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Abstract

This paper introduces a method of generating Real Harmonizable Multifractional Lévy Motions, in
short RHMLMs. The simulation of these fields is closely related to that of infinitely divisible laws or Lévy
processes. In the case where the control measure of the RHMLM is finite, one uses generalized shot noises
series. An estimation of the error is also given. Otherwise the RHMLM X}, is split into two independent
RHMLMSs X.; and X 2. More precisely, X2 is a RHMLM whose control measure is finite. Then it can
be rewritten as a generalized shot noise series. The asymptotic behaviour of X¢ 1 as ¢ — 04 is further
elaborated. Sufficient conditions to approximate X. 1 by a Multifractional Brownian Motion are given.
The error rate in term of Berry-Esseen bounds is then discussed. Finally some examples of simulation are
given.
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1 Introduction

The Multifractional Brownian Motion, in short MBM, has been introduced independently in [15] and [4] as
a generalization of the Fractional Brownian Motion, in short FBM, defined in [14]. The FBM and the MBM
provide very powerful models in applied mathematics. Whereas the pointwise Holder exponent of the FBM
is almost surely equal to a constant, the MBM one is allowed to vary along the trajectory. However these
fields are Gaussian and thus can not model non-Gaussian phenomena. It is a serious drawback. For instance,
examples of non-Gaussian phenomena can be found in [13] and in [21] for image modeling.

Real Harmonizable Fractional Lévy Motions, in short RHFLMs, have been defined in [3] in order to obtain
non-Gaussian fields which share many properties with the FBM. In particular, their sample paths are locally
Hoélder and their pointwise Holder exponent is almost surely equal to a constant. Then in order to allow the
pointwise Holder exponent to vary along the trajectory, the class of Real Harmonizable Multifractional Lévy
Motions, in short RHMLMSs, has been introduced in [11]. RHMLMs makes up a class of locally asymptotically
self-similar fields which includes RHFLMs and the MBM.

The main aim of this paper is to describe a method for generating the sample paths of RHMLMs and

thereby to give an account of the sample paths theoretical roughness.
Let us recall that a RHMLM Z;, with multifractional function A is defined as the stochastic integral:

Zaie) = [ nag
W)= | ———s ;
R g4/
where ||£]| is the Euclidean norm of £ and L(d¢) is a Lévy random measure. In fact,

Zyn = aBp + bXy,



where (a,b) € R?, By, is a Multifractional Brownian Motion and

X B ef’i:b-f -1 M
n(z) = SPEEEE (d€),

with M (d€) a Lévy random measure without Brownian component. Let us notice that Bj, and X, are two
independent fields.

In this paper, only the generation of the non-Brownian part X is discussed. As for the FBM, many
authors have already studied the simulation of its sample paths, see for example [23] or [1]. Implementations
of severals methods of simulation of the FBM can be found in [8]. On the other hand, methods of generating
sample paths of the MBM are given in [15] and in [7].

Many authors have already been interested in the simulation of non-Gaussian fields defined as stochastic
integrals. As an example, in [19], simulation of solutions of stochastic differential equations driven by Lévy
processes are studied. Furthermore, simulation of stochastic integrals with respect to Lévy processes are
discussed in [22]. However in the case of RHMLMs, the stochastic integral is on whole R? and not only on a
compact interval of R. In [9], a method for generating symmetric a-stable processes based on a multiresolution
analysis is proposed. Nevertheless, the stochastic integral is truncated. On the other hand, X} is an infinitely
divisible field and infinitely divisible laws can be represented as generalized shot noise series. An overview of
these representations is given in [18]. Moreover the simulation implementation is discussed in [6]. Generalized
shot noise series allow us to represent X, as series without truncating the stochastic integral. Nevertheless, it
only works if the control measure v(dz) of the Lévy random measure M (d€) has finite mass. In this case, the

generalized shot noise series
+o0 T 1/d
Vi(z)=2) R —— ) Un|Zuy,
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for a suitable choice of f and of random variables (T}, Z,,U,), converges almost surely. Moreover for this
choice,

{(Xp(z) 12 € R £ {V)(2) : 2 € R},

where < denotes equality in distribution. In practice, one then simulates the sample paths of Y}, which is equal
in law to Xp. When v is not a finite measure, the approximation of X}, is closely related to those of Lévy
processes with infinite Lévy measure given in [2]. In this case, X}, is split into two independent RHMLMs

Xh = Xs,l + X€,2

where X, o is associated with a finite control measure v, 2(dz). Thus X, 2 can be approximated by a generalized
shot noise series. It remains to generate X. ;. As it is done in [2] in the case of Lévy processes, a functional
Central Limit Theorem leads to a normal approximation of X, ;.

In the next section, the construction and some properties of RHMLMs are recalled. Then section 3 is
devoted to the case of a finite control measure. The rate of convergence of the shot noise series is studied.
Sufficient conditions to establish a Central Limit Theorem are discussed in section 4. Finally some simulation
examples are given in the one dimensional case.

2 Preliminaries

Let us precise the construction of a RHMLM. Let N(d¢, dz) be a Poisson random measure on R? x C. Suppose
its mean measure is n(d¢, dz) = d€ v(dz) with v(dz) a non-vanishing measure such that v({0}) = 0 and

Vp > 2, /|z|p v(dz) < +o0. (1)
C

Let M(d¢) be a Lévy random measure in sense of [3] associated with the Poisson random measure N(d¢,dz).
Let us recall that M is defined by

[t = [ o)z + (-7 Nde. ), )



where N = N —n and g € L2 (R). Moreover if

vEEeR?,  g(—€) = g(€) (3)

the stochastic integral [gdM is a real-valued random variable and its characteristic function is

E(ei“fg dM) = exp [/ (eQiuéR(g(&)z) —-1- 2iu§R(g(§)z)) dg V(dz)] , u€eR, (4)
RdxC

where R(z) is the real part of the complex z.
As it is done in [3], the control measure v(dz) is assumed to be rotationally invariant. More precisely let
P(pe®®) = (0,p) € [0,27) x R. Then
P(u(d2)) = d8v,(dp), 5)

where df is the uniform measure on [0, 27). Therefore when g satisfies (3),

E
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A RHMLM (Z;,(z)) associated with the Lévy random measure M (d§) with multifractional function
h : R* —]0,1] is the sum of two independent fields

Zyn = aBp + bXy, (7)
where (a,b) € R?, By, is a Multifractional Brownian Motion with multifractional function h and
Xola) = [ fla.)p(de), 0
with -,
R |
f@,§) = e 9)

Notice that X}, is a real-valued field. The function h is supposed to be locally S-Holderian.

