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Abstract

This paper introduces a method of generating Real Harmonizable Multifractional Lévy Motions, in

short RHMLMs. The simulation of these fields is closely related to that of infinitely divisible laws or Lévy

processes. In the case where the control measure of the RHMLM is finite, one uses generalized shot noises

series. An estimation of the error is also given. Otherwise the RHMLM Xh is split into two independent

RHMLMs Xε,1 and Xε,2. More precisely, Xε,2 is a RHMLM whose control measure is finite. Then it can

be rewritten as a generalized shot noise series. The asymptotic behaviour of Xε,1 as ε → 0+ is further

elaborated. Sufficient conditions to approximate Xε,1 by a Multifractional Brownian Motion are given.

The error rate in term of Berry-Esseen bounds is then discussed. Finally some examples of simulation are

given.

Keywords: Functional Central Limit Theorem, Generalized Shot Noise Series, Infinitely Divisible Distri-
bution, Multifractional Brownian Motion, Simulation.

AMS 2000 Subject Classification: Primary 60E07

Secondary 65C99; 60F05; 60F17; 60G12

1 Introduction

The Multifractional Brownian Motion, in short MBM, has been introduced independently in [15] and [4] as
a generalization of the Fractional Brownian Motion, in short FBM, defined in [14]. The FBM and the MBM
provide very powerful models in applied mathematics. Whereas the pointwise Hölder exponent of the FBM
is almost surely equal to a constant, the MBM one is allowed to vary along the trajectory. However these
fields are Gaussian and thus can not model non-Gaussian phenomena. It is a serious drawback. For instance,
examples of non-Gaussian phenomena can be found in [13] and in [21] for image modeling.

Real Harmonizable Fractional Lévy Motions, in short RHFLMs, have been defined in [3] in order to obtain
non-Gaussian fields which share many properties with the FBM. In particular, their sample paths are locally
Hölder and their pointwise Hölder exponent is almost surely equal to a constant. Then in order to allow the
pointwise Hölder exponent to vary along the trajectory, the class of Real Harmonizable Multifractional Lévy
Motions, in short RHMLMs, has been introduced in [11]. RHMLMs makes up a class of locally asymptotically
self-similar fields which includes RHFLMs and the MBM.

The main aim of this paper is to describe a method for generating the sample paths of RHMLMs and
thereby to give an account of the sample paths theoretical roughness.

Let us recall that a RHMLM Zh with multifractional function h is defined as the stochastic integral:

Zh(x) =

∫

Rd

e−ix·ξ − 1

‖ξ‖h(x)+d/2
L(dξ),

where ‖ξ‖ is the Euclidean norm of ξ and L(dξ) is a Lévy random measure. In fact,

Zh = aBh + bXh,
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where (a, b) ∈ R2, Bh is a Multifractional Brownian Motion and

Xh(x) =

∫

Rd

e−ix·ξ − 1

‖ξ‖h(x)+d/2
M(dξ),

with M(dξ) a Lévy random measure without Brownian component. Let us notice that Bh and Xh are two
independent fields.

In this paper, only the generation of the non-Brownian part Xh is discussed. As for the FBM, many
authors have already studied the simulation of its sample paths, see for example [23] or [1]. Implementations
of severals methods of simulation of the FBM can be found in [8]. On the other hand, methods of generating
sample paths of the MBM are given in [15] and in [7].

Many authors have already been interested in the simulation of non-Gaussian fields defined as stochastic
integrals. As an example, in [19], simulation of solutions of stochastic differential equations driven by Lévy
processes are studied. Furthermore, simulation of stochastic integrals with respect to Lévy processes are
discussed in [22]. However in the case of RHMLMs, the stochastic integral is on whole Rd and not only on a
compact interval of R. In [9], a method for generating symmetric α-stable processes based on a multiresolution
analysis is proposed. Nevertheless, the stochastic integral is truncated. On the other hand, Xh is an infinitely
divisible field and infinitely divisible laws can be represented as generalized shot noise series. An overview of
these representations is given in [18]. Moreover the simulation implementation is discussed in [6]. Generalized
shot noise series allow us to represent Xh as series without truncating the stochastic integral. Nevertheless, it
only works if the control measure ν(dz) of the Lévy random measure M(dξ) has finite mass. In this case, the
generalized shot noise series

Yh(x) = 2

+∞∑

n=1

<
{

f

(
x,

(
Tn

cd ν(C)

)1/d

Un

)
Zn

}
,

for a suitable choice of f and of random variables (Tn, Zn, Un), converges almost surely. Moreover for this
choice,

{Xh(x) : x ∈ Rd} d
= {Yh(x) : x ∈ Rd},

where
d
= denotes equality in distribution. In practice, one then simulates the sample paths of Yh which is equal

in law to Xh. When ν is not a finite measure, the approximation of Xh is closely related to those of Lévy
processes with infinite Lévy measure given in [2]. In this case, Xh is split into two independent RHMLMs

Xh = Xε,1 + Xε,2

where Xε,2 is associated with a finite control measure νε,2(dz). Thus Xε,2 can be approximated by a generalized
shot noise series. It remains to generate Xε,1. As it is done in [2] in the case of Lévy processes, a functional
Central Limit Theorem leads to a normal approximation of Xε,1.

In the next section, the construction and some properties of RHMLMs are recalled. Then section 3 is
devoted to the case of a finite control measure. The rate of convergence of the shot noise series is studied.
Sufficient conditions to establish a Central Limit Theorem are discussed in section 4. Finally some simulation
examples are given in the one dimensional case.

2 Preliminaries

Let us precise the construction of a RHMLM. Let N(dξ, dz) be a Poisson random measure on Rd×C. Suppose
its mean measure is n(dξ, dz) = dξ ν(dz) with ν(dz) a non-vanishing measure such that ν({0}) = 0 and

∀p ≥ 2,

∫

C

|z|p ν(dz) < +∞. (1)

Let M(dξ) be a Lévy random measure in sense of [3] associated with the Poisson random measure N(dξ, dz).
Let us recall that M is defined by

∫

Rd

g(ξ) M(dξ) =

∫

Rd×C

[g(ξ)z + g(−ξ)z] Ñ(dξ, dz), (2)
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where Ñ = N − n and g ∈ L2
(
Rd
)
. Moreover if

∀ξ ∈ Rd, g(−ξ) = g(ξ) (3)

the stochastic integral
∫
g dM is a real-valued random variable and its characteristic function is

E

(
eiu

∫
g dM

)
= exp

[∫

Rd×C

(
e2iu<(g(ξ)z) − 1− 2iu<(g(ξ)z)

)
dξ ν(dz)

]
, u ∈ R, (4)

where <(z) is the real part of the complex z.
As it is done in [3], the control measure ν(dz) is assumed to be rotationally invariant. More precisely let

P
(
ρeiθ

)
= (θ, ρ) ∈ [0, 2π)× R+

∗ . Then
P (ν(dz)) = dθ νρ(dρ), (5)

where dθ is the uniform measure on [0, 2π). Therefore when g satisfies (3),

E

[∣∣∣∣
∫

Rd

g(ξ) M(dξ)

∣∣∣∣
2
]

= 4π‖g‖2L2(Rd)

∫ +∞

0

ρ2 νρ(dρ). (6)

A RHMLM (Zh(x)) associated with the Lévy random measure M(dξ) with multifractional function
h : Rd −→ ]0, 1[ is the sum of two independent fields

Zh = aBh + bXh, (7)

where (a, b) ∈ R2, Bh is a Multifractional Brownian Motion with multifractional function h and

Xh(x) =

∫

Rd

f(x, ξ) M(dξ), (8)

with

f(x, ξ) =
e−ix·ξ − 1

‖ξ‖h(x)+d/2
. (9)

Notice that Xh is a real-valued field. The function h is supposed to be locally β-Hölderian.

