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1. Motivations The theory of minimal representations of reductive groups exists
(at least since 1989) in several settings, over finite, local and global fields (cf. [1]
for a recent survey). They are of interest especially because they allow to prove in
the classical setting some particular cases of Langlands functoriality via ” generalized
theta correspondences”. With Vincent Lafforgue we are trying to geometry these
representations, our initial motivation was to further obtain out of it some new cases
of the geometric Langlands functoriality.

1.1 CASE OF FINITE FIELD k = F,. Let G/k be split reductive connected, B C G a

Borel. Then Indggg = Fun(G(k)/B(k)) is a module over G(k) x Ay, where A is the
finite Hecke algebra at q. For ¢ = 1 one gets A; — Qy[W], where W is the Weyl group
of G, and there is a canonical bijection (at least, for ¢ lying in some open subset
of C) A, = A;. Here A denotes the set of irreducible representations of a finite-
dimensional algebra A, similarly let W be the set of irreducible finite-dimensional

representations of W. Then
Fun(G(k)/B(k)) = Dy Bx ® xq

as a G(k) x A,;module. Here R, is an irreducible G(k)-module (over Qy), and
Xq € A, corresponds to x via the above bijection. See [6].

Examples: a) If x is trivial then R, is trivial.
b) Let x be the reflection representation on the root space. Assume G simple adjoint
such that all roots have the same length (that is, G is of type D,, with m >4, A,,,
E.,). Then x is irreducible and R, is called reflection representation of G(k). If Opin,
is the minimal nontrivial nilpotent orbit in g = Lie G' then dim R, = q%

For example, if G = SL, then R, is the space of functions f on P"~1(k) such
that [p. 1 fdz =0.

One may address the problem: construct a category with an action of G, which
is a geometric analog of the reflection representations.

dim Onmin +

Example: consider the case H = SO(V'), where V is an orthogonal split vector
space over k with dimV = 2n. Then

Ry ={f:V(k) = Q| f = Foury(f), f(0) =0, fis extension by zero from Y (k)}

Here Y = {v € V | (v,v) = 0}. Actually, the condition f = Foury(f) follows from
the fact that both f and Foury,(f) are extensions by zero from Y (k).

Geometric version. Let 7~2X be the category

7§,X = {K € P(Y) | equipped with Foury(K)— K}



here P(Y) is the category of perverse sheaves on Y. Then H acts on this category.
Note that Four, (IC(Y)) = IC(Y), and the subcategory Rq generated by IC(Y) is
“the trivial representation” of H. Then ﬁx / Ry is probably a reasonable geometric
analog of I, in this case. I mention this as in the global case there is also a problem
of "separating” the minimal representation of the trivial one.

1.2 CASE OF A LOCAL FIELD. [I’ll just mention some of ideas, there is plenty of
litterature.

1.2.1 Let F be a local non archimedian field of characteristic zero. Let G/F be sim-
ple, split, simply-connected. Let (m, V) be an irreducible smooth representation of
G(F). It has a character distribution (viewed as a distribution Ch; is a neighbour-
hood of 0 € g(F')). Let f be a locally constant function supported on a sufficiently
small open neighbourhood of 0 € g(F). Then fg(F) m(expz) f(x)dz is of finite rank
and

Chx(f) = tr/ m(expz) f(x)dx

Harish-Chandra and Howe: there is co € Qy for each nilpotent orbit O C g*(F)
such that for any f as above

Chalf) =3 o [ fno.

o g+ (F)

here f is the Fourier transform of f, up is a G(O)-invariant measure on O.

On the set of nilpotent orbits one has the order O; < Oy iff O € Oy. Then
the minimal nontrivial orbit is the one through the highest root (if one identifies g*
with g via a Killing form).

Definition 1. d = max,,-o % dim O is called Gelfand-Kirillov dimension of 7. The
wave front set WF (r) is the set of maximal elements in {O | ¢co # 0}. Then 7 is
minimal iff WF(7) = Opin.

Let ¢ : SLy — G correspond to the subregular nilpotent orbit in the Lang-
lands dual group. Let my be the spherical representation of G/(F) with the Satake

parameter
|t‘1/2 0
¢< 0 [t )

Fact 1. ([14]) If G is of type A2,_1, Dy, E, then 7y is a minimal representation.
For GLoy,, my = i”d%n,l ,(triv), the unitary induction.

Here ¢t € F' is a uniformizer.

Fact 2. 1) In types D, E, the minimal representation exists and is unique.
2) In types (Bp,n > 3) and G2 a split group has no minimal representation.



3) In types Bs (that is, for SO7), Fy and C,, the minimal representation exists as
a representation of a 2-fold metaplectic cover of G(F'). In type C), this is the Weil
representation of gf)Qn(F ).

4) In types By,,n > 3 no metaplectic cover admits a minimal representation (Vogan?)
5) The 3-fold metaplectic cover of G2 admits a min representation.

This claim becomes clearer in view of Arthur conjectures (see 1.2.5 and 1.2.3.4).

1.2.2 Minimality is reflected in vanishing of many (twisted) Jacquet modules in local
setting (in global setting: of many Fourier coefficients).

Let O C g(F) be a nilpotent orbit, let Y € O. There is H € g semisimple such
that [H,Y] = —2Y, and the eigenvalues of H on g are integers (for example, coming
from a SLo-triple). Let g =), gi, where

gi={zcg|[H, ] =i}

Let n' = (Zg(Y) N g1) + D ;50 8 and N’ = exp(n’) be the corresponding subgroup.
Let ¢ : F — Q be a nontrivial additive character. Moeglin-Waldspurger ([12])
explain that (Y, H) yields a character ¢y, : N’ — Qj, exp(z) — ¢((X,Y)). Here
(-,.) is the Killing form. Let Jy,. , (V') denote the twisted Jacquet module of V' for
(NI,¢Y7H). Set

Why(V) = {0 | Jyy. (V) # 0 for some H }

Fact 3. ([12]) WF () equals the set of maximal elements of Why (V).

The condition Jy,, ,, (V') # 0 means that V' admits a generalized Whittaker model
for these data.

In the global setting one can similarly attach to an automorphic representation
a collection of nilpotent orbits (see [2] and Arthur conjectures on the unipotent
representations).

1.2.3 One more definition of minimality. Let G/F be simple, simply-connected, split.
Let T'C B C G be a maximal torus and Borel. Let a be the highest root. Pick an
SLo-triple (ha, €q, €—q), Where e, is in the root space of the max root, hy = [eq, €—q].
Let

9(i) = {z € g [ha, 7] = iz}

Then g(i) = 0 for | i |> 2, and ®;>09(¢) is a parabolic subalgebra, its nilpotent
radical is the Heisenberg Lie algebra n = g(1) @ g(2) with the center 3 = g(2), this is
the root space of a. Let Z = exp(3) C G be the corresponding unipotent subgroup.

Let P = MN be the corresponding parabolic (the Heisenberg parabolic). As-
sume

(C1) M acts transitively on 3(F') — {0} with stabilizor Mys = [M, M]



(this is equivalent to requiring that G is not of type A, or C,,). For C,, this is not
a very reasonable assumption, as we know ([8]) that in the geometric setting (over
an algebraically closed base field) the Weil representation does not depend on the
additive character 1 any more.

On V = g(1) one gets a non degenerate symplectic form z,y — w(x,y) given
by [z,y] = w(x,y)eq. So, N is the Heisenberg group. Let Ps; = M N, the group
M, preserves w, hence a morphism Mys — Sp(V). The group N(F) admits a
unique smooth irreducible representation p, with given central character v¢. Let
Mp(V) — Sp(V) be the corresponding 2-fold metaplectic covering, then py, is the
Weil representation of Mp(V) x N(F).

Assume

(C2) There is a splitting Mss(F) — Mp(V) (not to work with the covering groups)

Split groups of types Ga, Dy, By, satisfy both C1,C2. Since Mg, is simply-connected,
Ms(F) is perfect, so this splitting is unique. Let (py, Wy,) denote the obtained

representation of Pss(F'). Set W = ind2 )

Pss(F)(W¢)’ smooth compact induction.