Methods of generating sample paths of the MBM have already been studied. In the following, only the
generation of Xy is treated. The next section is devoted to the case where v is a finite measure.

3 Generalized shot noise series

In this section, v is supposed to be a finite measure. The random field X} can be then represented as a
generalized shot noise series.

Let us first introduce some notations that will be used throughout the paper.
Notation Let (Z,),~;, (Un),>; and (T),,»; be independent sequences of random variables.

o (Zy),~, is a sequence of i.i.d. random variables with common law

e =5

e (Un),> is a sequence of i.i.d. random variables such that U; is uniformly distributed on the unit sphere
S4=1 of the Euclidean space R%. Let o4_1 be the uniform measure on S%~!. Then

od—1(du)
LU,) = ————.
(Un) oa_1(S4T)
Let us recall that a2
2
d—1\ _
o4-1(S7) = T(d/2)’
where I' is the Gamma-function. Moreover let us introduce
C41 (Sdfl)
Cg=—"-—"2=
d

the volume of the unit ball of R%.



e T, is the nth arrival time of a Poisson process with intensity 1.

e For t € R, [t] denote the integer part of ¢.

e Let N* = N\{0}.

Remark that when d = 1, U, is a symmetric Bernoulli random variable.

Proposition 3.1. Let K C R? be a compact set. Then almost surely, the series
+o0 T 1/d
Yi(-)=2 R . i U, | Zn 10
0 =23 {f( (=25 ) } (10)

{Xn(z) 2 € K} L {Vi(2): 2 € K}.

converges uniformly on K and

Therefore, since Y}, is equal in law to X}, in practice one simulates the sample paths of Y}. These sample
paths can be approximated on K owing to (10). For the sake of simplicity, in dimension d = 1, they are
simulated on a compact interval K.

Proof. The series (10) can be rewritten as the generalized shot noise series

+oo
Z H(Ty, Vo) (),

where V,, = (U,, Z,,) and

. 1/d
H(r,v)(x)Q%{f(z, <m) u)z}, r>0 v=(u,z).

(Va),>1 1s a sequence of i.i.d. random variables which is independent of (7},),~,. In order to obtain the
convergence of (10), one shall verify the conditions of Theorem 2.4 in [17]. This theorem implies the convergence
in Ex the space of real-valued continuous functions on K endowed with the uniform norm ||-|| : for every
9 € Ex, |9l = sup,ex |9(x)|. Endowed with this norm, Fx is a separable Banach space. Moreover

H:Rf xD — FEg

(r,v) — H(rv),

where D = S9~! x C, is a Borel measurable map. Define a measure Fx on the Borel o-ring Bg,, of Ex by

“+o0
FK(A) = /O /D]_A\{O}(H(T’, ’U)) )\(dv) dr,

where X is the law of V4. Since v is a symmetric measure, so is Fi. First one proves that Fi is a Lévy
measure. Let E be the dual of Ex and for y' € E, y € Ex denote < y',y >=y'(y). Let us recall, see [17],
that F is a Lévy measure if for every y' € F/.,

/ (<y',y >? Al) Fr(dy) < +o0 (11)
Ex
and if

y/ — eXp{/ (ei<y’,y> —1—-1< y/,y > 1||y||K<1)FK(dy)}
Ex

is the characteristic function of a probability on Fk.
Notice that

| Wl ritan = [ G 0edr @)

10,400[xD



Therefore by applying the change of variable p = (r/(cq I/(C)))l/d,

+oo
/ Iyl Fi(dy) = 4 / / / 0 (pu, 2) o dp 0gs (d) v(d2)
EK C Sd71 0

where g(&, z) = sup,c g |R(f(x,&)z)|. Hence using polar coordinates,
[ ol Pt =1 [ ¢, deviaz),
Ex R4 xC
As a result,
[ Wl Fctan) <4 [ ez [ e
Ex C R4
with §(&) = sup,cx |f(z,§)|. Furthermore,

_ Ck
19(O)] < 7”§”MK71+d/21H5||§1 + 7H£Hmk+d/21nsn>h

where Cx = max,ex |[ul|, mx = ming h and Mg = maxg h. Therefore, since 0 < mg < 1 and 0 < Mg < 1,
g€ L2(Rd). Then by (1),
| Wl Fictay) < +c. (12)
Ex

which implies (11). Moreover since the integral in (12) is finite,

/ <y',y> Fk(dy)
I

yllle

is well defined and is equal to 0 by symmetry of Fi. Hence

Pr(y') = exp {/ (ei<y"y> —1—-i<yy >) FK(dy)}-
Ex

Let us recall, see proposition 3.4 in [11], that the sample paths of X}, are almost surely continuous. Thus,
we can consider < y’, Xh|x > Let us first extend 1y’ to the space of continuous functions on K with values
in C. For every continuous function g : K — C, let <y’,g >=<9',R(g9) > +i < y’,3(g) > . In particular,
by definition, R(< ¢, g >) =< ¢/, R(g) > and S(< y',9 >) =< 3’,S(g) >. Then, since

< yleh|K >:/

S Yy f 8, > M(dS), (13)

by (4),

(< Xr ) = exp{/ (em(ﬁf ) 1 g (< .0, > )> dfv(dz>}'
RixC

Since 2§R(< Y (8, > z) =< y’,2§R(f(«,£)‘Kz) >, then by definition of F,

D(y) = E(ei<yl’xh‘r{>). (14)

