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Abstract

In this article, we study the static and time-dependent Maxwell equations in ax-
isymmetric geometry. Using the mathematical tools introduced in [3], we investigate
the decoupled problems induced in a meridian half-plane, and the splitting of the so-
lution in a regular part and a singular part, the former being in the Sobolev space
H' component-wise. It is proven that the singular parts are related to singularities of
Laplace-like or wave-like operators. We infer from these characterisations: (i) the finite
dimension of the space of singular fields; (ii) global space and space-time regularity
results for the electromagnetic field. This paper is the continuation of [5, 3].

Introduction.

In the recent years, an ever-growing number of engineering problems requiring to model
and to simulate numerically devices working with or within electromagnetic fields have
come out. The mathematical models describing the physics of these devices are based on
Maxwell’s equations, in the stationary or time-dependent form, often coupled with other
equations.

Moreover, many structures that are to be modelled have a complex three-dimensional
geometry and often present a surface with edges or corners. These geometrical singularities
can generate very strong fields that have to be taken into account, be they desired as
an active part of the device (e.g. to extract electrons from a velvet cathode), or the
consequence of a priori constraints on the design, whose potentially destructive effects
have to be controlled.

However, three-dimensional computations are very expensive. In a number of cases, one
reduces the problem to two-dimensional equations by assuming that both the geometry and
the data and initial conditions are independent of one of the coordinates. As a first step,
we considered in a previous article [5] problems independent of the transversal variable z
to reduce them to two-dimensional Cartesian ones.

In this paper, we consider the case of an axisymmetric situation, that can be viewed
as an intermediate between a full three-dimensional problem and a two-dimensional one.
Indeed, while the geometry of real devices is very rarely Cartesian, it is much more com-
mon to have an axial symmetry, at least approximately or locally. In other words, the
axisymmetric geometry can be considered as a zero-order approximation of a real three-
dimensional case [6].

Nevertheless, very few mathematical analyses have been carried out in the framework
of axisymmetric problems [15, 6]. In this paper, we propose to study the static and time-
dependent Maxwell equations in axisymmetric geometry. It is the continuation of [3],
where the mathematical tools were introduced, and will be followed by a forthcoming
paper where numerical developments and applications will be shown.

The article is organised as follows. Section 1 recalls the basic facts about the static and
time-dependent Maxwell equations. Section 2 gives the fundamental results and definitions
associated to the axisymmetric geometry. In Section 3, we set the functional-analytic
framework adapted to the study of boundary-value problems in this geometry, i.e. we
describe various properties of axisymmetric and weighted Sobolev spaces as well as the
variational elliptic problems defined on them. Then, in Section 4, we propose several
closedness results, which are related to the lack of density of regular (i.e. H' component-
wise) fields in the natural spaces of electromagnetic fields. This further leads to the
splitting of the electromagnetic field in regular and singular parts. The latter are related to



the singular solutions of some Laplace-like problems through integration by parts formulae,
which will be useful throughout the paper. Most of the material of the latter three Sections
is dealt with in [3], to which we refer the reader interested in the details.

Section 5 is devoted to the study of the singular solutions of the Laplace-like problems,
which allows to characterise the singular parts and especially their dimension. In Section 6,
an in-depth examination of the static Maxwell equations is performed. We focus on
two topics: the decoupling, induced by the axial symmetry, of the equations into two
systems posed in the meridian half-plane; and its relationship with the splitting in regular
and singular parts. As a byproduct, we determine the global space regularity of the
electromagnetic field. This study is one of the two ingredients needed for the understanding
of the time-dependent equations. The other one is the analysis of singularities of a wave-
like problem, which is carried out in Section 7. Finally, Section 8 investigates the time-
dependent equations, in the spirit of Section 6; we conclude with a space-time regularity
result for the electromagnetic field.

1 The Maxwell problems.

Let © be a bounded and simply connected domain of R3, I' its Lipschitz boundary, and
n the unit outward normal to I". Note that the case of a domain, which is not simply
connected, is treated very carefully in [2, 11]. We assume that I' is made of a perfectly
conducting material.

1.1 The static Maxwell equations.

There are two div-curl problems, depending on the boundary condition. The electrostatic
(or Dirichlet) problem is, for F* € J" = Hy(div0; ), and G € £L? = L2(Q):
Find U? € L2(Q) such that

curl/ = F"inQ, (1)
divi = G%inQ, (2)
Uxn = OonT. (3)

The boundary condition on F" is imposed by the condition (3) (cf. [13]): the curl
operator “swaps” the Dirichlet and Neumann boundary conditions, hence the change of
superscripts n/d.

The magnetostatic or Neumann problem is, given F¢ € J¢ = H(div0,Q), and G™ €
Lr={ueL*Q): [[[qudQ=0}: FindUU" € L*(Q) such that

curl/" = F%inQ, (4)
divi" = G"inQ, (5)
U"-n = 0OonT. (6)

The fact that G™ has a mean zero value stems from (6). This condition is satisfied by the
actual magnetic field, which is divergence-free (cf. (21) below).

In order to prove the existence and uniqueness of the solution %™ to these problems, a
possible way is to reformulate the equations as a saddle-point formulation where (2) or (5)
are seen as constraints, and to check that the Lagrange multiplier associated to them is
equal to 0 (see [8] for details). The basic tool in both cases is the Weber inequality, which
stems from the compactness result of [16]:



Proposition 1.1 In X9 = Hy(curl; Q)NH(div; Q) and X" = H(curl; Q)NHg(div; Q), the
semi-norm u — (|| curlu||2 + || div u||3)1/2 is a norm, which is equivalent to the canonical

norm. In other words, there ezists a constant C > 0 such that |[u||3 < C (|| curlul|3 + ||divul|3),
for all w in X% or X".

We shall also need the scalar and vector potentials, which are associated to the Hodge
decomposition

Ut = —grad V4" + curl A", (7)

Notice, once more, the swap of superscripts n/d between the electromagnetic field and its
vector potential, due to the curl operator. Indeed, both the gradient and the curl parts
in (7) satisfy the electric or magnetic boundary conditions.

The scalar potential V' is defined as the variational solution in V¢ = H} (), resp. V" =
{ue H(Q): [[J,udQ =0}, of the Dirichlet, resp. Neumann problem

—AVY" = @Y™ in Q, (8)

vei = OonT, (9)

resp. 8(;2” = OonT. (10)

The vector potential A is the solution in L?(Q) of the Neumann resp. Dirichlet problem
—AAME = Fdin Q, (11)

divA™? = 0inQ, (12)

A*.n = OonT, (13)

(curl4")xn = OonT, (14)

resp. A9xn = OonT. (15)

In both cases, the existence and uniqueness of the vector potential stem once more from
a saddle-point approach [8].

Defining the spaces of potentials by
i = {(p e i . Ap € L™ and, in the Neumann case, Opp = 0}
MU = [Me X" curl M € X"/ and divM =0}

the existence and uniqueness results are summarised in the

Theorem 1.2 The following mappings are isomorphisms of vector spaces:

oi/n B . L:d/n
grad g, div (16)
Mn/d +curl curl gnld

The operators placed above and beneath a horizontal arrow have their source or target
space at the same height. The two operators that come with the left arrow are to be
added; with the right arrow, their are in tensor product.

As a consequence of these isomorphisms, the scalar, resp. vector Laplacian, is an
isomorphism between ®¥/™ and £¥™, resp. M™% and J™/1.

We shall also be interested in the divergence-free problem, i.e. the case G = 0, for
which there holds the simplified chain of isomorphisms:

M/ curl 0d/n curl gnld (17)

with X%/" = {u € x4": divu = 0}.



1.2 The time-dependent Maxwell equations.

Given T >0, Q =2 x]0,T[ and ¥ =T x |0, T, let us recall Maxwell’s equations in time.
Let ¢ and gy be respectively the speed of light and the dielectric permittivity; o and J
the sources (charge and current densities). First, there are the evolution equations:

0 4 B 1.
5 ¢ curlB = 80J in Q, (18)

%—lj +curlé = 0in Q. (19)

Then, the constraint equations, viz. divergence and boundary conditions:

dive = 2in0,
€0

divB = 0in Q,
Exn = 0on?l
B-n = 0OonX.

The charge conservation equation,

0
a—f +divJ =0. (24)
appears as a compatibility condition for (18), given (20).

Last, initial conditions are provided to close the system of equations,
£(0) =&, B(0) = B, (25)

where f(t), u(t) denote the fields x — f(x,t), x — u(x,t)—and similarly f'(¢) : x —
o f(x,t), d(t) : x = Ou(x,t). In the same spirit, we shall measure the space-time
regularity of solutions of evolution problems with the following spaces: if X is some
Banach space of functions over a given domain, we set:

e C™(0,T;X), m € N, resp. C**(0,T; X), a € [0,1]: the space of m times continu-
ously differentiable, resp. Holder continuous of exponent «, functions of ¢ € [0, T,
with values in X;

e IP(0,T;X), p € [1,400]: the space of p-th power integrable functions of ¢ € |0, T]
with values in X;

e WP (0,T;X),s €R, pe€[l,+00]: the Sobolev space of exponent s built upon L? (0,T; X).

In order to prove the existence and uniqueness of the electromagnetic field under
suitable assumptions on the data and the initial conditions, one can use for instance the
semi-group theory [10] to get the

Theorem 1.3 Assume that (Ey, By) belongs to Hy(curl; Q) x H(curl; Q), and that J €
CY(0,T;L?(Q)). Then, there exists one and only one solution to the time dependent prob-
lem (18)-(19), (22), (25), such that

£ €C%0,T;Hy(curl; ) NCH(0,T; L2(Q)),
(26)

B € C%0,T;H(curl; Q) NC'(0,T;L2()).



Assume moreover that o belongs to C°(0,T; L?(S2)), that the charge conservation (24) holds
and that the initial data satisfy

divé'g = @, diVBO = 0, B[) . n|F =0.
0

Then, (20) and (21) are fulfilled, and in addition to (26),

Eect,T;x%), Bec0,T;x™)NCH0,T;H(div; Q)). (27)

(The proof of the first part of the Theorem is a standard application of the semi-group
theory whereas the second part can be obtained through some simple verifications.)

2 The axisymmetric geometry and operators.

2.1 Notations.

In the remainder of this article, we shall treat the special case of an axisymmetric domain 2
generated by the rotation of a polygon w around one of its sides, denoted «y,. The other
sides are denoted y;, 1 <14 < n+ 1, and generate the faces I';, 1 <¢<n+1, of I'. The
other notations are the same as in [3] and will be merely recalled on Figure 1. Of course,
we shall mostly use the cylindrical coordinates (r, 6, z).

Moreover, we assume that the data (F,G) or (p,J) of the static or time-dependent

z
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Figure 1: The domains 2 and w.

problems, and the initial conditions (£y, By), possess an azial symmetry. As a consequence
of the Curie principle (cf. [6]), the same will hold for their solutions U or (£, B).

The definition of axial symmetry for general scalar- or vector-valued distributions is
found in [6, 3]. In practice it means that they are entirely characterised by the data of
their traces (or the traces of their cylindrical components) in a meridian half-plane, or
equivalently that their derivative (or the derivatives of their cylindrical components) with
respect to @ vanishes: T'(x,y,z) = T(r,z) or 09T = 0.



We denote by D'(Q) and D’(€) the spaces of axisymmetric scalar and vector distribu-
tions; D(Q) = D(Q) N D'(Q) and D(Q) = D(Q)3 N D'(Q) the spaces of axisymmetric test
functions and fields. The traces of those spaces in a meridian half-plane are characterised
in [3]. Generally, we constantly denote the subspaces of axisymmetric fields by the sign *:

o L2(0) =L2(Q)ND(Q), H(Q) = H*(Q) ND'(Q) (for s € R);
e L2(Q) = L2(Q) ND'(Q), H(curl; Q) = H(curl; Q) N D’'(Q);
o Xin = xi/n A D/(Q), B = &%/ N D'(Q), and so on.

