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Geometric theta-lifting for the dual pair SQ,,,, Sp,,
Sergey Lysenko

ABSTRACT Let X be a smooth projective curve over an algebraically closed field of char-
acteristic > 2. Consider the dual pair H = SO,,,,G = Sp,,, over X with H split. Write
Bung and Buny for the stacks of G-torsors and H-torsors on X. The theta-kernel Autg, g
on Bung x Buny yields the theta-lifting functors F : D(Bung) — D(Bung) and Fp :
D(Bung) — D(Bung) between the corresponding derived categories. We describe the rela-
tion of these functors with Hecke operators.

In two particular cases it becomes the geometric Langlands functoriality for this pair
(in the nonramified case). Namely, we show that for n = m the functor Fg : D(Bung) —
D(Bung) commutes with Hecke operators with respect to the inclusion of the Langlands
dual groups H = SQ,, < S0,,,; —G. For m = n + 1 we show that the functor Fy :
D(Bung) — D(Bung) commutes with Hecke operators with respect to the inclusion of the
Langlands dual groups G' = SQy,, 1 < SOy, 1, — H.

In other cases the relation is more complicated and involves the SLy of Arthur. As a step
of the proof, we establish the geometric theta-lifting for the dual pair GL,,,, GL,,. Our global
results are derived from the corresponding local ones, which provide a geometric analog of a
theorem of Rallis.

1. INTRODUCTION

1.1 The classical Howe correspondence for dual reductive pairs is known to realize the Langlands
functoriality in some particular cases (cf. [22], [1], [I4]). In this paper, which is a continuation
of [18], we depelop a similar geometric theory for dual reductive pairs (Spsy,,SQ,,,) and also
(GLy, GL,,). We consider only the everywhere unramified case.

Remind the classical construction of the theta-lifting operators. Let X be a smooth projective
geometrically connected curve over F,. Let F' = F,(X), A be the adeles ring of X, O be the
integer adeles. Let G, H be split connected reductive groups over [, that form a dual pair inside

some symplectic group Sp,,. Assume that the metaplectic covering Spy,.(A) — Spy,.(A) splits
over G(A) x H(A). Let S be the corresponding Weil representation of G(A) x H(A). A choice of
a theta-functional # : S — Qy yields a morphism of modules over the global nonramified Hecke
algebras Hg @ Hi

SEH)O) _, Funct((G x H)(F)\(G x H)(A)/(G x H)(0))

sending ¢ to the function (g, h) — 6((g, h)$). The space S(E*H)(O) has a distinguished nonram-
ified vector, its image ¢g under the above map is the classical theta-function. Viewing ¢¢ as a
kernel of integral operators, one gets the classical theta-lifting operators

Fg : Funct(H(F)\H(A)/H(O)) — Funct(G(F)\G(A)/G(0))
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and

Fy : Funct(G(F)\G(A)/G(O)) — Funct(H(F)\H(A)/H(O))

For the dual pairs (Spy,,, SQ,,,) and (GL,, GL,,) these operators realize the Langlands functo-
riality between the corresponding automorphic representations (as we will see below, its precise
formulation involves the SLy of Arthur). We establish a geometric analog of this phenomenon.

Remind that S — ®;c€ y Sz is the restricted tensor product of local Weil representations of
G(F,) x H(F,). Here F, denotes the completion of F' at x € X. The above functoriality in the
classical case is a consequence of a local result describing the space of invariants Sf (Oa2)xH(Ox)
as a module over the tensor product ,Hg ® Hp of local (nonramified) Hecke algebras. In the
geomeric setting the main step is also to prove a local analog of this and then derive the global
functoriality.

Let us underline the following phenomenon in the proof that we find striking. Let G = Sp,,,
H = S0,,,. The Langlands dual groups are G'= SQ,,,; and H = SQ,,, over Q;. Write
Rep(G) for the category of finite-dimensional representations of G over Q,, and similarly for
H. Roughly speaking, there will be algebraic varieties Yp, Y over k and fully faithful functors
fu : Rep(H) — P(Yy) and fg : Rep(G) — P(Yg) taking values in the categories of perverse
sheaves (pure of weight zero) on Yp (resp., Yi) with the following properties. Extend fr to a
functor

fm: Rep(]fl X Gm) — Diez P(YH)[Z] C D(YH)

naturally. That is, if V is a representation of H and I is the standard representation of G,,, then
fa(V R (I®))= fg(V)[i] is placed in perverse cohomological degree —i. For n > m there will
be a proper map w : Y5 — Y such that the following diagram is 2-commutative

Rep(G) U P(Ye)
J, Res” J, ™
Rep(H x G,,) Lt Diez, P(Yr)[i]

for some homomoprhism x : H xG,, — G. For n = m the restriction of  to G,, is trivial, so m fg
takes values in the category of perverse sheaves in this case. Both fg and fz send an irreducible
representation to an irreducible perverse sheaf. So, for V € Rep(G) the decomposition of
Res™ (V) into irreducible ones can be seen via the decomposition theorem of Beilinson, Bernstein
and Deligne ([2]). To be more precise, Yy, Y are not algebraic varieties, but ind-proobjects in
the category of algebraic varieties. There will also be an analog of the above result for n < m
(and also for the dual pair GL,, GL,,).

The above phenomenon is a part of our main local results (Proposition 4 in Section 5.1,
Theorem 7 in Section 6.2). They provide a geometric analog of the local theta correspondence
for these dual pairs. The key technical tools in the proof are the weak geometric analogs of the
Jacquet functors (cf. Section 4.7).

1.2 In the global setting let €2 denote the canonical line bundle on X. Let G be the group scheme
over X of automorphisms of O% & Q" preserving the natural symplectic form A?(O% & Q") — Q.



Let H = SQ,,,. Write Buny for the stack of H-torsors on X, similarly for G. Using the
construction from [I7], we introduce a geometric analog Autg, g of the above function ¢, this is
an object of the derived category of f-adic sheaves on Bung x Bung. It yields the theta-lifting
functors

Fg : D(Bung) — D(Bung)

and
Fp : D(Bung) — D(Bung)

between the corresponding derived categories. Our mains global results for the pair (G, H)
are Theorems [3] and [ describing the relation between the theta-lifting functors and the Hecke
functors on Bung and Bung. They agree with the conjectures of Adams ([1]). One of the
advantages of the geometric setting compared to the classical one is that the SLy of Arthur
appears naturally (one can not even formulate a correct result in general without incorporating
this SLQ)

An essential difficulty in the proof was the fact that the complex Autg g is not perverse (it has
infinitely many perverse cohomologies), it is not even a direct sum of its perverse cohomologies
(cf. Section 8.3.7).

We also establish the global theta-lifting for the dual pair (GLy,, GL;,) (cf. Theorem [).

1.3 Let us briefly duscuss how the paper is organized. Our main results are collected in Section 2.
In Section 3 we remind some classical constructions at the level of functions, which we have in
mind for geometrization.

In Section 4 we develop a geometric theory for the following classical objects. Let K = F,((t))
and O = Fy[[t]]. Given a reductive group G over F, and its finite dimensional representation
M, the space of invariants in the Schwarz space S(M(K))%(©) is a module over the nonramified
Hecke algebra Hg. We introduce the geometric analogs of the Fourier transform on this space
and (some weak analogs) of the Jacquet functors. A way to relate this with the global case is
proposed in Section 4.6.

In Section 5 we develop the local theta correspondence for the dual pair (GL,,, GL,,). The
key ingredients here are decomposition theorem from [2], the dimension estimates from [19] and
hyperbolic localization results from [3].

In Section 6 we develop the local theta correspondence for the dual pair (Spy,,SQOy,,). In
addition to the above tools, we use the classical result (Proposition [2) in the proof of our
Propositions [ and 8

In Section 7 we derive the global theta-lifting results for the dual pair (GL,,, GLy,).

In Section 8 we prove our main global results (Theorems Bl and [)) about theta-lifting for
the dual pair (Spy,,,SQs,,). The relation between the local theory and the theta-kernel Autg g
comes from the results of [18]. In that paper we have introduced a scheme L4(M(F})) of
discrete lagrangian lattices in a symplectic Tate space M(F;) and a certain us-gerb over it
Lq(M(Fy;)). The complex Autg iy on Bung g comes from the stack L£4(M(F,)) simply as the
inverse image. The key observation is that it is much easier to prove the Hecke property of
Autg g on L4(M(F,)), because over the latter stack it is perverse.



In Section 8.3 we give another proof of a somewhat weaker statement than Theorem 4 using
the ideas from [I7]. The key step here is Proposition [[2] which is partially inspired by the proof
of the functional equation for geometric Eisenstein series ([4]). There seems no obvious way to
derive Theorem [ directly from Proposition [[2], as Autg, g is not pure in general. However, at
the level of functions or at the level of Grothendieck groups, Proposition [[2] easily implies the
classical analog of Theorem 4l
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2. MAIN RESULTS

2.1 NOTATION From now on k denotes an algebraically closed field of characteristic p > 2 (except
in Section 3, where k = F,). All the schemes (or stacks) we consider are defined over k.

Let X be a smooth projective connected curve. Set F' = k(X). For a closed point z € X
write F) for the completion of F' at z, let O, C F, be the ring of integers. Let D, = SpecO,
denotes the disc around z. Write 2 for the canonical line bundle on X.

Fix a prime ¢ # p. For a scheme (or stack) S write D(S) for the bounded derived category of
(-adic étale sheaves on S, and P(S) C D(S) for the category of perverse sheaves. Set DP(S) =
®icz P(S)[i] € D(S). By definition, we let for K, K’ € P(S),i,j € Z

, . Hom K, K"), for i=j
HomDP(S)(K[Z],K,[J]) = { 0 Pl ) for z#i

Write P**(S) C P(S) for the full subcategory of semi-simple perverse sheaves. Let DP**(S) C
DP(S) be the full subcategory of objects of the form @;cz K;[i] with K; € P** for all i.

Fix a nontrivial character ¢ : F, — Q} and denote by L, the corresponding Artin-Shreier
sheaf on A!. Since we are working over an algebraically closed field, we systematically ignore
Tate twists. For a morphism of stacks f : Y — Z we denote by dim.rel(f) the function of a
connected component C of Y given by dim C — dim C’, where C’ is the connected component of
Z containing f(C).

IfV — Sand V* — S are dual rank r vector bundles over a stack .S, we normalize the Fourier
transform Foury, : D(V)) — D(V*) by Foury (K) = (pv+)1(§* Ly @ py, K)[r], where py, py« are the
projections, and € : V xg V* — Al is the pairing.

Write Buny for the stack of rank k vector bundles on X. For £ = 1 we also write Pic X
for the Picard stack Bun; of X. We have a line bundle 4; on Buny with fibre det RT'(X, V)
at V € Buny. View it as a Z/2Z-graded placed in degree x(V) mod 2. Our conventions about
Z]2Z-grading are those of ([17], 3.1).



For a sheaf of groups G on a scheme S, ,7-"% denotes the trivial G-torsor on S. For a
representation V' of G' and a G-torsor Fg on S we write Vg, =V x @ Fg for the induced vector
bundle on S.

In Section 8.2 we assume that the reader is familiar with the results of the first paper [18]
of this series.

2.2.1 HECKE OPERATORS For a connected reductive group G over k, let Hg be the Hecke stack
classifying (z, Fa, F(;, B), where Fg, F(, are G-torsorson X, z € X and 3 : Fg |x—o — F |x—2
is an isomorphism. We have a diagram of projections

X x Bung Supg—XhE Ha }g Bung,
where hg; (resp., hg;, supp) sends the above collection to F¢ (resp., F(;, ). Write ;H¢ for the
fibre of Hg over z € X.

Let T' C B C G be a maximal torus and Borel subgroup, we write Ag (resp., Ag) for the
coweights (resp., weights) lattice of G. Let Af (resp., AY) denote the set of dominant coweights
(resp., dominant weights) of G. Write ¢ (resp., pi) for the half sum of the positive roots (resp.,
coroots) of G, wy for the longest element of the Weyl group of G. For \e Ag we write V* for
the corresponding Weyl G-module.

For x € X we write Grg, for the affine grassmanian G(F,)/G(O;) (cf. [4], Section 3.2 for
a detailed discussion). It can be seen as an ind-scheme classifying a G-torsor Fg on X together

with a trivialization 8 : Fg |x—z ’—7,7-'(0; |x_z over X —x. For \ € AZS let Ggw C Grgg be
the closed subscheme classifying (F¢, 3) for which Vi, (—(\, \)x) C Vg, for every G-module V
whose weights are < X. The unique dense open G(O,)-orbit in @gm is denoted Gr)c‘;@.

Let Aé; denotes the intersetion cohomology sheaf of @g Let G denote the Langlands dual
group to G. We write Sph; for the category of G(O,)-equivariant perverse sheaves on Grg ;.
By ([19]), this is a tensor category, and there is a canonical equivalence of tensor categories
Loc : Rep(G) = Sphg;, where Rep(G) is the category of G-representations over Q. Under this
equivalence Aé; corresponds to the irreducible representation of G' with h.w. A.

Write Bung , for the stack classifying F¢ € Bung together with a trivialization Fo = F2 | p, -
Following ([4], Section 3.2.4), write id’,id" for the isomorphisms

G(Oz)

+He— Bung , x Grg

such that the projection to the first factor corresponds to h¢;, hy respectively. Let mﬂg C sHg
be the closed substack that identifies with Bung , XG(OUG?}@ via id’.

To § € Sphg, K € D(Bung) one attaches their twisted external products (K XS)! and
(KXS)" on ,Hg, they are normalized to be perverse for K, S perverse. The Hecke functors

Hg , 2Hg : Sphg x D(Bung) — D(Bung)
are given by

HG (S, K) = (hg ) (xSKK)" and HZ (S,K) = (hg W(SKK)!



We have denoted by % : Sphy = Sphg; the covariant equivalence of categories induced by the
map G(F,) — G(Fy), g — g~'. Write also * : Rep(G) = Rep(G) for the corresponding functor
(in view of Loc), it sends an irreducible G-module with h.w. X to the irreducible G-module with
h.w. —’w()()\).
By (6], Proposition 5.3.9), we have canonically ,Hg (xS, K)— ;Hg (S, K). Besides, the
functors K — ,Hg (S, K) and K — ;H (D(S), K) are mutually (both left and right) adjoint.
Letting © move around X, one similarly defines Hecke functors

Hg ,Hg : Sphe x D(S x Bung) — D(X x S x Bung),

where S is a scheme. The Hecke functors are compatible with the tensor structure on Sph, and

commute with Verdier duality (cf. loc.cit). Sometimes we write Rep(G) instead of Sph in the
definition of Hecke functors in view of Loc.

2.2.2 We introduce the category
D Sphg := @rez Sphg[r] € D(Grg)

It is equipped with a tensor structure, associativity and commutativity constraints so that
the following holds. There is a canonical equivalence of tensor categories Loc® : Rep(@ X
Gm)— D Sphg such that Gy, acts on Sphg[r] by the character x — x~". So, the grading by
cohomological degrees in D Sph; corresponds to grading by the characters of G, in Rep(GxG,p).
In cohomological degree zero the equivalence Loc' specializes to Loc.

The action of Sph; on D(Bung) extends to an action of D Sph. Namely, we still denote by

Hg , zHg : DSphg x D(Bung) — D(Bung)

the functors given by ,Hg (Sr], K) = ;Hg (S, K)[r] and ;H7 (S[r],K) = ;H5 (S, K)[r] for
S € Sph and K € D(Bung).

We still denote by * : D Sph; — D Sph; the functor given by *(S[i]) = (xS)[i] for S € Sphy;.
Write Locx for the tensor category of local systems on X. Set

D Locx = @jez Locx]i] C D(X)

We also equip it with a tensor structure so that a choice of z € X yields an equivalence of tensor
categories Rep(m1(X,z) x G,,) = DLocx. The cohomological grading in D Locy corresponds
to grading by the characters of G,,.

For the standard definition of a Hecke eigen-sheaf we refer the reader to ([10], Section 2.7).
Since we need to take into account the maximal torus of SLy of Arthur, we modify this standard
definition as follows.

Definition 1. Given a tensor functor E : Sph; — D Locx, a E-Hecke eigensheaf is a complex
K € D(Bung) equipped with an isomorphism

H5 (S, K)= E(S) B K[1]



functorial in S € Sphy and satisfying the compatibility conditions (as in loc.cit.). Note that
once x € X is chosen, a datum of F becomes equivalent to a datum of a homomorphism
o:m(X,z) x G,, — G. In other words, we are given a homomorphism G,, — G of algebraic
groups over Qy, and a continuous homomorphism m(X,2) — Zz(G,,), where Z5(G,y) is the
centralizer of G,,, in G.

Given o : m (X, z) x G, — G as above we write % : m(X,z) X Gy, — G x G,, for the
homomorphism, whose first component is o, and the second component m1 (X, z) x G,,, — Gy,
is the projection.

Example 1. The constant perverse sheaf Q[dim Bung| on Bung is a o-Hecke eigensheaf for the
homomoprhism o : 71 (X, z) x G, — G given by 2p : G,,, — G and trivial on 71 (X, z).

2.3 THETA-SHEAF Let G, denote the sheaf of automorphisms of O% @ " preserving the natural
symplectic form /\2((’)"% ® Q") — Q. The stack Bung, of G,-torsors on X classifies M € Buny,
equipped with a symplectic form A2M — Q.

Remind the following objects introduced in [I7]. Write A, for the line bundle on Bung, with
fibre det RT'(X, M) at M. We view it as a Z/2Z-graded line bundle purely of degree zero. Denote
by ]/3—1\1/11(;7, — Bung, the pp-gerbe of square roots of Ag,. The theta-sheaf Aut = Aut, ® Aut, is
a perverse sheaf on Bung, (cf. [17] for details).

2.4. DuAaL PAIR SQ,,,, Spy,

241 Let n,m > 1, G = Gy, and Ag = Ag,. Let H = SQO,,, be the split orthogonal group
of rank m over k. The stack Bungy of H-torsors on X classifies: V' € Bungy,,, a nondegenerate
symmetric form Sym?V — Ox, and a compatible trivialization v : det V= Ox. Let Ay be the
(Z/2Z-graded) line bundle on Bungy with fibre det R['(X, V') at V.

Write Bung g = Bung X Buny. Let

7 : Bung,g — Bung,,,,

be the map sending (M, V) to M ® V with the induced symplectic form A%(M @ V') — Q. The
following is proved in ([16], Proposition 2).
Lemma 1. There is a canonical Z/2Z-graded isomorphism of line bundles on Bung g

7 A = AR @ A" @ det RT (X, 0) 7™ (1)

Let 7 : Bung g — BE&G%” be the map sending (A2M — Q,Sym?V — O) to (A2(M@V) —
2, B), where
_ detRI'(X, V)" @ det RI'(X, M)™
- det RL(X, O)2nm ’

and B? is identified with det R['(X, M ® V) via ().

B




Definition 2. Set Autg y = 7" Aut[dim.rel(7)]. As in ([16], Section 3.2) for the diagram of
projections
Bungy a Bung g LA Bung

define Fg : D*(Bung) — D(Bung) and Fy : D’(Bung) — D(Bung) by
Fo(K) = p(Autg g ®q9"K)[— dim Bungy]

Fp(H) = qi(Autg, g ®@p* K)[— dim Bung]

Since p and q are not representable, a priori Fiz and Fy may send a bounded complex to a
complex, which is unbounded even over some open substack of finite type. We don’t know if
this really happens.

The Langlands dual groups are G = SOs,, 1 and H = S0y, over Q;. For convenience of the
reader, we first formulate our main result in particular cases that yield Langlands functoriality.

Theorem 1. 1) Case n = m. There is an inclusion H < G such that there exists an isomor-
phism )
Hg (V. Fo(K)) = (id BFg) (Hj (Resg (V), K) (2)

over X x Bung functorial in V € Rep(G) and K € D(Bung). Here idXFg : D(X x Bung) —
D(X x Bung) is the corresponding theta-lifting functor.
2) Case m = n+ 1. There is an inclusion G — H such that there exists an isomorphism

H; (V, Fir(K)) = (id RFy) (Hg (Res? (V), K)) (3)

over X x Buny functorial in V € Rep(H) and K € D(Bung). Here idXFy : D(X x Bung) —
D(X x Bung) is the corresponding theta-lifting functor.

We will derive Theorem [ from the following Hecke property of Autg g.

Theorem 2. 1) Case n = m. There is an inclusion H — G such that there exists an isomor-
phism )
HE (V, Autg ) = Hp (Res% (V), Aute, i) (4)

over X x Bung g functorial in V € Rep(G).
2) Case m =n+ 1. There is an inclusion G — H such that there exists an isomorphism

Hy; (V, Aute, i) = Hg (ResZ (V), Aut i) (5)
over X x Bung g functorial in V € Rep(H).