As a consequence, ® i is the characteristic function of X hg- Then Fi is a Lévy measure on Eg. According
to Theorem 2.4 in [17],

n

Y H(T3 V) — A(Tn),

=1
where for s > 0

A(S):// H(r,v)1 5 (r0)| <1 A(dv) dr,
0JD

is convergent in Fx. Since v is a symmetric measure, for every s > 0, A(s) = 0, which gives the convergence
of (10) in Ex. Then let Y}, be its limit. In view of Theorem 2.4 in [17], the characteristic function of (Y, (x))
is @ . Therefore

reK

{Xn(@), v € K} £ (Yi(2), « € K}
follows from (14), which concludes the proof. O



Remark 3.1. In view of (12) and corollary 2.5 in [17] applied with p = 2, the series (10) converges also in

L*(Eg), i.e.
2
lim E Y, - =0
LN {(::2' ()= 1)) } |

N 1/d
Yh,N(x)2Z%{f<z, <ch?@)> Un>Zn}. (15)

In simulation, Y}, is approximated by Y}, x. Then one is interested in the rate of convergence of (10). We
first consider one-dimensional distribution. The next proposition studies the error in L9. From this, an almost
sure error is deduced and stated in corollary 3.1. Then a functional result is established.

where

Proposition 3.2. Let ¢ > 0 and z € R%. Then for every N € N* such that N > q/2 + qh(x)/d — 1,
Yy (x) — Y n(z) € L9 and
D q(h(z))

E(Yi(r) ~ Yin (@)]") < Oy, 22att0)), (16)
where Cq o, does not depend on N and for 0 < s <1 and n > q/2+ qs/d
Fn+1-—¢q/2—g¢s/d)(n+ 1)q/2+qs/d
D, 4(s) = . (17)

I'(n+1)

Remark 3.2. By the Stirling formula, imy_. oo Dy (s) = 1. Therefore thanks to (16), the rate of con-
vergence of Y n(x) in L2 is at least N"®)/4 Actually, we will prove that the rate of convergence in (16) is
optimal, see proposition 3.3.

For simulation reasons, it can be useful to explicitly provide a constant Cy . for which (16) holds. In fact
one can take

d q/2 -
Cu =202 57 (25 ) BRI (car @) (18)
where
1 when 0 < q¢ < 2,
B, = 1/q (19)
V2 <w) when q > 2.
™
Proof. Let
T 1/d
=2 — Z *
n(2) ?R{f<:c (o) Un> } nen,
and

P
Ry p(z) = Yip() = Yan(z) = > &(x), ISN<P.
n=N+1

Then Plim Ry p(x) = Yi(z) — Yy, n(x) almost surely. In fact as P — 400, Ry, p converges in Ex for any
——+00

compact subset K of R¢.
As (&,(x)),>, is a symmetric sequence of random variables, by proposition 2.3 pages 47-48 in [12],

q < q
(o, Rl < 28( Ry p@)),
Moreover since T, U, and Z, are independent random variables and since the law of Z,, is rotationally

invariant,
q ~

g (”” <cd?&:>)l/d’]”>

where

fn(l‘) =2




Furthermore for given values of (Uy,),,»; and (15),,5;, (§n(2)),,>, and (gn(z)) are sequences of independent
- n>1

random variables. Therefore

(fn( ))n>1 (5"( ))nzl'

E(|Ry.p(z)|%) = {(n%jﬂgn )q}

Let (en),,~; be asequence of i.i.d. symmetric Bernoulli random variables which is independent of (Z,,, Uy, T1),,> ; -
Hence by symmetry of the law of Z,,, Z,, can be replaced in Ry p by £,7Z,. Then by applying the Khintchine
inequality with constant B, and conditionally with respect to (Zn,Upn,Ty),,>,

As a consequence,

q/2
E(|Ry,p(x)|") < BIE (Zéﬁ ) . (20)

n=N+1

Notice that the best possible constant B, in the Khintchine inequality is known. According to [10], the best

constant is
1 when 0 < ¢ < 2,

B_

q= 1/q
V2 (W) when g > 2.

Then by the Minkowski inequality,

P ~ q\ 2/4q
E(|Rn, p(z)|?) < Bg{ Z E( n(z) ) }
n=N+1

q/2

~  qa
En(x)‘ ) By independence and since Z; 4 D,

&) = 2qE(|%(Zl)|q)1E{‘f<w, (Cdf’g@)l/dvn>
Al (i) )

As a result, when n > gh(z)/d + q/2, &, (z) € L9 and

B

Then let N > gh(x)/d + ¢q/2 — 1. Therefore

E(Nﬁlg%\)}gp IRN,M(:E)|q) < Aq,z{ XP: (F(n - Q/ﬁ(;)Qh(x)/d))wq}q/Q’ (21)

Let us now evaluate E(

E(

q}

q 400 ,.n—1—q/2—qh(z)/d
4/2+qh(z)/d r .

} < 2% (cqr(C)) /0 ] e "dr.

Moreover

L(n—q/2 — gh(z)/d)

&) <27 (car@) O R R )|

n=N+1
where A, = 229+ BY (cqv(C)) TP B(1R(2))|%).
Then by the Stirling Formula, as P — +o0,
i T(n—q/2 — gh(z)/d)\*'*
I'(n)
n=N+1

converges and

*2"’ D(n —q/2— qh(z)/d)\** *2"’ (I d
T'(n) nit2h@)/d = op(z)N2h@)/d’

n=N+1



Owing to (21) and to a monotone convergence argument,

+oo a/2
1
< —
E<Mg1§¢>i1IRN w(@)[* > < Aga SUp 1Dn1,q(h(z))<n_§N+: 1 n1+2h(as)/d> :

where for 0 < s <1 and n > q/2+¢s/d — 1,

D(n+1—q/2—qgs/d) (n+1)">/

Drals) = T(n+1)

As a consequence,

Cyz
E(M@%/)L'RN w (2 )|q> Nah(2)/d o7d S0 D q(h(z)),

d Q/2
=(——) A,..
o= (5m) Ao

Therefore by an argument of dominated convergence,

where

Cqx
B(Yi(2) ~ ¥ (@)|") < 5t S Doa(h(a).