For any vector field w, we define its meridian and azimuthal components as w,, =
wy € + w, e, and wyg = wg eg. The expression of the differential operators in cylindrical
coordinates, as well as the decoupling of meridian and azimuthal components induced on
them by the axial symmetry, are recalled in [3]. In the remainder of this paper, we shall
need the traces of these operators in the meridian half-plane (r, z). To this end, we define
the following operators:

divy — ou, +8uz di _ Ouy +%+8uz
= or 0z’ W= or r 0z’

1 _Bur_auz ) _Bur_l_%_auz
=y, or’ =, r or’

of of 1 0*’f 10f 0°f
curlf =g et ot ST o Ton

The A" are called the modified Laplacians. At is the trace of the 3D scalar Laplacian for
an axisymmetric function. And for an axisymmetric, azimuthal vector field u, there holds:

1
u:£e9:>Au:— A pey. (28)
r r
These operators satisfy the identities Af= div, grad and A"= — curl_ curl.

2.2 Basic results for the axisymmetric Maxwell problems.

As pointed out earlier, the axial symmetry of the domain, sources, and initial conditions
induces that of the electromagnetic fields, hence the following results:

Proposition 2.1 The following mappings are isomorphisms of vector spaces:

Gd/n B d . . Lvd/n
; gra Xd/n div ; § (29)
Mn/d  +curl curl Jgnld
Aqn/d curl F0d/n curl n/d (30)

Proposition 2.2 If o, J and (£y, By) are azisymmetric, so is the solution to (18)-(25).
And, provided that J € C*(0,T;L?(Q)) and that o € C°(0,T; L?(Q)), there holds

£ect0,T; X%, Bec’0o,T;x™). (31)



3 Some results of functional analysis.

3.1 Sobolev spaces and the axial symmetry.

We briefly recall some results about axisymmetric Sobolev spaces; the proofs can be found
in [6]. To study the traces of those spaces in a meridian half-plane, we introduce the
weighted Lebesgue spaces on w

L (w) = {f: f is measurable on w, / |12 r®drdz < +oo}, a €R,
w

with its canonical norm || - |/g a0, and the related scales of Sobolev spaces Hj(w), with the
canonical norms | - ||s,a,0. In the remainder of the paper, we shall only use the scale up
to s = 2, so we give only those results. The more general ones can be found in [6].

Proposition 3.1 The mapping R : L2 (w) — L2_,(w), f > rf, is an isometry.

Definition 3.2 Let s € [0,2] and set

o ifs#2, H(w) = Hi(w);

0%w

or?

8210 1/2
Brot 1551 1)

o ifs=2, H%(w) = {w € H(w): € L21(w)} , which is a Hilbert space endowed

with the norm ||wl2,4w = <||w

Then, for s in [0, 2], one has the

Proposition 3.3 The trace operator is an isomorphism from H*(Q) to H? (w). Moreover,
when s is an integer, it is an isometry up to a factor \/2w.

Definition 3.4 Let s € [0,2] and set
o ifs#1, H (w) = Hj(w);

e ifs=1, H (w) = H}(w) N L?,(w), which is a Hilbert space endowed with the norm

1/2
1w = ([wlf 10 + lwll§ —10) "

[

Proposition 3.5 The trace operator is an isomorphism from I:IS(Q) to H® (w) x H? (w) X
H? (w), for s in [0,2]; when s is an integer, it is an isometry up to a factor v/2m.

Proposition 3.6 Let v belong to H' (w): vl,, € L?(7,) and v|,, = 0. Hence, if u belongs
to H% (w), then Orul,, € L?(7,) and Oul,, = 0.

Proposition 3.7 The range of the trace operator from ﬁ(curl; Q) is:
R(w) = {w = (wr,wp,w;) : W, € L}(w)?, curlwy, € L}(w), rwy € H';(w)}.



3.2 Some properties of weighted Sobolev spaces.

In this Subsection, we state some criteria for characterising the HZ (w) and H¥ (w) spaces,
especially their transformations by the isometry R introduced in Proposition 3.1, as well
as their consequences on axisymmetric Sobolev spaces H*(Q).

Lemma 3.8 The space H!|(w) is continuously imbedded into L? 5(w), i.e. there exists a
constant K1 such that

Vu€ HY (W), ullf s, < Killgradul§_, . (32)
Proof: Cf. [3], Lemma 4.9. |

Proposition 3.9 The range of the operator R from H' (w) is H'|(w), and the norms
|lull1,—w and ||r u|l1,—1 . are equivalent. Hence, for any axisymmetric and azimuthal vector
field u, the following properties are equivalent

u € H(curl; Q) <= u € H(curl,div;Q) < ue H(Q),
and the canonical norms of these spaces are equivalent.

Proof: The first assertion stems from the previous Lemma, plus a few straightforward
calculations. Now let u = u ey be an axisymmetric azimuthal field; divu = 7~ dyu = 0,
hence u € H(curl, div; Q) iff u € H(curl; Q) and the canonical norms are equal.

Setting v = ru, Proposition 3.7 states that u € H(curl;Q) < v € H' (w); and

Proposition 3.5 that u € H'(Q) <= u € H' (), with equivalent norms in both cases.
Hence u € H(curl; Q) <= u € H'(Q), with equivalent norms. ]

Proposition 3.10 One has:
R[H® (w)] = H{(w) for 0<s<1, R[H(w)] CH (w) forl<s<2.

The canonical norm in R [H* (w)] s ||w||R[HS_(w)] = |lw/rls,—w-

Proof: We already know R [H? (w)] = R [L}(w)] = L%, (w) and R [H (w)] = H!,(w).
The trace of [ﬁO(Q),ﬁl(Q)} — H*(Q) is: [HO (), H' (w)], = H* (w). On the other
hand, the spaces H? | (w) are also defined by interpolation, and given our norm for R [H 5 (w)] ,

we have R [H?® (w)] = H?(w) for 0 < s < 1. Moreover, R [H (w)] = H® | (w) for0 < s < 1
since, for such an s, H® (w) and H? (w) are both equal to H{(w).

Now let 1 < s < 2 and W the field W = (w/r)eyp. We easily check that W ¢

H'(Q) <= weR[H* (w)] and curl W € HL(Q) < (9w, d,w) € R [H™ (w)]” =

H*}'(w)2. Hence, w € R [H* (w)] implies w € H* (). -

Finally, the following criterion will be useful to decide whether some concrete function
belongs to a given Sobolev space or not.

Proposition 3.11 Let A be a point in the meridian half-plane; (p, p) local polar coordi-
nates centred at A, and wy the bounded angular sector {(p,¢) : 0 < p < po, 0 < p < ¢o}.
Let f be a function whose expression in wa is f(p,d) = p® g(¢), with g(¢) € C* ([0, po]).

1. If A is in the open half-plane (r(A) > 0), and w4 is small enough to ensure W N7y, =
0, then: Vs € RT, H® (wa) = H, (wa) and Vs € R, f € H* (wy) < s<a+ 1.

2. If A stands on the axis (r(A) =0), and the axis is taken as the origin of ¢, then:
Vs € RF fE€H; (wa) < s<a+3/2, ‘
"\ fEH  (wy) <= s<a+1/2and g¥(0) =0 forall j €N, j<s.

10



3.3 Variational spaces for the modified Laplacians.

The variational spaces for A" with Dirichlet, resp. Neumann boundary conditions are:
Vit = ﬁ[%(w) ={veH|(w):v=0o0ny} resp. V" = H}(w).

We shall denote V4™ or simply VT any of these spaces. It stems from the Curie principle
and the results of Section 3.1 that:

Proposition 3.12 Let f € V1] and u € V* as well as X > 0. The equality — Nu+Au =
f in the sense of distributions, supplemented in the Neumann case with the boundary
condition dyul, =0€ H}/Z ("), is equivalent to the variational formulation:

Vo € VT, // [grad u - grad v + Auv] rdw = (f,v)n+y v+ (33)
w

Remark 3.1 The space [V1]' is not very easy to describe in 2D. The only types of
f € [V*] that we shall need in the following are: (i) the elements of L?(w), for which

there holds: (f, v)y+y v+ = // fvrdw; (i) the elements of the dual of H}(w) or H'(w)

whose support is away from the axis. In both cases, u seen as a function in  is of H?
regularity near any segment included in -,, hence it satisfies 0, u| e =0 (Proposition 3.6).
|

As a straightforward consequence, we have the following Green’s formulae for A':
Proposition 3.13 Let "t = {u eVt Aty € L} (w) and dyul,, = 0} and
4t = {u e V¥ : Ay € L?(w)}. One has:

Yu € VY vy € o4/ // {Afuv +gradu-gradv} rdw = 0, (34)
w

Yu,v € ®¥/m+, // {Auv—u v} rdw = 0. (35)

Similarly, the variational spaces associated to A~ are
v = szil(w) ={veH! | (w):v=00nv} and V"™ = H!, (w).

We shall denote either space by V¥~ or simply V. Besides the difficulty of the descrip-
tion of the space [V~]' in 2D, another technical point is that the product by r or 1/r of a
distribution is not defined in general. Yet these operations are underlying in the use of A7
cf. (28). Fortunately, all we need in the sequel are the three particular cases dealt with in
the following Proposition.

Proposition 3.14 Let f € V7] andu € V™ as well as X > 0. The equality — N u+Au =
f in the sense of distributions, supplemented in the Neumann case with the boundary
condition dyul,, =0 € Hi/f (), is equivalent to the variational formulation:

Yo eV, // [grad u - grad v + A uv] dTw = (f,V)y-yv- (36)
w

in the three following cases:

11



1. f is an element of L?{(w), i.e. (f,v)[v,y’v, = // fvdTM ;

2. more generally, f € L’l’_p(w) =R[f(w)] ~R [LP(Q)} , forp>6/5 ;

3. f is an element of the dual of H'(w) or H(w) whose support is away from the azis.
Remark 3.2 Because H!,(w) C H! (w), u always satisfies ul,, = 0 (Proposition 3.6). m

Remark 3.3 The limiting value 6/5 for the Lebesgue exponent p stems from the Sobolev
imbedding in the 3D domain Q: H'(Q) C L%(Q), and by duality L/5(Q) c HY(Q)'. =

Green’s formulae for A~ are a straightforward consequence:

Proposition 3.15 Let " = {u eV : Aue L%, (w) and dul,, = 0} and
" ={ueV?’ : NueL? (w)}. One has:

d
Yu € V= vy € o4/ // {AXuv+gradu-gradv} Tw = 0, (37)
w

d
Vu,v € U, // {Auv—u Xv} Tw = 0. (38)

4 Principle of space decompositions.
We refer to [3] for the details and omitted proofs.

Definition 4.1 We denote by Xg, Xy the regular subspaces of X and X", i.e. their
intersection with H'(Q); ®% the reqular subspace of ®%, i.e. H*(Q) N H(I)U(Q). )
The axisymmetric subspaces of those spaces are denoted, as usually, by Xg, . ,Q)dR.

Theorem 4.2 The spaces <I>§l2 and X}% are closed within ®% and X respectively, unless the
aperture angle at one conical vertex has the exceptional value 7/By, characterised by the
presence of the eigenvalue 3/4 in the spectrum of the local Laplace operator.

The same holds for the azxisymmetric subspaces.

The spaces )E}% and z\?,%" are closed within X™ and X" respectively, for all configurations.

The main steps for obtaining these closedness results are indicated in [7]. In the following,
we shall assume that none of the conical vertices has an aperture angle equal to /0.

Definition 4.3 The singular subspaces, denoted by ?E'g", Q)g, etc. are the orthogonal com-
plements of the reqular ones. (Later on, we shall also use non-orthogonal complements.)

The consequence of these results is that the electromagnetic field can be split into regular
and singular parts: U = Ur + Us, with Ur € H' () and Us in the suitable complement;
in the time-dependent case, this decomposition is continuous with respect to time, i.e.