Methods of generating sample paths of the MBM have already been studied. In the following, only the
generation of Xh is treated. The next section is devoted to the case where ν is a finite measure.

3 Generalized shot noise series

In this section, ν is supposed to be a finite measure. The random field Xh can be then represented as a
generalized shot noise series.

Let us first introduce some notations that will be used throughout the paper.
Notation Let (Zn)n≥1, (Un)n≥1 and (Tn)n≥1 be independent sequences of random variables.

• (Zn)n≥1 is a sequence of i.i.d. random variables with common law

L(Zn) =
ν(dz)

ν(C)
.

• (Un)n≥1 is a sequence of i.i.d. random variables such that U1 is uniformly distributed on the unit sphere

Sd−1 of the Euclidean space Rd. Let σd−1 be the uniform measure on Sd−1. Then

L(Un) =
σd−1(du)

σd−1(Sd−1)
.

Let us recall that

σd−1

(
Sd−1

)
=

2πd/2

Γ(d/2)
,

where Γ is the Gamma-function. Moreover let us introduce

cd =
σd−1

(
Sd−1

)

d

the volume of the unit ball of Rd.
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• Tn is the nth arrival time of a Poisson process with intensity 1.

• For t ∈ R, [t] denote the integer part of t.

• Let N∗ = N\{0}.

Remark that when d = 1, Un is a symmetric Bernoulli random variable.

Proposition 3.1. Let K ⊂ Rd be a compact set. Then almost surely, the series

Yh(·) = 2

+∞∑

n=1

<
{

f

(
· ,
(

Tn

cd ν(C)

)1/d

Un

)
Zn

}
(10)

converges uniformly on K and

{Xh(x) : x ∈ K} d
= {Yh(x) : x ∈ K}.

Therefore, since Yh is equal in law to Xh, in practice one simulates the sample paths of Yh. These sample
paths can be approximated on K owing to (10). For the sake of simplicity, in dimension d = 1, they are
simulated on a compact interval K.

Proof. The series (10) can be rewritten as the generalized shot noise series

+∞∑

n=1

H(Tn, Vn)(x),

where Vn = (Un, Zn) and

H(r, v)(x) = 2<
{

f

(
x,

(
r

cd ν(C)

)1/d

u

)
z

}
, r > 0 v = (u, z).

(Vn)n≥1 is a sequence of i.i.d. random variables which is independent of (Tn)n≥1. In order to obtain the
convergence of (10), one shall verify the conditions of Theorem 2.4 in [17]. This theorem implies the convergence
in EK the space of real-valued continuous functions on K endowed with the uniform norm ‖·‖K : for every
g ∈ EK , ‖g‖K = supx∈K |g(x)|. Endowed with this norm, EK is a separable Banach space. Moreover

H : R+
∗ ×D −→ EK

(r, v) 7−→ H(r, v),

where D = Sd−1 × C, is a Borel measurable map. Define a measure FK on the Borel σ-ring BEK of EK by

FK(A) =

∫ +∞

0

∫

D
1A\{0}(H(r, v)) λ(dv) dr,

where λ is the law of V1. Since ν is a symmetric measure, so is FK . First one proves that FK is a Lévy
measure. Let E′

K be the dual of EK and for y′ ∈ E′
K , y ∈ EK denote < y′, y >= y′(y). Let us recall, see [17],

that FK is a Lévy measure if for every y′ ∈ E′
K ,

∫

EK

(
< y′, y >2 ∧1

)
FK(dy) < +∞ (11)

and if

ΦK : E′
K −→ C

y′ 7−→ exp

{∫

EK

(
ei<y′,y> − 1− i < y′, y > 1‖y‖K≤1

)
FK(dy)

}

is the characteristic function of a probability on EK .
Notice that ∫

EK

‖y‖2
K FK(dy) =

∫

]0,+∞[×D
‖H(r, v)‖2K dr λ(dv)
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Therefore by applying the change of variable ρ = (r/(cd ν(C)))1/d,
∫

EK

‖y‖2K FK(dy) = 4

∫

C

∫

Sd−1

∫ +∞

0

g2(ρu, z) ρd−1dρ σd−1(du) ν(dz)

where g(ξ, z) = supx∈K |<(f(x, ξ)z)|. Hence using polar coordinates,
∫

EK

‖y‖2K FK(dy) = 4

∫

Rd×C

g2(ξ, z) dξ ν(dz).

As a result, ∫

EK

‖y‖2
K FK(dy) ≤ 4

∫

C

|z|2 ν(dz)

∫

Rd

g̃2(ξ) dξ

with g̃(ξ) = supx∈K |f(x, ξ)|. Furthermore,

|g̃(ξ)| ≤ CK

‖ξ‖MK−1+d/2
1‖ξ‖≤1 +

2

‖ξ‖mK+d/2
1‖ξ‖>1,

where CK = maxu∈K ‖u‖, mK = minK h and MK = maxK h. Therefore, since 0 < mK < 1 and 0 < MK < 1,
g̃ ∈ L2

(
Rd
)
. Then by (1), ∫

EK

‖y‖2K FK(dy) < +∞, (12)

which implies (11). Moreover since the integral in (12) is finite,
∫

‖y‖K≥1

< y′, y > FK(dy)

is well defined and is equal to 0 by symmetry of FK . Hence

ΦK(y′) = exp

{∫

EK

(
ei<y′,y> − 1− i < y′, y >

)
FK(dy)

}
.

Let us recall, see proposition 3.4 in [11], that the sample paths of Xh are almost surely continuous. Thus,
we can consider < y′, Xh|K >. Let us first extend y′ to the space of continuous functions on K with values
in C. For every continuous function g : K −→ C, let < y′, g >=< y′,<(g) > +i < y′,=(g) > . In particular,
by definition, <(< y′, g >) =< y′,<(g) > and =(< y′, g >) =< y′,=(g) >. Then, since

< y′, Xh|K >=

∫

Rd

< y′, f(·, ξ)|K > M(dξ), (13)

by (4),

E

(
ei<y′,Xh|K >

)
= exp

{∫

Rd×C

(
e
2i<

(
<y′f(·,ξ)|K >z

)

− 1− 2i<
(
< y′, f(·, ξ)|K > z

))
dξ ν(dz)

}
.

Since 2<
(
< y′, f(·, ξ)|K > z

)
=< y′, 2<

(
f(·, ξ)|K z

)
>, then by definition of FK ,

ΦK(y′) = E

(
ei<y′,Xh|K >

)
. (14)

As a consequence, ΦK is the characteristic function of Xh|K . Then FK is a Lévy measure on EK . According
to Theorem 2.4 in [17],

n∑

j=1

H(Tj , Vj)−A(Tn),

where for s ≥ 0

A(s) =

∫ s

0

∫

D
H(r, v)1‖H(r,v)‖K≤1 λ(dv) dr,

is convergent in EK . Since ν is a symmetric measure, for every s ≥ 0, A(s) = 0, which gives the convergence
of (10) in EK . Then let Yh be its limit. In view of Theorem 2.4 in [17], the characteristic function of (Yh(x))x∈K

is ΦK . Therefore

{Xh(x), x ∈ K} d
= {Yh(x), x ∈ K}

follows from (14), which concludes the proof.
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Remark 3.1. In view of (12) and corollary 2.5 in [17] applied with p = 2, the series (10) converges also in
L2(EK), i.e.

lim
N→+∞

E

{(
sup
x∈K

|Yh,N(x)− Yh(x)|
)2
}

= 0,

where

Yh,N (x) = 2

N∑

n=1

<
{

f

(
x,

(
Tn

cd ν(C)

)1/d

Un

)
Zn

}
. (15)

In simulation, Yh is approximated by Yh,N . Then one is interested in the rate of convergence of (10). We
first consider one-dimensional distribution. The next proposition studies the error in Lq. From this, an almost
sure error is deduced and stated in corollary 3.1. Then a functional result is established.