Moreover
Diy1,4(h(2))

Dooh() exp(g(n +1))

where for y > ¢/2 + qh(z)/d,

g(y)w%zmmln<1+é>+ln<1q(d+2yh(@)).

A simple study of g shows that g(x) < 0. Therefore (D, 4(h(z)))
As a result,

n>[a/2+qh(z)/d]+1 is a non-increasing sequence.

sup Dy q(h(z)) = D q(h(x)),
n>N
which concludes the proof. O
The next proposition studies the asymptotic of the mean square error. From this proposition, we deduce

that the rate of convergence in (16) is optimal. For the sake of clearness, the proof of this proposition is given
in appendix.

Proposition 3.3. Let 2 € RN\{0}. Then,

02,1
4 )

lim N%(I)/dE(IYh(JS) - Yh,N(z)|2) =

N—+o00
where Cy 4 is defined by (18).

The following corollary gives a rate of almost sure convergence of Y}, y. It is deduced from the proposi-
tion 3.2 and the Borel-Cantelli lemma.

Corollary 3.1. Let z € R? and H' < h(x). Then there exists a finite positive random variable C such that,
almost surely,

C
NH'/d"
The two previous results study the approximation errors for a one-dimensional distribution. However the
sample paths are approximated on the compact set K. Therefore errors in term of norms on Fy are studied.
Let K C RY be a compact set and let us endow Fx with a LP-norm:

ol = | |g(§)|pd§}{ (22)

where p > 1. By applying the following proposition with ¢ = 2 and p = 2, the mean integrated square error is
evaluated.

VN Z 1, |Yh(1') *Yh,N($)| S



Proposition 3.4. Let ¢ > p, mg = ming h and Mg = maxg h. Then for every integer N € N* such that
N >q/2+qMgk/d+1,
DN (mK)
q 4
E(HYh - Yh7NHp7K) < Ca—pramnyd
where Cy does not depend on N and Dy 4 is defined by (17).

Remark 3.3. In fact proposition 3.4 holds with

d q/2 .
Gy =207 py (L) ) ) 3 s {(car©) 25,

mk

where By is defined by (19) and dk is the volume of the compact set K.
Notice that

max (ca ()" =

{ (ca(C))™ME/T i ¢y 1(C)
(

>
cav(C)T™5/4if ¢qu(C) <

1
1.
Proof. Let N € N* such that N > ¢/2 + qMg — 1. Since g > p, by the Holder inequality,

1Yo = Yo, x < APy, — Yinllg ke

where dg is the volume of K. Therefore
BV — Yl i) < dic?"™ /E(|Yh(az) — Yan(2)|9) da.
K

Then proposition 3.2 is not directly applied. However in the sequel the notation is the same as in the proof of
proposition 3.2. Let us recall, see inequality (21), that

(g, P 1) SAW{ > (F(”—q/?(;)qh(x)/d))m}%,

n=N+1

where A, = 220+ B4 (cqv(C))"*H "™/ E(1R(Z1)|?). Therefore since
n—q/2—qmg/d>N+1-q/2—qh(z)/d>N+1-q/2—qMk/d>2,
and since T" is an increasing function on [2, +00]

n=N+1

Furthermore the arguments used in the proof of the proposition 3.2 leads to

d \"? Dy q(mi)
(Vi) = Vi) < () sup A, DA
As a result,
DN, (mK)
E(HYh _Y}LNHZ,K) < quinK/d ,
q/2
where C; = d%p(ﬁ) SUP,e e Ag - =

Consequently, the Borel-Cantelli lemma yields the following corollary.

Corollary 3.2. Let H' < ming h. Then there exists a finite positive random variable C' such that, almost
surely,

C

N 21, [Va = Yiwl,x < 7

In practice, when v is a finite measure, one simulates the sample paths of Y} which is equal in law to X},
owing to a generalized shot noise series representation. However when v is not a finite measure, it becomes
more complicated. The field X}, is split into two fields X.; and X. . First X. o can be simulated as a
generalized shot noise series. Then, the next section gives conditions to approximate X, ; by a Multifractional
Brownian Motion.



4 Normal Approximation

In this part v is not supposed to be finite. Then let € > 0 and let us split X, = X, 1 + X 2 into two random
fields where

Xea(@)=2 | | R(f(@,)2)1js1<c N(d6, d2), (23)
and
X5,2(x) =2 RY C%(f(xag)z)1|z|2€ N(d& dZ) (24>

Let us consider the two independent Poisson random measures
Ne1(d€,dz) = 1 ;<. N(d§, dz)
and
Neo(d€,dz) = 1>, N(dE, dz).

Let M, ; be the Lévy random measure associated with N, ; by (2). Remark that X, ; is a RHMLM associated
with M. ;. Moreover X ; and X, » are independent. Notice that the control measure v, »(dz) = 1|;>. v(dz)
of M, s is finite. Therefore X, 2 can be simulated as a generalized shot noise series, see section 3.

Now it remains to approximate X. 1. In [2], it is proposed to simulate the small jump part of a Lévy
process by a Brownian Motion. Here proposition 4.1 gives sufficient conditions to approximate X.; by a
Multifractional Brownian Motion. These conditions are closely related to those given in [2] for Lévy processes.

Let us introduce v;1(dz) = 1|;|<. v(dz) the control measure of M, ; and

o= L () - (25)

The following proposition can be stated with simpler conditions, see corollary 4.1. However in some simple
cases, the assumptions of this proposition are satisfied whereas those of corollary 4.1 are not. An example that
comes from [2] will be then given.