2.4.2 In the case m < n define the map  : H x G,, — G as follows.



Set Wy = Q?, write Wy = W1 @ Wa, where W (resp., Wa) is the subspace generated by the
first m (resp., last n —m) base vectors. Equip Wy @ W @ Qg with the symmetric form given
by the matrix

Ey
0

where E,, € GL,(Qy) is the unity. Realize G as SO(Wy @ W @ Qp). Equip the subspace Wy @
Wi c WodWg ®Qy with the induced symmetric form, and realize H as SO(WyeW;). This fixes
the inclusion i, : H < G. The centralizer of H in G contains the group O(Wy @ W5 @ Q). Let
T GL(ws) be the maximal torus of diagonal matrices in GL(W3). We have Hom(Gp,, T GL(W)) =

0 E, 0
0o o0 |,
0 1

Z"~™ canonically, and we let oy, = (2,4,...,2n —2m) € Hom(G,,, TGL(WQ)). View oy as a map
G — G. Finally, set & = (in, o) : H x G, — G.

Another way to think of «,, is to say that Wa & W5 & Qy can be thought of as an irreducible
representation of the SLy of Arthur, and «y is its restriction to the standard maximal torus

G« SLy 5 SO(Wy & Wy & Q)

As predicted by Adams ([I]), the representation o corresponds to the principal unipotent orbit
in SO(Wy @& WQ"‘iEB Qr), so a, = 2pso(WreWsad,) for a suitable choice of positive roots of
SO(Wy @ W3 @ Qp).

Write gRes” : Sph; — D Sphy for the geometric restriction functor corresponding to .

In the case m > n define k : G x G,,, — H as follows. Set in this case W, = QZ”, let Wy
(resp., Wa) be the subspace of Wy generated by the first n (resp., last m — n) base vectors.
Equip Wy ®@ W with the symmetric form given by the matrix

0 E,
(& )
where E,, € GL,,(Qy) is the unity. Realize H as SO(Wy @ W§).

Write {e;} for the standard base of Wy, and {e}} for the dual base in W. Write Wy =
Ws@®Wy, where W3 (resp., Wy) is spanned by e,,41 (resp., by €p42, ..., em). Let W C W3 W5 be
any nondegenerate one-dimensional subspace. Equip Wy @ W & W with the induced symmetric
form and set G' = SO(W; @ Wy @ W). This fixes the inclusion i, : G < H.

Let W+ denote the orthogonal complement of W in Wy @ W5. The centralizer of G in H
contains O(W+). Realize GL(W}) as the Levi subgroup of SO(W+) using the standard inclusion
Wi@ W; C W, Let TGL(W4) be the maximal torus of diagonal matrices in GL(W}). Set

e = (=2,—4,...,2—=2m +2n) € Z™ "' = Hom(G,y,, TGL(W4))

View oy, as a map G,, — H, set k = (i, Q) GxG,, — H.
Another way to think of oy is to say that W+ can be thought of as an irreducible represen-
tation of the SLy of Arthur, and « is the restriction to the standard maximal torus

G — SLy = SO(W)



As predicted by Adams ([1]), the representation o corresponds to the principal unipotent orbit
in SO(W+), so o, = 2pgp(w 1) for a suitable choice of positive roots of SO(W). As above, the
geometric restriction functor corresponding to x is denoted gRes"™ : Sphy — D Sph,.

Here is our main global result.

Theorem 3. 1) Case m < n. There exists an isomorphism
He (S, Fo(K)) — (iJdXFg) (Hy (Res™(S), K)) (6)

in D(X x Bung) functorial in S € Sphg and K € D(Bungy). Here idXFg : D(X x Bungy) —
D(X x Bung) is the corresponding theta-lifting functor.

2) Case m > n. There exists an isomorphism
Hy (S, F(K)) = (idWFp)(Hg (Res™(+5), K)) (7)

in D(X x Bung) functorial in S € Sphy and K € D(Bung). Here idXFy : D(X x Bung) —
D(X x Bung) is the corresponding theta-lifting functor.

We will derive Theorem [3 from the following Hecke property of Autg g.

Theorem 4. 1) Case m < n. There exists an isomorphism
Hg (S, Autg i) — Hy (* gRes™ (S), Autg, i) (8)

in D(X x Bung,g) functorial in S € Sphg.
2) Case m > n. There exists an isomorphism

Hy (S, Aute,m) = Hg (gRes™ (xS), Aute, i) 9)
in D(X x Bung,g) functorial in S € Sphy.

2.4.3 There is an automorphism o : H = H inducing the functor * : Rep(H) = Rep(H) defined

in Section 2.2.2. For m > n write & = oy o k. Note also that the functor * : Rep(G) = Rep(G)
is isomorphic to the identity functor. From Theorem [3] one derives the following.

Corollary 1. 1) Form < nlet K € Bunpy be a o-Hecke eigensheaf for some o : (X, 2) X Gy, —
H. Let 7 be the composition

m (X, z) X Gy % H % G = G,

where 0°* is as in Definition[ll Then Fg(K) is equipped with a structure of a T-Hecke eigensheaf.

2) For m > n let K € Bung be a o-Hecke eigensheaf for some o : (X, ) x G,, — G. Let T be
the composition

(X, 2) X G > G x Gy 5 H,

where o* is as in Definition[ll Then Fy(K) is equipped with a structure of a T-Hecke engein-
sheaf.

10



2.5 DuAL PAIR GL,,, GL,,

Let n,m > 0. Remind that Bun, denotes the stack of rank n vector bundles on X. Our
convention is that GLy = {1} and Bung = Speck.

Let Wy, m denote the stack classifying L € Bun,,U € Bun,, and a section s : Ox — L®U.
We have a diagram

Bun, fn Whi,m fimy Bun,,,
where hy, (resp., h,) sends (L,U,t) to U (resp., to L). Let W, . be the stack classifying
L € Bun,,,U € Bun,, and a section s’ : L ® U — 2. We have a diagram

ho oy P
Bun,, < W, ,,, = Bunp,

where hl, (resp., h},) sends (L,U,s’) to U (resp., to L).
Definition 3. The theta-lifting functors Fy, , F}, , : D’(Bun,,) — D(Bun,,) are given by
Fom(K) = (hp )by, K[dim Bun,, +a, ] and Fr'hm(K) = (h,, 1(h,,)* K[dim Bun,, —a, )

Here a;, , is a function of a connected component of Bun,, x Bun,, given by a, m = x(L ® U)
for L € Bun,, U € Bun,,. By restriction under h,, X h,, (resp., under h,, X h. ), we view Qp,m D
the above formulas as a function on W, , (resp., on W, ,,).

Since hy, and h], are not representable, a priori F,, ,, and F,’Lm may send a bounded complex
to an unbounded one. The following result can be thought of as a functional equation for the
theta-lifting functors.

Lemma 2. There is a canonical isomorphism of functors Frlzm:an O
Proof Write ¢, ¢’ for the projections from W, ,;, and from W, ,,, to Bun, x Bun,,. As in ([],
Lemma 7.3.6) one shows that ¢;Q¢[an,m] = ¢|Q¢[—ayn,m] canonically. The assertion follows. O

For the rest of Section 2.5 assume m > n and set G = GL(Lg) and H = GL(U)) for Uy = k™,
Lo = k™. Write Uy = Uy @ Uy, where Uy (resp., Us) is the subspace generated by the first n
(resp., last m — n) base vectors. Let M = GL(U;) x GL(Uz) C H be the corresponding Levi
factor.

Define % : G x G,, — H as the composition

id X20GL(Uy) ~
—

G x Gy, GxGL({U)=M — H

Write gRes” : Sphy; — D Sphy; for the corresponding geometric restriction functor.
The analog of Theorem [ for the dual pair (G, H) is as follows.

Theorem 5. We assume m > n. There exists an isomorphism

Hy (S, Fpm(K)) = (i XF, m)(He (gRes™(S), K)) (10)
in D(X x Bun,,) functorial in S € Sphy and K € D(Bun,). Here idXF, , : D(X x Bun,) —
D(X x Bun,,) is the corresponding theta-lifting functor.
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If n = m or m = n + 1 then the restriction of k¥ to G,, is trivial, so Theorem [l in this case
says that F), ,, realizes the (nonramified) geometric Langlands functoriality with respect to an
inclusion G — H. For example, for n = m one may show the following. For an irreducible rank
n local system E on X write Autg for the automorphic sheaf on Bun,, corresponding to E (cf.
[7). Then F,, ,(Autg) is isomorphic to Autg+ tensored by some constant complex.

For a closed point € X let ; oWy m denote the stack classifying L € Bun,,U € Bun,, and
a section s : Ox — L ® U(oox), which is allowed to have an arbitrary pole at x. This is an
ind-algebraic stack.

In Section 7 we will define Hecke functors

xH[?mcHﬁ : Sth X D(:c,oown,m) - D(J:,ooWn,m) (11)
nga mHE : Sth X D(m,oown,m) - D(m,ooWn,m) (12)

Set B
T = (Q¢)w,, ., [dim Bun,,, + dim Bun,, +ay, ], (13)

where a, ,, is a function of a connected component of W, ,, defined above. We view 7 as a
complex on W,, ., extended by zero to ; ooWnm. We will derive Theorem [ from the following
‘Hecke property’ of 7.

Theorem 6. The two functors Sphy — D(z,00Wmn) given by
T~ Hy(T,7) and T — ,Hg (gRes"(7),7)

are isomorphic.

3. CLASSICAL SETTING AND MOTIVATIONS

In Section 3 we assume k = IFy.
3.1 WEIL REPRESENTATION OF GL,, x GL,,.

Let Uy (resp., Lg) be a k-vector space of dimension m (resp., n). For Section 3.1 set G = GL(Lg)
and H = GL(Up). Let Ily = Uy ® Ly and II = 15 (O).

Let z € X be a closed point. Remind that the Weil representation of G(Fy) x H(F,) can
be realized in the Schwarz space S(II(F})) of locally constant compactly supported Q-valued
functions on II(F;). The action of G(F,) x H(F,) on this space comes from its natural action
on II(F,).

Write H,(G) for the Hecke algebra of the pair (G(Fy), G(O,)), and similarly for H,(H). Re-
mind that H,(G) identifies canonically with the Grothendieck group K (Rep(G)) of the category
Rep(G) of G-representations over Q.

The space of invariants S(II(F,))¢(O=)xH(Oz) is naturally a module over Hy(G) @ Hy(H).
Let ¢p € S(II(F)) be the characteristic function of II(O). The following result is well-known
(cf. [20], [22]), in Section 5 we prove its geometric version.
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Lemma 3. Assume m > n. The map H,(G) — SII(F))(@HO) sending h to heg is an
isomorphism of H,(G)-modules. There is a homomorphism k : H,(H) — H,(G) such that the
Ho(H)-action on S(II(F,))CO)xH(O) factors through k.

For n = m the homomoprhism s comes from the functor Rep(H) — Rep(G) of restriction
with respect to an isomorphism G = H. For m > n we will see that £ comes from the functor
Rep(H) — Rep(G'xG,,) = D Sphg; of restriction with respect to a homomorphism G'xG,,, — H.
For m > n + 1 the restriction of this homomoprhism to G, is nontrivial.

3.2 WEIL REPRESENTATION OF SOy, X Spy,

3.2.1 Let us explain the idea of the proof of Theorem Bl Keep the notation of Section 2.4. Let
Up = O% and V = Uy @ Uy, we equip Vp with the symmetric form Sym? Vy — Ox given by the
pairing between Uy and Uy, so Uy and U] are isotropic subbundles in V5. Think of 1 as the
standard representation of H.

Let P(H) C H be the parabolic subgroup preserving Uy, let U(H) C P(H) be its unipotent
radical, so U(H) = A2 Uy canonically.

Let Lo = O% and My = Lo ® Lj ® 2. We equip My the symplectic form A2My — € given
by the pairing Lo with Lj® €. So, Lo and Ly ® €2 are lagrangian subbundles in M. Remind
that G is the group scheme over X of automorphisms of My preserving the symplectic form.

Let P(G) C G be the parabolic subgroup preserving Lg, write U(G) C P(G) for its unipotent
radical. We have U(G) = Q™! ® Sym? Ly canonically.

Set My = Vo ® My, it is equipped with a symplectic form, which is the tensor product of
forms on Vg and M.

Set F' = k(X). Let A be the adeles ring of F, O C A be the entire adeles. Write F), for the
completion of F at z € X. Let x : Q(A)/Q(F) — Q} denote the character

X(w) = () try)m Reswy)
reX

Let Hs = My @ Q be the Heisenberg group over X constructed out of the symplectic bundle
M. The product in Hs is given by

(m1,wr)(mg,ws) = (M1 +ma,wi +ws + §(m1,m2>)

For the generalities on the metaplectic extension gf)(./\/lo) of Sp(Mp) and its Weil representation
we refer the reader to [I7]. The natural map G(A) x H(A) — Sp(My)(A) lifts naturally
to a homomorphism G(A) x H(A) — g\I/D(Mo)(A). We use two Schrodinger models of the
corresponding Weil representation of G(A) x H(A).

Set Lo = Vo ® Lo C Vo ® My, this is a Lagrangian subbundle in M. Let

xc: Lo(A) @ QA) — QF

denote the character xz(u,w) = x(w). Let S;  denote the induced representation of (Lo(A) @
Q(A), xc) to Hs(A). By definition, S¢  is the space of functions f : Hs(A) — Qy satisfying:
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e f(ah) = xc(a)f(h) for a € Lo(A) ® Q(A), h € Hs(A);
e there is an open subgroup U C M(A) such that f(h(u,0)) = f(h) for u € U, h € Hs(A);
e f is of compact support modulo Ly(A) & Q(A).

For a free A-module (or free F;-module) R of finite type denote by S(R) the Schwarz space
of locally constant compactly supported Qg-valued functions on R. We have an isomorphism
Scp—S(Vo ® L @ Q(A)) sending f to ¢ given by ¢(v) = f(v,0), v € Vo ® L§ @ Q(A).

The theta-functional -

Or : S(VH®@Li®QA)) — Q
is given by
Oc(¢9)= Y o) for d€S(Vow Li®Qh))
vEVO@LER(F)
Set Uy = Uy ® My, this is a Lagrangian subbundle in Mj. Let
Xu : Up(A) @ Q(A) — QF
be the character xy(u,w) = x(w). Let Sy, denote the induced representation of (Uy(A) @

Q(A), xu) to Hs(A). As above, we identify it with the Schwarz space S(Uj @ Mp(A)).
The theta-functional Oy : S(UF @ My(A)) — Qy is given by

Ou(d)= > o(t) for ¢ €SUs® M(A))

teUg @Mo(F)

For a locally free Ox-module ) of finite type write x())) for the Euler characteristic of ).
Set € = ¢X(Us®Lo) | Let us construct a diagram of H(A) x G(A)-representations

S(Us @ Mo(A)) & Funct((H x G)(F)\(H x G)(A))
T¢ s (14)
S(Vo @ L @ Q(A)),

where H(A) x G(A) acts on the space of functions Funct((H x G)(F)\(H x G)(A)) by right
)¢

translations. The map 6y sends ¢ to 0y 4 given by 0y 4(h, g) = Oy((h,g)¢). The map 6, sends
¢ to O 4 given by

0£,¢(hvg) = ®£((hvg)¢)
For ¢ € S(Vo @ L ® Q(A)) let (¢ € S(UF @ My(A)) be given by

(Ce)(b) = x({a, b1))¢(a + by)da (15)

/U0®L;;®Q(A)
Here for b € Uj ® My(A) we write b = by + be with by € Uj @ Lo(A) and by € Uj @ L§ @ Q(A),
and da is the Haar measure on Uy ® L§ ® €(A) normalized by requiring that the volume of
Up ® L ® Q(0O) is one. It is known that ¢ is an isomorphism of G(A) x H(A)-modules (cf. [20]).

Let ¢ou (resp., ¢o, ) be the characteristic function of Ug ® My(O) (resp., of Vo ® L ®Q(O)).
An easy calculation shows that (¢g r = ¢o .-
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Lemma 4. The diagram (1)) commutes.
Proof We have O (¢o,c) = qdimHO(XyO@LS@Q) and Oy (o) = qdimHO(X7U5®MO). Since
dim H(X, U5 @ Mp) = x(U§ ® Lo) + dim H(X, Vo @ L§ @ Q),

we get Oy o = €O. Since ( is an isomorphism of G(A) x H(A)-modules, our assertion follows.
(]

Write H(H) for the Hecke algebra of the pair (H(O), H(A)), and similarly for G. Passing
to the (G x H)(O)-invariants, one gets from (I4)) the commutative diagram

S(Uz ® Mo(A))H*G)O) By Funct(Bung g (k))
T¢ /e 1o
S(Vo ® L ® Qi) HXD(O)

of H(H) ® H(G)-modules. The notation Bung g is that of Section 2.4.1.

Let ¢o € Funct(Bung g(k)) be the function trace of Frobenius of Autg . Then Oy¢0y
equals ¢y up to a multiple.

For z € X let ¢y € S(UF @ My(F)) be the characteristic function of Ug ® My(Oy), let
bo.c0 € S(Vo ® L§ ® Q(F,)) be the characteristic function of Vo ® L @ Q(O,).

Denote by H;(G) the Hecke algebra of the pair (G(O,), G(F})), and similarly for H. Remind
the decomposition as a restricted tensor product

H(G)— %)/( Ha(G)

Similarly, we have
S(Us @ My(A)) = ®;S(U§ ® Moy(Fy))
xre

In view of this isomorphism S(U§ ® My(A)) is generated as a Qg-vector space by functions of
the form ®,¢, with ¢, € S(Uj ® My(Fy)), where ¢ = ¢y, for all but finite number of z € X.
In particular, we have a canonical diagram

S(U§ ® Mo(F,))TxO2)  y S(Ug ® Mp(A))HTXNO)
S(Vo ® L ®Q(Fm))(H><G)(Ox) — S(Vh® L ®Q(A))(H><G)(O)’

where ¢, is given by (5] with Uy ® L{ ® Q(A) replaced by Uy @ L§ ® Q(Fy).
Set

Weilg, i (k) = {(f1. f2) | f1 € S(Vo ® Lj @ Q(F,))H* @),
f2 € S(UE @ My(Fy))H*D ) such that C,(f1) = fo}

The Hecke property of ¢ (a classical analogue of Theorem [ is as follows.
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Proposition 1. 1) Assume m < n. There is a homomorphism k : Hy(G) — H,(H) such that
for h € Hy(G) we have

mHE(hv ¢0) = xHE(K’(h)’ ¢0)

2) Assume m > n. There is a homomoprhism k : Hy(H) — Hy(G) such that for h € Hy(H) we
have

xHE(h, ¢0) = IHE)(’%(h’)? ¢0)
The above discussion reduces the proof of Proposition [ to the following local result.

Proposition 2. 1) Assume m < n. There is a homomorphism k : Hy(G) — Ho(H) such that
for h € Hy(G) we have

mHE(ha ¢0,M,m) = (x(wHE(’{(h)v ¢0,£,m))

Moreover, Weilg 1 (k) is a free module of rank one over Hy(H) generated by ¢o r -
2) Assume m > n. There is a homomoprhism k : Hy(H) — H.(G) such that for h € H,(H) we
have

Cm(wHI?(h’ ¢0,£,x)) = wHE(’%(h)’ ¢0,L{,x>

Moreover, Weilg u (k) is a free module of rank one over H,(G) generated by ¢o 4 -

To the author’s best knowledge, there are three different prooofs of Proposition [2] available
in the litterature. First proof due to Rallis ([22]) is by some explicit calculation based on the
following desciption of the Jacquet module. By ([15], Lemma 5.1) we have an isomorphism of
GL(Lo)(F,) x H(F,)-representations

S(Vo @ L @ QE2))u(c)(r,) = S(Cr(Vo © Ly © Q(Fz))) (17)

Here Cr(Vp ® L§ ® Q(F,)) C Vo ® L§ @ Q(Fy) is the subset of maps v : Lo(Fy) — Vo ® Q(F})
such that sz (v) = 0, where sz (v) denotes the composition

Sym? v
—

sc(v) : Sym? Lo(Fy) Sym?* (Vo ® Q(Fy)) — Q(Fy)

A different proof due to Howe (of a somewhat weaker statement) is exposed in [20] (a revisited
version is given in [12]). One more proof is given by Kudla in [14]. Namely, in [I5] it was shown
that the Howe correspondence is compatible with the parabolic induction, this allows one to
describe explicitely the image of a principal series representation under the Howe correspondence
(cf. [14], Proposition 3.2, p.96), hence, to derive the functoriality ([14], Theorem on p. 105).

