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We propose a result of local existence and uniqueness of a mild solution to the one-dimensional Vlasov-Poisson system.
We establish the result for an initial condition lying in the space W' '(R?), then we extend it to initial conditions lying

in the space BV(R?), without any assumption of continuity, boundedness or compact support. Copyright © 2010 John
Wiley & Sons, Ltd.
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1. Introduction

1.1. Position of the problem

In this paper we study the one-dimensional Vlasov-Poisson system:

, of of of
V(t,x,v)el0, TIxR,  —(txv)+v—(txV)+E({tx)—(txv)=0, (1)
ot ox ov
OE
V(t,x)€l0, TIx R, —(t,X)=/ f(t,x,v)dv —ny(t,x), ()
ox R
Y v)eR2,  £(0,xv)=fox V). 3)

This system models the behaviour of a gas of charged particles in an electrostatic field, created by the particles and by a so-called
neutralizing background, whose density ny, is assumed to be given. Collisions between particles are neglected. In [1], Cooper and
Klimas show the existence and uniqueness of a global mild solution to this system, i.e. a solution defined by characteristics, for a
continuous and bounded initial condition fy which has its first two moments in v uniformly bounded in x, and a constant background
density ny,. This was extended by Bostan [2] to the initial-boundary value problem, with slightly more general hypotheses on the
initial and boundary conditions, namely, that they are bounded but not necessarily continuous, and have one moment in v uniformly
bounded in x. In [3], Guo showed that there exists a unique local weak solution to (1-3) in the space L°([0, T], BV(R?)) for initial and
boundary conditions with compact support and in the space L% (R2)NBV(R2). (The latter two works do not consider a neutralizing
background, but can be easily extended to this situation.)

In higher dimensions, the known existence and uniqueness results usually rest upon restrictive assumptions. To get strong or mild
solutions, the standard hypotheses on f; are either explicit decay bounds in v (of the form C(1+|v|)~7%) for fo and its first derivatives
[4], or local boundedness and Lipschitz-style conditions together with a finite energy [5], or even a bounded (at least in v) support
[6, 7]. As for weak or renormalized solutions, their existence is generally proven under assumptions including fo e (R29)N[P(R29),
with p large enough, and a certain number of global moments in v finite (at least [ [ |v|2fy dx dv, corresponding to kinetic energy);
see Horst and Hunze [8], DiPerna and Lions [9], Lions and Perthame [10]. Uniqueness results generally assume, once more, a compact
support [11], or the boundedness of the spatial density [12], sometimes complemented by Lipschitz-style conditions [10]. Let us
finally mention the existence and uniqueness result of compactly supported solutions in L'(R8)NL%(RR®) by Zhidkov [13].
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In this paper we extend the results of Guo to the initial value problem with initial data in the space BV(R2), thus not necessarily
compactly supported, bounded, or continuous. As far as Lebesgue regularity is concerned, this implies fyeL'(R2)NL2(R2). Our
proof is based on the contraction mapping principle of Banach, and consists of two steps: first we establish the local existence and
uniqueness of a mild solution for an initial data fy in W"1(R2), then we extend the result to fo € BV(R2).

1.2. Notations and main results
We introduce the following notations (see [3]). Given T>0, we denote
Ur=0,T)xR and V;=(0,T)xR2
For se[0,T], we denote IIs={s} x R? the slice t=s of V7. Then we introduce the following functional spaces:
LN=L0O,T:W" (R?), XN =L"0T;W"®(R).

The space L(T) will be that of the solutions f to the Vlasov equation with initial data fy € w1 (R2); we equip it with its natural norm.
As for X(T), it is a space of electrostatic fields E for which the characteristic curves are globally well defined and Lipschitz-continuous
in all their variables [2]. This can be shown by adapting the proof of the Cauchy-Lipschitz theorem: the only difference is that we
integrate L% functions instead of C? functions and thus we get continuous solutions differentiable almost everywhere in the time
variable and with bounded derivative. We equip it with the following norm:

VEeX(T), [IEllx(ry =max([|Ell ooy, 10xEll oo (uy))-
Moreover, for any E € X(T), we set
C(E)=max(||§XE||Loo(UT), 1), (4)

and we denote by Yf the Vlasov differential operator

0 0
Ye=—+v—+Etx)—. (5)
ot ot ov

We recall the definition of the total variation of a function f € L1(R2) (see for example [14, p. 39])

Vil (R?), TVIFAl=TV(fl+ TV, If] (©6)
where
+00 +00 | f V) —F(x,
TVxlfl = Iimsup/ / foctrev=fxv) dxdy, (7)
e—>0 J—o00 J—00 &
+00 p+oo _
TV, [f] = limsup / / Ut L27] PP ®)
e—>0 J—o00o J—o0 &
The space of functions of bounded variation is defined as:
BV(R?)=({f eL" (R?):TVIfl< + o0}, 9)

and equipped with the norm ||f||BV(R2)= ||f||L1(R2)+TV[f].
Finally, we denote by Lo(T) the space L°°(0, T;BV(R2)) equipped with its natural norm. We shall establish the following two
theorems.