Proposition 4.1. Suppose that for each k > 0,
H1 o(ko(e)Ne)~o(e) ase— 04
then

lim
€H0+

Xea(x) (d) VB (2
() @ @B, (20

where the limit is in distribution for all finite-dimensional margins, By is a standard Multifractional Brownian
Motion with multifractional function h and

1/2

47 @+3)/2D(h(z) +1/2) > (27)

C -
h(@) <h(x) T(2h(z)) sin (7h(z)) D(h(z) + d/2)
Let us recall that h is a locally B-Hélder function. Let K C R?% be a compact set, mg = ming h and

pk =1+ [4} . Then if H1 and

2min (mg,3)
H2 3Je > 0, 3C €0, +o0], Ve < &g, / PP v,(dp) < Co?PX ()
0<p<e

are satisfied, the convergence (26) is a convergence in distribution on the space Ex of continuous functions on
K endowed with the topology of uniform convergence.

For the sake of clearness, the proof of this proposition is given in appendix.
Remark 4.1.

e Suppose that H2 is satisfied for all closed balls of R?. Then under H1, the convergence (26) is a
convergence in distribution on the space of continuous functions endowed with the topology of uniform
convergence on compact sets.

10



o Whend=1 and mg > 1/2, px =1 and H2 is fulfilled.
As it is done in [2], a simpler convergence condition is given.

Corollary 4.1. If
H3 lim 2 — joo,

e—04 €

then the assumptions H1 and H2 are satisfied.

Proof. The comparison between H3 and H1 has already been done in [2]. Moreover for k > 1,

[ o uldn <202,
0<p<e

Thanks to this inequality, H3 implies H2. [l

It can be shown by the same way that H2 is satisfied as soon as

lim inf @ > 0.

e—04 £
Let us give an example which satisfies the assumptions H1 and H2 of proposition 4.1 whereas it does not
satisfy H3. In fact it is the Example 2.1 in [2].

Example 4.1. Let (an)n21 be a decreasing sequence such that

An+1

=0.

lim a, =0 and lim
n—-+oo n—+oo  Qp

Assume that an = 1. Let v, be a Lévy measure on |0, 4o00[ such that

| an  fore€lant1,an)
ole) = { 1 fore>1.

First, the Lévy measure v associated to v, by (5) satisfies (1). Moreover since liminf. .o, ‘T(;) =1, H3 is not
fulfilled whereas H2 is. Moreover according to [2], H1 is satisfied. As a result, proposition 4.1 can be applied.

Let us now discuss the rate of convergence in terms of Berry-Esseen bounds. For the sake of simplicity,
Xc,1(z) is supposed to have a moment of order three, which allows us to apply the classical Berry-Esseen
inequality. However a generalization of the classical Berry-Esseen inequality, see Theorem 5.7 in [16], under
weaker moment assumption, allows us to extend the following results. Then an estimation in term of Berry-
Esseen bounds is deduced from the next lemma which is a consequence of the classical Berry-Esseen inequality.

Lemma 4.1. Let p be an infinitely divisible law on R such that [ |z|® u(dx) < +o00 and Jg @ p(dx) = 0. Then

e/e 5, du
— 00, x[) — R ——
= os.al) - [ i

o s

sup <0.7975073 /|:E|3A(d9:)7
R

zeR

1/2
where o = (f]R || ,u(do:)) and A is the Lévy measure of p.

Proof. Let (Z(t)),~, be a Lévy process such that y is the law of Z(1). Then proceed as in the proof of
Theorem 3.1 page 487 in [2], i.e. write

-5 5)

Hence Z(1) is a sum of i.i.d real-valued random variables with mean zero and variance o2/n. Moreover,

according to [2],
3
lim nE(‘Z(l) ) :/|z|3A(d:z:).
n—-+o0o n R

Therefore the conclusion is given by the classical Berry-Esseen inequality. O

11



Then an estimation in term of Berry-Esseen bounds of the rate of convergence stated in proposition 4.1
can be given.

Proposition 4.2. Let K C R? be a compact set, y' € Ej and assume that maxxh < 1 — d/6. Then
SUPzek |f(.’L‘,§)| € L3(Rd) and

sup IP’(< v, X, >< u) —P(< y',0(e)(ChBp)|, >< u)’ <C(y)
u€ER

where m3(e) = f0<p<8p3 v,(dp) and

Cly) = 8A/Rd

<Y 0, >\2d5>

(L

Proof. < 9/ ,ngl‘K > is a real-valued infinitely divisible random variable. Its Lévy measure A is the push
forward of v, by

3
<Y 0, > de

with A = 0.7975.

(62) — 2R(< Y, S8, > 2).

Therefore,
2 2
Ef|< yles,l > = 4 2R( < ylv f(vg) >z 1|z\<a dg§ I/(dZ)
| RIxC I
2
= an@) [ [<v 160, > a
— Var(< y',o(e)(ChBp),, >).
Moreover,
27 3
/|x|3A(dx) _ 4m§(5)/ |cose|3d9/ < fe), > a
R 0 Rd
3
= S [ |<vse0, > d
One concludes by applying the lemma 4.1. O

Remark 4.2. In proposition 4.2, the assumption maxg h < 1 — d/6 means that for every x € K, X}, (x) has
moment of order three. However the preceding proposition can be generalized to any RHMLM. In fact there

always exists 6 €]0,1[ such that maxg h < 1—d/2+d/(2+ ). Then for every x € K, E(|XE,1(30)|2+5) < +o0.

As a consequence, a generalization of proposition 4.2 is obtained owing to Theorem 5.7 in [16].

Hence, in the case where v is not a finite measure, X} can be approximated in law as soon as v satisfies
assumptions of proposition 4.1. In this case, according to propositions 4.1 and 3.1, an approximation is given

by
N 1/d
Yo n(z) = o(e)C(h(z))Br(z) + 2 Z %(f (ac, (cdiﬂi?((:)) Un> Zgjn>,

where By, Ty, U, and Z.,, are independent. T}, and U, are defined in section 3. We have that (Z&n)n are
ii.d. random variables with common law v, 2(dz)/ve 2(C). It is supposed that v, 2(C) # 0, which is the case
for e sufficiently small.

Then the approximations given in section 3 and section 4 are used in the next part to generate sample
paths of Xj. First, examples of RHMLMs with finite control measure are given since it is the simplest case of
simulation.