Proposition 3.2. Let q > 0 and x ∈ Rd. Then for every N ∈ N∗ such that N > q/2 + qh(x)/d − 1,
Yh(x)− Yh,N (x) ∈ Lq and

E(|Yh(x)− Yh,N (x)|q) ≤ Cq,x
DN,q(h(x))

N qh(x)/d
, (16)

where Cq,x does not depend on N and for 0 < s < 1 and n > q/2 + qs/d

Dn,q(s) =
Γ(n + 1− q/2− qs/d) (n + 1)

q/2+qs/d

Γ(n + 1)
. (17)

Remark 3.2. By the Stirling formula, limN→+∞ DN,q(s) = 1. Therefore thanks to (16), the rate of con-
vergence of Yh,N (x) in Lq is at least Nh(x)/d. Actually, we will prove that the rate of convergence in (16) is
optimal, see proposition 3.3.

For simulation reasons, it can be useful to explicitly provide a constant Cq,x for which (16) holds. In fact
one can take

Cq,x = 21+3q/2 Bq
q

(
d

h(x)

)q/2

E(|<(Z1)|q) (cdν(C))
q/2+qh(x)/d

, (18)

where

Bq =





1 when 0 < q ≤ 2,

√
2

(
Γ((q + 1)/2)√

π

)1/q

when q > 2.

(19)

Proof. Let

ξn(x) = 2<
{

f

(
x,

(
Tn

cd ν(C)

)1/d

Un

)
Zn

}
, n ∈ N∗,

and

RN,P (x) = Yh,P (x) − Yh,N(x) =
P∑

n=N+1

ξn(x), 1 ≤ N < P.

Then lim
P→+∞

RN,P (x) = Yh(x) − Yh,N(x) almost surely. In fact as P → +∞, RN,P converges in EK for any

compact subset K of Rd.
As (ξn(x))n≥1 is a symmetric sequence of random variables, by proposition 2.3 pages 47-48 in [12],

E

(
max

N+1≤M≤P
|RN,M(x)|q

)
≤ 2E(|RN,P (x)|q).

Moreover since Tn, Un and Zn are independent random variables and since the law of Zn is rotationally
invariant,

ξn(x)
d
= ξ̃n(x)

where

ξ̃n(x) = 2

∣∣∣∣∣f
(

x,

(
Tn

cd ν(C)

)1/d

Un

)∣∣∣∣∣<(Zn).
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Furthermore for given values of (Un)n≥1 and (Tn)n≥1, (ξn(x))n≥1 and
(
ξ̃n(x)

)
n≥1

are sequences of independent

random variables. Therefore
(ξn(x))n≥1

d
=
(
ξ̃n(x)

)
n≥1

.

As a consequence,

E(|RN,P (x)|q) = E

{(
P∑

n=N+1

ξ̃n(x)

)q}
.

Let (εn)n≥1 be a sequence of i.i.d. symmetric Bernoulli random variables which is independent of (Zn, Un, Tn)n≥1.
Hence by symmetry of the law of Zn, Zn can be replaced in RN,P by εnZn. Then by applying the Khintchine
inequality with constant Bq and conditionally with respect to (Zn, Un, Tn)n≥1,

E(|RN,P (x)|q) ≤ Bq
q E





(
P∑

n=N+1

ξ̃n

2
(x)

)q/2


. (20)

Notice that the best possible constant Bq in the Khintchine inequality is known. According to [10], the best
constant is

Bq =





1 when 0 < q ≤ 2,

√
2

(
Γ((q + 1)/2)√

π

)1/q

when q > 2.

Then by the Minkowski inequality,

E(|RN,P (x)|q) ≤ Bq
q

{
P∑

n=N+1

E

(∣∣∣ξ̃n(x)
∣∣∣
q)2/q

}q/2

.

Let us now evaluate E

(∣∣∣ξ̃n(x)
∣∣∣
q)

. By independence and since Z1
d
= Zn,

E

(∣∣∣ξ̃n(t)
∣∣∣
q)

= 2q E(|<(Z1)|q)E
{∣∣∣∣∣f

(
x,

(
Tn

cd ν(C)

)1/d

Un

)∣∣∣∣∣

q}

Moreover

E

{∣∣∣∣∣f
(

x,

(
Tn

cd ν(C)

)1/d

Un

)∣∣∣∣∣

q}
≤ 2q (cd ν(C))q/2+qh(x)/d

∫ +∞

0

rn−1−q/2−qh(x)/d

(n− 1)!
e−r dr.

As a result, when n > qh(x)/d + q/2, ξ̃n(x) ∈ Lq and

E

(∣∣∣ξ̃n(x)
∣∣∣
q)
≤ 22q (cd ν(C))

q/2+qh(x)/d
E(|<(Z1)|q)

Γ(n− q/2− qh(x)/d)

Γ(n)
.

Then let N > qh(x)/d + q/2− 1. Therefore

E

(
max

N+1≤M≤P
|RN,M (x)|q

)
≤ Aq,x

{
P∑

n=N+1

(
Γ(n− q/2− qh(x)/d)

Γ(n)

)2/q
}q/2

, (21)

where Aq,x = 22q+1Bq
q (cd ν(C))

q/2+qh(x)/d
E(|<(Z1)|q).

Then by the Stirling Formula, as P → +∞,

P∑

n=N+1

(
Γ(n− q/2− qh(x)/d)

Γ(n)

)2/q

converges and

+∞∑

n=N+1

(
Γ(n− q/2− qh(x)/d)

Γ(n)

)2/q

∼
+∞∑

n=N+1

1

n1+2h(x)/d
∼ d

2h(x)N2h(x)/d
.

7



Owing to (21) and to a monotone convergence argument,

E

(
max

M≥N+1
|RN,M (x)|q

)
≤ Aq,x sup

n≥N+1
Dn−1,q(h(x))

(
+∞∑

n=N+1

1

n1+2h(x)/d

)q/2

,

where for 0 < s < 1 and n > q/2 + qs/d− 1,

Dn,q(s) =
Γ(n + 1− q/2− qs/d) (n + 1)

q/2+qs/d

Γ(n + 1)
.

As a consequence,

E

(
max

M≥N+1
|RN,M (x)|q

)
≤ Cq,x

N qh(x)/d
sup
n≥N

Dn,q(h(x)),

where

Cq,x =

(
d

2h(x)

)q/2

Aq,x.

Therefore by an argument of dominated convergence,

E(|Yh(x) − Yh,N(x)|q) ≤ Cq,x

N qh(x)/d
sup
n≥N

Dn,q(h(x)).

Moreover
Dn+1,q(h(x))

Dn,q(h(x))
= exp(g(n + 1))

where for y > q/2 + qh(x)/d,

g(y) =
q(d + 2h(x))

2d
ln

(
1 +

1

y

)
+ ln

(
1− q(d + 2h(x))

2dy

)
.