Definition 2. ([1]) If 7 is a smooth representation of G(F'), set
T‘-Zﬂ/’ = 7T/<7T(Z)U - ¢(2)U,Z S Z7U € 7T>7

the twisted Jacquet module. This is a Psg(F)-module, and Z acts via ¥ on it. One
checks that
w74 — Homy(m) (Wy, m2,) @ Wy

as N(F)-modules. Then Hom y gy (Wy, Tz, ) is naturally a Ms(F)-module, where
m € Mys(F) sends T : Wy, — 7z, to the composition

1
WL/J m, WL/J Z> TZ ) m TZ )

If 7 is irreducible, say that 7 is minimal iff

Hom gy (W, 72.4) — Qu
as Mss(F')-modules

Fact 4. ([1]) P(F') admits a unique smooth representation, namely W, such that

Wy, it #£1
WZW’_’{ 0, ify =1

In particular, W is independent of 1.
Remark 1. If G is of type Dy, E, then W is irreducible as a P(F')-module ([5],

Proposition 3). The dual of W is indgf(},)Wwfl.
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Assume for a moment that Qy is replaced by C, assume 1 of absolut value one.
Pick a polarization g(1) = g(1)* ®g(1)~. Then we can identify Wy, with the Schwarz
space S(g(1)™) of locally constant functions with compact support. This yields a
conjugate linear map Wy, — Wy,-1, f — f in this model, hence an hermitian product
on Wy, because W — Wy-1. In turn, this yields a P(F)-invariant hermitian product

fi, fo — fPSS(F)\p(F){ﬁ(p),f2(p)}dp, where {.,.} is the hermitian product on Wj,.
One may show this is a unique (up to a scalar) nontrivial P(F')-invariant hermitian
form on W.

Fact 5. 1) Under C1,C2, the unitary completion W of W admits at most one
extension as a representation of P(F') to that of G(F).

2) If G is of type Dy, E,, then it does extend to a unitary irreducible representation
of G(F).

One can further take smooth vectors in W and get a smooth irreducible repre-
sentation of G(F), this is the minimal one for D,,, E,,. The suspace W C W is not
stable under G(F).

The minimal representations 7, of G(F') all appear as degenerate principal
series: there is a maximal parabolic Q C G and a nonramified character x : Q(F) —

(F)

@2‘ such that 7, appears as a nonramified irreducible subquotient of indg(i)x
(and this induced representation is not irreducible). For D,,, E,, Ty is actually a

representation of Guq(F).

Example: G = SOy, (F), F = k((t)). Let P C G be the Siegel parabolic, its

Levi quotient is M = GL,,. Let a: P(F) — M(F) 9l F* then 7 is the unique

irreducible nonramified submodule in mdggg | a .

Remark 2. 1) An important open problem is to construct a geometric analog of
degenerate principal series (as a category with an action of G(F')), geometry should
make visible the action of SLy of Arthur.

2) If G is of type D,,, E,, then there is a unique simple coroot 3 such that (3, a) # 0,
here « is the highest root. Then W is irreducible already as a (F*)N(F)-module
([5]), here (3 : G,,, — T is this coroot. Also one has M = F(F*)Mjs, and P is the
Heisenberg parabolic is the standard maximal parabolic corresponding to 3. Here

0 is the root corresponding to .

1.2.3.2 Let H¢ denote the Iwahori-Hecke algebra of G(F'). The irreducible represen-
tations of Hg corresponding to the minimal representations of G(F’) are constructed
by Lusztig ([7]). In his paper there is a claim that looks like a local analog of the
global Arthur’s conjecture (Fact 6 below), namely that if (s,u) € G x Lie G¥ with
s semi-simple (and sus~! = ¢~ 'u) corresponds to a square-integrable representation
of Hg then (s,u) is not centralized by any torus in G*. (That is, u is not contained
in a proper Levi of GT).



1.2.4 MODELS OF MINIMAL REPRESENTATIONS Let G/F be simple, split, here F' =
k((t)). Let @ C G be a maximal parabolic corresponding to a simple root 7. Write
@ = M N, where M is the Levi, N is the unipotent radical. Assume N abelian (it
suffices that 7 appears in the highest root with multiplicity one). Examples:
g | Do | Du | Es | Ex
Mss ‘ Anfl ‘ anl ‘ D5 ‘ E6
Let N be the opposite unipotent radical, n = Lie N. There is a unique nonzero
minimal Mgs(F')-orbit ©; on n(F'). The group Q(F) acts on C*°(€2;) by

(nf)(y) = fW)b(—(n,y)), n € N(F),y €

(mf)(y) = x(m) f(m~ym), y € Q1,m € M(F)

here (.,.) is the pairing induced by the Killing form, ¢ : F — @} is an additive
character, x : M (F) — (M/Mss)(F) — Q} is some unramified character.

Then 7, of G(F) appears as a Q(F')-submodule in C*°(£2y), it strictly contains
C°(Q). At the level of L?, 7 = L?(§21) for a suitable measure.

Examples. Let G = SQ,,,, @@ denote Siegel parabolic, write U for the standard
representation of the Levi M = GL,, then n = A2U, n = A2U* and

M ={ye /\QU*(F) |y : U(F) — U*(F)is of rank 2}

If @ is the parabolic preserving a 1-dimensional isotropic subspace L in the standard
representation, write L_; for its orthogonal complement and V' = L_1/L. Then
n=V'®L and  C V' ® L*(F) is the cone of isotropic vectors.

1.2.5 GLOBAL CASE. Let X/k be a smooth projective geometrically irreducible
curve, k = F,. Let A be the adeles of ', O C A the entire adeles, G simple, simply-
connected split of type Dy, n > 4 or E,. Let m, = 7y min for each place v. Then
T = ®)m, is automorphic, square-integrable ([3]). This is proved via realization of
7 as a residual representation for some Eisenstein series. If G is of type D,, then m
appears in L?(G(F)\G(A)) discretely with multiplicity one. In addition to the proof
of [3], there is a generalization by Moeglin, she proved the following particular case
of Arthur conjectures.

Classification of min representation should be seen from the perspective of Arthur
conjectures.

Fact 6. ([10]) Let G/k be split, one of the groups SQs,, 1, Spay,, SOy,. Let G be
the Langlands dual. There is a bijection

irred. repr. T = @/ m,
appearing discretely in L?(G(F)\G(A)) ~
with a G(O) — fixed vector
and satisfying (C) below

unipotent G — orbits in G(Qy)
that do not intersect
any proper Levi



(C): representations appearing in indgg‘x(x), where x : T(A)/T(0) — Q} is a

character that decomposes as T(A)/T(0O)—= Div(X) ® A dog@id p Q;. Let
¢ : SLs — G correspond to a given unipotent orbit, let m be the corresponding
subrepresentation in L?(G(F)\G(A)) then for any place v, 7, is spherical with Lang-

lands parameter
| te |1/2 0
(1t ).

here t, € F, is a uniformizer.

If G is split of type Dy, Ey, By, then the subregular nilpotent orbit in G does not
intersect any proper Levi. The corresponding representation of D,, in the sense of
Arthur conjectures is minimal (for F,, it should also be so, I don’t know if this Arthur
conjecture is proved for E,). However, for B,, the representation corresponding to
the subregular nilpotent orbit in G is not minimal! This is related with the fact
that the minimal nilpotent orbit in SOy, ,; is not special (in the sense of Luzstig-
Spaltenstein [15]). The subregular nilpotent orbit in Sp,,, is given by the partition
(2n —2,2).

Fact 7. ([11]) If G is of type B,C,D then any element of WF(w) is a special
nilpotent orbit.

(This result of Moeglin does not exclude the possibility that a metaplectic cover-
ing group of G(F') admits a minimal representations.) One should also compare this
with the notion of an admissible nilpotent coadjoint orbit for p-adic group introduced
in [13].