Theorem 1 (Local existence and uniqueness in w1

Let fy and ny, be non-negative given functions in W"1(R2) and Li’ooc([RJ“;U([R{)ﬂLOO([R{)), respectively. For any (R, T) such that:

1
R > max (E [||f0||[_1 ®2) T ||nb”L°°(0,T;L1 (R))]’ ||nb||L°°(UT)/ |f0|W1,1 (R2)y 1>,

1 R
Te|O-In| — ’
R |fO|W1,1 (R2)

there exists a unique mild solution (f, E) € L(T) x X(T) to (1-3).

Moreover, we have a lower bound on the existence time Tex of the maximal solution to (1-3). Let T,.>0 be chosen arbitrarily to
bound the various norms of ny, and set Ry:= max(% (||f0||L1(R2)+ M6 ll oo (0, 7,7 () InpliLeer, ) 1). Then

1 Ro
Tex >min|{ Ty, ———— if |f, a=—, (10)
ex ( * (e—1)|f0|W1,1) folyr e
. 1 Ro 1 . Ro
Tex =min| Ty, — | In + if |f¢ a<—. 11
ex (* Ro[ Ifolwi (e—1)]> ol <5 an
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If the W1 norm of f(t), or equivalently the L> norm of the density n(t) := [ f(t)dv, remains bounded for t € (0, Tex), then Tex =00,
i.e. the solution is global. Otherwise, the following bounds hold:

[f@Olyr1 > + In@lloe ZCIn(Tex — )], (12)

(e—=1)(Tex—1)

for some constant C and Tex —t small enough.

Theorem 2 (Local existence and uniqueness in BV)
Assume now that fy € BV(R2), while keeping all other hypotheses of Theorem 1. If (R, T) are such that:

1
R > max (5 foll 1 g2y + Inbll oo 0,71 )l 17 oo Uy, TVIHoL, 1),

e fobin()
1R M\ v ) |

there exists a unique mild solution (f,E) € LY (T) x X(T) to (1-3). The bounds (10), (11), (12) hold, with the semi-norms [folyr1, [F @y
replaced with total variations TV[fpl, TVIf(t)].

The proof is organized as follows. In Section 2, we recall the definitions of weak and mild solutions to the linear Vlasov equation
(i.e. (1) and (3) with E a known function of (t,x)) and to the Vlasov-Poisson system (1-3). Then, in Section 3, we estimate the mild
solutions to the linear Vlasov equation with initial data in W1 1(R2), and use these results to construct a contraction mapping on
a suitable set, whose fixed point gives a mild solution to the Vlasov-Poisson system. Finally, we extend these results to the initial
conditions lying in BV(R2) in Section 4.

2. Weak and mild solutions

2.1. Definition of a weak solution

We recall the definition of a weak solution to (1-3) by using the spaces of test functions and the functionals introduced by Guo in
[15]. We define two spaces of test functions, one for the Vlasov equation and the other for the Poisson equation

7" =CP(0, ) xR?), .#=CX(0,T)xR).
We define for (Ef,fy) e L

loc

(Vr)x L]

1
(UT) xL loc

loc (R2) and «e ¥ (still like in [15]) the following functional:

r
A(f,E,fo,rx)zfzfo(x,v)oc(O,x,v)dxdv—f—/ /2[(YEoc)f](t,x,v)dxdvdt.
R 0 JR

We define for (€, f,np) € L (Ur) xL)

loc((0, T) x Ry; L1 (Ry)) fog’c(UT) and Y € . the following functional:

r
C(f,E,nb,l//)=/ / {E(t,x)axn//(t,x)-i-n//(t,x) [/ f(t,x,v)dv—nb(t,x)]} dxdt.
0 JR R

These functionals are well defined.
A weak solution to the linear Vlasov equation associated to EGL%’C(UT) with initial condition fj eLﬂoc(le) is a function feLﬂoc(VT)
which satisfies

Yoe?", A(fE, fo a)=0.
A weak solution to the one-dimensional Vlasov-Poisson system with initial condition foeLﬂoc([Rz) and neutralizing background

density np, €L (Ur) is a pair (€ f) € L2 (Ur) x L), (0, T) x Ry; L' (Ry)) which verifies

Vo, y)e v x M, AfEfo,0)=0 and C(fE npy)=0.

2.2. Characteristic curves associated to E € X(T)

We recall the following results on the characteristic curves of a transport equation, see for example [1] or [16]. Given E€X(T) and
(t,x,v) € V1, we consider the differential system

dx

E(S) = V(s),

V9 = s X6, (13)
ds
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As remarked above, this system admits a unique solution for all (t,x,v) € V7, which we denote I'(s;t,x,v)=(X(s;t,x,v), V(s;t,x,v)) and
is called the characteristic curve passing by (t x, v).

