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Abstract: We prove a BGG type reciprocity law for the category of finite dimensional modules over
algebraic supergroups satisfying certain conditions. The equivalent of a standard module in this case is a
virtual module called Euler characteristic due to its geometric interpretation. In the orthosymplectic case,
we also describe indecomposable projective modules in terms of those Euler characteristics.
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INTRODUCTION

In many representation theories, there exist reciprocity laws. Roughly speaking, if the
category in question has enough projective modules, one defines in a natural way a family
of so-called standard modules such that every projective indecomposable module has a
filtration with standard quotients. The reciprocity law states that the multiplicity of a
standard module in the projective cover of a simple module equals the multiplicity of
this simple module in the standard module. Those standard modules are usually easy to
describe, in particular, their characters can be described by simple formulae.

For instance, Brauer discovered such a law in the case of finite groups representations
in positive characteristic, [4]. Another example is a result of Humphreys, [12] for repre-
sentations of semi-simple Lie algebras in positive characteristic. In 1976 ([1]) Bernstein,
Gel'fand and Gel’fand introduced the category O of highest weight modules for a semi-
simple Lie algebra in characteristic 0, and proved a reciprocity law in this category. Irving,
[13], and Cline, Parshall and Scott, [10], introduced a general notion of highest weight cat-
egory and proved a generalized BGG reciprocity. Using this general approach, it is easy
to prove similar results for the category O of highest weight modules for classical simple
Lie superalgebras. For the category of finite-dimensional representations of classical Lie
superalgebras of type I Zou proved BGG reciprocity in [26]. For superalgebras of type II
the question remained open, in particular since it was unclear how to define a standard
object.

The first part of this paper (Section 2) is devoted to the generalized BGG reciprocity
for algebraic supergroups G with reductive even part and symmetric root decomposition.
In those cases, the irreducible representations are parametrized by a highest weight, and
if X\ is a highest weight, we denote by L) the corresponding irreducible representation.
Every L) has an indecomposable projective cover Py in the category of finite-dimensional
representations of G, [23]. However, in this situation there is no direct analogue of the
so-called standard modules. Hence we introduce a family of virtual modules £(u), living
in the Grothendieck group of the category: we call those modules Euler characteristics
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because they come from the cohomology of line bundles on flag supervarieties. It turns
out that in the Grothendieck ring the [Py]-s are linear combinations of £(u)-s and we
denote the coefficient of £(p) in [Py] by a(A, ). The reciprocity law (Theorem 1) states
that a(A, p) is exactly the multiplicity of Ly in £(u). The key argument in the proof is a
7./27-graded analogue of the Bott reciprocity result, [2], see Proposition 1.

All the constructions above depend on the choice of a Borel subgroup in G: in the super
case, this choice is not unique up to conjugation, and the result is true for every possible
choice. In particular, in the case of GL(m,n) our result generalizes Zou’s result. It is
also to be noted that the weights A\ (labeling Ly and Py) and p (labeling £(u)) do not
belong to the same set. For instance, in the orthosymplectic case (Section 4) the p-s must
have tailless weight diagrams. Finally, let us emphasize on the fact that this category
has infinite cohomological dimension and the subgroup generated by [Py]-s is a proper
subgroup in the whole Grothendieck group.

The rest of the paper deals with the computation of the coefficients a(A, p) for the
orthosymplectic supergroup SOSP(m,2n). The first computation of those coefficients in
the GL(m,n) case was made in [21]. In [3] J. Brundan used another method, relating
this representation theory with the one of gl,,. He interpreted the translation functors
for gl(m,n) as linear operators of gl acting on A"(W) ® A™(W*), where W is the
standard representation of gl . Later on, in [5, 6, 7] Brundan and Stroppel introduced
weight diagrams, which give a clear picture of the translation functors action. Thus the
category of finite dimensional GL(m,n)-modules is very well understood now, including
the projective modules.

We adopt Brundan’s categorification approach. Here we have to separate in two cases
depending on the parity of m. If m is odd, the translation functors can be seen as the
Chevalley generators of the Lie algebra gl,,/» with Dynkin diagram

O—O0—0—... 5
and if m is even, the Lie algebra is gl /5 @ gly/o (see Section 5 and 7). We compute
the coefficients a(A, 1) in Section 8 (see Theorem 2, Theorem 3 and Theorem 4) via a
comparison between the action of translation functors on Py-s and £(u)-s. We start with
a typical A (in this case Py, £()\) and L) coincide) and then obtain an arbitrary Py by
application of translation functors.

Thus, using the results of this paper one can express the character of any projective
indecomposable module in terms of £(x). That however does not imply automatically
an expression of irreducible characters in the same terms. In the case of GL(m,n) this
difficulty can be resolved by allowing infinite linear combinations of Fuler characteristcs
E(u)-s, i.e. by completing the Grothendieck ring. In the case of SOSP(m,2n) the problem
of calculating irreducible characters was solved in [11] by calculating Euler characters of
vector bundles over an adequate variety (generalized grassmannian) related to the highest
weight and using an induction on the rank of the supergroup. It seems that this difference
between general linear and orthosymplectic cases is related to the fact that in the latter
case the set of dominant weights has a minimal element with respect to the standard order.

There remain several open questions such as an interpretation of indecomposable pro-
jectives in terms of canonical bases and the construction of the analogue of Khovanov’s
diagram algebra, see [5],[6],[7] and [8]. It would be also quite interesting to understand
how formulae for characters of the projective modules obtained in this paper are related
to the results of [9].
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1. NOTATIONS AND CONTEXT

Let G be a connected algebraic supergroup with reductive even part Go and g denote
its Lie superalgebra. Then gg is a a reductive Lie algebra and g is a semisimple go-module.
We denote by hg a Cartan subalgebra of gg and by h a Cartan subalgebra of g, by Hy and
H we denote the corresponding algebraic subgroups. By W we denote the Weyl group
W (g0, bo)-

In order to prove the BGG reciprocity we need the following assumptions on g

e ) = ho, and therefore H = Hy;
e g1 >~ g] as a go-module.

