. Fora € Z there is a canonical functor Fy,ry : D(U; @Q(F)) — D(La(Wo(F)))
exact for the perverse t-structures. For g € Upq and § = pyo(g) the diagram is canonically 2-
commutative

DU @ QF)) 7 D(La(Wa(F)))
Ly . L (10)
DU @ QF)) ~ B D(La(Wy(F))),
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Proof
Step 1. Let Ry C Ry C Uy(F) be c-lattices. Write (-,-), for the symplectic form on the Tate
space W, (F). For a c-lattice R C Uy(F) set ' ={w € U} @ Q(F) | (w,r), = 0 for all » € R},
this is a c-lattice in U} @ Q(F).

Set R = Ry ® R, then Rt = Ry @ R}. Let Ugp = Ry/R; then Ug € L(R+/R). Set
U% = (Ug, B) equipped with the canonical Z/2Z-graded isomorphism

B*= J, ® det(Ug) ® det(W, : R),

where B = Ji7, @ det(U, : Ry) ® det(O(—a) : O)V/2.

Remind the line bundle A on £(R*/R) with fibre J, ® det L; ® det(W, : R) at L;. Let
L(R*/R) be the gerb of square roots of Ag. So, Up e L(RY/R).

Write Hg, for the Heisenberg group R1/R x A' and Hy,, for the corresponding category of
(U R, XU,R)-€quivariant perverse sheaves on Hr. Here Up =Ugr xA' and XU, R is the local system
pr* L, on Ugr, where pr: Up — Al is the projection.

Let Fyo : DHyp — D(L(RY/R)) be the corresponding functor (defined as in [8], Sec-
tion 3.6). The lattice gR C W,(F) satisfies the same assumptions, so we have Usr = gRa/gR1 €
L(gR*/gR), and g(R‘) = (gR)*. Further, U;)R = (Ugr, B1) with

By = Jup ® det(Uy : gR1) @ det(O(—b) : O)"/?

equipped with the canonical isomorphism B = J, ® det(Uyr) ® det(W, : gR).
We have g = (g,Bp), where

By = Jup @ Ty @ det(Uy, : gU,) @ det(O(=b) : O(—a))™/?

is equipped with B3 = J, @ J,; ' @ det(W}, : gW,). It follows that §(U%) ’—V>UgOR canonically.
Further, g yields an equivalence g : D Hy, — DHy,p, and the diagram is canonically 2-
commutative

DHy, -+ D(L(R“/R))
Lo I3 (11)
on

gR

DHy,, -+ D(L(gR'/gR))
Indeed, this is a consequence of the following isomorphism. We have
§:L(RY/R) x L(RY/R) x HrR = L(gR*/gR) x L(gR*/gR) x Hyg,

and for this isomorphism §*F = F canonically, where F' on both sides is the corresponding CIO
sheaf (introduced in [§], Theorem 1).

Step 2. Given c-lattices S1 C Ry C Ry C So in U,(F), similarly define S = S; @ S}, and Ug €
L(S+/8) for S ¢ S+ C W,(F). We have a canonical transition functor TgR :DHy, — DHy,
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defined as in ([8], Section 6.6). Let j : £(S+/S)r C L(S+/S) be the open subscheme of L
satisfying L N (R/S) = 0. We have a projection

prys : L(S*/S)r — L(R"/R)
sending (L, Bs) to (Lg,Bg), where L := L N R*. It is understood that Bg is equipped with
B:= J, @ det L @ det(W, : S),

and we used the canonical isomorphism det L @ det(W, : S) = det Lg ® det(W, : R).
Set Pr/s = g / gldim.rel(pr/s)]. Then the following diagram is canonically 2-commutative

]:

DHy, & DE(RY/R) " D(Z(S-/S)n)
lT.SI'],R /g

Dy, S DE(SY/S))

Define pFy,(r) as the composition

Ty

DMy — D(E(RE/R)) — D(Ea(WalF))r),

where the second arrow is the restriction (exact for the perverse t-structures) with respect to
the projection Lq(W,(F))r — L(R/R).
The above diagram shows that the following diagram is also 2-commutative

RFUL(F)

DHuyy, D(Zd(Wa(F))R)
LT8R Ti5 R
sFUa(F ~
DHyg T4 D(Ly(Wa(F))s),

where jis g : La(Wa(F))r C La(Wa(F))s is the natural open immersion.
So, define N
Fuu(p),r : D Hug = D(La(Wa(F)))
as the functor sending K; to the following object K. For c-lattices S1 C Ry C Ry C Sg as
above and S = S @ S}, declare the restriction of Ky to Ly(W,(F))s to be

(sFv,(ry © T R) (K1)

The corresponding projective system (indexed by such S) defines an object Ko € D(Lg(W,(F))).
Further, passing to the limit by R (of the above form) the functors Fy, () g yield the desired
functor Fyy, (py : D(Uy @ Q(F)) — D(La(Wa(F))).
Finally, the commutativity of (I0) follows from the commutativity of (I1). O
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Remark 4. We could also argue differently in Propositionl For each a € Z and L € Ly(W,(F))

we could first construct an equivalence Fy;, gy o : D(Uy @ Q(F)) — DHy as in ([8], Proposi-
tion 5) such that for any g € Uy , the diagram is 2-commutative

FUa(F),0

D(U* ® Q(F)) it DML

L Ly

For o s
DU @ QF)) Y Dy,
with § = ppa(g). Here g(L°) € Ly(Wy(F)). Then we could define Fu,(F) as the composition

FUa(F),L0 Fro
—

D(U; ® Q(F)) DHy, 5 D(La(Wa(F)))

The resulting functor would be (up to a canonical isomorphism) independent of L° € Ed(Wa(F ))-

4. DUAL PAIR GSp,,,, GOy,

4.1 As in Section 3.2, let O be a complete discrete valuation k-algebra, F' its fraction field, 2
the completed module of relative differentials of O over k. For a free O-module M we write
M, = M ®p k for its geometric fibre.

Fix free O-modules M, of rank 2n, V, of rank 2m, and A,, C, of rank one with symplectic
form A2M, — A,, a nondegenerate symmetric form Sym?V, — C,, and a compatible trivial-
ization det V, = CJ. Assume also given an isomorphism A4, ® C, = Q(a) for each a € Z.

Set W, = M, ® V,, it is equipped with the symplectic form A?W, — Q(a). For a € Z set
Ja = Cg g™, which is of parity zero as Z/2Z-graded. Define Ed(Wa(F)), Gba, Gq and Q},,a as
in Section 3.2.

Let G = GSp,,, be the symplectic similitude group over k of semisimple rank n. Let H be
the connected component of unity of the split orthogonal similitude group GQs,,,, of semisimple
rank m. We may view (M, A,) (resp., (Va,Cy)) as a G-torsor (resp., H-torsor) on Spec O.

Let Gy be the set of isomorphisms M, (F) — M (F') of G-torsors over Spec F'. Let Hj, , be
the set of isomorphisms V,(F) — V,(F') of H-torsors over Spec F'. Let 7, be the set of pairs
g = (91,92), where g1 € Gy 4, g2 € Hp o such that g € G ,. That is, the composition

Q(F) = Ay @ Co(F) 757 4y @ Cy(F) = Q(F)

must equal to the identity. The natural composition map 7., X Ty 4 — 7 makes T = U, p Ty 4
into a groupoid.

Lemma 1. Let M;,V be a free Oy-modules of finite rank, where My C My (Fy) is a O,-lattice.
Set dim(M; : Mz) = dim(M;/R) — dim(Mz/R) for any Oy-lattice R C My N Ms. Then we have
a canonical 7 /27-graded isomorphisnii

det(M; @V : My @ V)= det(My : My)™V @ (det V)W MM2) [dim (M, : My) rk V]

Zthere may be sign problems, the corresponding isomorphism is well defined at least up to a sign
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Proof Pick a O,-lattice R C M; N Ms. It suffices to establish a canonical Z/2Z-graded isomor-
phism

det(M; @V : R@ V)= det(M;/R)™V @ (det V)™M B [dim (M, /R) rk V]
To do so, it suffices to pick a flag R = Ry C Ry C ... C Ry = My of O,-lattices with
dlm(R,/R,_l) =1.0

For e € Z set Gy, = {9 € Gp,o | gAa = Ap(e)} and Hf , = {g € Hy o | gCa = Cp(e)}.

Let us construct a canonical section v 4 : Ty 4 — ,C’Zm compatible with the groupoids struc-
tures. Let g = (91,92) € Tpq With g1 € Gp a4 92 €H} ;.80 e+ c=a—b. Using Lemma [I] we get
a canonical Z/27Z-graded isomorphism

det(My @ V4 @ (g1 Ma) ® (92Va)) —
det(My : g1 M,)*™ @ det(Vy : gaVa)*" @ (det V) S (Meo1Me) @ (det M, )gm(Veg2Va) =
det(My : g1 My)*™ @ det(Vy @ goVo)*™ ® Cha ¢ ®Ag 7" =
det(Mj : g1 My)*™ @ det(Vy = g2Va)?" @ Cha ¢ ®@Cay @ O0((1 —a)e)y™

We used that dim(My : g1 M,) = —ne, dim(V; : gaV,) = —me. Identifying further C, % Cy(c),
we get

Tp @ Tt @ det(Wy : gWo) = det(My, : g1 M,)*™ @ det(Vy : g2Va)?" ® Ci;"m ®@ O(c(1+ )™
Let v4,4(9) = (g, B), where
B = det(My : g1 M,)™ @ det(Vy : g2Va)" @ Cp™ @ O(c(1+¢)/2)™

is equipped with the induced isomorphism B2= T, @ I @ det(Wy : gWy).
We let T act on L§* via v.

4.2 Let G, = GSp(M,) and H, = GO°(V,), the connected component of unity of the group
scheme GO(V,) over Spec O. Set

To = {(91,92) € (Gg x Hy)(O) | g1 ® g2 acts trivially on A, ® C,}

The line bundle on £4(W,(F)) with fibre J, @ det(W, : L) at L is naturally 7,-equivariant (we
underline that 7, acts nontrivially on J,). So, it can be seen as a line bundle on the quotient
stack XL := Lg(W,(F))/7,. We also have the corresponding ps-gerb

°XL = Ea(WalF))/T,
of square roots of this line bundle. The derived category Dz, (Lq(W,(F))) is defined as in ([7],
Section 8.2.2).
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The stack X L classifies: a G-torsor (M, A) over Spec O, a H-torsor (V,C) over Spec O (so,
we have a compatible isomorphism det V= C™), an isomorphism A ® C' = Q(a), and a discrete
lagrangian subspace L C M ® V(F).