12



5 Simulation

5.1 Case of finite measure

Suppose here that 0 < v(C) < +o00. Let us recall that

N 1/d
Vin(z) = 223%(1‘ (z <ch?@)> Un>Zn>.

converges almost surely to Y, which is equal in law to X;. Therefore the sample paths of Y}, are simulated
and are approximated by Y n.
Let us present some examples. Suppose that v is the uniform law on the unit circle of C. Then v(C) = 1.
First assume that h is constant to H, which means that X} is a RHFLM. According to [3], the sample
paths of Xy = X, are locally Holderian. Furthermore, the pointwise Holder exponent does not vary along
the trajectory and is almost surely equal to H. Figure 1 yields illustrations of these facts.

Let now h : R? —]0, 1] be a locally S-Holder function. The pointwise Hélder exponent of a RHFLM is
constant but for a general RHMLM it is not. More precisely, if h(z) < 3, the pointwise Holder exponent at
point x of X}, is almost surely equal to h(z). In figure 2, examples of RHMLMs are given. One can observe
that the regularity varies along the trajectory as h does. The greater h(t) is, the smoother the trajectories are
on a neighbourhood of ¢.

Figure 1: Examples of RHFLMs

o 01 02 03 o4 05 06 07 08 09 1 o 01 0z 03 04 05 06 07 08 09 1 o 01 o0z 03 o4 05 06 07 08 09 1

h(t) = 0.3 + 0.6t h(t) = 0.3+ Treprsoros) h(t) = 0.6 + 0.3 sin(4nt);

Figure 2: Examples of RHMLMs

When v is a finite measure, simulations exhibit the same smoothness properties as the theoretical model.
Next paragraph is devoted to examples of RHMLMs in the case where v is not a finite measure.
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5.2 Case of infinite measure

Suppose that v is a measure which satisfies the assumptions of proposition 4.1. Hence X}, is split into two in-
dependent RHMLMs X, ; and X 2, defined by (23) and (24). Then for ¢ sufficiently small, 0 < v, 2(C) < +o0.

Let (Zc.n), be a sequence ii.d. random variables with common law v 2(dz)/ve2(C) and Bj, a standard
Multifractional Brownian Motion. Let us recall that (Uy),, is a sequence of i.i.d uniform random variables on
S4=1 and T), is the nth arrival time of a Poisson process with intensity 1. Assume that By, (Ze),,, (Un)
and (T7,),, are independent. As a consequence,

N T 1/d
Yen(a) = o()Cn(e) Bu(e) +2 3 ?R<f (:c (=25) Un> z) ,

approximates a field Y}, which is equal in law to X},.

n

In order to simulate By, we use J.-F. Coeurjolly’s programs which are available on
http://www-lmc.imag.fr/SMS/software.html.

More precisely, the Fractional Brownian Motion (case h constant) is generated by the method of circulant
embedding, introduced in [23].
Let us now give some examples. Assume that v,(dp) is a truncated a-stable measure. More precisely,
suppose that
dp
Vp(dp) = lo<p<i Slra

with 0 < o < 2. Let 0 < e < 1. Then

2m(e™> — 1 g2
Ve 2(C) = % and o%(e) = 5o

Figures 3 and 4 present some examples of RHMLMs with control measure v. Like in the case of finite measures,
the theoretical smoothness of the trajectory is observed.

Figure 3: Examples of RHFLMs

Appendix

A Proof of the proposition 3.3

In the case where d > 2, the proof of the proposition 3.3 is based on the study of the asymptotic of
oo 1/d b
K, (y,b) :/ e Yr" e dr, (28)
0

where y € R and b > 0. Else, if d = 1, the proof of the proposition 3.3 is simpler. The next lemma gives the
asymptotic of K.
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h(t) = 0.3+ 0.6t h(t) = 0.3 + m h(t) = 0.6 + 0.3 sin(4nt);

Figure 4: Examples of RHMLMs

Lemma A.1. Letd > 2,y € R and b > 0. Then

nll,r_{_loo nn—b+1/2 g—ngint/dy =
Var  ifd>3.
Proof. Let
- Kn Y, b
Kn(y,b) = (v,

nn7b+1/2 efneinl/dy '
r

—_n
vn?

Koy, b) = //

By applying the change of variables s =

+00 n—>b
inl/d(1+s/\/ﬁ)1/dy 1 s 75\/ﬁd
e + _\/ﬁ e S.

B

A Taylor expansion leads to

n—>b
S 2
Ii 1 —syn _ ,—s /2'
n—1>I-§I—1<>o ( + \/ﬁ) ¢ ¢

Moreover, using a Taylor expansion,

esY/2 if d =2,
,ml/dyeml/d(us/\/ﬁ)“dy _

lim e
e 1 ifd>3.
Consequently,
isy/26=5/2  if 0 =
. Cint/dy inl/d(1 1/d s n—b . e's¥/ce™? if d =2,
lim e ein' (14s/vi) Ty (1 4 2 oSV
n—-+o00o \/ﬁ 6752/2 i d > 3

We do not directly apply a dominated convergence argument. Let us first write

Kn(y,b) = Kn1(y,b) + Kp2(y,b),

where .
Koa(y,b) = / gn(y,b,s)ds

n

and

o Vvn
Koa(y,b) = / Gn(yb, ) ds
—vn

n—b
with ¢, (y,b,s) = ooty it/ (Les/ Vi) Yy (1 + i) e sV,



Study of I?;,/l(y, b) Remark that

. 400 s n—b
‘Km(y,b)} g/ (1+_) o=V g

+o00 s n N
< 1+—) e *V"ds,
/\/H ( Vvn

since b > 0 and 1+ s/+/n > 1. Furthermore, integrating by parts leads to

o0 s )" e "
1+ —) e sVigs < (27t —1)—.
/. (1 NG

lim K,1(y,b) =0. (29)

n—-+o0o

As a consequence,

Study of I/(_;/,z(y, b) Let us recall that

0i/2=5"/2 if = 2,
lim gn(y,b,s) =

n—-+oo

o512 if d> 3.