As E is bounded on [0, T] x R, every characteristic curve is defined from s=0 to s=T; moreover, the characteristic curves form a
partition of V1. Thus for every characteristic I'(s;t, x, v), we can define an origin on Ilg: T'(0;t, x, v) = (X(0;t, x, v), V(O; t, X, v)).

Let (t,5) [0, T]. We denote by ¢, the characteristic flow of E, namely the function

:R2 — R?
b s "
(x v) —> T'(s;t,x,v).

¢ s transports a point (t, x, v) of the slice I to a point (s,x,v") of the slice Is by following the characteristic curve passing by (t,x, v).
It is well known that ¢ is a bijection (one-to-one and onto mapping) of R2, which admits bounded partial derivatives and whose
Jacobian is identically equal to 1.

2.3. Definition of a mild solution

Let E€X(T) and (X, V) be the associated characteristic curves. A mild solution to the linear Vlasov equation associated to E with
initial condition fy eLﬂoc(le) is a function feLﬂoc(VT) which satisfies

f(t x,v)=fo(X(0;t,x,v),V(O;t,xv) fora.e. (txv)eVrT.
We recall the following result (see for example [17]):

Proposition 3
Let E€X(T) and fy L1 (R2). Then feL(V) is a weak solution to the linear Vlasov equation associated to E with initial condition fg
if and only if it is a mild solution.

This can be shown by using the characteristic change of variables: (t,x, v)— (t, xo, vo) = (t, ¢ o (x, v)), as e.g. in Guo [3]. We deduce
the existence and uniqueness of a solution feL1(V7) to the linear Vlasov equation associated to a field £ € X(T).

Corollary 4
Let EcX(T) and fer(le). The linear Vlasov equation associated to E with initial condition fy admits a unique weak solution in
L1(v7) defined as: Y(t,x, v) € Vy, F(t,x, V) =fo(X(0;t,x, v), V(0; ,x, V)).

Finally, a mild solution to the Vlasov-Poisson system with initial condition fyeL'(R?) and neutralizing background density
Ny eLl"g’c(Ur) is defined as a weak solution (£, f), which belongs to X(T) x L' (V7), and such that f coincides a.e. with the mild solution
to the linear Vlasov equation associated to E with initial condition f;.

3. Proof of Theorem 1

3.1. A priori estimates

The proof of Theorem 1 relies on the following two theorems whose version for a half space is given by Guo in [3].

Theorem 5
Let EcX(T) and p€[1,+00). We suppose that ueLP(V7) and YeuelP (V7). Then

1. There exists ug eLﬂoc(Ho):Lﬂoc(Rz), called the trace of u on Iy, such that Yoe C2°([0, T[x R2),

/ (Yeu a—l—uYEa)(t,x,v)dxdvdtz—f
Vr

uo(x, v) (0, x, v) dxdv.
RZ

2. If up €LP(R2), then Vse[0,T], u(s)€LP(R2) and

S
/|u(s)|pdxdv:/ |uo|pdxdv—|—p/'/.(sgnu|u|p_1 Yeu)(t)dxdvdr.
R2 R2 0 JRr2

Theorem 6
Let EeX(T), and ¢, be its characteristic flow. We suppose that uell(Vy) and Yeuell(Vy). Let ug be the trace of u on Iy defined
in Theorem 5. If K is a measurable set of 2 with non-vanishing Lebesgue measure, then

S
/ |u(s)|dxdv=/ |u0|dxdv+/ / (sgnu Yeu)(t)dxdvdr.
¢o,s(K) K 0 Jeg,.(K)

The proofs rely on the characteristic change of variables and are entirely similar to those of [3].

]
Copyright © 2010 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010, 33 2132-2142
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With these results, we can prove the fundamental estimate on the solutions to the linear Vlasov equation. We introduce the
semi-norm |- |11 defined by

v e WV TR, [Flyn1 = 10xFIln +110vFll1.

Theorem 7
Let E€X(T) and foe WI(R2). Let f be the unique mild solution in L'(V7) of the linear Vlasov equation associated to £ with initial
condition fy. Then Vse[0,T], f(s)e W' (R2) and

||f(5)||L1(R2) = ||f0”L1([R2); (15)
|f(5)|W“(R2) < |f0|W1,1 ([RZ) E‘XP(C(E)S) (16)
Thus, integrating from 0 to T
T
exp(C(E)T)—1
A |f(T)|W1,1(R2) dT<|f0|W1,1(R2) T (17)

Proof
Equation (15) is an immediate consequence of point 2 of Theorem 5 (with p=1), or of Theorem 6 (with K =R2), given that Ygf=0.