Let ®*Ax . be the line bundle over *X £ whose fibre at (M, A, V,C, L) is C; """ @det(M @V :
L). Tt is of parity zero as Z/2Z-graded. Then e XL is the ueo-gerb of square roots of *Ax .
4.3.1 HECKE OPERATORS Denote by ava/HG,Xg the stack classifying: a point (L, M, A, V,C) €
*XL, a lattice M’ C M(F) such that for A’ = A(a’ — a) the induced form is regular and
nondegenerate A2M’ — A’. We get a diagram

ayr a’a/'HG,XE N QIXE, (12)
where h*™ (resp., k™) sends a point of “® Hyp to (L, M, A,V,C) (resp., to (L, M', A", V,C)).

Lemma 2. For a point (L,M,A,M', A", V,C) of " Hux, there is a canonical Z/2Z-graded
isomorphism

C; "™ @ det(M' ®V 1 L) = C;*"™ @ det(M @V : L) @ det(M' : M)*™ =

Let a’a/ﬁ({;7;\{£ " A XL be map obtained from A~ by the base change XL — XL By

Lemma 2] we get a diagram

ai’f ci aﬂ,ﬁ@;\{g fg alj(f\z (13)
Here a point of ava/ﬁ(@,,xg is given by a collection (L, M,A,M', A", V,C) € “’“/HQ;\% together
with a one-dimensional space B equipped with B2= C,; a'nm & det(M' ® V' : L). The map
h sends this point to (L,M,A,V,C) € *XL together with the one-dimensional space By =
B ® det(M : M')™ with the induced isomorphism B? = C;9"™ @ det(M ® V : L).

The affine grassmanian Grg, = G4(F')/G,(O) is the ind-scheme classifying O-lattices R C
M, (F) such that for some r € Z the induced form A2R — A,(r) is regular and nondegenerate.
Write Grg_ for the connected component of Grg, given by fixing such r.

Trivializing a point of “xL (resp., of “*X L) one gets isomorphisms

id" Mg e = (La(War (F)) % Gl ) /Ty

and
id": YU Hg v = (La(Wa(F)) x Gré,™ ")/ T,

where the corresponding action of 7, (resp., of 7,) is diagonal. They lift naturally to a 7,/-torsor
La(Wa(F)) x Grl @ — ““He xr

and a 7,-torsor

La(Wa(F)) x Gres ™ — ““Hg xr
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So, for K € Dz, (La(Wo(F))), K' € Dr, (La(Wu(F))), S € Sphg,, S’ € Sphg , we can form
their external products ) )
(KXS), (K'KRS)"
on “’“/ﬁg xz. The Hecke functor

Hg : Sphg , x D1, (La(War(F))) = D1, (La(Wa(F)))

is defined by 3 )

Hg (S, K') = (R )(K'8 « S
It is understood that this informal definition should be made rigorous in a way similar to ([7],
Section 4.3).

Write , Sphg , C Sphg , for the full subcategory of objects that vanish off Grl, . The first
agrument of Hi actually lies in ,_, Stha,.

4.3.2 Let “ﬂlHH,XE be the stack classifying: a point (L, M, A, V,C) € *XL, a lattice V' C V(F)
such that for C' = C(a’ — a) the induced form Sym?V’ — C” is regular and nondegenerate (we
also get the isomorphism C'"™ @ det V' = C~ ™ @ det V= 0). As for G, we get a diagram

a;{/\z E aﬂ/ﬁH,Xﬁ E a’XN£
! ! ! (14)
‘XL t a’alHH,Xg }S a/Xﬁ,
where h*™ (resp. h™) sends (L, M, A, V,C,V',C") to (L, M, A, V,C) (resp., to (L, M, A, V' C")),
the vertical arrows are po-gerbs, and the right square is cartesian (thus defining the stack
Uy xr). N
A point of ““Hy y, is given by (L, M, A, V,C,V',C") € “*Hy x, and a one-dimensional
space B equipped with
B2 (CL)™9"™ @ det(M @ V' : L)

The map k™ sends this point to (L,M,A,V,C) € °XL, the one-dimensional space B; with
B2 =Cr9m @ det(M ®V : L), where

By =B CM =9 @ det(V : V)" @ O(%nm(a —dYa—-d —1)),

The affine grassmanian Gry, classifies lattices V' C V,(F) such that the induced symmetric
form Sym? V! — C,(b) is regular and nondegenerate for some b € Z. Write Gr%la for the locus of
Grp, given by fixing this b. For m > 2 there is an exact sequence 0 — Z/2Z — 71 (H,) — Z — 0,
so if m > 2 then Gr%la is a union of two connected components of Gry,. Write ;, Sphy, C Sphy,
for the full subcategory of objects that vanish off Grff{a.

The Hecke functor

Hj; : Sphy , x D7, (La(Wa (F))) = Dz, (La(Wa(F)))
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is defined as in Section 4.3.1 using the diagram (I4]).

For each a € Z a trivialization « of the G-torsor (M,, A,) on Spec O yields an isomorphism
a: Grg, — Grg. The induced equivalences a* : Sphg — Sphg, are canonically 2-isomorphic for
different o’s. In what follows we sometimes identify these two categories in this way. Similarly,
we identify Sphy — Sphy.

4.4 Let Sy, (ry € P (La(Wo(F))) be the theta-sheaf introduced in ([§], Section 6.5). This is a
To-equivariant object of the Weil category W (Lg(Wo(F))). Here is the main result of Section 4.

Theorem 3. 1) Assume m < n. There is a homomorphism r : H x G,, — G such that for the
corresponding geometric restriction functor gRes"™ : Sphg — D Sphy we have an isomorphism
in D, (La(Wa(F)))

Hg (S, Swyry) — Hig (x gRes"(S), Swyr))

functorial in S € _, Sphg.
2) Assume m > n. There is a homomorphism k : G x G,, — H such that for the corre-
sponding geometric restriction functor gRes" : Sphy — D Sphg we have an isomorphism in
D'Ta(‘ca(Wa(F)))

Hy; (S, Swy(r)) = Hg (gRes" (x5), Swy ()

functorial in S € _, Sphy.

The proof occupies the rest of Section 4. The explisit formulas for s are found in Section 4.8.9.

4.5 Assume given a decomposition M, = L, & (L} ® A,), where L, is a free O-module of rank
n, L, and L} ® A, are lagrangians, and the form is given by the canonical pairing between L,
and L}. Assume given a similar decomposition V, = U, ® (U @ C,) for V,, here U, is a free
O-module of rank m.

Write Q(G,) C G, and Q(H,) for the Levi subgroups preserving the above decompositions.

Set
’ QGH, = {g = (91.92) € Q(Gu) x Q(H,) | g € T}
GQHa - {g = (91792) S Ga X Q(Ha) ‘ g € 7:1}

HQGa = {g = (91792) € Ha X Q(Ga) ‘ g€ 7:1}

We view all of them as group schemes over Spec . We also pick Levi subgroups Q(G) C G and
Q(H) C H which identify with the above over Spec O.

The affine grassmanian Grg(g, ) classifies pairs of lattices L' C Lo(F), A" C Aq(F'). Forb e Z
write Gr%(Ga) for the locus of Grg(g,) given by A" = A,(b). Write Sphgc,) C Sphg(g,) for the
full subcategory of objects that vanish off Gr%(Ga). As in Section 4.4, we identify canonically
Sth(G) = Sth(Ga). The geometric restriction gRes : Sphg — Sth(G) corresponding to the
inlcusion of the Langlands dual groups Q(G) < G yields a faithful functor , Sphg — 4 Sphgg)
for each b. And similarly for H.
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For b, a € Z write Q(Gy ) for the set of isomorphisms (L, (F) — Ly(F), Aq(F) — Ap(F)) of
GL,, xG,-torsors over Spec F'. Let Q(H, ,) be the set of isomorphisms (U, (F') — Up(F'), Co(F) —
Cy(F)) of GL;, XGy,-torsors over Spec F. Set

QGHb,a ={9=(91,92) € Q(Gb,a) X Q(Hb,a) g€ gb,a}
GQHy o = {9 = (91,92) € Gpa x Q(Hpa) | 9 € Gpa}
HQGb,a - {g = (91792) S Hb,a X Q(Gb,a) ‘ g &< gb,a}

Set Yo =L ® Ay ®V, and I, = U* ® C, ® M,. For a € Z and any L° € Lq(W,(F)) we
have the equivalences
Froavar),ro - D(Ya(F)) = DHL

and Fy, o, (F),z0 : D(Ha(F)) = DHy defined as in Remark @
Remind that for free O-modules of finite type V,U one has the partial Fourier transform

Foury, : D(V(F) @U(F))= D(V* @ Q(F) ® U(F))

normalized to preserve perversity and purity (cf. [7], Section 4.8 for the definition). Thus, the
decompositions
I,=U;2C,®L, ® U ®L:®Qa)

and
T, =LA, U, ® UL ®Qa)

yield the partial Fourier transform, which we denote

Ca: D(Ta(F)): D(Ha(F))
One checks that ¢, is canonically isomorphic to the functor ‘7:1;;@ Ma(F),10 © FLooVa(F),Lo for any
LO € Ed(Wa(F))'

4.6.1 I‘E is convenient to denote Y, = L, ® V, and I, = U, ® M,. For the decomposition
W, =11, ® I} @ Q(a) we define a Z/2Z-graded line (purely of parity zero)

Jia = O((1 = a)a/2);"™ @ (det Uaz) ™™
equipped with a natural Z/27Z-graded isomorphism

jsza = Ja @ (det I1,)

It yields a section fpp, : GOQH, , — gb,a defined as in Section 3.3.
For the decomposition B B
W,="YT,® 7Y, ®Q(a)
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define a Z/27Z-graded line (purely of parity zero)
jT,a — Omne g (det La,m)_ma

a,r
equipped with a natural Z/27Z-graded isomorphism
T3.0= Ja® (det Taz) ™
It yields a section ypp o : HQGy , — gb,a defined as in Section 3.3.
From definitions one derives the following.