Recall that H = Hy is an algebraic torus. Let A denote the free abelian group of

characters of H. One has a root decomposition

g::h63€}99a7
aEA
where
9o = {2 € g|[h, 2] = a(h)z,Yh € h}.
The finite subset A C A is called the set of roots of g. Our assumptions imply that

dimg, = (1,0) or (0,mg) for any root @ € A. In the former case we say that « is
even and in the latter that « is odd. So we have a decomposition A = Ay U A; defined
by the parity of roots. Furthermore, our assumptions imply that A = —A. It is not

difficult to show that one can define a parity function p : A — Zy satisfying the condition
p(A+ a) =p(\) +p(a) for all A € A and o € A. In general the choice of p is not unique.

As in the case of reductive Lie algebras, we define a decomposition A = AT U A~ of
roots and the corresponding triangular decomposition

g=n &hdn
where
n = D sen= D oo
acA~ acAt

The subalgebra b = h @ n is called a Borel subalgebra of g and the corresponding algebraic
subgroup B is called a Borel subgroup of G. Recall that the Borel subgroups in G are
not always mutually conjugate. It is easy to see that B is the semi-direct product of the
algebraic torus H and the unipotent supergroup N. We set

p:%( Z a— Z M ).
acAF acAf

By C we denote the category of finite-dimensional G-modules, which is isomorphic to
the category of g-modules, semisimple over b, with weights in A, see [23]. It was shown
in [16] that any simple module in C is a quotient of a Verma module with highest weight
A € A by a maximal submodule. A weight X is called dominant if this quotient is finite-
dimensional. Thus, every dominant weight defines two simple modules, one is obtained
from another by application of the functor II of change of parity. In order to avoid parity
chasing, we introduce a parity function p : A — Zs and define the category F as the full
subcategory of C consisting of modules such that the parity of any weight space coincides
with the parity of the corresponding weight. It is not hard to see that C = F & II(F).



Define the standard order on A by setting: A < p iff 4 — A= 3" A+ noa where all ng
are non-negative integers.

For any dominant weight A, we will denote by L) the simple g-module in the category
F with highest weight A.

It is well-known (see, for example, [23]) that in the category F every simple module Ly
has an indecomposable projective cover which we denote by Pj.

Denote by AT the set of all weights A such that (), B) is a positive integer for any simple
root 3 of AJ, where 3 € [gg,9_s] such that (3, 3) = 2.

Let R = Z[e*] for all € A. Let M € F and m, denote the multiplicity of the weight
w in M we define the character

Ch(M) =Y mye" € R.
HEA

Denote by IC(F) the Grothendieck ring of the category F. We will denote by [M] the class
of a module M in K(F) and by [M : L] the multiplicity of an irreducible module L in the
module M. Clearly, Ch : K(F) — R is a homomorphism of rings. Note that

Ch(Ly) = e + Z mye",
p<A

thus the Ch(Ly) are linearly independent. Due to our convention about parity, for any
two modules M and N in F, Ch(M) = Ch(N) if and only if [M] = [N] in K£(F). Hence
Ch is injective. For classical Lie superalgebras the image of Ch is described in [25].

Let g be a finite-dimensional Kac—-Moody superalgebra such that the quotient of [g, g]
by the center is simple. In other words, g = sl(m,n), where 1 < m < n, gl(n,n) with
n > 2, osp(m,2n), D(2,1;a), Gg or Fy (see [15]). Let G denote a connected algebraic
supergroup with Lie algebra g. For existence of such supergroup see, for instance, [23].
Then G satisfies our assumptions.

Recall that g is equipped with a non degenerate invariant bilinear form and the restric-
tion of this bilinear form to b is also non degenerate. Thus, we have a non-degenerate
form on A.

Following [16] we call a weight A typical if (A4 p, &) # 0 for any isotropic root a. (Recall
that an isotropic root is automatically odd). It follows from [16] that P\ = L, if and only
if A is typical.

As follows from [16] a typical A is dominant iff A + p € AT. For a general ), the latter
statement is true only for gl(m,n) or osp(2,2n) and a special choice of a Borel subgroup.

Let U(g) be the universal enveloping algebra of g and Z(g) be its center. For every
weight A, we write y) for the corresponding central character. A central character x is
dominant if there exists a dominant A such that xy = .

The category F splits into direct sum of blocks ©F) consisting of modules admitting
the generalized central character x. For any M € F we denote by M, the projection of
M to the block F,.

2. GEOMETRIC INDUCTION AND BGG RECIPROCITY

In this section we assume that G satisfies the assumptions of Section 1.
Let B be a Borel subgroup of G with Lie algebra b, and let V' be a B-module. Denote
by V the induced vector bundle G xp V on the flag supervariety G/B. In [11] we defined

Ii(G/B,V) := H(G/B,V*)*.
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Recall that H*(G/B,V*) is a G-module, see [17], [18], and it is not difficult to see that
I;(G/B,V) := H(G/B,V*)* is an object of F if V satisfies the parity condition about
weights.

It is also possible to define H*(G/B, V*) following [14] or using the Zuckerman functor
approach, see, for instance, [24]. Using one of those approaches one can avoid the rather
technical question of existence of G/B.

Denote by C) the one-dimensional B-module with weight A € A and by £(\) the class
of the Euler characteristic of the sheaf C} belonging to the category F , namely

dim(G/B)o

Z > VNGB0 Ll

One can easily generalize Proposition 1 in [11] or Theorem 12 in [24] and obtain the
following character formula for £(\)

(1) ChEN) =D Y e(w)e*+),
weWw
where
Do= [ (22 =e™), Dy = ] ("2 + e, D= o=
acAT acAf
Note that (1) implies the following

Lemma 1. (a) For all w € W, one has

EN) = e(w)E(w(A + p) — p).

In particular, if (\+ p, 3) = 0 for some even root 3, then E(\) =
(b) The set

{ChEN), A+ pe Aty

1s linearly independent in R.

Proof. (a) follows immediately from (1). To prove (b) we observe that any W-orbit in A
with trivial stabilizer meets A* in exactly one point. Hence the set {3°, iy £(w)e®+2) A+
p € AT} is linearly independent in R. Therefore (1) implies (b). O

We continue with the following analogue of Bott’s reciprocity result.

Proposition 1. Let n denote the mazximal nilpotent ideal of b and MY denote the set of
h-invariants in an h-module M. Then, for any B-module V and any dominant weight X,
we have

[HY(G/B,V): L] = dim H'(n, P; @ V)".
Proof. For every M € F we have
[M : L,] = dim Homg(Py, M).