Purpose Find a geometric analog of the minimal representation of SQ,, (A).

1.2.7 EXpLICIT FORMULAS Let H = SQO,,, split, let P C H be the Siegel parabolic.
Write P = M N, where M = GL, is the Levi, and N is the unipotent radical.
Rewriting the formulas of ([3], [4]) geometrically, one gets the following. For s € C
let Ep, : Bung — Qy be the function

V — Z qsdegU’
vcv

the sum being taken over all rank n isotropic subbundles subbundles U of V. This
function is absolutely convergent for Res large enough and extends to a meromorphic
function to C. Its center of symmetry of the functional equation is %‘1 It has
simple poles at s = 0,1,n — 1,n — 2 (and maybe at other points?). The residual
representation at s = 0,n—1 is trivial 1-dimensional, and the residual representation
at 1,n—2 is the minimal one (it is self-dual). So, the unique up to a multiple minimal
Hecke eigenform on Buny; is
Vi Res2 Eps(V)ds

S=n—



Let Bun‘fg be the connected component given by deglU = d. Write v : Bun?g —
Bung for the projection, set R¢ = (v%);Q. Then

Eps = Z ¢ tr(Fry, (RY)y) (1)
deZ

Note that dim.rel(v?) = const — (n — 1)d. Roughly, by Riemann-Roch, the top
cohomology of (R%)y is Qg[2const + 2(n — 1)d](const + (n — 1)d]. This explains
the pole at n — 1, and makes essentially shows that the corresponding residual
representation is trivial.

One more remark, one may formally consider the complex R = Y., R¢[—2d],
and similarly >, RY[—2(n — 2)d]. They essentially satisfy the Hecke property
corresponding to a subregular unipotent orbit in H = SQO,,,. This means that for
the standard representation W of H, one has Hg (W, R) = £ ® R[1], where

£ = (Bl=_,Q[2i) & (&7, Qe[2i])

(actually, one has to stratify the Hecke stack a little for this to be true, so more
precisely, this is true in a suitable Grothendieck group (maybe completed?)).

One has a similar picture for the parabolic () C H preserving a 1-dimensional
isotropic subspace in the standard representation. The stack Bung classifies L €
Bun;, V' € Bungo,, , and an exact sequence 0 — L —? — V' — 0 on X. Write
BundQ for the substack given by deg L = d. Let I/é : BundQ — Bung be the projec-

tion, set RY = (V%)!@g. Let Eg s : Bung — Qy be given by

V- Z qs deg L (2)

vo(FQ)=V

where the Q-torsor Fg on X is given by the above exact sequence. Here the symme-
try point of the functional equation is n—1. It has simple poles at s = 0,n—2,n, 2n—
2. The poles at 0,2n — 2 give trivial residual representation, and those at n — 2,n
give the minimal one. One may also define the complexes R as above and check
their Hecke property. Again, the relative dimension dim. rel(z/%) = const— (2n—2)d,
this explains the pole at 2n — 2.

2. Reminders

2.1 LocAL HOWE CORRESPONDENCE Let F' = k((t)), k = F,. Consider the Weil
representation Sy, of Mp(V)(F). Let Hy, Hy C Sp(V) be a dual pair (split reduc-
tive connected groups, centralizers of each other). The only example we need is
(SO9,,,5 Spgy,) I Spyyyy,- In this case the metaplectic cover splits over (Hy x Hy)(F').

Let Ry(H;) = {mirred. repr. of H;(F) | Homp, (Sy, ) # 0}. Givenm € Ry(Hi)
there is a biggest quotient Sy — 7 ® ©(m), where ©O(my) is a representation of
Hy(F). Moreover, ©(m) is of finite length and admits a unique irreducible quotient



©(m) — 6(m1). Local Howe correspondence sends 71 to 0(m). It gives (at least, if
the residual characteristic is not 2) a bijection Ry (H1)—=Ry(Ha).

If 71 is the trivial representation of SLy(F') then for the dual pair (SLg, SQ,,,)
the representation O(71) = 6(m) is the minimal representation. That is, 6(m) are
the SLo(F')-coinvariants in Sy.

2.2 THETA-SHEAF The global analog of the Howe correspondence is the theta-lifting.
I recall it in the geometric setting.

Now £k is algebraically closed of characteristic p > 2, we use f-adic sheaves (for
chark = 0 there is a version with D-modules).

Let X/k be a smooth projective connected curve. Let n > 1, let G,, be the sheaf
of automorphisms of O% @ Q" preserving a symplectic form A%(O% & Q") — Q.
Here €2 is the canonical line bundle on X.

Bung, = stack of Gp-torsors on X = stack classifying M € Buny, with a
symplectic form A2M — Q. Let Ag, be the line bundle on Bung, with fibre
det RT(X, M) at M. Write Bung, for the gerb of square roots of Ag, over Bung, .

Let ; Bung, C Bung, be the locally closed substack given by dim H(X, M) = i.
One has a line bundle ;B on it with fibre det H(X, M). Then ;B2 —Ag, liBung, >

hence a section p : ; Bung, — ; Bung,,.
Let ; Aut = Homg, (sign, mQy), a local system of rank one, order two.

Definition 3. Aut, is the intermediate extension of g Aut[dim Bung,], Aut, is the

intermediate extension of ; Aut[dim Bung, —1] to ]§1\1/ngn. The theta-sheaf is Aut =
Auty @ Aut,.

This is a Hecke eigen-sheaf on éa;lgn. Let P, C G, be the Siegel parabolic
preserving O%. Let v : Bunp, — Bung, send (L C M) to (M,B), where B =
det RI'(X, L* ® Q) is equipped with B2 = det RI'(X, M) coming from the exact se-
quence 0 = L - M —- L*®Q — 0.

Explicit formula for v* Aut. Let V = {L € Bun,,s : L — Q}. Let V» = {L €
Bun,,t : Sym?L — 02}, Let m : V — V, over Bun, send s to s ® s. This is
a finite morphism. The stack Bunp, classifies: L € Bun, and an exact sequence
0 — Sym? L —? — Q — 0. So, we have a diagram of dual generalized vector bundles

V5 — Bun,, < Bunp,
Let 1 : F), — Q} be a nontrivial additive character. Let Sp, = Foury(mQg[dim V).

Fact 8. ([8, 9]) There is an isomorphism v* Aut[dim. rel(v)] = Spy

2.3 GEOMETRIC THETA-LIFTING Let n,m > 1, let G = G, H = SQO,,,, split. The
stack Buny classifies V € Buny,, with a nondegenerate symmetric form Sym?V —
O and a compatible trivialization det V' — O. Let Ay be the line bundle with fibre
det RT'(X, V) at V. Write Bung g = Bung x Bung.



Let 7 : Bung g — Bung,,,, send (M, V) to M ® V with the natural symplectic
form. One has canonically 7*Ag,,,, = A © AZ" ® det RT'(X,0)*"". Extend 7
to a map -

7 : Bung g — Bung,,,,

sending (M, V) to (M, V, B), where
B = detRI'(X, V)" ® det RT'(X, M)™ ® det RT(X, ©) 2™
equipped with B2 = det R['(X, M ® V). Set
Aute g = 7 Aut[dim. rel(7)] € D™ (Bung z)

Notation: If S is a stack locally of finite type over k, D(S) is the unbounded
derived category of etale Qg-sheaves on S, D=(S) C D(S) is the full subcategory of
objects K such that for any open U C S of finite type, K |y€ D~ (U). Further,
D™(S); € D7(S) is the full subcategory of objects that are extension by zero from
an open substack of finite type.

Remark 3. Hecke functors act on D™(Bung), one may also ask about its spectral
decomposition.

Consider the diagram of projections Bung a Bung g LA Bung.