Lemma 3. For a,b € Z the following diagrams are canonically 2-commutative

Vb.a Vb,a

%,a - gb,a %,a - gb,a
7 /" 1, 7 /" tpba O
GQHb,a HQGb,a

For a € Z we have the functors F gy : D(To(F)) — D(Lq(Wo(F))) and Fiiyr) : DILa(F)) —
D(L4(W,(F))) defined in Proposition @l Note that the diagram is canonically 2-commutative

DOY(F) " D(Ea(Wa(F))
1 ¢a /" Fita(r)
D(IL,(F))

Remark 5. The following structure emerge. For each g € 75, we get functors that fit into a
2-commutative diagram

D(Il,(F)) % D(IL(F))

T ¢a 76

D(Ya(F)) = D(Ty(F))
They are compatible with the groupoid structure on 7. Indeed, one first defines these functors
separately for GQH,, C 7p, and for HQGy, C 75, using the models II and T respectively.
This is sufficient because any g € 7y, , writes as a composition g = ¢” o ¢’ with ¢” € HQGy;, and
¢ € GQH, 4. The arrows in the above diagram are equivalences.

4.7 We have the full subcategories (stable under subquotients)
Prgc,0)(Ya(F)) C Pogr, o) (Ta(F)) C P(Ya(F))
Peg, (0) (I (F)) C Pogm, o) (F)) C P(I(F)),
and (, yields an equivalence (, : Pogm,0)(Ya(F)) = Pocm, o) 1L (F)).
Definition 2. For a € Z let Weil, be the category of triples (Fi, Fa, 3), where
F1 € Puge.(0)(Ya(F)), F2 € Pggm, o)L (F)),
and 3 : (u(F1) = F2 is an isomorphism in Pygm, o) (Ila(F)). Write DWeil, for the category
obtained by replacing everywhere in the above definition P by DP.
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Clearly, Weil, is an abelian category, and the forgetful functors fg : Weil, — Pygg,0)(Ta(F))
and fg : Weil, — Pggm, 0)(I1a(F)) are full embeddings. By Proposition 2, we get a functor

Fveil, : Weily — P, (La(Wo(F)))

sending (1, F2, 8) to Fy, gy (F1).

Let Iy € Prggyo)(Yo(F)) denote the constant perverse sheaf on Yo extended by zero to
To(F). Remind that (y(Ip) is the constant perverse sheaf on Il extended by zero to Iy(F).
The object (y(Iy) will also be denoted Iy by abuse of notation. So, Iy € Weily naturally.

By definition of the theta-sheaf, we have canonically Fyyeil, (lo) = Swy(r) in Pz (La(Wo(F))).

4.8 MORE HECKE OPERATORS

4.8.1 For a € Z let XTI be the stack classifying: a GL,, XG,,-torsor (U, C') over Spec O, G-torsor
(M, A, N>M — A) over Spec O, an isomorphism A®C = (a), and a section s € U*@ M*@Q(F).

Informally, we may view DGQ]HLZ(O)(Ha(F )) as the derived category on *XTI. For a,d’ € Z
we are going to define a Hecke functor

Hg : —a Sphg X Degu,, (0) (e (F)) — Degn, o) (Ha(F)) (15)

To do so, consider the stack »* Hy classifying: a point of * XTI as above, a lattice M' C M (F)
such that for A’ = A(a’ — a) the induced form A2M’ — A’ is regular and nondegenerate.
We get a diagram

he / h— /
CXII — a’aHXH — aXH,

where A~ sends the above collection to (U,C, M, A, s), the map h~ sends the above collection
to (U,C,M', A’ s"), where s’ is the image of s under U* @ M* @ Q(F)=U* @ M"™ @ Q(F).
Trivializing a point of o X1 (resp., of *X1I), one gets isomorphisms

id”: “Hon = (M (F) x Grg ™) /GQH, (0)

and
id' =" Han = (I (F) x Gr& =) /GQH,(O)

So for
K e DGQHQ(O) (HQ(F)), K' e DGQHG/(O) (Ha’ (F)), Se€y_g, Sth, S e a—a’ Sth

one can form the twisted exteriour products (K XS)! and (KK S’)" on »*Hyp. The functor
([IH) is defined by )
H (8, K) = b (K'8 8y

It is understood that this informal definition should be made rigorous in the same way as in
([7], Section 4.3).
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4.8.2 For a € Z let “XY be the stack classifying: a GL, XG,-torsor (L, A) over SpecO, a
H-torsor (V,C') over O (so, we are also given a compatible trivialization det V' — C™), an iso-
morphism A ® C' = Q(a), and a section s € L* @ V* @ Q(F).

We may view Dyog,(0)(Ya(F)) as the derived category on *XY. For a,a’ € Z we define a
Hecke functor

Hi : w—a Sphy X Duge,,(0) (Yo (F)) = Duge, o) (Ta(F)) (16)

as follows. Let “®Hyy be the stack classifying: a point of *XY as above, a lattice V' C V(F)
such that for C’ = C(da’ — a) the induced form Sym? V' — C” is regular and nondegenerate (we
also get a compatible trivialization

C™™m@detV SC " ®det V=0,

so (V',C") is a H-torsor over SpecO).
As in Section 4.8.1, we get a diagram
a h™ g, o
XT «— % H;\{T — XY
and the desired functor (I6]).

4.8.3 We need the following lemma. Write ®XTI for the stack classifying: a GL,, xG,,-torsor

(U, C) over Spec O, a G-torsor (M, A, N>M — A) over Spec O, an isomorphism A ® C' = Q(a),

and a section s; € U ®@ M(F). View Dggm, (o) (IT; ® Q(F)) as the derived category on @ XTI.
For a,a’ € Z define the Hecke functor

Hg : w-aSphg X Degu,, (I @ UF)) — Deqn, (IT; @ Q(F)) (17)

as follows. Let “’“/HXﬁ be the stack classifying: a point of *XTI as above, a lattice M’ C M(F)
such that for A’ = A(a’ — a) the induced form A2M’ — A’ is regular and nondegenerate.
As above, we get a diagram

- W ad ™ ol o
CXI = YT H g — A,

where A~ sends the above point to (U,C, M, A, s1), the map h™ sends the above point to
(U,C,M' A s}), where s} is the image of s; under U @ M(F)=U ® M'(F). Now (I7) is
defined in a way similar to (IH]).

Write Foury, : Dggm,, (Ilo (F')) = Dggn,, (IT}, ® Q(F')) for the Fourier transform (normalized
as in Section 2.1). The following is standard (cf. also [7], Lemma 11).

Lemma 4. We have a canonical isomorphism in Dgom, (IT;, ® Q(F))
Hg (S, Foury (K)) = Foury Hg (S, K)

functorial in S € o Sphg, K € Dggu,, (o (F)). O
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4.8.4 Write Py, C H, (resp., Py C H,) for the parabolic subgroup preserving U, (resp.,
U, ® Cy). Let Ug, C Py, and Uy C Py denote their unipotent radicals. We view all of them
as group schemes over Spec O. Then Uy, — C} ® AU, and Ug, = C, ® N?U} canonically.

Similarly, let P, C Gq (resp., P, C Gg) be the parabolic subgroup preserving L, (resp.,
L} ® A,). Write Ug, C Pg, and Ug, C Pg, for their unipotent radicals. All of them are group
schemes over Spec ©O. We have canonically

Us, = AX @ Sym? Ly, Ug, = A ® Sym? L}

View v € II,(F) as amap v : C Q Uy(F) — M,(F). For v € II,(F) let spp(v) denote the
composition

AU, @ CoY(F) 22 A2M,(F) — Au(F)

Let Char(Il,) C II,(F) denote the ind-subscheme of v € II, (F') such that s (v) : C*@A2U, — Q
is regular. An object K € P(Y,(F)) is Up, (O)-equivariant iff (,(K) is the extension by zero
from Char(II,).

View v € To(F) as amap v : L, @ A*(F) — Vo (F). For v € To(F) let sy(v) denote the
composition

Sym?(A% ® Ly) ™ ¥ Sym? V, (F) — Ca(F)

Write Char(Y,) C Yo (F) for the ind-subscheme of v € Y, (F) such that sy (v) : A* ®Sym? L, —
Q is regular. An object K € P(I,(F)) is Ug, (O)-equivariant iff ;1 (K) is the extension by zero
from Char(Y,).

The next result follows from ([7], Lemma 13).

Lemma 5. The full subcategory Pyqgg,0)(Ya(F)) C P(Yo(F)) is the intersection of the full
subcategories

P, ) (Yal(F)) N Py 0)(TalF)) N Poc, o) (TalF))
inside P(Y,(F)). O

Proposition 3. For a € 7Z the functor _qSphg — Dgon, (IL,(F)) sending S to Hg (S, Io)
factors naturally into
—a Sphg — D Weil, — Dgomn, (I1,(F'))

For a € 7Z the functor _, Sphy — Dpgg,0)(Ta(F)) sending S to Hy (S, lo) factors naturally
wnto
—aSphy — D Weil, — Dygg, ) (Ta(F))

Proof The argument is similar or both claims, we prove only the first one. For a finite subfield
k' C k we may pick a k’-structure on O. Then Iy admits a k’-structure and, as such, is pure of
weight zero. So, by the decomposition theorem ([1]), one has Hg (S, Iy) € D Pegm, (I1o(F)).

It remains to show that each perverse cohomology sheaf K of ¢, 1H§§ (S, 1p) lies in the full

subcategory Prqg,(0)(Ta(F)) of Poem, ) (Ya(F)).
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By definition of the Hecke functors, Hg (S, Iy) is the extension by zero from Char(Il,), so
Co(K) also satisfies this property. This yields a Uy, (O)-action on K.
To get a Uy (O)-action on K, consider the commutative diagram of equivalences

Ca
Poc, ) (Ta(F)) = Pocm, o) (F))
lCl,a / Four,,
Pocm, )1 ® Q(F)),

where Four,, is the complete Fourier transform, and ¢y , is the corresponding partial one.
For v € I}, ® Q(F') write sp(v) for the composition
2
NUK(F) " A2My(F) — Aq(F)

Write Char(IT} ® ) C IT ® Q(F) for the ind-subscheme of v such that sp(v) : Cp ® A2UF — Q
is regular. The Uy (O)-equivariance of K is equivalent to the fact that (1 4(K) is the extension
by zero from Char(II} ® ).

By Lemma [ we have Foury, Hg (S, In) = Hg (S, In), where Iy := Foury(Ip) is the constant
perverse sheaf on IT} ® Q extended by zero to I ® Q(F). Clearly, H5 (S, Ip) is the extension
by zero from Char(II} ® €2), and our assertion follows. [

According to Proposition 3, in what follows we will write Hg (-, Ip) : -4 Sphg — D Weil, and
Hy (v, Lo) : —q Sphy — D Weil, for the corresponding functors. From Proposition 2] one derives
the following.