We now establish the estimate (16) on derivatives. The set of the indefinitely differentiable functions with compact support on
R? is dense in W1(ITo) [18, p. 54]. Thus there exists a sequence (f])n of elements of C2°(R?), such that [[f] —fol| 1,1 (z2) —> 0 when
n—s> +o0.

Similarly, we regularize E€L*°(0, T;, W1 (R)) in the following way. We define for all t [0, T], En(t,.) =E(t,.) x p,,, where (p,) € CZ°(Ry)
is a mollifying sequence. The sequence (Ep)p satisfies: E, € L2°(0, T; W NC1(Ry)); | En Il oo (ur) SHEN oo (ur)r 10xEn Nl Loe () SIOXEll oo uy)s
and ||E—Ep||zoo(y;) —> 0 when n —> +-o00. We denote by (X", V") and ¢'Zs the characteristic curves and flow associated to Ep.

Let f, be the solution to the linear problem associated to E, with initial condition fZ; we recall that this solution is given for a.e.
(t.x,v) e VT by folt, x, V) =g (X"(0;t,x,v), V" (0;t,x,v)). As f{l is compactly supported, so is fn: its support is contained in the image of the
compact [0, T] x Supp fg by the continuous mapping (s, xg, vo) — (s, X(s; 0, xg, Vo), V(s; 0, X0, vo)). Moreover, the characteristics associated
to Ep are Lipschitz-continuous in all their variables (s, t, x, v), therefore f, € W1'°°(VT).

All together, we have dxfp and dyfy €L2°(V71), thus Oxfn and Ovfy lie in L' (V7). Moreover YE,Oxfn=—0xEn Oyfn in 2'(V7), thus
YE, Oxfn lies in L1(VT). By an integration by parts, it can be shown that the trace of dxf, on Il is axf(')’. If K is a measurable subset
of RZ of non-vanishing Lebesgue measure, we get by Theorem 6:

Ji

0,

S
o9 = / 1Of] — / f (sgn(Axf) xEn Euf))dl,
K) K 0 Jog. (0

for the sake of brevity we have omitted the kinetic integration element dxdv. Thus

Ji

0,5

I,

0,s

S
oxfals)] < / |21+ 1xEnl L 05150 / / Pfa(o) dr,
K) K 0 Jo2 (k)
S (18)
|0xfn(s)| </|5xf6’|+||5xEIIL°°(UT) / / |Ovfn(7)] dT.
) K o Jap.)

In the same way, we have dyfneLq1(Vr) and Yg,0yfn=—0xfn € 2'(V7), thus Yg,0vfn lies in L (V7); and one shows that the trace of
Ovfn on I is 6vf(’)’. Reasoning as above, we obtain

S
/ vhals)l< / A1+ / / (o0 d. (19)
90 (K) K 0 Jon k0

0,s

We add (18) and (19)

I

0,s

S
{xfal)+10vEa(s)}< / {10vFS 14 16xF51) + max(loxE oo ury 1) / f {10xfa(@) + 10 fa(0)l} d.
K) K 0 Jeg (0

Then we utilize the Grénwall lemma, and we get

I

0,s

){Iﬁxfn(S)I-f—|0vfn(5)|}<eXP(C(E)S)/K{Iav 0l +10xfg 1) (20)

Therefore

T exp(C(E)T)—1
Va(s)| ds<—————— | VD). 21
/o/¢>g,s<f<>| n(s)| ds B le 0l p2)

Now we utilize the Dunford—Pettis weak compactness criterion in L', that can be found for example in [19, p. 76] or [20, p. 167].

. _______________________________________________________________________________________________________________|
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Theorem 8 (Dunford—Pettis)
Let (f,)n be a bounded sequence of L'(Q). The sequence is weakly compact if and only if {fy}nen is equiintegrable, that is to say

Ve>0, 3K, compact CQ s.t. sup/ |fn|dQ<e and
n JO\K,

&

Ve>0,3In>0, V.oZ C Q measurable, meas(.«/)<y — sup/ |fn]| dQ<e.
n Jo

Let £>0. The sequences (axf(’)’)n and (é\,fé’)n converge in L1(R?), thus are weakly compact in LY(R?). By the Dunford-Pettis criterion,
these sequences are equiintegrable. Thus, there exists a compact KS of R2, and n>0 such that:

sup [ (a1 1A <e s and
n Jr2/ko

CET

V.o C R% measurable, meas(./) <y = sup/ {|oxfg | +10vfg [} <e™ &
n Jo

Let .o be a subset of R2 such that meas(.«)<5. We have for all ne N, meas( ?O(yi)):meas(&/)gn, and we can apply inequality
(20) to get

