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Abstra
tIn this arti
le, we study the stati
 and time-dependent Maxwell equations in ax-isymmetri
 geometry. Using the mathemati
al tools introdu
ed in [3℄, we investigatethe de
oupled problems indu
ed in a meridian half-plane, and the splitting of the so-lution in a regular part and a singular part, the former being in the Sobolev spa
eH1 
omponent-wise. It is proven that the singular parts are related to singularities ofLapla
e-like or wave-like operators. We infer from these 
hara
terisations: (i) the �nitedimension of the spa
e of singular �elds; (ii) global spa
e and spa
e-time regularityresults for the ele
tromagneti
 �eld. This paper is the 
ontinuation of [5, 3℄.Introdu
tion.In the re
ent years, an ever-growing number of engineering problems requiring to modeland to simulate numeri
ally devi
es working with or within ele
tromagneti
 �elds have
ome out. The mathemati
al models des
ribing the physi
s of these devi
es are based onMaxwell's equations, in the stationary or time-dependent form, often 
oupled with otherequations.Moreover, many stru
tures that are to be modelled have a 
omplex three-dimensionalgeometry and often present a surfa
e with edges or 
orners. These geometri
al singularities
an generate very strong �elds that have to be taken into a

ount, be they desired asan a
tive part of the devi
e (e.g. to extra
t ele
trons from a velvet 
athode), or the
onsequen
e of a priori 
onstraints on the design, whose potentially destru
tive e�e
tshave to be 
ontrolled.However, three-dimensional 
omputations are very expensive. In a number of 
ases, oneredu
es the problem to two-dimensional equations by assuming that both the geometry andthe data and initial 
onditions are independent of one of the 
oordinates. As a �rst step,we 
onsidered in a previous arti
le [5℄ problems independent of the transversal variable zto redu
e them to two-dimensional Cartesian ones.In this paper, we 
onsider the 
ase of an axisymmetri
 situation, that 
an be viewedas an intermediate between a full three-dimensional problem and a two-dimensional one.Indeed, while the geometry of real devi
es is very rarely Cartesian, it is mu
h more 
om-mon to have an axial symmetry, at least approximately or lo
ally. In other words, theaxisymmetri
 geometry 
an be 
onsidered as a zero-order approximation of a real three-dimensional 
ase [6℄.Nevertheless, very few mathemati
al analyses have been 
arried out in the frameworkof axisymmetri
 problems [15, 6℄. In this paper, we propose to study the stati
 and time-dependent Maxwell equations in axisymmetri
 geometry. It is the 
ontinuation of [3℄,where the mathemati
al tools were introdu
ed, and will be followed by a forth
omingpaper where numeri
al developments and appli
ations will be shown.The arti
le is organised as follows. Se
tion 1 re
alls the basi
 fa
ts about the stati
 andtime-dependent Maxwell equations. Se
tion 2 gives the fundamental results and de�nitionsasso
iated to the axisymmetri
 geometry. In Se
tion 3, we set the fun
tional-analyti
framework adapted to the study of boundary-value problems in this geometry, i.e. wedes
ribe various properties of axisymmetri
 and weighted Sobolev spa
es as well as thevariational ellipti
 problems de�ned on them. Then, in Se
tion 4, we propose several
losedness results, whi
h are related to the la
k of density of regular (i.e. H1 
omponent-wise) �elds in the natural spa
es of ele
tromagneti
 �elds. This further leads to thesplitting of the ele
tromagneti
 �eld in regular and singular parts. The latter are related to3



the singular solutions of some Lapla
e-like problems through integration by parts formulae,whi
h will be useful throughout the paper. Most of the material of the latter three Se
tionsis dealt with in [3℄, to whi
h we refer the reader interested in the details.Se
tion 5 is devoted to the study of the singular solutions of the Lapla
e-like problems,whi
h allows to 
hara
terise the singular parts and espe
ially their dimension. In Se
tion 6,an in-depth examination of the stati
 Maxwell equations is performed. We fo
us ontwo topi
s: the de
oupling, indu
ed by the axial symmetry, of the equations into twosystems posed in the meridian half-plane; and its relationship with the splitting in regularand singular parts. As a byprodu
t, we determine the global spa
e regularity of theele
tromagneti
 �eld. This study is one of the two ingredients needed for the understandingof the time-dependent equations. The other one is the analysis of singularities of a wave-like problem, whi
h is 
arried out in Se
tion 7. Finally, Se
tion 8 investigates the time-dependent equations, in the spirit of Se
tion 6; we 
on
lude with a spa
e-time regularityresult for the ele
tromagneti
 �eld.1 The Maxwell problems.Let 
 be a bounded and simply 
onne
ted domain of R3 , � its Lips
hitz boundary, andn the unit outward normal to �. Note that the 
ase of a domain, whi
h is not simply
onne
ted, is treated very 
arefully in [2, 11℄. We assume that � is made of a perfe
tly
ondu
ting material.1.1 The stati
 Maxwell equations.There are two div-
url problems, depending on the boundary 
ondition. The ele
trostati
(or Diri
hlet) problem is, for Fn 2 J n = H0(div 0;
), and Gd 2 Ld = L2(
):Find Ud 2 L2(
) su
h that 
urlUd = Fn in 
; (1)divUd = Gd in 
; (2)Ud � n = 0 on �: (3)The boundary 
ondition on Fn is imposed by the 
ondition (3) (
f. [13℄): the 
urloperator \swaps" the Diri
hlet and Neumann boundary 
onditions, hen
e the 
hange ofsupers
ripts n=d.The magnetostati
 or Neumann problem is, given Fd 2 J d = H(div 0;
), and Gn 2Ln = �u 2 L2(
) : RRR
 u d
 = 0	: Find Un 2 L2(
) su
h that
urlUn = Fd in 
; (4)divUn = Gn in 
; (5)Un � n = 0 on �: (6)The fa
t that Gn has a mean zero value stems from (6). This 
ondition is satis�ed by thea
tual magneti
 �eld, whi
h is divergen
e-free (
f. (21) below).In order to prove the existen
e and uniqueness of the solution Ud=n to these problems, apossible way is to reformulate the equations as a saddle-point formulation where (2) or (5)are seen as 
onstraints, and to 
he
k that the Lagrange multiplier asso
iated to them isequal to 0 (see [8℄ for details). The basi
 tool in both 
ases is the Weber inequality, whi
hstems from the 
ompa
tness result of [16℄: 4



Proposition 1.1 In X d = H0(
url; 
)\H(div; 
) and X n = H(
url; 
)\H0(div; 
), thesemi-norm u 7! �jj 
url ujj20 + jjdivujj20�1=2 is a norm, whi
h is equivalent to the 
anoni
alnorm. In other words, there exists a 
onstant C > 0 su
h that jjujj20 � C �jj 
url ujj20 + jjdivujj20� ;for all u in X d or X n.We shall also need the s
alar and ve
tor potentials, whi
h are asso
iated to the Hodgede
omposition Ud=n = �gradV d=n + 
urlAn=d: (7)Noti
e, on
e more, the swap of supers
ripts n=d between the ele
tromagneti
 �eld and itsve
tor potential, due to the 
url operator. Indeed, both the gradient and the 
url partsin (7) satisfy the ele
tri
 or magneti
 boundary 
onditions.The s
alar potential V is de�ned as the variational solution in Vd = H10(
), resp. Vn =�u 2 H1(
) : RRR
 u d
 = 0	, of the Diri
hlet, resp. Neumann problem��V d=n = Gd=n in 
; (8)V d = 0 on �; (9)resp. �V n�n = 0 on �: (10)The ve
tor potential A is the solution in L2(
) of the Neumann resp. Diri
hlet problem��An=d = Fn=d in 
; (11)divAn=d = 0 in 
; (12)An � n = 0 on �; (13)(
urlAn)� n = 0 on �; (14)resp. Ad � n = 0 on �: (15)In both 
ases, the existen
e and uniqueness of the ve
tor potential stem on
e more froma saddle-point approa
h [8℄.De�ning the spa
es of potentials by�d=n = n' 2 Vd=n : �' 2 Ld=n and, in the Neumann 
ase, �n' = 0oMd=n = nM 2 X d=n : 
urlM 2 X n=d and divM = 0othe existen
e and uniqueness results are summarised in theTheorem 1.2 The following mappings are isomorphisms of ve
tor spa
es:�d=n Mn=d �grad����!+
url X d=n div����!
url Ld=n J n=d (16)The operators pla
ed above and beneath a horizontal arrow have their sour
e or targetspa
e at the same height. The two operators that 
ome with the left arrow are to beadded; with the right arrow, their are in tensor produ
t.As a 
onsequen
e of these isomorphisms, the s
alar, resp. ve
tor Lapla
ian, is anisomorphism between �d=n and Ld=n, resp. Mn=d and J n=d.We shall also be interested in the divergen
e-free problem, i.e. the 
ase G = 0, forwhi
h there holds the simpli�ed 
hain of isomorphisms:Mn=d 
url����! X 0d=n 
url����! J n=d (17)with X 0d=n = �u 2 X d=n : divu = 0	. 5



1.2 The time-dependent Maxwell equations.Given T > 0, Q = 
� ℄0; T [ and � = �� ℄0; T [, let us re
all Maxwell's equations in time.Let 
 and "0 be respe
tively the speed of light and the diele
tri
 permittivity; % and Jthe sour
es (
harge and 
urrent densities). First, there are the evolution equations:�E�t � 
2 
urlB = � 1"0J in Q; (18)�B�t + 
url E = 0 in Q: (19)Then, the 
onstraint equations, viz. divergen
e and boundary 
onditions:divE = %"0 in Q; (20)divB = 0 in Q; (21)E � n = 0 on �; (22)B � n = 0 on �: (23)The 
harge 
onservation equation, �%�t + divJ = 0: (24)appears as a 
ompatibility 
ondition for (18), given (20).Last, initial 
onditions are provided to 
lose the system of equations,E(0) = E0; B(0) = B0; (25)where f(t); u(t) denote the �elds x 7! f(x; t); x 7! u(x; t)|and similarly f 0(t) : x 7!�tf(x; t); u0(t) : x 7! �tu(x; t). In the same spirit, we shall measure the spa
e-timeregularity of solutions of evolution problems with the following spa
es: if X is someBana
h spa
e of fun
tions over a given domain, we set:� Cm (0; T ;X), m 2 N, resp. C0;� (0; T ;X), � 2 [0; 1℄: the spa
e of m times 
ontinu-ously di�erentiable, resp. H�older 
ontinuous of exponent �, fun
tions of t 2 [0; T ℄,with values in X;� Lp (0; T ;X), p 2 [1;+1℄: the spa
e of p-th power integrable fun
tions of t 2 ℄0; T [with values in X;� W s;p (0; T ;X), s 2 R; p 2 [1;+1℄: the Sobolev spa
e of exponent s built upon Lp (0; T ;X).In order to prove the existen
e and uniqueness of the ele
tromagneti
 �eld undersuitable assumptions on the data and the initial 
onditions, one 
an use for instan
e thesemi-group theory [10℄ to get theTheorem 1.3 Assume that (E0;B0) belongs to H0(
url; 
) �H(
url; 
), and that J 2C1(0; T ;L2(
)). Then, there exists one and only one solution to the time dependent prob-lem (18)-(19), (22), (25), su
h thatE 2 C0(0; T ;H0(
url; 
)) \ C1(0; T ;L2(
));B 2 C0(0; T ;H(
url; 
)) \ C1(0; T ;L2(
)): (26)6



Assume moreover that % belongs to C0(0; T ;L2(
)), that the 
harge 
onservation (24) holdsand that the initial data satisfydivE0 = %(0)"0 ; divB0 = 0; B0 � nj� = 0:Then, (20) and (21) are ful�lled, and in addition to (26),E 2 C0(0; T ;X d); B 2 C0(0; T ;X n) \ C1(0; T ;H(div; 
)): (27)(The proof of the �rst part of the Theorem is a standard appli
ation of the semi-grouptheory whereas the se
ond part 
an be obtained through some simple veri�
ations.)2 The axisymmetri
 geometry and operators.2.1 Notations.In the remainder of this arti
le, we shall treat the spe
ial 
ase of an axisymmetri
 domain 
generated by the rotation of a polygon ! around one of its sides, denoted 
a. The othersides are denoted 
i; 1 � i � n+ 1, and generate the fa
es �i; 1 � i � n+ 1, of �. Theother notations are the same as in [3℄ and will be merely re
alled on Figure 1. Of 
ourse,we shall mostly use the 
ylindri
al 
oordinates (r; �; z).Moreover, we assume that the data (F; G) or (%;J ) of the stati
 or time-dependent
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Figure 1: The domains 
 and !.problems, and the initial 
onditions (E0;B0), possess an axial symmetry. As a 
onsequen
eof the Curie prin
iple (
f. [6℄), the same will hold for their solutions U or (E ;B).The de�nition of axial symmetry for general s
alar- or ve
tor-valued distributions isfound in [6, 3℄. In pra
ti
e it means that they are entirely 
hara
terised by the data oftheir tra
es (or the tra
es of their 
ylindri
al 
omponents) in a meridian half-plane, orequivalently that their derivative (or the derivatives of their 
ylindri
al 
omponents) withrespe
t to � vanishes: T (x; y; z) = T (r; z) or ��T = 0.7