Consider an injective resolution 0 — Ry — Ry — -+ of V' in the category of B-modules.
By definition H'(G/B,V) is given by the i-th cohomology of the complex

0— H°(G/B,Ro) — H(G/B,R1) —
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Since Homg(Py, ) is an exact functor, Homg(Py, H'(G/B,V)) is given by the i-th coho-
mology of the complex
0 — Homg(Pxy, HO(G’/B,RO)) — Homg(Pxy, HO(G/Ble)) — e
Using Frobenius reciprocity we have
Homg(Py, H(G/B,R;)) = Homp (P, R;).
Thus, we obtain that
Homg(Py, H(G/B,V)) = Ext'y(Py, V).

Now we recall that B is the semidirect product of the torus H and the unipotent
supergroup IN. Therefore it is easy to see that

Exty(Py, V) = Ext' ((Py, V)" = H'(n, P} @ V)".

By dualizing we obtain the following corollary.

Corollary 1. Let n denote the mazimal nilpotent ideal of b and MY denote the set of
h-invariants in an h-module M. Then, for any weight v and any dominant weight A, we
have

[T5(G/B,C,) : Ly] = dim H'(n, Py ® C_,)".

Denote by b(v, \) the coefficients in the decomposition
£(v) = 3 b VL]
A

Lemma 1 implies
(2) b(v, A) = e(w)b(w(v + p) — p, A).
Corollary 2. The coefficient b(v, \) is equal to the constant term in the formal expression

D~le=v=PCh(Py).

Proof. - By proposition 1
b(v,A) = (—1)'dim H'(n, P\ @ C_,)".
i
Using the complex which computes the Lie superalgebra cohomology we obtain
Y (-1 ChH'(n,PA®C_,) =) (1)) Ch(PA® C_, ® A'(n")) =
- .

=e ™V Ch P> (—1)' Ch Al(n").

To finish the proof, use
Moca: (1 —¢)

=D le "
HaEAT(l + 67a)ma

> (-1) Ch Al(n*) =

i



Corollary 3. - One has:
ChPy=D Y b)Y elw)e .
v+peAT wew

Proof. - The statement follows from Corollary 2 and (2) since Corollary 2 implies

ChPy=D> b(r,Ne".

veA
O
Theorem 1. We have the following identity in K(F)
(Pl= >, alhmEp).
ptpeAt
Moreover, the following analogue of BGG reciprocity holds
a(A, 1) = b(p, A).
Proof. - The statement follows from Corollary 3 and (1). O

Example. Let G = GL(m,n) and B be the subgroup of upper triangular matrices. Then
At — p coincides with the set of dominant weights. Moreover, it is well-known (see for
example [20]) that for any A € A*, I;(G/B,C,) = 0 if i > 0. Moreover,

[o(G/B,Cy) ~ Ky :=U(g) ®u(g+) L3,

where gt = go + b and Lg is the irreducible gp-module of highest weight A with trivial
action of by. The module K was first considered in [16] and is usually called a Kac
module. It was proven in [26] that every indecomposable projective module Py has a
filtration by Kac modules K, and that the multiplicity of K, in Py equals the multiplicity
of Ly in K. A combinatorial algorithm for calculating a(\, ;) in this case was obtained
by Brundan, [3]. We will explain it in Section 4 after introducing weight diagrams.

3. CLASSICAL SUPERGROUPS GL(m,n) AND SOSP(m,2n)

In this section we collect all necessary facts about roots and weights for the classical
supergroups. So we assume that G = GL(m,n) or SOSP(m,2n).
The lattice A of all integral weights is

i=1 j=1

We define a parity homomorphism p : A — Zy by p(e;) = 0,p(d;) =1 for all 1 <i < m,
1 < j < n. The invariant form on A is given by
(€i,€5) = di5, (€i,05) =0, (di,05) = —6i;-
Now we recall the description of A (see [15]).
The even roots Ag of gl(m,n) are all the vectors of the form e; —¢; and ; — J; with
i # j. The odd roots Ay of gl(m,n) are all the vectors of the form ¢; — d; and 6; — ¢;.
The even roots Ag of osp(2m, 2n) are all the vectors of the form +e; £¢;, +0; £ ; (the

signs can be chosen independently) with i # j and 2§;. The odd roots A; of osp(2m, 2n)
are all the vectors of the form +¢; & ¢;.



The even roots Ag of osp(2m + 1,2n) are all the vectors of the form +e; £ ¢, £6; £6;
with i # j, +¢; and £20;. The odd roots A; of osp(2m + 1,2n) are all the vectors of the
form £e; £0; and +04;.

From now on we fix a Borel subalgebra of g, we make the same choice as in [11]. Below
is the list of the simple roots for our choice of Borel subalgebras.

e If g = gl(m,n), m > n, the simple roots are

€1 —€2,82 —E€3,..,Em — 517 61 - 52) ERE) (Sn,1 - 6717
_m-—n—2 m—n-—4 -m-n m+n m—n+2_
p= 5 £1+ 5 gy + ...+ 5 Em + 5 61—1—4—#5”,
o If g = osp(2m + 1,2n) and m > n, the simple roots are

€1 — &2, '-‘75m—n+1 - 51761 - 5m—n+27 ey Em — 57175717

1 m 1 n m—-n

p= —5251-4—52@—1— Z(m—n—i—i—l)ei;
i=1 j+1 i=1

o If g = 0sp(2m + 1,2n) and m < n, the simple roots are

01 =02,y On—m — €1,€1 = Op—m+1, -y Em — On, On,

1 m 1 n n—m
p= —§Z€i+§z5g‘+ > (n—m—j5)d;
i=1 j+1 j=1
e If g = 0sp(2m, 2n) and m > n, the simple roots are
€1 — €2y ey Em—n — 01,01 — Em—n-tl, s On — Ems On + Ems

m—n

p= Z(m—n—i)&?i;
i=1
e If g = 0sp(2m, 2n) and m < n, the simple roots are
51 - 527 (XY 5nfm+1 —€1,€1 — 5nfm+2a 7671 — Em, 6n + €m,

n—m

p= Z(n—m—i—i—l)éi.
i=1
Finally, we give a description of AT. Let
At p=aier+ ...+ amem + 0161 + ... + bpdn.

Then X is integral iff a;,b; € Z for G = GL(m,n) or SOSP(2m,2n), and a;,b; € % +7Z
for G = SOSP(2m + 1,2n). Furthermore, A + p € AT if

ay >ag > ... >y, by >by>...>b, if G=GL(m,n);
1 1.
a1>a2>...>am2§, b1>b2>...>bnz§ if G=SOSP(2m+1,2n);

ay > ag > ... > apmo1 > |aym| and by > by > ... > b, >0, if G=SOSP(2m,2n).