Definition 4. Define functors Fi; : D™ (Bung); — D™(Bung) and Fy : D™ (Bung); —
D= (Bung) by

Fg(K) = pi(Aute,p ®q"K)[— dimBuny]  Fy(K) = q(Autg,n ®p"K)[— dim Bung]

Remind that G = SOy, 1, H = SOy, over Q.

e idx2p - .
1) For m < n define « as the composition H x G, 5P x SOy, _9mi1 — G, where

the second map is given by the direct sum of representations. We used the fact that
the restriction of the irreducible representation SLy — SQs,, 9,11 to G, C SLa is
given by 2p. Then Fg commutes with Hecke functors with respect to .

e idxp -
2) For m > n define k as the composition G x Gy, PG x SOy, _9n_1 — H, where

the second map is given by the direct sum. Then Fy commutes with Hecke functors
with respect to k.
We extended here the usual definition of the Hecke functors to

Hg : Rep(G x G,,) x D(Bung) — D(Bung)

via adding shifts. If St is the standard representation of G,,, S € Rep(G) then
Hg (S ® St7,-) = Hg (S, -)[r].

Actually theta-lifting operators (classically and geometrically) are defined on a
bigger category then D™ (-);. In 1965 paper about Siegel-Weil formula A. Weil has
proved a convergence criterium for theta-series, that actually geometrizes well.
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Proposition 1. 1) Ifm>n+1 then Fg(Qy) € D¥(Bung) is absolutely convergent.
2) If n =1 then Fr(Qy) is absolutely convergent iff m = 1.

Here ’absolutely convergent’ for 1) means the following: for any open substack
of finite type U C Bung and any N € Z the contribution of all but finite number
of Shatz strata of Bung to the complex pi Autg g | lives in D<N(U), the usual
t-structure. So, if we are interested only in HY (p; Autg i |7) then only a finite
number of Shatz strata contribute. Proof: calculation of dimensions.

3. Trying to geometrize the minimal representation for SO,

3.1 We are interested in the case n = 1, m > 4, in which there is no absolut
convergence of Fr(Qy). If Frr(Qy) was absolutely convergent, it would be the Hecke
eigensheaf with the Hecke eigenvalue correspondlng to the subregular nilpotent orbit.

Indeed, the subregular SLa-triple is SLg diag SLo x SLa — SO3 x SQsy,,,_3 — SOy,,,
the last map is the direct sum, and the previous one is the product of regular
nilpotent SLo-triples. Let ¢ : Bung, g — Bunpy be the projection. 1

Still we will analyse the complex F(Qy) and try to "regularize” it with a hope
to get the corresponding automorphic sheaf.

Classically there are 2 approaches to such "regularization”:

e for number fields, use an archimedian place and apply a Kazimir operator at
this place to make the series absolutely convergent;

e replace Qy on Bung, by the Eisenstein series Eisgl(@g), its residue is Qy, so
calculate FH(Eng1 (Qy)) first and then pass to the residue. This essentially
amount to getting the minimal representation of H(A) as the residual one out
of Eisg (Qq). Here Q C H is the parabolic preserving a 1-dimensional isotropic
subspace in the standard representation.

Neither of them is evident to geometrize.

From now on n > 4 and H = SQO,, split. We will present a conjectural con-
struction of a perverse sheaf IC irreducible on each connected component of Bungs
that is a kind of regularization of Fi(Q). We expect that the automorphic sheaf
corresponding to the subregular nilpotent orbit in H, should be a combination of
IC eventually with the constant sheaf. We conjecture that the full triangulated sub-
category of D=(Bung) generated by K and Qy is stable under the Hecke functors,
and K becomes a Hecke eigensheaf in the quotient category D~(Bung)/Dg. Here
Do C D™¥(Bung) is the full triangulated subcategory generated by Q.

There will be 3 different constructions of K. But let us first explain how we have
guessed the first construction.

Tt may happen that Aute, # is a compact object of the category D~ (Bung,,x), we don’t know if
this is true, this would imply that ¢: Autg,,m# can be defined, this is another version of convergence.
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Let P C H be the Siegel parabolic. Recall that Bunp classifies U € Bun,, and
an exact sequence
0— AU =7 —0x —0

Write Yp = {U € Bun,, v: A2U — Q}. So, Vp and Bunp are dual generalized
vector bundles over Bun,,.

The functor D™ (Bung, )1 — D™ (Yp) given by K — Foury, v;, Fy (K)[dim. rel(vp)]
is easier to understand then Fly.

Namely, let Sp be the stack classifying U € Bun,, M € Bung, and a section
s:U — M. Let 7 : Sp — Yp be the map sending (U, M, s) to (U, A%s). Let
prg, : Sp — Bung, send (U, M, s) to M. Then

Foury vpFg(K) = mprg, K

up to a shift. The complex mQy is 'bad’ over the whole of Vp but it becomes much

better over the open substack JOJ p C Yp given by v # 0.
Let Zp C Yp be the closed substack classifying (U, v) such that the generic rank
of v:U — U*® € is at most 2. Then 7 factors as Sp — Zp — Vp.

Let g‘p and %p be the preimages of 5/}: under .

For d > 0 let X(@ denote the d-th symmetric power of X. Stratify % p by
locally closed substacks Zp,, indexed by m > 0. Here Zp,, is the stack classifying
D e X" U € Bun,, M’ € Buny with an isomorphism det M’ = Q(—D), and a
surjection s : U — M’ of Ox-modules.

o o
The restriction 7 : Sp — Zp of 7 is representable and proper, this is an isomor-

phism over Zpy. The stack Sp is smooth.
Proposition 2. 1) If n > 4 then 7 : c%p — %p is small, so

mIC(Sp) = IC(Zp)

2) If n = 3 then this map is semi-small, and ®py>01C(Zp,y) is a direct summand
of mIC(Sp).

Proof The stack Zp,, is smooth for any m. Its connected component ¢/ containing
a given point (U, M, s, D) is of dimension m (1 —n)—2deg U +(n?>+3)(g—1). So, the
codimension of U in the corresponding connected component of Zp equals m(n—1).

The fibre of = : g’p — 20,7p over (U, M, s, D) is the scheme of upper modifications
M’ C M such that div(M/M') = D. This fibre is connected of dimension m. O

Our idea was to replace mQy over Vp by IC(Zp).

3.2 P-MODEL. Let ¢Bun, C Bun, be the open substack given by two conditions
HO(X, A2U) = 0 and H(X, Q®A2U) = 0 for U € Bun,. Let °Sp, ¢ Bunp, °Yp and so
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on be the preimages of ¢ Bun,, in the corresponding stacks. Write vp : Bunp — Bung
for the natural map. Its restriction ® Bunp — Bung is smooth.
Let
Kp’d, = Fourw(IC(Zp)) € D<(Bunp),

the Fourier transfrom here is the functor D=(Yp) — D~(Bunp).

We conjecture that for n > 4 there is a (defined up to a unique isomorphism)
perverse sheaf K on Bung irreducible on each connected component such that the
Properties 1,2,3 below hold.

Property 1. There is an isomorphism over ¢ Bunp
vpK[dim. rel(vp)] = Kpy

Remark 4. The definition of Kpy extends (by ’the same formula’) to the stack
Bunp, where P is the Siegel parabolic in PSQs,,, and K should be a perverse sheaf
on Bunpsg,, , n > 4.

3.3 -MODEL. Let Q C H be a parabolic preserving a 1-dimensional isotropic
subspace in the standard representation of H. The stack Bung classifies W €
Bun;, V' € Bungg,, , and an exact sequence 0 — W —? — V' — 0 on X.

Let Vg be the stack classifying W € Buny, V' € Bungg,, , andt: W — V' ®@Q.
So, Vg and Bung are generalized vector bundles over Bun; x Bunsg,,, .

Let Zg C Vg be the closed substack given by the condition that the composition

W2 & gym?(V @ Q) — Q2

vanishes, that is, the image of t is isotropic.
Set
KQ@ = Fourw(IC(ZQ)) S D<(BunQ)

Let *(Bun; x Bungp, _,) C Bun; x Bungp,_, be the open substack given by
HY(X, V'@ W) =0and H(X, V' @ W ® Q) =0 for W € Bun;, V' € Bungg,, -

Write “Yg, “ Bung, “Zg and so on for the preimages of “(Bun; x Bungg,, ) in
the corresponding stack. Let v : Bung — Buny be the natural map.