A simple study of g shows that g(x) < 0. Therefore (Dn,q(h(x)))n≥[q/2+qh(x)/d]+1 is a non-increasing sequence.

As a result,
sup
n≥N

Dn,q(h(x)) = DN,q(h(x)),

which concludes the proof.

The next proposition studies the asymptotic of the mean square error. From this proposition, we deduce
that the rate of convergence in (16) is optimal. For the sake of clearness, the proof of this proposition is given
in appendix.

Proposition 3.3. Let x ∈ Rd\{0}. Then,

lim
N→+∞

N2h(x)/d E

(
|Yh(x)− Yh,N (x)|2

)
=

C2,x

4
,

where C2,x is defined by (18).

The following corollary gives a rate of almost sure convergence of Yh,N . It is deduced from the proposi-
tion 3.2 and the Borel-Cantelli lemma.

Corollary 3.1. Let x ∈ Rd and H ′ < h(x). Then there exists a finite positive random variable C such that,
almost surely,

∀N ≥ 1, |Yh(x)− Yh,N (x)| ≤ C

NH′/d
.

The two previous results study the approximation errors for a one-dimensional distribution. However the
sample paths are approximated on the compact set K. Therefore errors in term of norms on EK are studied.

Let K ⊂ Rd be a compact set and let us endow EK with a Lp-norm:

‖g‖p,K =

{∫

K

|g(ξ)|p dξ

} 1
p

, (22)

where p ≥ 1. By applying the following proposition with q = 2 and p = 2, the mean integrated square error is
evaluated.
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Proposition 3.4. Let q ≥ p, mK = minK h and MK = maxK h. Then for every integer N ∈ N∗ such that
N ≥ q/2 + qMK/d + 1,

E

(
‖Yh − Yh,N‖q

p,K

)
≤ Cq

DN,q(mK)

N qmK/d
,

where Cq does not depend on N and DN,q is defined by (17).

Remark 3.3. In fact proposition 3.4 holds with

Cq = 21+3q/2 Bq
q

(
d

mK

)q/2

E(|<(Z1)|q) d
q/p
K max

x∈K

{
(cd ν(C))

q/2+qh(x)/d
}

,

where Bq is defined by (19) and dK is the volume of the compact set K.
Notice that

max
x∈K

(cd ν(C))
qh(x)/d

=

{
(cd ν(C))

qMK/d
if cd ν(C) ≥ 1

(cd ν(C))qmK/d if cd ν(C) ≤ 1.

Proof. Let N ∈ N∗ such that N > q/2 + qMK − 1. Since q ≥ p, by the Hölder inequality,

‖Yh − Yh,N‖p,K ≤ dK
1/p−1/q ‖Yh − Yh,N‖q,K ,

where dK is the volume of K. Therefore

E

(
‖Yh − Yh,N‖q

p,K

)
≤ dK

q/p−1

∫

K

E(|Yh(x)− Yh,N (x)|q) dx.

Then proposition 3.2 is not directly applied. However in the sequel the notation is the same as in the proof of
proposition 3.2. Let us recall, see inequality (21), that

E

(
max

N+1≤M≤P
|RN,P (x)|q

)
≤ Aq,x

{
P∑

n=N+1

(
Γ(n− q/2− qh(x)/d)

Γ(n)

)2/q
}q/2

,

where Aq,x = 22q+1Bq
q (cd ν(C))q/2+qh(x)/d

E(|<(Z1)|q). Therefore since

n− q/2− qmK/d ≥ N + 1− q/2− qh(x)/d ≥ N + 1− q/2− qMK/d ≥ 2,

and since Γ is an increasing function on [2, +∞[

E

(
max

N+1≤M≤P
|RN,P (x)|q

)
≤ Aq,x

{
P∑

n=N+1

(
Γ(n− q/2− qmK/d)

Γ(n)

)2/q
}q/2

.

Furthermore the arguments used in the proof of the proposition 3.2 leads to

E(|Yh(x)− Yh,N (x)|q) ≤
(

d

2mK

)q/2

sup
x∈K

Aq,x
DN,q(mK)

N qmK/d
.

As a result,

E

(
‖Yh − Yh,N‖q

p,K

)
≤ Cq

DN,q(mK)

N qmK/d
,

where Cq = d
q/p
K

(
d

2mK

)q/2

supx∈K Aq,x.

Consequently, the Borel-Cantelli lemma yields the following corollary.

Corollary 3.2. Let H ′ < minK h. Then there exists a finite positive random variable C such that, almost
surely,

∀N ≥ 1, ‖Yh − Yh,N‖p,K ≤ C

NH′/d
.

In practice, when ν is a finite measure, one simulates the sample paths of Yh which is equal in law to Xh

owing to a generalized shot noise series representation. However when ν is not a finite measure, it becomes
more complicated. The field Xh is split into two fields Xε,1 and Xε,2. First Xε,2 can be simulated as a
generalized shot noise series. Then, the next section gives conditions to approximate Xε,1 by a Multifractional
Brownian Motion.
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4 Normal Approximation

In this part ν is not supposed to be finite. Then let ε > 0 and let us split Xh = Xε,1 + Xε,2 into two random
fields where

Xε,1(x) = 2

∫

Rd×C

<(f(x, ξ)z)1|z|<ε Ñ(dξ, dz), (23)

and

Xε,2(x) = 2

∫

Rd×C

<(f(x, ξ)z)1|z|≥ε Ñ(dξ, dz). (24)

Let us consider the two independent Poisson random measures

Nε,1(dξ, dz) = 1|z|<ε N(dξ, dz)

and
Nε,2(dξ, dz) = 1|z|≥ε N(dξ, dz).

Let Mε,i be the Lévy random measure associated with Nε,i by (2). Remark that Xε,i is a RHMLM associated
with Mε,i. Moreover Xε,1 and Xε,2 are independent. Notice that the control measure νε,2(dz) = 1|z|≥ε ν(dz)
of Mε,2 is finite. Therefore Xε,2 can be simulated as a generalized shot noise series, see section 3.

Now it remains to approximate Xε,1. In [2], it is proposed to simulate the small jump part of a Lévy
process by a Brownian Motion. Here proposition 4.1 gives sufficient conditions to approximate Xε,1 by a
Multifractional Brownian Motion. These conditions are closely related to those given in [2] for Lévy processes.

Let us introduce νε,1(dz) = 1|z|<ε ν(dz) the control measure of Mε,1 and

σ(ε) =

(∫

0<ρ<ε

ρ2 νρ(dρ)

)1/2

. (25)

The following proposition can be stated with simpler conditions, see corollary 4.1. However in some simple
cases, the assumptions of this proposition are satisfied whereas those of corollary 4.1 are not. An example that
comes from [2] will be then given.

Proposition 4.1. Suppose that for each κ > 0,

H1 σ(κσ(ε) ∧ ε) ∼ σ(ε) as ε → 0+

then

lim
ε→0+

(
Xε,1(x)

σ(ε)

)

x∈Rd

(d)
= (Ch(x)Bh(x))x∈Rd , (26)

where the limit is in distribution for all finite-dimensional margins, Bh is a standard Multifractional Brownian
Motion with multifractional function h and

Ch(x) =

(
4 π(d+3)/2 Γ(h(x) + 1/2)

h(x) Γ(2h(x)) sin (πh(x)) Γ(h(x) + d/2)

)1/2

. (27)

Let us recall that h is a locally β-Hölder function. Let K ⊂ Rd be a compact set, mK = minK h and

pK = 1 +
[

d
2min (mK ,β)

]
. Then if H1 and

H2 ∃ε0 > 0, ∃C ∈]0, +∞[, ∀ε ≤ ε0,

∫

0<ρ<ε

ρ2pK νρ(dρ) ≤ Cσ2pK (ε)

are satisfied, the convergence (26) is a convergence in distribution on the space EK of continuous functions on
K endowed with the topology of uniform convergence.