We denote by �D0(
) and �D0(
) the spa
es of axisymmetri
 s
alar and ve
tor distribu-tions; �D(
) = D(
) \ �D0(
) and �D(
) = D(
)3 \ �D0(
) the spa
es of axisymmetri
 testfun
tions and �elds. The tra
es of those spa
es in a meridian half-plane are 
hara
terisedin [3℄. Generally, we 
onstantly denote the subspa
es of axisymmetri
 �elds by the sign �:� �L2(
) = L2(
) \ �D0(
), �Hs(
) = Hs(
) \ �D0(
) (for s 2 R);� �L2(
) = L2(
) \ �D0(
), �H(
url; 
) = H(
url; 
) \ �D0(
);� �X d=n = X d=n \ �D0(
), ��d=n = �d=n \ �D0(
), and so on.For any ve
tor �eld w, we de�ne its meridian and azimuthal 
omponents as wm =wr er + wz ez and w� = w� e�. The expression of the di�erential operators in 
ylindri
al
oordinates, as well as the de
oupling of meridian and azimuthal 
omponents indu
ed onthem by the axial symmetry, are re
alled in [3℄. In the remainder of this paper, we shallneed the tra
es of these operators in the meridian half-plane (r; z). To this end, we de�nethe following operators:divu = �ur�r + �uz�z ; div+ u = �ur�r + urr + �uz�z ;
urlu = �ur�z � �uz�r ; 
url� u = �ur�z + uzr � �uz�r ;
url f = ��f�z er + �f�r ez; ��f = �2f�r2 � 1r �f�r + �2f�z2 :The �� are 
alled the modi�ed Lapla
ians. �+ is the tra
e of the 3D s
alar Lapla
ian foran axisymmetri
 fun
tion. And for an axisymmetri
, azimuthal ve
tor �eld u, there holds:u = 'r e� =) �u = 1r ��' e�: (28)These operators satisfy the identities �+= div+ grad and ��= � 
url� 
url.2.2 Basi
 results for the axisymmetri
 Maxwell problems.As pointed out earlier, the axial symmetry of the domain, sour
es, and initial 
onditionsindu
es that of the ele
tromagneti
 �elds, hen
e the following results:Proposition 2.1 The following mappings are isomorphisms of ve
tor spa
es:��d=n �Mn=d �grad����!+
url �X d=n div����!
url �Ld=n �J n=d (29)�Mn=d 
url����! �X 0d=n 
url����! �J n=d (30)Proposition 2.2 If %, J and (E0;B0) are axisymmetri
, so is the solution to (18)-(25).And, provided that J 2 C1(0; T ; �L2(
)) and that % 2 C0(0; T ; �L2(
)), there holdsE 2 C0(0; T ; �X d); B 2 C0(0; T ; �X 0n): (31)8



3 Some results of fun
tional analysis.3.1 Sobolev spa
es and the axial symmetry.We brie
y re
all some results about axisymmetri
 Sobolev spa
es; the proofs 
an be foundin [6℄. To study the tra
es of those spa
es in a meridian half-plane, we introdu
e theweighted Lebesgue spa
es on !L2�(!) = �f : f is measurable on !; Z! jf j2 r� dr dz < +1� ; � 2 R;with its 
anoni
al norm k � k0;�;!, and the related s
ales of Sobolev spa
es Hs�(!), with the
anoni
al norms k � ks;�;!. In the remainder of the paper, we shall only use the s
ale upto s = 2, so we give only those results. The more general ones 
an be found in [6℄.Proposition 3.1 The mapping R : L2�(!)! L2��2(!); f 7! r f , is an isometry.De�nition 3.2 Let s 2 [0; 2℄ and set� if s 6= 2, Hs+(!) = Hs1(!);� if s = 2, H2+(!) = �w 2 H21(!) : �2w�r2 2 L2�1(!)� ; whi
h is a Hilbert spa
e endowedwith the norm kwk2;+;! = �kwk22;1;! + k�2w�r2 k20;�1;!�1=2.Then, for s in [0; 2℄, one has theProposition 3.3 The tra
e operator is an isomorphism from �Hs(
) to Hs+(!). Moreover,when s is an integer, it is an isometry up to a fa
tor p2�.De�nition 3.4 Let s 2 [0; 2℄ and set� if s 6= 1, Hs�(!) = Hs1(!);� if s = 1, H1�(!) = H11(!)\L2�1(!), whi
h is a Hilbert spa
e endowed with the normkwk1;�;! = �kwk21;1;! + kwk20;�1;!�1=2.Proposition 3.5 The tra
e operator is an isomorphism from �Hs(
) to Hs�(!)�Hs�(!)�Hs+(!), for s in [0; 2℄; when s is an integer, it is an isometry up to a fa
tor p2�.Proposition 3.6 Let v belong to H1�(!): vj
a 2 L2(
a) and vj
a = 0. Hen
e, if u belongsto H2+(!), then �ruj
a 2 L2(
a) and �ruj
a = 0.Proposition 3.7 The range of the tra
e operator from �H(
url; 
) is:R(!) = �w = (wr; w�; wz) : wm 2 L21(!)2; 
urlwm 2 L21(!); rw� 2 H1�1(!)	.9



3.2 Some properties of weighted Sobolev spa
es.In this Subse
tion, we state some 
riteria for 
hara
terising the Hs�(!) and Hs�(!) spa
es,espe
ially their transformations by the isometry R introdu
ed in Proposition 3.1, as wellas their 
onsequen
es on axisymmetri
 Sobolev spa
es �Hs(
).Lemma 3.8 The spa
e H1�1(!) is 
ontinuously imbedded into L2�3(!), i.e. there exists a
onstant K1 su
h that8u 2 H1�1(!); kuk20;�3;! � K1 kgrad uk20;�1;!: (32)Proof: Cf. [3℄, Lemma 4.9.Proposition 3.9 The range of the operator R from H1�(!) is H1�1(!), and the normskuk1;�;! and kr uk1;�1;! are equivalent. Hen
e, for any axisymmetri
 and azimuthal ve
tor�eld u, the following properties are equivalentu 2 �H(
url; 
) () u 2 �H(
url;div;
) () u 2 �H1(
);and the 
anoni
al norms of these spa
es are equivalent.Proof: The �rst assertion stems from the previous Lemma, plus a few straightforward
al
ulations. Now let u = u e� be an axisymmetri
 azimuthal �eld; divu = r�1 ��u = 0,hen
e u 2 �H(
url;div;
) i� u 2 �H(
url; 
) and the 
anoni
al norms are equal.Setting v = r u, Proposition 3.7 states that u 2 �H(
url; 
) () v 2 H1�1(!); andProposition 3.5 that u 2 �H1(
) () u 2 H1�(!), with equivalent norms in both 
ases.Hen
e u 2 �H(
url; 
) () u 2 �H1(
), with equivalent norms.Proposition 3.10 One has:R �Hs�(!)� = Hs�1(!) for 0 � s � 1; R �Hs�(!)� � Hs�1(!) for 1 < s < 2:The 
anoni
al norm in R �Hs�(!)� is kwkR[Hs�(!)℄ = kw=rks;�;!.Proof: We already know R �H0�(!)� = R �L21(!)� = L2�1(!) and R �H1�(!)� = H1�1(!).The tra
e of h �H0(
); �H1(
)is = �Hs(
) is: �H0�(!);H1�(!)�s = Hs�(!). On the otherhand, the spa
esHs�1(!) are also de�ned by interpolation, and given our norm for R �Hs�(!)�,we have R �Hs�(!)� = Hs�1(!) for 0 � s � 1. Moreover, R �Hs+(!)� = Hs�1(!) for 0 � s < 1sin
e, for su
h an s, Hs�(!) and Hs+(!) are both equal to Hs1(!).Now let 1 < s < 2 and W the �eld W = (w=r) e�. We easily 
he
k that W 2�Hs(
) () w 2 R �Hs�(!)� and 
urlW 2 �Hs�1(
) () (�rw; �zw) 2 R �Hs�11 (!)�2 =Hs�1�1 (!)2. Hen
e, w 2 R �Hs�(!)� implies w 2 Hs�1(!).Finally, the following 
riterion will be useful to de
ide whether some 
on
rete fun
tionbelongs to a given Sobolev spa
e or not.Proposition 3.11 Let A be a point in the meridian half-plane; (�; �) lo
al polar 
oordi-nates 
entred at A, and !A the bounded angular se
tor f(�; �) : 0 < � < �0; 0 � � < �0g.Let f be a fun
tion whose expression in !A is f(�; �) = �� g(�), with g(�) 2 C1 ([0; �0℄).1. If A is in the open half-plane (r(A) > 0), and !A is small enough to ensure !A\
a =;, then: 8s 2 R+ ; Hs (!A) = Hs�1 (!A) and 8s 2 R; f 2 Hs (!A) () s < �+ 1.2. If A stands on the axis (r(A) = 0), and the axis is taken as the origin of �, then:8s 2 R+ ; � f 2 Hs1 (!A) () s < �+ 3=2;f 2 Hs�1 (!A) () s < �+ 1=2 and g(j)(0) = 0 for all j 2 N; j � s:10



3.3 Variational spa
es for the modi�ed Lapla
ians.The variational spa
es for �+with Diri
hlet, resp. Neumann boundary 
onditions are:Vd+ = �H11(!) = �v 2 H11(!) : v = 0 on 
b	 resp. Vn+ = H11(!):We shall denote Vd=n+ or simply V+ any of these spa
es. It stems from the Curie prin
ipleand the results of Se
tion 3.1 that:Proposition 3.12 Let f 2 [V+℄0 and u 2 V+ as well as � � 0. The equality ��+u+�u =f in the sense of distributions, supplemented in the Neumann 
ase with the boundary
ondition ��uj
b = 0 2 H1=21 (
b), is equivalent to the variational formulation:8v 2 V+; ZZ! [gradu � grad v + �u v℄ r d! = hf; vi[V+℄0;V+ (33)Remark 3.1 The spa
e [V+℄0 is not very easy to des
ribe in 2D. The only types off 2 [V+℄0 that we shall need in the following are: (i) the elements of L21(!), for whi
hthere holds: hf; vi[V+℄0;V+ = ZZ! f v r d!; (ii) the elements of the dual of H10(!) or H1(!)whose support is away from the axis. In both 
ases, u seen as a fun
tion in 
 is of H2regularity near any segment in
luded in 
a, hen
e it satis�es �ruj
a = 0 (Proposition 3.6).As a straightforward 
onsequen
e, we have the following Green's formulae for �+:Proposition 3.13 Let �n+ = nu 2 Vn+ : �+u 2 L21(!) and ��uj
b = 0o and�d+ = �u 2 Vd+ : �+u 2 L21(!)	. One has:8u 2 Vd=n+; 8v 2 �d=n+; ZZ! ��+u v + gradu � grad v	 r d! = 0; (34)8u; v 2 �d=n+; ZZ! ��+u v � u �+v	 r d! = 0: (35)Similarly, the variational spa
es asso
iated to ��areVd� = ÆH1�1(!) = �v 2 H1�1(!) : v = 0 on 
	 and Vn� = H1�1(!):We shall denote either spa
e by Vd=n� or simply V�. Besides the diÆ
ulty of the des
rip-tion of the spa
e [V�℄0 in 2D, another te
hni
al point is that the produ
t by r or 1=r of adistribution is not de�ned in general. Yet these operations are underlying in the use of ��,
f. (28). Fortunately, all we need in the sequel are the three parti
ular 
ases dealt with inthe following Proposition.Proposition 3.14 Let f 2 [V�℄0 and u 2 V� as well as � � 0. The equality ���u+�u =f in the sense of distributions, supplemented in the Neumann 
ase with the boundary
ondition ��uj
b = 0 2 H1=2�1 (
b), is equivalent to the variational formulation:8v 2 V�; ZZ! [gradu � grad v + �u v℄ d!r = hf; vi[V�℄0;V� (36)in the three following 
ases: 11



1. f is an element of L2�1(!), i.e. hf; vi[V�℄0;V� = ZZ! f v d!r ;2. more generally, f 2 Lp1�p(!) = R [Lp1(!)℄ ' R h�Lp(
)i, for p � 6=5 ;3. f is an element of the dual of H1(!) or H10(!) whose support is away from the axis.Remark 3.2 Be
ause H1�1(!) � H1�(!), u always satis�es uj
a = 0 (Proposition 3.6).Remark 3.3 The limiting value 6=5 for the Lebesgue exponent p stems from the Sobolevimbedding in the 3D domain 
: H1(
) � L6(
), and by duality L6=5(
) � H1(
)0.Green's formulae for �� are a straightforward 
onsequen
e:Proposition 3.15 Let �n� = nu 2 Vn� : ��u 2 L2�1(!) and ��uj
b = 0o and�d� = �u 2 Vd� : ��u 2 L2�1(!)	. One has:8u 2 Vd=n�; 8v 2 �d=n�; ZZ! ���u v + grad u � grad v	 d!r = 0; (37)8u; v 2 �d=n�; ZZ! ���u v � u ��v	 d!r = 0: (38)
4 Prin
iple of spa
e de
ompositions.We refer to [3℄ for the details and omitted proofs.De�nition 4.1 We denote by X dR; X nR the regular subspa
es of X d and X n, i.e. theirinterse
tion with H1(
); �dR the regular subspa
e of �d, i.e. H2(
) \H10(
).The axisymmetri
 subspa
es of those spa
es are denoted, as usually, by �X dR; : : : ; ��dR.Theorem 4.2 The spa
es �dR and X dR are 
losed within �d and X respe
tively, unless theaperture angle at one 
oni
al vertex has the ex
eptional value �=�?, 
hara
terised by thepresen
e of the eigenvalue 3=4 in the spe
trum of the lo
al Lapla
e operator.The same holds for the axisymmetri
 subspa
es.The spa
es �X nR and �X 0nR are 
losed within �X n and �X 0n respe
tively, for all 
on�gurations.The main steps for obtaining these 
losedness results are indi
ated in [7℄. In the following,we shall assume that none of the 
oni
al verti
es has an aperture angle equal to �=�?.De�nition 4.3 The singular subspa
es, denoted by �X 0nS ; �dS, et
. are the orthogonal 
om-plements of the regular ones. (Later on, we shall also use non-orthogonal 
omplements.)The 
onsequen
e of these results is that the ele
tromagneti
 �eld 
an be split into regularand singular parts: U = UR + US , with UR 2 �H1(
) and US in the suitable 
omplement;in the time-dependent 
ase, this de
omposition is 
ontinuous with respe
t to time, i.e.Proposition 4.4 Assume that (E ;B) belongs to C0(0; T ; �X d � �X 0n): one 
an writeE(t) = ER(t) + ES(t); (ER; ES) 2 C0(0; T ; �X dR � �X dS); (39)B(t) = BR(t) + BS(t); (BR;BS) 2 C0(0; T ; �X 0nR � �X 0nS ): (40)12