3.2.2 In Section 6 we prove Theorem [7, which is a geometric analogue of Proposition 2 The
main difficulty is that the existing proofs of proof Proposition Bl do not geometrize in an obvious
way. Our approach, though inspired by [22], is somewhat different.

One more feature is that classical proofs of Proposition [2] do not reveal a relation with the
SLo of Arthur, though it is believed to be relevant here (cf. the conjectures of Adams in [I]). In
our approach at least the maximal torus of SLy of Athur appears naturally.

16



3.2.3 In Section 8 we derive Theorem [l from Theorem [7l In the rest of Section 3 we explain (at
the level of functions) some ideas that will be used in Section 8 in the geometric setting.

For a € A* write | a |€ @ for the absolut value of a. For a vector bundle W on X and
e € GLOWV)(A) we write |e|=|dete].

3.2.4 ACTION ON Sy y.
Remind the canonical isomorphism U(H) = A% Uy. For b € (A2Up)(A) the element (b,1) €
H(A) x G(A) acts on ¢ € S(Uj @ My(A)) by

((0, @) (v) = x((b, s1(v)))d(v), v € Uy ® Mo(A)

Here sy(v) is the composition

(A2Uo)(A) " (AMo) (A) — Q(4)
For a € GL(Up)(A), g € G(A) the pair (a, g) acts on the left on Uj @ My(A) sending v : Up(A) —
My(A) to govoa=t. So, (a,g) acts on ¢ € S(U; @ My(A)) by
((0.99)(v) = a®g |2 $(g~" 0voa)

So, for p = < 8 a*b_l > € P(H)(A),g € G(A) the element (p,g) acts on ¢ € S(Uj @ My(A))

by
(p.9)8)(w) =l a® g |2 x((a™ b, sulg™ ovoa)))s(g™  cvoa) (18)
Here a € GL(Up)(A),b € (Up @ Up)(A). We get
buog)= Y, ((1.9)9))
veUg @ Mo (F)

Let xV.' be the stack classifying U € Bun,,, M € Bung and a map between the generic
fibres v : U(F) — M(F) (here ‘ex’ stands for ‘extended’). Its set of k-points identifies with
(GL(Uy)(F) x G(F))\Xm,G, where

Xm,a = Uy @ Mo)(F) x (GL(Uo)(A)/ GL(Up)(0)) x (G(A)/G(0))

is equipped with the diagonal left action of GL(Up)(F') x G(F). Remind that G(A)/G(O)
is naturally in bijection with the isomorphism classes of pairs (Fg, ), where Fg € Bung,
0 fG:fg |spec 7 1 a trivialization at the generic point.

Given ¢ € S(UF @ My(A))HXENO) for (v,a GL(Up)(0), gG(0)) € X, ¢ the value of

bg~ ovoa)
depends only on the image of (v,a GL(Up)(0),gG(O)) in xV;7 (k). This gives rise to a map
& S(UG @ Mo(A)H*DO) — Funct(x Vero(k)) (19)

sending ¢ to the function (v,a GL(Up)(O), gG(O)) +— ¢(g t ovoa).
Let xVp.q C XVfrf’G be the substack classifying v € vaﬁg such that the map s/(v) : AU —
Q) is regular over X.
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Lemma 5. For any ¢ € S(UF @ My(A))H*O) its image under (I3) is the extension by zero
from xVp, (k).

Proof Note that ¢ is invariant under the action of U(H)(O). So, if v € Uf ® Mp(A) and
#(v) # 0 then for each b € (A2Up)(O) we have x({b,sy(v))) = 1. So, ¢(v) = 0 unless sy (v) €
Q@ A2U$H(0).

Let n = (M,U,U(F) % M(F)) be a k-point of x Vi - Pick a collection

(to,a GL(Up)(0),9G(0)) € Xpm

representing 7. Then the condition sy (g tovoa) € (Q®A2UF)(0O) is easily seen to be equivalent
to the fact that n € x Vi q. O

Let Vp(m) be the stack classifying U € Bun,, and s : A2U — Q. The stack Bunpg classifies
U € Bun,, and an exact sequence 0 — A2U —? — O — 0. Thus, Bunp(yy and Vp(g) are
(generalized) dual vector bundles over Bun,,. Let

Ty xVm,c — Vpa) X Bung
be the map sending (M, U,U(F) = M(F)) to (M, U, sy(v) : N2U — Q).

Let Vin,g C xVm,c be the substack given by the condition that v : U — M is regular over
X. From (I8) one derives the following.

Lemma 6. The diagram of H(G)-modules commutes

S(U ® Mo(A)H*D©) % Punct(Bunpxa(k) — Funct (Bun p(z7) (k)
liu / Four,,
Funct(xVm q(k)) () Funct(Yp gy x Bung),

where the right horizontal arrow is the restriction with respect to Bunpgyxg — Bungxg. Be-
sides, &pou is the characteristic function of Vi, (k). O

The normalization of the Fourier transform operator Four,, is always that of Section 2.1. It
is understood that (7.7) is the summation along the fibres of .

3.2.5 ACTION ON S¢ y

The group H(A) x GL(Lo)(A) acts on the left on Vp ® L} @ Q(A) by (h,a)v = hovoa™!. Here
v: Lo(A) — Vo ® Q(A). So, (h,a) acts on ¢ € S(Vp ® L ® Q(A)) by

((hya)$)(v) =l a@h |2 (™  ovoa)

for a € GL(Lo)(A),h € H(A).
For b € U(G)(A)= (71 ®Sym? Lo)(A) the element (1,b) acts on ¢ € S(Vo® L@ Q(A)) by

((1,0)¢)(v) = x((b, 52 (v)))b(v),
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where s, (v) is the composition

(Sym? Lo) (&) V=¥ (92 © Sym? Vo)(A) — O2(A)

So, for p = < 8 a*b_l ) € P(G)(A), h € H(A) the element (h,p) acts on ¢ € S(Vo®@ LR Q(A))
by
(h,)®)(®) =l a® h |2 x((a™'b,5(h" o v oa)p(h™ ovoa) (20)

and we have

Oc,6(h,p) = > ((hp)e)(v)

veEVORLERQ(F)

Remark 1. If the ground field & is algebraically closed then for any connected affine algebraic
group G over k, a G-torsor on X is trivial at the generic point (by [5], Theorem 2).

We have a natural inclusion of H(F)\H(A)/H(O) into Bung (k). If the ground field k was
algebraically closed (as it will indeed be in Section 8) then, by Remark [Il this inclusion would
be a bijection.

Let xVi%y be the stack classifying L € Bun,, V € Buny and a map between the generic
fibres v : L(F) — V @ Q(F) (here ‘ex’ stands for ‘extended’). Consider the set

X = (Lg @ Vo @ Q)(F) x (GL(Lo)(A)/ GL(Lo)(0)) x (H(A)/H(O))
with the diagonal action of GL(Lg)(F') x H(F'). Then we have a canonical inclusion
i+ (GL(Lo)(F) x H(F))\Xp,u — x V5 u(k)
Given ¢ € S(Vo ® L @ QA))H*NO) for (v, a GL(L)(O), hH(O)) € X, i the value of
p(htovoa)
depends only on the image of (v,a GL(Lo)(O),hH(0)) in xV;% (k). This gives rise to a map
£ - S(Vo ® L © QAT — Funet(x Vil (k) (21)

sending ¢ to the function (v,a GL(Lo)(O),hH(O)) — ¢(h~! o v o a), which we extend by zero
under jp.

Let xVn,m C xV;"y be the substack given by requiring that the map se(v) e Sym? L — O?
is regular over X.

Lemma 7. For any ¢ € S(Vo ® L @ Q(A))H*GNO) its image under (21) is the extension by
zero from xVp m(k).
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Proof The fact that ¢ is invariant under the action of U(G)(O) means the following. If v €
Vo ® L @ Q(A) and ¢(v) # 0 then for each b € (27 @ Sym? Lo)(O) we have x((b, sz(v))) =1,
so sz (v) € Q2 ® Sym? L(0).

Let n = (V,L,L(F) > V ® Q(F)) be a k-point of x oy that admits a representative

(vo,a GL(Lo)(O),hH(O)) € Xp 1

The condition sz (A~ owgoa) € Q2 ® Sym? Lj(O) is easily seen to be equivalent to the fact that
n e XVmH(k‘). O
Let Vp(e) be the stack classifying L € Bun, and s : Sym? L — Q2. The stack Bunp g

classifies L € Bun,, and an exact sequence 0 — Sym? L —? — Q — 0. Thus, YVp(@) and Bunp g
are dual (generalized) vector bundles over Bun,,. Let

7zt xVn,H — Yp(c) X Bung

be the map sending (L, V, L(F) %V ® Q(F)) to (V, L, sz (v) : Sym? L — Q2).
Let V, g C xVn u be the substack given by the condition that v : L — V ® Q is regular over
X. From (20) one derives the following.

Lemma 8. The diagram of H(H)-modules commutes

S(Vo ® L @ Q(A))H*G)(O) i Funct(Bung«g(k)) — Funct(Bung . p(g)(k))

lfﬁ / Four,,
Funct(x Va.z (k) L Funct(Bung x V() (),

where the right horizontal arrow is the restriction under Buny, pq) — Bunpxg. Besides,
Ecdo,c is the characteristic function of Vy m(k). O

It is understood that (7,); is the summation along the fibres of 7.
4. GEOMETRIC MODEL OF THE SCHWARZ SPACE AND HECKE FUNCTORS

4.1 Set O = k[[t]] € F = k((t)), write D* = Spec F' C D = SpecO. Let € be the completed
module of relative differentials of O over k.

For a free O-module M of finite rank we introduce the categories P(M(F')) C D(M(F')) as
follows. For N,r > 0 set y,M =t"NM(O)/t"M(O). Given positive integers Ny > Na, 71 > 19
we have a cartesian diagram

N277“1M < N177“1M
L l» (22)

7
N277“2M — N177“2M7

where 7 is the natural closed immersion, and p is the projection.
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By ([8], Lemma 4.8), the functor D(y,M) — D(n, M) given by K — p*K[dim.rel(p)]
is fully faithful and exact for the perverse t-structures, and similarly for the functor i,. These
functors yield a diagram of full triangulated subcategories

D(Nz,T’lM) — D(N1,T’1M)

T T (23)
D(Nz,T’2M) — D(N1,T’2M)

We let P(M(F')) (resp., D(M(F'))) be the inductive 2-limit of P(n M) (resp., of D(n,M)) as
r, N go to infinity.
Set yM =t~V M(O) viewed as a k-scheme (not of finite type).

4.2.1 Let G be a connected reductive group over k, assume that M = My ®; O, where My is a
given finite-dimensional representation of G.

For N +7 > 0 the group G(O) acts on y,M via its finite-dimensional quotient G(O/tN*7O).
For r; > N +r > 0 the kernel of G(O/t"O) — G(O/tN+70) is a contractible unipotent group.
So, the projection between the stack quotients

q: GO/t ON\N, M — GO/tNTTO\ N, M
yields an (exact for the perverse t-structures) equivalence of the equivariant derived categories

Do ivir0)(NrM) — Daosim oy (v M)

Denote by Do) (n,»M) the equivariant derived category Dg om0y (n,-M) for any 1 > N +7.
The stack quotient of [22) by G(O/tM*710) yields a diagram

DG(O) (N277‘1M) — DG(O)(Nl,TlM)
T T (24)
Dco)(Ny,s M) = Dgoy (N, M),

where each arrow is a fully faithfull (and exact for the perverse t-structures) functor. Define
Do) (M (F')) as the inductive 2-limit of Do) (n,-M) as N,r go to infinity.

Since G(O/tN*7O) is connected, the category Paoy(nM) of G(O/tN+7 O)-equivariant per-
verse sheaves on y M is a full subcategory of P(n,M). The category Py (M(F)) is defined
along the same lines. A similar construction has been used in ([13], Sect. 4).

Since the Verdier duality is compatible with the transition functors in ([24]) and (23]), we have
the Verdier duality self-functors D on D¢y (M (F)) and on D(M (F)), they preserve perversity.

4.2.2 Write Grg for the affine grassmanian G(F)/G(O) of G. Let us define the equivariant
derived category D¢y (M (F) x Grg).
For s1,59 > 0 let

s1.:G(F) = {g € G(F) [ 7 M(0) C gM(0) C t*M(0)},
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it is stable by left and right multiplication by G(O), and s, s, Grg = (s,,5,G(F))/G(O) is closed
in Grg. For s} > s1, sf, > so we have a closed embedding s, s, Grg — s,,h Grg, and the union
of all 4, s, Grg is Grg. The map g — g~ ! yields an isomorphism , s, G(F) = s, 5, G(F).
Assume for simplicity that My is a faithful G-module, then the action of G(O) on 4, 4, Grg
factors through an action of G(O/t51152).
For N,r,s1,s0 > 0 and s > max{N + r,s1 + s2} we have the equivariant derived category

Dgoyis)(neM X s, 5, Gra),

where the action of G(O/t*) on y,M X g, s, Grg is diagonal. For s’ > s > max{N +r, s; + s2}
we have a canonical equivalence (exact for the perverse t-structures)

DG(O/tS)(N,TM X 51,82 GrG): DG(O/ts’)(Nﬂ“M X 51,82 GI'G)

Define Do) (N M X s, s, Grg) as the category Dg(o/is) (N M X 5, s, Gre) for any s as above. As
in Section 4.2.1, define Do) (M (F') x Grg) as the inductive 2-limit of Doy (N M X s, s, Gra).
The subcategory of perverse sheaves

Pg(o)(M(F) X GI‘(;) C Dg(o)(M(F) X GI‘(;)

is defined similarly.

4.3 Let Sphy denote the category of spherical perverse sheaves on Grg. Remind the canonical
equivalence of tensor categories Loc : Rep(G) = Sphg; (cf. [19]).

Let us define an action of the tensor category Sphg on Do) (M (F)) by Hecke operators.
Let Gre denote the stack classifying G-torsors Fg, F(, on D together with a trivialization
B: Fa |pr = F¢ |p+. Write Bung, p for the stack of G-torsors on D, this is the classifying stack

of G(O). We have a diagram

h— h—
Bung p < Grg — Bung,p,

where b~ (resp., h™) sends (Fg, ¢y, 3) to Fg (resp., Fi).
Let pWg be the stack classifying a G-torsor F on the disk D together with a section
s: O — Mg, |p+. Consider the diagram

— —

h
w w
pWea < pWa XBunp ¢ 97¢ — pWa,

where we used '~ to define the fibre product, the map h;,, (resp., hyy)) sends (Fa, F, 5,0 N
Mz, |p+) to (Fa,s) (vesp., to (Fg;,s": O — Mg, |p-)). Here s’ = Bos.

Informally, one may think of Dg(o) (M (F')) as the category of certain complexes on pWg.
Let id! (resp., id") be the isomorphism of pWg XBunp  Grc with the twisted product

M(F) x¢©) Grg

such that the projection to the first term corresponds to hy,, (resp., to hyy). Informally speaking,
for a complex K on pWg and 7 € Sph; one may form a twisted external product (K X 7)! and

22



(KR T)". The Hecke functors H5 (-, -) and Hg (-, -) from Sphg; x Dg(o)(M(F)) to Dgoy (M (F))
are informally defined by

H5 (T,K) = (hg W (*T XK)" and Hg (T,K) = (hg (T X K). (25)

Here * : Sph; — Sphg is the covariant functor introduced in Section 2.2.1.

Let us give a formal sense to (28]). Consider the map M (F) x G(F)— M(F') x G(F) sending
(m,g) to (g7tm,g). Let (a,b) € G(O) x G(O) act on the source sending (m, g) to (am,agb).
Let it also act on the target sending (m’,¢’) to (b~'m/, ag’b). The above map is equivariant for
these actions, so yields a morphism of stacks

gact : GION\(M(F) x Grg) — (M(F)/G(0)) x (G(O)\ Grg),

where the action of G(O) on M (F') x Grg is the diagonal one.

The connected components of Grg are indexed by m1(G). For § € m1(G) the component
Gr% is the one containing Gr)G‘ for any A € Ag whose image in 71 (G) equals 6. For 6 € m; set
81,52 GI‘% - GI‘% n31732 GI'G.

Lemma 9. There exists the ‘inverse image’ functor
gact™(,") : Dg(o) (M (F)) x Dg(0)(Gra) — Do) (M (F) x Grg) (26)
satisfying the following. For K € Dgoy(M(F)) and T € Dg(oy(Grg) we have
D(qact™(K,T)) = qact™(D(K),D(7))
naturally. If both K and T are perverse then qact*(K,T) is perverse.

Proof For non negative integers N,r, s1, so, with r > s; and s > max{s; + s2, N + r} we have
a diagram

t
N,T’M X 51752G(F) e N+51,T—S1M
l aG l qm
pr actq s
N,rM — N,TM X 81,52 GI'G - G(O/t )\N+317T_31M
l l / actq,s

GO/ \Ne M & GO\ (NaM X 4.5, Cre) 23 GO/E)\(s,,5,G16)

Here act sends (m, g) to g~'m, the map qg sends (m, g) to (m, gG(O)), and pr, pry denote the

projections. All the vertical arrows are the stack quotient maps for the action of a corresponding
group. One checks that act descends to a map act, between the corresponding quotients.

For s > max{s; + s2, N + r} the group G(O/t*O) acts diagonally on y,M X g, s, Grg, and
act, is equivariant with respect to this action. Consider the functors

temp
Daois)(N+s1,r—s1 M) X Dgoyis) (s1,5:G1a) = Dgoys)(NeM X s, 5, Gra)
| |
DG(O)(N+81,T’—81M) X DG(O)(81,SzGrG) DG(O)(N,T’M X 51,5 GTG)
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sending (K,7) to
act) (K) @ pry T[sdim G + s dim My — ¢], (27)

qis

where ¢ equals to (6, i) over g, , GreG, Here f1 € [ng denotes the character det M.
For r1 > ry and s > max{s;+s2, N+71} the functors temp are compatible with the transition
functors for the diagram

actq,s

GO/EN(Nm M X 5,5, Grg) =" G(O/E°)\Ntsym—s: M
! !

actq,s

GO/EN(N M X 515, Gra) = GO/°)\Ntsrp—s: M
So, they yield a functor

N,s1,s tEMP : DG(O)(N+S1M) X Dg(o) (s1,5:Gra) — Dg (o) (NM X, 5, Gr)

For Ny > Ny and s > max{s; + s3, N1 + r} we have a diagram, where the vertical maps are
closed immersions

actq,s

GO/ (N M X 5,5, Grg) =" G(O/)\Ny 451,0-5: M
7 7

actq,s

G(O/N(Ngr M X 515, Grg) =" G(O/t°)\Nytsy,r—s: M

This diagram is not cartesian in general, we come around this as follows. If K € D¢y (nM),
T € Dg(0)(s1,5,Grg) then for any N1 > N + s the image of (K, 7) under the composition

Nq,sq1,so t€MP
Do) (NM) X D0y (51,5 Gra) € Do) (M5 M) X Do) (s1,6,Gra) =
Deo)(mM % 5.5, Grag) C Do) (M(F) X 4,5, Gra)
does not depend on N1, so we get a functor
51,50 bEMP Dg(o)(M(F)) X Dg(o) (sl,szGrG’) — Dg(o)(M(F) X 51,80 GI‘(;)
For s} > s1, s, > so we have the functors of extension by zero
D¢ (0)(s1,5:Gra) = De (o) (5,5, Gra)

They are compatible with g, ,, temp. This yields the desired functor (26). A proof of its
properties is left to the reader. [J

For nonnegative integers s1, so, N, and s > max{N + r,s1 + s9} for the projection
pr: G(O/)\ (M X555 Gra) — G(O/E°)\nyr M

the corresponding functors pry : Dgo) (N M X, s, Grg) — Dgo)(n,-M) are compatible with
the transition functors, so yield a functor pr, : Dg(o) (M (F') x Grg) — Dg(o) (M (F)).
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Finally, we define the Hecke functor
H& (7,-) : Doy (M (F')) — Dgoy(M(F)) (28)

by Hg (7, K) = pri(4act*(K,7)) for T € Sphg and K € Dg(o)(M(F)). By Lemma [ the
functors ([28)) commute with Verdier duality, namely

D(H;(7,K)) = H; (DT ,DK)

They are also compatible with the tensor structure on Sphy (as in [4], Section 3.2.4). For
T € Sphg; and K € Do) (M(F')) set Hg (7T, K) = Hg (7, K). Then the functors

K H5(T,K) and K — Hg(D(T),K)
are mutually (both left and right) adjoint.
For a G-dominant coweight \ we set H(-) = Hg (A, ).