For the sake of clearness, the proof of this proposition is given in appendix.

Remark 4.1.

• Suppose that H2 is satisfied for all closed balls of Rd. Then under H1, the convergence (26) is a
convergence in distribution on the space of continuous functions endowed with the topology of uniform
convergence on compact sets.
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• When d = 1 and mK > 1/2, pK = 1 and H2 is fulfilled.

As it is done in [2], a simpler convergence condition is given.

Corollary 4.1. If

H3 lim
ε→0+

σ(ε)

ε
= +∞,

then the assumptions H1 and H2 are satisfied.

Proof. The comparison between H3 and H1 has already been done in [2]. Moreover for k ≥ 1,

∫

0<ρ<ε

ρ2k νρ(dρ) ≤ ε2k−2σ2(ε).

Thanks to this inequality, H3 implies H2.

It can be shown by the same way that H2 is satisfied as soon as

lim inf
ε→0+

σ(ε)

ε
> 0.

Let us give an example which satisfies the assumptions H1 and H2 of proposition 4.1 whereas it does not
satisfy H3. In fact it is the Example 2.1 in [2].

Example 4.1. Let (an)n≥1 be a decreasing sequence such that

lim
n→+∞

an = 0 and lim
n→+∞

an+1

an
= 0.

Assume that a1 = 1. Let νρ be a Lévy measure on ]0, +∞[ such that

σ(ε) =

{
an for ε ∈]an+1, an]
1 for ε ≥ 1.

First, the Lévy measure ν associated to νρ by (5) satisfies (1). Moreover since lim infε→0+

σ(ε)
ε = 1, H3 is not

fulfilled whereas H2 is. Moreover according to [2], H1 is satisfied. As a result, proposition 4.1 can be applied.

Let us now discuss the rate of convergence in terms of Berry-Esseen bounds. For the sake of simplicity,
Xε,1(x) is supposed to have a moment of order three, which allows us to apply the classical Berry-Esseen
inequality. However a generalization of the classical Berry-Esseen inequality, see Theorem 5.7 in [16], under
weaker moment assumption, allows us to extend the following results. Then an estimation in term of Berry-
Esseen bounds is deduced from the next lemma which is a consequence of the classical Berry-Esseen inequality.

Lemma 4.1. Let µ be an infinitely divisible law on R such that
∫

R
|x|3 µ(dx) < +∞ and

∫
R

x µ(dx) = 0. Then

sup
x∈R

∣∣∣∣∣µ(]−∞, x[)−
∫ x/σ

−∞
e−u2/2 du√

2π

∣∣∣∣∣ ≤ 0.7975 σ−3

∫

R

|x|3 Λ(dx),

where σ =
(∫

R
|x|2 µ(dx)

)1/2

and Λ is the Lévy measure of µ.

Proof. Let (Z(t))t≥0 be a Lévy process such that µ is the law of Z(1). Then proceed as in the proof of
Theorem 3.1 page 487 in [2], i.e. write

Z(1) =

n∑

k=1

(
Z

(
k

n

)
− Z

(
k − 1

n

))
.

Hence Z(1) is a sum of i.i.d real-valued random variables with mean zero and variance σ2/n. Moreover,
according to [2],

lim
n→+∞

nE

(∣∣∣∣Z
(

1

n

)∣∣∣∣
3
)

=

∫

R

|x|3 Λ(dx).

Therefore the conclusion is given by the classical Berry-Esseen inequality.
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Then an estimation in term of Berry-Esseen bounds of the rate of convergence stated in proposition 4.1
can be given.

Proposition 4.2. Let K ⊂ Rd be a compact set, y′ ∈ E′
K and assume that maxK h < 1 − d/6. Then

supx∈K |f(x, ξ)| ∈ L3
(
Rd
)

and

sup
u∈R

∣∣∣P
(
< y′, Xε,1|K >≤ u

)
− P

(
< y′, σ(ε)(ChBh)|K >≤ u

)∣∣∣ ≤ C(y′)
m3

3(ε)

σ3(ε)

where m3
3(ε) =

∫
0<ρ<ε

ρ3 νρ(dρ) and

C(y′) =

8 A

∫

Rd

∣∣∣< y′, f(·, ξ)|K >
∣∣∣
3

dξ

3

(
π

∫

Rd

∣∣∣< y′, f(·, ξ)|K >
∣∣∣
2

dξ

)3/2
,

with A = 0.7975.

Proof. < y′, Xε,1|K > is a real-valued infinitely divisible random variable. Its Lévy measure Λ is the push

forward of νε,1 by

(ξ, z) 7−→ 2<
(
< y′, f(·, ξ)|K > z

)
.

Therefore,

E

(∣∣∣< y′, Xε,1|K >
∣∣∣
2
)

= 4

∫

Rd×C

∣∣∣2<
(
< y′, f(·, ξ)|K > z

)∣∣∣
2

1|z|<ε dξ ν(dz)

= 4π σ2(ε)

∫

Rd

∣∣∣< y′, f(·, ξ)|K >
∣∣∣
2

dξ

= Var
(
< y′, σ(ε)(ChBh)|K >

)
.

Moreover, ∫

R

|x|3 Λ(dx) = 4 m3
3(ε)

∫ 2π

0

|cos θ|3 dθ

∫

Rd

∣∣∣< y′, f(·, ξ)|K >
∣∣∣
3

dξ

= 64
3 m3

3(ε)

∫

Rd

∣∣∣< y′, f(·, ξ)|K >
∣∣∣
3

dξ.

One concludes by applying the lemma 4.1.

Remark 4.2. In proposition 4.2, the assumption maxK h < 1− d/6 means that for every x ∈ K, Xh(x) has
moment of order three. However the preceding proposition can be generalized to any RHMLM. In fact there

always exists δ ∈]0, 1[ such that maxK h < 1−d/2+d/(2 + δ). Then for every x ∈ K, E

(
|Xε,1(x)|2+δ

)
< +∞.

As a consequence, a generalization of proposition 4.2 is obtained owing to Theorem 5.7 in [16].

Hence, in the case where ν is not a finite measure, Xh can be approximated in law as soon as ν satisfies
assumptions of proposition 4.1. In this case, according to propositions 4.1 and 3.1, an approximation is given
by

Yε,N (x) = σ(ε)C(h(x))Bh(x) + 2

N∑

n=1

<
(

f

(
x,

(
Tn

cd ν(C)

)1/d

Un

)
Zε,n

)
,

where Bh, Tn, Un and Zε,n are independent. Tn and Un are defined in section 3. We have that (Zε,n)n are
i.i.d. random variables with common law νε,2(dz)/νε,2(C). It is supposed that νε,2(C) 6= 0, which is the case
for ε sufficiently small.