Property 2. There is an isomorphism over “ Bung
voKldim. rel(vg)] — Kqyp

Of coarse, these two models reflect the local models described in 1.2.4.

3.4 In order to formulate the R-model for the Heisenberg parabolic we need first to
introduce the extended theta-sheaf.
This is something we have found ourself, we are not aware of its classical analog.
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3.5 EXTENDED THETA-SHEAF Let now n > 0, remind that G, is the group scheme
of automorphisms of My = O% & Q" preserving the symplectic form A?(My) — Q.

Let H, = My @ Q be the corresponding Heisenberg group scheme on X with
operation

1
(m1,wr)(me,ws) = (M1 + ma,w1 +wi + §<m17m2>)

The group scheme G,, acts on H, by group automorphisms, write G, = G, x H,
for the corresponding semi-direct product.

The stack Bung, classifies M; € Bung,y2 with symplectic form ANZM, — Q
and a section v : 0 — M; whose image is a subbundle. For a point of Bung,
write L_; for the orthogonal complement to Q, so M = L_;/Q € Bung,. Set
E;l/n@n = Eltl-;l(;n XBunGn Bun@n.

Let ¢Bung, C Bung, be the open substack given by HY(X, M) = 0, define
0 BTl;lGn, 0 %Gn similarly. Write Bung for the stack classifying exact sequences

0—-Q—-7—>0—-0 (3)

on X. Let evq : Bung — A! be the map sending (3) to the corresponding element
of H'(X, Q). We have canonically

oBung, = ]iﬂlgn x Bunq (4)
Definition 5. Write Autfb for the intermediate extension of

(AutMevn Ly)[1 — g
under the open immersion g ]§1\1;1<Gn — 1§1\1;1Gn. Here e stands for ‘extended’, we call
Auty, the extended theta-sheaf.

Now we will present an explicit formula for Autj, in the Schrodinger model, which
generalizes the corresponding formula for Aut.

Remind that P, C G, is the parabolic group subscheme preserving O™.

Set P, = P, x H,. The stack Bunp, classifies £ € Bun,, included into an exact

sequence on X )
0-Q—=L—->L—-0 (5)

and an exact sequence on X
0—Sym?L —? —-Q—0 (6)

Let 7,, be the stack classifying £ € Bun, and an exact sequence (5) on X. Let
Z71, be the stack classifying a point of 7,, and a splitting s : £ — Q of (5). Of coarse,
Z7, identifies with Bun,,.
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Write Z5 7, for the stack classifying a point of 7, as above and a section 5 :
Sym2 L — Q2. The map hr : 21, — Zo71, over T, given by 5 = s ® s is a closed
immersion. One has a diagram of dual generalized vector bundles over 7,

231, — Tp + Bunp,

Set
Kpm¢ = Fourw h'ﬂ@g [dim Bunn]

We lift the natural map Bunp, — Bung, to a morphism 7p : Bunp, — BAquGn
sending the above point of Bunp, to (2 — Mj,B). Here B = det RI'(X, £* ® ) is
equipped with

B?= detRT(X, M)
given by the exact sequence 0 — L — M — L*®Q — 0, and M = L_1 /.

Let °Bun, C Bun, be the open substack classifying £ € Bun, such that
HO(X,Sym2? L) = 0. Write °Bunp, for the preimage of °Bun, under the map
Bunp, — Bun,, sending the above point to £. The restriction p : Bunp, — %Gn
is smooth.

Proposition 3. There is an isomorphism over ° Bunp,
Up Auty [dim. rel(7p)] = Kp,, 4 (7)

Remark 5. We conjecture that the isomorphism (7) holds over the whole of Bunp, .

There is also a finite-dimensional analog of the extended theta-sheaf. In the case
k = Fq we show that Autj, is a geometric analog of the following matrix coefficient
of the Weil representation. Let x : Q(A)/Q(F) — Q} be the character

X(w) = () try(a)p Reswy) (8)

rzeX

Denote by (p, Sy) a (unique up to isomorphism) irreducible representation of Hy,(A)
over Qp with central character . It gives rise to the metaplectic extension Gn(A)
of G, (A), and Sy, is a representation of Gn(A) = Gn(A) x Hy(A).

Now Sy admits a unique up to a multiple non zero H, (F')-invariant functional
O : Sy, — Qu, and a unique up to a multilple H,,(O)-invariant vector vg. This allows
to see G, (F), G,(O) as subgroups in G, (A). Let

be given by ¢(g) = O(gvp), g € G, (A). Then ]§1\1/n¢;,n can be thought of as a geometric
analog of

G (F)\Gn(A)/Gn(0),
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and Auty, is a geometric counterpart of ¢.

3.6 R-MODEL. Let R C H be the parabolic subgroup preserving a 2-dimensional
isotropic subspace in the standard representation of H. The stack Bunpg classifies
V' € Buny with an isotropic subbundle Uy C V', where Uy € Buny. For (Us C V) €
Bung write V/ = V_5/U; € Bungg,, _,, where V_3 is the orthogonal complement of
Usin V.

Let Vg be the stack classifying (U C V') € Bung and a section vs : AUy — Q.

Let fr : Yr — Bung be the projection forgetting vo. Write Y <— Ypr for the open
substack given by vg # 0.

Let Xr be the stack classifying (U2 C V) € Bung and an upper modification
s9 : Uy C M equipped with det M = Q. Here M € Buns and s is an inclusion of
coherent Ox-modules. Let

mrR:Xr — VR
be the map over Bung given by vy = A%sy. The map g is representable and proper.

3.6.1 Our immediate purpose is to define a map
ﬁR . XR — BUHG%_4 (10)

Given a vector bunbdle M on X, a line bundle A on X and a symplectic form
NM — A, we write H(M) = M @& A for the Heisenberg group scheme on X with
operation

1
(mq,a1)(ma,a2) = (m1 +ma,a1 +az + §<m1,m2>)

Given (Uz,V’) € Buny x Bungg,,, ,, the vector bundle U ® V' is equipped with
a natural symplectic form A%2(Us ® V') — A2Us. Now Bung identifies canonically
with the stack classifying (Vz, V') € Buny x Bungg,,, , and a torsor on X under the
group scheme H (U @ V).

Write Modsy for the stack classifying Us € Bune with an upper modification
sg : Up — M. Consider Moda Xpun, Bung classifying (Uy C V) € Bung and
(sg : Uy — M) € Modaz. Define

er : Moda XBun, Bung — Bunpg

as follows. For a point of the source write V' = V_5/Us, where V_s is the orthogonal
complement of U in V. The map sy yields an inclusion of coherent O x-modules
H(U;@V') € H(M ®V"), which is a homomorphism of group schemes over X. View
(Uy C V) € Bung as a triple (Us, V', F), where F is a torsor on X under H(Us® V).
Let F be the torsor under H(M ® V') on X obtained from F by the extension of
the structure group H(Uy ® V') — H(M ® V). Then (M,V’,F) € Bung is given
by some pair (M C V) € Bung. By definition, eg sends (U C V,Uy C M) to
(M cCV).
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Definition 6. Given (Uy C V) € Bung, the vector bundle Uy ® V' is equipped with
a symplectic form A2(Us ® V') — A2Us. Consider then M; = (Sym? Uy)t/ Sym? Us,
where (Sym? Uy)* is the orthogonal complement of Sym?U, in Uy @ V. So, M
is equipped with a symplectic form A?M; — A2U, and a line subbundle A2U; C
M. We will refer to M7 with these structures as the symplectic-Heisenberg bundle
associated to (Uz C V') € Bunp.