SUP/ [Vin(s)|<e. (22)
n Jo

Thus we see that the sequences (0xfn(s))n and (Oyfn(s))n verify the second part of the Dunford-Pettis criterion. For the first part of this
criterion, we construct a compact K; such that all the g{)gs(KS) CKe. Let (X (s/t,x,v), V (s;t x,v)) and qﬁés be the characteristic curves and

flow associated to free streaming (E=0). Of course, we have : V| (t;0, xg, vg) = vo and X (t;0,xg, vg) =xg + Vo t. We denote L, =¢(L)S(KS);
this set is a compact as the continuous image of a compact. Then, using the estimate on the divergence of characteristics from [1,
Lemma 1] or [2, Lemma 4.8], we obtain

vtelo, T, [V"(t;0,x0,vo) — Vi (t:0,x0, Vo)<t | Enlloo(uy) - (23)
IX"(t;0, X0, Vo) — XL (:0, X0, Vo) <t | Enll 0 (u)- 24)
Thus we can take for K, the compact
Ke={(xv)eR*:301,v1) €Ly Ix—x1|<T|Ellouy)  and  [v—vq|<T? [[Ello(uy))-

We have VneN, ¢2 (K% CK.. Thus,

sup [ 19h@I<sup [ 19305 (25)
neN JR2\K, neNJR2\¢g (KO)
<sup [ (108110, < (26)
n Jaeo

Therefore, (0xfn(s))n and (dyfn(s))n verify the Dunford-Pettis criterion and thus converge weakly (after extracting a subsequence) in
L1(R?) toward some functions g and h of L'(R2).

On the other hand, we have Yg(fy —f)=(E—Ep) dvfa, thus fo—f and Ye(f, —f) are in L1(V7). Applying point 2 of Theorem 5 and
then the bound (21), we find

S
/|f(s)—fn<s)|<f |fo—f5’|+f/ IE(0)— En(D)] 0ufn(0)| It
R2 R2 0 JRr?

I exp(CET) —1 .
< [ o= A1+ lE—Enllmiun T2 [ 1A

Thus, fy(s) converges toward f(s) in LV (R2). As a consequence, dxfp(s) and dyfy(s) converge toward dxf(s) and dyf(s) in '(R2);
therefore g=0xf(s) and h=20,f(s), i.e. dxf(s) and 0y f(s) lie in LY(R2). In other words, f(s) appears as the weak limit in W1 1(R2) of the
sequence (fs(s))n. By passing to the limit in (20), we get

A;{z IVf(S)Iér!i_r)njrr;E/RZ |Vin(s)I< exp(C(E)s) [ Violl 1 (g2

which is (16), and yields (17) by integrating from 0 to T. O

Copyright © 2010 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010, 33 2132-2142
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3.2. Construction of a contraction mapping

We now study the non-linear Vlasov-Poisson problem. In the rest of Section 3, we choose fo e W' (R?) and ny, €L7% (R*; LT (R)N
L®°(R)), both being non-negative. In order to construct a contraction mapping from a closed subset of a Banach space to itself, we
define the following mappings:

o p:LN(R2)— LT(R) maps geL'(R?) to its spatial density defined as: VxR, plgl(x)= j‘;’ glx,v)dv;

° ¢ :X(T)— L°(0, ;L1 (R2)) maps E€X(T) to the unique mild solution f to the linear Vlasov equation associated to E and with
initial condition fy;

o ¢5:L°(0, ;L1 (R?)) — L°°(Ur) maps feL>(0, T;L'(R?)) to the function & defined as:

1 [* 1 [t
&t x)= f/ (plF(Oy) —np(t, y)) dy — f/ (plf(O1(y) —np (L, y) dy.
2 J)_ 2 Jx

Of course, it satisfies Ox& = plf]—ny, thus it is a solution to the Poisson Equation (2). This particular choice corresponds to the
fundamental solution G(x)= % sgn(x)= %x/ |x|, the counterpart of those appearing in higher dimensions.

The following lemma will be crucial in our proof. It is left as an exercise to the reader.

Lemma 9
For R>0, let B;? be the closed ball of center 0 and radius R of the Banach space (X(T), || - llx(m). Then, B;? is a closed subset of the
Banach space (L°°(U7), || - lloo), hence it is complete for this norm.

Then we state and prove the following property of the mapping p.

Lemma 10
Let ge W1 (R?). Then, plgl €L°(R) and || plgllloo<IIdxgll1<Igly1-

Proof
By Fubini’s theorem, the mapping x> g(x,v) is in W1 (R), for a.e. ve R, hence it satisfies limy_s _ oo g(x, v)=0. We have thus

+00 +o00 px
plglix) = / glx,v) dv=/ / oxg(y,v)dydv,
—00 J—00

—00

+00 px
gl < [ [ 1oxguidydv<iglye,
—00 J—o00

hence the result. O
3.2.1. Stability and Lipschitz continuity of ¢oo¢q. Let E€X(T). Theorem 7 gives ¢q(E) €L(T); moreover, we have

11 Bl oo, 2y = Mol IV 1BVl oo 0,707 2y <IFol w1 €“ET. (27)
Let f e L(T). From the definition of ¢,, we deduce |¢2(f)(t,x)|<% ||p[f](t)—nb(t)||L1(R), and thus