Proposition 4.4 Assume that (£, B) belongs to C°(0,T; X7 x ?E'O"): one can write

E(t) = Er(t) + Es(t),  (Er.Es) € CO(0,T; X x X, (39)
B(t) = Br(t) + Bs(t), (Bg,Bs) € C°(0,T; X0 x X2M). (40)

12



The tools for characterising the singular spaces are “very weak” integration by parts
formulae. These results parallel those of [4], but cannot be considered as a mere application
of them, since the domain €2 is not a polyhedron (nor even a “curved polyhedron”). The
strategy of proof has thus to be adapted, and specific treatments have to be designed to
handle the conical vertices. We shall indicate the main steps of this derivation.

Definition 4.5 On any face I';, 1 < i < n+1, let p; be the distance to its boundary, and
define

HY* (1)) = {f e HY2(T;) : \/LE- e LZ(Fi)} ,and H(T;) = HY*(Ty) n D/(T).

Let 7% be the trace mapping of the normal derivative on I';.

Lemma 4.6 The application v} is continuous from 'i)dR to }vI(Fz)
Moreover, it is surjective from G; = {u € 'i)% : yu =0, Vj #i} onto FI(I‘Z-), and there
exists a continuous lifting operator from H(T;) into G;.

As a consequence, v} is surjective from é% onto H (T';). This result permits to prove an

integration by parts formula, between elements of é% and elements of D(A,Q) = {g €
L2(Q) : Ag € L%(Q)}. One has the

Lemma 4.7 Let p € D(A,Q) and u € Cf%. There holds:

& ou
(Aup —ulAp) dQ = <p,—> . (41)
///g ; M [ ey nry)

i i

Theorem 4.8 There holds: X = X% @ grad %, X = X§ ® grad &¢.
Moreover, ¢ € Ci'g{ iff p= Ay is a solution in L?(w) to the “very weak” Dirichlet problem

Ap=0inw, (42)
Py =0, 1 <i<n+1, (43)
p € C®(w\ Vy), for any neighbourhood Vy of . (44)

(The trace on ~y; is understood in the suitable trace space of H(I;)'.)

The first assertion was proven in [7, 3]. The second easily follows from (41).
Remark 4.1 Since p is smooth up to any segment included in 7,, one infers that 0,p| . =
0. This additional boundary condition is used in the actual computation of p. [ |

In the magnetic case, let us introduce the space of regular vector potentials
./\;l%/d = {Ae X divA=0and curl A e X"}

of elements of )E'gd/n, and ./\;l;léd ={Ae ./\;l%/d . A ep}; for all A € ./\;l%/d, both A,
and Ay belong to ./\;l%/d. Let I'; be a given face, and 710 be defined as fyieu = iuy.

Lemma 4.9 7%9 s continuous from ./\;lgR to }vI(Fz) Moreover, it is surjective from G; =
{fu e H>(Q)NH(Q) : u | ey, viou=0, Vj # i} onto H(T;), and there exists a continuous
lifting operator from I-UI(I‘l) into G;.

As a consequence, v, is surjective from MgR onto H (T';) There follows the

13



Lemma 4.10 Let P € D(A,Q)? and A € MgR. There holds
n+1 )
///Q(P “AA - A-AP)dQ) = Z (Pg,7{9A>ﬁ(Fi),ﬁ(ri) : (45)
i=1
This formula has two interesting consequences:

Theorem 4.11 B € )?50” iff curl B =P, where P || eg is a solution in L2(Q) to the “very
weak” Dirichlet problem

AP =0inQ, Py=0 in the sense of H(T;), 1 <i<n+1. (46)
Setting P = (p/r) eq, p is a solution in L? | (w) to the “very weak” Dirichlet problem
AXp=0inuw, (47)
Py, =0, 1 <e<n+1, (48)
g € C®(w\ V), for any neighbourhood V, of . (49)

(The trace on ~y; is understood in the suitable trace space of H(I;)'.)
Remark 4.2 The smoothness of p/r up to any segment included in 7, yields p| v =0.m

Proposition 4.12 MgR = VZ’d el {A e H2(Q) NHL(Q): A || eg}, algebraically and
topologically.
Proof: Obviously, Vg’d C ./\;lgR. Moreover: by the isomorphisms of Proposition 2.1,

A./\;lgR is a closed subspace of I:Q(Q); and so is sz’d by the well-known properties of
the scalar Laplacian. Thanks to Lemmas 4.7 and 4.10, it is not difficult to show that

0 gl E '
[AVH’ ] C [AMG.R} . The conclusion follows. [ ]

The above characterisations of the singular spaces allow to precise their dimensions.

Theorem 4.13 The spaces z\uf'g and )?50” are of finite dimension. The dimension of )?50”
is equal to the number of reentrant edges. The dimension of )E'g 1s equal to the number of
reentrant edges, plus the number of conical vertices with aperture greater than m/f,.

This will be proven in Section 5 thanks to the analysis of the above very weak problems
with modified Laplacians.

In the analysis of time-dependent problems, we shall also need statements similar to
Lemma 4.10 and Proposition 4.12, with a Neumann boundary condition.

Definition 4.14 Let T" be a circular cone, ) its interior, and I'; a reqular open subset
of I'. Define H3?(T) as the trace space on T of functions in H?(Q); H%2(Fi) as the space
of functions such that their extension by 0 to the whole of T' belongs to H3/2(T'). H () is
the axisymmetric subspace of Hgé2(f‘i).

Lemma 4.15 For any face [';, the trace mapping *yé on T'; is surjective from
F; = {u € H*(Q) : 8,(ru)|p =0 and u|Fj =0, Vj # i},
onto H (T;); the mapping Yiou = Yhug is surjective from
F;, = {u e H2(Q) : u || eg and Oy (rug)|lp =0 and U0|Fj =0, Vj # z}

onto H(T;); and there exist continuous liftings from H (I;) to F; and F;.

14



H(Q) — HY2(Ty)

u — (curlu x v) - e
as a continuous linear operator from D(A, Q)3 to H (T;)". For P € D(A,Q)? and A € MZR
such that A9|Fi eH (T;) for any face T';, there holds the integration by parts formula

Lemma 4.16 The operator cst : { admits an extension

///Q (AA-P—A-AP) d2 = =3 (estP, Aoy s - (50)

i=1

Proposition 4.17 /\;lgR = VZ’" et {A cH2(Q): A || ep and 3, (r Ag)|p = 0}, alge-
braically and topologically.

5 Analysis of singularities of the modified Laplacians.

Let N9 be the space of solutions to (42-44) in L?(w) and N9 the space of solutions
to (47-49) in L2 | (w). Obviously, one has: N N Hi(w) = {0} and N~ N H' (w) = {0}.

Lemma 5.1 Anyp € N, resp. p € N9, belongs to C*®°(@ \ V), where V is any neigh-
bourhood of the corners Ey,..., Eyn, O1, Os.

Proof: By (44), resp. (49), we only have to prove that p is C* up to a neighbourhood of
any open interval | Ao By[ such that [ABy] C ;.

Let us consider a domain D C w whose C* boundary 0D contains the segment [AyBy],
and stays away from all other corners and sides of w, including the axis v,. x is a cut-off
function which takes its values as shown on Figure 2. Of course, one has xp € L?(D);

Figure 2: Notations of Lemma 5.1.

hence, since A™p = 0, there holds

0
fp = A(xp) ZJF%B—;;)+2gradx-gradp+pr€H*1(D)- (51)

Moreover, the trace of x p vanishes smoothly on the whole of 9D.

Now, introduce the solution v € H'(D) to the variational problem
Av=f, € HYD), wl|y,=0¢cHY*OD).

v — x p belongs to L?(D), has a vanishing Laplacian in D and a vanishing trace on dD.
Again, as D is smooth, one has A {H?(D) N H{(D)} = L?(D): there are no singularities
for the Laplacian in D. Hence, v — xp =0, i.e. xp € H'(D), and by (51) f, € L*(D).
By applying a bootstrap argument, one shows that x p € H™(D) for any m € N, i.e. xp €
C>(D) and p and C* up to [Ag By |
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5.1 Local study of singularities near the edges.

We look for a local analytical expression of the solution p to (42—44), resp. (47-49) in a
neighbourhood of an edge, i.e. an off-axis corner F = E; with opening m/a. [We drop the
corner subscript j.] In a meridian half-plane, we use local polar coordinates (p, ¢) centred
at F, the origin of ¢ being on the half-line [F; 1 E}); a = r(E) is the distance between F
to the (Oz) axis and ¢p the angle between [E; 1 FE;) and (Or) (see Fig. 3). The expression

z

Figure 3: Edge singularity.

of the modified Laplacians in these coordinates reads, with ¢/ = ¢ + ¢y:

2 o 2
A :@ 18pi 1 (cos ,0p  sing @) 1 0%p (52)

0p>  pOp a+pcosd dp  p 0p)  p® 0P

We settle in a neighbourhood wg of E such that wg is away from all corners except F
and all sides except the ones which meet at E. n € C*°(w) is a cut-off function with the
following properties: (i) n = 1 in wg; (ii) n = 0 outside some neighbourhood wy D wg
which satisfies the same conditions as wg; (iii) n depends on p only.

One has: L?(wg) = L% | (wg) = L?*(wg): there is locally no difference between func-
tions in L?(w), L?(w) or L?(w). Moreover, the modified Laplacians are locally equal to
perturbations of the standard Laplacian by less singular terms. Thus, the singularities
of A"in L%, (w) are “close” to the singularities of A in L?(w), which are well-known [14].

Lemma 5.2 Let p € N4, resp. p € N%=. There ezist cER and ¢ € Z, Lo > —1, such
that n (p —cpte sin(€a¢)> € H' (wg).

Proof: Let w* be the polygonal domain {x € w:r(x) > b}, and v* its boundary (see
Figure 3). One has:

0
A(np) = :Fg 8—;;) +2 gradn-gradp +pAn € H ' (w").

Now let v € H'(w*) be the variational solution of the Dirichlet problem

Av =A(np) in w*, v =0on~",

16



and p* def np—v. p* belongs to L?(w*), has a vanishing Laplacian in w* and a vanishing
trace on y*. Grisvard [14, pp. 45-56] has established that such a singularity satisfies

n (p* —cpt® sin(fozqﬁ)) € H'(w*).

for some ¢, ¢ such that £ > —1. Hence n (p — cp’® sin(fa ¢)) € H' (wg). [ ]

By Proposition 3.11, the condition £« > —1 is needed for the term p’® sin(/a ¢) to be
in L2 (wg). If the corner is outgoing (a > 1), this implies # > 0 and the latter expression
is indeed in H' (wg). Hence any element of N%* is locally H'. For a reentrant corner
(1/2 < a < 1), however, the term p’® sin(£a ¢) is locally L? but not H' for £ = —1, and
locally H' for £ > 0. As a consequence, there exists a unique (up to a multiplication by a
constant) local singular function, as shown by the

Lemma 5.3 If the corner E is reentrant, there exists o= € N9 such that
oF(p,¢) —np * sinag € HLj(w).

Proof: Let u(p,¢) = np~® sina ¢; this function vanishes on ~y, and ~,, and so does its
normal derivative on 7y,. In wg, n =1 and by (52),
ap—a—l

“Ny=g—r
T+ “ :Fa-l—pcosgb’

(cos ¢ sina ¢ +sin g’ cos a gb) .
As —a—1> =2, f+ € H ' (wg) ; elsewhere it is C* and vanishes near the axis. Hence,
by Propositions 3.12 and 3.14, one can solve variationally the Dirichlet problems

NAwt = fi inw, w =0 onn,,

[¢] <&
in ', (w) or H}(w). The difference 0 = v — w*™ € L%,(w) has a vanishing modified
Laplacian Afand a vanishing trace on 7;; on ,, o= satisfies the same boundary condition
as wt. So, ot € N, [ |

5.2 Local study of singularities near the conical vertices.

Similarly to the previous Subsection, we look for an analytical expression of p near a
conical vertex O. [Here, too, we drop the vertex subscript.] The coordinates used in a
meridian half-plane are the polar coordinates (p, ) centred at O, with the origin of ¢
on the (0z) axis (see Figure 4). In 3D, (p,0,¢) are a non-standard system of spherical
coordinates. The expression of the modified Laplacians in these variables is:

0? 20 cot ¢ 0 1 0?
By 20 et L0
op*  pOp  p* 0 p* O
0%p  cotg Op n 1 0%

op*  p* 0 p? 09

Unlike the previous situation, the complementary terms (with respect to the standard

Laplacian) are not less singular. However, the whole of A" enjoys another nice feature:
variable separation. To take advantage of it, let us introduce the angular parts:

Np =

(53)

ANp = (54)

(Ku)(¢) = —u"(§) F cot pu' (),

17



r

Figure 4: Conical singularity.

and the Hilbert spaces:

_ 12 T _ 72 T d¢
Ho =1L (]O,B[,smgbdgb), H_o=1L <]o,ﬁ[,8in¢>.