Corollary 2. Fora € Z, S € _,Sphg, T € _, Sphy there are canonical isomorphisms
Fweit, Hg (S, Io) = Hg (S, Swiy(r))

and
Fweil, Ui (T, Lo) = Hyg (T, Swy ()

in D P, (La(Wa(F))).
Thus, Theorem 3] is reduced to the following.

Theorem 4. Let the maps x be as in Theorem [3.
1) Assume m < n. The two functors _, Sphg — D Weil, given by

S~ Hg (S,Ip) and S — Hy (xgRes™(S), Ip)

are isomorphic.
2) Assume m > n. The two functors _, Sphy — D Weil, given by

7 — Hy (7T,1y) and T — Hg (gRes"(x7), Ip)

are isomorphic.
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Remark 6. For a = 0 Theorem @ is nothing but ([7], Theorem 7).
4.8.5 HECKE OPERATORS FOR LEVI SUBGROUPS

ForaeZset QII, =U; @C, @ L, CIl, and QY, =L ® A, @U, C 1,.
We are going to define for a,a’ € Z Hecke functors

Hoe) * a-aSPhoee) X Docm,, (o) (@ (F)) = Doen, 0) (@ (F)) (18)
in a way compatible with the functors defined in Section 4.8.
Let *XQII be the stack classifying a Q(H)-torsor (U, C) over Spec O, a Q(G)-torsor (L, A)
over Spec O, an isomorphism A ® C = Q(a), and a section s € U* @ C @ L(F).
Informally, we think of Dggm, (0)(QUa(F')) as the derived category on *XQII. Consider the

stack ava/HXQEQ(G) classifying: a point of *XQII as above, a lattice L' C L(F), for which we
set A’ = A(a' — a). We get a diagram

"XQI = ““Hyguge = “AQLL

where ™~ sends the above collection to (U,C, L, A, s), the map h™ sends the above collection
to (U,C, L', A", s"), where s is the image of s under U*® C ® L(F)=U*® C ® L'(F).
Trivializing a point of o xQII (resp., of *XQII), one gets isomorphisms

id”: " Hagn e = (Qx (F) x Gry @ 1) /QGH, (0)

and

id': " Mg gee) = (QI(F) x Griy ! ))/QGH,(0)
So, for

K € Dggn, 0)(QU(F)), K' € Dogn,, (0)(Qa (F))

and S € y_g Sth(G), S € w Sth(G) one can form their twisted exteriour products (K XS )
and (K'XS')" on “ﬂIHXQmQ(G). The functor (I8) is defined by
Hpq) (S, K') = hi (K'R + S')"

Let *XQY be the stack classifying a Q(H)-torsor (U, C) over Spec O, a Q(G)-torsor (L, A)
over Spec O, an isomorphism A ® C' = Q(a), and a section s € U ® A ® L*(F'). Informally, we
think of Dggp,0)(QYa(F)) as the derived category on “XQY. One defines the Hecke functor

Ho @) t @/—a SPhgqmy) % Doem,, 0) (@Y« (F)) — Dogn,0)(Q@Ta(F)) (19)
using a similar diagram
“XQYT ' Y Hyorom o CXQY

By abuse of notation, we also write Iy for the constant perverse sheaf on QY and on QIIj,
the exact meaning is easily understood from the context. The next result is a straightforward
consequence of ([7], Corollary 4).
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Proposition 4. 1) Assume m > n. The functor

—a SPhoc) — Doon, (0) (R (F))

given by § — Hp (S, lo) takes values in PESGHG(O)(QHQ(F)) and induces an equivalence

~aSphge) = POsm, (o) (Qa(F))

2) Assume m < n. The functor

—aSPhg@) — Doer, 0)(Q@Ya(F))

given by S — He (S, lo) takes values in PZ;GHE(O)(QTG(F)) and induces an equivalence

—a SPho @y = POsm, 0) (@Y a(F))
O

4.8.5.2 For a,a’ € Z we will use in Section 4.8.9 the following Hecke functor
Ho @)+ ar—a SPhgc) X Doen,, (0)(@Tw (F)) — Doen,0)(QYa(F)) (20)

Consider the stack ava/HXQnQ(G) classifying: a point (U,C, L, A, s) of *XQY as above, a
lattice L' C L(F') for which we set A’ = A(a’ — a). We get a diagram

a h™ aa h= o
XQYT — ““Hxygr o) — “ XQT,

where h~ sends the above collection to (U,C, L, A,s), and h™ sends the same collection to
(U,C, L', A, s"), where s’ is the image of s under U® A® L*(F) = U ® A’ ® L™*(F). The functor
([20) is defined as in Section 4.8.5 for the above diagram.

The following is a consequence of ([7], Lemma 11).

Lemma 6. For § € o, Sphg(g) the diagram of functors is canonically 2-commutative

Four
Do, 0)(Q@Yw (F)) —" Docn,, 0)(QUa (F))

| Hgg)(5:) | Hgg)(5:)
Four
Dogr, 0)(@Ta(F)) =" Dgguao)(Qa(F))

4.8.6 WEAK JACQUET FUNCTORS

As in ([7], Section 4.7) for each a € Z we define the weak Jacquet functors

Tt Iba. : DuQE.0)(Ta(F)) = Dgg,0)(QTa(F)) (21)
and
« 1
Ipe,+ Ips, * Deqr.0)a(F)) — Docm, o) (@ (F)) (22)
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Both definitions being similar, we recall the definition of (2I]) only.

For a free O-module of finite type M and N,r € Z with N +r > 0 write y,M =
M(N)/M(—r).

For N +r > 0 consider the natural embedding in, : QY4 — N, T4 Set

PQG, = {9 = (91,92) € Pu, x Q(Ga) | g € 1a},

this is a group scheme over Spec ©. We have a diagram of stack quotients

IN,r

PQGa(O/tN+T)\(N,rQTa) - PQGa(O/tN+T)\(N,rTa) L HQGa(O/tN+T)\(N,TTa)
La
QGH,(O/tN T )\ (nrQTa),

where ¢t € O is a uniformizer, p comes from the inclusion Py, C H,, and ¢ is the natural quotient
map. First, define functors

J;;]HIE’ J}?Ha : DHQGQ(O/WH-)(N,TTCL) — DQGHG(O/tNJrT')(N,rQTa) (23)
by
q o Jp, [dim. rel(q)] = i}y ,.p*[dim. rel(p) — rnm]
q* o J!P]HIa [dim. rel(q)] = z'!N’T,p* [dim. rel(p) + rnm]
Since

q*[dim.rel(q)] : Dgogm, /v +r) (NrQ@Ta) = Dpgg, /vty (nrQYa)

is an equivalence (exact for the perverse t-structures), the functors (23]) are well-defined. Further,
[23) are compatible with the transition functors in the definition of the corresponding derived
categories, so give rise to the functors (2I) in the limit as N,r go to infinity. Note that for (21)
we get Do Jp, =J I!DHG o D naturally.

We identify H—=Hy and Q(H)= Q(Hy). Let ag = detVy and vy = det Uy viewed as
characters of H or, equivalently, as cocharacters of the center Z(Q(H)) of the Langlands dual
group Q(H) of Q(H). Let sy : Q(H) x G,, — H be the map, whose first component is the
natural inclusion of the Levi subgroup, and the second one is 2(pm — pom)) + n(fmg — vm). The

corresponding geometric restriction functor is denoted gRes™ .

Lemma 7. Fora,a’ € Z and S € y— Sphy, K € Duqg,,(0) (Yo (F)) there is a filtration in the
derived category Dogm,0)(Q@Ya(F)) on

T Hig (S, K)

such that the corresponding graded object identifies with H&H)(gRes”H(S), Ipy (K)).
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Proof The proof is quite similar to ([7], Lemma 10), we only have to determine the corresponding
map ~. To do so, it suffices to perform the calculation for a particular K. Let I, be the constant
perverse sheaf on T, extended by zero to Y,/ (F'). Take K = I,.

For s1,59 > 0 let 4, s, Grp, C Gr, be the closed subscheme of hH,(O) € Gry, such that

Va(—Sl) C hVa C Va(SQ)

Assume that sq, sy are large enough so that S is the extension by zero from g, s, Grg,. Then
Hy (S, 1y) € DHQGG(O)(SQ,SITG) is as follows. Write g5, T X5, s, Gry, for the scheme classifying
pairs

hHa(O) € 5,5 Gra,, v € L, @ Ay ® (hVa)/Va(—51)

Let 7 : 05, Xy 50 GTH, — s,.5; Lo be the map sending (hH,(O),v) to v. By definition,
Hig (S, 1) =S m(QXS), (24)

where Qy XS is normalized to be perverse. If § € m; (H) then 0,51T>~<51,52 Grpy, is a vector bundle
Over g, s, Gr%a of rank 2synm — (0, njim).
Let s,.5, P, = {p € Pu,(F) | Va(—51) C pVa C Va(s2)}. Then

81,52 Gl“pHa = (81,82PHa (F))/BHLI(O)

is closed in GrpHa. The natural map g, , GrpHa — 51,80 GTH, at the level of reduced schemes
yields a stratification of , s, Gry, by the connected components of 4, 5, Grp, . Calculate (24
with respect to this stratification. Denote by s, s, Grom,) C Grom,) the closed subscheme of
hQ(H,) € Grgm,) satisfying

Ua(—sl) C hU, C Ua(SQ),

write tp : Grp, — Grg,) for the natural map. We have the diagram

~ id xtp ~ ~ ~
0,81 QTXShSQ GrQ(Ha) N 0,s1 QTXSLSQ GrP]HIa — 0781TX81782 Grﬁ}ﬂa - 0781TX81782 GrHa
\ ™Q l l / ™

S2,51 QT(I — 52,51 Ta:
where the square is cartesian. Here 0751T>~< 51,82 GrpHa is the scheme classifying pairs
h P, (0) € s1,5 Grpy,,v € Ly ® Ay @ (WV,)/Va(—s1),

and o s, QY X5, s Grp,, is its closed subscheme given by the condition v € L;®A,@(hU,)/Uq(—s1)-
By definition, for 7 € ,_, Sth(H) we have

HE(H)(Tv Ia’) :WQ!(QZ g T)v

where QX7 is normalized to be perverse. If § € m(Q(H)) then ¢4, QY X, s Grom,) is a
vector bundle over , , Gr%(Ha) of rank synm — (0, nig). Our assertion follows. [
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We identify G = Gg, Q(G) = Q(Gy). Write fig = det My and g = det Ly as cocharacters of
the center Z(Q(G)) of the Langlands dual group Q(G) of Q(G). Let g : Q(G) x G,, — G be
the map whose first component is the natural inclusion of the Levi subgroup, and the second
one is 2(pg — PoG)) + m(fig — Ug). The corresponding geometric restriction functor is denoted
gRes" e,

Lemma 8. Fora,a’ € Z and S € y_,Sphg, K € Do, (0) (I1y (F)) there is a filtration in the
derived category Dogm, 0)(QUa(F)) on

Jpe, Hg (S, K)
such that the corresponding graded object identifies with HE(G)(gRes“G(S), Ips (K)). O

We will use Lemmas [7] and ]l in the following form (the proof is as in [7], Corollary 3).
Corollary 3. Let Fora,a’ € Z and S € o, Sphy. Assume that K € Pyqg,,(0)(Yo (F)) admits
a ko-structure for some finite subfield ko C k and, as such, is pure of weight zero. Then Jp, ) (K)
is also pure of weight zero over ko, and there is an isomorphism in Dgg,0)(QYo(F)) ’

T, Hi (S, ) = Wy (8Res™(S), T, (K)

(Similar strengthened version of Lemmal8 also holds.)