(AGIIETRES (11l oo 0,701 (m2)) + 1M Il oo (0,707 () - (28)

Assume that f is non-negative; thus the same holds for p[f(t)], for a.e. t. The equation dxd,(f)(t,x)=plf(t)l(x) —np(t x) gives
|Ox 2 (F)(t, x)| < max(plf(t)](x), np(t, x)). By Lemma 10, we infer

ll9x D2 (F)l Lo 0,1 R) < MaX (||axf||Loc([0,T],L1 w2y Inp ||L°°([0,T]><R)) .
Together with (28), we obtain the following bound:
1
2Ol x(r)< max { 5 Wl oo (0,71 2y 1M oo o, ) IMb e o, m1x ) 10 ll oo o, 1 2 } : (29)
Now, if f=¢1(E), it is non-negative as soon as the initial data fy is. We combine (29) and (27) and find

VEEX(T), [l 01 (E)llxr) < max{Mr, My, Ifol yr,1 2y e<ET),

where MT5=%[||f0||L1(R2)+||”b||L00(0,T;L1(R))]/ M7= [Inplleouy)- (30)

. _______________________________________________________________________________________________________________|
Copyright © 2010 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010, 33 2132-2142



S. LABRUNIE, S. MARCHAL AND J.-R. ROCHE
|

Now we show that ¢, o ¢ is a Lipschitz-continuous mapping in the norm of L°°(Ut). Let Eq, E; € X(T); we denote f; = ¢4 (Eq) and
fo=¢1(E). There holds Yg, (f —f2) = (Yg, — Yg,)(f2) = (E2 — E1) v fa. Thus, (fy —f2) €L (Vr) and Y, (f; —f>) e L' (V7); we apply Theorem 5
and find

S
/|f1(5)—f2(5)|<f/ |E1(t) — Ex(7)[ [0y f2(7)| d1.
R2 0 JR?

Thus ||f; _f2||L°°(0,T;L1(R2))<”E1 —EZ||L°°(Ur)||5vf2||L1(vT)i applying the bound (17), we obtain

exp(C(E2)T) -1
||¢‘| (E'I )_ d)‘l (Ez)”LOO(O’T;L'l (RZ))<”E1 _EZHLOO(UT) |f0|W1'1(R2) - = - (31)

C(E2)
As for ¢,, it is an affine mapping, the associated linear mapping corresponding to the case n, =0. Therefore, for f1, f, €L(T), one
can apply the bound (28) with f=f; —f, and n,=0:

1
||¢2(f1)_¢2(f2)”L°°(UT)<§ If _f2||[_oo(0,7',-L1(R2))- (32)
Finally we arrive at

exp(C(Ex)T) —1

1
I6201(E1) = G201 E2)liun < 5 1E1=E2lli=(wp olwna ) — )

3.2.2. Local existence and uniqueness. We now give conditions on the parameters R and T in order to have: (i) the closed ball B;;,
stable by ¢50¢q and (ii) ¢ 0¢; a contraction mapping on B'{?. In order to bound the various norms of n, we settle on an arbitrary
finite time interval (0, Ty) ; notice that Mt and M/T are non-decreasing functions of T. The stability estimate (30) implies (i) provided:
|f0|W1,1(R2) exp(max(R, 1)T)<R and Mr,, M/T* <R. Thus we choose

) 1 R
Rz max(ifol 11 2y Mr.,Mr,)  and Tgmax(R,T)In folwrim2y )

As for the point (ii), the Lipschitz estimate (33) yields the sufficient condition R>1 and % |f0|W1:1([R2) (exp(RT)—1)/R<1. We take for
example:

R>max(1, |fy] ) and T ! In{ 1+ 2R
= , , <—= _ .
ol (R2) R Ifolw m2)

Considering the two conditions, we obtain that given

. 1 R
R> maX(], |fO|W1/1(R2),MT*,M9-*), T< min (T*, E In (m)),

the mapping ¢, o1 goes from B;? into B;? and is a contraction for the norm || [|;os(y;). By Lemma 9, B;;, is a complete space for this
norm. Utilizing the contraction mapping principle, the mapping ¢, o ¢ admits a unique fixed point EeBlﬁ?. If we denote f=¢1(E),
the pair (€, f) e X(T) x L(T) is a mild solution to (1-3).

3.2.3. Estimation of the existence time. Assume that T, is large enough; we define Ry =max(1,M7-*,M;. ). The function x> In(ax)/x

admits a unique maximum at the point x=e/aq, and its value is a/e. Thus, the greatest value of expression 1PIn(R/|f0|W1,1) is
attained at R=elfp|y1,1 and equal to (e|f0|W1,1)_1.