Let n > b. Let us notice that for every |z| < 1, In (1 + z) <2 — 22/6. Then,

IN
o

N
®

|

g
3

w

|gn(y7 b, S)|1|s|<\/ﬁ

IN
@
>
@
|
)

since ‘\l}—% < b. Then for n sufficiently large,

2

|g7l(y7 ba S)|1|S\<\/ﬁ S ebe_%a

for every s € R. Therefore, using a dominated convergence argument, one concludes that

/eisy/%*sz/2 ds ifd =2,
R

—~—

hm Kn,Q(ya b) =

n—-4o0o 5
/e*S /2 ds if d> 3.
R

As a consequence,

Veme V' /8 ifd=2,

—~—

lim K.2(y.b) = (30)
B Vor  ifd>3.
The conclusion is then given by (29) and (30). O

Let us now prove the proposition 3.3.

Proof. Let x € R¥\{0}. In the following, the notation is the same as in the proof of proposition 3.2. Let us

first recall that )
P
E(|Ry.p(2)) = E ( > En@c)) :

where gn(x) = 2’f(x’ (Cdjl}é(c))l/dUn) ‘%(Zn)
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Therefore, since (R(Z,)),, is a sequence of i.i.d symmetric random variables and since this sequence is inde-
)

pendent of (Uy,,T5),,,

E(|Ry.p(@)”) = S E(& ().

n=N+1

Moreover, Ry p(x) converges to Yy, (z) — Y3 n(x) in quadratic mean as P — +o00. Therefore,

+oo
E(Va(e) ~Yan@l?) = > E(& @)
n=N+1
, +oo T 1/d 2
= 4E(R*(Z E , - Uy,
(R8(2) n:%;l f<x (CdV(C)) )
Then, by definition of the sequence (T, Uy), 51,
E([Vy(z) - Y %) = 4(cqu(C)) TR I,
(| n(x) = Yn N ()] ) (cav(C)) n%:ﬂ ((cdu (C))l/d>

where for every v € R,

tooy 2 d d
_ —irt/ Ay n—2—2h(x)/d .—r T Ud—l( u)
In(’U) o /Sd 1/ ‘e B 1‘ " ! ¢ (TL — 1)‘ O'dfl(Sd*l)-

Let n > 14 2h(x). Let us remark that

2l(n —1—2h(z)/d) 2
I'(n) I'(n)

/ / P 2—2h(x /d irt/dyou— T dr Od— 1(du)
gd—1 Od— 1(Sd 1)

Let us assume in the following that v # 0.

In(”) = %(Jn(v))

with

Step 1 Case d = 1 Using the characteristic function of a Gamma-distribution, we obtain that

Ja(v) = (1+ UQ)h(z)/d+(17n)/2 cos ((n — 1 —2h(z)/d) arctanv)T'(n — 1 — 2h(x)/d).

Hence, since v # 0,
2I'(n — 1 — 2h(x)/d)
I'(n)

L (v) ~

as n — +00.

(32)

Step 2 Case d > 2 We prove that the equivalence (32) remains true for d > 2. It is then sufficient to prove

that 7(0)
(v
li .
W T =1 — 2@y
Remark that (du)
Oq—1\au
J.(v) = K, 24 2h(x)/d) ———=,
@)= [ Kl w2+ 2h(a)/d) TGS

where K, is defined by (28).
Since
D(n —1—2h(z)/d) ~ 2rn"=3/2720@)/de=n

by applying the lemma A.1,

_inl/dy.

. K,(v-u,242h(x)/d)
ntee T(n—1—2h(z)/d) ©

Y =14(v-u),

17
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- 2/8 1 =
where ld(y):{ e V/8 ifd =2,

1 if d > 3.
Furthermore,
Jn(v)
= Jn Jn )
=1 ah(ayjd) i) nav)
where (duw)
1/d, oq—1(du
Jn — m v ’U.l .
1(v) /Sd—le alv-u) oq-1(5471)
and

_ K’ﬂ(v " U, 2 + 2h(l’)/d) 7in1/dv-u inl/dv~u O—dfl(du)
nat)= [ (s SR e =

Let us first remark that by definition,

| K (v u, 2+ 2h(x)/d)]|
S NS R 7

Then, a dominated convergence argument leads to

lim J,2(y) =0.

n—-+o0o
Furthermore, by rotational invariance of the measure o4—1(du),

inl/d ‘ od—1(du)
Jn = in” lvflerug .
= e o(lolen ) LG

with e; = (1,0,...,0) € R%. As a consequence,

T
= VAL (d— D/2)

Let us recall that v # 0. Therefore, by the Riemann-Lebesgue lemma,

1

in'/|vl|s d—3)/2
In,1(v) /e ol ld(||v||s)(1752)( )/ ds.
-1

lim J,1(y) = 0.

n—-+o0o
As a result,
In(v)
li =0
nStoo T(n — 1 — 2h(z)/d)
which implies (32).
Step 3 Conclusion By applying (32) and the Stirling formula,
2
In(v) ~ l+2h()/d’
Then, because of (31), as N — 400,
2 1+2h(zx)/d = 2
E(|¥i(x) = Yan (@)) ~ 4lear(©) " OER2) Y. gy
n=N+1

which gives the conclusion.

B Proof of the proposition 4.1

This part is devoted to the proof of the proposition 4.1.
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Xc 1(x)
o(e)

Proof of proposition 4.1. Let Y.(z) =

Convergence of the finite dimensional margins
Let r € N*, u = (uy, -+ ,u,) € (Rd)r and v = (v1, -+ ,v.) € R". Then

;vkmuk) _ /]R % M., (de),

where
06 ) = 3 v,
Thus by (4), -
E(z ukmk)) — oxp (V. (u, )
with .

Then by rotational invariance of v,
We(wo)= [ L@lg(eu )] cos (6) de b,
Rd x [0,27]

where for every y € R,

Foo i-ye . y
Ly) = /O ( - ?p)) Loepee vy(dp).