Every A € AT — p is dominant. If G = GL(m,n), the set of dominant weights coincides
with AT — p. In the orthosymplectic case we will formulate the condition of dominance in
the next section.



4. WEIGHT DIAGRAMS

We recall the definitions and notations for weight diagrams, introduced in [5] for
GL(m,n), and in [11] for SOSP(m,2n). Note that our notations slightly differ from
those in [5], for translation see [19].

Let T C R be a discrete set, X = (z1,...,xm) € T™, Y = (y1,...,yn) € T". A diagram
fx,y is a function defined on T whose values are multisets with elements <, >, x according
to the following algorithm.

e Put the symbol > in position ¢ for all ¢ such that x; = ¢.

e Put the symbol < in position ¢ for all ¢ such that y; = t.

o [f there are both > and < in the same position replace them by the symbol X, repeat
if possible.

Thus, fxy(t) may contain at most one of the two symbols >, <. We represent fxy by
the picture with o standing in position ¢ whenever f(t) is an empty set.

Let G = GL(m,n). Let A be a dominant integral weight such that

At p=aier+ ... + amem + 0161 + ... + bpon.

Set T = Z,
X)\ = (al, ...,am),Y/\ = (—bl,...,—bn).

The diagram f) = fx, v, is called the weight diagram of X.

A diagram is the weight diagram of some dominant weight if and only if f(¢) is empty or
is a single element set since both sequences ay, ..., a,, and b1, ..., b, are strictly decreasing
and hence do not have repetitions.

Now let G = SOSP(2m,2n). Set T = Z>o. For a dominant weight A such that
A+ p=aie1+ ... + amem + b161... + bpoy, let

X)\ = (a17 ooy Am—1, ‘am|)7Y>\ = (bla "'abn)a f)\ = fX)\,Y)\-

The position 0 is called the tail position. If the tail position is empty we put [+] or [—]
before the diagram if a,, > 0 or a,, < 0 respectively.

A diagram f) is the weight diagram of a dominant A if and only if

e for any t # 0, f)(t) is empty or a single element set;

e the multiset f)(0) does not contain <, contains > with multiplicity at most 1 (it may
contain any number of x).

A diagram f) and a weight X\ are called tailless if f(0) does not contain x. A weight A
is tailless iff A+ p e AT,

Finally, let G = SOSP(2m+1,2n). Let T = %—FZZO and define X, Y) and f) as in the
case g = o0sp(2m,2n). The dominance condition is equivalent to the following condition
on a weight diagram f

e f(t) is empty or a single element set for any ¢ # %;

of (%) may contain at most one of < or > and any number of X.

The position % is called the tail position. It is possible that two dominant weights have
the same weight diagram. That may happen if f (%) does not contain > or < and has

at least one x. For example, the diagram with two x at % corresponds to (%, —% %, %)
and to (—3,—2%[3,3). So if the weight diagram has at least one x and no <, > at the
position 3 we put an indicator (which we sometimes refer to as ”sign”) (&) before the
weight diagram. Its value is + if the corresponding weight has the form
1 1 1 1 1
A = (A1, ey Ay =y — =y eeey — = | D1y ey sy = vy =
+p (17 } m5727 27 9 2’17 7%8727 72)7
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and — if the corresponding weight has the form

1 1 1 1 1
A = sy ==y ==y —= |01y ey Oy = ey =
+p (a17 y Am—s; 27 27 ) 2‘ 1, s Un 8727 72)7

1
5

A weight X is tailless if fA(%) has at most one symbol, and if this symbol is x the
indicator is +. As in the case G = SOSP(2m,2n) a weight is tailess iff A\ + p € AT.

Thus, tailless diagrams are exactly the diagrams of weights in AT — p.

Recall that the number of x in the diagram is called the degree of atypicality of the
corresponding weight. The symbols >, < are called the core symbols of the diagram. The
core of a weight A is the diagram f) with all x and the sign indicator removed except
the case when G = SOSP(2m,2n) and there are no x. As follows from [11] two weights
admit the same central character (i.e. the corresponding simple modules belong to the
same block) if the cores of the two weights are the same. Thus, if two weights have the
same central character, then they have the same degree of atypicality. Hence the degree
of atypicality of a central character x is well defined. We denote it by at(y). A weight (
resp. central character) is typical if its degree of atypicality is zero. If y is typical, then
F is semisimple and has only one simple object up to isomorphism.

Let A be dominant and tailless. Following Brundan and Stroppel [8] we define the cap
diagram of fy by the following rules. The left end of a cap is at a x and the right end
is at an empty position. We start from the rightmost x, make the cap by joining it to
the next free position on the right (the end is not free any more), and then repeat for the
next x to the left, and so on until there is no x left. There is no empty position under
any cap. One can see that for each weight diagram there is a unique cap diagram.

where s is the number of crosses at the position

Example. For the following weight diagram,

o X > < X o o

the caps are the following:

: — |

o X > <

Denote by P(X) the set of all the weights p with weight diagram f,, which can be
obtained from f) by moving some of the x-s from the left end to the right end of a cap.
Note that the cardinality of P()) is 2¥, where k is the total number of x.

If G = GL(m,n), then all diagrams are tailless. The following result was proven in [3].

Proposition 2. - Let G = GL(m,n). Then
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5. CATEGORIFICATION OF gly, /5 IN ORTHOSYMPLECTIC TERMS

In this section we assume that G = SOSP(2m+1,2n). We denote by K(€) the subgroup
of K(F) (resp. K(P)) generated by the Euler characteristics £(A) for all A\+p € At (resp.
by the classes of indecomposable projective modules Py for all dominant \).

5.1. Representation of gl . We denote by gl the infinite dimensional Lie algebra
defined over Z with Dynkin diagram

O—0—0—0...,

and by V' its standard representation with basis vy /o, v3/9,.... We note wy /g, ws/s, ... the
basis in V* such that (w;, v;) = 6;;(—1)""1/2. Let E; ; be the element of gl /2 which acts
on V the following way: E; j(v) = 6,v; and on V*: E; j(wg) = (—1)"w;.