Consider (Uy C V,Uy <3 M) € Xg. Let (M C V) € Bung be the image of this
point under er. By definition, pr sends the above point of Xr to the symplectic-
Heisenberg bundle (det M C M) associated to (M C V). Since we are given an
isomorphism det M — €2, this symplectic-Heisenberg bundle is a point of Bung,, ,.

One has a canonical (Z/2Z-graded) isomorphism

det RT'(X, M®V')= det RI(X, V')?®@det RT'(X, M) *@det RD(X, 0)% 4" (11)
Then pp, is lifted to pr sending the above point to (2 C My, By), where
By = det RI'(X, V') ® det R['(X, M)" 2 @ det RT'(X, 0)1~2" (12)
and B? is identified with det RI'(X, M) via (11).

3.6.2 Let “(Buny x Bunggp,, ,) C Buny x Bungp,  , be the open substack given,
informally, by the condition that Us is sufficiently ‘negative’ and V' is ‘sufficiently
stable’ compared to Us. The precise definition is too technical for a talk.

Write “ Vg, “Yr, * Bung and so on for the preimage of “(Buny x Bungg,, ,) in
the corresponding stack.

Precise definition that 1 omitted: write P,_o C SQy,,_4 for the Siegel
parabolic. Let ”(Buny x Bunp,_,) C Buny x Bunp, _, be the open sub-
stack given by

HY(X,Sym?*(Uy @ U')) = HY(X, Q@ A*U) = H) (X, U, @ U* @ Q) =0
(13)
for (U2, U’ C V') € Bung X Bunp,_,. The projection is smooth

id xvp : "(Bung x Bunp, ,) — Buny x Bungo,, , (14)

Let *(Bung x Bungg,, ,) C Bung x Bungg,, _, be the intersection of the
image of (14) with the open substack given by the conditions

HO(X,A%U;) = HO(X, Q@ A%U) = HY (X, QU @ V) =0  (15)

Proposition 4. The complex

(mr)1pR Autg,[dim. rel(pr)] (16)

1s perverse over the open substack “Ygr C Vg.
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Let Fg,y be the intermediate extension of (16) under the open immersion Y —
“Ygr. For the projection fr:“Ygr — ¥ Bung we set

Kry = (frR)1Fry € D™(“Bung) (17)

Proposition 5. The complex (17) is a perverse sheaf on ™ Bung irreducible on each
connected component.

Let vr : Bung — Bunjy be the natural map, its restriction to ¥ Bung is smooth.

Property 3. There exists an isomorphism over ¥ Bung
vRpK[dim. rel(vg)] = Kpgy (18)

Remark 6. As we will see, the generic rank of I must depend on the genus of X, in
this sense the problem of constructing of K is not 'competely local’ as was the case
for the theta-sheaf Aut.

3.7 COMPARING P AND () MODELS. Assume that P, @Q, R are standard parabolics
with the same Borel. Consider the diagram

Z/pr 14 P
Bung <= Bunpng 2 Bunp

The stack Bunpng classifies exact sequences 0 — W — U — U’ — 0, 0 —
AU —? — Ox — 0 with W € Buny, U’ € Bun,,_;. Write 4(Bun; x Bun,,_;) C
Bun; x Bun,_; for the open substack given by

HY(X,U' @ W) = HY(X, A2U") = Hom(U',W) =0
(19)
Hom(U',W ® Q) = H(X,Q® A2U') =0

for W € Buny, U’ € Bun,,_;. Write *Bunpng for the preimage of (Bun; x Bun,,_1)
in Bunpng.

Proposition 6. There exists an isomorphism on °Bunpng
vpKQuldim.rel(vpq)] = vg p Kpy[dim. rel(v,p)] (20)

Remark 7. Kp, is perverse over the open substack of Bunp given by HO(X,A2U) =
0, and Kg 4 is perverse over the open substack of Bung given by H° (X, WaV’) =0.
The restrictions of vp g and of vg p to “Bunpng are smooth, so both sides of (20) are
perverse. Actually both sides of (20) are irreducible over each connected component
of °Bunpng.
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The proof is too technical for a talk. Here is the idea. Let Up C P,Ugp C @
be the unipotent radicals, we use that fact that Ug N Up is ’big enough’. Set
S=(PNQ)/(UpnUg). Then °Bunpng — “Bung is a torsor under some vector
bundle E over °Bung. For the purpose of the talk imagine that this torsor is trivial
(or twist things). Then we actually establish some isomorphism in D(E*) and take
Fourier transform. The advantage is that over E* the sheaf we get is of local nature
(indepedent of the curve X '), namely it is the IC-sheaf of some rank one local system
over some locally closed substack of E*. However, during the Fourier transform along
E something of global nature happens, and the result on *Bunpng, at generic points
of its support, becomes a local system of ’big’ rank depending on the genus of X.

We could eventually define the perverse sheaf Kpng  on *Bunpng corresponding
to (20) by some explicit formula (not knowing about P or @ but directly in terms
of PN @), but its definition is more complicated than that of Kp, Kq ., precisely
because the unipotent radical of P N @ is not commutative.

3.8 COMPARING P AND R-MODELS. It relies on the 2-commutativity of the following
diagram

13

XRr Bung,,_,
7 T o
VPR
XR XBung Bunpnr — Bunp2n—47

where vp g is as follows. Given
(Uz cUcCV,sg:Us— M, detMZQ) € Xgr XBung Bunpnr (21)

let 0 = M — U — U’ — 0 be the push-forward of 0 — Uy — U — U’ — 0 by

s : Uy — M. Let (M C V) € Bung be the image of (Uy C V,Uy <> M) by eg.

Let (Q € M) be the symplectic-Heisenberg bundle associated to (M C V). Then

L = (M®U)/Sym? M is a lagrangian subbundle in M fitting into an exact sequence

0—-Q—L— MeU' — 0. By definition, vp g sends (21) to (2 C £ C My).
Consider the natural diagram

VR,P VPR
Bunp < Bunpnp — Bung

We define some open substack I’Bunpm r C Bunpnpg, I don’t want to give a precise
definition but the restrictions of vg p and vp g to it are smooth.

Precise def that I omitted: ” Bunpnp is the preimage of ”(Buny x Bun P s)
under the map Bunpnr — Bung x Bunp,_, sending (Uy C U C V) to
(U, U" C V'). Here U' = U/Us, and V' = V_5/Us with V_5 being the
orthogonal complement to Us.

To prove Proposition 4, we establish an explicit formula for the restriction of (16)

under the smooth (surjective) projection pr; : “Yr XBunp >Bunpngp — “Yg.
Write “* Bunpnp for the preimage of “ Bung under vpp : *Bunpnr — Bung.
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Proposition 7. Qver wb Bunpnpr there exists an isomorphism
vp pKpyldim.rel(vg p)] = vp g Kpg y[dim. rel(vp g)]

The proof is based on the explicit formula (7) for Autj, over OBunp, and is
relatively easy once you have guessed the claim.

3.9 POINTWISE EULER CHARACTERISTICS The maps vp : ¢ Bunp — Bungy and
vg : “ Bung — Bung are surjective. The P and QQ-compatibility already implies the
following.

Corollary 1. There is a function Ex : Bung (k) — Z with the following properties.
1) For any k-point n € ¢ Bunp over V € Bung (k) one has

X(Epy |y) = (=1) ) B (V)
2) For any k-point n € “*Bung over V € Buny/(k) one has

X(Equp |n) = (~1) 80D E(V)

3.10 £ VIA THE THETA LIFTING. For r > max{2g — 2,0} write yy, Bung, for the
substack of M € Bung, admitting a line subbundle L C M of degree r. Such
subbundle is unique if it exists, and the stack ,,, Bung, classifies L € Bunj and an
exact sequence 0 - L — M — L*® Q — 0.

Let , Bung, C Bung, be the open substack of M € Bung, such that for any
L € Bun if degL > r then Hom(L, M) = 0. It is of finite type, and (provided
r > max{2g — 2,0}) its complement is stratified by , s Bung, with s > r.