The boundary conditions in the definition of N%* suggest to consider the domains:

D&Y = {ueHi:AueH, and v'(0) = u(r/B) =0}, (55)
D(N) = {ueH_:ANueH_ and u(0) =u(x/B) =0} . (56)

We notice that A" defines an unbounded operator in #., which is self-adjoint in the above
domain, strictly positive and has a compact inverse; hence

Theorem 5.4 There exists a Hilbert basis (uf)eEN* of H+ made of eigenfunctions of A

The corresponding eigenvalues (A;)EEN* are strictly positive and go to infinity. Moreover,

((u}t)’/ Af)é . s an orthonormal family in H.
E %

Let us determine these eigenfunctions and -values. The eigenpairs (X, u) of A" satisfy:

u"(¢) + cot pu'(¢p) +v (v + 1) u(¢) =0
{U’(O) =u(r/B) =0 (57)

where the eigenvalue A = v (v + 1) with v > 0. Setting = = cos ¢ and u(¢p) = w(cos ¢) =
w(z) yields:
{ (1-2%) w'(z) —2zw'(z) +v(v+ 1) w(z) =0
w (cos(x/B)) = w'(1) =0
which is the Legendre equation with indices 0 and v, so the general solution of (57) is
u(¢) = a P%(cos @) + bQ%(cos ¢). The function Q%(x) is infinite for z = 1, i.e. ¢ = 0; on
the other hand, p is C* on the axis, so u(¢) is C* at 0. Hence, the boundary conditions

are satisfied iff b = 0 and P (cos %) =0.

Let us number (1/2') the increasing sequence of v > 0 satisfying this condition;

£eN*
)\ZF = yj (l/zr + 1) the corresponding eigenvalues of AT, and uzr = CZF Pff(cos @) the

corresponding eigenfunctions of AT, where C; is a normalisation factor.
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Similarly, let A = v (v — 1), with v > 1, be some eigenvalue of A; the corresponding
eigenfunction w is solution of

() — cot ! () + v (v — 1) u(g) = 0
{ u(0) = u(r/B) = 0 (58)

Setting z = cos ¢ and u(¢) = singpw(cos ¢) = (1 — x2)1/2 w(z), we get:

{(1—(E2) w"(z) — 2xw()+(y(u—1)—(1—az2)_1) w(z) =0
(cos(m/f)) = w(1) =0
which is the Legendre equation with indices 4 = 1 and v — 1, so the general solution

of (58) is u(¢) =sin¢ (a P} ;(cos¢) +bQL_;(cos¢)). Using the expansion [1, Eq. 8.7.1
and 8.7.2] of P(cos ¢) and Q(cos ¢) for ¢ — 0, we get

. . bv(v—1)m
dlg%u(gﬁ) Fr2—-v)T(v+1)sinvnr

ifré¢N, and —bifveN, v>2

Hence, the boundary conditions are satisfied iff b = 0 and P} ; (cos ) =0.

Let us number (1/[ ) the increasing sequence of v > 1 satisfying th1s condition;

LeN*
; =V (1/[ — 1) the corresponding eigenvalues of A, and u, = C, sin¢ P, ! (cos ¢) the

corresponding normalised eigenfunctions of A~

The three following facts are worth noticing: (i) all eigenvalues of A™ are simple; (ii) as
shown by tables of Legendre functions (see e.g. [1]), there are no z € |—1,1[ nor v € |1, 2]
such that P!_;(z) = 0; hence, v; > 2; (iii) the utft have an asymptotic linear behaviour,
as shown by the

Lemma 5.5 One has z/lft ~ B¢ when £ — 4o00.

Proof: It relies on the asymptotic expansion [1, Eq. 8.6.6] of P}'(cos ¢) when v — 400
with ¢ and p > 0 fixed, taking into account the following equivalence: T'(n + «)/T'(n) ~ n®
when n — 400 and « is fixed [1, Eq. 6.1.45]. ]

Let us return to the singularities of the modified Laplacians. As p(p, ¢) € N%* belongs
to L%, (w) NC®(@\ V), for any neighbourhood V of O, it can be viewed as a C* function
of p € 10, R[ (for some R > 0) with values in Hy. The equation Atp = 0, resp. Ap =0
then becomes:

2Z2E X = 0 59
9? 1
resp. B—p;g ] Ap = 0. (60)

Hence p takes its values in D(AF) defined by (55-56). We denote Dr = woN{0 < p < R}.

Lemma 5.6 Let p € C* (|0, R[; D(X)) be a solution of (60), and assume p € L? | (Dg) =
L? (DR, (p sing) ! pdp d¢). There ezists a_sequence (co)gen- satisfying

plp.d) = D cop” uy (), (61)
=1

el < KR \Juy, (62)

where the constant K depends only on p.
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Proof: For a fixed p, one expands ¢ — p(p, ¢) on the Hilbert basis (u, )

LEN+
+00 B jus B d
plon) = S prlp) o (0 where (o) = [ olp ) S (6
Then (60) yields:
o) = vy (v 1) A2 =0, heces pulp) = v+ dip 0

By Proposition 3.11, the function p” u, (¢) belongs to L?,(Dg) iff o > —1/2. As v, > 2,
the term dy p' "¢ u, cannot be in L2 (Dg) unless d; = 0; on the other hand, ¢, p*c u, €
L% (Dg) for any /.

To obtain the estimate (62), we apply the Schwarz inequality to (63):

5 d
A

since the functions u, are normalised. Hence:

R R ,pmw/B dod
2 2 dpdg 2 _
| rer o< [ [ p0. 0 L =l iy = ot

The integral in the left-hand side is ¢} R? VI_H/ (2v, +1), and (62) follows. ]

Lemma 5.7 Let p € C* (|0, R[; D(AX)) be a solution of (59), and assume p € L2(Dg) =
L? (Dg, (p sing) pdpdg). There exists a sequence (cg) - Satisfying

+00
plod) = S cp” uf(9), if B> B, (64)
(=1
+o0
plo.#) = dip™ Tl () + Yoo uf (@), if B < B, (65)
(=1
lee] < KR \/E, in both cases, (66)

for some constant K depending only on p.
The limiting value B = [, corresponds to the exceptional value for which <I>§l2 18 not
closed. It is defined by P10/2(cos 7/ Bx) = 0; its value is B, ~ 1,3771, or 7/fB, ~ 130°43'.

+00
Proof: Similarly to the previous proof, one writes: p(p, ¢) = Zpg(p) u) (¢). One finds
(=1

that: pe(p) = cep” +dep™ 7" .
By Proposition 3.11, the function p” u; (¢) belongs to L?(Dg) iff o > —3/2: the term

dg p~ 1= uf (¢) is L2(DR), with dy # 0, iff v < 1/2. Tables [1] show that
o if < B, v <1/2and ,/zr > 1/2, hence dy = 0, for £ > 1,
o if 3> [, 1/2' > 1/2, hence dy = 0, for £ > 1;

e if 8=, v{ = 1/2, which does correspond to the eigenvalue \{” = 3/4 for A*.
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Moreover, c; p”f u; € L}(Dg) for any .

The Schwarz estimate of the coefficient py(p) yields:

/0 P dp < / / 2 2 sin g dpdg = |2y = cSt.

For £ > 1, the left-hand side is equal to ¢ R? VZL+3/ (2 1/2' + 3), and (66) follows. [

We will call O a sharp vertex if its aperture angle is strictly greater than =/(,. The
consequence of the previous results is that A has no singularity near O, while A" has
locally one singular function if O is sharp, and no singularity if it is not.

Theorem 5.8 Let p € C* (]0,R[; D(A)) be a solution of (60). If p € L?,(Dg), then
p € H' (Dg) for any R' < R.

Proof: In polar coordinates, the fact that a function f € L?,(Dg) belongs to H';(Dg)
is equivalent to the convergence of the integrals

I, Gy % wa Jf, 5 ()

Let us differentiate formally the expansion (61):

_ - v, =1, —
DS v ), =S g Ji

For a fixed p < R’ < R, these expansions are performed on orthonormal families in H_,

respectively (“Z) N and ((ug)l / VAE) . Thus, establishing their convergence
£eN*
in 7_ amounts to checking that their coefficients are in [2(N*). This follows from the

estimate (62), since by Lemma 5.5, v, > (3£/2 for ¢ large enough. Hence for p fixed,
gradp € [H_]* and its norm is

jus +o00 —
3 d¢ 3/ p\2V 2 pﬁ
d 2 P <2KRY (-) <K -
So, by Fubini’s theorem,
// | grad p(p, ¢ / K' dp < +o0,
Dy
and p € H | (Dp). [ ]

Theorem 5.9 Let p € C* (|0, R[; D(AY)) be a solution of (59). If p € L?(Dg), then
o if > fi, p € Hi(Dg) for R' <R.

o if B< B p—dip '~ uf(p) € H(Dp) for R < R.
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Proof: Similarly to above argument, the fact that a function f € L?(Dg) belongs
to Hl(Dpg) is equivalent to the convergence of the integrals

8f 2 9 . 1 8]0 2 5 .
I, Ge) o mooas sma [ 25 (55) o7 smss

According to the value of 5, we set f =por f=p—d; p*I*”fL u} (¢); and applying to f
a reasoning like above proves its H1(Dpg) regularity. ]

Lemma 5.10 If 3 < f3,, there exists ot € N9 such that
_1_,,t
o (psd) —=nlp)p~ "1 uf (§) € Hi(w).

Proof: Let u(p,¢) = 7}/)*1*‘4r uf (¢) and f = Afu. f vanishes everywhere except in a
shell which stands away from all corners, and is smooth there. Define w as the variational

<
solution in H1(w) of Atw = f; w satisfies 0,w = 0 on 7,, and so does u. The difference
ot = u — w satisfies Afe™ = 0 and the boundary conditions; hence o= € N4+, [

5.3 Dimensions of the singular spaces.
Definition 5.11 Let the sets of geometrical singularities be:

Krg = {edges}, Ko=/{ vertices}
Krs = {j: Ej is a reentrant edge }
Kos = {j:0;jis a sharp vertezx }.

Theorem 5.12 The spaces N and N9~ are finite-dimensional. The dimension of N~
is equal to the number of reentrant edges. The dimension of N%t is equal to the sum of
the number of reentrant edges and the number of sharp vertices.

Proof: Let us introduce a cut-off function 7; for each singularity A;, j € K UKo. (We
take care that their supports are all disjoint.) For any p € N%*, there holds by Lemma. 5.1:

def _
Tp=p|l— Y 0] e€C@w)
JEKEUKOo

If pe NI, T,p has a vanishing trace on v and belongs to H!,(w). As a matter of fact,
T,p = r T, Py, where P, as the solution of (46), is C* up to the faces of I', and the cut-off
suppresses the edge and vertex effects. Thus, TP € D (Q) c H!(Q), so T,Py € H: (w)
and T,p € H! | (w) by Proposition 3.9.