Consider the representation (defined in the natural way) A™(V*) @ A"(V) of gl /s.
Then, if X is a tailless dominant weight for osp(2m +1,2n), such that A\+p = > " | a;e; +
> j=1b;0; with a;, b; € 1/2+47Z, we associate to A the following vector in A™(V*) @ A™(V):

Ty ;:wal/\.../\wam®vbl/\.../\vbn.

We denote the weight of the action of gl,,/, on v; by v; (hence, the weight of the action
on w; is —v;), so that every vector x) is equipped with a gl /2-weight which we denote

by y(A).

Remark. - The weights with the same core have the same gl ,-weight. Therefore for
every dominant weights A, u, one has

Xa = Xp € Y(A) = y(p).

Define the map ¢ : K(E) — A™(V*) @ A™(V) by p(E(N)) = zx. Obviously, ¢ is an
isomorphism of abelian groups.

5.2. Interpretation of the translation functors in this setting. Since the weight of
the gl o-action encodes the central character, every block in F can be parametrised by a
gloojo-weight v, hence 7 = @,F,. The translation functors consist in tensoring with the
standard module E of osp(2m + 1,2n) and then projecting in the appropriate block.

For any M € F,, we set:

Ta,a+1(M) = (M ® E)’va'yaﬂ’

Toi1.a(M) = (M ®E)yiny e

The functors 75 o1 and 7,414, being exact, induce linear operators in the Grothendieck
group K(F), and we keep the same notations for them. Note also that 75 q41 and To41,4
are adjoint, i.e.

(3) Homg(M, T4 a41(N)) = Homg(Tys1,0(M), N)
Since, as can be read in [11] (Lemma 1(b)and Corollary 1) we have
I'i(G/B,C\® E) =Ty(G/B,C)) ® E,

we see that K(&) is invariant under both 75 441 and Tg41 4.
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Lemma 2. - For any a > % one has

@ o Ta—f—l,a = Ea+1,a SA2
and
@o Ta,aJrl = Ea,aJrl o .

Proof. - Let 7/ be a gloo2-weight and let A be a tailless dominant osp(2m + 1, 2n)-weight
with v(A) = 4. Corollary 1 in [11] implies that

(4) Li(G/B,(Ch @ E)g-1(y) = (I'i(G/B,Cy) ® E),

/

where ®~1(+) is the set of all weights p such that v(u) = 7.

The b-module L(b)®E has a filtration by all the C}, with pn = Ade;, A0y, A. Since the
Euler characteristic of the associated graded sheaf coincides with the Euler characteristic
of the original sheaf, we obtain

Ta,a+1 (EWN) = Z E(w),
o

where the sum is taken over all = A £¢;, A £ d such that v(u) = v(A) + Y4 — Yat1-

By direct inspection if u is not dominant, then (u+ p, 3) = 0 for some even root 5 and
therefore by (1) £(u) = 0. Hence in fact only dominant p contribute in the summation.
To find all such u we use the weight diagram f) of A, and we only have to look at the
positions @ and a + 1 in fy. Here is a table of the different f,, which can occur (see figure
1). Note that since only tailless weights appear, if the left position is %, and there is a X
then the sign before it should be (4) and we omit it for simplicity of notation.

H oa a+1 fu a a+1
o o 0
o < < °
[} > @
o X < >
< o 0
< < 0
< > 0
< X 1]
> o o >
> < o X b X o
> > 0
> X X >
X o < >
X < < X
X > 0
X X 1)

(figure 1)

Now we conclude, noticing that

Ta,a—i—l(g)\) - Z gu
I
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with the weights u we computed, and since
a ,a+1 1‘,\ Z Zy

by construction, we have proved the first identity. The proof of the second identity is
similar and we leave it to the reader. O

Remark. - The operators Fg .1 and E,1 4 satisfy the Serre relations.

5.3. The switch functor. Recall that the switch functor sw : 7, — F, is defined by
sw(M) = (M ® E),.

We also denote by sw the corresponding linear operator in IC(F).
The following proposition explains how sw acts on E(A).

Lemma 3. - Let A be a tailless dominant weight. If f) has an empty tail position, then
sw(E(N)) =E(N).
If fx has x at the tail position, then sw(E(N)) = —E(A

)-
If fx has > or < at the tail position, then sw(E(N)) = 0.

Proof. - We use the same idea as in the proof of Lemma 2. As follows from Corollary 1

n [11]
=> &

where the summation is over all = A £ e, A\, A & 6, such that y(p) = v(A).

If f) has empty tail position, then the only weight p appearing in the sum is A.

If f) has > at the tail position, then the weights p appearing in sum are A and A — g,.
But A — &, = s(A+ p) — p where s is the reflection with respect to the root &,,. Hence by
(1) EX —em) = —E(N) and sw(E(N)) = 0.

Similarly, if fy has < at the tail position,

sw(EN)=EN)+EN—0,) =0
Finally, if f) has x at the tail position, then
sSwWEMN)=EN)+EN—em) +EN—=0,) = —=E(N).

6. TRANSLATION FUNCTORS ACTION ON SIMPLE AND PROJECTIVE MODULES

In this section G = SOSP(2m + 1,2n).

6.1. Functors T; .1 and T41 4.

Lemma 4. Let Ly,L, € F, v = X\ — « for some isotropic positive root o = ; + 9; such
that (A + p,a) = 0. Then

[Lo(G/B,Cy) : L] =1, [Lo(G/B,Cy): L] > 1.
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Proof. - By Lemma 2 in [11] I'g(G/ B, C)) is the maximal finite dimensional quotient of the
Verma module with highest weight A. Hence [['o(G/B, C)) : Ly] = 1. Propositions 2 and 5
in [11] imply that for some parabolic subgroup P containing B we have [I'o(G/P, Lx(P)) :
L,] =1, where Ly(P) is a simple P-module with highest weight A\. By Lemma 2 in [11]
there is a surjective homomorphism

FO(G/B’C)\) - FO(G/Pv LA(P))

Hence the statement. O

Lemma 5. - Let x and 0 be two distinct central characters such that at(x) > at(6). Denote

by T the translation functor which maps Fy to Fg. Then, if some dominant weight A (resp.

A1, A2) has central character x, then T(L)y) is either a simple module of Fy or zero.
Moreover, if T(Ly,) = T(Ly,) # 0, then A\; = Xa.

Proof. - All b-singular vectors in Ly ® E have weights of the form A\ ¢, A\, A £ ;. At
most one of those has the central character 8, as one can figure out writing the weight
diagrams. Hence the first statement.