Remark 2. Call K € Pgoy(rM) smooth if it comes from a G(O)-equivariant local system on
r,rM for some r. Let us make the above definition explicit in this case.

Let us above 1 € A denote the character det My, so the virtual dimension dim(M/gM) =
(0, 1) for gG(O) € Gr¥,. Let T € Sph; be the extension by zero from , ¢, Grg. For r large
enough, let p,MXg, s, Grg be the scheme of pairs (m,gG(0)) with ¢gG(O) € s, s, Grg and
m et RgM/t"M. Set

51,59 Gr?; = 5,5, Grg N Gr%

Then g ,M X . Gr% is a locally trivial fibration over , g, Gr% with fibre an affine space of
dimension (R + r)dim My — (0, j1). We get a diagram

Rrsaa M & M, o, Gre ™S GO/ )\ (g M),
where pr sends (m, gG(O)) to m. Let K XT denote the perverse sheaf acty K ® pry 7 [dim] on
RrMXg s, Grg. Then Hg (T, K) = pr;(K K T). We see once again that indeed the shift in (27
must depend on fi.
4.4 One can always address the following
Question. Let I denote the constant sheaf Qy on ooM, it is an object of Peoy(M(F)).
Describe the submodule over Sphe in Dgy (M (F)) generated by Io.
Remark 3. Assume that all the weights of My are less or equal to a G-dominant weight X. Then
for a dominant coweight A of G we have H(Ip) € Dgoy(nyM) with N = (—wo(N), ) and
r=(\A).

Let M(O)i@g be the scheme classifying pairs ¢G(O) € @g, m € gM(O). Let my, :
M(O)i@g — NM be the map sending (m, gG(O)) to m € yM. Write O,TMQ@)(‘; for the
scheme classifying ¢G(O) € @g, m € gM(O)/t"M(O). The map mp, gives rise to a proper
map

T 0rMXCry — Ny M (29)
sending (m, gG(O)) to m. By definition, Hp (1) identifies with m(Q X.A)[dim o, M].
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4.5 The group of automorphisms of the k-algebra O is naturally the group of k-points of a
(reduced) affine group scheme Aut® O over k. The group scheme Aut’ O acts naturally on M (F),
G(F), G(O) and Grg. We write § : Aut® O x M(F) — M(F) and 6 : Aut® O x G(F) — G(F) for
the corresponding action maps, and G(F) x Aut® O for the corresponding semi-direct product
with operation
(91, c1)(g2, c2) = (916(c1, 92), c1c2), ¢ € G, gi € G(F).

Then G(F) x Aut® O acts on M(F) via the map (G(F) x Aut® ©) x M(F) — M(F) sending
((g,¢),m) to gé(c,m). For r > 0 we similarly have a semi-direct product G(O/t") x Aut(O/t")
and a surjective homomoprhism G(O) x Aut(O) — G(O/t") x Aut(O/t"), whose kernel is pro-
unipotent.

Let us define the equivariant derived category Dgoyxau o(M(F)). As in 4.2, for rp >
N + 7 > 0 the projection between the stack quotients

q: (GO/t") x Aut(O/t" )\ Ny M — (G((’)/tNJ”’) X Aut((’)/tN”))\N,rM
yields an (exact for the perverse t-structures) equivalence of the equivariant derived categories

De(ojiv+rysaut@ev+ny (N M) = Dgo /ey sausom) (N M)

Denote by D¢ 0)xaut? o(n,M) the equivariant derived category D¢ /¢r1)saut(/em) (- M) for
any rp > N +r.
The stack quotient of 22)) by G(O/tN1*+71) x Aut(O/tN+71) yields a diagram

DG(O)NAutOO(Nzﬂ“lM) - DG(O)XIAutOO(Nl,T’lM)
T 1 (30)

DG(O)xAutOO(Nzﬂ“zM) - DG(O)xAutOO(NLT’zM)a

where each arrow is a fully faithfull (and exact for the perverse t-structures) functor. Define
Do) naut® o (M (F)) as the inductive 2-limit of D¢ o) waut0 o(n,rM) as N, r go to infinity. Sim-
ilarly, one defines the category of perverse sheaves

Po)ysautd o(M(F)) € Dgoywauto o (M (F))

As in 4.3, one defines a natural action of Sphg on Do) yauto (M (F)). For our purposes
note that the map (29) is Aut® O-equivariant, so that all the perverse cohomologies of H?‘;(Io)
are objects of P o) xauto o (M (F)).

4.6 If X is a smooth projective connected curve and x € X then one can consider the following
global version of the category D¢ oy (M (F)).

Let ;oo Wa be stack classifying a G-torsor F¢ on X together with a section Ox M Fe (00).
The stack ; -cWg is an ind-algebraic. We have a diagram

hw hy
x,ooWG — :c,ooWG X Bung +Ha — Z‘,OOWGa
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where we used h¢; to define the fibre product, the map hy,, (resp., hyy) sends (Fg, F¢, 3, Ox N
Mz, (c0x)) to (Fg,s) (vesp., to (Fg,s') with s = so ). As in Sections 2.2.1 and 4.3, one
defines the Hecke functors

HE(a )7HC_})(7 ) : Sth X D(x,ooWG) — D(x,ooWG)

Let » <nWa C #,00Wa be the closed substack given by requiring that Ox M 7o (Nx) is
regular.

For r > 1let D, , = Spec O, /t%, where O, is the completed local ring at z € X, and ¢, € O,
is a local parameter. Pick a trivialization O, — O. For N,r > 0 it yields a map

N,rPwW - x,SNWG - G(O/tN+T)\N77"M

sending (Fg, Ox 4 Mz (Nz)) to Fg |pyy,.. equipped with the induced G(O/tN*7)-equivariant
map g |py,,.— NrM. We get a functor DG(O/tN+T)(N7TM) — D(z,<nWg) given by

K — n,pyK[a+ dim Bung +N dim My — dim G(O/tN‘H’)\N,TM],

here a is a function of a connected component of Bung sending Fg to x(Mz,). The shift in
the above formula should be thought of as ‘the corrected relative dimension’ of x,pyy, over
a suitable open substack of , <xWg it is indeed the relative dimension. These functors are
compatible with the transition functors in (24]), thus we get a well-defined functor

glob,, : Dg(o) (M (F)) — D(z,00Wa),

here glob stands for ‘globalization’. One checks that it commutes with the functors Hg , H .
Along the same lines, one defines a functor Do) yaut0 o (M(F)) — D(z,00We) that does not
depend on a choice of a trivialization O, — O.

4.7 WEAK ANALOGUES OF JACQUET FUNCTORS

4.7.1 Let P C G be a parabolic subgroup, U C P its unipotent radical and L = P/U the
Levi quotient. In classical setting, an important tool is the Jacquet module S(M (F'))y(r) of
coinvariants with respect to U (F'). We don’t know how to geometrize the whole Jacquet module.
However, let Vy C Mj be a P-invariant subspace, on which U acts trivially. Set V = V;(O). We
have a surjective map of L(F)-representations S(M (F))y ) — S(V(F)) given by restriction
under V (F') < M (F'). We rather geometrize the composition map S(M(F)) — S(M(F))yry —
S(V(F)).

As in 4.2, we have the derived categories D(V(F)), Do) (V(F)). We are going to define
natural functors

Jp,Jp : Dg(o)(M(F)) — Dy o) (V(F)) (31)

To do so, for N + r > 0 consider the natural closed embedding iy, : y,V — n,M. Remind
that n,V = t=NV/t"V. Consider the diagram of stack quotients

i

P(O/NT\ (V)5 PO\ (v, M) 2 GO\ (v, M) (32)
la
LIO/tN N\ (e V),

27



where p comes from the inclusion P C G and ¢ is the natural quotient map. Using (32]), define
functors

b Jp : Dgoinry(NaM) = Dyopniry (V)

by
q* o Jpldim.rel(q)] = (in,)*p*[dim.rel(p) — ra]

q* o Jpldim.rel(q)] = (iy,)'p*[dim. rel(p) + ra]

Since g¢*[dim.rel(q)] : Dy envtry(nyV) — Dpojnry(nyV) is an equivalence (exact for the
perverse t-structures), the functors Jp, J ]!3 are well-defined. Here we have set ¢ = dim My —
dim Vj.

Further, J5, JI!D are compatible with the transition functors in (24)), so give rise to the desired
functors ([BI)). We underline that .J}, J5 do not depend on a choice of a section of P — P/U.
Note also that Do Jj — JI!D o D naturally.

4.7.2 Due to its importance, remind the definition of the geometric restriction functor gResg :
Sph; — Sphy, from ([4], Proposition 4.3.3). The diagram L <« P — G yields by functoriality
the diagram

GI“L <t£ Gl“p t—G> GI"G

The connected components of Grg are indexed by 7 (G). For 6 € 711(G) the component GrY, is
the one containing Gryy for any \ € Af, whose image in m1(G) equals 6.

For 6 € m (M) let Gr?; be the preimage of GrOL under tp. The following strengthened version
of (J4], Proposition 4.3.3) is derived from the results of [19].

Proposition 3. For any S € Sph and 6 € m1(L) the complex
(tP)1(S |0, )[(0,2(p — pL)]
lies in Sphy. The functor gResf : Sphe — Sphy, given by

S @ (tp)(S [0, [(0,2(5 — pL)]
femi (L)

has a natural structure of a tensor functor. The following diagram is 2-commutative
R, G
Sphe  °*  Sphy
T Loc T Loc

Res§ .
Rep(G) =" Rep(L)
O

For the purposes of Lemma [I0 below we renormalize gRes? as follows. We let gRes? :
Sph¢; — D Sphy, be given by gRes? (7) = (tp)1t5 7.
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Corollary 2. The diagram is 2-commutative

Res§
Sphy = D Sph;
T Loc T Loct
Rep(G) Res]0 Rep(L x Gp,),

where ko : L X G, — G is the map whose first component is a Levi factor L A G, and the
second s

Gm 2(p AL) Z(L) Z—/ é
Here Z(L) is the center of L. O

Write /i = det My and 7 = det Vj, view them as cocharacters of the center Z(L) of L. Let
k: L x G, — G be the homomorphism, whose first component is iz, : L — G, and the second
component is 2(p—pr)+ 1 —v. Let gRes™ : Sph; — D Sph;, denote the corresponding geometric
restriction functor.

Lemma 10. For T € Sphg, K € Dg(o)(M(F')) there is a filtration in the derived category on
JEHG (T, K) such that the corresponding graded complex identifies with

HE (gRes™(T), Jp(K))
In particular, for P = G and a G-subrepresentation Vy C My we have canonically
JpHG (T, K) = HE, (gRes™(T), Jp(K))
Proof For s1,s9 > 0 let
s P(F) ={p € P(F) [ "' M(O) C pM(0) C "M (0)},

it is stable by left and right multiplication by P(O), and s, s, Grp = (5,5, P(F'))/P(O) is closed
in Grp. We have a natural map g, s, Grp — 5, s, Grg, and at the level of reduced schemes the
connected components of s, 5, Grp form a stratification of 4, 5, Grg. Set

s1,50 Gr, = {x € L(O)\L(F) | t*'V(O) C 2V (0) C t™ 2V (0)}

The map tp : Grp — Gry, yields a map still denoted tp : g, 5, Grp — 4, 5, Grr.
Let N,r > 0, assume that 7 is the extension by zero from g, 5, Grg, and K € Dg(o) (N4sy,70—s:M).
For the diagram

act
N M = NeM X 55, Grg — ! G(O/tN—H)\N—i-SN’ s M

we calculate the direct image
pry(act, K ® pry 7 )[dim]

29



with respect to the stratification of , 5, Grg by the connected components of 4, 5, Grp. We have
the diagram

act

NV X 81782P(F) - N+si,r—s1V
l qp l qu
pr actq, p
N,TV — NWV X 51,82 Grp = P(O/tN—Hn)\N-i-SLT—SlV
J, iN,'r l iN,'rXid l iN+sl,rfsl
pr actq, p
Nﬂ“M — Nﬂ“M X 51,82 Grp = P(O/tN+T)\N+817T—S1M
! Lr

actq

N,T’M X 51,82 GI‘G — G(O/tN+T)\N+51,T’—81 M:

where act sends (m,p) to p~'m, the map gp sends (m,p) to (m,pP(0)), and qy is the stack
quotient under the action of P(O/tN+"). Moreover, act, p fits into the diagram

actq, p

NoV X5, Grp = P(O/tN—Hn)\N-i-Sl,T—SlV

J, id xtp J, q
actq L

N,T’V X S1,82 GI‘L — L(O/tN+T)\N+51,T’—81V7

Our assertion follows (the shifts can be checked using Remark 2]). [

Let 6y : G, x My — My be an action, whose fixed points set is V. Assume that 6y contracts
My onto V. We will apply Lemma [I0] under the following form.

Corollary 3. Let K € Pgo)(M(F)) be Gy,-equivariant for éy-action on M(F). Assume that
K admits a k' -structure for some finite subfield k' C k and, as such, is pure of weight zero.
Then J5(K) is also pure of weight zero, and there is an isomorphism

JpHG (T, K) = Hy (gRes"(T), J5(K))

Proof Under our assumptions, J5 is the hyperbolic localization functor with respect to the
dy-action on M (F), the assertion follows from ([3], Theorem 2) and Lemma [0l O

4.8 FOURIER TRANSFORM

Remind the notation € from Section 4.1. Let us define the Fourier transform functors Foury, :
D(M(F)) - D(M* ® Q(F)) and

Fourw . Dg(o)(M(F)) — Dg(o)(M* &® Q(F)) (33)

We actually will use the following a bit more general functor. Given a decomposition
My = M @ M> into direct sum of vector spaces, one defines the Fourier transform

Foury, : D(M(F)) — D(M{ ® Q(F) & My(F)) (34)

30



as follows. For N > 0 we have a natural evaluation map ev : y yM; X yn(M] ® Q) — Al
sending (m, m*) to Res(m,my). It gives rise to the usual Fourier transform functor

Four,z} : D(NJVM): D(N’N]Wik ROD N’NMQ)

For N’ > N these functors are compatible with the transition functors D(y nM) — D (v nv M)
in (23)), so give rise to the desired functor (34]). From the usual properties of the Fourier transform
we learn that (34)) is an equivalence of triangulated categories, which preserves the perversity.

Assume in addition that My— M; & My is a decomposition of My into a direct sum of
G-modules. Then similarly the usual Fourier transform functors

Foury, : Dgoy(n,nM) = Doy (v NM{ @ Q& y nMa),
being compatible with the transition functors in (23)), give rise to the functor
Foury, : Doy (M (F)) = Dg o) (M7 @ Q(F) & M (F)), (35)

which satisfies the same formal properties.
Remark 4. The following diagram commutes

Deoy(M(F)) "5 Doy (M; @ QF) & My(F))

\ Four,, l Four,,
Do) (M* @ Q(F)),

that is, the composition of two partial Fourier trasforms identifies with the complete Fourier
tranform.

Lemma 11. The functor (33) commutes with Hecke operators. Namely, there is an isomorphism
functorial in T € Sphg and K € Dg(o)(M(F))

Foury, H (7, K) = Hg (T, Foury (K))

Proof
Step 1. Pick s1,s2 > 0 so that 7 is the extension by zero from g, 5, Grg. Pick r,r1, N, N; large
enough compared to s; and K. In particular, we assume

r—N;y >s,+s2 and r{— N > s+ 59 (36)
Let s > max{s; + s2, N + 1, N1 + r1}. Consider the diagram
G(O/ts)\N+S1,T’—81M

T actq,s
G(O/t°)\n, M = GO/ (N M X s, 5, Gra)
Ta 1
GO/EN (s (M* @ Q) xnp M) & GO/ (w00 (M* @ Q) Xy M X g, 5, Gr)

1B
GO/ (N (M* ® Q)),
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where the square is cartesian, all the quotients are taken in the stack sense, the action of G(O/t*)
on all the involved schemes is diagonal. We have denoted by « and (3 are the projections.

By our assumptions,

H& (T, K) = pr(7 ® acty ¢ K )[dim]
for a suitable shift. Assuming K € Dg(o)( niM ) with N;, r; sufficiently large with respect to
N ,T, we get
Foury(Hg (7, K)) = pi(ev* Ly ® o' Hg (T, K))[dim. rel(o)]

Here ev : G(O/t5)\(Ny.r (M* @ Q) Xy, M) — Al is the evaluation map, it is correctly defined
because r — Ny and r; — N are nonnegative.

Consider the diagram

G(O/ts)\N—l—sl ,r—slM

7o
actyg. s «
G(O/N (W (M* @ Q) XNy M X g, 5, GIG) — G(O/E)N (N1 +s2,r1—s2 (M @ Q) X N5y ,r—s1 M)
! el
act;’s s .
G(O/ts)\(Nth (M* ® Q) X 51,82 GrG) - G(O/t )\N1+82,7‘1—82 (M ® Q)

L pr’
G(O/t)\Nyr (M* @ Q)

where o/, 8, pr’ are the projections. The square in the above diagram is not cartesian, write
b: Y — GO/ N (W ap -y (M © Q) X gy M)
for the map obtained from act; ; by the base change 3’. Then
GOSN gy (M @ Q) sy M X 4, 4, Gir) = Y (37)
is naturally a closed substack. Let
ev 1 G(O/ NNy 2. —s2(M* @ Q) X Npsy sy M) — Al
be the evaluation map, it is correctly defined due to ([B@). By our assumptions,
Foury (K) = §/(ev* Ly ® o* K)[dim. rel(a’)]

and
Hg (T, Foury(K)) = pry(T @ (act;, ,)* Foury (K))[dim]

Since N, r are large enough compared to N, 7, it follows that b* (o/)*K is the extension by zero
under ([37)). The desired result follows now from the base change theorem. [J

Note that for the functor ([B3]) we have Foury, (/o) = I canonically.
4.9 EXTENSIONS OF ACTIONS

Let G be a connected reductive group, P and P~ two opposite parabolic subgroups in G with
commun Levi subgroup L =P N P~.
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Lemma 12. LetY be a scheme (of finite type over k) with a G-action. Then we have a diagram
of equivariant categories of perverse sheaves

Pp(Y) C  Pr(Y)
U U
PG(Y) C Pp- (Y)v

where all the functors are fully faithful embeddings. Moreover, Pp(Y) N Pp-(Y) = Pg(Y), that
is, if an object K € Pr(Y') lies in both Pp(Y') and Pp—(Y') then K € Pg(Y).

Proof The natural maps between the stack quotients Y/L — Y/P — Y /G are smooth of fixed
relative dimension, surjective, and have connected fibres. By ([8], Lemma 4.8), they induce the
corresponding fully faithful embeddings of categories.

Now assume K is an object of Pp(Y) N Pp—(Y). Let W be the image of the product map
m: P x P~ — G. We have a diagram

PxP-xy &y
| mxid | id
Wxy Oy
The map m : P x P~ — W is smooth and surjective with connected fibres. So, by loc.cit., the
equivariance isomorphism (act’)* K = Q,X K descends to an isomoprhism acty, K = QXK over
W x Y. Further, the product map m : W x W — (G is smooth and surjective with connected
fibres. So, for the action map actyyxw : W x W x Y — Y the equivariance isomorphism
actyy, K = Q; X K descends to the desired isomorphism act* K = Q, X K over G x Y. [

Now assume M is a finite-dimensional representation of G, set M = My ®; O. Let U be
the unipotent radical of P. The following result will be used in Section 6.2.

Lemma 13. i) We have a diagram of fully faithful embeddings of categories

Ppoy(M(F)) C  Pro)(M(F))
U U
Paoy(M(F)) C  Pp-(o)(M(F)),

The intersection Ppoy(M(F)) N Pp-(0)(M(F')) inside Pro)(M(F) equals Pgoy(M(F)).
i) We have fully faithful embeddings Proy(M(F')) C P(M(F)) D Pyy(M(F)). The intersec-
tion PL(O) (M(F))N PU(O) (M(F)) equals PP(O) (M(F)).

Proof i) Given N,r > 0, by ([§], Lemma 4.8), we get a diagram of fully faithful embeddings

Ppoopsy(NeM)  C Proyesy(veM)
U U

Pooyesy(neM)  C Pp—os) (v M)
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with s = N +r. Let K be an object of Ppo/is)(NyM) N Pp— (o s5)(N .+ M).