If j € Ko, njp € H'|(w) by Theorem 5.8. Near an outgoing edge E;, p is locally H!,
hence n;p € H!|(w). If j € Kgs, there exists o; € N9 such that wj =1njp—cjo; €
H!,(w) by Lemma 5.3. Summarising, we have:

p=Typ+ > mip+ >, mp+ (cjaj—+wj)=w+ 3 oy,
J€Ko JjEKE\KEs JEKESs JEKES

with w in H'|(w), as the sum of functions in H',(w), and in N%~, as the difference
p—>_cjo; of elements of N, Thus w = 0.
So, the (a;)
J€KESs
obviously—linearly independent. Hence the dimension of N9,

are a generating family in N%~; on the other hand, they are—
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The demonstration is very similar for p € N, Here T)p € H}(w), and

p = Tnp-l- Z (CjO';—-l"wj)-l‘ Z njp+ Z njp+ Z (Cjaj'-l-wj)

Jj€Kos jEKo\Kos JEKE\KES JEKESs
_ .+t s
= w+ g cjo; + E Cjoj,

Jj€Kos JEKES

where w is both in H}(w) and N%F, hence w = 0. The conclusion follows once more from

the obvious linear independence of the (a'-"

ST .
JEKEsUKos

6 Analysis of the static problems.

We examine the simplification of the static problems (1-3) and (4-6) induced by the axial
symmetry. Asnoted in [3, Proposition 2.2], there is a decoupling of meridian and azimuthal
components in the divergence, curl and vector Laplacian operators; as a consequence,
each of the static problems is decoupled into two problems, concerning the meridian and
azimuthal components of the field U.

We shall also pay special attention to the divergence-free case (i.e. G = 0 in (2) or (5)),
which is of particular interest in the magnetostatic case.

6.1 The general meridian field problem.

The meridian component U, = U, e, + U, e, of U satisifies divU,, = G and curl U,, =
Fy. Introducing u,,, = r U,,, g = r G and fy = r Fy, one has:

d
m

divu, =¢ginw, curl u,=fyinw, u} -v, resp. uy, -7 =0on y,. (67)

Any vector field in H(curl; Q) N H(div;2) is H' away from the boundary T' (cf. [13]);
hence its r-component vanishes on the axis: U-v = U, = 0| o) the same is true for u,,.

We shall treat in some detail the electrostatic case only. For the magnetostatic case,
the superscripts d and n and the boundary conditions on v, only are to be swapped:
u-7 = 0 is to be replaced with u-v = 0, V = 0 becomes 9,V = 0, and so on. On the
other hand, the boundary conditions on the axis, which stem from the axial symmetry,
are the same.

Let us consider the Hodge decomposition (7). Defining W™ = r A%, V¢ and W™ are
related to uf, by:
u? = curl W" — r grad V<. (68)
As a function of the source fy, W" is obtained as the solution of the mixed Dirichlet—
Neumann problem with modified Laplacian A~

n

ov

Similarly, V% is the solution of the mixed Dirichlet-Neumann problem with modified

—AW"=finw, W"=0on v,

=0 on 7. (69)

Laplacian A':

trrd _ ov? d
—ANV*=G"%in w, WzOon*ya, V¢ =0 on ,. (70)

The boundary conditions on +, are justified by the Remarks following Propositions 3.12
and 3.14; 9,W"™ = 0 on , is the trace of (14); the boundary condition (13) only concerns
the meridian components of A".
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fo belongs to L% | (w), and so does g. As for UZ , it belongs to
xd = {Uf; € L} (w)? : div, UL, € L3(w) and curl U% € L2(w) and U, - 7 = 0 and %} :
So, by Lemma 3.1, the variable u% belongs to the space
Ut = {ud € L? | (w)?:divu e L? |(w) and curl_u € L? |(w) and u,, - 7 =0 on fyb} .

Finally, by Propositions 3.3 and 3.7, the potentials V¢ and W™ belong to

ovd
Pt = {Vd € Hi(w) : AV? € L?(w) and 5 = 0 on v, and V¢ =0 on ’)/b} . (71)
o = {W" € H'|(w) : XW" € L%, (w) and W" = 0 on 1, and aa =0 on fyb} . (72)
v

Theorem 6.1 For (fy,g) € L?,(w) x L?,(w), i.e. G € L?(w), Eq. (67) has a unique
solution in U?; and (68) has a unique solution in ® x ®"~. The mappings defined by
these equations are isomorphisms between the relevant spaces.

As a consequence, N and X are isomorphisms, respectively between ®*t and L3 (w),
and ®"~ and L? | (w).

Proof: Consider the following diagramme:

Pl —grad d div L
A +curl curl T
| l we Wm l I l we
P4 _ d div LZ(W)
gra . + 1
} — Xy — 73
Mp +1/rcurl(r) curl L3 (w) "
|l R Rl 'l R
HI+ —r grad yd (1/r) diy L% (w)
Hn— curl curl L% (w)

The operators and spaces that come with the horizontal arrows are to be understood as
in (16). The operators placed on both sides of a vertical arrow, are in tensor product;
they operate between the spaces just above and just beneath them.

The first row of (73) is made of isomorphisms, by Proposition 2.1. w,, and wy are the
meridian and azimuthal projections; they are surjective (onto) morphisms by Lemmas 3.5
and 3.7. R is as in Lemma 3.1; | is the identity mapping, or the trace operator in a
meridian half-plane, which we (more or less) merge. The sub-diagramme made of the first
two rows in (73), and the vertical arrows between them, is obviously commutative. Hence,
the second row is made of isomorphisms.

Then, straightforward calculations show that the last two rows, and the vertical ar-
Hence, the third row is made of
|

rows between, make up a commutative diagramme.
isomorphisms. The last assertion, too, is straightforward.
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6.2 The divergence-free meridian field problem.

To study it—in the magnetostatic case—Ilet us introduce the divergence-free spaces

xon — {B), € L}(w)? : div, B;;, =0 in w and curl By, € L3(w) and B, -v =0 on 7},
U = {velL?(w)?:divv=0inwand curl_v € L%, (w) and v-v =0 on v} .

and the space of potentials
Pi— = {Wd € H' (w): AW e L2 | (w) and W? =0 on 7, and *yb} . (74)
There holds the simplified result:

Lemma 6.2 The following mappings are isomorphisms:
curl : @~ = U™, curl U™ = L2 (w), A0 = L2 (w),
and are linked by — A= curl curl.

Proof: Consider this time the diagramme:

ma o cutd o pon curl g
Ao
I LR (LU AT (75)
d | d
oi- curl yon % 2 ()
and show that it is commutative. [

If we were interested in divergence-free electro“static” problems, similar results would
hold, with boundary conditions on -, swapped.

6.3 Space decomposition results for the meridian problems.

For both div-curl problems, there holds the following result, which we state in the elec-
trostatic case—for the magnetostatic case, just swap the superscripts d and n.

Lemma 6.3 InUY, the semi-norm (|| curl um||g’71’w + || div u||g’71’w)1/2 is a norm, which
is equivalent to the canonical norm; and similarly in ®+, resp. ®"~, the norm || AV |01,
resp. || A Wljo,—1- If U4, &4 &7 are endowed with these norms, the isomorphisms of
Lemma 6.1 are isometric.

In the divergence-free case, we have the simplified version, which we state in the magne-
tostatic case:
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Lemma 6.4 In U, the L? | norm of the modified curl defines a norm equivalent to the
canonical norm; and similarly in ®%~ the L% | norm of the modified Laplacian. If U and
®4= are endowed with these norms, the isomorphisms of Lemma 6.2 are isometric.

The traces of the spaces )E}%, ./\;l%, Cfﬁl{ etc. are closed within U4, ®4*+, ", and so on.
One finds that:

Ou, Ou, Ou
d _ _ 2 2 ) r Oy Ou, 2 3
Uy = {u = (up,u,) € LZ 3(w) X L7 (w) : < 5 92" B > €L?(w) (76)
and Ous _ sz €L? (w)andu-7=0on 71,.}.
or r

For the vector potential, the trace of curl A € 1:11(9) is curl W € Ugp, i.e.

W
0z2

W
or 0z

oW Lo
or? r Or

L% (w), € L? | (w), € L? | (w), (77)

hence the range of /\jl’}z is

ow
oY = {W € H!' | (w) : W satisfies (77) and W = 0 on v, and 5 = 0 on ’)/b} . (78)

The range of é% is:

ov
@f{“:{VEHi(w):EzoonfyaandV:Oonfyb}. (79)
Similarly, one defines U%, CD%*, @7;;“ by swapping the boundary conditions on ~;; and UUR"
by imposing the extra condition divu = 0.

The regular potential subspaces enjoy the following property, which is the trace of
Propositions 4.12 and 4.17:

Proposition 6.5 The spaces @?{ and @'~ are the range, by the isometry R of Proposi-
tion 3.1, of closed subspaces in H? (w); and the norms AWy, and [[W/r|ls,—u are
equivalent on these spaces.

w

Explicit singular potentials. As we already know the codimensions of the regular
spaces, we shall not try to determine their orthogonal complements; instead, we are inter-
ested in explicit complements. Let

d+ _ Fd+ d+ d— _ Fd— d— ~ zn— —
T =04 @ 0L, OV =0y @Y, " =0} @Y

be non-orthogonal decompositions of the various potential spaces. Thanks, respectively,
to Theorem 4.8 and to the isomorphisms of Lemma 6.2, there holds:

Ul =U% @r grad ®%t, U™ = UY @ curl 2.

Moreover, U%ﬂcurl 5, = {0}; so, if we exhibit a sufficient number of linearly independent
functions in "~ that do not belong to ®%~, we will have additionally obtained

dim @2 = # [Kps UKos] and U = U% @ curl 92,

a decomposition that will be useful in the analysis of time-dependent problems. These
different splittings are the analogues, in axisymmetric geometry, of those exhibited by
Costabel-Dauge [9] in the 2D Cartesian case.
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Using the notations of Section 5, we define for each reentrant edge E; the functions

S (oind) = milo) A7 Vi (5), where Vi (65) = \/ 20 sin (o 6), (80)
S (pj i) = milp) py” YT (8)), where Y/ (¢5) = Y™ (¢5), (81)

Q5 v n— n— — 2
S (pisds) = milpg) o Y] (85), where Y7 (9) = || =L cos (a; ;). (82)

It is easy to check that these functions satisfy all the criteria that define respectively
®4=, d9*t and ®"~. On the other hand, they are not in H? (ij) because of the expo-
nent a; < 1; hence they fail to belong to the regularised subspaces.

For sharp vertex Oj, let us introduce

ST (pjnds) = milps) py Vi (), where Y (¢;) = CIF PY (cos ¢5), (83)
SP(pindi) = milpj)pj Y[ (), where Y] (¢) = C7 sing; P, (cos ;) . (84)

We recall that v; = ;1 is the unique root of P2 (cosm/B;) = 0 in the interval ]0,1/2].
The C; are normalisation factors in H4. Thanks to the expression [1, Eq. 8.5.2] of the
derivative of the Legendre function, one shows that S;-l*(pj, ¢;) satisfies the homogeneous
Neumann condition on 7, and that Yj”_ is an eigenfunction of the operator A~ with mixed
boundary conditions, with eigenvalue v; (v; 4+ 1). By Egs. (53, 54) one has:

A (o)) Vi (8)} = [f”(m)%f’@»—%f(pj) Y (), (85)
J
{1 Y@} = |1 (e) VJ(V;;l)f(pg) YP (99), (86)
J

and so AJ“S;H = A*S;’_ = 0 near O;. Elsewhere, these modified Laplacians vanish except
in a shell where they are C* up to the boundary. In addition, thanks to the factor sin ¢;
in Y~ (¢;), there holds A"S7"™(p;,0) =0, so A°S/'™ € L? | (w).