4.8.7 ACTION OF Sphg

Pick a maximal torus and a Borel subgroup Tz C Bg C G, and similarly for H. We assume
Tc C Q(G) and Ty C Q(H). A trivialization of the Gg-torsor (M,, A,) over Spec O yields a
maximal torus and a Borel subgroup in G,, hence also an equivalence Sphg, — Sphg and a
bijection AEG = A{ as in Section 4.3.2 (and similarly for H and H,).
Write @; for the h.w. of the fundamental representation of G, that appear in A*M, for
i=1,...,n. All the weights of A’M, are < ;. Write @y for the h.w. of the G,-module A,.
For \ € AE set a = (A, wp) then .A(()‘} € _o Sphg. By definition, the complex

Hg (o) = Hg (4™ Io) € Dgon, (Ia(F))

is as follows. Set r = (\,w1) and N = (—w§(\),w01). Let er‘[i@%ﬂ be the scheme classifying
g€Crg,, o€ U; ®Cy® ((9My)/Ma(~1)). Let

T 07TH>~<@(?\}G — nlg (25)

be the map sending (z,9G,(0)) to z. Then H(Ip) = m(Q,X.A) canonically (recall that
QX A(f\} is normalized to be perverse).

Define the closed subscheme »II, C II,(N) as follows. A point v € II,(N) lies in AII, if the
following conditions hold:
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C1) v € Char(Il,);
C2) for i =1,...,n the map Av: AY(U, ® C; 1) — (A'M,)((—w§ (N),w;)) is regular.

The subscheme ,II, is stable under translations by II,(—r), so there is a closed subscheme
AN1Ia C NI, such that \II, is the preimage of ) yII, under the projection Il,(N) — n,Il,.
Since all the weights of A‘M, are < w;, the map (25]) factors through the closed subscheme
)\,NHa - N,rHa'

For each v € Char(Il,) let us define a O-lattice M, C M,(F') as follows. View v as a map
Uy ® C71 — M, (F). For a O-lattice R C M,(F) set

Rt ={m e M,(F) | (m,z) € Ay(—a) for all z € R}

Consider two cases.

CASE: ais even. For v € Char(Il,) set R, = v(U,®C, ')+ My(—%) and M, = v(U,0C; ')+ Ry
Then Rﬁ C M, C R,, and the induced form A?M, — A,(—a) is regular and nondegenerate.
So, M, € Gré:.

CASE: a is odd. Let b = (—a—1)/2. Note that (M, (b))* = M,(b+1). Set R, = v(U, @ C; 1)+
My(b+1) and M, = v(U, ® C;') + R-. Clearly, the induced form A2M, — A,(—a) is regular,
but still can be degenerate. We call v generic if the form A2M, — A,(—a) is nondegenerate. In
this case M, € Grq_}j.

For a even we get a stratification of Char(Il,) indexed by {A € Af | (\,@o) = a}, the
stratum ) Char(II,) is given by the condition that M, € Gr(()‘}a. This condition is also equivalent
to requiring that there is an isomorphism of O-modules

Ry/(Ma(=a/2)) = O/t"2 @ ... @ Ot 3,

where t € O is a uniformizer.

Clearly, ) Char(Il,) C ,II,. There is a unique open subscheme /\,NHS C I, whose
preimage under the projection A\II, — x y1I, equals  Char(Il,).

We say that a morphism of free O-modules My — My is mazimal if it does not factor through
Mg(—l) C M.

For a odd define ) Char(Il,) C »II, as the open subscheme given by the condition that each
map A in C2) is maximal. Then there is an open subscheme A, NHS C i n1Ig whose preimage
under the projection zII, — » nyII, equals ) Char(Il,). One checks that any v €  Char(Il,) is
generic and the corresponding lattice M, satisfies M, € Graa. Note that for v € 5 Char(Il,) we
have an isomorphism of O-modules

R,/(My(b+1)) :(’)/tm—(a—l—l)/? S... D O/tan—(a+1)/2

for any uniformizer t € O.
Write IC(y yI12) for the intersection cohomology sheaf of ) yTI0.
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Proposition 5. Let A € A with (A, &) = a.
1) The map

~ =
VI 07THXGrGa — )\,NHa

s an isomorphism over the open subscheme )HNHg.
2) Assume m >n then one has a canonical isomorphism H(Iy) = IC(x NT19).

Proof 1) The fibre of 7 over v € y yI1? is the scheme classifying lattices M’ € @aa such that
v(U, ® C;1) € M'. Given such a lattice M’ let us show that M, = M.

Consider first the case of a odd. The inclusion R, C M’ + M,(b+ 1) must be an equality,
because for M’ € Grféa with g < A we have

dim(M’ + My(b+1))/(Ma(b+ 1)) = €(p) < e(A\) =dim R, /(M, (b + 1))

We have denoted here e(p) = (i, @wn) — Z(a + 1). So, My = v(Us @ Cy1) + (M' N My(b)) € M’
is also an equality, because both M, and M’ have symplectic forms with values in A,(—a).

The case of a even is quite similar to ([7], Lemma 15). Namely, the inclusion R, C M’ +
M,(—$§) must be an equality, because for M’ € Gréa with pu < X\ we get

dim (M’ + Ma(—a/2))/(Ma(=a/2)) = €(p) < €(A) = dim Ry /(Ma(—a/2))
Here for a even we have set e(u) = (i, 0,) — ga. So,
M, =v(U, ® C;Y) 4+ (M' 0 (My(—a/2))) ¢ M’

is also an equality. The first assertion follows.

2) For m > n the scheme » ~112 is nonempty, so IC( A, ~112) appears in H(()‘}(IO) with multiplicity
one. So, it suffices to show that

Hom(Hg (1o), Hg (Io)) = Q,
where Hom is taken in the derived category Dgom, o) (Il (F)). By adjointness,
B
Hom (2 (Io), H (Io)) = Hom(H " VH (Io), Io).

where Hom in the RHS is taken in Dgqm,0)(Ilo(£)). We are reduced to show that for any
0 # p € Af with (u, o) = 0 one has

HOIH(H&(I()), I(]) =0

in Dggpy(0)(Ho(F)). The latter assertion is true for m > n, it is proved in ([7], part 2) of
Lemma 15). O
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Remark 7. For any a,b € Z let us construct an equivalence Weil, = Weil, 9. Pick isomor-
phisms of O-modules

La(b):La—l—ﬂn Aa(2b):Aa+2ba Ua:Ua—l—%a (26)

They yield isomorphisms Cy = Cyiop, Vo = Visop, Ma(b) = Myio. Hence, also isomorphisms
Q(Gy) = Q(Garap), Gy = Gyyop of group schemes over Spec O (and similarly for H). We also
get isomorphisms of group schemes over Spec O

QGH, = QGHgt2p, GQH, = GQHot0p, HRGo = HQGa 2
The isomorphisms (26]) also yield I1,(b) = 1,195 and Yy (b) = Yy 0. In turn, we get equivalences

PG, (Ya(F)) = PrQG, 0 (Yar2n(F)), Peqm,a(F)) = Pegm, o (Ma+2n(F))

which yield the desired equivalence Weil, — Weil,,9,. The diagram commutes

—a Sth — Weila
NG 1

—a—265phg  —  Weilyyop,

where the horizontal arrows are given by S — Hg (S, Ip), and ¢, at the level of representations
of G, is given by V - V@ V®. Here V* is the one-dimensional representation of G with h.w. w
such that (w,wp) = 2. So, the case of a even in Proposition [{ also follows from (7], Lemma 15).

4.8.7.2 Let ky C k be a finite subfield. In this subsection we assume that all the objects of
Sections 4 are defined over k.

Write Weil, i, for the category of triples (Fi,F2,/3) as in Definition 2 of Weil, but with
a ko-structure and, as such, pure of weight zero. It is understood that the Fourier transform
functors are normalized to preserve purity. Note that for any (Fi,Fa,3) € Weil, the perverse
sheaf F; is G,,-equivariant with respect to the homotheties on Y, (F).

Denote by D Weil, 1, the category of complexes as in the definition of D Weil, but, in
addition, with a kg-structure and, as such, pure of weight zero. So, for an object of D Weil, i,
its semi-simplification is a bounded complex of the form EBieZFi[z'](%) with F; € Weil, g, .

Write Fy for kg-valued points of F'. For a totally disconnected locally compact space Y write
S(Y) for the Schwarz space of locally constant Qg-valued functions on Y with compact support.
Write Weil, (ko) for the Qg-vector space of pairs (Fi, F2), where Fi € Sugg,0)(Ya(Fo)), F2 €
Scqu.(0)(Ha(Fo)) with (o (F1) = Fo.

Write P for the composition of functors

Th
D Weil, 2 D Prigg.0)(Ta(F)) —* Dogi, (0)(QTa(F)),

where fg sends (Fi,F2,0) to Fi. By abuse of notation, we also write P : D Weil, , —
Doc,0)(@Ya(Fo)) for the similary defined functor over k.

34



Proposition 6. Fori=1,2 let K; € DWeil, y,. If P(K1) = P(K3) then K1 — Ky in D Weil,.