Write , Bun,, C Bun, for the open substack of U such that for L € Bunj if
deg L > r then Hom(U, L* ® Q) = 0. Write & Bunp, »Yp and so on for the preimage
of . Bun,, in the corresponding stack.

Let ,q : » Bung, x Bungy — Bung be the projection. Though Fy(Qy) is diver-
gent,

+K = rq Autg, g € D™ (Bungy)

is well-defined.
IDEA: obtain the desired Hecke eigensheaf out of the sequence . K by passing to
the limit by r in some sense.

Conjecture 1. For any r > max{2g — 2,0} the 0-th perverse cohomology sheaf
PHO(,K) admits a canonical irreducible subquotient denoted ,.KC such that there exists
an isomorphism over & Bunp

vp () [dim. rel(vp)] = Kpy (22)

The irredicible perverse sheaves K for all r > max{2g — 2,0} are defined up to a
unique wsomorphism and canonically isomorphic one to another.
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Then the desired K would be defined as K for any r > max{2¢g — 2,0}.
The explicit formula for the restriction of Autg, g to Bung, p immediately yields
the following.

Proposition 8. For all r there is an isomorphism over .Y p

Four;1 vp (- K)[dim. rel(vp)] = IC(Zp) (23)

2) The isomorphism (23) still holds over ﬁj’p with K replaced by PHO (. K).

Definition 7. Let d,r € 7 be such that ¢Bun¢ is nonempty, so 7?307;13 is also
nonempty. The right superscript d means everywhere that we take the preimage
of Bunﬁ in the corresponding stack. By lemma below, there is a unique irreducible
subquotient /K¢ of the perverse sheaf PHO(,.K) equipped with an isomorphism

Fourzz1 vp (K% [dim. rel(vp)] = IC(Zp) (24)

over ﬁyﬁé. The perverse sheaf . is defined up to a unique isomorphism. We can
not conclude for the moment that (24) holds over Y%, as the LHS could apriori be
a non irreducible perverse sheaf.

Lemma 1. Let f : A — B be an ezact functor between abelian categories. Let F, F’
be two objects of A which are of finite length and o : F — F' a morphism in A.
Assume that R = f(F) is an irreducible object of B, and f(«) : f(F) — f(F') is an
isomorphism. Then F admits a biggest subobject Fyy such that f(Fy) = 0, let Fj C F'
be the corresponding biggest subobject of F'. Then F/Fy admits a unique irreducible
subobject Fy, and f(F1) = R. Define F| C F'/F} similarly. Then o : Fy — F} and
the induced map o : Fy — FY is an isomorphism. We refer to Fy as the subquotient
canonically associated to (f, F).

Note that , Bung, C ,+1 Bung,, hence a canonical morphism ,K — .1 K and
PHO(,K) — PH(,41K). By Lemma 1, it induces an isomorphism K¢ =, K% for
r large enough. Define a perverse sheaf K¢ on Buny as K¢ for any r large enough.
It is defined up to a unique isomorphism.

To prove Conjecture 1 one should show that K¢ are all isomorphic to each other.

Theorem 1. If the ground field is of characteristic zero and we are working with
D-modules then K are all isomorphic to each other.

I will explain the idea of the proof later, now we continue in positive character-
istic.
3.11 TOwWARDS HECKE PROPERTY Let U, C Bungy be the open substack of V' such

that for all L € Buny with deg L > r one has H'(L* @ V ® Q) = 0.
The same explicit formula for Autg, g as above yields the following.
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Lemma 2. For r > max{2g — 2,0} the -restriction of Autg, g t0 un,r Bung, xU,
identifies with

Q¢[dim Bung, g —2n(r +1 — g)]

Let L be defined by the distinguished triangle ,_1K — K — .L on Bung. If
r > max{2g — 2,0} then (L) |y, is the constant complex placed in usual degrees
< (2n—4)r+ (59 — 5) + 2n(1 — g) — dim Buny. Actually,

(+L) [, = RI(Pic" X, Qp)®@RI(B(G), Qo)[(4—2n)r+3—3g+2n(g—1)+dim Bung],

here Pic" X is the Picard scheme of degree r line bundles on X.

We have U, C Ur41 and U U, = Bungy. Write D(U,)g C D™(U,) for the full
triangulated subcategory generated by the constant complex RI.(B(G,,), Q). Let
$'K be the image of ,K in D¥(U,.)/D(U)o. Then *K = (5!K) form an object of
the 2-limit

2—1lim(D~(Uy)/ DUy )o)
T
The Hecke functors act naturally on this 2-limit.

From the properties of the theta-lifting (Section 2.3) it ‘almost follows’ that 'K
is a Hecke eigen-sheaf in 2—@T(D<(Ur) /D(Uy)o) with the eigenvalue (1). More
precisely, it is easy to prove the following. Write W for the standard representation
of H= S0y,

Proposition 9. For each r > max{2g — 1,1} there is a complex Ky € D~(Bung),
an isomorphism

—_— n72 .
Mg (WK = Kw @ (@ K'[2i]),
i=2—n
and distinguished triangles K™1[—2] — Ky — Ky and K™ — Ky — K""12] in
D= (Bung). Here for simplicity we considered the Hecke functor at some fized point
e X.

3.12.1 RESIDUES OF GEOMETRIC EISENSTEIN SERIES We will see that I in general
is not a Hecke eigensheaf (already for genus zero). It is tempting to realize both K
and the automorphic sheaf corresponding to the minimal representation as a residue
of some geometric Eisenstein series.

Write mg for the stack classifying V' € Buny together with an isotropic sub-
sheaf L C V, where L € Bun!", that is, deg L = m. Write A Biung — Bunyg for
the projection. Set S™ = (ﬂg)!@g[dimmg]. Remind the map v : Bunp — Bung.

Lemma 3. The complex

S™ = Foury (vpS™)[dim. rel(vp)] € D(Vp)
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is the extension by zero under Zp — Yp. If g = 0 then assume m < 1, for g > 1
assume m < 2 — 2g. Then for any d small enough PH3739=2m(S™) |Jij‘£ contains a

unique irreducible subquotient isomorphic to 1IC(Zp) over y;é. Remind that here the
superscript d denotes the preimage of Bunfll mn Vp.

We have taken here @, on the non smooth stack ng in order to make the
proof easy. We can not prove the same for IC(%S) or Q |B“n8’ but we expect
that these sequences would give the same residues.

We see that the perverse sheaf I we are looking for should appear with multi-
plicity one in the perverse sheaf PH3~39727(S™) for all m satisfying the assumptions
of Lemma 3. The function m +— 3 — 3g — 2m corresponds to the point s = n in (2).

There is a relation between , K and S™ that I don’t explain, but it assures that
the residue we get is not ‘new’, but that of Conjecture 1.

The important difficulty with the residues of Eisenstein series (as opposed to the
theta-lifting) is that we don’t see any natural transition maps between these perverse
sheaves for different m (one would like to have eventually a direct or projective
system of compexes indexed by m in order to pass to the limit).

However, the following framework for the residues of geometric Eisenstein series
is possibly reasonable.

3.12.2 Let G be a simple, simply-connected group, P C G a maximal parabolic with
Levi M. Note that m (M) =Z. Let S™ = (v),Qy, where V% : Bun? — Bung is
the natural map.

Consider the induced representation indggig(xs ), s € C, where x : P(A) —
(M/[M,M])(A) = A* — Q*. Here the last map sends a € A* to | a |. The simplest
residual representations appear inside these induced representations as non ramified
subquotients at points s € C of reducibility, where the corresponding Eisenstein
series Eg(s), s € C has a simple pole.

We propose that for such s there is an affine function o : Z — Z, a(m) = am+b
such that for m small enough, the perverse sheaf PH*(™) (8™) stabilizes (or at least,
contains the same irreducible perverse sheaf K as a subquotient). Then say that the
sequence 8" has a residue in the direction o

In the cases g = 0 and g = 1 we have calculated the sheaf IC (from Conjecture 1)
as the above residues.

