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Smoothed Particle Hydrodynamics (SPH) is a lagrangian numerical technique which proved its
ability to reproduce a large variety of flows. However, the turbulent effects are often neglected when
considering SPH simulations, and to date it appears that no specific turbulence model is available for
SPH. Two models are presented here, one based on an eddy viscosity assumption, the other one on a
Langevin process. Both are tested in the case of a Poiseuille flow in a pipe. Velocity profiles are in
good agreement with theory ; particularly the log-law is well reproduced near the walls.

1 The Smoothed Particle Hydrodynamics numerical method

Smoothed Particle Hydrodynamics (SPH) is a fully lagrangian numerical method which
is today used to model fluid dynamics (Monaghan 1994). SPH is a particle method,
which does not require a grid to calculate spatial derivatives. The equations of motion and
continuity are expressed in terms of ordinary differential equations where the body forces
become classical forces between particles. SPH is robust and can predict complicated
flows. The main features of SPH are presented in this section ; for more information
about the basis of this method, we refer to Monaghan (1992).

1.1  The SPH governing equations

In the SPH formalism, each particle a (which may be understood as a small volume of
fluid), located at r,, has a constant mass m, and carries a density p,, a pressure p, and a
velocity vector u,. The classical equation of motion for each particle a is then

dua :_Zmb{p; +p_§+naijaVVh(’ﬁab)+Fu (1)
b

dt . Py

in which the summation runs over all the particles b inside the domain. The first two
terms correspond to the pressure gradient, F, is a body force (e.g. gravity), and I1,, is a
viscous term depending on the particles relative positions and velocities :
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where v is the kinematic viscosity of the fluid, and n is a small parameter chosen to keep
the denominator nonzero. In equation (1), W}, is an interpolating kernel depending on the
particle distance r,, and V, denotes the gradient with respect to the co-ordinates of
particle a. Usually, the kernel has a compact support proportional to a « smoothing
lenght » A. Therefore, the contribution of a particle » to the momentum of particle a
vanishes if r,, is large enough ; hence a interacts with a finite number of particles. The
momentum equation (1) can be considered as an approximation of the Navier-Stokes
equation, and is used to calculate the particle velocities with a first order explicit scheme.
A suitable SPH form of the continuity equation is given by

d
%: Zmb(ua _ub).vaW(rab) (3)

This equation is used to evaluate the particle densities at each time step. Since SPH
works in a compressible formalism, an equation of state is required to deduce the pressure
of the particles from their densities. For water, the following form is considered :

P, =il(p—] —1] 4)
Y Po

where p, is a reference density, ¢, the speed of sound and y = 7. When particles are
locally collapsing, the density increases with respect to the continuity equation. Then
because of the high value of ¢;, a small density fluctuation yields a large pressure
gradient, which acts in the momentum equation to keep the particle distance almost
constant.

The authors have developed a code based on SPH. This code was validated on
various test cases, including a schematic dam break and gravity wave propagation in a
flume (Violeau et al. 2000), and was used in the present work.

1.2 Example : laminar Poiseuille flow in a pipe

The ability of SPH to predict flow characteristics under laminar conditions can be
examined with a Poiseuille flow in a pipe. Here 1600 particles are located in a square of
size 2¢ = L = 0.1 m (see figure 1), the upper and lower boundaries (parallel to the x-axis)
being rigid walls. The flow is longitudinally periodic (i. e. each particle which leaves the
domain through a vertical boundary immediately goes back through the opposite one). At
the initial time step, the velocities are set to zero, and the particles start moving under the
effect of a constant horizontal force F, playing the role of a pressure gradient (gravity is
not considered here). The velocity of the boundary particles (i. e. located on the walls) is
set to zero as a boundary condition, while the other particles accelerate until they reach a
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steady parabolic profile of mean velocity U= Fe® / 3v. Hereafter, the Reynolds number is
defined by Re=eU/ v.
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Fig. 1 - Laminar Poiseuille flow in a pipe with SPH. Left part : location of the 1600 particles at t = 2000 s. Right
part : computed velocity profiles (solid circles) at different times for Re = 10, compared with theory (solid lines).