Proof Write Ky, (resp., DK},) for the Grothendieck group of the category Weil, , (resp., of
D Weil i, ). Note that DKy, — Kj,, @z Zlt, t=1]. Write T K, for the Grothendieck group of the
category of pure complexes of weight zero on QY,(Fp), whose all perverse cohomologies lie in
Pocu,0)(QYa(Fb)). The functor Jp, yields a homomoprhism Jp, —:+ DKy, — TKy,. Let us
show that it is injective. Let F' be an obJects in its kernel. For any finite subfield ko Cky Ck
the map try, trace of Frobenius over k; fits into the diagram

J*
DK, — ¢ TK},
wL trkl l, trkl (27)
Jk

Weily(k1) = Socm,0)(Q@Ya(F1)),

where F; denotes the kj-valued points of F'. By (Lemma [[I] Appendix A), Jj, is injective, so
trg, (F') = 0 for any finite extension ky C k;. By the result of Laumon ([4], Theorem 1.1.2) this
implies F' = 0 in DKj,. Finally, if K; = K5 in DK}, then K; — Ky in D Weil,. O

The following result will not be used in this paper, its proof is found in Appendix A.

Proposition A.1. Assume m > n. The map Ko(-,Sphg) ® Q¢ — Weily(kg) given by S +—
try, Hg (S, Lo) is an isomorphism of Qp-vector spaces.

Write Weil® C Weil, for the full subcategory of semi-simple objects.

Conjecture 1. Assume m > n. The functor _, Sphg — Weil>® given by S — Hg (S, Ip) is an
equivalence of categories.

4.8.8 ACTION OF Sphy

We write V* for the irreducible H-module with h.w. \. Assume that Vj is a 2m-dimensional
k-vector space with nondegenerate symmetric form Sym?Vy — Cp, and H is the connected
component of unity of GO(Vp). Write &g for the h.w. of the H-module Cy. For 0 < i < m let
&; denote the h.w. of the irreducible H-module A*V;. Remind that

A"Vp = Vom @ Vim

is a direct sum of two irreducible representations, this is our definition of &,,,d,,. Say that a
maximal isotropic subspace £ C Vj is dy,-oriented (resp., &), -oriented) if AN™L C Vaém (resp.,
AL C V‘iin). The group H has two orbits on the set of maximal isotropic subspaces in Vg given
by the orientation.

Remind that CGrl classifies lattices V' C Vo(F) such that the induced form Sym? V'’ — C(b)
is regular and nondegenerate, here C' = Cy(O).

Let A € Afj, set a = (\,dp). Remind that A} € Sphy denotes the IC-sheaf of @ﬁ, SO
-’4]1)-\11 € _,Sphy. By definition, the complex

Hii(Io) = Hi (Af, To) € Drgg, (Ta(F))
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is as follows. Set r = (\, &) and N = (—w§ (N),é1). Let o, T i@&a be the scheme classifying
heGry,, v € L@ Ay ® (hVa)/Va(=r)). Let

Tior L Q@%a — N Yq (28)

be the map sending (x, hH,(0)) to . Then H(Ip) = m(Q, X A})[b] canonically, where b is the
unique integer such that Q, X Aﬁ [b] is perverse.

View a point of Y, (F') as a map L, ® A} — V,(F). Define a closed subscheme Y, C T,(N)
as follows. A point v € Y, (N) lies in z T, if the following conditions hold:

Cl) v € Char(Y,);
C2) for 1 <i < m the map Alv: Ai(L, ® A%) — (ATV,)({(—wE (N), &;)) is regular;

C3) the map (v, v),) : A™(Lg ® AZ) — VO ({(—wih(N), dum)) @ Vad;"((—wgﬂ()\),dinﬁ induced
by A™wv is regular.

The scheme \T, is stable under translations by Y,(—r), so there is a closed subscheme
ANTYq C Ny Yq such that \T, is the preimage of  yT, under the projection Y¢(N) — n,Yq.
Clearly, the map (28)) factors through the closed subscheme y yY, C N, Yq.

For each v € Char(Y,) define a O-lattice V,, C V,(F') as follows. For a O-lattice R C V,(F)
set

Rt ={z e Vu(F) | (z,y) € Cy(—a) forall y € R}

Consider two cases.
CASE: a is even. For v € Char(Y,) set R, = v(Lo ® A%) + Vo(—%) and V,, = v(L, ® A}) + Ry
Then V,, € Gry“. In this case we get a stratification of Char(Y,) by locally closed subschemes
» Char(Y,) indexed by {\ € Af; | (\,d&) = a}. Namely, v € Char(Y,) lies in ) Char(Y,) iff
V, € Gry.

Clearly, ) Char(Y,) C »Y4 There is a unique open subscheme >\7NT2 C AnNTY, whose
preimage under the projection \Y, — y N T, equals NYY.

CASE: a is odd. Let b = (—a —1)/2. We have (V (b + 1))+ = V,(b). Set R, = v(L, ® A%) +
Vo(b41) and V, = v(L, ® A%) + REt. Then the induced form Sym?V,, — C,(—a) is regular, but
still can be degenerate. We call v generic if the form Sym?V, — Cy(—a) is nondegenerate. In
this case V,, € Gry“.

For a odd define an open subscheme ) Char(Y,) C yT, as follows. Note that (w§ (\), cm, —
ar) # 0. A point v € \Y, lies in ) Char(Y,) if the following conditions hold:

e the maps in C2) are maximal;

o if (wi'(\), &y — &,) < 0 then v, in C3) is maximal, otherwise v/, in C3) is maximal.
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There is a unique open subscheme ) NTg C A, ~nY, whose preimage under the projection \Y, —
ANTYq equals y Char(Y,).
Write IC(y yY?) for the intersection cohomology sheaf of 5 yYY.

Proposition 7. Let A € Afj with (), &) = a.
1) The map
T OmT;(@]?}Ia —ANTq

18 an isomorphism over the open subscheme >\7NT2.
2) Assume m < n then one has a canonical isomorphism Hyy(Io) = IC(, xY2).

Proof 1) Let v € \ yYY. The fibre of 7 over v is the scheme classifying lattices V' € @%a such
that v(L, ® A%) C V. Given such a lattice V' let us show that V, = V".

In view of Remark [7 the case of a even is reduced to the case a = 0, and the latter is done
in ([7], Lemma 14).

Consider the case of a odd. The inclusion R, C V' + V,(b+ 1) must be an equality, because
for V' € Gry, with p < X\ we have

dim(V’ + Vo (b + 1))/ (Va(b + 1)) = e(p) < €(A) = dim Ry /(Vi(b + 1))

We have denoted here e(u) = —m(b+ 1) + max{{—wg (1), &um ), (—wi (1), &%, )}

It follows that V, = v(L, ® A;') + (V' N V,(b)) C V. To prove that V' = V,,, it suffices to
show that v is generic. This follows from the fact that (v(L, ® A;!) + R})/R; is a maximal
isotropic subspace in R,/R;-.

2) For m < n the scheme  y Y9 is nonempty, so IC(x yY9) appears in H(Ip) with multiplicity
one. Now it remains to show that

Hom (Hpy (1), Hyy (Ip)) = Qy,

where Hom is taken in the derived category Dygg,(0)(Ya(F)). By adjointness,

A A ~ —wg () A
Hom(Hg(1o), Hi(1o)) — Hom(Hy * " Hgi(lo), Lo),
where Hom in the RHS is taken in Dyggy0)(Yo(F)). We are reduced to show that for any
0 # p € Ajj with (i, &) = 0 one has
Hom(Hﬁ([o), IO) =0
in Drgg,0)(Yo(F)). For m < n this is proved in ([7], part 2) of Lemma 14). [

As in the case m > n, assume for a moment that ky C k is a finite subfield, and all the objects
introduced in Section 4 have a kg-structure. The following result is analogous to Proposition A.1,
its proof is omited.

Proposition A.2. Assume m < n. Then the map Ko(—q Sphy) ® Q¢ — Weily (ko) given by
S try, Hy (S, 1o) is an isomorphism of Qg-vector spaces.
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Conjecture 2. Assume m < n. The functor , Sphy — Weil}® given by S — Hy (S, 1p) is an
equivalence of categories.

4.8.9 Proof of Theorem

Use the notations of Section 4.8.7 and 4.8.8. Assume that Uy is é&,,-oriented. Below we identify
(D() : Gm:GL(A()) and do : Gm:GL(CO)

For m > n fix a decomposition Uy — 1U @ 5U into direct sum of free O-modules, where (U
is of rank n, and oU is of rank m — n, fix also an isomorphism U — Ly of O-modules. We
assume that these choices are compatible with the maximal tori chosen before. For m > n let
ko : GL(Lg) x G,, — GL(Up) be the composition

id X2par(,v)

GL(Lo) % Gy "5V GL(Lo) X G = GLGU) X Gy %" GLGU) x GLGU) "= GL(U,),

where 7 is an automorphism of GL(Lg) inducing the functor * : Sphar(zy) = Sphar(zy)-
Let kg : Q(G) x Gy, — Q(H) be the map

GL(Lg) x GL(Ag) x G,,, — GL(Uy) x GL(Cp)

given by (x,y, z) — (ko(x, 2), ywn (z)). Here w,, is the unique coweight of the center of GL(Lg)
such that (wy,,w1) = 1.

Write kg ez : Q(G) x Gy, — Q(H) x Gy, for the map (kg, pr), where pr: Q(G) x G, — Gy,
is the projection.

For m < n fix a decomposition Ly — 1L & oL into direct sum of free O-modules, where 1L
is of rank m, and oL is of rank n — m, fix also an isomorphism Uy — 1L of O-modules. We
assume that these choices are compatible with the maximal tori chosen before. For m < n we
let xg : GL(Up) x Gy, — GL(Lg) be the composition

id X2pGL(5L)

GL(Up) X Gy = GL(1L) x Gy — 2" GL(L) x GL(:L) & GL(L) = GL(Lo),

here 7 is an automorphism inducing the functor * : Sphqr,,) = Sphar(zy)-
Let kg : Q(H) x Gy, — Q(G) be the map

GL(Up) x GL(Cy) x G, — GL(Lg) x GL(Ap)

given by (z,y, z) — (ko(z, 2), yam, (x)). Here a,, is the unique coweight of the center of GL(Up)
such that (a;,,d1) = 1.

Define kg cr : Q(H) X Gy, — Q(G) x Gy, as (kg, pr). The following is a consequence of ([T,
Corollary 5).