Assume now that T'(Ly,) = T'(Ly,) = L, then Ay — Xz is an isotropic root, a multiple
of an even root, or zero.

Case 1 : A\ — A2 is a multiple of an even root say 3 ( one has A\; — Ay = +2¢;, &, —¢;,£20;
or 6; — 6;) and then A\ + p = sg(A2 + p), where sg is the reflection with respect to the
root 3. Hence A; and Ay cannot be both dominant except if (A1 + p, ) = 0, in which case
A1 = Ao

Case 2 : A\ — X2 is an isotropic root o = %(g; + 6;), which we can assume to be a
positive root. As follows from Lemma 4

Co(G/B,Cy,) : Lx,] =1 [I'o(G/B,Cy,) : Ly,] > 1.
By Corollary 1 in [11] (see also (4))
T(To(G/B,Cy)) =To(G/B,C,).
As [I'g(G/B,C,) : L,] =1, either T'(Ly,) or T'(Ly,) is zero. 0
Lemma 6. - Let x and 6 be two distinct central characters such that at(x) < at(0). Then

the translation functor T which maps F, to Fg maps projective indecomposable modules
(PIMs for short) to PIMs or to zero.

Proof. - Let A be a dominant weight with central character x. Since T'(P)) is a projective
module in Fy, it is sufficient to show that

Homg(T(Py),L,) =C

for at most one dominant weight p, and is zero otherwise.
Let us denote by T™ the adjoint functor of T, which is the translation functor mapping
Fp to Fy; one has

HOmg(T(P)\)y Lu) = HOmg(P)\, T*(LM))

and by the Lemma 5, the statement follows. O
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6.2. The action of the switch functor on simple modules and PIMs.

Lemma 7. - Let A be an integral dominant weight.

If fx has the empty tail position, then sw(Ly) = L.

If fn has > or < at the tail position, then sw(Ly) = 0.

If fn has several x at the tail position and no core symbols, then sw(Ly) = L,,, where
fu is obtained from fx by change of sign.

The action of the switch functor on PIMs is given by the same rule.

Proof. - The first assertion easily follows from
SU)(P()(G/B, C)\)) = Fo(G/B, C)\)

To prove the second assertion choose the parabolic subalgebra q C g with semisimple
part osp(2k + 3,2k) if f\ has k x and > at the tail position and with semisimple part
osp(2k+1,2k+2) if f) has k x and < at the tail position. Then C) has a natural g-module
structure and Ly is a quotient of the parabolically induced module S\ = U(g) ®u(q) Ox-
It is easy to check that

sw(Sx) = (U(g) ®u(g) (Cr ® E)),n) = 0.

Hence sw(Ly) = 0.

Now let f\ have k x-s at the tail position and no core symbols. Let q be the parabolic
subalgebra with semisimple part osp(2k+1, 2k). If the sign of f) is — then L) is a quotient
of Sy. On the other hand,

Sy = sw(Sy) =U(g) ®u(q) (C\® E"),

where E’ is the standard module over semisimple part of q. The unique simple quotient
of S} is isomorphic to L, where f, is obtained from f) by change of sign. Since the
application of the switch functor to any other simple subquotient of Sy can not produce
L, we have sw(Ly) = L,. If the sign of f\ is +, the assertion follows similarly from the
fact that sw(S%) = Sh.

Finally, the statement about PIMs follows by duality. |

6.3. Elementary changes. We define elementary changes on the weight diagram by the
list.

e The change of the sign (+) and (—) in front of the diagram.

e An elementary change which involves positions a and a + 1 with a > %:

a) ...xX o...—...>< ... (decreases the degree of atypicality by 1),

b)...< o...<...0 <...(doesn’t change the degree of atypicality),

c)...> o...<>...0 > ... (doesn’t change the degree of atypicality),

e An elementary change which involves positions % and %

at) (+) xF o... = Zio1 < ... (decreases the degree of atypicality by 1),

bt) 7,

<

o... (=)x*¥ > ... (doesn’t change the degree of atypicality),
t) <, o...< (=)xF < ... (doesn’t change the degree of atypicality),

Q

X
The x* sign indicates that there are k x at the tail position and < means that we can
go in either direction.

Lemma 8. - If (fy, fu) is a pair of weight diagrams of the list a),..., ct), then for a suitable
choice of a translation functor T" we have T'(Ly) = L, and T*(P,) = P;.
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Proof. - In the cases b),c),bt) and ct), we already know ([11] Section 6) that T is an
equivalence of the corresponding blocks, thus we have nothing to prove.

It remains to prove the statement for a pair (fy, f.) in the cases a)and at).

We have pp = X+ d441. It is easy to see that among the weights A & &;, A & J; only u
has weight y(u). Therefore by Corollary 1 in [11] we have

(5) T(To(G/B,Cy)) = To(G/B,C,).

The multiplicity of Ly in T'o(G/B, C)) is 1 as well as the multiplicity of L, in T'o(G/B, Cy,).
If L, is a simple subquotient of I'g(G/B,C)) and v # p, then v < p and by Lemma 5
T(Ly) # L. Therefore (5) implies T'(Ly) = L. O

Lemma 9. - Let A be any dominant weight with atypicality degree k > 0 . Then one
can find a dominant typical weight u such that there exist a sequence of weights u =
[, 2, - o, fir = A and translation functors T, ..., T,—1 such that Py, = T;—1(P,,_,), and

at(pi) < at(pit1).

Proof. - Due to the previous Lemma we have to check that f\ can be transformed to a
typical f, by elementary changes.

We prove the statement by induction on degree of atypicality of A\. Let ¢ be the position
of the rightmost x in the weight diagram f). Assume first that ¢ # % If the position
t + 1 is empty we can use elementary change a) to decrease the atypicality degree of .
If the position ¢ + 1 is occupied by a core symbol, we can use elementary changes of type
b) and ¢) to move all core symbols in positions ¢ + 1,¢ 4 2,... to the right. The diagram
obtained in this way will have the position ¢+ 1 empty and now we can decrease the degree
of atypicality using elementary change a).

Now let t = % That means fy has only core symbols outside the tail position. Using
elementary changes of type b) and c¢) we can transform f) to the diagram that has an
empty position % Hence without loss of generality we may assume that the position % in
/o is empty. Now we are going consider 3 different cases.

If all symbols at the tail positions are x and the sign is 4+, we apply elementary change
at) to decrease the degree of atypicality.