By Proposition 3.11, S;H € Hi(w), but S;.i"' ¢ H? (w); SiT € H!,(w), but SiT ¢
R [H%(w)]. So we have S;H € ®4* and S;H' ¢ oL SYT € 0" and S] ¢ .
Finally, the obvious linear independence of the S; associated with different geometrical

singularities, and the dimensions of the singular spaces, imply that (S;H) U]
JEKEsUKos

(ST.“) , <S¢7> , are respective bases of @kdqj:, o, and <I>[é;.
)/ jekrsUKos 1 Jjekps

Explicit singular electric fields. Near a reentrant edge Ej;, one has:

—1 [
grad S;” (pj, d5) = /2majn;(py) p?ﬂ [sm (aj d;) ep; + cos (a;j B5) ed)j}

2 oo
4[5 (o) oy sin (e 5) e,
J

curl S77 (pj, ) = /2ma;n; (p)) p?jfl [sin (aj ¢;) ep; + cos (aj B;) edy}

2w .
[ =5 (0s) 57 cos (@ 4;) eg;.
J
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These two types of singularities have the same “principal part”, i.e. they only differ by

an H' term. Besides, (r/a;) grad S]‘?H' still has the same principal part, since

r o
(; — 1) grad S;H (pj, ¢j) = pj cos ¢; grad S]‘?H' (pj, #5) = p;’ € H! (wE].) .
j

In absence of divergence constraint, we shall use a practical singular field

i—1 [
ST (pjsd5) = 2main;(pj) py’ [Sln(aj b5) €p; + cos (o ¢5) e¢j] (87)
1
= 3 {5—] grad S]'?H' + curl S;’_} +w;, with w; € U%.
Let us now construct a singular field near a sharp conical vertex O;. Using the differ-
entiation formulae for the Legendre functions [1, Egs. 8.5.2 and 8.6.6], we find:

r grad S;?l+ (pj i) = C nj (pj) p], s1nqz5] [1/] (cos o)) ep; + Pl ; (cos ;) ed)j}
+CH ) (pg) o sing; PY (cos b;) ey,
curl S7~ (pj,¢) = (v +1)C}™ 5 (py) py-j sin ¢; |:7/] P (cos ¢;) €p; + P! , (cos ¢;) edy}

- i+1
+C7 n; (05) p;./] sin¢; sing; P, (cos ;) €g;-
Here, too, the two types of singularities have proportional prlnmpal parts, since

_ - 1
(vj +1)C} r grad S;H - C;-H curl S ~ p;f ,

so the r and z components of this field are in H!,(w), and the field belongs to U%. In
absence of divergence constraint, we shall use the singular field

SY (0 65) = 1 (pg) 0} singy [v; PY (cos ) ey + P (cos ) eg;|  (89)

1 | r grad S;H curl S;’
= = +
cit (v +1)C}~

5 } +wj, with w; € U%.

By a dimension argument, we conclude that the (Sd

make up a basis of U
J>j€’CESU’COS S

a complement of U% within U
Since the azimuthal component of any field in H(curl; Q) is in H!(Q) (Proposition 3.9),
we infer that the fields S;-l (pj, ®j) /r span a complement of X g within X

Explicit singular magnetic fields. The space span {S?"} e where SO” def curl Sd
JEKES

obviously complements U(I){L within U°”. One has explicitly:

-1 :
SO" (pj, P5) V2ma n; (pg) [— cos (aj ¢;5) €p; + sin () ¢;) e¢j] (89)

27 .
[ (o) oy sin (@ ;) eg;.
J

The last term vanishes near F;, and is of global H I regularity. It is necessary to pre-
serve the divergence constraint. If, however, we work within U”, i.e. without divergence
constraint, or if we just need local expressions, we can use the singular fields

S;? (pj, P5) = /2ma;n;(pj) ,ojo.‘f1 — cos (o @) €, + sin (o ¢;) e¢j] (90)

= curl S]d* + wj, with w; € Ug.
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We remark that S7 is S;—l rotated of 7/2: this is similar to the Cartesian geometry.
Like in the electric case, we infer that the fields S?" (pj, ®;) /r span a complement
of X }Oz" within X", If we work within X", i.e. without divergence constraint, we can use

the S7: because of their support, they belong to ﬂ(curl,div; Q) but not to I:II(Q), and
satisfy the magnetic boundary condition.

6.4 The azimuthal field problem.

The azimuthal component Uy = Uy ey satisfies curl Uy = F,,,, and because of the axial
symmetry, div Uy = 0. In the electrostatic case, Y x n = 0 implies Uy =0 on I'.
Introducing ug = r Uy and f,, = r Fy,, Eq. (1) resp. (4) becomes:

curluy = f,,. (91)

In the electrostatic case, on has f,, € F" = {f € L?,(w)?:divf =0 and w and f-v =0 on ’yb},

and by Lemma 3.7, uy € VI~ = fjll(w) In the magnetosatic case, f,, € F¢ =
{f € L2, (w)? : divf =0}, and up € V" = H! (w). The following diagramme is com-
mutative and isometric

X
.|
¥, 1/rCuI'1(r~2 7. (92)
d d

curl

v & o F

We recall the absence of azimuthal singularities; the azimuthal component of any field in
H(curl, div; Q) is automatically in H'(Q), i.e. v € H! | (w).

6.5 Space regularity of the electric and magnetic fields.

Theorem 6.6 There holds: X% C H$(w)?, i.e. U4 € H? (w)2, or X% € HY(Q), iff s <
min{Oéj, J€Kgs;vj+ 1/2, j € Kos}-

Similarly, X2" C H§(w)?, i.e. U C H? | (w)?, or X" C H*(Q?), iff s < min{a;, j € Krs}.
Proof: For any Y% € X, its azimuthal component is in H!(Q); so the global space
regularity will be determined by the singular part of its meridian component. We have:

Xt = )E}%GB span{S?/r, j € KggU ICOS}.

By Proposition 3.11, the formula (87) proves that the S;l associated to reeentrant edges
are in H* (ij)2 iff s < aj. Then, because of their support, S;l € H*,(w)?, and S;l/r €
H$(w)? = H% (w) X H® (w). Similarly, for conical vertices, (88) proves that S? € H® | (w)?
and S¢/r € H{ (w)* = H* (w) x H% (w), iff s < v; +1/2.

The conclusions follow. The proof in the magnetic case is similar (and simpler). [ |
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7 Analysis of the modified wave equation.
Setting ¢ = w x |0, T[, 046 = Yas» X |0, T[, we consider the evolution problem

u'(t) — Au(t) = f(t) in g,
u=0o0no,; u=0, resp. d,u =0 on oy, (93)
u(0) = up, u'(0) = uy in w.

We are mainly interested in the decomposition into regular and singular parts, and in the
space-time regularity, of the solution to (93). This study, carried out in Subsections 7.1
and 7.2, closely parallels and relies upon the similar work on the standard Laplacian and
the standard wave operator by Grisvard [14, Paragraphs 2.5.2 and 5.3]; so many proofs
will be sketched or even omitted.

o]
Let H= L% (w), V" = H'{(w) or H!|(w), A the unbounded operator — A on H,
and D4 = &%/ its domain. As A is a strictly positive self-adjoint operator with compact
inverse, it admits an increasing sequence of positive eigenvalues (A, ),, oy, repeated accord-

ing to their multiplicity, and going to infinity. The associated eigenfunctions (normalised

in H) are denoted (wp,),,cy; the families (wp),,cn, (wm/\/)\m)meN and (W /Am) men
make up Hilbert bases of H, V™ and Dj4 respectively.

By interpolation, the power A”, 0 < < 1 is defined by its domain and its values:

Djo = {u €EH: Z)\%f (u | wm) < -l—oo} and A%y = Z)\ﬂm (u | W) g Wi
m m
The square root of the quantity involved in the definition of D 4 is the canonical norm of
this space. In particular, V= = D 41>.

Theorem 7.1 Assume f € L' (0,T;V™), ug € Dy and uy € V~. The problem (93) ad-
mits a unique solution u € C° (0,T; D4)NC' (0,T;V ™), depending continuously of the data
f, wo, uy in their respective spaces. If, moreover, f € C°(0,T; H), then u € C%(0,T; H).

Proof: Assume for the moment that f € C° (0, T; H)NL' (0,T;V~). Then the semi-group
theory [10] asserts the existence and uniqueness of v € C° (0,T;®)NC! (0,T;V ) solution
to (93). This solution is explicitly given by

u(t) = Z{cos (t m> (uo | W)y + sin (t \/E) (u1 ‘ \;UTm_m>H

o) (0] 32, o}

We notice that © depends continuously on the L' (0,7; V™) norm of f. Hence the existence
and uniqueness of u for f € L' (0,T;V~) by a density argument. The last statement is
straightforward. m

7.1 Estimates with parameter for A"

o
Given ¢ > 0, we study the variational solution in V4= = ! () resp. V"~ = H!,(w), in
the sense of Proposition 3.14, to the Dirichlet, resp. Neumann problem

0
—Au+u=finw, u=0o0n7y, u, resp.a—u=00n7b. (94)
v
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If f € L?,(w), u belongs to ®~ = &%~ resp. ®"; in this Section, we shall usually omit

: . : L Qd— n— . yd— n— R
the index d or n; and we write S; = Sj or Sj Y =Y o Y vy =

The relevant sets of geometrical singularities are:

K¢ = K (Dirichlet case), K% = KgpsUKog (Neumann case).

In this section, we write Kg to cover both cases. u is split onto @~ = &, ® O :
u=up(€)+ Y ¢j(6)S), withuy € O, (95)
JEKs

It is indeed more convenient to use the following decomposition:
u=ugp(&)+ Y cj(&)e " S;, withup € Dy, (96)
JEKs

which holds with the same c;(£), since one easily checks that (1 —e ¢#i) S; € ®5. The
main goal of this Subsection is to obtain estimates of the various terms in (96) as £ — oo.

As a consequence of (45) and (50), we have the following “very weak” integration by
parts formulae for A= If p € L? | (w), Ap € L? | (w), and w € <I>‘;l2_, resp. w € ®~ and

w),, belongs to the trace space of R [I:I (Fi)], there holds:

//w{pA_w—wA_p}dTw = Z<p,g—z)>, (97)
resp. //w {p Kw—w Xp} dT‘*’ —Z<%,w>, (98)

the duality brackets in the right-hand sides being taken between the suitable spaces, the
N N ! g N . /
traces of R [H (ri)’} —R [H (ri)] and R [H (ri)], resp. of R [H (ri)’] — R [H (ri)] and

R [I:I (Fz)] . In particular, the hypotheses of (98) are automatically satisfied when the trace

of w vanishes on all sides 7y; except one.

For a given &, the mapping f — w is linear and continuous, and so is the projection on
the closed subspace spanned by e~¢7i Sj: so the mapping f — ¢;(£) is a linear continuous
form on L? | (w), and there exists g;(¢) € L2, (w) such that

¢;(€) =//wf9j(£)d—w- (99)

T

Obviously, g;(£) € N, the orthogonal of (A" —£21) @ within L2 | (w). As a consequence
of the formulae (97) and (98), one has:

Proposition 7.2 Let v € L% (w) ; v belongs to N iff:

Av—&v=0inw, v=0onvy, v, resp. ? =0 on . (100)
v

The boundary condition is understood in the suitable space (see above) on 7y, and in the
strong sense on 7.

From this characterisation, we can infer local expressions for the basis functions of Ng :
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Lemma 7.3 For any reentrant edge E;, let uj € L? | (w) be the function
ui(pj, 5) = ni(ps) €% p; ¥ Y () - (101)
There exists v; € Ng such that —w; =vj —u; € V™.
Proof: Similar to that of Lemma, 5.3. [ |
Lemma 7.4 In the Neumann case, define for any sharp vertex Oj; the function
ui(pj, ¢5) = nilps) €% p; " Yy (¢y) € L2 (w). (102)
There exists vj € Ng such that —w; =v; —uj €V .

Proof: Here, a straightforward calculation shows that f; = A u;—&? u; belongs to Lffp (w)
for p <3/ (24 vj) = pmax. Since vj < 1/2, pmax > 6/5 and one can apply Proposition 3.14
and define w; as the variational solution in V™ of ATw; — &2 w; = fj. The difference
v; = u; —w;j is in L2 | (w) and satisfies (100). ]

Remark 7.1 By a dimension argument, the (”j)jelcs make up a basis of Ng. [ |

Lemma 7.5 There holds

dw
1= [[o@a-2ns. 52 = 250 05 (103)
w
where \j(&) satisfies, for & large enough,
0< >\min S >\](£) S >\maxa (104)

and the constants Amin and Amax depend only on the geometry, not on &.

f= [[ ua—ens 2

vanishes for j # k since u; and Sy, have disjoint supports. Moreover, using Proposition 3.15
and the variational definition of w;, we calculate

= [[w@-ens = [[ s %= [[ s o)

which vanishes again for 5 # k. So we are left with the case 7 = k, and we drop the
subscript j. It stems from (105) that:

I=5L-1I= / {u(X—€21)S — S (&A=& )u} dTw = / {u XS -8 Xu} dw
? N (106)

Proof: The integral

We shall examine the cases of a reentrant edge and a sharp vertex.