Proposition 8. 1) For m > n the two functors —o Sphom) — Docn,0)(RY«(F)) given by

T —Hyy)(T,lo) and T — Hpg)(gRes™(T), Io)
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are isomorphic.
2) For m < n the two functors _o Sphg(g) — Docm,0)(RY«(F)) given by

T — Hy)(T,Io) and T — Hg g (gRes™ 2 (T), Io)
are isomorphic. [J

As in ([7], Theorem 7), for each a € Z the diagram of functors is canonically 2-commutative

DWeil,
S fu \ fc
DPyqg,0)(Ta(F)) DPgom, o) (L (F))
L ap, Lap,,
Do, 0)(Q@Ya(F)) e Do, 0) (QIL(F)),

where fy (resp., fg) sends gfl,fg,ﬂ) to ,7{1 (resp., to :7-"2) )
Remind the maps ki : Q(H) x G,,, — H and kg : Q(G) x G, — G from Section 4.8.6. The
restriction of kg and of kg to G, equals

2(pu — po(m)) + nmdg — ncy,
and 2(pg — pQ(G)) + mnwy — mw, respectively. From definitions one gets

m(m—1) «

2(pr — Pom)) = (M — 1)dm — —5—d0o

2(pc — poe)) = (n + Do, — 25,

Write K ep : Q(H) X Gy — H x G, for the map, whose first component is sy and the second
Q(H) x G,, — Gy, is the projection, and similarly for kg cs.
By Corollary Bl for 7 € _, Sphy and S € _, Sphg we get isomorphisms

P(Hy (7, 1o)) = Hy ) (8Res™ (T), Io) (29)
and

P(Hg (S, 1)) = Hy () (gRes™(S), Io) (30)
in Dgg, (0) (@Yo (F)). The Hecke functors in the RHS of (29) and (30)) are from D g, (0) (@Yo (F))
to the category Dogm, 0)(QYo(F)).
CASE m > n. Proposition [§ together with (29) yields an isomorphism

P(Hij (T, o) = Hyy g (gRes™ @< gRes™ (T), Ip)

We will define an automorphism 7 of H inducing * : Rep(H) = Rep(H) and x making the
following diagram commutative

GxG,, =° H
T KG,ex T KH (31)
QG) x G,y "% Q(H) x Gy,



The above diagram together with (B0]) yield isomorphisms
P(Hg (gRes" (7)), Io) = Hy ) (gRes™® gRes" (+T'), Ip) = Hyy ) (gRes" @ gRes"™ (7)), Io)
Thus, we get an isomorphism
P(Hg (gRes"(«T), 1o)) = P(Hg (T, 1o))
By Proposition [@ it lifts to the desired isomorphism in D Weil,
Hg (gRes" (+T), Io) = Hig (T, Ip)

Note that m > 2. Let Wy = @2”’, let Wi (resp., Wy) be the subspace of W; spanned by the
first n (resp., last m — n) base vectors. Equip Wy & W with the symmetric form given by the

matrix
0 En
(& )
where E,,, € GL(Qy) is the unity. Let ig € Spin(Wy @ W¢) be the unique central element such
that
SO(Wy & W) — Spin(Wo & Wy)/{im }

Realize H as GSpin(Wy @ W§) := G,, x Spin(Wy @ Wg)/{(—1,ig)}. There is a unique auto-
morphism 7" of Spin(Wy @ W{) that preserves ig and induces the automorphism g — tg=1 on
SO(Wy @ W§). The automorphism (a, g) — (a1, 7'(g)) of G, x Spin(Wy @ W§) descends to an
automorphism of H that we denote 7.

Let W C Wy @ W5 be the subspace spanned by e, 41 + €}, ;. Equip Wi & W & W with the
induced form. Write ig for the central element of Spin(W; & W} & W). Realize G as

GSpin(W1 @ Wi @ W) := G,,, x Spin(Wy @ Wi @ W)/{(—1,ig)}

There is a unique inclusion ¢ : Spin(W; & Wy & W) < Spin(Wy & W() extending the natural
inclusion SO(W; & Wy @ W) — SO(W, & W{) and sending ig to ig. The map

id xeg : Gy, x Spin(Wy & Wy @ W) — Gy, x Spin(Wo & W)

gives rise to an inclusion i, : G < H. Finally, there is a unique oy : G,, — H such that for
K := (i, ) the diagram (BI) commutes. The map 7o k : Tg — Ty is uniquely defined by the
formulas
Wi — —a; +idg, 1<i<n
(Do — d(]
Using these formulas, one checks that
n(n+1) m(m—1)

TH(Oé,i) = 2pGL(2U) + (m —1- n)(dm — dn) + ( 9 - 9 — (n +1-— m)n)do

If m =n + 1 then « is trivial.
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CASE m < n. Proposition 8 together with ([30) yields an isomorphism
P(Hg (S, 10)) = Hy ) (gRes™@ e gRes"™ (S), 1)

We will define an automorphism 7 of H inducing * : Rep(H)= Rep(H) and x making the
following diagram commutative

HxG, ™Smaxgc, 5 G
T Kl ex T ke (32)
Q(H) x Gy, FQge Q(G) x Gy,

The above diagram together with (29]) yield isomorphisms
P(Hy (x gRes™(8), 1o)) = Hg gy (gRes™ (x gRes"™(S)), 1o) = Hey gy (gRes™@ > gRes™ (), Io)

Thus, we get
P(Hy (x gRes"™(S), Io)) = P(Hg (S, o))

By Proposition [@ it lifts to the desired isomorphism in D Weil,
Hi (x gRes"(S), o) = Hg (S, o)

For m = 1 the map K ¢, is an isomorphism, so there is a unique x making (82]) commutative.
Now assume m > 1. Let Wy = Q}, let W (resp., Wg)ibe the subspace of W generated by the
first m (resp., last n — m) vectors. Equip Wy @ Wy @ Q; with the symmetric form given by the
matrix

0 E, 0
E, 0 0|,
0 0 1

where E;, € GL,(Qy) is the unity. Write ig for nontrivial the central element of Spin(Wy @
Wi @ Qy). Realize G as

GSpin(Wy @ Wi @ @z) := Gy, x Spin(Wp & Wi @ Qg)/{(—l, ic)}

Equip the subspace W1 @ W C Wy @ Wi @ Qy with the induced symmetric form. Write iy for
the unique central element of Spin(W; @ W7*) such that SO(W; @ W{) = Spin(W; & W{)/{in}.
Realize H as

GSpin(Wy & WY) := G, x Spin(Wy & W{)/{(-1,in)}

There is a unique automorphism 7’ of Spin(W; @ W) preserving iy and inducing the map
g+ tg~! on SO(W; @ Wy). The automorphism (a,g) — (a=%,7/(g)) of G,, x Spin(W; & Wy)
descends to an automorphism of H that we denote 7.

There is a unique inclusion

€0 : Spin(Wy @ W) — Spin(Wy & Wi & Q)
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sending ip to ig and extending the natural inclusion SO(W; & W;) — SO(Wy @ Wi ®Qy). The
map
id x€g : Gy, x Spin(Wy @ Wy) — Gy, x Spin(Wo @ Wi @ Qp)

gives rise to an inclusion i, : H — G. Now there is a unique oy : Gy, — G such that for
k = (ig, ) the diagram (B2]) commutes. The map k o 7y : Ty — T is uniquely defined by the
formulas

From this formulas one gets that

. . m(m — 1 nn+1), . .
ag=Mnm+1—m)(w, — Om) + (mn — (2 )— (2 ))w0—2,0GL(2L)

In particular, «ay is trivial for m = n. Theorem [ is proved.

5. GLOBAL THEORY

5.1 In Sections 5.1-5.2 we derive Theorem [Z] from Theorem [Bl To simplify notations, fix a closed
point & € X. Let o BunG’ 7 be obtained from ¢ BunG7 7 by the base change 7 — X. We will
establish isomorphisms (@) and (5] over %% BunG’ 7+ The fact that these isomorphisms depend
on ¥ as expected is left to the reader. Set z = 7(z).

Recall the line bundle £ from Section 2.3, we have 7€ = O canonically. So, the above
choice of Z yields a trivialization £ = O |p, over D, = Spec O,. The corresponding trivialization
for o is the previous one multiplied by —1. We will apply Theorem Bl for O = O,..

Recall the stack XL and a line bundle *Ax, on it introduced in Section 4.2. A point
of @& BunGﬁ is given by a collection: (M,.A) € Bung, (V,C) € Bung, and an isomorphism
A®C=Qax). Let % ;0% Bung 5 — “XL be the map sending (M, A,V,C) to (M, A,V,C) |p,
together with the discrete lagrangian subspace L = H*(X —2, M @ V) C M ® V(F},).

Lemma 9. For a point (M, A, V,C) of ** Bung g there is a canonical Z/27Z-graded isomorphism

det RI'(X, M)?™ @ det R['(X, V)?"
det RI'(X,C)2"m @ det RI'(X, O)2nm

det RT'(X, M ® V) ® C; ™" =

Here C,, is of parity zero as Z/27-graded.
Proof By ([5], Lemma 1), we get a canonical Z/2Z-graded isomorphism

__ detRI'(X, M)*™ @ det RT'(X,V)** _ det RI'(X, A" @ det V)
—
det RT'(X, A") ® det RT'(X, det V) det RT'(X, ©)4nm—1

det R X, M @ V)

Applying this to M = O™ @ A" with natural symplectic form A2M — A, we get

det R[(X,V ®@ A" _ det R['(X, A)?"™ @ det RT'(X, A" ® det V)
—
det RT'(X, V)" det RI['(X, A") ® det RT'(X, det V) @ det RI'(X, O)2nm—1
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Since A® C—= Q(ax) and V= V* @ C, the LHS of the above formula idetifies with
det RD(X,V/V (—az)) ™" = (det V) """ @ det(OQ/O(—az)) 2"
We have used a canonical Z/2Z-graded isomorphism
det(V/V (—az)) = (det V) @ (det(O/O(—ax))*™
Since det V, = CI', we get

det R['(X, M)?™ ® det R['(X, V)*"
det RT'(X, A)?" @ det RT'(X, O0)?" @ det RT'(X, O/O(—ax))?m

To simplify the above expression, note that det RI'(X, A) = det RI['(X,C(—ax)) and

det R[(X, M®V) =

®C—anm
T

det RI'(X,C) = det RI'(X,C(—az)) ® Cy ® det RI'(X, O/O(—ax))
Our assertion follows. O

Let “A be the line bundle on ** Bun, 5 with fibre det RT'(X, M @V )@Cy "™ at (M, A, V,C).