There are two possibilities. If [fy| 1,1 >Ro/ e, we can take R=Rq :=e|fy| 1,1 and T=Ty :=(elfoly11) 1in Section 3.2.2. The estimate
(16) then shows |f(T1)| 1.1 =elfolyn,1. Thus Section 3.2.2 proves the existence and uniqueness of the solution to the Vlasov-Poisson
problem with initial data f(T7) during the time Ty:=(e|f(T7)|y1.1 )1 :(e2|f0|W1,1)*1. The local existence and uniqueness result
allows one to glue together solutions to (1-2) that coincide at some time T7. Thus, the solution generated by the initial data fy
exists during T1+T5. By induction, we obtain an existence time at least equal to

1 (1 " 1 T 1 " )_ 1
folyr1 \e e? el _(e—'|)|fo|W1,1l

provided this quantity is still less or equal to Ty. Now, if |fg|y1,1<Ro/e, the existence time given by Section 3.2.2 is maximal for
R=Rg and equal to is equal to Ty:= Rlo In(Ro/ Ifoly1,1). Applying (16), we obtain |f(To)| 1,1 =efoTo Ifoly1.1 =Ro>Rg/e. Thus we can
use the previous argument to show that the solution to the Vlasov-Poisson problem with initial data f(Tg) exists for a time at least
equal to ((e—1)Rg) ™. Finally, the total existence time is no less than

o (" (i) )
Ro lfolyrn ) (e=1))"

]
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3.2.4. Blow-up versus globality. Consider the maximal solution (f, E) to (1-3) with data fy and ny, i.e. that with the largest existence
interval (0, Tex). Assume that Tey is finite. Then, we show that lim;_, 1., [f(t)| 1,1 =-+00. Otherwise, there would exist a sequence (t;),
such that ty — Tex and [f(t,)| 41,1 <C. The argument of Section 3.2.3 would imply that the solution can be extended to an interval
(tg, ty +7), with T bounded away from 0. Thus, it could be extended past Tex, a contradiction.

Furthermore, at any instant t, the existence time given by Section 3.2.3 cannot be greater than Tex —t. For t close enough to Tey,
[f()| 11 is large enough, and the existence time is equal to (e— 1)1 |f(t)|;v11,1; thus we get the estimate

1
|f(t)|W1,1 Zm

Now, the second bound in (27) shows that ||0xE(t)]lco = || p[f(1)] — np (1)l co blows up when t — Tex. Quantitatively, this norm is greater
than t~! In([f ()11 7/ Ifolyr1). As the norm of ny, remains bounded on the finite interval (0, T), there holds

I pLf (O]l oo =C [ In(Tex — 1),

for some constant C. Conversely, any maximal solution such that |f(t)[ 1,1 or [|p[f(t)]cc remain bounded as t— Tex is global, i.e.
TeX:+OO.

4, Proof of Theorem 2

4.1. Preliminary results

Here we collect some well-known results on the functions of W'1(R2) and BV(R2). The following proposition can be found, for
example, in [21, pp. 3-41:

Proposition 11
W1 (R?) C BV(R?) and Yfe W1 (R?),  |f| 11 =TVIfL.

The following two theorems are taken from [21], p. 7 and p. 14:

Theorem 12
Let feL1(R?) and (fy)n be a sequence in BV(R?) which converges to f in LY (R2). Then

TVIfIK liminf TV[fyl.
n—>- +00
Theorem 13
Let f € BV(R2). There exists a sequence (fp)n in C®(R2)NBV(R2) such that:

lim ||fn—f||L1(Rz)=O and lim TV[f{]1=TVIf].
n— o0 n— 400

4.2. A priori estimates

Theorem 14
Let fe L1 (V7) be the unique mild solution to the linear Vlasov equation associated to E € X(T) with initial condition fy € BV(RR2). Then,
Vs [0, T], f(s) e BV(R?) and

TVIf(s)I< TVIfo] exp(C(E)s).
Thus, integrating from 0 to T

exp(C(E)T)—1

)
/O Vi de< ViRl “

Remark that the estimate (15) is still valid, as it only uses the L' character of fy and f.

Proof
Let E, fy, and f be as in the statement of the theorem. Theorem 13 yields the existence of a sequence (f(’})n in C®(R2)NBV(R2) such
that

. n _ . n _
n |“+ ||f0 fOHLl(RZ)—O and n li |+ “/[fo]—“’[fOL
In particular, we have VneN, fg e WV (R?).

Let f, be the unique mild solution to the linear Vlasov equation associated to E with initial condition f(’)’. Using Theorem 7 and
Proposition 11, we get

Vsel0, Tl TVIf(S)I<TVIfY1 exp(C(E)s).

. _______________________________________________________________________________________________________________|
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We have Yg(fn —f)=Ye(fn) — Ye(f)=0, hence we can use Theorem 6 and obtain

/R? |fn(s)—f(s)|:-/|‘Qz Ify —fol.