Then the approximations given in section 3 and section 4 are used in the next part to generate sample
paths of Xh. First, examples of RHMLMs with finite control measure are given since it is the simplest case of
simulation.
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5 Simulation

5.1 Case of finite measure

Suppose here that 0 < ν(C) < +∞. Let us recall that

Yh,N (x) = 2

N∑

n=1

<
(

f

(
x,

(
Tn

cd ν(C)

)1/d

Un

)
Zn

)
.

converges almost surely to Yh which is equal in law to Xh. Therefore the sample paths of Yh are simulated
and are approximated by Yh,N .

Let us present some examples. Suppose that ν is the uniform law on the unit circle of C. Then ν(C) = 1.
First assume that h is constant to H , which means that Xh is a RHFLM. According to [3], the sample

paths of XH = Xh are locally Hölderian. Furthermore, the pointwise Hölder exponent does not vary along
the trajectory and is almost surely equal to H . Figure 1 yields illustrations of these facts.

Let now h : Rd −→ ]0, 1[ be a locally β-Hölder function. The pointwise Hölder exponent of a RHFLM is
constant but for a general RHMLM it is not. More precisely, if h(x) < β, the pointwise Hölder exponent at
point x of Xh is almost surely equal to h(x). In figure 2, examples of RHMLMs are given. One can observe
that the regularity varies along the trajectory as h does. The greater h(t) is, the smoother the trajectories are
on a neighbourhood of t.
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Figure 1: Examples of RHFLMs
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h(t) = 0.3 + 0.6t h(t) = 0.3 + 0.6
1+exp(−20(t−0.5)) h(t) = 0.6 + 0.3 sin(4πt);

Figure 2: Examples of RHMLMs

When ν is a finite measure, simulations exhibit the same smoothness properties as the theoretical model.
Next paragraph is devoted to examples of RHMLMs in the case where ν is not a finite measure.
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5.2 Case of infinite measure

Suppose that ν is a measure which satisfies the assumptions of proposition 4.1. Hence Xh is split into two in-
dependent RHMLMs Xε,1 and Xε,2, defined by (23) and (24). Then for ε sufficiently small, 0 < νε,2(C) < +∞.

Let (Zε,n)n be a sequence i.i.d. random variables with common law νε,2(dz)/νε,2(C) and Bh a standard
Multifractional Brownian Motion. Let us recall that (Un)n is a sequence of i.i.d uniform random variables on
Sd−1 and Tn is the nth arrival time of a Poisson process with intensity 1. Assume that Bh, (Zε,n)n, (Un)n

and (Tn)n are independent. As a consequence,

Yε,N (x) = σ(ε)Ch(x)Bh(x) + 2

N∑

n=1

<
(

f

(
x,

(
Tn

cd ν(C)

)1/d

Un

)
Zε,n

)
,

approximates a field Yh which is equal in law to Xh.

In order to simulate Bh, we use J.-F. Coeurjolly’s programs which are available on

http://www-lmc.imag.fr/SMS/software.html.

More precisely, the Fractional Brownian Motion (case h constant) is generated by the method of circulant
embedding, introduced in [23].

Let us now give some examples. Assume that νρ(dρ) is a truncated α-stable measure. More precisely,
suppose that

νρ(dρ) = 10<ρ<1
dρ

ρ1+α
,

with 0 < α < 2. Let 0 < ε < 1. Then

νε,2(C) =
2π(ε−α − 1)

α
and σ2(ε) =

ε2−α

2− α
.

Figures 3 and 4 present some examples of RHMLMs with control measure ν. Like in the case of finite measures,
the theoretical smoothness of the trajectory is observed.
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Figure 3: Examples of RHFLMs

Appendix

A Proof of the proposition 3.3

In the case where d ≥ 2, the proof of the proposition 3.3 is based on the study of the asymptotic of

Kn(y, b) =

∫ +∞

0

eir1/dyrn−be−r dr, (28)

where y ∈ R and b > 0. Else, if d = 1, the proof of the proposition 3.3 is simpler. The next lemma gives the
asymptotic of Kn.
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Figure 4: Examples of RHMLMs

Lemma A.1. Let d ≥ 2, y ∈ R and b > 0. Then

lim
n→+∞

Kn(y, b)

nn−b+1/2 e−nein1/dy
=





√
2π e−y2/8 if d = 2,

√
2π if d ≥ 3.

Proof. Let

K̃n(y, b) =
Kn(y, b)

nn−b+1/2 e−nein1/dy
.

By applying the change of variables s = r−n√
n

,

K̃n(y, b) = e−in1/dy

∫ +∞

−√n

ein1/d(1+s/
√

n)1/d
y

(
1 +

s√
n

)n−b

e−s
√

n ds.

A Taylor expansion leads to

lim
n→+∞

(
1 +

s√
n

)n−b

e−s
√

n = e−s2/2.

Moreover, using a Taylor expansion,

lim
n→+∞

e−in1/dyein1/d(1+s/
√

n)1/d
y =





eisy/2 if d = 2,

1 if d ≥ 3.

Consequently,

lim
n→+∞

e−in1/dyein1/d(1+s/
√

n)
1/d

y

(
1 +

s√
n

)n−b

e−s
√

n =





eisy/2e−s2/2 if d = 2,

e−s2/2 if d ≥ 3.

We do not directly apply a dominated convergence argument. Let us first write

K̃n(y, b) = K̃n,1(y, b) + K̃n,2(y, b),

where

K̃n,1(y, b) =

∫ +∞

√
n

gn(y, b, s) ds

and

K̃n,2(y, b) =

∫ √
n

−√n

gn(y, b, s) ds

with gn(y, b, s) = e−in1/dy ein1/d(1+s/
√

n)1/d
y

(
1 +

s√
n

)n−b

e−s
√

n.
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Study of K̃n,1(y, b) Remark that

∣∣∣K̃n,1(y, b)
∣∣∣ ≤

∫ +∞

√
n

(
1 +

s√
n

)n−b

e−s
√

n ds

≤
∫ +∞

√
n

(
1 +

s√
n

)n

e−s
√

n ds,

since b > 0 and 1 + s/
√

n ≥ 1. Furthermore, integrating by parts leads to

∫ +∞

√
n

(
1 +

s√
n

)n

e−s
√

n ds ≤
(
2n+1 − 1

)e−n

√
n

.

As a consequence,

lim
n→+∞

K̃n,1(y, b) = 0. (29)

Study of K̃n,2(y, b) Let us recall that

lim
n→+∞

gn(y, b, s) =





eisy/2e−s2/2 if d = 2,

e−s2/2 if d ≥ 3.

Let n > b. Let us notice that for every |x| < 1, ln (1 + x) ≤ x− x2/6. Then,

|gn(y, b, s)|1|s|<√n ≤ e
− bs√

n e−
n−b
6n s2

≤ ebe−
n−b
6n s2

since
∣∣∣ bs√

n

∣∣∣ ≤ b. Then for n sufficiently large,

|gn(y, b, s)|1|s|<√n ≤ ebe−
s2

12 ,

for every s ∈ R. Therefore, using a dominated convergence argument, one concludes that

lim
n→+∞

K̃n,2(y, b) =





∫

R

eisy/2e−s2/2 ds if d = 2,

∫

R

e−s2/2 ds if d ≥ 3.

As a consequence,

lim
n→+∞

K̃n,2(y, b) =





√
2π e−y2/8 if d = 2,

√
2π if d ≥ 3.

(30)

The conclusion is then given by (29) and (30).

Let us now prove the proposition 3.3.