Let m : Px P~ — Wand m : W x W — G be as in Lemma [[2l The induced maps
m : P(O/t*) x P~(O/t*) — W(O/t*) and m : W(O/t*) x W(O/t*) — G(O/t*) are again
smooth and surjective. Indeed, if Y7 — Y5 is a smooth surjective morphism of affine algebraic
varieties, A is an Artin k-algebra then Y;(A) is a scheme, and the induced map Y;(A) — Y2(A)
is smooth and surjective. As in Lemma [I2] one shows now that K € Pg(o/es)(v-M). The first
assertion follows.

ii) is left to the reader. O

5. GEOMETRIC MODEL OF THE WEIL REPRESENTATION OF GL,, x GL,

5.1 Let Uy = k™, Ly = k™ be the standard k-vector spaces of dimensions m and n. For Section 5
we let G = GL(Ly) and H = GL(Uyp). Let Il = Uy ® Lo, this is a spherical G x H-variety, as
the open G x H-orbit in Il satisfies the following.

Remark 5. Assume G1, Gy are connected reductive groups over k, P, C GG; a parabolic subgroup
and M; is the Levi factor of P;. Assume given an isomorphism M; x R— M, where R is
another group over k. Let Q C P; X P, be the subgroup obtained by the base change diag :
M; — M; x M from the projection Py X P, — M; x M;. Then (G X G2)/Q is a spherical
G1 x Gay-variety.

Set U = Uy(O), L = Lo(O) and II = II(O). Let T C Bg C G be the torus of diagonal
matrices and the Borel subgroup of upper-triangular matrices. We identify Ag — Z" in the usual
way. Write w; € [ng be the h.w. of the representation A*Lg of G. The objects Ty C By C H are
defined similarly for H. By some abuse of notation, @; € ]X}} will also denote the h.w. of the H-
representation A'Uy. Keep the notations of Section 4, in particular we write NIl = t= NI/,
and Iy is the constant sheaf on ¢ oII.

We are going to describe the submodule over Sphe; (resp., over Sphy) in Dy myo) (IL(F))
generated by Ip. Assume m > n.

Let Uy ® Uy — Uy be the direct sum decomposition, where Uy (resp., Us) is generated by the
first n (resp., last m — n) base vectors. Let P C H be the parabolic subgroup preserving Uy,
Upg C P be its unipotent radical. Let M = GL(U;) x GL(Uz) C P be the standard Levi factor.
Let k : G x G,, — H be the composition

~ id X2ﬁGL(U2) ~

GxG, — YGxGLU)=Me—H

Write gRes™ : Sphy — D Sph; for the functor corresponding (in view of Loc and Loc®) to
the restriction Rep(H) — Rep(G x G,,) with respect to k. Here is the main result of Section 5.

Proposition 4. The two functors Sphy — D gy my) (ILI(F)) given by
7 — Hy(7T,Iy) and 7T — Hg (gRes™(7), 1) (38)

are isomorphic.
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Let N,r € Z with N +r > 0. Think of v € II(F') as a map v : U*(F) — L(F). For v € y,II
let Uy, = v(U*) 4 t"L, this is a O-lattice in L(F). For A € Af, satisfying

(—w§(\),01) <N and (\@y) <7 (39)

let »,I1° C n,II be the locally closed subscheme of those v € y,II for which t* L/(v(U*)+t“ L)
is isomorphic to O/t~ @ ... ® O/t* = as O-module. Here A = (a1 > ... > ay). In other
words, for v € y,II we have v € )HTHO iff Uy, € Grg.

One checks that the G(O) x H(O)-orbits on n,II are exactly »,II' for A € A/ satisfying
B9).

Given A € A} let now N = (—w§(\),@n) and 7 = (\,@1). By Remark B, H)(Ip) €
D(GxH)(O)(N,rH)- Define the closed subscheme ,II C yII as follows. A point v € yII lies in AII
iff for i =1,...,n the map

AU S (ALY (— (wo (V) 7))
is regular. The scheme ,II is stable under translations by ¢"II(O), so there is a unique closed

subscheme  ,II C n,II such that ,II is the preimage of  ,II under the projection yII — y 1L
Under our assumptions the map (29) factors as

~ =\
0, 1IxGrgy =\ 11— 11

Proposition 5. For A € A}, we have a canonical isomorphism Hp(Io) = IC(x,II°) with the
intersection cohomology sheaf of >\7THO.

Proof Note that A,THO C A1l is an open subscheme. The map o,rﬂi@g N A1l is an isomor-
phism over »,I1°, in particular dim ) ,I1° = rnm + (A, 2p¢ — my,).
The scheme , ,II is stratified by locally closed subschemes ,MHO, where p € AJ(E satisfies (B9)
and
(wf' (A — ), @i) <0 (40)

for ¢ = 1,...,n. Further, 077~H>~<@2\; is stratified by locally closed subschemes 07TH>~< Gré with
p € AL, < A. Let us show that  is stratified small (in the sense of [19]) with respect to these
stratifications.

Let 1 € A, satisfy (39) and ([@0), take v € ,,II. Let Y be the fibre of 7 : o, ITx Gry — 11
over v. We must show that 2dimY < (A — p, 2p¢ — mwy,).

From (40) it follows that (A — u,w,) < 0. So, to finish the proof it suffices to show that
2dimY < (A — pu, 2pG — nay).

The scheme Y classifies O-lattices L' C L(F) such that L' € Gr) and U,,, C L'. Stratify Y’
by locally closed subschemes Y, indexed by 7 & Ag, which are very positive. We call

T:(blzzbn)

very positive iff b, > 0. By definition, the subscheme Y; classifies L' € Y such that U, is in
the position 7 with respect to L'. Now by ([19], Lemma 4.4), if Y, is nonempty then

dimY, < (A +7—p, pa)
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So, we have to show that (7,2pg) < (A — p,—nw,). The formula for virtual dimensions
dim(L/L") + dim(L'/U,,) = dim(L/U,,) reads (T + X — p,w,) = 0. Thus, we are reduced
to show that

(T, nwy — 2pg) > 0 (41)
This inequality follows from the fact that 7 is very positive, because

noy, — 2pc = (1,3,5,...,2n— 1)

is very positive. Moreover, the inequality (41]) is strict unless 7 = 0. Since 7 = 0 iff A = p, we
are done. [

Corollary 4. i) The functor Sphg — D(gx o) (II(F')) given by T +— Hg (T, Io) takes values
in Paxmyo)IL(F)). The corresponding functor

Sphg — Paxmyo)TL(F))

is fully faithful, its image is the full subcategory PféxH)(O)(H(F)) of semi-simple objects in

P (ax )0y (I(F)).
ii) For any A € A}, we have Ext%GxH)(O) (IC(»,I1°),1C(, . I1%)) = 0.

Proof For A € Al let r = (\,@1) and N = (—w§ (\),@1). Pick s > N +r. The stabilizor, say K,
in (Gx H)(O/t*) of a point of 5 ,I1" is connected. So, the irreducible objects of P ¢y (o) (IL(F))
are exactly IC(,,11°), A € A}. Part i) follows.

We have a canonical equivalence Py )0y (1, 11") = Pk (Speck). By ([8], Lemma 4.8), the
connectedness of K implies that Pg(Speck) is equivalent to the category of vector spaces. If
0 — IC(»,1I°) — K — IC(5,I1°) — 0 is an exact sequence in P gy gry(0/45) (v, 11) then K is the
intermediate extension from AmHO. Part ii) follows. OJ
Remark 6. The category Py m)0) (TI(F')) is not semi-simple in general. To have an example,
take n = m = 2 and A = (1,0). Let Y C ¢1I be the support of IC()1I1°) then dimY = 3 and
dim ¢ ;1T = 4. The restriction to Y yields a nontrivial map Iy — IC(,11I°)[1] in Dax ) 0)(0,110).

Proof of Proposition
Step 1. Assume first n = m. Interchenging Uy and Lg, one derives from Proposition [ that the
functors Rep(GLy) — P (g myo)(IL(F)) given by

Vi—Hg(V,ly) and Vw— Hg(V, 1))

are isomorphic. For n = m we are done.
Step 2. For m > n consider the Jacquet functors

Jp : Diaxmyo)((F)) — Daxaryo)(Ur @ Lo(F))

We have Jp(Io) — Ip canonically. The action of GL(Uz) on Uy ® Ly is trivial, so S € Sphqy,,)
acts on In € D(gxan0)(UT ® Lo(F)) as

Her, 0, (Ss To) = Io @ R (Grarwy): S)
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As a representation of H, det(Uy ® Lg) is the character nw,, € ]X;}. As a representation of M,
det(U; ® Lg) is the character nw, € AJI_}. Thus, let k1 : GL(Uy) X G,,, — H be the composition

- ’i><(2ﬁH—2ﬁGL(U1)—n@n‘i‘nwm) ~
—

GL(Ul) X Gm M — H,

where i : GL(Uy) < M is the natural inclusion. Let gRes™ : Sphy — D Sphgy, ) be the
corresponding restriction functor. From Corollary [3] we get for 7 € Sphy an isomorphism

JpHy (T, 1o) = Hgpu, ) (gRes™ (T), Io)

Let k3 : G x G,, — H be the map obtained from r; via the canonical identification
GL(U;) = G. By Step 1, we have an isomorphism

Herp ) (gRes™ (T), Io) = Hg (gRes™ (T'), Io)

in D(axan o) (Ut ® Lo(F)).

Further, we may think of J; as the Jacquet functor corresponding to the parabolic subgroup
P x G of H x G. As a representation of G, det(Uy ® Lo) ® det(U; ® L)™' is the character
(m —n)w, € [ng. So, let k3 : G X G,, — G x G,, be the map, whose second component
G x Gy, — Gy, is the projection, and the first component is

(id,(m;n)wn) ~

G x G, G

Write gRes™ : DSph,; — D Sph for the corresponding geometric restriction functor. By
Corollary B for S € D Sph; we get an isomorphism

JpHG (S, o) = Hg (gRes™(S), Io)
in D(gxary0)(Ur ® Lo(F')). From Corollary @ we conclude that
Jp : DP G my0) IU(F)) = DP GrLw)xe)0) (U1 ® Lo(F)) (42)
yields an equivalence of the corresponding semi-simple categories. The equality
2pH — 2pGL(Uy) — 20GL(U,) + NWm — mwp =0

shows that the composition G x G,, =2 G x G,, — H equals ko.
Summarizing, for 7 € Sphy we get an isomorphism

JpHy (T, 1)) = JpHG (3Res™(T), Io)

in D(gxany(o) (U1 ® Lo(F)), and (42) garantees that this isomorphism can be lifted to the desired
isomorphism of functors (38]). O

We will need the following version of Proposition @l Set Iy = Uj ® Lg. Remind the functor
% : Sph(H) = Sph(H) from Section 2.2.1.
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Corollary 5. The two functors Sphy — D Gxm)0)(I11(F)) given by
T—HygT,Iy) =Hy(T,Iy) and 7T — Hg (gRes™(7), 1)

are isomorphic. [J

6. GEOMETRIC MODEL OF THE WEIL REPRESENTATION OF SQs,, X Spy,

6.1 Let Up = k™, Lo = k™. Set Vo = Up @ Ujj, we equip it with the symmetric form Sym?Vy — k
as in Section 3.2. Set H = SO(1)).

Let Py C H be the parabolic subgroup preserving Uy, Uy C Py be its unipotent radical.
Write Qg = GL(Uy) = GL,, for the standard Levi factor of Py. We equip it with the maximal
torus Ty of diagonal matrices and the Borel subgroup of upper-triangular matrices (its preimage
in P(H) is a Borel subgroup, which yields our choice of positive roots).

Set Mo = Lo @ L, we equip it with the symplectic form A2My — k arising from pairing
between Lo and L§, so Ly and L§ are lagrangian subspaces in My. Set G = Sp(My). Let
Po C G be the parabolic subgroup preserving Ly, Ugs C Pg its unipotent radical. Write
Q¢ = GL(Lg) = GL, for the natural Levi factor of Pg. We equip Q¢ with the maximal torus
T of diagonal matrices and the Borel subgroup of upper-triangular matrices (the preimage of
the latter in Pg is a Borel subgroup, which yields our choice of positive roots).

Keep the notation of Section 4, in particular, O = k[[t]] and Q2 is the completed module of
relative differential of O over k. Set L = Lo(O),U = Up(O),V = V(O) and M = L & L* ® Q.
The isomorphism O =  sending 1 to dt yields an isomorphism of group schemes G = Sp(M)
over Spec O. So, we offen think of G as the group acting on M.

Set T=L"V@Qand I=U*"® M.

Remark 7. In general, L§ ® V} is not a spherical Q¢ x H-variety. By ([I1], Theorem 1.1.1), in
this case the set of Qg (O) x H(O)-orbits on Y(F) is not countable. Indeed, already for the
open Qg x H-orbit (Qg x H)/R in L ® Vj, the set of R(F')-orbits on Grg,x g is not countable.

Similarly, in general Uj® My is not a spherical Q i x G-variety, and the set of Qi (O) x G(O)-
orbits on II(F") is not countable.

6.2 As in Section 3.2, we define the functor

¢ D@axu) @) (T(F) = D@uxqe)o) (I(EF)) (43)
as the partial Fourier transform (B5]) with respect to the decomposition Y(F)—= L*QU @ Q(F) @
L*®@U* @ Q(F).

Definition 4. The Weil category for G x H is the category Weilg g of triples (F1, Fa2, 3), where
F1 € Piexm)0)(T(F)), F2 € P(guxae)o)(IUF)), and B : ((f(F1)) = f(F2) is an isomorphism
for the diagram
Pqexm)0)(T(F)) P @ xa)o)IL(F))
Ly Ly

¢
P@oxem©@)(T(F) = Puxqe) o) I(F)),
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where f are forgetful functors. Write

fG . Weilgﬂ — P(QHXG)(O) (H(F)) and fH : Weilgﬂ — P(QGxH)(O)(T(F))

for the functors sending (Fi, F2, 3) to Fy and F; respectively. Write DWeilg g for the category
obtained by replacing in the above definition P by DP everywhere.

By (8], Lemma 4.8), both functors f in the above diagram are full embeddings, and their
image is stable under subquotients. It follows that Weilg  is abelian, and both fg and fg are
full embeddings. Write Weilgs ; C Weilg g for the full subcategory of semi-simple objects. We
write

DWei Z'S,H - DWeilG,H

for the full subcategory of objects of the form @;ez K;[i] with K; € Weilg; 4 for all i.

Since ((Io) — Ip canonically, Iy is naturally an object of Weil¢; ;. Combining the decom-
position theorem (]2]) with the fact that G and H-actions in the Weil representation commute
with each other, one gets the following.

Proposition 6. There exist natural functors D Sphg — DWeil¢? i and D Sphy — DWeil i
such that the diagrams commute

\ a¢ | fe N\ an | ru
DPG 1 xay o) IHE)) DP@ a0y (T(F))

Here the functor ag (resp., am) sends T to Hg (T, 1y) (resp., to Hy (T, 1))

Proof The arguments for both functors being similar, we give a proof only for the second one.
Given 7 € Sphy, by decomposition theorem Hy; (7, Iy) € D, xm)(0) (Y (F)) identifies with the
direct sum of its (shifted) perverse cohomology sheaves. It suffices to show that each perverse
cohomology sheaf K of ((fHy (7, 1Io)) actually lies in the full subcategory P, xc)o)(II(F))
of P xqa) o) (IH(E)).

Denote by P, C G the parabolic subgroup preserving Lg, write Uy, for its unipotent radical.
By Lemma [3] it suffices to show that K admits a Ug(O) and Ug (O)-equivariant structures.
For v € T(F') write sz (v) for the composition

Sym? L(F) ™ Sym?(V @ Q)(F) — Q2 (F)
Let Char(Y) C Y(F) be the ind-subscheme of v € Y(F) such that sg(v) : Sym* L — Q2 is
regular. The Ug(O)-equivariance of K is equivalent to the fact that (~!(K) is the extension
by zero from Char(Y). But the complex Hy (7, Ij) itself satisfies this property, so its direct
summand also does.
To get a U (O)-action on K, consider the commutative diagram

¢
Paoxem©@)(Y(F) = Puxqe o) II(F))
\ Fourw l 1
Poaxqu)©) (L@ V(F)),
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where (; is a partial Fourier transform (with respect to 1), and Foury is the complete Fourier
transform (cf. Remark [)). By Lemma [T}

CGC(fHE (T, 1)) — Foury (fHy (T, 1y)) — fily (T, Iy),

where we have denote by f1 : Po,xm)0)(L ®@ V(F)) = Puxqu)0)(L @ V(F)) the forgetful
functor.
Let Char(L ® V(F)) C L ® V(F) be the ind-subscheme of v € L ® V(F) such that the

Sym? V(F) — F factors through O C F. Note that

L. Sym? v
composition Sym? L* 75

Hy (7, 1) € Pgexmyo)(L @ V(F))

is the extension by zero from Char(L ® V(F)). The U (O)-equivariance of K is equivalent to
the fact that (;(K) is the extension by zero from Char(L ® V(F)). We are done. [J

By abuse of notation, we simply write Hg (7', Ip) € DWeil{s  (resp., Hy (7, lo) € DWeil 5)
for T € D Sphg (resp., 7 € D Sphy).

Remind the definition of the homomorphisms x from Section 2.4.2. For m < n we have
k: Hx Gy, — G. We write gRes" : Sph; — D Sphy for the corresponding geometric restriction
functor.

For m > n we have x : G x G,,, — H. Write gRes" : Sphy; — D Sphg; for the corresponding
geometric restriction functor.

Here is our main local result.

Theorem 7. 1) Assume m < n. The functors Sphg — DWeil(; i given by
S— Hg (S,Iy) and S+ Hy(xgRes"(S), 1) (44)

are isomorphic.
2) Assume m >n. The two functors Sphy — DWeil¢s i given by

T —Hyg(7T,ly) and 7T — Hg (gRes"(x7), Io) (45)
are isomorphic.

The proof will be given in Section 6.4.

6.3.1 In this subsection we assume m < n and analyse the action of Sphy on D g« i) (T (F))
in more details. o )
Write V* for the irreducible H-module with h.w. \ € AE. Forl1 <i<mletaq; € A}} denote
the h.w. of the H-module A*Vy. Remind that
AV = VO @ Y m

is a direct sum of two irreducible representations, this is our definition of &,,,d.,. Say that a
maximal isotropic subspace £ C Vg is cy,-oriented (vesp., &, -oriented) if N™L C Vo (resp.,
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AL C Vdin). The group H has two orbits on the scheme of maximal isotropic subspaces in Vy
given by their orientation.
For v € Y(F) let sz (v) : Sym? L — Q?(F) be the composition

Sym? L %Y Sym?(V ® Q)(F) — Q*(F)

For X\ € A}} let N = (), cq), define a closed subscheme Y C xY =t~V as follows. A point
v € N7 lies in ,\T iff the following conditions hold:

Cl1) sg(v) : Sym? L — Q2 is regular;

C2) for 1 <i < m the map A'L My (@ AV ({(—wo(N), &;)) is regular;

!
Vm DUy,

C3) the map AL "= (™ @ V) ((—wo(N), dm)) @ (" @ VIn)((—wo(N), &, )) induced
by A™wv is regular.

The scheme »T is stable under translations by _x7T, so there is a closed subscheme y T C y N 7T
whose preimage under the projection yT — y N7 is z\T.

As in Remark [3, we have a map 7 : o n7T Q@;} — NN, it factors through the closed
immersion y yT < y n7T, and

Hy; (Io) = m(Qe X A)[dim o n Y] € Diguxmy0)(nnT)

Let Char(Y) C Y(F) be the ind-subscheme of v € T (F) satisfying C1). Note that Char(Y)
is preserved by the H(F')-action. For v € Char(Y) let L, = v(L) + V ® Q and

Li={veVeQ|(vu cQ?® forany uc L,}

Let V,, C V(F) be defined by V, ® Q = v(L) + L, then V, is an orthogonal lattice in V(F),
that is, a point of Gry. We stratify Char(Y) by locally closed subschemes  Char(Y) indexed
by A € AJIEI. Namely, for v € Char(Y) we let v € , Char(Y) iff V,, € Gr?{.
We have ) Char(Y) C A\Y. Moreover, for N = (X, ;) there is a unique open subscheme
A, NYO C AN T whose preimage under the projection \Y — ) yT identifies with y Char(Y).
Write IC(;HNTO) € P(@exm)(0)(v,nT) for the intersection cohomology sheaf of A,NTO.