Figure 1 represents the velocity profiles obtained with SPH at different times for Re = 10,
showing a good agreement with theory. However, to obtain this result it was necessary to
introduce « mirror » particles outside the walls, as defined by Morris et al. (1997). These
fictitious particles are needed to make a correct prediction of the wall shear stress. The
previous result indicates that the SPH form of diffusion given by equation (2) is suitable
to reproduce the viscous effects at low Reynolds numbers.

2 An eddy viscosity model for SPH

2.1  Description of the model

To date, it seems that no specific turbulence model has ever been designed for SPH.
However, at high Reynolds numbers, it is common to describe the turbulent effects
through a first order closure model. The eddy viscosity assumption, for example, consists
of a relation between the Reynolds stress tensor and the mean velocity gradients. The
momentum equation is then analogous to the Navier-Stokes equation, but the eddy
viscosity vt is considered in place of v, and the velocities are Reynolds-averaged. In the
SPH formalism, the diffusion term occurring in (1) could then be written as

~ Viat Ve, (<“>a _<“>b)'(ra _rb)
o =870 o, rh ©
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where the brackets refer to the Reynolds average. The eddy viscosity can be calculated
from a mixing length model, by

v, = L12.[25,8, (6)

where §j; are the components of the rate of strain tensor. Since they depend on the mean
velocity gradients, we need an SPH form for them. Starting from the basic principles of
SPH (Monaghan 1992), it is easy to see that the following form is correct :

S Y I ONF T Y

ij P

where the indices i and j denote the components, while a and b refer to the particles.

2.2 Application to a turbulent Poiseuille flow

The previous considerations are applied to a high Reynolds Poiseuille flow. In the lower
part of the pipe, the mixing length attached to a particle is defined as
L, =xmin(z; 02e), where k = 0.41 is the Karman constant. In the upper part, similar
values are prescribed. For boundary conditions, a wall function approach is used : the
boundary particles are not considered to be located on the walls but at a small distance
8 =50v/u,, where u, is the shear velocity. According to the log-law, the velocity and
eddy viscosity of these particles a are then prescribed as

e 1o 5o

=—1lo .
w kT (8)
Vo, =Ku,d
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Fig. 2 - Turbulent Poiseuille flow in a pipe with SPH, using the eddy viscosity model. Computed mean velocity
profiles after 1.0 s (solid circles) for Re = 64,000, compared with theory (solid line). The horizontal axis
represents the dimensionless distance to the lower wall in log-scale.

Note that u. can be deduced from the horizontal force F, by an energy balance :
ul = Fe. At the initial time step, we prescribe a parabolic profile having the expected
mean velocity. Figure 2 shows the velocity profiles along the dimensionless distance to
the lower wall (y* = yu. / vy) for a Reynolds number of 64,000, after convergence. The
velocity profile shows a very slight discrepancy with theory, but as expected, a log-law
develops near the walls. This seams to indicate that the model is appropriate for turbulent
mixing problems, or when considering spatially-varying viscosity. However, the
applications are preferably restricted to shear flows.

3 Langevin models

3.1  Theoretical aspects

Among the various existing turbulence models, the stochastic approach seem to be
particularly relevant for lagrangian modelling. The main idea is to prescribe the particle
velocity as a random process, with properties fulfilling the turbulence theoretical
hypotheses (Pope 1994). The heart of this approach is the Generalized Langevin Model
(GLM), which consists of writing the particle acceleration as

du = —év( p)+G(u - (u))dt +[Cedtt 9)

Here Cj is a constant, ¢ is the turbulent dissipation rate and & a random vector
statistically non correlated with velocities, i.e. satisfying for all i and j

<§1§ j> = 8;,'
(&) =0
It should be emphasised that the velocities considered in (9) are not averaged. The

term du in the left-hand side refer to a substantial derivative. Starting from equation (9),
it is easy to deduce the behaviour of the average velocity co-ordinates (Minier 1998) :

D) 18p) ol )
dt p Ox, ox;

(10)