If all symbols at the tail positions are x and the sign is —, we apply the switch functor
to fy and reduce the situation to the previous case.

If the tail position contains a core symbol, we apply elementary change bt) or ct) and
reduce the situation to the previous case.

Thus, the statement follows by induction. O

7. THE ACTION OF TRANSLATION FUNCTORS IN THE CASE SOSP(2m,2n)

In this section G = SOSP(2m,2n). There is an involutive automorphism o preserving
the maximal torus H which acts on A by the formula

o(em) = —em, o(e) =—& if i#m o(d;) =9;.

The induced action of o on the weight diagrams is the change of the sign if the diagram
has a sign, otherwise o preserves the weight diagram.

The action of ¢ on F preserves blocks except the case when y is typical and the diagram
has an empty tail position. In the latter case o permutes two blocks. If M € F we denote
by M? the twist of M by o.
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The induced action of o on the Grothendieck ring KC(F) has two eigenspaces K(F)*

with eigenvalues +1. So we have the following decompositions
K(F)=K(F)" @ K(F)~
and
KE) =KETaKE) ™, KP)=KP)r @ K(P)".

Note that the translation functors preserve those splittings.

7.1. Categorification of gl_,. As in Section 5 we realize translation functors by certain
linear operators in a representation of gl . By gl we understand the Lie algebra with
Dynkin diagram

...—0—0—0—o0...,
and by U its standard representation with basis u; with i € Z. Let E; ; be the element of
gl which acts on V' the following way: F; j(vi) = 0;5v;. Denote the weight of v, by 7,
for a > 0 and by —vy_, for a < 0. Set weight of vy to be zero. Let U<? be the span of u;
for all i <0, UT and U~ be the span of u; for i > 0 and i < 0 respectively. Set

XT=A"U=") 0 AMUT),
X" =AU )@ A" (U™").
Finally set
Fij= (=1 E;; + E_j ), fori,j > 0; Fo=2Ey_;, Fo; = F_p.
Those elements generate the Lie algebra sl /o @ sl /o inside gl.
Let A+ p € AT be such that A+ p = > a;e; + Z?Zl bjo; with a; € Z>o,b; € Zo,
we associate to A\ the vector
Ty = Ug,, N e AUy @Upy Aot AUy,

The weight of z) and the translation functors Tj 441 and Tpy1,4 (for a € Zsg) are
defined as in Section 5. In addition we define the translation functors Tp 1,710 : F — F
by the formulae:

T071(M) = (M ®E)7_% for M € f»y

Tio(M)=(M® E)yqy, for MeF,
Next we define isomorphisms of Z-modules % : K(£)* — X* by setting
PTEN) =xr, ¥T(EN) =0
if a,, =0,
PHEN) £EWN)T) = ay,
if a,, > 0.

Lemma 10. - For any a > 0 one has

wi o Ta+1,a = Fa+1,a o 1/):‘:

and
wi © Ta,a-‘rl = Fa,a+1 © ¢i'
If a =0, then
Yt oTig=Figot™T
and

YT oTpy = Fpiot.
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Proof. This lemma can be proven exactly as Lemma 2 by direct comparison.
The action of the functors T}, 441 for @ > 1 in terms of weight diagrams is given in figure
1.
Below in figure 2 and figure 3 we give the action of Tp 1 and 77 o respectively.
O

I 0 1 fu 0 1
[£] o o 0
[£] o < 0
[£] o > 0
[£] o x 0
> < [+] o x @& [~]o X
> o +] o > @ [~]o >
> > 0
> X 0
(figure 2)
i) 0 1 fﬂ 0 1
o o 0
[£] o < 0
[£] o > > o
[£] o X > <
> < 0
> o 0
> > 0
> X 0
(figure 3)

7.2. Action of translation functors on simple modules and PIMs. The following
statement is analogous to Lemma 5.

Lemma 11. - (a) Let x and 0 be two distinct central characters such that at(x) > at().
Assume that a > 1. Let T = T, 441 or Tyy1,4 be a translation functor which maps F, to
Fy. Then, if some dominant weight \ (resp. A1, A2) has central character x, then T(L))
is either a simple module of Fy or zero.

Moreover, if T(Ly,) = T(Ly,) # 0, then A\; = Xa.

(b) If at(x) < at(f) and a > 1, then T(Py) is either PIM or zero and if T(Py,) =
T(P)\Q) 75 0, then )\1 = )\2.

We define non-tail elementary changes as a), b), ¢) in subsection 6.3 with the convention
that a non-tail elementary change does not change the sign of the diagram.

Lemma 12. - Let A be a dominant weight. Assume that the degree of atypicality of A
is not less than the degree of atypicality of v(A) — v1. If f does not have > at the tail
position, then To1(Ly) = 0. If fx has > at the tail position, then the action of Ty is
given by the following change in the diagram f).
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1) 0. — xk >

2) Thor X — xk >

3)>o0...— [+o>...@&[-] o>....

Assume that the degree of atypicality of A is not less than the degree of atypicality of
YA) + 7. If Tio(Ly) # 0, then f\ has no > at the tail position and fy(1) = o or >. The
action of T1 o is given by the following change in fy.

4) xFo =2 <

5) Xk>...—>iko...;

6) [£]lo>...—>>o0....

Proof. The statement is an immediate consequence of Theorem 3.2 (iii) in [22]. O

Corollary 4. - Let A be dominant and with degree of atypicality not greater than the
degree of atypicality of y(X) +v1. Then T1o(Py) = 0 if fx contains > at the tail position.
If f\ does not have > at the tail position the action of T1 o can be described by the following
diagrams.

a’) Xk>...—>ik...@ik_1 X ...

b)) [£]lo> ... =>>o0....

Now assume that the degree of atypicality of \ is not greater than the degree of atypicality
of Y(A) —y1. If To1(Py) # 0 then fx contains > at the tail position. The action of Ty 1
on Py is given by one of the following changes:

¢) 2y <o xFol

d’) Z,o0...— xk >

e))>o0...—= [+o>...@[-] o>....

We call a’)-¢’) the elementary tail changes. Note that a translation functor correspond-
ing to an elementary tail change does not always map a PIM to a PIM, a’) and €’) map
sometimes a PIM to the direct sum of two PIMs. Thus, a straightforward analogue of
Lemma 9 does not hold.