Lemma 14. Assume m <n. 1) The map
~ A
I 07NTXG1“H — )\7NT

s an isomorphism over the open subscheme )HNTO. So, dim )HNTO =2Nnm+ (X, 2pm).
2) For A € Af; we have H(Iy) = IC(, nY°) canonically.
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Proof 1) The fibre of 7 over v € \ y T is the scheme classifying orthogonal lattices V' C V(F)

such that V' € @;f and v(L) C V' ® Q. Given such lattice V', the inclusion v(L) + V @ Q C
V'@ Q+V ®Q must be an equality, because for V' € Grl; with p < X\ we get

dim(V' +V)/V = e(u) < e(A\) = dim(v(L) +V @ Q/V @ Q)

We have set here €(p) = max{{u, cum), (1, @,,)}. Thus, V, € Gry is the unique preimage of v
under 7. The first assertion follows.
2) From 1) we learn that IC() xY°) appears in Hy,(Ip) with multiplicity one. So, it suffices to
show that

Hom(H3 (o), Hy (o)) = Qv

where Hom is taken in the derived category D (g, xm)0)(Y(F')). By adjointness,

Hom (H (Io), By (Ip)) = Hom(H,"*MHY (1), Ip).

So, it suffices to show that for any A € A}, with A\ # 0 one has Hom(Hy(Ip),lp) = 0 in
Dgexm)o)(Y(F)). As above, set N = (), ay). Further, it suffices to show that

Hom(H? (o), Ip) = 0

in D(ny NY(F)), this is what we are going to do.

Let i : g nT — n,nY denote the natural closed immersion. Remind that Iy = i!p!@g[—2Nnm]
on ynT, where p : g T — Speck is the projection. By adjointness, we are reduced to show
that

HomD(SpCC k) (p'Z*H;\{(IO)pNnm]v QZ) = 0.

Let us show that pi*H) (Ip)[2Nnm] is placed in degrees < 0.

Denote by Y* the preimage of o, T under 7 : o §T i@;} — n,NY. Then Y is the scheme
classifying V' € @;} and v € o Y such that v(L) C (V//tVV) @ Q.

Stratify Y by locally closed subschemes Y indexed by p € AJI_} with ¢ < A. The subscheme
YA C YN is given by the condition V' € Gry.

Remind that H} (Iy) = m(Io X A}), where Iy A} is perverse. It remains to show that for
each stratum YN the complex

RT(VM, (Ig®AY) [yan)[2Nnm] (46)

is placed in degrees < 0. The key observation is that the map Y M* — Gr?; sending (v, V') to
V' is a vector bundle, its rank equals n(2mN — e(u)). Here €(u) is the expression defined in 1).
So, (E0) identifies with

RL(Gre, Ay | )[2ne(p)]- (47)

By definition of the intersection cohomology sheaf, A;‘{ ’Gr’ﬁr has usual cohomology sheaves
in degrees < —(u,2pp), and the inequality is strict unless p = A. So, [T is placed in degrees
< (1, 2pg) — 2ne(p), and the inequality is strict unless p = A.
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One checks that for any 7 € A}, we have (1,2p5) — 2me(7) < 0, and the inequality is strict
unless 7 = 0. Our assertion follows, because n > m.

For the convenience of the reader remind that Ty — G] is the torus of diagonal matrices in
GL(Up), and Af; = {7 = (a1 > ... > ay) € Z™ | ayp—1 >|am |}. In this notation

(1,2pm) — 2me(T) = —2a; —4dag — ... — (2m — 2)aym—1 — 2m|an, |
U

Proposition 7. Assume m < n. The irreducible objects of Weilg i are exactly IC(A,NTO),
A E AJIEI. The functor T — Hy (T, Iy) yields an equivalence of categories

Sphy — Weilg g

Proof By Lemma [[4] IC(, yY°) is an irreducible object of Weilg . For any finite subfield
ko C k we have the Qg-vector space Weilg (ko) as in Section 3.2.1. Write ¢) € Weilg (ko)
for the function ‘“trace of Frobenius’ of IC(y yY°). By Proposition 2 the set {@\}AGAE is a base
of Weilg p (ko).

Let K € Weilg, g be an irreducible object. Then K is an irreducible perverse sheaf on y nT
for some N. Assume that K is not isomorphic to any IC(, NY9), A e AJIEI. Let ¢ be the function
trace of Frobenius of K. Then {¢, ¢x} . A, are linearly independent in Ko(Y(F)), so ¢ does not
lie in Weilg (ko). This is a contracition, so K is isomorphic to IC(y, N YY) for some A € AE.

The second assertion also follows from Lemma [I4l O

6.3.2 In this subsection we assume m > n and analyse the action of Sph; on D(q,, xa)(0) (II(F))
in more details.

Let @; € A} be the h.w. of the representation A'My of G. For v € II(F) write sy(v) :
AN2U(F) — Q(F) for the composition

N2U(F) "2 \2M(F) — Q(F)

Write Char(IT) C II(F) for the ind-subscheme of v € TI(F) such that sy(v) : A2U — § is regular.
For A € AJ(E let N = (\,&1), define the closed subscheme ,II C yII = ¢t~NII as follows. A
point v € yII lies in AII if the following conditions hold:

C1) v € Char(II);
C2) fori=1,...,n the map AU Ay A M (—(wo(N),@;)) is regular.

The scheme ,II is stable under the translations by tVII, so there is a closed subscheme
ANIL C n w1 such that AII is the preimage of ) yII under the projection yII — n nII. As in

Remark [B] we have a map
1 onTIXGry — ynIl (48)
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and, by definition,
Hp, (Io) = m(Qe W AY) [dim o vIT] € D (g, xc)(0) (.~ 11)

Since all the weights of the G-module Uj ® M are less or equal to w;, the map (8] factors
through the closed subscheme ) yII — N nII.
For v € Char(II) let U, = v(U) + M and

Ul ={me M(F)|(m,m) €Q for any my € U,}

Let M, = v(U) + U;-. Note that U, /U, is naturally a symplectic vector space, and M, /U;- C
U,/U;- is a lagrangian subspace. So, M, C M(F) is a symplectic lattice, that is, M, € Grg.

Stratify Char(IT) by locally closed subschemes y Char(II) indexed by A € Ag. Namely, for
v € Char(IT) we let v € y Char(TI) iff M, € Grp. The condition M, € Grp, is also equivalent to
requiring that there is an isomorphism of O-modules

Uy/M=0O/t" & ...00/t™

for A =(ay > ... >a, >0) € Ag. So, the stratification in question is by the isomorphism
classes of the O-module U, /M.

Clearly, ) Char(Il) C ,II, and there is a unique open subscheme )HNHO C anI1I whose
preimage under the projection zII — y yII identifies with y Char(IT).

Write IC(, n1I°) for the intersection cohomology sheaf of ) NT1°.

Lemma 15. Assume m >n. 1) For any A € Ag the map

~=—A
VI ()JVHXGI“G — )\7NH

18 an isomorphism over the open subscheme >\7NH0. So, dim >\7NH0 =2Nmn + (\,2pg).
2) For X\ € Aj; we have Hy(Ip) = IC(x yTI°) canonically.

Proof 1) The fibre of 7 over v € 5 yI1° is the scheme classifying symplectic lattices M’ C M (F)

such that M’ € @g and v(U) C M’. Given such lattice M’, the inclusion U, C M’ + M must
be an equality, because for M’ € Grf, with u < X we get

dim(M’' + M/M) = e(p) < e(\) = dim(U,/M).

We have denoted here €(u) := (u,w,) for p € Ag. Thus, M’ = M, is the unique preimage of v
under w. The first assertion follows.

2) is completely analogous to the proof of the second part of Lemma [[4l O

The following result is completely analogous to Proposition [, its proof is omitted.

Proposition 8. Assume m > n. The irreducible objects of Weilg i are exactly IC(A,NHO),
A E Ag. The functor T — Hg (T, 1y) yields an equivalence of categories
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Remark 8. i) For n = 1 and m > n the isomorphism H(Ip) = IC(, §TI°) for A € A can also
be obtained from Proposition Bl Indeed, in this case Grg identifies with a connected component
of (GrgL, )red- The desired irreducibility of Hé‘;([g) becomes a particular case of Proposition
ii) For m = 1 and m < n it is evident that H};(Ip) = IC(, Y°) for A € AJ;.

6.4 Proof of Theorem 7]

Step 1. The following property of the Fourier transform functors is standard. If YV — § « V*
is a diagram of dual vector bundles over a scheme S, let V' — S’ « V'* be the diagram obtained
from it by the base change with respect to a closed immersion S’ < S. Then for the inclusions
i1 : V' — V and iy : V* < V* we have i} o Four,, = Four,, oi}. Thus, the following diagram of
functors commutes

DWeilG,H
/ fa N\ fm
DP (¢, xm)0)(T(F)) DP g, xc)(0) (I(F))
L, L g,
Fourd,
—_—

D(Qex@u)0)(U @ L* @ Q(F)) D(@axqu)©@)(U" @ L(F))

Let k1 : Qi xG,, — H be the map, whose first component Qi — H is the natural inclusion,
and second component G, — H is 2(pyg — pgy ) — nwm. Here Wy, is the h.w. of the @ y-module
det Uy. The corresponding geometric restriction functor is denoted by

gRes"" : Sphy — D Sphg,

Let k¢ : Qg X Gy, — G be the map, whose first component is the natural inclusion Q¢ — G,
and the second component is 2(pg — pg., ) — mwy,. Here @y, is the h.w. of the Qg-module det Ly.
The corresponding geometric restriction functor is denoted by

gRes"¢ : Sph; — D Sphy,

Note that Jp, (Io) = lo, Jp,, (Io) = Ip and Foury(Iy) — Iy canonically. Combining Corollary[3]
with Lemma [I1] for 7 € Sphy and S € Sph we get isomorphisms

Four,, J}SH Hy (T,1)) = Hg, (gRes™ (T), Iy)

and
Jp He (S, In) = Hy, (gRes™ (S), Ip)

in D(QGXQH)(O)(U* & L(F))
Set P = Jp, © fa. To summarize, for 7 € Sphy and S € Sph; we get isomorphisms

P(Hy (T, 1)) = Hg,, (gRes™ (T), Io) (49)

and
P(Hg (S, Io)) = H, (gRes"¢(S), Io) (50)
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in DP(Qqxqu)(©0) (U ® L* @ Q(F)).
According to our conventions in Section 2.1, write

DP{ xou)0)(U @ L" @ Q(F)) = & PGaxam) (U@ L@ Q(F))[i],

it as a full subcategory in DP (g, xq,)0) (U ® L* @ Q(F)).

Step 2. CASE m < n. Remind the Satake equivalence Loc® : Rep(Qy x G,,) = D Sphg,,. By
Corollary [, we have an equivalence of categories

sending 7 to Hg, (7, Ip). Let

/{Q:QHXGmHQGxGm

be the map whose second component Qg X G,, — G,, is the projection, and the first component
Qg x Gy, — Qq is the composition

id X2pa1, . Levi ~
—

QH % Gm n—m QH % GLn_m i QG

Write gRes"™@ : D Sphg, , — D Sphy,,, for the corresponding geometric restriction functor.
Now (B0) and Corollary Bl yield for S € Sph; isomorphisms

P(Hg (S, 1)) = Hg, (gRes"(S), In) = Hg,, (gRes"? (x gRes"¢ (S)), In) = gRes"? (x gRes"(S))
in D Sphgy,,. On the other hand, (49]) yields an isomorphism
P(Hy (x gRes™(S), Io)) = Hg,, (gRes"™ (x gRes"™(S)), Io)

Let 0 : Qg = Qg be the automorphism sending ¢ to g~ ! for ¢ € Q¢ = GL,,. The restriction
functor with respect to o x id : Q¢ X G — Q@ X Gy, identifies with * : D Sphg,, — DSphg,..

We will define an automorphism oz of H inducing * : Rep(H) = Rep(H) and s making the
following diagram commmutative

O'H><id hd X

H x Gy, HxG,, = G

1 ke (51)
QH X Gm @ QG X Gm Jﬁd QG X Gma

This will yield for § € Sph; an isomorphism

PH (S, Iy) = PHy (x gRes"™(S), Io) (52)
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Let Wy = 7?, let Wy = W1 @ W, be the decomposition, where Wy (resp., W5) is generated
by the first m (resp., last n —m) base vectors. Equip Wy @ W @ Qp with the symmetric form
given by the matrix

0 E, 0
E, 0 0|,
0 0 1

where E,, € GL,(Qy) is the unity. Realize G' as SO(Wy ® Wi @ Q).

Equip the subspace W1 © W) C Wy @ Wy @ Q¢ with the induced symmetric form, realize
H as SO(W; @ W), this yields the inclusion H < G. Let o : H — H be the automorphism
sending ¢ to tg~!. Tt is understood that Qg = Aut(Wy) and Qp = Aut(W;) canonically. Let &
be the composition

H % Gy 55 x GL(W3) — G,
where oy, : G,,, = GL(W>) is (n — m + 1)(&p, — Om) — 2pGL,_,,- The equality
s = 2(PH — PQu) + nWm = 2(pG — Q) — 2PGL(W,) — MWn

shows that (BI)) commutes. If m = n then k is trivial on G,,.
The functor P fits into diagram

DWeile; i = DSphy
P | gRes*H
DP% xamo) (U@ L*@Q(F)) — DSphg,,

and gRes"” is faithfull. So, (52)) can be lifted to the desired isomorphism (@4]).

CASE m > n. Remind the Satake equivalence Loc® : Rep(Q¢ X Gy,) = D Sphy,y,. By Corollary @
we have an equivalence of categories

sending S to Hy (S, Ip). Let
/{QIQGXGm—’QHXGm

be the map whose second component Qg X G, — G, is the projection, and the first component
Qa x Gy, — Qg is the composition

. id szvGLm,n . Levi =
Qac x Gy, - Qa X GLy—p = Qn

Write gRes"@ : D Sphg,,, — D Sphy,, for the corresponding geometric restriction functor.
Now ([#9) and Corollary Bl yield for 7 € Sphy isomorphisms

PHy (T, Io) — Hg,, (gRes™ (T'), Iy) — Hg,, (gRes"? (x gRes"™ (7)), In) — gRes"? (x gRes" (7))
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in D Sphg,,. On the other hand, (20)) yields an isomorphism

P(Hg (gRes" (7)), ly)) — Hgy, (gRes"¢ gRes" (x7), Ip)

Let o be the automorphism of Qi = GL,, sending ¢ to ‘g~!. The automorphism ¢ x id of

Qn x G,, induces the equivalence * : D Sphg,, = D Sphg,,,. We will define an automorphism
oy of H inducing * : Rep(H) = Rep(H) and x making the following diagram commutative

GxG, = H 78 H
T kG T KH (53)

QGXGm @ QHXGm Ugd QHXGm

This will provide for 7 € Sphy an isomorphism
PHy (T, 1y) = PHg (gRes"(x7), Iy) (54)

Let Wy = QZ”, let W7 (resp., Ws) be the subspace of Wy spanned by the first n (resp., last
m — n) base vectors. Equip Wy & W with the symmetric form given by the matrix

0 En
(. )
where E,, € GL,,(Qy) is the unity. Realize H as SO(Wy @ W). Let oy be the automorphism
of H sending ¢ to fg~!. Let W C Wy & W3 be the subspace spanned by e,i1 + €, 1, equip
W1 @ Wy @ W with the induced form and realize G' as SO(W; @ Wy @ W). Thus, the inclusion
i : G < H is fixed. There is a unique oy : G,,, — H such that for x = (in, ) : G X Gy, — H
the diagram (B3] commutes. Actually, a, = 2pgruw,) + (m —n — 1)(0n — &p). Note that if
m = n + 1 then «, is trivial.
The functor P fits into diagram

DWeiles i = DSphg
l P J, gRes"G
DP{)oxqumyo) U ® L*®@Q(F)) — DSphg,,

and gRes"¢ is faithfull. So, (54]) can be lifted to the desired isomorphism (45). O

Remark 9. In the special case m = 1 we have H = Q). So, in this case Weilg g is equivalent
to the category P g «q)0)(IL(F)), and one need not glue the categories as in Definition @ The
proof of Theorem [7l can be simplified in this case. For an integer N let y IC € P(gyay(0) (IL(F))
denote the constant perverse sheaf on t~NII. The irreducible objects of Weilg, g in this case are
exactly yIC, N € Z. For a dominant coweight A = N of H in this case we get H}\{(Io) = yIC.
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7. GLOBAL THETA-LIFTING FOR THE DUAL PAIR GL,, GL,,

In this section we prove Theorems [l and [6l

Proof of Theorem

Remind the notation Uy = k™, Ly = k™, and the groups G = GL(Lg),H = GL(Up). Set
My = Lo ® Uy and M = My(O) for O = k[[t]]. Viewing M as a representation of G x H, one
defines for x € X the functor glob, : DGy m)0)(M(F)) — D(z,00Wn,m) as in Section 4.6. Then
glob,.(Iy) = Z canonically, where Z is given by (I3]). The Hecke functors (II]) and (I2]) are a
particular case of those defined in Section 4.6. Since glob, commutes with Hecke functors, our
assertion follows from Proposition @l [J

Proof of Theorem

The argument below mimics that of ([4], Section 4.1.8). To simplify notation, we will establish
for S € Sphy and K € D(Bun,,) an isomorphism

Hyg (S, Fom(K)) = Fom(:Hg (Res™(S), K)) (55)

for a given x € X. The proof of the original statement is completely similar.
Let 4 00Zn denote the stack classifying (U, U’,8 : U'=U |x_;) € sHu, L € Bun, and
$:0x — L®U'(cox). We have a diagram, where both squares are cartesian

h hz u
:c,ooWn,m — :c,ooZH — x,ooWn,m
1 hm ! | b
h; h7
Bun,, pck sHEH A Bun,,

Here hy; (resp., hy) sends (U,U’) to U’ (resp., to U). The map hyy (vesp., hyp) sends
(U,U,L,;s: O — L®U'(0cx)) to (L,U',;s: O — L®U'(cox)) (resp., to (L,U,fos: O —
L ® U(oox))).

Using base change and the projection formula, one gets an isomorphism

Hy (S, Fom(K)) = (hp)1(h K ® ;Hy (S,7))[— dim Bun,]

Here hy, @ 4.00Wn,m — Bun, is the corresponding projection. By Theorem [0l this complex
identifies with
(hm)1(h K @ ;Hg (gRes”™(S),7))[— dim Buny,] (56)

Let 4.00Zc be the stack classifying (L,L',f: L' L |x_;) € s Hg, U € Bun,, and s : Ox —
L' ® U(cox). As above, one has the diagram

— —
hZ,G hZ,G

:c,ooWn,m — :c,ooZG - x,ooWn,m
| hn ! | hn
ha hg
Bun,, <  Ha = Bun,,
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Here hg (resp., hg) sends (L,L') to L' (vesp., to L). The map hy; (resp., hi ;) sends
(U,L',L,s : O — L' @ U(ox)) to (L',U,s : O — L' ® U(cox)) (resp., to the collection
(L,U,Bos: 0O — LU(xx))).
The maps h,, o h‘ZG and h,, o hZG coincide. So, by base change and projection formula,
(B6) identifies with
Frm(oHg (gRes"(S), K))

This yields the desired isomorphism (B3]). O

8. GLOBAL THETA-LIFTING FOR THE DUAL PAIR SQ,,,,Sp,y,

8.1 In this subsection we derive Theorem [B] from Theorem [4. We give the argument for m < n
(the case m > n is completely similar).
By base change theorem, for S € Sphg, K € D(Bungy) we get

Hg (S, Fo(K))—= (id xp)i1(q* K ® Hg (S, Autg, i) [— dim Bung],

where id xp : X x Bung g — X X Bung and q : Bung g — Bungy are the projections. By
Theorem [ the latter complex identifies with

(id xp)i1(q" K @ Hy (gRes"(S), Autg, i) [— dim Bung] (57)
Now the diagram
he hz
X x Bung SUPRXtH Hyg a4 Bungy
T id xq 7 Ta
he hz
X x Bung g Supp xhy Hy x Bung PR 3t X x Bung g
1 id xp
X X Bung

and the projection formula show that (57)) identifies with
(id xp)i((id xq)*Hz (gRes™(S), K) ® Autg g)|[— dim Bung]

This is what we had to prove. [

8.2 In this section we we derive Theorem @] from Theorem [l To simplify notations, fix z € X,
we will establish isomorphisms (8) and (@) over z x Bung g. The fact that these isomorphisms
depend on x as expected is left to the reader.

Keep notations of Section 2. As in Section 6.1, let L be a free O;-module of rank n, set
M = L& L®Q, with the corresponding symplectic form A2M — €. Let U be a free O ,-module
of rank m, set V = U & U* with the corresponding symmetric form Sym? V — ,. Sometimes
we view M (resp., V') as a G-torsor (resp., H-torsor) over Spec O,.

In view of Theorem [7, Theorem [l is reduced to the following result, which we actually prove.
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Proposition 9. There is a natural functor LW : DWeilg g — D(Bung i) commuting with the
actions of both D Sphy and D Sphy. There is an isomorphism LW (Ip) = Autg g .