We have canonically (%€)*(“Axz) = “A. Extend %€ to a morphism %€ : % Bung 7 — “XL
sending (M, A, V,C) to its image under “¢ together with the one-dimensional space

_ det RI'(X, M)™ @ det RI'(X, V)"
~ det RI(X, C)"™ @ det RL(X, O)m

equipped with the isomorphism B2 = det R['(X, M ® V) ® C; 4™ of Lemma [0

5.2 Let ‘”EHG 7 be the stack classifying collections: a point of the Hecke stack (M, A, M', A, 3) €
+He such that the isomorphism 3 of the G-torsors (M,.A) and (M’, A’) over X — x induces an
isomorphism A(—azx) = A’; a H-torsor (V,C) € Buny, and an isomorphism A" ® C=. We
have the diagram

ax Bung, 4 a aiHG,ﬁ N Bung, gz,
where h™ (resp., h) sends the above point of aiHG i to (M, A", V,C) € Bung 5 (resp., to
(M, A,V,C) € “*Bung g).
Restriction to D, gives rise to the diagram

~ h‘* ~
axr - axr - ~
BunG’H — HG,H — BunG’H

] ¢ | et 1% (33)

h< h™
‘XL — a’OHG,Xg — OXﬁ,

where the low row is the diagram (I2)) for ¢’ = 0. Now Lemma [ allows to extend (33]) to the
following diagram, where both squares are cartesian

— h—

az BunG’g ja aiHG’g — BunG’g
}aé e 3
XL — “’07'7@,)(5 — 0/'/\,’\2,
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and the low row is the diagram (I3)) for @’ = 0 from Section 4.3.1. This provides an isomorphism
HG (8, (%) K) = ("6)"Hg (S, K)
functorial in S € _, Sphg and K € D, (L4(Wo(F,))). Here the functors
(*)" : D7, (La(Wa(Fy))) — D(“"Bung, 5)

are defined as in ([8], Section 7.2).

Let “*H 5 . be the stack clasifying collections: a point of the Hecke stack (V,C,V’,C’,8) €
«H g such that the isomorphism 3 of H-torsors (V,C) and (V',C’) over X — z induces an iso-
morphism C(—az) = c¢C’; a G-torsor (M, A) on X and an ismorphism A4 ® C' = . As above,
we get a diagram

az BunGﬁ " “ij{’G N BunGﬁ,
where h™ (resp., h™") sends the above point of ““H . to (M, A, V',C’) (resp., to (M, A, V,C)).
As in the case of the Hecke functor for GG, we get the diagram, where both squares are
cartesian _ -
az Bung, 5 ja angG N Bung 5
}aé i L aéy i 3
XL T a0y .. S 0XL,

and the low row is the diagram (I4]) for ' = 0 from Section 4.3.2. This provides an isomorphism
— 0 &\ * T~ A E\KT—
Hz (S, (P¢)"K) = (“6)"H (S, K)

functorial in & € _,Sphy and K € Dy, (La(Wo(F,))). By (8], Proposition 6), we have
(%)*SWO( F)— Autg g canonically. Now Theorem [l from Theorem [3] by applying the functor

(?€)*. Theorem [2is proved.

5.3 In this subsection we derive Theorem [I] from Theorem We give the argument only for
m < n (the case m > n is completely similar).

Let a € Z. It suffices to establish the isomorphism (3] for any S € _, Sphg. By base change
theorem, for K € D(Bung) we get

(m x id)*Hg (S, Fo(K)) = (“ph(*q" K ® Hg (S, Aut 7))~ dim Bung],

where “q : “Bun, 7 — Bung and “p : “Bun, 7 — X x Bung send a collection (i €
X, M, A, V,C) € “Bung, 5 to (V,C) and (z, M, A) respectively.
By Theorem 2] the latter complex identifies with

“ph(“g"K ® Hg (gRes™(S), AutG’g))[— dim Bun ;] (34)
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Consider the diagram

supp Xh
«—

- ) o )
X X Bung Hy — Bung
Tidxq T Tq
~ supp Xh supp Xh™
X x BunG i PR %Hﬁ a PP % aBunGg
N, id xp ) /e
X x Bung,

where “H 5 is the stack classifying = € X, H-torsors (V,C) and (V',C’) on X identified via an
isomorphism 3 over X — () so that 3 yields C'= C(an(Z)). The map supp xh~ (resp., h ™)
in the top row sends this point to (&, V,C) (resp., to (V',(’)).

The stack XH ac s the above diagram classifies collections: (z,V,C,V',C',3) € “Hp,
G-torsor (M, A) on X and an isomorphism A ® C = Q. The map supp xh~ (resp., supp xh™ )
is the middle row sends this collection to (#, M, A, V,C) (resp., to (&, M, A, V' C")).

By the projection formulas, now (34)) identifies with

(id xp)i(Auty 7 @(id xq)"Hy; (gRes™(S), K))[— dim Bun ]

Theorem [I] is proved.

APPENDIX A. INVARIANTS IN THE CLASSICAL SETTING

A.1 In this appendix we assume that ky C k is a finite subfield, and all the objects introduced
in Section 4 are defined over kg. Write Fy for kg-valued points of F'. Our purpose is to prove
Proposition A.1 formulated in Section 4.8.7.2.

Lemma 10. Let G be a group scheme over Spec O, P C G be a parabolic and U C P its unipotent
radical. Let V be a smooth Qg-representation of G(F). Then the natural map VE(©) — Vu(r
is injective, here Vi (p) denotes the corresponding Jacquet module.

Proof The author thanks J.-F. Dat for the following proof communicated to me. Pick a Borel
subgroup B C P, write I C G(O) for the corresponding Iwahori subgroup. It suffices to show
that VI — Vi (r) 1s injective.

Let v € V! vanish in Vi(r)- Then one may find a semisimple ¢t € B(F) such that the
characteristic function ¢ of It annihilates v (it suffices that the action of ¢ on U(F’) be sufficiently
contracting). However, ¢ is invertible in the Iwahori-Hecke algebra of (G(F'),I), so v =0. O

Lemma 11. The maps Jp, : Weila(ko) — Sqem, 0)(@Ya(F0)) and
Jpg, + Weila(ko) — Sqem, (0)(Q11a(Fo)) (35)

are injective.
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Proof Both claims being similar, we prove only the second one. Apply Lemma [I0 for the
parabolic Py, C H, and the representation S(II,(F)) of 7,(F'). Remind that 7, = {(g1,92) €
Gg x Hy | (91, 92) acts trivially on A, ® Cy}, and Uy, C Py, is the unipotent radical.

For v € TI,(F) let sy(v) : CF @ A2U,(F) — Q(F) be the map introduced in Section 4.8.4.
Write Cr(Il,) for the space of v € I1,(F) such that sp(v) = 0. By ([L0], page 72), the Jacquet
module S(I1,(F))yy, (r) identifies with the Schwarz space S(Cr(Il,)), and the projection

S(Ma(F)) = Sa(F))ug, (r)

identifies with the restriction map S(II,(F)) — S(Cr(Il,)). We learn that the restriction map
Weily (ko) — Sgqm,(0)(Cr(Il,)) is injective. So, (33)) is also injective. [

Proof of Proposition A.1
For b € Z set yHg = KO(bSth) &® @g and bHQ((G) = KO(bSth(G)) &® @g. So,

He = He, H = H
& b?zb & @(©) bEeBZb Q)

are the Hecke algebras for G and Q(G) respectively. From Proposition @ we learn that the map

—aHg©) = Soon, ) (@l (Fo))

given by S — trg, HE(G) (S, I) is an isomorphism of Q-vector spaces. Write _,W C ~dHo@©)

for the image of the map (B3]). We get a Z-graded subspace W := @ W C Hgg)-
a€”Z

For a,a’ € Z we have the Hecke operators

Hg @ w—oaHe X Seqn,, o) (o (F)) — Seomn, o) (Ha(F0))

defined as in Section 4.8.1. We claim that for S € »_,Hg the operator Hg (S, -) sends Weily (ko)
to the subspace Weil, (ko) C Sgom,(0)(Ia(Fp)). This follows from the fact the actions of the
groupoids GQH and HQG on the spaces Sgm, (0)(Ila(Fo)) commute with each other.

More precisely, for a,b € Z given g = (g1, g2) € Tp 4 such that g, : V, =V}, is an isomorphism
of Q(H)-torsors over Spec O, let h = (hq,hs) € T be any element such that hy : M, — M, is
a scalar automorphism of the G-torsor M over SpecO. Here hy is an automorphism of the
H-torsor V3 over SpecO. Set hf = g, Lhoga, so hf, is an automorphism of the H-torsor V,
over SpecO. Set h} = hy then W' = (hy,hs) € 7,. The equality gh’ = hg in T shows that
g : S(II,(F)) — S(I,(F)) sends H,(O)-equivariant objects to Hy(O)-equivariant objects. We
have used the action of the groupoid 7 on the spaces S(II(F)) obtained as in Remark [l

Thus, W is a Z-graded module over the Z-graded ring Hg. We also know from ([7], Propo-
sition 2) that ¢WW = ¢Hg. Our statement is reduced to Lemma [I2] below. O

Remind that we have picked a maximal torus T C Q(G). Write W (resp., Wg) for the
Weyl group of (G, Tg) (resp., of (Q(G),Tg)). Then

Hoe) — QlTc]"?,  He=Qlls]"
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The homomorphism Res"® : Hg — Hg(g) (cf. Section 4.8.6) comes from the map f"¢ : Tg/ @
T&V obtained by taking the Weil group invariants of the map Tg — T, t — tu(q1/2), where v is

some coweight of the center Z(Q(G)), and ¢ is the number of elements of k.

Lemma 12. View Hgg) as a Z-graded H(G)-module via Res"™® : Hg — Hoe). Let W =
®© W C Hoe) = @ «Hoe) be a Z-graded submodule over the Z-graded ring Hg. Assume
€Z a€l

that oW = oHg. Then W = Hg.

Proof Given z € ;W, pick a nonzero h € _,Hg then hx € yHg. So, x is a rational function on

. . . =WV, - . STV
T (g/ which becomes everywhere regular after restriction under f~¢ : Ti, ¢ =T (g/ . Since T(gv is

normal by Remark § below, and z is entire over Q,[Tg]", it follows that = € Q,[Tg]". O

Remark 8. Let A be an entire normal ring, W be a finite group acting on A. Assuming that A
is finite over AW, one checks that A" is normal.
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