The tools for 
hara
terising the singular spa
es are \very weak" integration by partsformulae. These results parallel those of [4℄, but 
annot be 
onsidered as a mere appli
ationof them, sin
e the domain 
 is not a polyhedron (nor even a \
urved polyhedron"). Thestrategy of proof has thus to be adapted, and spe
i�
 treatments have to be designed tohandle the 
oni
al verti
es. We shall indi
ate the main steps of this derivation.De�nition 4.5 On any fa
e �i, 1 � i � n+1, let �i be the distan
e to its boundary, andde�neH1=200 (�i) = �f 2 H1=2(�i) : fp�i 2 L2(�i)� ; and �H(�i) = H1=200 (�i) \ �D0(�):Let 
i1 be the tra
e mapping of the normal derivative on �i.Lemma 4.6 The appli
ation 
i1 is 
ontinuous from ��dR to �H(�i).Moreover, it is surje
tive from Gi = fu 2 ��dR : 
j1u = 0; 8j 6= ig onto �H(�i), and thereexists a 
ontinuous lifting operator from �H(�i) into Gi.As a 
onsequen
e, 
i1 is surje
tive from ��dR onto �H(�i). This result permits to prove anintegration by parts formula, between elements of ��dR and elements of D(�;
) = fg 2L2(
) : �g 2 L2(
)g. One has theLemma 4.7 Let p 2 D(�;
) and u 2 ��dR. There holds:ZZZ
 (�u p� u�p) d
 = nXi=1 �p; �u��� �H(�i)0; �H(�i) : (41)Theorem 4.8 There holds: X = X dR � grad�dS, �X = �X dR � grad ��dS.Moreover, ' 2 ��dS i� p = �' is a solution in L21(!) to the \very weak" Diri
hlet problem�+p = 0 in !; (42)pj
i = 0; 1 � i � n+ 1; (43)p 2 C1(! n Vb); for any neighbourhood Vb of 
b: (44)(The tra
e on 
i is understood in the suitable tra
e spa
e of �H(�i)0.)The �rst assertion was proven in [7, 3℄. The se
ond easily follows from (41).Remark 4.1 Sin
e p is smooth up to any segment in
luded in 
a, one infers that �rpj
a =0. This additional boundary 
ondition is used in the a
tual 
omputation of p.In the magneti
 
ase, let us introdu
e the spa
e of regular ve
tor potentials�Mn=dR = fA 2 �X n=d : divA = 0 and 
urlA 2 �X d=ngof elements of �X 0d=nR , and �Mn=d�R = fA 2 �Mn=dR : A k e�g; for all A 2 �Mn=dR , both Amand A� belong to �Mn=dR . Let �i be a given fa
e, and 
i1� be de�ned as 
i1�u = 
i1u�.Lemma 4.9 
i1� is 
ontinuous from �Md�R to �H(�i). Moreover, it is surje
tive from Gi =fu 2 �H2(
)\ �H10(
) : u k e�; 
j1�u = 0; 8j 6= ig onto �H(�i), and there exists a 
ontinuouslifting operator from �H(�i) into Gi.As a 
onsequen
e, 
i1� is surje
tive from �Md�R onto �H(�i) There follows the13



Lemma 4.10 Let P 2 D(�;
)3 and A 2 �Md�R. There holdsZZZ
(P ��A�A ��P) d
 = n+1Xi=1 
P�; 
i1�A� �H(�i)0; �H(�i) : (45)This formula has two interesting 
onsequen
es:Theorem 4.11 B 2 �X 0nS i� 
urlB = P, where P k e� is a solution in �L2(
) to the \veryweak" Diri
hlet problem�P = 0 in 
; P� = 0 in the sense of �H (�i)0 ; 1 � i � n+ 1: (46)Setting P = (p=r) e�, p is a solution in L2�1(!) to the \very weak" Diri
hlet problem��p = 0 in !; (47)pj
i = 0; 1 � i � n+ 1; (48)pr 2 C1(! n Vb); for any neighbourhood Vb of 
b: (49)(The tra
e on 
i is understood in the suitable tra
e spa
e of �H(�i)0.)Remark 4.2 The smoothness of p=r up to any segment in
luded in 
a yields pj
a = 0.Proposition 4.12 �Md�R = V2;d� def= nA 2 �H2(
) \ �H10(
) : A k e�o, algebrai
ally andtopologi
ally.Proof: Obviously, V2;d� � �Md�R. Moreover: by the isomorphisms of Proposition 2.1,� �Md�R is a 
losed subspa
e of �L2(
); and so is �V2;d� by the well-known properties ofthe s
alar Lapla
ian. Thanks to Lemmas 4.7 and 4.10, it is not diÆ
ult to show thath�V2;d� i? � h� �Md�Ri?. The 
on
lusion follows.The above 
hara
terisations of the singular spa
es allow to pre
ise their dimensions.Theorem 4.13 The spa
es �X dS and �X 0nS are of �nite dimension. The dimension of �X 0nSis equal to the number of reentrant edges. The dimension of �X dS is equal to the number ofreentrant edges, plus the number of 
oni
al verti
es with aperture greater than �=�?.This will be proven in Se
tion 5 thanks to the analysis of the above very weak problemswith modi�ed Lapla
ians.In the analysis of time-dependent problems, we shall also need statements similar toLemma 4.10 and Proposition 4.12, with a Neumann boundary 
ondition.De�nition 4.14 Let � be a 
ir
ular 
one, 
 its interior, and �i a regular open subsetof �. De�ne H3=2(�) as the tra
e spa
e on � of fun
tions in H2(
); H3=200 (�i) as the spa
eof fun
tions su
h that their extension by 0 to the whole of � belongs to H3=2(�). �H (�i) isthe axisymmetri
 subspa
e of H3=200 (�i).Lemma 4.15 For any fa
e �i, the tra
e mapping 
i0 on �i is surje
tive fromFi = nu 2 �H2(
) : ��(r u)j� = 0 and uj�j = 0; 8j 6= io ;onto �H (�i); the mapping 
i0�u = 
i0u� is surje
tive fromFi = nu 2 �H2(
) : u k e� and ��(r u�)j� = 0 and u�j�j = 0; 8j 6= ioonto �H (�i); and there exist 
ontinuous liftings from �H (�i) to Fi and Fi.14



Lemma 4.16 The operator 
st : � �H2(
) �! �H1=2 (�i)u 7�! (
url u� �) � e� admits an extensionas a 
ontinuous linear operator from D(�;
)3 to �H (�i)0. For P 2 D(�;
)3 and A 2 �Mn�Rsu
h that A�j�i 2 �H (�i) for any fa
e �i, there holds the integration by parts formulaZZZ
 (�A �P�A ��P) d
 = � nXi=1 h
stP; A�i�H(�i)0;�H(�i) : (50)Proposition 4.17 �Mn�R = V2;n� def= nA 2 �H2(
) : A k e� and �� (r A�)j� = 0o, alge-brai
ally and topologi
ally.5 Analysis of singularities of the modi�ed Lapla
ians.Let Nd+ be the spa
e of solutions to (42{44) in L21(!) and Nd� the spa
e of solutionsto (47{49) in L2�1(!). Obviously, one has: Nd+ \H11(!) = f0g and Nd� \H1�1(!) = f0g.Lemma 5.1 Any p 2 Nd+, resp. p 2 Nd�, belongs to C1(! n V ), where V is any neigh-bourhood of the 
orners E1; : : : ; En; O1; O2.Proof: By (44), resp. (49), we only have to prove that p is C1 up to a neighbourhood ofany open interval ℄A0B0[ su
h that [A0B0℄ � 
j .Let us 
onsider a domain D � ! whose C1 boundary �D 
ontains the segment [A0B0℄,and stays away from all other 
orners and sides of !, in
luding the axis 
a. � is a 
ut-o�fun
tion whi
h takes its values as shown on Figure 2. Of 
ourse, one has �p 2 L2(D);
E j A 2 A 1 A 0 E j-1B 2B 10B

χ=0
χ=1

DFigure 2: Notations of Lemma 5.1.hen
e, sin
e ��p = 0, there holdsfp = �(�p) = ��r �p�r + 2 grad� � grad p+ p�� 2 H�1(D): (51)Moreover, the tra
e of �p vanishes smoothly on the whole of �D.Now, introdu
e the solution v 2 H1(D) to the variational problem�v = fp 2 H�1(D); vj�D = 0 2 H1=2(�D):v � �p belongs to L2(D), has a vanishing Lapla
ian in D and a vanishing tra
e on �D.Again, as D is smooth, one has ��H2(D) \H10(D)	 = L2(D): there are no singularitiesfor the Lapla
ian in D. Hen
e, v � �p = 0, i.e. �p 2 H1(D), and by (51) fp 2 L2(D).By applying a bootstrap argument, one shows that �p 2 Hm(D) for any m 2 N, i.e. �p 2C1(D) and p and C1 up to [A0B0℄. 15



5.1 Lo
al study of singularities near the edges.We look for a lo
al analyti
al expression of the solution p to (42{44), resp. (47{49) in aneighbourhood of an edge, i.e. an o�-axis 
orner E = Ej with opening �=�. [We drop the
orner subs
ript j.℄ In a meridian half-plane, we use lo
al polar 
oordinates (�; �) 
entredat E, the origin of � being on the half-line [Ej+1Ej); a = r(E) is the distan
e between Eto the (Oz) axis and �0 the angle between [Ej+1Ej) and (Or) (see Fig. 3). The expression
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Figure 3: Edge singularity.of the modi�ed Lapla
ians in these 
oordinates reads, with �0 = �+ �0:��p = �2p��2 + 1� �p�� � 1a+ � 
os�0 �
os�0 �p�� � sin�0� �p���+ 1�2 �2p��2 : (52)We settle in a neighbourhood !E of E su
h that !E is away from all 
orners ex
ept Eand all sides ex
ept the ones whi
h meet at E. � 2 C1(!) is a 
ut-o� fun
tion with thefollowing properties: (i) � � 1 in !E; (ii) � � 0 outside some neighbourhood !0E � !Ewhi
h satis�es the same 
onditions as !E; (iii) � depends on � only.One has: L21(!E) = L2�1(!E) = L2(!E): there is lo
ally no di�eren
e between fun
-tions in L21(!), L2�1(!) or L2(!). Moreover, the modi�ed Lapla
ians are lo
ally equal toperturbations of the standard Lapla
ian by less singular terms. Thus, the singularitiesof �� in L2�1(!) are \
lose" to the singularities of � in L2(!), whi
h are well-known [14℄.Lemma 5.2 Let p 2 Nd+, resp. p 2 Nd�. There exist 
 2 R and ` 2 Z; ` � > �1, su
hthat � �p� 
 �` � sin(` � �)� 2 H1(!E).Proof: Let !� be the polygonal domain fx 2 ! : r(x) > bg, and 
� its boundary (seeFigure 3). One has:�(� p) = ��r �p�r + 2 grad � � grad p+ p�� 2 H�1(!�):Now let v 2 H1(!�) be the variational solution of the Diri
hlet problem�v = �(� p) in !�; v = 0 on 
�;16