8.2.1 The proof is based on the following construction from [I8]. Let L£4(M ® V(F,)) denote the
scheme of discrete lagrangian lattices in M@V (F,). Let A4 be the line bundle on L;(M &V (Fy))
with fibre det(M @ V' : R) at R € Lg(M @ V(F,)) (cf. loc.cit. for the definition of this relative
determinant). Note that A, is (G x H)(O,)-equivariant, so it can be viewed as a line bundle on

the stack quotient
Ly(M @V (F;))/(G x H)(Oy)

Let Ly(M @V (F,)) denote the po-gerb of square roots of Ag. Write Ly(M RV (F))/(G x H)(O,)

for the corresponding ps-gerb over L4(M @ V(F,))/(G x H)(O,).
We have a morphism of stacks

&t BunG,H — ﬁd(M & V(Fx))/(G X H)(Ox)

sending M € Bung, V € Bung to the Tate space M ® V(F,) equipped with lagrangian c-lattice
M @ V(0,) and lagrangian d-lattice H*(X — 2, M ® V). It is understood that one first picks
isomorphisms
M ‘Spec@x —M ’Specox and V ’Specox =V ’Specox

of the corresponding G-torsors and H-torsors over Spec O, and then takes the stack quotients
by (G x H)(Oq).

We have canonically £5A;— 7*Ag,, ., where 7 is defined in Section 2.4.1. We lift &, to a
morphism B B

&t BunG,H — ﬁd(M & V(Fx))/(G X H)(Ox)

sending (M € Bung, V € Bung) to (§,(M, V), B), where

_ det RI'(X, V)" ® det RI'(X, M)™

B det RI'(X, O)2nm

is equipped with an isomorphism B2 = det RT'(X, M ® V) given by Lemma [Il
For r > 0 write ,, Bung g C Bung, g for the open substack given by HO(X, M@V(-rz)) =0
for M € Bung,V € Buny. If v/ > r then ,, Bung g C 7, Bung g is an open substack, and we
consider the projective 2-limit
2-1lim D(,,Bung g)

r—00

8.2.2 As in ([I8], Section 7.2) one defines the restriction functor

& Diawm)(0.) (La(M ® V(Fy))) — 2-lim D(,,Bung, i) (58)

r—00

as follows. For N,r € Z with N +r > 0 and a free O,-module £ of finite rank write n,L =
tNL/t L. Let L(nnyM ® V) denote the scheme of lagrangian subspaces in the symplectic
k-space N NM @ V. For N > r >0 let

LINNM @ V) C LM V)

o1



be the open subscheme of R € L(y M ® V') such that RN _, y(M ® V) = 0. For 71 > 2N let
Apn be the Z/2Z-graded line bundle on the stack quotient

Tﬁ(N,NM @ V)/(G x H)(O/t")

whose fibre at a lagragian subspace R is det(o vM ® V') @ det R. Write

(LN NM @ V)/(G x H)(O /1))

for the gerb of square roots of this line bundle. The derived categories on these gerbs for all
r1 > 2N are canonically equivalent to each other and are denoted

Daxmy0.) G L(NNM @ V)

For N1 > N > r > 0 we have a projection
p : T‘C(Nl,NlM ® V) - T‘C(NJVM ® V)

sending R to RN yn,M. There is a canonical Z/2Z-graded isomorphism p* Ay — Ap,. For
r1 > 2N it yields a morphism of stacks

P (LM @ V) /(G x H) (O /1)) = (LN M @ V) /(G x H)(O/t™))

The latter gives rise to the transition functor

Daxm)(0.) GLNNM @ V) — Daxay0.) LNy, ;M @ V) (59)

sending K to p*K[dim.rel(p)], it is exact for the perverse t-structures and a fully faithful em-
bedding. The inductive 2-limit of

Daxmy0.) LNy M @ V)

as N goes to infinity is denoted D(GxH)(@x)(rEd(M ®@V(Fy;))). For N > ¢’ >r and r1 > 2N we
have an open immersion

7 GLNNM @ V) /(G x H)(Ou/t7)) = (wL(nwM @ V) /(G x H)(Ox/t"))

hence the restriction functors

7* : Daxmy@.) (LN M @ V) = Digxmyo,) (- LnyM @ V)

compatible with the transition functors (59). Passing to the limit as N goes to infinity we get
the functors

G Diaxay o) (i La(M @ V(Fy))) = DiGxmyo,)(rLa(M @ V(Fy)))
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By definition, D(GXH)(Oz)(Zd(M ® V(Fy))) is the projective 2-limit of

D (Gxm)(©,)(rLa(M ® V (Fy)))

as r goes to infinity (cf. also loc.cit.).
The map p fits into the diagram

wBungr B Ly M ®V)/(G x H)(Oy/t™)
AN Tp
T"C(Nl,NlM ® V)/(G X H)(Ol‘/trl)

where &y sends (M, V) to the lagrangian subspace H(X, M@ V(Nz)) C xyM ® V. As above,
it is understood that one first picks a trivialization

M@V ‘Spcc(?z/trl —MeV ’Spoc@z/trl

of the corresponding G x H-torsor over Spec O, /t*¥ and takes stack quotients by (G'x H)(O, /t").
We have canonically £y An — 7% Ag,,.,,. S0, we get a similar diagram between the gerbs

wBuncr & (LM e V)/(G x H)(O/))
N\ v, Tp )
(Lo, M @ V) /(G x H)(O/17))

The functors K — &5 K [dim. rel(¢y)] are compatible with the transition functors (BJ) so yield
a functor

7”6;‘ : D(GXH)(OQC)(T’EC[(M ® V(Fx))) - D(m‘BunG,H)

Passing to the limit by r, one gets the desired functor (58]). It commutes with the actions of
D Sphg and D Sphy; on both sides.

8.2.3 Remind that P(Bung ) — 2-lim, .o P(,;Bung g) C 2-lim, . D(,,Bung ) is a full
subcategory. Let Sygy(p,) denote the theta-sheaf on L4(M ® V(Fy)) introduced in ([I8],

Section 6.5). It is naturally (G x H)(O,)-equivariant, and we have E;SM@)V(FZ) — Autg g by
(loc.cit., Theorem 3).

8.2.4 As in ([18], Section 5.4) let gf)(M ® V')(F,) denote the metaplectic group corresponding
to the c-lattice M ® V in M ® V(F,). This is a group stack classifying collections

(geSp(M @V)(F,),B, BPS det(M @V : g(M ®V))),
where B is a 1-dimensional k-vector space. The product map sends
(91, B1,01 : B2 det(M @V : gM @ V), (g2, Ba, 00 : B det(M @V : gM @ V))
to (g192,B,0 : B2 = det(M @V : g1goM ® V)), where B = By ® Bs and o is the composition
(B1 ©Ba)? "7 det(M @V : tM @ V)@ det(M @V : goM © V) 5
det(M @V :gMV)®det(g1M @V : g1goM @ V)= det(M QV : g1goM V)
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Lemma 16. Let M; be a free Or-module of rank n;. Then for g € Grsya,) there is a canonical
isomorphism of Z./27Z-graded lines

det(M() ® M : (gM()) & Ml): det(M() : g]\fo)n1

Proof Let Ap be the line bundle on Grgr,(ag,) with fibre det(Mg : gMo) at g € Grgpagy). It is
known that Pic Grgy,(p) — Z is generated by Ag. Let £ be the line bundle on Grgy,(py,) with
fibre

det(M() ® My : gMy @ M)

at g. A choice of a base in M; yields a Z/2Z-graded isomorphism £— A{*. Thus, the line
bundle £® Ay"™" on Grgp,(ay) is constant. Its fibre at 1 € Grgy,a,) is canonically trivialized, so
the line bundle itself is canonically trivialized. [

By Lemma [10] for g € G(F,),h € H(F,) we have a canonical Z/2Z-graded isomorphism

det((M @V :gM @hV)=S det(M @V : gM @ V) @det(gM @V : gM @ hV) =
det(M : gM)*™ @ det(V : hV)*"

It yields a canonical section (G x H)(F,) — gf)(M ® V)(F;) sending (g € G(Fy),h € H(Fy) to
(g@h,B, B*= det(M @V : gM ® hV)), where

B =det(M : gM)™ ® det(V : hV)"

The canonical sections (G x H)(F,) — gf)(M ®V)(F;) and Sp(M @ V)(0O,) — gf)(M Q@ V)(F;)
are compatible over (G x H)(Oy).
8.2.5 Proof of Proposition

Remind the notation T = L*® V ® Q, and II = U* ® M from Section 6.1. Consider the
decomposition M @V = (L@ V)& (L* @V ® Q). In ([18], Definition 5) we associated to this
decomposition a functor

Frev(e) : D(T) = D(La(M @ V(F,)))
exact for the perverse t-structures. Let also
Frov(r,) i DOU(F,)) = D(La(M @ V(F,)))

denote the corresponding functor for the decompositioon M = (M @ U) & (M ® U*). By
construction, the diagram is canonically 2-commutative

FLOV (Fr) ~
—

D(L4y(M @ V(Fy)))
/! FMQU(Fz)

D(T)
l¢
D(II(Fy)),
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where ( is the partial Fourier transform (43]).
Let (G x H)(F,) act on L4(M ® V (F,)) via the canonical section

(G x H)(F,) — Sp(M @ V)(F,)

Then Frgv(r,) commutes with the action of H(F;), and Fyrgu(r,) commutes with the action
of G(Fy) (cf. [18], Section 6.6). So, if (Fi,F2, ) is an object of Weilg g as in Definition d then
Fravr,)(F1) is H(Oy)-equivariant, and Fyreu(r,)(F2) is G(Oy)-equivariant. We get a functor

LW, : Weilg, i — PGxmyo,)(La(M ® V(F,)))

sending (F1, F2, 3) to Frev(r,)(F1). By definition, we get LW4(lo) = Sygv(r,)- Extend LWy
to a functor B
LWd : DWeilG,H — D(GXH)(Oz)(ﬁd(M & V(Fx)))

by LW 4(Kr]) = LW4(K)[r]. Then LW, commutes with the actions of both D Sph, and D Sphy,.

Finally, we set LW = £ o LW,;. Our assertion follows.
Thus, Proposition @ and Theorem Ml are proved. [

8.3 In this subsection we give another proof of a somewhat weaker statement than Theo-
rem [l Namely, fixing z € X, we will establish isomorphisms (8) and () after restriction

to Bunp(G)Xp(H).
8.3.1 MODEL WITH Sphg-ACTION

Let xVy' be the stack classifying U € Bun,,, M € Bung and v € U* ® M(F). For a point
vE xVig let sy(v): AN2U(F) — Q(F) be the composition
N2U(F) "2 \2M(F) — Q(F)

Let »00Vive C xVia be the substack given by the condition that v : U — M(oox) is
regular over X — z. Denote by ; oVim,.g C x,oonrf’G the substack given by the condition that

su(v) : AU — Q

is regular over X. The stack .0Vy)  is ind-algebraic. As in Section 4.6, one defines the Hecke
functors
He  Hg : Sphg X D(z,00Vim ) = Do Vi)

and
HE, HC_;) : Sth X D(x,oovm,G) — D(:c,oovm,G)

Let V¢ C 2,00Vm,c be the closed substack given by the condition that v : U — M is regular
over X.

55



We freely use notations of Section 6. Consider the category P (g, xa)o)(II(F')) from Defini-
tion @l As in Section 4.6, one defines the globalization functor

glob, : P, xa)©)TI(F)) = D(z,cVim )

Denote by glob, ¢ @ Weilgi y — D(s,00 ﬁ:fG) the functor sending (F1,72,8) € Weilg f to
glob, (F2). One knows (for example, from Theorem [7) that glob,(F2) is the extension by zero
from 4 ooV . In this sense we may think of globx’G as a functor

glob,, ¢ : Weilf i — D(2,00Vim,c)

By construction, glob,  commutes with Hecke functors Hg;, H;'. Remind the distinguished
object Iy € Weilgi ;. One checks that glob, ;(lo) is the extension by zero from V,, ¢ and
identifies caninically with

(Q¢ v, ) [dim Bung + dim Bun,, +ag],

where a¢ is a function of a connected component of V,, ¢ sending (U, M, v) to x(U* @ M).

Let Vp() be the stack classifying U € Buny,, s : A?U — . Remind that Bun p(m) classifies
U € Bun,, and an exact sequence 0 — A2U —? — O — 0 on X. So, Ve and Bunpg) are
dual (generalized) vector bundles over Bun,,. Let

T : :c,oovm,G - yP(H) X Bung

be the map sending (M,U,U > M(ocox)) to (M, U, sy(v) : A2U — Q). To summarize, we get
the following (remind that Four, is normalized as in Section 2.1).

Lemma 17. The functors in the diagram

188 glob,, U ) Four
Weil 5~ = D(z,00Vim,2) ) D(Vp) x Bung) —" D(Bunp(sxc)
T VP(H),G
D(Bungxq)

are equipped with an additional structure, namely they commute with Hecke functors Hg ,Hg at
x (this means that the commutation isomorphisms are provided). Here vp),c - Bunpimyxg —
Bungxqa is the projection.

The following is proved in ([16], Proposition 1).

Proposition 10. There exists an isomorphism
Foury, (my): globLG(Io) = V}B(H)G Autg g[dim. rel(up(H)G)] (60)

Once /—1 € k is chosen, this isomorphism is well-defined up to a sign.
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Remark 10. For d > 0 write g Weilgy ; C Weilg;  for the full subcategory given by the condition

Fi1 € P(QGxH)(O) (d,dT) or, equivalently F» € P(QHXG)(O) (d,dH)

Let 3 <aVm,G C 2,00 Vm,c be the substack given by the condition that v : U — M (dx) is regular
over . Then for K € 4 Weil¢y iy the complex glob,, (K ) is the extension by zero from ; <4V,
in this sense glob, (; restricts to a functor

glob, ¢ : ¢ Weiliy f — D(z,<dVm,c) (61)

8.3.2 MODEL WITH Sphy-ACTION

Let XfoH be the stack classifying L € Bun,,V € Bung and v € L* @ Q ® V(F'). For a point
vexViy let sp(v) : Sym? L(F) — Q%(F) denote the composition

Sym? L(F) ™ Sym?(Q @ V)(F) — Q2(F)

Let 2 0oVi'n C xV3'n be the substack given by the condition that v : L — Q ® V(ocox) is
regular over X — x. Denote by ;oo Vn v C 2,00 fﬁH the substack given by requiring that

se(v) : Sym? L — Q2
is regular over X. The stack ; o 18 ind-algebraic. As above, one defines the Hecke functors
Hy ,Hy : Sphy x D(x,oovrefH) — D(z,00 ffH)

and
Hl?a Hﬁ : Sth X D(x,oovn,H) - D(:c,oovn,H)

Let Vi, i C 2,00 Vn,u be the substack given by the condition that v : L — V ® € is regular
over X.

Consider the category P (g xm)0)(T(F)) from Definition 4 As in Section 4.6, one defines
the globalization functor

glob, : Pgexmy) (Y (F)) = D0 Vi'm)

Denote by glob, i + Weilii y — D(3,00Vy7) the functor sending (F1,F2, 8) € Weilel  to
glob, (F1). As in the previous section, glob,(F7) is the extension by zero from , -V, i, and we
may think of glob, 5 as a functor

glob, y : Weily 1 — D(z,00 V1)

For d > 0let 5 <qVn H C 2,00 Vn, i be the substack given by the condition that v : L — Q®V (dx)
is regular over X. Then for K € 4 Weilg; i the complex glob, ;(K) is the extension by zero
from ; <qVy m, in this sense glob, ; restricts to a functor

glob, 5 : aWeil$s i — D(z,<aVi,11) (62)
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One checks that glob, ;(Io) is the extension by zero from V, g and identifies canonically
with B
(Q¢ v, y)[dim Bung + dim Bun, +apy],

where ap is a function of a connected component of V,, i sending (L, V,v) to x(L* ® Q®@ V).

Remind that Bunpg) is the stack classifying L € Bun, and an exact sequence 0 — Sym? L —
?—Q — 0on X. Let Yp(q) be the stack classifying L € Bun,, and s : Sym? L — Q2. So, Yp(@)
and Bunp(q) are (generalized) dual vector bundles over Bun,,. Let

L - x,oovn,H - yP(G) x Bung

be the map sending (V, L, L % V @ Q(coz)) to (V, L, sz (v) : Sym? L — Q2). As in the previous
section, this can be summarized as follows.

Lemma 18. The functors in the diagram

.188 glob,, L) Four
Weili g~ =" D(y.00Vi) g) D(Vp(c) x Bung) —" D(Bunpg)xm)
T Vp(G),H
D(Bungxm)

are equipped with an additional structure, namely they commute with Hecke functors Hy ,Hyy at
z. Here vpq) g : Bunpg)yxuy — Bungxu is the projection.

As in the previous section, ([16], Proposition 1) implies the following.

Proposition 11. There exists an isomorphism
Foury (mz )1 globy, 17(1o) = V()i Aute,n[dim. rel(vp(g), 1)) (63)

Once \/—1 € k is chosen, this isomorphism is well-defined up to a sign.

8.3.3 RELATING THE TWO MODELS

Our immediate purpose is the following result. Write Bunpg)xp(m) PgD Bunpg)xg and

BunP(G)Xp(H) iy BunGXp(H) for the projections.

Proposition 12. The two functors Weilg; y — D(Bunp(g)xpm)) given by
Functy (K) := vp g Foury ()i glob, p (K)[dim. rel(vpsr))]

and
Functg (K) := vp ¢y Foury (my )i glob, ¢ (K)[dim. rel(vp(q))]
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are canonically isomorphic. That is, the following diagram is canonically 2-commutative

o) Four
DlscVnir) ™ D) % Bung) " D(Bunp(yxn)
T glob, g N\ V;,(H)[dim.rol(z/p(H))}
Weil D(Bunpg)xpm))
lglobzyc /V;(G)[dim.rol(z/p(c))}

TUY)! Four
D(z.00Vm.cx) () D(Vp(m) X Bung) —" D(Bunp(g)xc)

Our proof of Proposition [12] is inspired, on one hand, by the explicit formulas of Section 3.2
at the level of functions and, on the other hand, by the argument used by Drinfeld, Gaitsgory
and Braverman in the proof of the functional equation for geometric Eisenstein series ([4],
Lemma 7.3.6). However, instead of abstract resolutions as in loc.cit, we use some explicit ones.

8.3.4 Let W?® denote the stack over Bunpg)x p(ry Whose fibre over (L C M) € Bunpg), (U C
V) € BUHP(H) is
{1eHYX —2,U"@M),7Fe L*@Q® V(F,) | the images of 7,7 in U* @ L* ® Q(F,)
are the same, and s;(7) : Sym? L(0,) — Q2(F,) factors through Q*(0,)}

Given a point (L C M,U C V) € Bunp(g)x p(m) consider the set
Sreg = {r € M@ V(F,) | s¢(7) : Sym? L(O,) — Q2*(0,) is regular}, (64)
where 7 is the image of 7 in L* ® Q ® V(F},).

Lemma 19. There is a natural map € : Syeg — Q(Fy)/QO,) with the following properties.
i) The group L ® V(Fy) acts on Syeg by translations, and

e(r+ro) =¢€(r) + %(f, )

forrg € LRV (Fy), 1 € Sreg-
i) Let t, € Oy be a uniformizor. For v € Speg N (M @ V)(t;20,) and s € M @ V (t40,) one
has r + s € Sieg and e(r + s) = €(r).

Proof Pick any splitting over Spec O, of the exact sequence
0—Sym?*L —-? - Q—0 (65)

defining the P-torsor (L C M) € Bunp(g) on X. Then we may write r = 71 + 7 with r €
LoV (F,), Te L*@Q® V(F;). Set

() = 5(rm)
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The group Q' ® Sym? L(O,) acts transitively on the set of splittings of (B3] over SpecO,.
Acting by b € Q7! ® Sym? L(0O,) on our splitting, the pair (r1,7) gets replaced by the pair
(ry + b, ,7), so that %(F, r1) gets replaced by

1 1

5(7, 1+ bf> = 5(7, 7‘1>
Indeed, (7,b7) = (b, s.(7)) € Q(O,). The properies i), i) are immediate. [

Let us construct a morphism of stacks
ev : W¥ — Al

here ev stands for ‘evaluation’. Given a point (7,7) € W?* pick any r € M ® V(Fy) over r,
and any v € HY(X — 2,V ® M) over 9. Since v —r € L® V(F,) + U ® M(F,), we may pick
leV®L(F,) and u € U® M(F,) with v=7r+1+ u. Set

ev(7,0) = o(r,l,u) + e(r) € QF,)/QUO,) + HO(X —z,Q), (66)
where

o(r,lu) == %<T,l> + %(7’, u) + %(l,w € Q(F,)/Q0,) + HY(X — z,Q)

Here (-,-) : A2(V ® M) — © denotes the symplectic form on V ® M constructed as the tensor
product of the symmetric form on V' and the symplectic form on M. We have used the following.