3.13 CASE g = 0. Apply the previous lemma with m = 1 then PH!(S?!) is easy to
calculate.

Remind the Shatz stratification of Bung for genus zero. Fix 0 < m < n and a
collection a = (ay,...,ay) with a; > ... > ay, > 0. The stratum Shatzz classifies
orthogonal vector bundles of the form W@V @W*, the sum of V/ with W@W* being
orthogonal. Here V' = (©0?"~2™ with the standard symmetric form Sym? V' — O,
W=0(a1)®...®O0(an), and the form on W & W* is given by the pairing between
W and W*.
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Write Shatz’ C Bun’}l for the open Shatz stratum in the component Bun’}jﬁ
beZ/2Z.

For each b € 7/27 the stack Bun%, —Shatz? is irreducible, its open Shatz stratum
corresponds to a = (1,1) for b =0, and to a = (1,1,1) for b = 1.

Proposition 10. Assume g = 0. The perverse sheaf K identifies with IC(Shatzz),
a = (1,1) over BunY, and with IC(Shatzz), a = (1,1,1) over Bunl.

Lemma 4. Assume g = 0.

1) Assume d € Z even such that © Bunb is not empty. Let a = (1,1). Then the fibre
of ¢ Bun% — Bungy over V € Shatzp g is irreducible.

2) Assume d odd such that ° Bun® is not empty. Let a = (1,1,1). Then the fibre of
€ Bun‘ljg — Bungy over V € Shatzp g is irreducible.

This lemma shows that for ¢ = 0 Property 1 already determines K up to a unique
isomorphism!

3.14 CASE g = 1. Remind the following phenomenon that holds only for g = 1.

Let G be any connected split reductive group, 7' C G a maximal torus, W the
Weyl group of (G,T). Write Bunl, Bun). for the 0-th connected component of
the corresponding stack. Then, over a suitable open substack of Bun%, the map
f: Bun% — BunOG is a Galois covering with Galois group W. So, to each irreducible
representation R of the Weyl group one attaches an irreducible perverse sheaf Kp
on Bun,, which generically is the direct summand in f; IC(Bunz) on which W acts
by R.

Write .S, for the symmetric group on n elements. In our case of SO,,, one has a
natural surjection W — S,,, let R be the standard n — 1-dimensional representation
of S, viewed as a representation of W. Then the perverse sheaf I over Bun%,
identifies with Kpg.

To describe K over Bun}{ we need more notations.

First, there is an open substack of Bun%@4 classifying orthogonal bundles of
the form V = > i (X,Z,)2Z) A, where A, is the corresponding line bundle on X
equipped with the quadratic form A% = O. The sum is orthogonal.

For n > 3 consider the map f : Buné@4 X Bung@mk4 — Bunj, sending (W, V) to
W @ V, where the direct sum is orthogonal. This map is generically étale.

Now for n > 4 the restriction f*(K |Bun}_1 ) identifies, generically, with the per-

verse sheaf IC(Buném) X Kg, where now R is the following representation of the
Weyl group W (SQy,,_4) of SOsy,,_,. We have a surjection W (SQy,,_4) — Sp—2, and
R is the standard n — 3-dimensional representation of S,,_o restricted to W (SQ,,,_,4).
This is obtained, with some additional work, from Lemma 3 taking ¢ = 1 and
m = 0.
Remark 8. For any g the generic fibres of both vp : Bun‘]jg — Buny and of vq :
BundQ — Buny are connected for d small enough. So, for ¢ = 1 any of Properties 1
or 2 already determines C up to a unique isomorphism.
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3.15 CASE OF CHARACTERISTIC ZERO. In this case work with D-modules. The
proof of Theorem 1 is based on the properties of the characteristic varieties of K¢,

3.15.1 The cotangent bundle T* Buny classifies V € Buny and o € H(X, by ®Q) =
HO(X, A2V @ Q).

Let Opin C b* be the closure of the minimal nilpotent orbit. Let C C T* Buny
be the substack classifying (V, o) such that o is a section of (@mm)g, the twist by
Q and V over X. Then C contains the zero section Bunyg < C. Let C’ be the
complement of the zero section in C.

For m > 0 write C"™ for the stack classifying: flags (Vo C V_o C V), V € Bungy,
V5 is an isotropic subbundle, V_5 its orthogonal complement, D € X (m) and an
isomorphism det(V/V_3) = Q(—D). Then C™ is alocally closed substack in 7™ Bungy
and C™, m > 0 form a stratification of C’. The stack C"™ is smooth of dimension
dim Bung —(2n — 4)m.

We prove that C° is lagrangian. This is a consequence of the lemma below
(applied to Z = Opmin).

Lemma 5. Let G be a reductive group, (Z,w) a smooth symplectic variety with an
action of G, such that w is 1-homogeneous. Assume Z is equipped with a symplectic
action of G commuting with the action of G, (symplectic means that w is preserved
by the action of G). Then the image of x ([Z/G]") in T* Bung is isotropic.

Here [Z/G] denotes the quotient stack (equipped with an action of G,,), and
[Z/G]? is its twist by Q over X, and II x/pt([Z/ G]?) is the classifying stack of global
sections of [Z/G]? over X. The map to T*Bung comes from the moment map
Z — g*.

We expect that the characteristic variety of the minimal automorphic sheaf on
Buny is the closure of C° (eventually with the zero section of T* Buny added).

3.15.2 For n > 4 then the stack C° is smooth and irreducible (in each connected
component of T*Bung). If n = 2 then C° is contained in 7*(Buny) and is irre-
ducible. For n = 3 the stack C° is not irreducible. Write C° for the image of C°
under the projection 7" Bung — Bung.

Assume g > 2. The proof of the following Proposition is beautiful!

Proposition 11. 1) Ifn = 2 then C° C Bun%, is of codimension one and irreducible.
2) Let n > 4 then for each a € Z/2Z the substack C° N Buny; C Bun%, is of codi-
mension one and irreducible.

Thus, we get some canonically defined divisor on Bung, it is different from the
usual Pfaffian divisor! (This holds for any char k # 2).

Proposition 12. Let n > 4, d,r € Z such that ﬁygé is mot empty. Assume that F
is an irreducible perverse sheaf on Bun%™°4? such that

Foury, vpF[dim. rel(vp)] = IC(Zp)
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over €Y% Then the preimage of Bun$™°42 in C° is contained in the characteristic
variety of F.

Proof (sketch). Remind that Zp classifies (U, M, s) with U € ¢ Bun,, M € Bung,
and a surjection s : U — M. Denote by 6210370 the open substack of “Zpg defined by
the condition H%(X,U ® M) = 0.

Remind that € Bunp and ¢)Yp are dual vector bundles over ¢ Bun,,. There is a
natural isomorphism ¢ : T7*(°Yp) — T*(*Bunp).

Let N:Z%O(eyp) be the conormal bundle of 6210370 in ¢Yp. Then

L(N:Z%O(eyp)) C T*(°*Bunp) C T* Bunp
is included in 7™ Buny XBun, Bunp and, in fact, it is included in co X Buny Bunp.
O

Lemma 6. Suppose that ?Bunz is non empty for some r,d € Z. Let F be an
irreducible perverse sheaf on Bun%™°42 whose restriction to ¢ Bund is non zero
and descends under the map ¢ Bunb — ¢Bun?. Then C° is not included into the

characteristic variety of F.

Combining the two, we get the following.

Proof of Theorem 1

Let r be as in Conjecture 1. The perverse sheaf PH°(, K) admits exactly one irre-
ducible subquotient such that its characteristic variety contains C°. This property is
independent of d, so the perverse sheaves K¢ (see Def.7) are all isomorphic to each
other. [J

3.15.3 Assume n > 4, g > 2 and g odd. Then we can prove (using a criterium of
Braden for characteristic varieties) that the D-module K from Theorem 1 is non
zero at the generic point of Bun% for each a € Z/2Z, and so K is determined by
Property 1 up to a unique isomorphism in this case.
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