and p� def= � p� v. p� belongs to L2(!�), has a vanishing Lapla
ian in !� and a vanishingtra
e on 
�. Grisvard [14, pp. 45{56℄ has established that su
h a singularity satis�es� �p� � 
 �` � sin(` � �)� 2 H1(!�):for some 
; ` su
h that ` � > �1. Hen
e � �p� 
 �` � sin(` � �)� 2 H1(!E).By Proposition 3.11, the 
ondition ` � > �1 is needed for the term �` � sin(` � �) to bein L2 (!E). If the 
orner is outgoing (� > 1), this implies ` � 0 and the latter expressionis indeed in H1 (!E). Hen
e any element of Nd� is lo
ally H1. For a reentrant 
orner(1=2 < � < 1), however, the term �` � sin(` � �) is lo
ally L2 but not H1 for ` = �1, andlo
ally H1 for ` � 0. As a 
onsequen
e, there exists a unique (up to a multipli
ation by a
onstant) lo
al singular fun
tion, as shown by theLemma 5.3 If the 
orner E is reentrant, there exists �� 2 Nd� su
h that��(�; �)� � ��� sin�� 2 H1�1(!):Proof: Let u(�; �) = � ��� sin��; this fun
tion vanishes on 
b and 
a, and so does itsnormal derivative on 
a. In !E , � � 1 and by (52),f� = ��u = � � ����1a+ � 
os�0 �
os�0 sin��+ sin�0 
os��� :As �� � 1 > �2, f� 2 H�1 (!E) ; elsewhere it is C1 and vanishes near the axis. Hen
e,by Propositions 3.12 and 3.14, one 
an solve variationally the Diri
hlet problems��w� = f� in !; w� = 0 on 
b;in ÆH1�1(!) or �H11(!). The di�eren
e �� = u � w� 2 L2�1(!) has a vanishing modi�edLapla
ian ��and a vanishing tra
e on 
b; on 
a, �� satis�es the same boundary 
onditionas w�. So, �� 2 Nd�.5.2 Lo
al study of singularities near the 
oni
al verti
es.Similarly to the previous Subse
tion, we look for an analyti
al expression of p near a
oni
al vertex O. [Here, too, we drop the vertex subs
ript.℄ The 
oordinates used in ameridian half-plane are the polar 
oordinates (�; �) 
entred at O, with the origin of �on the (Oz) axis (see Figure 4). In 3D, (�; �; �) are a non-standard system of spheri
al
oordinates. The expression of the modi�ed Lapla
ians in these variables is:�+p = �2p��2 + 2� �p�� + 
ot��2 �p�� + 1�2 �2p��2 ; (53)��p = �2p��2 � 
ot ��2 �p�� + 1�2 �2p��2 : (54)Unlike the previous situation, the 
omplementary terms (with respe
t to the standardLapla
ian) are not less singular. However, the whole of �� enjoys another ni
e feature:variable separation. To take advantage of it, let us introdu
e the angular parts:(��u)(�) = �u00(�)� 
ot �u0(�);17
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Figure 4: Coni
al singularity.and the Hilbert spa
es:H+ = L2��0; �� � ; sin�d�� ; H� = L2��0; �� � ; d�sin�� :The boundary 
onditions in the de�nition of Nd� suggest to 
onsider the domains:D(�+) = �u 2 H+ : �+u 2 H+ and u0(0) = u(�=�) = 0	 ; (55)D(��) = �u 2 H� : ��u 2 H� and u(0) = u(�=�) = 0	 : (56)We noti
e that �� de�nes an unbounded operator in H�, whi
h is self-adjoint in the abovedomain, stri
tly positive and has a 
ompa
t inverse; hen
eTheorem 5.4 There exists a Hilbert basis �u�̀�`2N� of H� made of eigenfun
tions of ��.The 
orresponding eigenvalues ���̀�`2N� are stri
tly positive and go to in�nity. Moreover,��u�̀�0 =q��̀�`2N� is an orthonormal family in H�.Let us determine these eigenfun
tions and -values. The eigenpairs (�; u) of �+ satisfy:�u00(�) + 
ot�u0(�) + � (� + 1)u(�) = 0u0(0) = u(�=�) = 0 (57)where the eigenvalue � = � (� + 1) with � > 0. Setting x = 
os� and u(�) = w(
os �) =w(x) yields: ��1� x2� w00(x)� 2xw0(x) + � (� + 1)w(x) = 0w (
os(�=�)) = w0(1) = 0whi
h is the Legendre equation with indi
es 0 and �, so the general solution of (57) isu(�) = aP 0� (
os �) + bQ0�(
os�). The fun
tion Q0�(x) is in�nite for x = 1, i.e. � = 0; onthe other hand, p is C1 on the axis, so u(�) is C1 at 0. Hen
e, the boundary 
onditionsare satis�ed i� b = 0 and P 0� �
os ��� = 0.Let us number ��+̀�`2N� the in
reasing sequen
e of � > 0 satisfying this 
ondition;�+̀ = �+̀ ��+̀ + 1� the 
orresponding eigenvalues of �+, and u+̀ = C+̀ P 0�+̀(
os�) the
orresponding eigenfun
tions of �+, where C+̀ is a normalisation fa
tor.18



Similarly, let � = � (� � 1), with � > 1, be some eigenvalue of ��; the 
orrespondingeigenfun
tion u is solution of� u00(�)� 
ot �u0(�) + � (� � 1)u(�) = 0u(0) = u(�=�) = 0 (58)Setting x = 
os� and u(�) = sin�w(
os �) = �1� x2�1=2 w(x), we get:(�1� x2� w00(x)� 2xw0(x) + �� (� � 1)� �1� x2��1� w(x) = 0w (
os(�=�)) = w(1) = 0whi
h is the Legendre equation with indi
es � = 1 and � � 1, so the general solutionof (58) is u(�) = sin� �aP 1��1(
os�) + bQ1��1(
os�)�. Using the expansion [1, Eq. 8.7.1and 8.7.2℄ of P (
os�) and Q(
os �) for �! 0, we getlim�!0u(�) = b � (� � 1)��(2� �) �(� + 1) sin � � if � =2 N; and � b if � 2 N; � � 2:Hen
e, the boundary 
onditions are satis�ed i� b = 0 and P 1��1 �
os ��� = 0.Let us number ���̀�`2N� the in
reasing sequen
e of � > 1 satisfying this 
ondition;��̀ = ��̀ ���̀ � 1� the 
orresponding eigenvalues of ��, and u�̀ = C�̀ sin�P 1��1(
os�) the
orresponding normalised eigenfun
tions of ��.The three following fa
ts are worth noti
ing: (i) all eigenvalues of �� are simple; (ii) asshown by tables of Legendre fun
tions (see e.g. [1℄), there are no x 2 ℄�1; 1[ nor � 2 ℄1; 2℄su
h that P 1��1(x) = 0; hen
e, ��1 > 2; (iii) the ��̀ have an asymptoti
 linear behaviour,as shown by theLemma 5.5 One has ��̀ � � ` when `! +1.Proof: It relies on the asymptoti
 expansion [1, Eq. 8.6.6℄ of P �� (
os�) when � ! +1with � and � � 0 �xed, taking into a

ount the following equivalen
e: �(n+ �)=�(n) � n�when n! +1 and � is �xed [1, Eq. 6.1.45℄.Let us return to the singularities of the modi�ed Lapla
ians. As p(�; �) 2 Nd� belongsto L2�1(!)\C1(! n V ), for any neighbourhood V of O, it 
an be viewed as a C1 fun
tionof � 2 ℄0; R[ (for some R > 0) with values in H�. The equation �+p = 0, resp. ��p = 0then be
omes: �2p��2 + 2� �p�� � 1�2 �+p = 0; (59)resp. �2p��2 � 1�2 ��p = 0: (60)Hen
e p takes its values in D(��) de�ned by (55{56). We denote DR = !O \f0 < � < Rg.Lemma 5.6 Let p 2 C1 (℄0; R[ ;D(��)) be a solution of (60), and assume p 2 L2�1(DR) =L2 �DR; (� sin�)�1 � d� d��. There exists a sequen
e (
`)`2N� satisfyingp(�; �) = +1X̀=1 
` ���̀ u�̀(�); (61)j
`j � K R���̀q��̀; (62)where the 
onstant K depends only on p. 19



Proof: For a �xed �, one expands � 7! p(�; �) on the Hilbert basis �u�̀�`2N� :p(�; �) = +1X̀=1 p`(�)u�̀(�); where p`(�) = Z ��0 p(�; �)u�̀(�) d�sin�: (63)Then (60) yields:p00̀(�)� ��̀ ���̀ � 1� p`(�)�2 = 0; hen
e: p`(�) = 
` ���̀ + d` �1���̀ :By Proposition 3.11, the fun
tion �� u�̀(�) belongs to L2�1(DR) i� � > �1=2. As ��̀ > 2,the term d` �1���̀ u�̀ 
annot be in L2�1(DR) unless d` = 0; on the other hand, 
` ���̀ u�̀ 2L2�1(DR) for any `.To obtain the estimate (62), we apply the S
hwarz inequality to (63):p`(�)2 � Z ��0 p(�; �)2 d�sin�;sin
e the fun
tions u�̀ are normalised. Hen
e:Z R0 p`(�)2 d� � Z R0 Z �=�0 p(�; �)2 d� d�sin� = kpk2L2�1(DR) = 
st:The integral in the left-hand side is 
2̀R2 ��̀+1��2 ��̀ + 1�, and (62) follows.Lemma 5.7 Let p 2 C1 (℄0; R[ ;D(�+)) be a solution of (59), and assume p 2 L21(DR) =L2 (DR; (� sin�) � d� d�). There exists a sequen
e (
`)`2N� satisfyingp(�; �) = +1X̀=1 
` ��+̀ u+̀(�); if � > �?; (64)p(�; �) = d1 ��1��+1 u+1 (�) + +1X̀=1 
` ��+̀ u+̀(�); if � < �?; (65)j
`j � K R��+̀q�+̀; in both 
ases, (66)for some 
onstant K depending only on p.The limiting value � = �? 
orresponds to the ex
eptional value for whi
h ��dR is not
losed. It is de�ned by P 01=2(
os �=�?) = 0; its value is �? ' 1; 3771, or �=�? ' 130Æ430.Proof: Similarly to the previous proof, one writes: p(�; �) = +1X̀=1 p`(�)u+̀(�). One �ndsthat: p`(�) = 
` ��+̀ + d` ��1��+̀ .By Proposition 3.11, the fun
tion �� u+̀(�) belongs to L21(DR) i� � > �3=2: the termd` ��1��+̀ u+̀(�) is L21(DR), with d` 6= 0, i� �+̀ < 1=2. Tables [1℄ show that� if � < �?, �+1 < 1=2 and �+̀ > 1=2, hen
e d` = 0, for ` > 1;� if � > �?, �+̀ > 1=2, hen
e d` = 0, for ` � 1;� if � = �?, �+1 = 1=2, whi
h does 
orrespond to the eigenvalue �+1 = 3=4 for �+.20



Moreover, 
` ��+̀ u+̀ 2 L21(DR) for any `.The S
hwarz estimate of the 
oeÆ
ient p`(�) yields:Z R0 p`(�)2 �2 d� � Z R0 Z �=�0 p(�; �)2 �2 sin�d� d� = kpk2L21(DR) = 
st:For ` > 1, the left-hand side is equal to 
2̀R2 �+̀+3.�2 �+̀ + 3�, and (66) follows.We will 
all O a sharp vertex if its aperture angle is stri
tly greater than �=�?. The
onsequen
e of the previous results is that �� has no singularity near O, while �+ haslo
ally one singular fun
tion if O is sharp, and no singularity if it is not.Theorem 5.8 Let p 2 C1 (℄0; R[ ;D(��)) be a solution of (60). If p 2 L2�1(DR), thenp 2 H1�1(DR0) for any R0 < R.Proof: In polar 
oordinates, the fa
t that a fun
tion f 2 L2�1(DR) belongs to H1�1(DR0)is equivalent to the 
onvergen
e of the integralsZZDR0 ��f���2 d� d�sin� and ZZDR0 1�2 ��f���2 d� d�sin� :Let us di�erentiate formally the expansion (61):�p�� = +1X̀=1 
` ��̀ ���̀�1 u�̀(�); 1� �p�� = +1X̀=1 
` ���̀�1q��̀ ���̀ � 1� �u�̀(�)�0q��̀ ���̀ � 1� :For a �xed � � R0 < R, these expansions are performed on orthonormal families in H�,respe
tively �u�̀�`2N� and ��u�̀�0�q��̀�`2N� . Thus, establishing their 
onvergen
ein H� amounts to 
he
king that their 
oeÆ
ients are in l2(N�). This follows from theestimate (62), sin
e by Lemma 5.5, ��̀ � � `=2 for ` large enough. Hen
e for � �xed,grad p 2 [H�℄2 and its norm isZ ��0 jgrad p(�; �)j2 d�sin� � 2K R +1X̀=1 ���̀�3 � �R�2 ��̀�2 � K 0 ��R� � �� :So, by Fubini's theorem,ZZDR0 jgrad p(�; �)j2 d� d�sin� � Z R00 K 0 ��R� � �� d� < +1;and p 2 H1�1(DR0).Theorem 5.9 Let p 2 C1 (℄0; R[ ;D(�+)) be a solution of (59). If p 2 L21(DR), then� if � > �?, p 2 H11(DR0) for R0 < R.� if � < �?, p� d1 ��1��+1 u+1 (�) 2 H11(DR0) for R0 < R.21