Proof. Let x ∈ Rd\{0}. In the following, the notation is the same as in the proof of proposition 3.2. Let us
first recall that

E

(
|RN,P (x)|2

)
= E





(
P∑

n=N+1

ξ̃n(x)

)2


,

where ξ̃n(x) = 2

∣∣∣∣f
(

x,
(

Tn

cd ν(C)

)1/d

Un

)∣∣∣∣<(Zn).
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Therefore, since (<(Zn))n is a sequence of i.i.d symmetric random variables and since this sequence is inde-
pendent of (Un, Tn)n,

E

(
|RN,P (x)|2

)
=

P∑

n=N+1

E

(
ξ̃n

2
(x)
)
.

Moreover, RN,P (x) converges to Yh(x)− Yh,N (x) in quadratic mean as P → +∞. Therefore,

E

(
|Yh(x)− Yh,N (x)|2

)
=

+∞∑

n=N+1

E

(
ξ̃n

2
(x)
)

= 4 E
(
<2(Z1)

) +∞∑

n=N+1

E





∣∣∣∣∣f
(

x,

(
Tn

cd ν(C)

)1/d

Un

)∣∣∣∣∣

2


.

Then, by definition of the sequence (Tn, Un)n≥1,

E

(
|Yh(x)− Yh,N (x)|2

)
= 4(cdν(C))

1+2h(x)/d
E
(
<2(Z1)

) +∞∑

n=N+1

In

(
x

(cdν(C))
1/d

)
, (31)

where for every v ∈ Rd,

In(v) =

∫

Sd−1

∫ +∞

0

∣∣∣e−ir1/dv·u − 1
∣∣∣
2

rn−2−2h(x)/d e−r dr

(n− 1)!

σd−1(du)

σd−1(Sd−1)
.

Let n > 1 + 2h(x). Let us remark that

In(v) =
2Γ(n− 1− 2h(x)/d)

Γ(n)
− 2

Γ(n)
<(Jn(v))

with

Jn(v) =

∫

Sd−1

∫ +∞

0

rn−2−2h(x)/d eir1/dv·u−r dr
σd−1(du)

σd−1(Sd−1)
.

Let us assume in the following that v 6= 0.

Step 1 Case d = 1 Using the characteristic function of a Gamma-distribution, we obtain that

Jn(v) =
(
1 + v2

)h(x)/d+(1−n)/2
cos ((n− 1− 2h(x)/d) arctan v)Γ(n− 1− 2h(x)/d).

Hence, since v 6= 0,

In(v) ∼ 2Γ(n− 1− 2h(x)/d)

Γ(n)
. (32)

as n → +∞.

Step 2 Case d ≥ 2 We prove that the equivalence (32) remains true for d ≥ 2. It is then sufficient to prove
that

lim
n→+∞

Jn(v)

Γ(n− 1− 2h(x)/d)
= 0. (33)

Remark that

Jn(v) =

∫

Sd−1

Kn(v · u, 2 + 2h(x)/d)
σd−1(du)

σd−1(Sd−1)
,

where Kn is defined by (28).
Since

Γ(n− 1− 2h(x)/d) ∼
√

2πnn−3/2−2h(x)/de−n,

by applying the lemma A.1,

lim
n→+∞

Kn(v · u, 2 + 2h(x)/d)

Γ(n− 1− 2h(x)/d)
e−in1/dv·u = ld(v · u),
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where ld(y) =

{
e−y2/8 if d = 2,

1 if d ≥ 3.

Furthermore,
Jn(v)

Γ(n− 1− 2h(x)/d)
= Jn,1(v) + Jn,2(v),

where

Jn,1(v) =

∫

Sd−1

ein1/dv·u ld(v · u)
σd−1(du)

σd−1(Sd−1)

and

Jn,2(v) =

∫

Sd−1

(
Kn(v · u, 2 + 2h(x)/d)

Γ(n− 1− 2h(x)/d)
e−in1/dv·u − ld(v · u)

)
ein1/dv·u σd−1(du)

σd−1(Sd−1)
.

Let us first remark that by definition,

0 ≤ |Kn(v · u, 2 + 2h(x)/d)|
Γ(n− 1− 2h(x)/d)

≤ 1.

Then, a dominated convergence argument leads to

lim
n→+∞

Jn,2(y) = 0.

Furthermore, by rotational invariance of the measure σd−1(du),

Jn,1(v) =

∫

Sd−1

ein1/d‖v‖e1·u ld(‖v‖e1 · u)
σd−1(du)

σd−1(Sd−1)

with e1 = (1, 0, . . . , 0) ∈ Rd. As a consequence,

Jn,1(v) =
Γ(d/2)√

πΓ((d− 1)/2)

∫ 1

−1

ein1/d‖v‖s ld(‖v‖s)
(
1− s2

)(d−3)/2
ds.

Let us recall that v 6= 0. Therefore, by the Riemann-Lebesgue lemma,

lim
n→+∞

Jn,1(y) = 0.

As a result,

lim
n→+∞

Jn(v)

Γ(n− 1− 2h(x)/d)
= 0,

which implies (32).

Step 3 Conclusion By applying (32) and the Stirling formula,

In(v) ∼ 2

n1+2h(x)/d
.

Then, because of (31), as N → +∞,

E

(
|Yh(x)− Yh,N (x)|2

)
∼ 4(cdν(C))

1+2h(x)/d
E
(
<2(Z1)

) +∞∑

n=N+1

2

n1+2h(x)/d
,

which gives the conclusion.

B Proof of the proposition 4.1

This part is devoted to the proof of the proposition 4.1.

18



Proof of proposition 4.1. Let Yε(x) =
Xε,1(x)

σ(ε) .

Convergence of the finite dimensional margins
Let r ∈ N∗, u = (u1, · · · , ur) ∈

(
Rd
)r

and v = (v1, · · · , vr) ∈ Rr. Then

r∑

k=1

vkYε(uk) =

∫

Rd

g(ξ, u, v)

σ(ε)
Mε,1(dξ),

where

g(ξ, u, v) =
r∑

k=1

vkf(uk, ξ)

Thus by (4),

E

(
r∑

k=1

vkYε(uk)

)
= exp (Ψε(u, v))

with

Ψε(u, v) =

∫

Rd×C

(
exp

(
2i<(g(ξ, u, v)z)

σ(ε)

)
− 1− 2i<(g(ξ, u, v)z)

σ(ε)

)
dξ νε,1(dz).

Then by rotational invariance of ν,

Ψε(u, v) =

∫

Rd×[0,2π]

Iε(2|g(ξ, u, v)| cos (θ)) dξ dθ,

where for every y ∈ R,

Iε(y) =

∫ +∞

0

(
ei yρ

σ(ε) − 1− i
yρ

σ(ε)

)
10<ρ<ε νρ(dρ).

Under the assumption H1, see [2],

lim
ε→0+

Iε(y) =
−y2

2
.

Moreover, since

∀y ∈ R, |Iε(y)| ≤ y2

2
,

a dominated convergence argument yields

lim
ε→0+

Ψε(u, v) = −2π

∫

Rd

∣∣∣∣∣

r∑

k=1

vk

(
e−iuk ·ξ − 1

)

‖ξ‖h(uk)+d/2

∣∣∣∣∣

2

dξ

= − 1
2Var

(
r∑

k=1

vkCh(uk)Bh(uk)

)
,

where Bh is a standard Multifractional Brownian Motion and where for every x ∈ Rd,

Ch(x) =

(
4π

∫

Rd

∣∣e−ie1·ξ − 1
∣∣2

‖ξ‖d+2h(x)
dξ

)1/2

,

with e1 = (1, 0, · · · , 0) ∈ Rd.
Let us now prove the formula (27) i.e.