Under the assumption H1, see [2],

a2
lim I.(y) = Ty

8*>0+

Moreover, since
2
Y
Vy S ]Ra |I€(y)| S ?7

a dominated convergence argument yields

" oo 1) [
Z |‘§||h<u}€)+d/2

k=1

lim U (u,v) = —277/ d¢
Rd

e—04

- _ %Var (i kah(uk)Bh(Uk)> )

k=1

where By, is a standard Multifractional Brownian Motion and where for every = € R,

. 1/2
Cn () <4 4‘6_1”5‘_1’2%)/
R \T) = | 2T dt2h(z ;
R [|E]| TR
with e; = (1,0,---,0) € R

Let us now prove the formula (27) i.e.
( 47@+D/2 D (h(z) +1/2) )1/ ?
h(z)T(2h(z)) sin (wh(z)) T (h(z) + d/2) ’

which will conclude the proof of the convergence of the finite dimensional margins. In fact, when d = 1, this
formula is already known, see pages 328-329 in [20]. Suppose that d > 2. Then, thanks to polar coordinates,

Ch(z) =

; 2
—ir __ 1 7-r/2
C,%(,r) = 0d-2 (Sdiz) % d’l"/ (COS 9)2h($)(sin H)d_Q do.
R T 0
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By applying the formula (27) for d = 1,
@2 B(H +1/2,(d —1)/2)
h(z)['(2h(zx)) sin (rh(z))T((d —1)/2)’

where B is the Beta-function. Then, the formula (27) is deduced from the relations between the Beta-function
and the Gamma-function.

Ci(z) =

Tightness Now assume that H1 and H2 are satisfied. Let us prove that the family {(Y(z))
tight in E. The field Y, is split into two fields Y, = Y.© + Y~ where

1 [ e ™~ 1= Py(—iz- &) 1gj<a
o <
Yo (x) = / HERAE o

Pu(ciz-€) )
>/ el<t e ()

ver €3> 0} is

and

)
AH

with n € N* such that n > d/2 and

k=1

= = %

According to [11], the sample paths of V" and Y~ are continuous. Therefore to prove the tightness of (Y),
in Eg, it is sufficient to prove the tightness of (Y.F)_ and (Y.7).. Since Y;* has moments of every order, the
tightness of (Y.")_., is shown owing to the Kolmogorov criterion.

Step 1: Tightness of (Y.©)_
Let x¢p € K. Notice that

E(|Y (o)) = E(|¥1" (wo)*) < +o0.

As a result, (YF(x0)),. is a tight family of random variables.
Moreover by proposition 2.2 in [3],

2l 2
i Wi ||9n U, v, )||21 My, (e)
m= 1 L., g=1 q
21, .
where my’ (¢) = [y, .01 Vp(dp), gn(u,v,€) = gl (u,€) — g;f (v,€) with
e”WE — 1 — P, (—iy- &)1y <1
gty &) = i lEl=t,
lef"
and where }_; stands for the sum over the set of partitions L,, of {1,...,2pk} in m subsets K, such that
the cardinality of K, is 2, with [, > 1.
Moreover, by lemmas 3.2 and 3.3 in [11], there exists C' > 0 such that
214 lq min (mg,
¥(u,v) € K2, [|gn(u, v, )3 < Cllu — v 202, (35)
Let us now study ;llq( )) for 1 <y, < pg. Since
1 1 1

— < — -

i = 2, =3
there exists 6 € [0, 1] such that

1 0 1-0

20, 2 2pk
Therefore by the Holder inequality,

=1 1-6

(M5

(oemtan) ™ < ([, i)

20
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Consequently by H2,
may, (e) < C* 00 (e). (36)

Then owing to (34), (35) and (36), there exists C' > 0 such that

Ve < eo, V(u,v) € K2, ||V (u) = Y ()32 < Cllu — 2P min o),

As 2pg min (mg, 8) > d, (Y7).., is a tight family in Ex.

Step 2: Tightness of (Y,7),
Let xp € K. E(|Y€_ (x0)|2) does not depend on ¢ and is finite, which gives the tightness of (Y™ (x0)).5-

For the sake of clearness, for a = (ay -+ ,aq) € NY and 2z = (21 - -+ , z4) € C%, let
d
la] = Zaj and z¢ H
7j=1

ForueRYand 0 <y <1,

1 Pa(—iu )
Z&‘n I = ME d .
=35 g e Meald)

Therefore Y~ (u) = Z. »(u, h(w)). On the other hand,

Enuy ZCUY“

1<]al<n
where for a = (o -+, aq) € N9,
o 1 (_Zf)a
YOy) = —— ) ar L (de).
0= 557 T Mea @
Then
Yo (u) =Y ()l < [Zen(us h(w) = Zen (v, h(w)| + [ Ze n (0, h(w)) = Zen (v, h(v))]

IN

Y ICa Y2 (h(u)lfu® o+ Y7 1Cav®|Y(h(u)) = Y2 (h(v))].

1<[al<n 1<[al<n
Since there exists C' > 0 such that for every (u,v) € K2, [u® —v*| < C|lu — v|| and |[v*| < C, then
Yo () Yo @) <O lu—oll Y [Y2h@)+ Y YO (h(w) = Y2 (h(v))]
1<|a|<n 1<|af<n

Therefore by continuity of h, to obtain the tightness of (Y.7)_ , it is sufficient to show that for each a € N
such that 1 < |a| < mn,

1. (Y), is tight in the space of the continuous functions on [mg, M|, where My = maxg h.
2. the family (sup[mK’MK] |Y€°"(y)|)‘E is tight.
According to [5], 2 is a consequence of 1. Moreover,
E(JY2 (m)l?) = BV (mic)[*) < +oo
and by a Taylor expansion,
Ve > 0,¥(y,y) € [mc, Micl?, E(IY2(y) = Y2 ) < Cly =y,

which by the Kolmogorov criterion gives 1 and concludes the proof. O
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