EDGE SINGULARITY. We write (106) as

I_/ {uAS — SAu} //{ 5 - ar}d‘” Iy — I

In the region where u and S are non-zero, there holds 0 < Rpin < 7 < Rpnax, hence it is
enough to estimate the integrals:

I, = //{UAS SAu} dw and 14_//{u——5§} dw.

Grisvard [14, p. 66] has calculated I§ = —2 «; hence, —2 @/ Rpin < I3 < =2/ Rpax.
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Now let us estimate Ij. In the Dirichlet case, a straightforward calculation yields:

oS (9u_2oz

e e _ 2= —£&p 2 -1 /o2
um = Soo=——ePnlp)"p cos¢ sin*(ag) (2a +¢p),
and thus
, 20{ TI'/OL . 9 +00 ¢ 9
=22 [ costoot ) siwdlad)dp [ o 2ac€p)dp = k),

where ki depends only on the geometry. Moreover:

+00 2 +00
0§J(§):/_0 esn<§> (2a+s)%§%/_0 e *(2a+s)ds = ky/E,

where ks is independent of £. So, Iy = O (5*1). This is still true in the Neumann case:
the only change concerns the angular part of the integrand, which is once more bounded
and independent of £&. The estimate (104) follows.

In fact, one can prove that I defined by (103) is independent of &: I = —2«/a. This
calculation uses a generalised version of (38) and an approximation of w which avoids the
singularity.

CONICAL SINGULARITY. From (86), we calculate
— — —€p —v d2 1+v 1+v d2 —€&p —v 2
uNS—8 Nu=1e*pn(p) P [ n(p)] = o n(p) P [e p n(p)] Y($)™.

Then (106) yields, taking into account the normalisation of Y (¢) :

I = /pj:o {eﬁﬂpu n(p) j—; [p1+un(p)] — n(p) d_pQ [efgppf'jn(p)] } dp

+o00 +o00
= [e“p” n(p)d% [P n(p)]]o —/0 d% [efgpp*”n(p)] d%[p””n(p)] dp

_ |tV ( )i [e—&) —( )] +Oo+/+ooi[ I+v ( )] i [e—ﬁp i )} d
Pl o o] | gy )] p~"n(p)| dp
d d
_ —€p —v 14+v 1+v =£p v —
= —9e " nlp) — [P n(p)] —p" T nlp) — |e P pV n(p = —2v
{ (0) g [0 n(o)] 0 4, | ()}p:0
This value is constant, so it satisfies (104). ]

Proposition 7.6 The coefficient c;(&) in (96) is explicitly given by:

o0 =~ [ 15 (107)

Proof: Using the decomposition (95), we calculate:

1= [[ 105 = [[ o=t = [[ - {uza(s) IS sk} .

But u% () € @5 and vj € N, so (&A=& )u%(€) and v; are orthogonal in L2 (w). Then
Lemma 7.5 implies I = —2 X;(€) ¢;(§). ]

In close analogy with Lemma 2.5.7 in [14], and using techniques similar to that of the
proof of Lemma 7.5, we obtain:
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Lemma 7.7 The function w; defined in Lemma 7.3, resp. 7.4, associated with a reentrant
edge E;, resp. a sharp vertex Oj, satisfies for  large enough

willg, 10 < K €97, resp. |lwjlly _y,, < K972

> —lw =

Theorem 7.8 There exists a constant K such that the different terms in (96) satisfy,
for & large enough:

lur(@llg= + & lur(@ll —1p + & lur@llo-10 < K [1fllo,-1.0 (108)
(for a reentrant edge) |c;(€)] < K (1+&)% ! 1 £1lo, 1.0 (109)
(for a sharp vertex) |cj(€)] < K (1 4 €)¥i~1/2 1 £1lo, 10 - (110)

Proof: Let us first prove the estimates for ¢;(£). One has:

() = _2AJ1-(§) //wf”dew = _2Aj(£) //wf(uj -

Hence by the Schwarz and triangle inequalities
1
22(8)
The estimate for [lwj|[, _, , was obtained in the previous Lemma, and simple calcula-

tions show that [|lu;ll, _, , = O (¢%571) or O (¢%71/2). Then (109), resp. (110) follows
from (111) and the estimate (104) for X;(§).

ej(6)] < 1l % {luslly, 1 + ol 1,0} (111)

Let us now consider : fr = — (A —£21)ugr. To obtain (108), we shall prove the bound

7Rl 10 < K [ fllo,— 1 - (112)

One has
fR=F+ (=1 cj(¢)etri s,

JEKs
so it is enough to bound each ¢;(¢) (A—¢21) {e ¢#i S;}. By adapting the proof of [14,
Lemma 2.5.9], one can show that:

e fens)

Then we use (109) or (110) to estimate
|estey (=2 {eevr 55}

The estimate (112) follows. On the other hand, there holds:

[(&=& Durlg_y,, = [ ur

2 =0 (52—204]-) or O (51—2Uj) .

0,—1lw

2

=0 |IIf

0,—1lw

|0,71,w .

2 2 (A 4 2
0—lw 26 (Nug | uR)O,—l,w +& llurlly 10 -

According to (37), the scalar product in the second term, with its minus sign, is equal to

|lgrad UR||3,_1,W, which is a norm equivalent to “uRHi—l,w' As for the first term, it is a

norm equivalent to the canonical norm of ®, (Lemmas 6.4 or 6.3). Hence, by (112):
lur(©)llg- +2€° lur(@)lh —10 + & Nur@)llo 10 < K1 1frl5 10 < K2 1115 1.

which is (108). m
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7.2 Space-time regularity of the solution to the wave-like problem.

We define ops and o0, as the maximum and minimum of the set {a;, j € Kgg} in the
Dirichlet case, and {o;, j € Kgs; vj+1/2, j € Kog} in the Neumann case.

Lemma 7.9 Let 9 > (14 o) /2; then for any s < 29 :

D,y C E=R[H’ (w)] +span{S}, j € Ks}. (113)

Proof: The regularity of the S; in the scale R [HS_ (w)] is given by Proposition 3.11.
Egs. (80) and (82) show that the edge functions belong to H*(w)—or R [H* (w)] by a sup-
port argument—iff s < 1+« . Similarly, the vertex functions S; belong to R [H 5 (w)] , 1<

s <2,iff Sj/r € H? (w) = {w € Hi(Q) :wl,, = 0}. Since

1+
ﬁ Py ” Yj (45)
r N Pj sin ¢j
this holds iff s < v; 4+3/2: the condition S;/r|

— 0 P} (cos §) (114)

. = 0 is ensured by the Legendre function.

Hence for 1 + op < s < 2499, the space E is a direct sum, which we equip with the
product topology; and it is enough to prove (113) in this case. We follow Lemmas 5.3.2
and 5.3.3 of [14]. First we show that

lA+ 0|y =0 (#727) (115)

as t — +oo. Let f € H and u = (A +t1)~!f ; the decomposition (96) and the esti-
mates (108-109) hold, with £ = /. One also has the decomposition (95)

U= (up + Z Cj(t) (67[)7\/;—1) Sj —i—Cj(t) Sj. (116)

JEKs

As the bracket belongs to ®, C R[H?(w)] C R[H(w)] (Proposition 6.5), Eq. (116)
coincides with the decomposition of u in the direct sum E. Then we use Sobolev injections
and interpolation arguments to show that the R [H® (w)] norm of the bracket is O (ts/ 21,
as ¢;(t) Sj decays faster, (115) is proven.

Finally, consider u € D 4» and write u = A~? A%y, i.e.

sinm 9

—+00
w= / (A4t A udt.
0

™

By (115), the norm of the integrand in E is O (¢3/27177) HAﬂuHH, and the integral con-
verges for s < 2. [

The solution to (93) belongs to ®~ at any time, hence we have the decomposition

u=up(t)+ Y c;j(t)S;, with uj(t) € &p. (117)
JEKSs

It stems from the continuity of projections onto closed subspaces that
up € C°(0,T;®5), ¢j(t) € C°(0,T;R) .

Moreover, we have the more precise result of
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Theorem 7.10 The different terms in (117) satisfy
wh(t) € Mo e (O,T; R [H1_+UM+5(Q.))D , cj(t) €CMIME(0, T, R),  fore> 4§ > 0;

u(t) € ¢O1—om == (O,T; R [Hlfgm_a’ (w)D ., fore, £ >0.

Proof: By Theorem 7.1, u € C° (0, T; Do) NC* (0,T; D 41/2). By convexity, it follows that

u € C% (0,T;D j1-0s2) for 0 <o < 1. Now, let 0 < 1 —op and 1 + oy < 5 <2 —o0.

Applying Lemma, 7.9, we split u on the direct sum F =R [Hi (w)] +span{S;, j € Ks}.
As @, C R[H%(w)] C R[H® (w)], the components of u in the two direct sums @, &

span {S;} and R [H® (w)]®span {S;} are the same. This shows u’,(t) € C%7 (0,T;R [H® (w)])

and c(t) € C% (0,T;R).

Finally, we notice that v} and all the S; belong to R [Hlfam*g’ (w)}, hence u(t) €
CO,lfaMfs (07 T; R |:H1_+Jm*gl (w)} ) - -

8 Analysis of the time-dependent Maxwell equations.

8.1 Reduction to two-dimensional problems and basic regularity results.

We now examine the simplification of the time-dependent Maxwell problem (18-25) in-
duced by the axial symmetry. Similarly to the static problems (see Section 6) there is
a decoupling of meridian and azimuthal components: namely, the problem (18-25) is
decoupled into two sub-systems:

e the “first system” links the meridian electric field and the azimuthal magnetic field;
e the “second system” links the azimuthal electric and meridian magnetic fields.
Like in Section 6, it is convenient to introduce the product by r of the “natural” variables
u=r& v=rB, f=(r/eo) T, g=ro0/co.

The following forms for the two systems are obtained through simple calculations.

The first system. The evolution and constraint equations are:

0
Pm _ 2 curlvy = —f,, ing, (118)
ot
0
% +curl u, = 0ing, (119)
divu,, = g¢ging, (120)
U,-v = 0ono,, un-7 = 0onoy (121)
The compatibility condition between f,;, and g reads
0
dive, + 22 =0 in q. (122)
ot
As for the initial data, they are
um(o) = Umo = 7 Eom, UG‘(O) = vgo = 1 Boy In w, (123)
they satisfy
divupy, =¢(0) inw, wupo-v=00n%,, Uy -7 =0o0n-",. (124)
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The second system. The evolution and constraint equations read:

0
T _ 2 curl v, = —fping, (125)
ot
0
% teurluy = 0ing, (126)
divv,, = 0ingq, (127)
Vv = 0ono, (128)
ug = 0Oono. (129)
There is no compatibility condition for this problem. The initial data are:
Vi (0) = vipo = 7 Bom,  up(0) = ugg =1 Epp in w, (130)
they satisfy
divvg,y=0inw, vyo-v=0o0n-, wugp =0on~r. (131)

Basic regularity results. Combining Proposition 2.2 with the results of Sections 3
and 6, we obtain the following regularity result.

(U, vg) € C° (O,T; Ul x Hil(w)) NC (0,75 L% ()% x L2, (W), (132)
(Vim, ug) € C° (o,T; uon x fﬂ_l(w)) NC'(0,T; L% (w)? x L2, (w)) . (133)

The rest of this Section is devoted to the improvement of this result, as announced in [12].
For the azimuthal components, there holds by interpolation:

(ug,vg) € C¥'—7 (O,T; I?Iil(w) X Hfl(w)> , for 0 <o < 1. (134)

We now focus on the meridian components and their splitting, valid at any time, into
a regular and a singular part, the latter being chosen within the explicit singular spaces of
Subsection 6.3. Notice that we have slightly changed the notation with respect to Section 7,
setting here KXg = Kgs U Kops.

un,(t) = ugr(t)+ Z ki (t) S;ia (135)
I€EKs

vm(t) = vr(t)+ Y §;(t)SI". (136)
JEKRSs

By the continuity of projections, there holds: (ug,vg) € C°(0,7;U% x U%) and, for
(i,4) € Ks x Kgs, (ki,d;) €C°(0,T;R x R).