Proof: Similarly to above argument, the fa
t that a fun
tion f 2 L21(DR) belongsto H11(DR0) is equivalent to the 
onvergen
e of the integralsZZDR0 ��f���2 �2 sin�d� d� and ZZDR0 1�2 ��f���2 �2 sin�d� d�:A

ording to the value of �, we set f = p or f = p� d1 ��1��+1 u+1 (�); and applying to fa reasoning like above proves its H11(DR) regularity.Lemma 5.10 If � < �?, there exists �+ 2 Nd+ su
h that�+(�; �)� �(�) ��1��+1 u+1 (�) 2 H11(!):Proof: Let u(�; �) = � ��1��+1 u+1 (�) and f = �+u. f vanishes everywhere ex
ept in ashell whi
h stands away from all 
orners, and is smooth there. De�ne w as the variationalsolution in �H11(!) of �+w = f ; w satis�es �rw = 0 on 
a, and so does u. The di�eren
e�+ = u� w satis�es �+�+ = 0 and the boundary 
onditions; hen
e �+ 2 Nd+.5.3 Dimensions of the singular spa
es.De�nition 5.11 Let the sets of geometri
al singularities be:KE = f edges g ; KO = f verti
es gKES = fj : Ej is a reentrant edge gKOS = fj : Oj is a sharp vertex g :Theorem 5.12 The spa
es Nd+ and Nd� are �nite-dimensional. The dimension of Nd�is equal to the number of reentrant edges. The dimension of Nd+ is equal to the sum ofthe number of reentrant edges and the number of sharp verti
es.Proof: Let us introdu
e a 
ut-o� fun
tion �j for ea
h singularity Aj ; j 2 KE [KO. (Wetake 
are that their supports are all disjoint.) For any p 2 Nd�, there holds by Lemma 5.1:T�p def= p 0�1� Xj2KE[KO �j1A 2 C1(!):If p 2 Nd�, T�p has a vanishing tra
e on 
 and belongs to H1�1(!). As a matter of fa
t,T�p = r T�P�, where P, as the solution of (46), is C1 up to the fa
es of �, and the 
ut-o�suppresses the edge and vertex e�e
ts. Thus, T�P 2 �D �
� � �H1(
), so T�P� 2 H1�(!)and T�p 2 H1�1(!) by Proposition 3.9.If j 2 KO, �j p 2 H1�1(!) by Theorem 5.8. Near an outgoing edge Ej , p is lo
ally H1,hen
e �j p 2 H1�1(!). If j 2 KES , there exists ��j 2 Nd� su
h that wj = �j p � 
j ��j 2H1�1(!) by Lemma 5.3. Summarising, we have:p = T�p+ Xj2KO �j p+ Xj2KEnKES �j p+ Xj2KES �
j ��j + wj� = w + Xj2KES 
j ��j ;with w in H1�1(!), as the sum of fun
tions in H1�1(!), and in Nd�, as the di�eren
ep�P 
j ��j of elements of Nd�. Thus w = 0.So, the ���j �j2KES are a generating family in Nd�; on the other hand, they are|obviously|linearly independent. Hen
e the dimension of Nd�.22



The demonstration is very similar for p 2 Nd+. Here T�p 2 H11(!), andp = T�p+ Xj2KOS �
j �+j + wj�+ Xj2KOnKOS �j p+ Xj2KEnKES �j p+ Xj2KES �
j �+j + wj�= w + Xj2KOS 
j �+j + Xj2KES 
j �+j ;where w is both in H11(!) and Nd+, hen
e w = 0. The 
on
lusion follows on
e more fromthe obvious linear independen
e of the ��+j �j2KES[KOS .6 Analysis of the stati
 problems.We examine the simpli�
ation of the stati
 problems (1{3) and (4{6) indu
ed by the axialsymmetry. As noted in [3, Proposition 2.2℄, there is a de
oupling of meridian and azimuthal
omponents in the divergen
e, 
url and ve
tor Lapla
ian operators; as a 
onsequen
e,ea
h of the stati
 problems is de
oupled into two problems, 
on
erning the meridian andazimuthal 
omponents of the �eld U .We shall also pay spe
ial attention to the divergen
e-free 
ase (i.e. G = 0 in (2) or (5)),whi
h is of parti
ular interest in the magnetostati
 
ase.6.1 The general meridian �eld problem.The meridian 
omponent Um = Ur er + Uz ez of U satisi�es divUm = G and 
urlUm =F�. Introdu
ing um = rUm, g = r G and f� = r F�, one has:divum = g in !; 
url� um = f� in !; unm � �; resp. udm � � = 0 on 
b: (67)Any ve
tor �eld in H(
url; 
) \ H(div; 
) is H1 away from the boundary � (
f. [13℄);hen
e its r-
omponent vanishes on the axis: U � � = Ur = 0j
a ; the same is true for um.We shall treat in some detail the ele
trostati
 
ase only. For the magnetostati
 
ase,the supers
ripts d and n and the boundary 
onditions on 
b only are to be swapped:u � � = 0 is to be repla
ed with u � � = 0, V = 0 be
omes ��V = 0, and so on. On theother hand, the boundary 
onditions on the axis, whi
h stem from the axial symmetry,are the same.Let us 
onsider the Hodge de
omposition (7). De�ning W n = r An� , V d and W n arerelated to udm by: udm = 
urlW n � r grad V d: (68)As a fun
tion of the sour
e f�, W n is obtained as the solution of the mixed Diri
hlet{Neumann problem with modi�ed Lapla
ian �����W n = fn� in !; W n = 0 on 
a; �W n�� = 0 on 
b: (69)Similarly, V d is the solution of the mixed Diri
hlet{Neumann problem with modi�edLapla
ian �+: ��+V d = Gd in !; �V d�� = 0 on 
a; V d = 0 on 
b: (70)The boundary 
onditions on 
a are justi�ed by the Remarks following Propositions 3.12and 3.14; ��W n = 0 on 
b is the tra
e of (14); the boundary 
ondition (13) only 
on
ernsthe meridian 
omponents of An. 23



f� belongs to L2�1(!), and so does g. As for Udm, it belongs to�X dm = nUdm 2 L21(!)2 : div+Udm 2 L21(!) and 
urlUdm 2 L21(!) and Udm � � = 0 and 
bo :So, by Lemma 3.1, the variable udm belongs to the spa
eUd = nud 2 L2�1(!)2 : divu 2 L2�1(!) and 
url� u 2 L2�1(!) and um � � = 0 on 
bo :Finally, by Propositions 3.3 and 3.7, the potentials V d and W n belong to�d+ = �V d 2 H11(!) : �+V d 2 L21(!) and �V d�� = 0 on 
a and V d = 0 on 
b� : (71)�n� = �W n 2 H1�1(!) : ��W n 2 L2�1(!) and W n = 0 on 
a and �W n�� = 0 on 
b� : (72)Theorem 6.1 For (f�; g) 2 L2�1(!) � L2�1(!), i.e. G 2 L21(!), Eq. (67) has a uniquesolution in Ud; and (68) has a unique solution in �d+ � �n�. The mappings de�ned bythese equations are isomorphisms between the relevant spa
es.As a 
onsequen
e, �+ and �� are isomorphisms, respe
tively between �d+ and L21(!),and �n� and L2�1(!).Proof: Consider the following diagramme:��d �Mn �grad����!+
url �X d div����!
url �Ld �J nI???y $� $m ???y I???y $���d �Mn� �grad��������!+1=r 
url(r �) �X dm div+����!
url L21(!) L21(!)I???y R R???y I???y R�d+ �n� �r grad�����!
url Ud (1=r) div�����!
url� L21(!) L2�1(!)
(73)

The operators and spa
es that 
ome with the horizontal arrows are to be understood asin (16). The operators pla
ed on both sides of a verti
al arrow, are in tensor produ
t;they operate between the spa
es just above and just beneath them.The �rst row of (73) is made of isomorphisms, by Proposition 2.1. $m and $� are themeridian and azimuthal proje
tions; they are surje
tive (onto) morphisms by Lemmas 3.5and 3.7. R is as in Lemma 3.1; I is the identity mapping, or the tra
e operator in ameridian half-plane, whi
h we (more or less) merge. The sub-diagramme made of the �rsttwo rows in (73), and the verti
al arrows between them, is obviously 
ommutative. Hen
e,the se
ond row is made of isomorphisms.Then, straightforward 
al
ulations show that the last two rows, and the verti
al ar-rows between, make up a 
ommutative diagramme. Hen
e, the third row is made ofisomorphisms. The last assertion, too, is straightforward.24



6.2 The divergen
e-free meridian �eld problem.To study it|in the magnetostati
 
ase|let us introdu
e the divergen
e-free spa
es�X 0nm = �Bm 2 L21(!)2 : div+ Bm = 0 in ! and 
urlBm 2 L21(!) and Bm � � = 0 on 
b	 ;U0n = �v 2 L2�1(!)2 : divv = 0 in ! and 
url� v 2 L2�1(!) and v � � = 0 on 
b	 :and the spa
e of potentials�d� = nW d 2 H1�1(!) : ��W d 2 L2�1(!) and W d = 0 on 
a and 
bo : (74)There holds the simpli�ed result:Lemma 6.2 The following mappings are isomorphisms:
url : �d� ! U0n; 
url� : U0n ! L2�1(!); ��: �d� ! L2�1(!);and are linked by ���= 
url� 
url.Proof: Consider this time the diagramme:�Md 
url����! �X 0n 
url����! �J d$� ???y $m ???y $� ???y�Md� 1=r 
url(r �)�������! �X 0nm 
url����! L21(!)R???y R???y R???y�d� 
url����! U0n 
url�����! L2�1(!)
(75)

and show that it is 
ommutative.If we were interested in divergen
e-free ele
tro\stati
" problems, similar results wouldhold, with boundary 
onditions on 
b swapped.6.3 Spa
e de
omposition results for the meridian problems.For both div-
url problems, there holds the following result, whi
h we state in the ele
-trostati
 
ase|for the magnetostati
 
ase, just swap the supers
ripts d and n.Lemma 6.3 In Ud, the semi-norm �k 
url� umk20;�1;! + kdivuk20;�1;!�1=2 is a norm, whi
his equivalent to the 
anoni
al norm; and similarly in �d+, resp. �n�, the norm k�+V k0;1;!,resp. k��Wk0;�1;!. If Ud; �d+; �n� are endowed with these norms, the isomorphisms ofLemma 6.1 are isometri
.In the divergen
e-free 
ase, we have the simpli�ed version, whi
h we state in the magne-tostati
 
ase: 25



Lemma 6.4 In U0n, the L2�1 norm of the modi�ed 
url de�nes a norm equivalent to the
anoni
al norm; and similarly in �d� the L2�1 norm of the modi�ed Lapla
ian. If U0n and�d� are endowed with these norms, the isomorphisms of Lemma 6.2 are isometri
.The tra
es of the spa
es �X dR; �MdR; ��dR et
. are 
losed within Ud, �d+; �n�, and so on.One �nds that:UdR = �u = (ur; uz) 2 L2�3(!)� L2�1(!) : ��ur�r ; �ur�z ; �uz�z � 2 L2�1(!)3 (76)and �uz�r � uzr 2 L2�1(!) and u � � = 0 on 
b:�:For the ve
tor potential, the tra
e of 
urlA 2 �H1(
) is 
urlW 2 UR, i.e.�2W�r2 � 1r �W�r 2 L2�1(!); �2W�r �z 2 L2�1(!); �2W�z2 2 L2�1(!); (77)hen
e the range of �MnR is�n�R = �W 2 H1�1(!) :W satis�es (77) and W = 0 on 
a and �W�� = 0 on 
b� : (78)The range of ��dR is:�d+R = �V 2 H2+(!) : �V�� = 0 on 
a and V = 0 on 
b� : (79)Similarly, one de�nes UnR; �d�R ;�n+R by swapping the boundary 
onditions on 
b; and U0nRby imposing the extra 
ondition divu = 0.The regular potential subspa
es enjoy the following property, whi
h is the tra
e ofPropositions 4.12 and 4.17:Proposition 6.5 The spa
es �d�R and �n�R are the range, by the isometry R of Proposi-tion 3.1, of 
losed subspa
es in H2�(!); and the norms k��Wk0;�1;! and kW=rk2;�;! areequivalent on these spa
es.Expli
it singular potentials. As we already know the 
odimensions of the regularspa
es, we shall not try to determine their orthogonal 
omplements; instead, we are inter-ested in expli
it 
omplements. Let�d+ = �d+R � �d+S� ; �d� = �d�R � �d�S� ; �n� = �n�R � �n�S�be non-orthogonal de
ompositions of the various potential spa
es. Thanks, respe
tively,to Theorem 4.8 and to the isomorphisms of Lemma 6.2, there holds:Ud = UdR � r grad�d+S� ; U0n = U0nR � 
url�d�S� :Moreover, UdR\
url�n�S� = f0g; so, if we exhibit a suÆ
ient number of linearly independentfun
tions in �n� that do not belong to �n�R , we will have additionally obtaineddim�n�S� = # [KES [KOS ℄ and Ud = UdR � 
url�n�S� ;a de
omposition that will be useful in the analysis of time-dependent problems. Thesedi�erent splittings are the analogues, in axisymmetri
 geometry, of those exhibited byCostabel{Dauge [9℄ in the 2D Cartesian 
ase.26