Therefore, limf,(s)=f(s) in L'(R2), for almost every s€[0, T]. Applying Theorem 12 then yields

TVIF(s)I< liminf TV[fh(s)I< liminf TV[fg] exp(C(E)s) = TVIfy]l exp(C(E)s),
n—-s 400 n— 400
which implies f(s) € BV(R2). O

4.3. Construction of a contraction mapping

We now get down to the non-linear Vlasov-Poisson problem. We define the mappings p, ¢ and ¢, as in Section 3.2, and we find
sufficient conditions for ¢, 0 ¢ to be a contraction mapping from B;? to itself.

Let fo € BV(R2), EcX(T) and f= ¢, (E). By Theorem 14, f € LbY(T) and
||¢1 (E)”LOO(O,T;L] (R2) = Ifollr “V¢1 (E)||L°°(O,T,'L1(R2))<Tv[f0] eC(E)T.

Let us examine the mapping ¢,. The bound (28) is still valid. Moreover, if f is non-negative, the inequality |0x ¢ (F)(t, x)| < max(p[f (£)1(x),
np(t,x)) still holds. Combining Lemma 10, Proposition 11 and Theorem 13, one easily proves

Lemma 15
Let geBV(R2). Then, plgl € L°(R) and || p[g]llco <TVIg].

Thus, one proves the counterpart of the estimate (29)

1
||¢2(f)||X(T)<maX E[”f”LOO(o,EU(RZ))"'”nb”LOO(O,T;U(R))]'||nb“L°°([0rT]><R)’ SEJOpﬂTV[f(t)] .
telO,

Together with the estimate on ¢4, we obtain
VEEX(T), Iy 0¢1(E)llxy< max(Mr, My, TVIfp]e<ET).

Now we establish that the mapping ¢, o¢; is Lipschitz continuous in the norm of L°°([0, T] x R). Let Ey, E; € X(T); we denote
f1=¢1(E1) and f, =¢(E2). Moreover, as we did in the proof of Theorem 14, we approximate fo by a sequence (f(’)‘)n whose terms
lie in W1 (R2), and such that

. n_ _ . ny__
nl)n_}_oo o f0||L1(R2)—0 and nl)rr_LOOTV[fO]_TV[fO].

The solutions to the linear Vlasov equation with field E7 (resp. E3) and initial condition f(’)7 will be denoted f1” (resp. fﬁ’). Applying
the W1 estimate (31) to these functions yields
exp(C(Ex)T) -1

71— 000, <|IE1 = Ea |l oo (uy) TV ——— . 34
||1 2“L (0,T:L1(R2)) lIEq 21l (Ur) [0] C(Ez) (34)

As seen in the proof of Theorem 14, we have
||f,-"(s)—f,-(s)||L1(Rz)= ”fg_fOHU(RZ)/ for a.e.s€[0,T], and i=1, 2.
Thus, fi” converges toward f; in L%°([0, T];L1(R2)). Passing to the limit in (34), we obtain

exp(C(Ex)T)—1
1t =2l oo 11 (2 < IIE1 = E2 1159 uy) TVIfo] pC(fé)

The L estimate (32) still holds, which finally implies

1 C(E;)T)—1
Ib20 b1 (1) = 01 EDluse ) < 5 I1E1 — Exlliequp) TVIol % (35)

Reasoning as in Section 3.2.2, we infer that ¢, o¢; admits a unique fixed point in B;? for suitable values of R and T (using the
contraction mapping principle of Banach), then we deduce the local existence and uniqueness of a mild solution to (1-3). The
existence time is estimated as in Section 3.2.3, and the alternative between blow-up and globality is established as in Section 3.2.4,
with obvious adaptations.

]
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5. Concluding remarks

We have established the result of local existence and uniqueness of a mild solution to the one-dimensional Vlasov-Poisson system.
The hypotheses on the data of this problem were improved: the initial data is not assumed to have a compact support, as in [3], or
an integrable majorizing function, as in [1, 2, 4], but only to be of bounded variation. Nothing is assumed, either, about its moments
in v, unlike most results in higher dimensions [8-10]. That said, the BV character of the solution implies that the spatial density
plf] remains bounded as long as such a solution exists: this property is specific to the dimension one. Therefore, the hypothesis
fo € BV(R2) is close to the minimal assumption guaranteeing that £ and dxE are uniformly bounded, and thus the possibility of the
existence of a mild solution in dimension one. Unfortunately, our proof does not extend immediately to higher dimensions.

The drawback is that we were not able to establish global existence. We have seen that this is equivalent to prove that p[f] remains
bounded on Ut for an arbitrary T. This is where the more restrictive assumptions made in the literature come in. Interestingly,
certain results of uniqueness of weak solutions [10, 12] also rest upon the boundedness of the spatial density. The result of this
paper is, so to say, in the same vein.

Finally, we notice that the arguments presented in this paper can be extended with slight modifications to many-species Vlasov-
Poisson systems.
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