(11)

where the left-hand side denotes the substantial derivative following the mean motion,
and the prime refers to the fluctuations, i. e. u',=uy, —(u,). We see that the GLM
naturally yields the Reynolds equation. Many other advantages of this model are
discussed by Pope (1994), but the most interesting feature for our work is that different
closure models can be invoked by specifying the tensor G . Here, we define the tensor’s
components G;; as
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where £ is the turbulent kinetic energy, € the dissipation rate, and C; and C, are constants.
As shown by Durbin & Speziale (1993), this leads to the LRR-IP model (Launder et al.
1975), appropriate for shear flows :

D<u',. u'j> € 2 2 2
———t=-q ;(@ U j>—§k8y) - CZ(PU, —EPE‘),.J) +B = 5eb, (13)

where P; are the components of the production tensor, and P is the turbulent production
(see Pope 1994). The model constants C; and C, are generally set to 1.8 and 0.6
respectively. Strict consistency requires the following value of Cy (Pope 2000) :

C0=§(—1+C1+C2§) (14)

3.2 A Generalized Langevin Model for SPH

Modelling turbulence through a GLM in SPH consists of defining the velocities
accordingly to (9) and (12), while the pressure gradient keeps the form indicated in (1) :

du, <P>a <P>b 1 g, Coe,
dt :_Zmb[ i + pz vaVVh(rab)_Ecl kg uvu+C2V<u>u 'u'u+ St E.m (15)
It is important to notice that equation (13) is not solved, but is virtually included in
(15), as well as the Reynolds equation (11), which is a remarkable point.
The components of the mean velocity gradient V(u)a can be evaluated from (7). An
SPH form of the Reynolds average is defined by using a kernel estimation (Pope 2000) :

(w), = r:—l”“b%(rab) (16)
b D

This operator can also be used to compute the mean pressure ( p)a . Here, the local
values of k and € are estimated from a mixing length model, specifying
g, =2v.,(S;5;)

k,=¢e,vr, /CH

(17)

with C, = 0.09, as usual. In (17), the S; are defined using the averaged velocities. Note
that estimating the dissipation rate through the true velocity gradients would be a mistake,
since the fluctuations of random velocities do not reproduce the small eddies. On the
other hand, it could be possible to calculate £ with a small error, by averaging the u'; u',
resulting from the GLM process (15) at the previous time step, because the large eddies
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carry the main part of this energy. However, the method given by (17) was chosen here
for simplicity.

3.3 Validation on the case of the turbulent Poiseuille flow

Under the same conditions than in section 2.2, a turbulent Poiseuille flow was simulated
with SPH using the Langevin model previously described. The boundary conditions
consist of a wall fthéM¥Dfor the boundary particles velocities, as defined by (8).
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Fig. 3 - Turbulent Poiseuille flow in a pipe with SPH, using the Generalized Langevin Model. Computed mean
velocity profiles after 1 s (solid circles) for Re = 64,000, compared with the log-law (solid line). The horizontal
axis represents the dimensionless distance to the lower wall in log-scale.

The velocity profiles, presented in figure 3, show again a log-law near the wall.
Large fluctuations are visible, due to the fact that the mean operator given by (16) is not
really a Reynolds average, but a kind of Large Eddy Simulation (LES) filter. On figure 3,
it is visible that the order of magnitude of these fluctuations is k2. On the other side, in
contrast with the method described in section 2, the GLM method applies for a number of
different flows.

4  Conclusions and further work

Two turbulence models for the Smoothed Particle Hydrodynamics (SPH) numerical
method were developed and presented here. In the particular case of a Poiseuille flow in a
pipe, they show a qualitatively correct behaviour of the turbulent velocity profiles. The
Langevin model seems very attractive and more appropriate. However, the model can be
improved by specifying a better Reynolds average operator within the SPH formalism.
On the other hand, the eddy viscosity model is probably the best balance between speed
and accuracy.
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We must highlight the fact that, to the authors knowledge, literature about turbulence
for SPH is still very poor. Some authors, like Gotoh (2001) and Hoogerbrugge &
Koelman. (1992), have investigated turbulence modelling in the framework of other
particle methods, but it seems that the present work is presented for the first time, though
Welton (1998) attempted the introduction of a Simplified Langevin Model (SLM) in an
SPH code.

Further work will include a 3-dimensional modelling of turbulence, based on a LES
approach.
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