Using the notations of Se
tion 5, we de�ne for ea
h reentrant edge Ej the fun
tionsSd�j (�j; �j) � �j(�j) ��jj Y d�j (�j) ; where Y d�j (�j) =r2�j� sin (�j �j) ; (80)Sd+j (�j; �j) � �j(�j) ��jj Y d+j (�j) ; where Y d+j (�j) = Y d�j (�j) ; (81)Sn�j (�j; �j) � �j(�j) ��jj Y n�j (�j) ; where Y n�j (�j) �r2�j� 
os (�j �j) : (82)It is easy to 
he
k that these fun
tions satisfy all the 
riteria that de�ne respe
tively�d�; �d+ and �n�. On the other hand, they are not in H2 �!Ej� be
ause of the expo-nent �j < 1; hen
e they fail to belong to the regularised subspa
es.For sharp vertex Oj , let us introdu
eSd+j (�j ; �j) � �j(�j) ��jj Y d+j (�j) ; where Y d+j (�j) = Cd+j P 0�j (
os�j) ; (83)Sn�j (�j ; �j) � �j(�j) �1+�jj Y n�j (�j) ; where Y n�j (�j) = Cn�j sin�j P 1�j (
os�j) : (84)We re
all that �j = �+j;1 is the unique root of P 0� (
os �=�j) = 0 in the interval ℄0; 1=2[.The Cj are normalisation fa
tors in H�. Thanks to the expression [1, Eq. 8.5.2℄ of thederivative of the Legendre fun
tion, one shows that Sn�j (�j; �j) satis�es the homogeneousNeumann 
ondition on 
b, and that Y n�j is an eigenfun
tion of the operator ��with mixedboundary 
onditions, with eigenvalue �j (�j + 1). By Eqs. (53, 54) one has:�+nf (�j) Y d+j (�j)o = "f 00 (�j) + 2� f 0 (�j)� �j (�j + 1)�2j f (�j)# Y d+j (�j) ; (85)��nf (�j) Y n�j (�j)o = "f 00 (�j)� �j (�j + 1)�2j f (�j)# Y n�j (�j) ; (86)and so �+Sd+j = ��Sn�j � 0 near Oj . Elsewhere, these modi�ed Lapla
ians vanish ex
eptin a shell where they are C1 up to the boundary. In addition, thanks to the fa
tor sin�jin Y n�j (�j), there holds ��Sn�j (�j ; 0) = 0, so ��Sn�j 2 L2�1(!).By Proposition 3.11, Sd+j 2 H11(!), but Sd+j =2 H2+(!); Sn�j 2 H1�1(!), but Sn�j =2R �H2�(!)�. So we have Sd+j 2 �d+ and Sd+j =2 �d+R ; Sn�j 2 �n� and Sn�j =2 �n�R .Finally, the obvious linear independen
e of the Sj asso
iated with di�erent geometri
alsingularities, and the dimensions of the singular spa
es, imply that �Sd+j �j2KES[KOS ,�Sn�j �j2KES[KOS , �Sd�j �j2KES , are respe
tive bases of �d+S� , �n�S� and �d�S� .Expli
it singular ele
tri
 �elds. Near a reentrant edge Ej , one has:gradSd+j (�j ; �j) = p2��j �j (�j) ��j�1j hsin (�j �j) e�j + 
os (�j �j) e�ji+s2��j �0j (�j) ��jj sin (�j �j) e�j;
urlSn�j (�j ; �j) = p2��j �j (�j) ��j�1j hsin (�j �j) e�j + 
os (�j �j) e�ji+s2��j �0j (�j) ��jj 
os (�j �j) e�j:27



These two types of singularities have the same \prin
ipal part", i.e. they only di�er byan H1 term. Besides, (r=aj) gradSd+j still has the same prin
ipal part, sin
e� raj � 1� gradSd+j (�j; �j) = �j 
os�0j gradSd+j (�j ; �j) � ��jj 2 H1 �!Ej� :In absen
e of divergen
e 
onstraint, we shall use a pra
ti
al singular �eldSdj (�j ; �j) � p2��j �j (�j) ��j�1j hsin (�j �j) e�j + 
os (�j �j) e�ji (87)= 12 � raj gradSd+j + 
urlSn�j �+wj; with wj 2 UdR:Let us now 
onstru
t a singular �eld near a sharp 
oni
al vertex Oj . Using the di�er-entiation formulae for the Legendre fun
tions [1, Eqs. 8.5.2 and 8.6.6℄, we �nd:r gradSd+j (�j ; �j) = Cd+j �j (�j) ��jj sin�j h�j P 0�j (
os�j) e�j + P 1�j (
os�j) e�ji+ Cd+j �0j (�j) ��j+1j sin�j P 0�j (
os�j) e�j
urlSn�j (�j ; �j) = (�j + 1)Cn�j �j (�j) ��jj sin�j h�j P 0�j (
os�j) e�j + P 1�j (
os�j) e�ji+ Cn�j �0j (�j) ��j+1j sin�j sin�j P 1�j (
os�j) e�j:Here, too, the two types of singularities have proportional prin
ipal parts, sin
e(�j + 1)Cn�j r gradSd+j � Cd+j 
urlSn�j � ��j+1j ;so the r and z 
omponents of this �eld are in H1�1(!), and the �eld belongs to UdR. Inabsen
e of divergen
e 
onstraint, we shall use the singular �eldSdj (�j ; �j) � �j (�j) ��jj sin�j h�j P 0�j (
os�j) e�j + P 1�j (
os�j) e�ji (88)= 12 (r gradSd+jCd+j + 
urlSn�j(�j + 1)Cn�j )+wj; with wj 2 UdR:By a dimension argument, we 
on
lude that the �Sdj�j2KES[KOS make up a basis of UdS�,a 
omplement of UdR within Ud.Sin
e the azimuthal 
omponent of any �eld in �H(
url; 
) is in �H1(
) (Proposition 3.9),we infer that the �elds Sdj (�j ; �j) =r span a 
omplement of �X dR within �X d.Expli
it singular magneti
 �elds. The spa
e spannS0nj oj2KES , where S0nj def= 
urlSd�j ,obviously 
omplements U0nR within U0n. One has expli
itly:S0nj (�j ; �j) = p2��j �j (�j) ��j�1j h� 
os (�j �j) e�j + sin (�j �j) e�ji (89)+s2��j �0j (�j) ��jj sin (�j �j) e�j :The last term vanishes near Ej , and is of global H1 regularity. It is ne
essary to pre-serve the divergen
e 
onstraint. If, however, we work within Un, i.e. without divergen
e
onstraint, or if we just need lo
al expressions, we 
an use the singular �eldsSnj (�j ; �j) � p2��j �j (�j) ��j�1j h� 
os (�j �j) e�j + sin (�j �j) e�ji (90)= 
urlSd�j +wj; with wj 2 UnR:28



We remark that Snj is Sdj rotated of �=2: this is similar to the Cartesian geometry.Like in the ele
tri
 
ase, we infer that the �elds S0nj (�j; �j) =r span a 
omplementof �X 0nR within �X 0n. If we work within �X n, i.e. without divergen
e 
onstraint, we 
an usethe Snj : be
ause of their support, they belong to �H(
url;div;
) but not to �H1(
), andsatisfy the magneti
 boundary 
ondition.6.4 The azimuthal �eld problem.The azimuthal 
omponent U� = U� e� satis�es 
urlU� = Fm, and be
ause of the axialsymmetry, divU� = 0. In the ele
trostati
 
ase, U � n = 0 implies U� = 0 on �.Introdu
ing u� = r U� and fm = rFm, Eq. (1) resp. (4) be
omes:
urlu� = fm: (91)In the ele
trostati
 
ase, on has fm 2 Fn = �f 2 L2�1(!)2 : div f = 0 and ! and f � � = 0 on 
b	,and by Lemma 3.7, u� 2 Vd� = ÆH1�1(!). In the magnetosati
 
ase, fm 2 Fd =�f 2 L2�1(!)2 : div f = 0	, and u� 2 Vn� = H1�1(!). The following diagramme is 
om-mutative and isometri
 �X 
url����! �J$� ???y $m ???y�X� 1=r 
url(r �)�������! �JmR???y R???yV� 
url����! F
(92)

We re
all the absen
e of azimuthal singularities; the azimuthal 
omponent of any �eld in�H(
url;div;
) is automati
ally in �H1(
), i.e. v 2 H1�1(!).6.5 Spa
e regularity of the ele
tri
 and magneti
 �elds.Theorem 6.6 There holds: �X dm � Hs1(!)2, i.e. Ud � Hs�1(!)2, or �X d 2 �Hs(
), i� s <min f�j ; j 2 KES ; �j + 1=2; j 2 KOSg.Similarly, �X 0nm � Hs1(!)2, i.e. U0n � Hs�1(!)2, or �X 0n � �Hs(
), i� s < min f�j ; j 2 KESg.Proof: For any Ud 2 �X d, its azimuthal 
omponent is in �H1(
); so the global spa
eregularity will be determined by the singular part of its meridian 
omponent. We have:�X d = �X dR � spannSdj=r; j 2 KES [ KOSo :By Proposition 3.11, the formula (87) proves that the Sdj asso
iated to reeentrant edgesare in Hs �!Ej�2 i� s < �j . Then, be
ause of their support, Sdj 2 Hs�1(!)2, and Sdj=r 2Hs1(!)2 = Hs+(!)�Hs�(!). Similarly, for 
oni
al verti
es, (88) proves that Sdj 2 Hs�1 (!)2and Sdj=r 2 Hs1 (!)2 = Hs�(!)�Hs+(!), i� s < �j + 1=2.The 
on
lusions follow. The proof in the magneti
 
ase is similar (and simpler).29



7 Analysis of the modi�ed wave equation.Setting q = ! � ℄0; T [ ; �a=b = 
a=b � ℄0; T [, we 
onsider the evolution problem8<:u00(t)���u(t) = f(t) in q;u = 0 on �a ; u = 0; resp. ��u = 0 on �b;u(0) = u0; u0(0) = u1 in !: (93)We are mainly interested in the de
omposition into regular and singular parts, and in thespa
e-time regularity, of the solution to (93). This study, 
arried out in Subse
tions 7.1and 7.2, 
losely parallels and relies upon the similar work on the standard Lapla
ian andthe standard wave operator by Grisvard [14, Paragraphs 2.5.2 and 5.3℄; so many proofswill be sket
hed or even omitted.Let H = L2�1(!), V� = ÆH1�1(!) or H1�1(!), A the unbounded operator ��� on H,and DA = �d=n� its domain. As A is a stri
tly positive self-adjoint operator with 
ompa
tinverse, it admits an in
reasing sequen
e of positive eigenvalues (�m)m2N , repeated a

ord-ing to their multipli
ity, and going to in�nity. The asso
iated eigenfun
tions (normalisedin H) are denoted (wm)m2N ; the families (wm)m2N , �wm=p�m�m2N and (wm=�m)m2Nmake up Hilbert bases of H, V� and DA respe
tively.By interpolation, the power A#; 0 � # � 1 is de�ned by its domain and its values:DA# = (u 2 H :Xm �2#m (u j wm)2H < +1) and A#u =Xm �#m (u j wm)H wm:The square root of the quantity involved in the de�nition of DA# is the 
anoni
al norm ofthis spa
e. In parti
ular, V� = DA1=2 .Theorem 7.1 Assume f 2 L1 (0; T ;V�), u0 2 DA and u1 2 V�. The problem (93) ad-mits a unique solution u 2 C0 (0; T ;DA)\C1 (0; T ;V�), depending 
ontinuously of the dataf; u0; u1 in their respe
tive spa
es. If, moreover, f 2 C0 (0; T ;H), then u 2 C2 (0; T ;H).Proof: Assume for the moment that f 2 C0 (0; T ;H)\L1 (0; T ;V�). Then the semi-grouptheory [10℄ asserts the existen
e and uniqueness of u 2 C0 (0; T ; ��)\C1 (0; T ;V�) solutionto (93). This solution is expli
itly given byu(t) = Xm (
os�tp�m� (u0 j wm)H + sin�tp�m� �u1 ��� wmp�m�H+ Z ts=0 sin�(t� s)p�m� �f(s) ��� wmp�m�H ds)wm:We noti
e that u depends 
ontinuously on the L1 (0; T ;V�) norm of f . Hen
e the existen
eand uniqueness of u for f 2 L1 (0; T ;V�) by a density argument. The last statement isstraightforward.7.1 Estimates with parameter for ��.Given � � 0, we study the variational solution in Vd� = ÆH1�1(!) resp. Vn� = H1�1(!), inthe sense of Proposition 3.14, to the Diri
hlet, resp. Neumann problem���u+ �2 u = f in !; u = 0 on 
a; u; resp. �u�� = 0 on 
b: (94)30