Ch(x) =

(
4 π(d+3)/2 Γ(h(x) + 1/2)

h(x) Γ(2h(x)) sin (πh(x)) Γ(h(x) + d/2)

)1/2

,

which will conclude the proof of the convergence of the finite dimensional margins. In fact, when d = 1, this
formula is already known, see pages 328-329 in [20]. Suppose that d ≥ 2. Then, thanks to polar coordinates,

C2
h(x) = σd−2

(
Sd−2

) ∫

R

∣∣e−ir − 1
∣∣2

r1+2h(x)
dr

∫ π/2

0

(cos θ)
2h(x)

(sin θ)
d−2

dθ.
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By applying the formula (27) for d = 1,

C2
h(x) =

π(d+3)/2B(H + 1/2, (d− 1)/2)

h(x)Γ(2h(x)) sin (πh(x))Γ((d− 1)/2)
,

where B is the Beta-function. Then, the formula (27) is deduced from the relations between the Beta-function
and the Gamma-function.

Tightness Now assume that H1 and H2 are satisfied. Let us prove that the family
{
(Yε(x))x∈K , ε > 0

}
is

tight in EK . The field Yε is split into two fields Yε = Y +
ε + Y −

ε where

Y +
ε (x) =

1

σ(ε)

∫

Rd

e−ix·ξ − 1− Pn(−ix · ξ)1‖ξ‖≤1

‖ξ‖h(x)+d/2
Mε,1(dξ)

and

Y −
ε (x) =

1

σ(ε)

∫

‖ξ‖≤1

Pn(−ix · ξ)
‖ξ‖h(x)+d/2

Mε,1(dξ)

with n ∈ N∗ such that n > d/2 and

Pn(t) =

n∑

k=1

tk

k!
.

According to [11], the sample paths of Y +
ε and Y −

ε are continuous. Therefore to prove the tightness of (Yε)ε

in EK , it is sufficient to prove the tightness of (Y +
ε )ε and (Y −

ε )ε. Since Y +
ε has moments of every order, the

tightness of (Y +
ε )ε>0 is shown owing to the Kolmogorov criterion.

Step 1: Tightness of (Y +
ε )ε

Let x0 ∈ K. Notice that

E

(∣∣Y +
ε (x0)

∣∣2
)

= E

(∣∣Y +
1 (x0)

∣∣2
)

< +∞.

As a result, (Y +
ε (x0))ε>0 is a tight family of random variables.

Moreover by proposition 2.2 in [3],

∥∥Y +
ε (u)− Y +

ε (v)
∥∥2pK

2pK
=

pK∑

m=1

(2π)m
∑

Lm

m∏

q=1

(2lq)! ‖gn(u, v, ·)‖2lq
2lq

m
2lq
2lq

(ε)

σ2lq (ε)lq!
, (34)

where m
2lq
2lq

(ε) =
∫
0<ρ<ε

ρ2lq νρ(dρ), gn(u, v, ξ) = g+
n (u, ξ)− g+

n (v, ξ) with

g+
n (y, ξ) =

e−iy·ξ − 1− Pn(−iy · ξ)1‖ξ‖≤1

‖ξ‖h(y)+d/2
,

and where
∑

Lm
stands for the sum over the set of partitions Lm of {1, . . . , 2pK} in m subsets Kq such that

the cardinality of Kq is 2lq with lq ≥ 1.
Moreover, by lemmas 3.2 and 3.3 in [11], there exists C > 0 such that

∀(u, v) ∈ K2, ‖gn(u, v, ·)‖2lq
2lq

≤ C‖u− v‖2lq min (mK ,β)
. (35)

Let us now study
m

2lq
2lq

(ε)

σ2lq (ε)
for 1 ≤ lq ≤ pK . Since

1

2pK
≤ 1

2lq
≤ 1

2
,

there exists θ ∈ [0, 1] such that
1

2lq
=

θ

2
+

1− θ

2pK
.

Therefore by the Hölder inequality,

(∫

0<ρ<ε

ρ2lq νρ(dρ)

) 1
2lq

≤
(∫

0<ρ<ε

ρ2 νρ(dρ)

) θ
2
(∫

0<ρ<ε

ρ2pK νρ(dρ)

) 1−θ
2pK

.
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Consequently by H2,
m2lq (ε) ≤ C1−θσ(ε). (36)

Then owing to (34), (35) and (36), there exists C > 0 such that

∀ε ≤ ε0, ∀(u, v) ∈ K2,
∥∥Y +

ε (u)− Y +
ε (v)

∥∥2pK

2pK
≤ C‖u− v‖2pK min (mK ,β).

As 2pK min (mK , β) > d, (Y +
ε )ε≤ε0

is a tight family in EK .

Step 2: Tightness of (Y −
ε )ε

Let x0 ∈ K. E

(
|Y −

ε (x0)|2
)

does not depend on ε and is finite, which gives the tightness of (Y −
ε (x0))ε>0.

For the sake of clearness, for α = (α1 · · · , αd) ∈ Nd and z = (z1 · · · , zd) ∈ Cd, let

|α| =
d∑

j=1

αj and zα =
d∏

j=1

zj
αj .

For u ∈ Rd and 0 < y < 1,

Zε,n(u, y) =
1

σ(ε)

∫

‖ξ‖≤1

Pn(−iu · ξ)
‖ξ‖y+d/2

Mε,1(dξ).

Therefore Y −
ε (u) = Zε,n(u, h(u)). On the other hand,

Zε,n(u, y) =
∑

1≤|α|≤n

Cαuα Y α
ε (y).

where for α = (α1 · · · , αd) ∈ Nd,

Y α
ε (y) =

1

σ(ε)

∫

‖ξ‖≤1

(−iξ)α

‖ξ‖y+d/2
Mε,1(dξ).

Then

|Y −
ε (u)− Y −

ε (v)| ≤ |Zε,n(u, h(u))− Zε,n(v, h(u))|+ |Zε,n(v, h(u))− Zε,n(v, h(v))|

≤
∑

1≤|α|≤n

|Cα Y α
ε (h(u))||uα − vα|+

∑

1≤|α|≤n

|Cα vα||Y α
ε (h(u))− Y α

ε (h(v))|.

Since there exists C > 0 such that for every (u, v) ∈ K2, |uα − vα| ≤ C‖u− v‖ and |vα| ≤ C, then

∣∣Y −
ε (u)− Y −

ε (v)
∣∣ ≤ C


‖u− v‖

∑

1≤|α|≤n

|Y α
ε (h(u))|+

∑

1≤|α|≤n

|Y α
ε (h(u))− Y α

ε (h(v))|




Therefore by continuity of h, to obtain the tightness of (Y −
ε )ε , it is sufficient to show that for each α ∈ Nd

such that 1 ≤ |α| ≤ n,

1. (Y α
ε )ε is tight in the space of the continuous functions on [mK , MK ], where MK = maxK h.

2. the family
(
sup[mK ,MK ] |Y α

ε (y)|
)

ε
is tight.

According to [5], 2 is a consequence of 1. Moreover,

E

(
|Y α

ε (mK)|2
)

= E

(
|Y α

1 (mK)|2
)

< +∞

and by a Taylor expansion,

∀ε > 0, ∀(y, y′) ∈ [mK , MK ]2, E

(
|Y α

ε (y)− Y α
ε (y′)|2

)
≤ C|y − y′|2,

which by the Kolmogorov criterion gives 1 and concludes the proof.
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