8.2 Regularity in time of the singular coefficients and global space-time
regularity of the fields.

The first system. We consider the Hodge decomposition, valid at any time:
Uy, (t) = curl W(t) — r grad V(1). (137)

If we assume: V¢, V(t) € ®4T and W(t) € ®"~, the results of Subsection 6.1 allow us to
state that they are uniquely defined and satisfy:

(V,W) € C° (o,T; ot x <1>"—) nc' (0,T;Vd+ X v"—) . (138)

37



Combining (137) with (120-121) shows that, for all £, V'(¢) is the variational solution to:

— AV (t) = @ inw, V(t)=0on 1y, ag—y) =0 on 7, (139)
0

Obviously, the time regularity of ¢ and V' are related:
Proposition 8.1 If p € C™ <O,T; [Vdﬂl) resp. W*P <O,T; [Vd+]l> or CO° (O,T; L? (w)),
then V€ C™ (0, T;VT) resp. WP (0,T;VEH) or €% (0,T; ®F).

Let us now look for the equation satified by W (¢). Plugging (137) in (119-118) yields:

dvg
N = 14
5 w 0, (140)
ow o, )
curl <E —c Ug) = —f,+ 5 (r gradV). (141)

The right-hand side in (141) is divergence-free, thanks to (122) and (139). Hence, there
exists a function x such that curl y = —f,,,4+9; (r grad V'). But the left-hand side of (141),
by (138) and (132), is at any time in L2 (w). Hence, it has a unique potential in H' | (w),
and we can choose x = ;W — c? vyp. Combining this equation with (140) yields:

OX def

o*w -,
a2~ ¢ o (142)
Proposition 8.2 Assume j,, € Wh! <O,T; iQ(Q)) —hence f,, € Wht (O,T; L%l(w)2).

Then there exists a strong solution W (t) € C* (0, T;V"~)NC° (0,T;®"7) to the evolution
equation (142), supplemented with the boundary and initial conditions

W =0 on o,, O,W =0 on oy,
W(O) = Wo, W’(O) = W1 mn w,

(143)

where the initial conditions satisfy:
Woed"™, W, eH' (v), curlWy—r gradV(0) =ung, Wi =c?vg+x(0). (144)

Proof: j, € W' (o,T; iQ(Q)) implies 9,0 € W' (o,T; ﬁf—l(Q)) by (24) and 8,V €
whlt (0,T;Vd+) by Proposition 8.1. Hence, curl y = —f,,,+0; (r grad V) € Wh! (O,T; L2_1(w)2),
x € Wht (O,T; Hil(w)), and finally ¢ € L' (O,T; Hll(w)) Hence the existence of W by
Theorem 7.1. Now (144) is clear, since x and 9, (r grad V'), as Wb! functions of time,
are continuous up to ¢t = 0, like u,, and vy. [ |

Conversely, checking that V' and W defined respectively by (139) and (142-143) sat-
isfy (137), provided (144) holds, is straightforward. Thus, we can apply the results of
Section 7. We set:

V() = Vam+ Y sty {Msi) (145)
1€EKs

W(t) = Wgrt)+ > wpt) {37 S} (146)
€K

As stated in Subsection 6.3, we can choose the constants A\¢ and A so as to have

2S¢ +2w, wleUs,

—r grad {Ag‘l SfH'} + curl {A\} S}

—r grad{)\zdSidJ“} —curl N SPT} = 2w, €U
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Combining (137) with (145-146), we find

un(t) = curlWg(t) —r grad Vg(t) + Z {(/@?(t) - n?(t)) w, + (ﬁ?(t) + K;L(t)) WZ‘"}

icKs
+ > (ng‘(t) -I-n?(t)) s¢.

1€EKs

Comparing this equation to (135), we infer:

up(t) = curlWg(t) —r grad Vg(t) + Z {(Hg(t) - /@f(t)) w, + K;(1) w:“} (147)
1€EKs

ki(t) = mg(t) + k;'(t), VieKs. (148)
Theorem 8.3 Assume that the sources enjoy the following space-time reqularity:
o€ CM Ve (0,T; L3 (w)) , Ve >0, and f,, € W"' (0,T; L2, (w)?).
Then the following reqularity results hold:
ki € CMTM~E(0,T;R), Ve >0, (149)
u, € Chl-om—s (o,T; Hf’f’gl(w)Q), Ve, & > 0. (150)
Here, oy and oy, are meant as in the Neumann case.

Proof: The projection onto closed subspaces, such as @%"’, span S;'”, etc., is smooth.
Hence, the assumed regularity of g, together with Proposition 8.1, yields:

Ve (0,105 ), ki € CM T (0,T5R),
and Theorem 7.10 implies:
Wy € COl—om—e (o,T; R [H{*”M” (w)D . KM e CMTOME (0, T;R) .

So, under the above hypotheses, x; € C%'~7v ¢ (0, T; R).

Moreover, we know from Theorem 6.6 that for all ¢, u,,(t) € H f’]rg’ (w); and this space

regularity is optimal. Since @‘;; C H?(w) C Hf”m*d (w), one has
—r grad Vi € COL-om—= (0, T:R [H;’m*’ (w)2]) — Ol-om e (0, T o (w)2> :
by Proposition 3.10. The same Proposition yields:
Wg € CO,l—O'M—a <O,T, R |:H£+Um—g’ (w)]> C CO,l—a'M—E (O,T, Hl—ll-am_g’ (w)> :
thus curl Wy € cO1—om ¢ (0,T; H‘:”lﬁgl (w)Z). Then (150) follows from (147). ]

Corollary 8.4 Under the hypotheses of the above Theorem, there holds:
£ e Chl-ou—e (O,T; ﬁ”m—a’(a)) (151)

Proof: Tt stems from (150) that E,, € C%!—om ¢ (0, T; Hflfm—ff' (w)2>a where Hfl’m—a' (w)? =

H () x Him_g, (w) is the meridian component of H7» ¢ (). On the other hand,
the azimuthal component uy satisfies (134); taking o = oy, — &’ yields uy €
CO1=om+e’ (O,T; H‘f’lﬁel(w)> or By € COl-omte (O,T; Hfmfe,(w)) The conclusion fol-

lows. []
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The second system. According to Subsection 6.2, we set at any time

vin(t) = curl o(t), (152)
with ¢(t) € ®4. It stems from the regularity (133) of v,,, and Section 6.2 that
o e o (O,T; @d*) nct (O,T;vd*) . (153)
Let us look for the equation satisfied by . It follows from (126) that curl (0 + ug) = 0.
Since up € V4™, we infer ug = —0;¢p, and (125) becomes:
‘ZQT;" — N =f (154)

Given (153), Theorem 7.1 implies:

Proposition 8.5 Ifjy € L' (0,T; H' (w)) and jg|, = 0—hence fy € L' (o,T; ﬁ]l_l(w)) -
@ is the strong solution in C° (O,T; <I>d*) nct (O,T;Vd*) to the evolution equation (154),
supplemented with the initial and boundary conditions:
=0ono
{ i(O) = o, 790’(0) =1 in w, (155)
where the initial conditions satisfy:
0o € BV, o1 eV, curlpy =vimo, @1 = —ugo. (156)

The proof is similar to Proposition 8.2, and simpler. Conversely, checking that ¢ solution
to (154-155) satisfies (152), provided (156) holds, is straightforward. To apply the results
of Section 7, we set

o(t) = er)+ > 6(t)S) . (157)
J€KEs

We recall that curl S]‘?l_ = Sg". Comparing (152) and (157), one sees that the singular
coefficients 0;(t) are indeed the same as in (136), and that vg(t) = curl pg(t).

Theorem 8.6 Assume that the current fy belongs to W1 (O,T;Vd*). Then the following
reqularity results hold:

5; € CO'TMTE(0,T;R), Ve >0, (158)
Vi € COlom—e (O,T; o (w)2> Ve, € >0 (159)
Here, oy and oy, are meant as in the Dirichlet case.
Proof: By Theorem 7.10:
op € COl-om—e (0, T:R [H1_+°’M+5 (w)]) .8, €COTNE (0TI R)
Moreover, we know from Theorem 6.6 that for all ¢, v, (t) € H’} = (w); again, this space
regularity is optimal. But:

YR € CcOl—onm—e <O,T; R |:H17+0'm75’ (w)]> c C%l-om—= (O,T; Hi{»amfg' (w)) :

by Proposition 3.10; hence curl pp € C%177m—¢ (O,T; Hf"f_al (w)Q). As ¢; is an element

of CO1=9m = (0, T; R), this implies (159). u
Corollary 8.7 Under the hypotheses of the above Theorem, there holds:

B e col-om—e <O,T; Ho,, — e’(Q)) (160)
Proof: Similar to Corollary 8.4. [ |

40



References

[1]
2]

(3]

[4]

[5]

[6]

[7]

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

M. Abramowitz, I.A. Stegun, Handbook of mathematical functions, Dover, New York, 1965.

C. Amrouche, C. Bernardi, M. Dauge, V. Girault, Vector potentials in three-dimensional
non-smooth domains, Math. Meth. Appl. Sci., 21 823-864 (1998).

F. Assous, P. Ciarlet, Jr., S. Labrunie, Theoretical tools to solve the axisymmetric Maxwell
equations, to appear in Math. Meth. Appl. Sci.; Rapport de recherche no. 343, ENSTA, Paris (2000).

F. Assous, P. Ciarlet, Jr., P.A. Raviart, E. Sonnendriicker, A characterization of the singular
part of the solution to Maxwell’s equations in a polyhedral domain, Math. Meth. Appl. Sci., 22, 485—
499 (1999).

F. Assous, P. Ciarlet, Jr., E. Sonnendriicker, Resolution of the Maxwell equations in a domain
with reentrant corners, Modél. Math. Anal. Numér., 32, 359-389 (1998).

C. Bernardi, M. Dauge, Y. Maday, Spectral methods for azisymmetric domains, Series in Applied
Mathematics, Gauthier-Villars, Paris and North Holland, Amsterdam (1999).

P. Ciarlet, Jr., N. Filonov, S. Labrunie, Un résultat de fermeture pour les équations de Maxwell
en géométrie axisymétrique, C. R. Acad. Sci. Paris, Série I, t. 331, 293-298 (2000).

P. Ciarlet, Jr., J. Zou, Finite element convergence for the Darwin model to Maxwell’s equations,
Modél. Math. Anal. Numér., 31, 213-250 (1997).

M. Costabel, M. Dauge, Singularities of electromagnetic fields in polyhedral domains, to appear
in Archive Rat. Mech. Anal.; Preprint 97-19, Université de Rennes I (1997; revised version, 2000).

R. Dautray, J.L. Lions, Analyse mathématique et calcul numérique pour les sciences et les tech-
niques, Masson, Paris, 1985.

P. Fernandes, G. Gilardi, Magnetostatic and electrostatic problems in inhomogeneous anisotropic
media with irregular boundary and mixed boundary conditions, Math. Models Meth. App. Sci., 7,
957-991 (1997).

E. Garcia, S. Labrunie, Régularité spatio-temporelle de la solution aux équations de Maxwell,
submitted to C. R. Acad. Sci. Paris, Série L

V. Girault, P.A. Raviart, Finite element method for Navier-Stokes equations, Springer, Berlin
(1986).

P. Grisvard, Singularities in Boundary-Value Problems, RMA 22, Masson, Paris (1992).

B. Mercier, G. Raugel, Résolution d’un probléme aux limites dans un ouvert axisymétrique par
éléments finis en r, z et séries de Fourier en §, RAIRO Anal. Numér. 16 405-461 (1982).

C. Weber, A local compactness theorem for Maxwell’s equations, Math. Meth. Appl. Sci., 2, 12-25
(1980).

41