If f 2 L2�1(!), u belongs to �� = �d�, resp. �n�; in this Se
tion, we shall usually omitthe index d or n; and we write Sj = Sd�j or Sn�j , Yj = Y d�j or Y n�j , �j = �+j;1...The relevant sets of geometri
al singularities are:KdS = KES (Diri
hlet 
ase); KnS = KES [ KOS (Neumann 
ase):In this se
tion, we write KS to 
over both 
ases. u is split onto �� = ��R � ��S�:u = u�R(�) + Xj2KS 
j(�)Sj ; with u�R 2 ��R: (95)It is indeed more 
onvenient to use the following de
omposition:u = uR(�) + Xj2KS 
j(�) e�� �j Sj; with uR 2 ��R; (96)whi
h holds with the same 
j(�), sin
e one easily 
he
ks that �1� e�� �j� Sj 2 ��R. Themain goal of this Subse
tion is to obtain estimates of the various terms in (96) as � !1.As a 
onsequen
e of (45) and (50), we have the following \very weak" integration byparts formulae for ��. If p 2 L2�1(!), ��p 2 L2�1(!), and w 2 �d�R , resp. w 2 �n�R andwj
i belongs to the tra
e spa
e of R h�H (�i)i, there holds:ZZ! �p ��w � w ��p	 d!r = X�p; �w�� � ; (97)resp. ZZ! �p ��w � w ��p	 d!r = �X��p�� ;w� ; (98)the duality bra
kets in the right-hand sides being taken between the suitable spa
es, thetra
es of R h �H (�i)0i = R h �H (�i)i0 and R h �H (�i)i, resp. of R h�H (�i)0i = R h�H (�i)i0 andR h�H (�i)i. In parti
ular, the hypotheses of (98) are automati
ally satis�ed when the tra
eof w vanishes on all sides 
i ex
ept one.For a given �, the mapping f 7! u is linear and 
ontinuous, and so is the proje
tion onthe 
losed subspa
e spanned by e�� �j Sj: so the mapping f 7! 
j(�) is a linear 
ontinuousform on L2�1(!), and there exists gj(�) 2 L2�1(!) su
h that
j(�) = ZZ! f gj(�) d!r : (99)Obviously, gj(�) 2 N�� , the orthogonal of �����2 I���R within L2�1(!). As a 
onsequen
eof the formulae (97) and (98), one has:Proposition 7.2 Let v 2 L2�1(!) ; v belongs to N�� i�:��v � �2 v = 0 in !; v = 0 on 
a; v; resp. �v�� = 0 on 
b: (100)The boundary 
ondition is understood in the suitable spa
e (see above) on 
b, and in thestrong sense on 
a.From this 
hara
terisation, we 
an infer lo
al expressions for the basis fun
tions of N�� :31



Lemma 7.3 For any reentrant edge Ej, let uj 2 L2�1(!) be the fun
tionuj(�j; �j) � �j(�j) e�� �j ���jj Yj (�j) : (101)There exists vj 2 N�� su
h that �wj � vj � uj 2 V�.Proof: Similar to that of Lemma 5.3.Lemma 7.4 In the Neumann 
ase, de�ne for any sharp vertex Oj the fun
tionuj(�j; �j) � �j(�j) e�� �j ���jj Yj (�j) 2 L2�1(!): (102)There exists vj 2 N�� su
h that �wj � vj � uj 2 V�.Proof: Here, a straightforward 
al
ulation shows that fj = ��uj��2 uj belongs to Lp1�p(!)for p < 3= (2 + �j) � pmax. Sin
e �j < 1=2, pmax > 6=5 and one 
an apply Proposition 3.14and de�ne wj as the variational solution in V� of ��wj � �2wj = fj. The di�eren
evj = uj � wj is in L2�1(!) and satis�es (100).Remark 7.1 By a dimension argument, the (vj)j2KS make up a basis of N�� .Lemma 7.5 There holdsI � ZZ! vj (����2 I)Sk d!r = �2�j(�) Æjk; (103)where �j(�) satis�es, for � large enough,0 < �min � �j(�) � �max; (104)and the 
onstants �min and �max depend only on the geometry, not on �.Proof: The integral I1 � ZZ! uj (����2 I)Sk d!rvanishes for j 6= k sin
e uj and Sk have disjoint supports. Moreover, using Proposition 3.15and the variational de�nition of wj, we 
al
ulateI2 � ZZ! wj (����2 I)Sk d!r = ZZ! Sk (����2 I)wj d!r = ZZ! Sk (����2 I)uj d!r ; (105)whi
h vanishes again for j 6= k. So we are left with the 
ase j = k, and we drop thesubs
ript j. It stems from (105) that:I = I1 � I2 = ZZ! �u (����2 I)S � S (����2 I)u	 d!r = ZZ! �u ��S � S ��u	 d!r :(106)We shall examine the 
ases of a reentrant edge and a sharp vertex.Edge singularity. We write (106) as:I = ZZ! fu�S � S�ug d!r � ZZ! �u �S�r � S �u�r� d!r2 � I3 � I4:In the region where u and S are non-zero, there holds 0 < Rmin � r � Rmax, hen
e it isenough to estimate the integrals:I 03 � ZZ! fu�S � S�ug d! and I 04 � ZZ! �u �S�r � S �u�r� d!:Grisvard [14, p. 66℄ has 
al
ulated I 03 = �2�; hen
e, �2�=Rmin � I3 � �2�=Rmax.32



Now let us estimate I 04. In the Diri
hlet 
ase, a straightforward 
al
ulation yields:u �S�r � S �u�r = 2�� e�� � �(�)2 ��1 
os�0 sin2(��) (2� + � �);and thusI 04 = 2�� Z �=��=0 
os(�+ �0) sin2(��) d� Z +1�=0 e�� � �(�)2 (2� + � �) d� � k1 J(�);where k1 depends only on the geometry. Moreover:0 � J(�) = Z +1s=0 e�s ��s��2 (2� + s) ds� � 1� Z +1s=0 e�s(2� + s) ds � k2=�;where k2 is independent of �. So, I4 = O ���1�. This is still true in the Neumann 
ase:the only 
hange 
on
erns the angular part of the integrand, whi
h is on
e more boundedand independent of �. The estimate (104) follows.In fa
t, one 
an prove that I de�ned by (103) is independent of �: I = �2�=a. This
al
ulation uses a generalised version of (38) and an approximation of ! whi
h avoids thesingularity.Coni
al singularity. From (86), we 
al
ulateu ��S�S ��u = �e�� � ��� �(�) d2d�2 ��1+� �(�)�� �1+� �(�) d2d�2 he�� � ��� �(�)i� Y (�)2:Then (106) yields, taking into a

ount the normalisation of Y (�) :I = Z +1�=0 �e�� � ��� �(�) d2d�2 ��1+� �(�)�� �1+� �(�) d2d�2 he�� � ��� �(�)i� d�= �e�� � ��� �(�) dd� ��1+� �(�)��+10 � Z +10 dd� he�� � ��� �(�)i dd� ��1+� �(�)� d�� ��1+� �(�) dd� he�� � ��� �(�)i�+10 + Z +10 dd� ��1+� �(�)� dd� he�� � ��� �(�)i d�= � �e�� � ��� �(�) dd� ��1+� �(�)�� �1+� �(�) dd� he�� � ��� �(�)i������=0 = �2 �:This value is 
onstant, so it satis�es (104).Proposition 7.6 The 
oeÆ
ient 
j(�) in (96) is expli
itly given by:
j(�) = � 12�j(�) ZZ! f vj d!r : (107)Proof: Using the de
omposition (95), we 
al
ulate:I = ZZ! f vj d!r = ZZ! vj (����2 I)u d!r = ZZ! vj (����2 I)(u�R(�) +Xk 
k(�)Sk) d!r :But u�R(�) 2 ��R and vj 2 N�� , so (����2 I)u�R(�) and vj are orthogonal in L2�1(!). ThenLemma 7.5 implies I = �2�j(�) 
j(�).In 
lose analogy with Lemma 2.5.7 in [14℄, and using te
hniques similar to that of theproof of Lemma 7.5, we obtain: 33



Lemma 7.7 The fun
tion wj de�ned in Lemma 7.3, resp. 7.4, asso
iated with a reentrantedge Ej, resp. a sharp vertex Oj, satis�es for � large enoughkwjk0;�1;! � K ��j�1; resp. kwjk0;�1;! � K ��j�1=2:Theorem 7.8 There exists a 
onstant K su
h that the di�erent terms in (96) satisfy,for � large enough:kuR(�)k��R + � kuR(�)k1;�1;! + �2 kuR(�)k0;�1;! � K kfk0;�1;! ; (108)(for a reentrant edge) j
j(�)j � K (1 + �)�j�1 kfk0;�1;! ; (109)(for a sharp vertex) j
j(�)j � K (1 + �)�j�1=2 kfk0;�1;! : (110)Proof: Let us �rst prove the estimates for 
j(�). One has:
j(�) = � 12�j(�) ZZ! f vj d!r = � 12�j(�) ZZ! f (uj � wj) d!r :Hen
e by the S
hwarz and triangle inequalitiesj
j(�)j � 12�j(�) kfk0;�1;! � nkujk0;�1;! + kwjk0;�1;!o : (111)The estimate for kwjk0;�1;! was obtained in the previous Lemma, and simple 
al
ula-tions show that kujk0;�1;! = O ���j�1� or O ���j�1=2�. Then (109), resp. (110) followsfrom (111) and the estimate (104) for �j(�).Let us now 
onsider : fR = �(����2 I)uR. To obtain (108), we shall prove the boundkfRk0;�1;! � K kfk0;�1;! : (112)One has fR = f + (����2 I) Xj2KS 
j(�) e�� �j Sj;so it is enough to bound ea
h 
j(�) (����2 I)�e�� �j Sj	. By adapting the proof of [14,Lemma 2.5.9℄, one 
an show that:


(����2 I)ne�� �j Sjo


20;�1;! = O ��2�2�j� or O ��1�2 �j� :Then we use (109) or (110) to estimate



j(�) (����2 I)ne�� �j Sjo


20;�1;! = O(1) kfk0;�1;! :The estimate (112) follows. On the other hand, there holds:

(����2 I)uR

20;�1;! = 

��uR

20;�1;! � 2 �2 ���uR j uR�0;�1;! + �4 kuRk20;�1;! :A

ording to (37), the s
alar produ
t in the se
ond term, with its minus sign, is equal tokgraduRk20;�1;!, whi
h is a norm equivalent to kuRk21;�1;!. As for the �rst term, it is anorm equivalent to the 
anoni
al norm of ��R (Lemmas 6.4 or 6.3). Hen
e, by (112):kuR(�)k2��R + 2 �2 kuR(�)k1;�1;! + �4 kuR(�)k0;�1;! � K1 kfRk20;�1;! � K2 kfk20;�1;! ;whi
h is (108). 34



7.2 Spa
e-time regularity of the solution to the wave-like problem.We de�ne �M and �m as the maximum and minimum of the set f�j; j 2 KESg in theDiri
hlet 
ase, and f�j ; j 2 KES ; �j + 1=2; j 2 KOSg in the Neumann 
ase.Lemma 7.9 Let # > (1 + �M ) =2; then for any s < 2# :DA# � E � R �Hs�(!)�+ span fSj; j 2 KSg : (113)Proof: The regularity of the Sj in the s
ale R �Hs�(!)� is given by Proposition 3.11.Eqs. (80) and (82) show that the edge fun
tions belong to Hs(!)|or R �Hs�(!)� by a sup-port argument|i� s < 1+�j . Similarly, the vertex fun
tions Sj belong to R �Hs�(!)� ; 1 <s < 2, i� Sj=r 2 Hs�(!) = nw 2 Hs1(
) : wj
a = 0o. Sin
eSjr = �1+�jj Yj (�j)�j sin�j = ��jj P 1�j (
os�j) ; (114)this holds i� s < �j +3=2: the 
ondition Sj=rj
a = 0 is ensured by the Legendre fun
tion.Hen
e for 1 + �M < s < 2#, the spa
e E is a dire
t sum, whi
h we equip with theprodu
t topology; and it is enough to prove (113) in this 
ase. We follow Lemmas 5.3.2and 5.3.3 of [14℄. First we show that

(A+ t I)�1

H!E = O �ts=2�1� (115)as t ! +1. Let f 2 H and u = (A + t I)�1f ; the de
omposition (96) and the esti-mates (108{109) hold, with � = pt. One also has the de
omposition (95)u = 24uR + Xj2KS 
j(t) �e��j pt � 1� Sj35+ 
j(t)Sj : (116)As the bra
ket belongs to ��R � R �H2�(!)� � R �Hs�(!)� (Proposition 6.5), Eq. (116)
oin
ides with the de
omposition of u in the dire
t sum E. Then we use Sobolev inje
tionsand interpolation arguments to show that the R �Hs�(!)� norm of the bra
ket is O �ts=2�1�;as 
j(t)Sj de
ays faster, (115) is proven.Finally, 
onsider u 2 DA# and write u = A�#A#u, i.e.u = sin� #� Z +10 t�# (A+ t I)�1A#u dt:By (115), the norm of the integrand in E is O �ts=2�1�#� 

A#u

H , and the integral 
on-verges for s < 2#.The solution to (93) belongs to �� at any time, hen
e we have the de
ompositionu = u�R(t) + Xj2KS 
j(t)Sj ; with u�R(t) 2 ��R: (117)It stems from the 
ontinuity of proje
tions onto 
losed subspa
es thatu�R 2 C0 �0; T ; ��R� ; 
j(t) 2 C0 (0; T ;R) :Moreover, we have the more pre
ise result of35