Remark 11. For any vector bundle £ on X we have canonically

HY(X,E) S E(F,)/E(0,) + HY(X — ;) (67)
Lemma 20. The value (66) depends only on the point (7,v) € W*.
Proof Let (r,l,u) be chosen as above for (7,0) € W*. Clearly, o(r,l,u) = §(r,l + ¢,u — ¢) for
any c € L@ U(F,). For ry € L® V(F,) we get

o(r +mri,l —r,u) =6(r,lu) — %(r,rﬁ

and €(r +11) = €(r) + 3(r,r1). So, 8(r,l,u) + €(r) does not change when (r,l,u) is replaced by
(r+mri,l —ry,u) with ry € L® V(Fy).
Finally, for u; € H (X — 2,U ® M) we have 6(r,l,u + uy) = 6(r,1,u). We are done. [J

Remark 12. Another way to think about ev : W* — Al is as follows. Given a point of W¥*, pick
a splitting over X — x of the exact sequence

0— AU —=?7—-0—0 (68)

defining the underlying P(H)-torsor (U C V). Pick also a splitting of (65) over Spec O,. Then
e X -2, U"@M)CHY (X —2, VM) and 7 € L*®Q®V(F,) C M ®V(F,). Note that
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over Spec F,, we get the splittings of both (68) and (G5]). Then we may pick | € U* @ L(F,),
ue L*® Q@ U(F,) such that v = r 4+ + u. Then

ev(7,0) = Resg (I, u)

Our splittings yield a projection L* ® Q ® V(F,) — L* ® Q ® U(F}), the image of 7 in under
this map equals —u. Our splittings yield also a projection H (X — z,U* ® M) — U* @ L(F,),
and the image of ¥ under this map equals .

8.3.5 INFORMAL EXPLANATION Let Wy be the stack over Bunp gy« p(q) whose fibre over
(L C M) € Bunp(q), (U C V) € Bunpg (69)
is
{(FEL*@Q@V(F,) | sc(7) : Sym? L(O,) — Q*(F,) factors through Q*(0,)}
Let ig : Wy — WH be the substack given by the condition that
FEH' (X —2,L*®Q®V) and s(7): Sym? L — Q2 is regular over X

Let evyg : Wy — A be the map sending a point of Wg to the pairing of sc(7) with the
exact sequence 0 — Sym? L —? — Q — 0 corresponding to the underlying P(G)-torsor on X.
Let Wg' be the stack over Bunp p(e) whose fibre over (69) is H)(X —2,U* ® M). Let

ic : Wg — Wg'

be the substack given by the condition that for ¥ € H%(X —z,U*® M) the map sy(7) : A2U — Q
is regular over X.

Let evg : Wg — A! be the map sending a point of Wg to the pairing of sy(?) with the
exact sequence 0 — A2U —? — O — 0 corresponding to the underlying P(H)-torsor on X.

We get a diagram, where p and ¢ are the natural projections

Pw, 3
wer P wer EWe 4 ooVma
J, pW,H J, QW,G (70)

DH iH A aw, H
zooVnH < Wi — Wg = Bunpu)xp@)

Informally speaking, we will have a globalization functor globy;, ,; « Weilgy iy — D(WH)
Then the idea is to consider for K € Weil¢f y the complex

P(K) := pyy, g globy;, 1 (K) @ ev* Ly, € DOVY)

and to calculate its direct image with compact support on Bunp )« p(q) by two different ways
suggested by the diagram ([0)). Informally, we will get the isomorphisms (up to a shift)

(pw,u )/P(K) = (ip )i(ply glob, g (K) ® eviLy)
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(pw.a)'P(K) = (ic)1(pg glob, 6 (K) @ evgLy)

functorial in K € Weil(y ;. The desired isomorphism of Proposition [I2] will follow.

However, the stacks in (70) are not in the class of algebraic stacks locally of finite type over
Speck. To give an exact meaning to the above, over a given open substack U of Bunp(g)x p(m)
we will approximate (70]) by a diagram of nice algebraic stacks in such a way that these approx-
imations for U C U’ will be compatible, then we will go to the limit as U becomes larger and
larger.

8.3.6 For a vector bundle £ on X write 44€ = £(t;90,)/E(t20,), where t,, € O, is a uniformizor.
For d > 0 denote by ¢Bunpg)xpr)y C Bunpg)xpm) the open substack classifying collec-
tions ([69) such that

(*) HY(X,U ® L(dz)) =0, HY(X,U ® L* ® Q(dz)) =0, H'(L ® U*(dx)) =0
Let ¢WW* be the stack over g Bunpq)x p(sr), whose fibre over (69) is
{Fe€qal™@Q®V)peq, V€ HO(X, U* ® M(dx)) | the images of 7,7 in g4L" @ Q@ U*
are the same}
Here we have set
dd(L* @Q@V )peg :={F € qqLl" @ QR V | 5£(T) is regular},

the regularity of sg(7) means that for any lifting » € M ® V(F}) of 7 one has r € Sy¢q, this
property does not depend on a lifting of 7.
Note that for (7,v) € V" the images of 7,0 in g4L* ® Q ® U™ lie actually in

H(X,U* ® L* @ Q(dr)) — g4L* @ Q@ U*

Define the map ev : ¢gWW* — Al as above. Namely, given (7,7) € 4W® pick any r €
M @ V(t;90,) over 7, and any v € H(X,V ® M(dz)) over v. Since

v—reLeV(t;%0,)+ U M(t;40,),
we may pick [ € V ® L(t;90,) and u € U @ M (t;90,) with v = r 4+ + u. Set
ev(7,7) = 6(r, 1,u) + e(r) € QF,)/Q0O,) + H' (X — z,Q)

One checks that ev : yW* — Al is a well-defined morphism of stacks.

Let ;Wpg be the stack over 4 Bunp gy« p() whose fibre over (69) is ga(L* ® Q@ V);eq. The
condition () implies that HO(X, L* ® Q ® V(dz)) — 44L* ® Q® V is injective. So, we define
the closed substack X

ig 2 aWh — Wh

by the condition that 7 € HY(X, L* ® Q ® V(dx)) and s, (7) : Sym? L — Q2 is regular over X.
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Denote by ¢Wg" the stack over g Bunp(g)x p(q) whose fibre over (69) is H(X,U* ® M(dz)).
Let
it aWa — VG
be the closed substack given by the condition that sy (v) : A2U — € is regular over X for
v € H'(X,U* ® M(dz)).
We approximate (70) by the following diagram, where p and g are the projections

PW,G iG e
ave = AWE = aWae = z.<dVm,G
l PW,H l qw,G (71)

PH iH 2 aw,H
v,<dVnH — aWn = aWu = aBunpy)xpc)

Define the maps evy : Wy — Al and evg : Wa — Al as in Section 8.3.5.
Assume given an object K = (F1, F2,3) € ¢ Weil¢f . Remind that

F1 € Pi@exmy(0)(adT), F2 € Pgyxc)0)(d,all)

in the notation of Definition Fl As in Section 4.6, restriction to Spec(Q,/t2?) yields the mor-
phisms of stacks

dWG — (QH X G)(Ox/tid)\d’dﬂ and dWH — (QG X H)(Ox/t?cd)\ddT
and the corresponding globalization functors denoted
globy g 1 aWeil§ ; — D(3Ws) and  glob, i, ;- a Weilss g — D(aWir)

We also define
globy g : g Weilgl i — D(aWh)

by globy i = i}y glob, i, ;- The above functors are normalized by the condition: there is a
canonical isomorphism of functors from 4 Weil¢f  to D(4Wn)

glob, g — py glob,, py[dim. rel],

where dim. rel = dim Bunpz)x p(g) — dim Bun,, —dim Bung is a function of a connected com-
ponent of jWpg. There is a canonical isomorphism of functors from 4 WeilsG‘i 7 to D(aWea)

glob, ¢ = pg glob,, [dim. rel],

where dim. rel = dim Bunp)x p(g) — dim Bun,, — dim Bung is a function of a connected com-
ponent of sJWg.
Given an object K € g Weile? i set

dP(K) = pT/V,H glObd,W,H(K) ® ev*ﬁw € D(dWI)
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Proposition 13. For the diagram (71) one has canonically
(pw,m)1ev™ Ly = (i) 1evy Loy [—2dnm — 2ayy] (72)

and
(pW,G)! (d'P(K)) = (ig)g (globd,G(K) ® evzﬁw)[—2dnm — 2(11/\)] (73)

Here ayy is a function of a connected component of Bunpq)xp sy given by x(U* @ L).

Proof
Step 1. Consider a k-point 1 of (W given by (U C V) e Bunpgy, (L € M) € Bunp(g) and
T € gd(L* @Q® V)peg. Write Y, for the fibre of pyy p over . We assume that the image of 7
in gqL* ®Q®U* lies in H(X, L* ® Q ® U*(dz)), because Y;, is empty otherwise.

The condition (*) implies that Y;, is a (nonempty) homogeneous space under the action of
H(X,U* ® L(dz)). Pick a k-point (7,v) € Y, over 7.

Pick any r € M ®V (t;%0,) over 7, any v € H*(X,V ® M (dz)) over @, any | € V ® L(t;%0,)
and u € U ® M(t;?0,) such that

v=r+l+u

By (%), the map H(X,V®L(dr)) — HY(X,U*®L(dx)) is surjective. Pick [} € HY(X, V®L(dr)),
denote by I; € HY(X,U* ® L(dz)) the image of l;. Then (7,9 +1;) € Y, and

ev(7, 0+ 1) = Resy(6(r, 1 + l1,u) + €(r)) =
Res, ((r,11) +6(r,l,u) + €(r)) = ev(F,0) + Rese((r,11))

The linear functional f(l1) := Res,((r,11)) on HY(X,V ® L(dz)) is nothing but the image of 7
under the map 44(L* ® Q® V) — HY(X,V ® L* ® Q(—dr)) coming from the exact sequence

0-L"@0@V(—dz) > L"®QV(dr) = 44L" Q@ V —0
The fibre of (pyy u)iev*Ly at n vanishes unless f = 0, which is equivalent to
FeHY(X,L* ® Q® V(dr)).

To get the isomorphism (72) it remains to check the commutativity of the diagram

pr
AW XdWH awr = gV
J, pr l ev
AWV Al

Assuming (7, 0) € ¢Wp X 3, aVW* pickr € H(X, M®V (dx)) over 7, pick v € H (X, M®V (dx))
over . Consider the exact sequence

0= LeU(de) > Lo V(dr)dU® M(dr) — (Lo V + U M)(dz) — 0
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Since HY(X, L ® U(dx)) = 0, we may further pick I € H*(X, L ® V(dzx)), u € H*(X,U ® M (dzx))
such that v = r+ 1 + u. It follows that ev(7,v) = Res,(e(r)).

Apply Remark [Tl to the vector bundle Q= ® Sym? L on X. Pick splittings of the exact
sequence (B5) over X — x and over Spec Oy, they yield an element b € Q7! ® Sym? L(F,). The
splitting over X — x allows to write r = 7, + 7 with #; € H*(X — 2, L ® V). The splitting over
Spec O, allows to write r = r1 +7 with r; € L® V(t;90,). Our choice of the isomorphism (7))
forE=Q"1® Sym2 L is such that vy = 71 + bF. We obtain

Res,(e(r)) = Resgc(%(F7 71+ br)) = Resx(%@, br)) = evy(T),

because (7,7) € H*(X — z,Q) has no residue at z.

Step 2. For ¢ > 0 write
de Bunpyxpay C a Bunpg)xpm)

for the open substack given by
HY(X,A?Ul(cz)) =0 (74)

Let 4.) be the stack over 4. Bunp(gx p(q) whose fibre over (69) is a triple: splittings of the
exact sequences (65)) and (G8) over Spec O,, a splitting s of (68]) over X — x which extends to a
regular section s € H(X,U ® V(cx)). The existence of such s follows from (74)).

Define the stacks 4.7, q,.V&, a,.V* and 4 WVE" by the cartesian square

d,cJ}m - d,c~y(e;m — d,cy
! ! !
a W' — A WVE  —  acBunpg)xpm)
! ! !
WG awc

AWV =T WG =T g Bunpgyxpm

The idea is to establish the isomorphism (73]) after restriction to 4.)V&" and then show that
it descends to an isomorphism over 4 V&', The isomorphisms obtained in this way will be
compatible for different ¢, so they will give rise to the desired isomorphism (73] over

VG = cL>J0 d. WG

Consider a point of 4.V* over (7,70) € ¢ V*. By Remark [I1], the two splittings of (G8]) over
Spec F; yield b € A2U(F). Pick any r € L* @ Q@ V (t;90,) over 7 € 44(L* @ Q ® V). We will
always write the elements of M ® V(F,) as sums in

LoUF,)®LeU*(F,) e L*@Q@U(F,) & L* @ Qe U*(F,)
using the splittings of (65]) and (G8)) over Spec O,. In particular,

r=r1+z and U=171+2%

65



for unique 71 € L* ® Q @ U(t;0,), z € L* @ Q ® U*(t;90,) and v, € L ® U*(t;90,). The
splitting s can be viewed as a map s: U* — V(cx). For s®id: U* @ M — V ® M (cx) we get

(s®id)(0) =bv+0 €U ® M(F,) ®U* @ M(t;0,)
where b is viewed as a map b: U*(F,) — U(F,). We get (b0 4+ 0) = r + 1+ u for
[l=bv14+v1 and u=bz—r

So,
ev(7,0) = o(r,l,u) = (r1,01) + A, (75)

where we have set A = %(z, buy) + %( 1,bz). Actually, A can be seen as a morphism of stacks
A d,cy(e;m — Al

We claim that the LHS of (73)) is the extension by zero from ;W¢. Indeed, from ([75]) we learn
that (pw,c)1(aP(K)) |,.ve identifies (up to a shift) with globy (K) |, .y tensored by A*Ly.
From Theorem [7l we know that glob, (K) is the extension by zero under ig : JWg — VG

Let 4.)a be the preimage of ;)V under the projection 4 V& — 4 W& . Let us show that
the diagram commutes

d,cyG — dﬁy(e;m
! 1A

evg

Mo = Al
Indeed, for a point of 4 V& chosen as above we get evg (D) = Res,(5(0,b0)). Since

%(z‘;,bf}) = %(51 + 2,bv1 4+ bz) = A,

our assertion follows.
For the convenience of the reader we remind that ag = x(U* ® M), ag = x(L* @ Q@ V),
and ayy = x(U* ® L). The shift in (73]) is correct due to the formula ag — 2ay = ay. O

Proof of Proposition [12
Assume K € g Weilg i for some d’ > 0. Then for d > d’ consider the complex P (K) on gW*

and calculate its direct image with compact support to ¢ Bunp gy p(g) using the diagram (7).
By Proposition [[3, we get a canonical isomorphism over 4 Bunp gy p(c)

(gw,m )1 (im )1(globy g (K) ® eviyLy) = (gw,c)i(ic)i(globy (K) @ eviLy)

By definition, the LHS (resp., the RHS) identifies with Functy (K
Functg (K The isomorphisms

) laBunprywp (resp., with

) |d Bunpm)xp(a) )-

Funct g (K — Functg (K

) |d BunP(H)Xp(G) ) |dBunP(H)><P(G)

thus obtained are compatible for different d, we are done. [J
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Proposition 14. The isomorphisms (8) and (9) of Theorem[]] hold after restriction with respect
to VP(G)XP(H) : BunP(G)Xp(H) — BunG X BunH.

Proof Choose an isomorphism (63) from Proposition [[Il The isomorphisms we are going to
construct may depend on this choice. By Proposition[I2] there is a uniquely defined isomorphism
([60) such that the restrictions of (60) and of (G3]) to Bun P(H)xP(G) are compatible.

Remind that we have fixed z € X. By Lemma [[7] and Proposition [I0, for S € Sph we get

Vp()x p(nHa (Ss Aute, ) [dim. rel(vp gy« p(n)] = Functe (Hg (S, o))
By Lemma [I8 and Proposition [l for & € Sphy we get

vp(eyx (B (S; Aute, i) [dim. rel(vp(G)x p(m)] = Functy (Hy (S, 1o))
The desired isomorphisms over Bunp(g)x p(sr) follow now from Theorem [Tl [J

8.3.7 In this subsection we establish some additional properties of Autg p. Write S; for the
stratum of Bung, i given by dim HO(X, M ® V) =ifor M € Bung,V € Bung.

Proposition 15. i) The complex Autg g is placed in perverse degrees > 0.
ii) For any n,m the complex Autg g has nontrivial perverse cohomologies in degrees larger than
any given integer.

Proof i) Let © Bunp(g)yxg C Bunpg)x g be the open substack given by
H(X,Sym?L) =0 and HYX,L*@Q®V)=0 (76)

for V€ Buny, (L C M) € Bunpg).

Remind that Vp(g) is the stack classifying L € Bun,, with a section Sym? L — Q2. Denote
by O(yp(G) X Bung) C YVp(qy x Buny the open substack given by ([Z€). We have the Fourier
transform

Four,, : D(O(J}p(g) x Bung)) — D(OBUHP(G)XH)

The projection v : © Bunpgyxg — Bungx g is smooth and surjective.

Remind that V, g classifies L € Bun,, V € Bung and v : L — V ® Q. Let OVH,H C VoH
be the open substack given by (76). We have an affine map %mz : OV, g — O(yP(G) x Bungy)
sending v to the composition

Sym? L "% Sym?(V ® Q) — Q2

The complex glob, (o) introduced in Section 8.3.2 is perverse over 0V, and coincides with
Q[dim(°V,, p)]. Since Om is affine, (Ymz) is left exact for the perverse t-structure. Now from
Proposition [[] it follows that

00 Autg gr[dim. rel(“v)]

is placed in perverse degrees > 0.
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ii) Consider two cases.

CASE 2n > m — 1. Pick a k-point M of Bung and a rank m vector bundle F on X of degree
zero. Let A be a line bundle on X of degree a > 0 large enough in the sense below. Set
U=E®Aand V = U & U* with the symmetric form Sym?V — Ox as in Section 3.2. The
pair (M, V') can be viewed as a closed substack Y := B(Aut(M) x Aut(V)) of Bung . We will
let a go to infinity, below we write const for quantities independent of a.

The dimension of the group of automorphisms Aut(M) is constant, whence dim Aut(V) =
m(m — 1)a + const. Since a is large enough, Y C S; for i = 2nma + const. Assuming that
Autg, i is placed in perverse degrees < C for some C' > 0, we get

const —m(m — 1)a = dimY < dim S; < dimBung g —i + C = const — 2nma

Since 2n > m — 1, this is a contradiction.

CASE 2m > n+ 1. Pick a k-point V' of Bunyg and a rank n vector bundle £ on X of degree
zero. Let A be a line bundle on X of degree a > 0 large enough. Set L = F ® A and
M = L @ L* ® Q with symplectic form A?2M — € as in Section 6.1. As above, we get a closed
substack Y = B(Aut(M) x Aut(V)) of Bung, z. Write const for quantities independent of a.

In this case dim Aut(M) = n(n + 1)a + const. For a large enough we have Y C S; for
t = 2nma + const. If Autg g is placed in perverse degrees < C' then

const —n(n+1)a =dimY < dimS; < dimBung g —i + C = const — 2nma

Since 2m > n + 1, this is a contradiction.
Any pair of integers n, m > 0 satisfies one of the above inequalities. We are done. [J

Remark 13. The complex Autg g on Bung g is not pure in general. Let us show that for m =1
and any n the complex Autg g is not pure.

Remind that Bung is irreducible. We have Buny = Pic X. Consider the connected compo-
nent (Pic0 X) x Bung, the intersection U of this component with Sy is nonempty. Indeed, take
take V = 0%, the corresponding point of Pic’ X is Ox. There is M € Bung with H°(M) = 0.

Over U the complex Autg g identifies with the constant perverse sheaf Qy[dimU]. Its in-
termediate extension to (Pic0 X) x Bung is the constant perverse sheaf. If Autg g was pure,
this constant perverse sheaf would be its direct summand. However, (Pic’ X) x Bung contains
points of S; for some i > 0. The *-fibre of Autg m at such point is the trivial one-dimensional
space placed in usual degree i — dim/. It can not contain Q[dimi] as a direct summand.
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