Theorem 7.10 The di�erent terms in (117) satisfyu�R(t) 2 C0;1��M�" �0; T ;R hH1+�M+Æ� (!)i� ; 
j(t) 2 C0;1��M�" (0; T ;R) ; for " > Æ > 0;u(t) 2 C0;1��M�" �0; T ;R hH1+�m�"0� (!)i� ; for "; "0 > 0:Proof: By Theorem 7.1, u 2 C0 (0; T ;DA)\C1 (0; T ;DA1=2). By 
onvexity, it follows thatu 2 C0;� (0; T ;DA1��=2) for 0 � � � 1. Now, let � < 1 � �M and 1 + �M < s < 2 � �.Applying Lemma 7.9, we split u on the dire
t sum E = R �Hs�(!)�+ span fSj; j 2 KSg.As ��R � R �H2�(!)� � R �Hs�(!)�, the 
omponents of u in the two dire
t sums ��R �span fSjg and R �Hs�(!)��span fSjg are the same. This shows u�R(t) 2 C0;� �0; T ;R �Hs�(!)��and 
(t) 2 C0;� (0; T ;R).Finally, we noti
e that u�R and all the Sj belong to R hH1+�m�"0� (!)i, hen
e u(t) 2C0;1��M�" �0; T ;R hH1+�m�"0� (!)i�.8 Analysis of the time-dependent Maxwell equations.8.1 Redu
tion to two-dimensional problems and basi
 regularity results.We now examine the simpli�
ation of the time-dependent Maxwell problem (18{25) in-du
ed by the axial symmetry. Similarly to the stati
 problems (see Se
tion 6) there isa de
oupling of meridian and azimuthal 
omponents: namely, the problem (18{25) isde
oupled into two sub-systems:� the \�rst system" links the meridian ele
tri
 �eld and the azimuthal magneti
 �eld;� the \se
ond system" links the azimuthal ele
tri
 and meridian magneti
 �elds.Like in Se
tion 6, it is 
onvenient to introdu
e the produ
t by r of the \natural" variablesu = r E ; v = r B; f = (r="0)J ; g = r %="0:The following forms for the two systems are obtained through simple 
al
ulations.The �rst system. The evolution and 
onstraint equations are:�um�t � 
2 
url v� = �fm in q; (118)�v��t + 
url� um = 0 in q; (119)divum = g in q; (120)um � � = 0 on �a; um � � = 0 on �b: (121)The 
ompatibility 
ondition between fm and g readsdiv fm + �g�t = 0 in q: (122)As for the initial data, they areum(0) = um0 = rE0m; v�(0) = v�0 = r B0� in !; (123)they satisfy divum0 = g(0) in !; um0 � � = 0 on 
a; um0 � � = 0 on 
b: (124)36



The se
ond system. The evolution and 
onstraint equations read:�u��t � 
2 
url� vm = �f� in q; (125)�vm�t + 
url u� = 0 in q; (126)divvm = 0 in q; (127)vm � � = 0 on �; (128)u� = 0 on �: (129)There is no 
ompatibility 
ondition for this problem. The initial data are:vm(0) = vm0 = rB0m; u�(0) = u�0 = r E0� in !; (130)they satisfy divvm0 = 0 in !; vm0 � � = 0 on 
; u�0 = 0 on 
: (131)Basi
 regularity results. Combining Proposition 2.2 with the results of Se
tions 3and 6, we obtain the following regularity result.(um; v�) 2 C0 �0; T ;Ud �H1�1(!)� \ C1 �0; T ;L2�1(!)2 � L2�1(!)� ; (132)(vm; u�) 2 C0 �0; T ;U0n � ÆH1�1(!)� \ C1 �0; T ;L2�1(!)2 � L2�1(!)� : (133)The rest of this Se
tion is devoted to the improvement of this result, as announ
ed in [12℄.For the azimuthal 
omponents, there holds by interpolation:(u�; v�) 2 C0;1�� �0; T ; ÆH��1(!)�H��1(!)� ; for 0 < � < 1: (134)We now fo
us on the meridian 
omponents and their splitting, valid at any time, intoa regular and a singular part, the latter being 
hosen within the expli
it singular spa
es ofSubse
tion 6.3. Noti
e that we have slightly 
hanged the notation with respe
t to Se
tion 7,setting here KS = KES [KOS .um(t) = uR(t) + Xi2KS �i(t)Sdi ; (135)vm(t) = vR(t) + Xj2KES Æj(t)S0nj : (136)By the 
ontinuity of proje
tions, there holds: (uR;vR) 2 C0 �0; T ;UdR � U0nR � and, for(i; j) 2 KS �KES ; (�i; Æj) 2 C0 (0; T ;R � R).8.2 Regularity in time of the singular 
oeÆ
ients and global spa
e-timeregularity of the �elds.The �rst system. We 
onsider the Hodge de
omposition, valid at any time:um(t) = 
urlW (t)� r gradV (t): (137)If we assume: 8t; V (t) 2 �d+ and W (t) 2 �n�, the results of Subse
tion 6.1 allow us tostate that they are uniquely de�ned and satisfy:(V;W ) 2 C0 �0; T ; �d+ � �n�� \ C1 �0; T ;Vd+ � Vn�� : (138)37



Combining (137) with (120{121) shows that, for all t, V (t) is the variational solution to:��+V (t) = %(t)"0 in !; V (t) = 0 on 
b; �V (t)�� = 0 on 
a: (139)Obviously, the time regularity of % and V are related:Proposition 8.1 If % 2 Cm �0; T ; �Vd+�0� resp. W s;p �0; T ; �Vd+�0� or C0;� �0; T ;L21(!)�,then V 2 Cm �0; T ;Vd+� resp. W s;p �0; T ;Vd+� or C0;� �0; T ; �d+�.Let us now look for the equation sati�ed by W (t). Plugging (137) in (119{118) yields:�v��t ���W = 0; (140)
url��W�t � 
2 v�� = �fm + ��t (r grad V ) : (141)The right-hand side in (141) is divergen
e-free, thanks to (122) and (139). Hen
e, thereexists a fun
tion � su
h that 
url� = �fm+�t (r gradV ). But the left-hand side of (141),by (138) and (132), is at any time in L2�1(!). Hen
e, it has a unique potential in H1�1(!),and we 
an 
hoose � = �tW � 
2 v�. Combining this equation with (140) yields:�2W�t2 � 
2 ��W = ���t def=  : (142)Proposition 8.2 Assume jm 2 W 1;1 �0; T ; �L2(
)�|hen
e fm 2 W 1;1 �0; T ;L2�1(!)2�.Then there exists a strong solution W (t) 2 C1 (0; T ;Vn�) \ C0 (0; T ; �n�) to the evolutionequation (142), supplemented with the boundary and initial 
onditions�W = 0 on �a; ��W = 0 on �b;W (0) =W0; W 0(0) =W1 in !; (143)where the initial 
onditions satisfy:W0 2 �n�; W1 2 H1�1(!); 
urlW0�r grad V (0) = um0; W1 = 
2 v�0+�(0): (144)Proof: jm 2 W 1;1 �0; T ; �L2(
)� implies �t% 2 W 1;1 �0; T ; �H�1(
)� by (24) and �tV 2W 1;1 �0; T ;Vd+� by Proposition 8.1. Hen
e, 
url� = �fm+�t (r grad V ) 2W 1;1 �0; T ;L2�1(!)2�,� 2 W 1;1 �0; T ;H1�1(!)�, and �nally  2 L1 �0; T ;H1�1(!)�. Hen
e the existen
e of W byTheorem 7.1. Now (144) is 
lear, sin
e � and �t (r gradV ), as W 1;1 fun
tions of time,are 
ontinuous up to t = 0, like um and v�.Conversely, 
he
king that V and W de�ned respe
tively by (139) and (142{143) sat-isfy (137), provided (144) holds, is straightforward. Thus, we 
an apply the results ofSe
tion 7. We set: V (t) = VR(t) + Xi2KS �di (t) n�di Sd+i o (145)W (t) = WR(t) + Xi2KS �ni (t) ��ni Sn�i 	 (146)As stated in Subse
tion 6.3, we 
an 
hoose the 
onstants �di and �ni so as to have�r gradn�di Sd+i o+ 
url ��ni Sn�i 	 = 2Sdi + 2w+i ; w+i 2 UdR;�r gradn�di Sd+i o� 
url ��ni Sn�i 	 = 2w�i 2 UdR:38



Combining (137) with (145{146), we �ndum(t) = 
urlWR(t)� r gradVR(t) + Xi2KS n��di (t)� �ni (t)� w�i + ��di (t) + �ni (t)� w+i o+ Xi2KS ��di (t) + �ni (t)� Sdi :Comparing this equation to (135), we infer:uR(t) = 
urlWR(t)� r gradVR(t) + Xi2KS n��di (t)� �ni (t)� w�i + �i(t)w+i o (147)�i(t) = �di (t) + �ni (t); 8i 2 KS : (148)Theorem 8.3 Assume that the sour
es enjoy the following spa
e-time regularity:% 2 C0;1��M�" �0; T ;L21(!)� ; 8" > 0; and fm 2W 1;1 �0; T ;L2�1(!)2� :Then the following regularity results hold:�i 2 C0;1��M�" (0; T ;R) ; 8" > 0; (149)um 2 C0;1��M�" �0; T ;H�m�"0�1 (!)2� ; 8"; "0 > 0: (150)Here, �M and �m are meant as in the Neumann 
ase.Proof: The proje
tion onto 
losed subspa
es, su
h as �d+R , spanSn�i , et
., is smooth.Hen
e, the assumed regularity of %, together with Proposition 8.1, yields:VR 2 C0;1��M�" �0; T ; �d+R � ; �di 2 C0;1��M�" (0; T ;R) ;and Theorem 7.10 implies:WR 2 C0;1��M�" �0; T ;R hH1+�M+Æ� (!)i� ; �ni 2 C0;1��M�" (0; T ;R) :So, under the above hypotheses, �i 2 C0;1��M�" (0; T ;R).Moreover, we know from Theorem 6.6 that for all t, um(t) 2 H�m�"0�1 (!); and this spa
eregularity is optimal. Sin
e �d+R � H2+(!) � H1+�m�"0+ (!), one has�r grad VR 2 C0;1��M�" �0; T ;R hH�m�"01 (!)2i� = C0;1��M�" �0; T ;H�m�"0�1 (!)2� ;by Proposition 3.10. The same Proposition yields:WR 2 C0;1��M�" �0; T ;R hH1+�m�"0� (!)i� � C0;1��M�" �0; T ;H1+�m�"0�1 (!)� ;thus 
urlWR 2 C0;1��M�" �0; T ;H�m�"0�1 (!)2�. Then (150) follows from (147).Corollary 8.4 Under the hypotheses of the above Theorem, there holds:E 2 C0;1��M�" �0; T ; �H�m�"0(
)� (151)Proof: It stems from (150) that Em 2 C0;1��M�" �0; T ;H�m�"01 (!)2�, whereH�m�"01 (!)2 =H�m�"0� (!) � H�m�"0+ (!) is the meridian 
omponent of �H�m�"0(
). On the other hand,the azimuthal 
omponent u� satis�es (134); taking � = �m � "0 yields u� 2C0;1��m+"0 �0; T ;H�m�"0�1 (!)� or E� 2 C0;1��m+"0 �0; T ;H�m�"0� (!)�. The 
on
lusion fol-lows. 39



The se
ond system. A

ording to Subse
tion 6.2, we set at any timevm(t) = 
url'(t); (152)with '(t) 2 �d�. It stems from the regularity (133) of vm, and Se
tion 6.2 that' 2 C0 �0; T ; �d�� \ C1 �0; T ;Vd�� : (153)Let us look for the equation satis�ed by '. It follows from (126) that 
url (�t'+ u�) = 0.Sin
e u� 2 Vd�, we infer u� = ��t', and (125) be
omes:�2'�t2 � 
2 ��' = f�: (154)Given (153), Theorem 7.1 implies:Proposition 8.5 If j� 2 L1 �0; T ;H1�(!)� and j�j� = 0|hen
e f� 2 L1 �0; T ; ÆH1�1(!)�|' is the strong solution in C0 �0; T ; �d�� \ C1 �0; T ;Vd�� to the evolution equation (154),supplemented with the initial and boundary 
onditions:�' = 0 on �;'(0) = '0; '0(0) = '1 in !; (155)where the initial 
onditions satisfy:'0 2 �d�; '1 2 Vd�; 
url'0 = vm0; '1 = �u�0: (156)The proof is similar to Proposition 8.2, and simpler. Conversely, 
he
king that ' solutionto (154{155) satis�es (152), provided (156) holds, is straightforward. To apply the resultsof Se
tion 7, we set '(t) = 'R(t) + Xj2KES Æj(t)Sd�j : (157)We re
all that 
urlSd�j = S0nj . Comparing (152) and (157), one sees that the singular
oeÆ
ients Æj(t) are indeed the same as in (136), and that vR(t) = 
url'R(t).Theorem 8.6 Assume that the 
urrent f� belongs to W 1;1 �0; T ;Vd��. Then the followingregularity results hold:Æj 2 C0;1��M�" (0; T ;R) ; 8" > 0; (158)vm 2 C0;1��M�" �0; T ;H�m�"0�1 (!)2� ;8"; "0 > 0 (159)Here, �M and �m are meant as in the Diri
hlet 
ase.Proof: By Theorem 7.10:'R 2 C0;1��M�" �0; T ;R hH1+�M+Æ� (!)i� ; Æj 2 C0;1��M�" (0; T ;R) :Moreover, we know from Theorem 6.6 that for all t, vm(t) 2 H�m�"0�1 (!); again, this spa
eregularity is optimal. But:'R 2 C0;1��M�" �0; T ;R hH1+�m�"0� (!)i� � C0;1��M�" �0; T ;H1+�m�"0�1 (!)� ;by Proposition 3.10; hen
e 
url'R 2 C0;1��M�" �0; T ;H�m�"0�1 (!)2�. As Æj is an elementof C0;1��M�" (0; T ;R), this implies (159).Corollary 8.7 Under the hypotheses of the above Theorem, there holds:B 2 C0;1��M�" �0; T ; �H�m � "0(
)� (160)Proof: Similar to Corollary 8.4. 40
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