Lemma 13. - The Grothendieck group K(P) is generated by [Py] for typical X and [T,,o0- - -0
T1(Py)] (A typical) where T; does not decrease the degree of atypicality of Ty—10---0T1(Py).

Proof. - We prove the statement by induction on the degree of atypicality. Let S denote
the span of [T, 0---0T1(Py)]. It is clear that [Py] € S for typical \. Assume that [P,] € S
if at(p) = k — 1. Suppose that at(\) = k. If f) has at least one x which is not at the tail
position, then we can obtain [Py] from some [P,] with at(v) = k — 1 in the same way as
in the proof of Lemma 9.

Now assume that all the x of f) are at the tail position. We check all the possible cases
for fy.

If f\ = x¥o..., then Py = Ty 1(P,) with f, = “r-1 < ... (Corollary 4 ¢’)). By induction
assumption [P,] € S. Hence [Py] € S.

If fy =xF> ... 0r fi = x* < ..., we use non-tail elementary changes to move the
non-tail symbols to the right, then apply the translation functor as in the previous case
and then move the non-tail symbols back. For instance, if fy = x¥ > o, we use

ikfl <>— xFo>— xF > o,
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Now let fy = ik .... Using non-tail elementary changes we can reduce to the case

fr= ik o...in the same way as above. By Corollary 4 a’)

Ti0(P,) = P\ ® Py,

where f, = x¥ > ... and fu= ik,1 X .... But f, has x at non-tail position. We have
proved above that [P,] € S. We also have checked above that [P,] € S. This implies
[P)\] es. O

8. PIM AS A LINEAR COMBINATION OF EULER CHARACTERSTICS

8.1. The case of a tailless weight. In this subsection G = SOSP(2m,2n) or SOSP(2m+
1,2n).

Theorem 2. - Let A be a tailless dominant weight. One has:

[P = > EW).

HEP(A)

Proof. - This lemma has the same proof as the corresponding statement, due to Jonathan
Brundan, in the case gl(m,n). However, we write down the argument in our setting.

Due to Lemma 8 and Lemma 13 it is sufficient to check that if the statement holds for
P, then it holds for Py = T'(Py), where T is a translation functor corresponding to some
elementary change. If the elementary change is of type b) or c) consisting of moving a
core symbol from position ¢+ 1 to ¢, then clearly the weight diagrams of P(\) are obtained
from those of P(k) by exchanging symbols in position in ¢ 4+ 1 and ¢. If the elementary
change is of type a)

><— Xo,

then the cap diagram of fy has exactly one new cap joining x and o in f). All other caps
remain the same. Hence the statement holds in this case as well. O

Examples. Let G = SOSP(7,6).

[Plox >< x)] =&(ox >< X)+E(0ox >< ox)+
+E(co >< X 0o X)+E(00 >< o X X),

[Plo x x o X)] =&(0 x x o X)4+&(0 x o x xX)+&(0 X X 0 o0X)+
+E&(0 X o Xx oxX)+E(0 0o x 0o x 0o xX)+&(00o0 X X o X)+
+&(0 0 x 00 X xX)+&(0 00 X 0o X X).

and the caps are the following:
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8.2. The general case G = SOSP(2m + 1,2n). Now let A have a tail. Color all x at
the tail position emerald. We define the tailless weight X as follows. Ignore for a moment
the tail position and consider the cap diagram associated to the weight diagram for the
remaining positions. We call a position free if it is empty and is not an end of a cap. Now,
we move X-s from the tail position to free positions according to the rule below:

e If f\ has a core symbol at the tail, move all x from the tail position to the free
positions number 1,3,... counting from the left.

e If f) does not have a core symbol at the tail, move all but one x from the tail to the
free positions number 2,4,... counting from the left.

Example. If f) = (x® x 0...), then f5 = (x x oo x o0 Xxo...).

Let
P()] = 3 alu, )EW).

As follows from Theorem 2, if 4 is tailless a(u, v) =0 or 1.

Theorem 3. - Let G = SOSP(2m+1,2n). If the tail position of the diagram fy contains
<, > or (=) sign, then
a(\,v) = (=1)Og (X, v)
where c(\,v) = x+y where x is the total number of emerald X in f5, and y is the number
of emerald x in f5 moved along the caps in order to get f, from f5.
If the tail position of fx has a (+), we change the sign of a(\,v) for all v such that f,
has a x at the tail position.

Proof. - As in the proof of Theorem 2 we have to check that the statement for P, implies
the statement for T'(P,) for a translation functor T' corresponding to some elementary
change. This check for elementary changes a)-c) is completely analogous to the case of
tailless A. So we leave it to the reader.

Let A and p be related by an elementary change b) i.e.

o= ()5 > s =T e

Then )\ is obtained from fi by switching x at the tail position with > at position %, and
the number of emerald x in fy and in f; is the same. All v/ € P()\) are obtained from
v € P(i1) by interchanging symbols at positions % and % Clearly ¢(\,v) = ¢(u,v). The
case of elementary change ct) is similar.

Now let A and p be related by an elementary change a), namely

fu=Z0 <o fi= () X o
Then X is obtained from fi by removing core symbols from % and % and adding x to
the tail position % The cap diagram for f5 has an additional cap joining % and % The
number of emerald X increases by 1. However, since sign of fy is (+), the signs agree after

applying the switch functor to P. O

Examples. G = SOSP(5,4)
[P<> >}:—5(>< X)+E(> < o x),

xX <

[P <(+) X )] — —E((H) x ox)—&(0 X X)+E((H) X 0 0 x)+E(0 X o x),
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X

[P((—) : )] —E((4) x ox)—E(0 x x)—E((+) x 0 0 x)+E(0 x 0 x).

8.3. The general case G = SOSP(2m,2n). Let A be a dominant weight for SOSP(2m, 2n).
Define a dominant weight X for SOSP(2m + 1,2n) whose weight diagram satisfies the
condition fy (t) = fa(t — %) If f) has some x at the tail and no >, then f)» must have a
sign. In this case we use the notation X\, depending on the sign.

Theorem 4. - Let G = SOSP(2m,2n). Then for any v € AT — p we have

a(\,v) =a(N, V).

Remark. As follows from Theorem 3 a(N,_,v') = a(\_,V') since f,» can not have x at
the tail position. Thus, Theorem 4 implies that the coefficient a(A, u) for SOSP(2m, 2n)
can be computed using the algorithm for SOSP(2m + 1,2n). If fy has > at the tail the
coefficients remain the same. Otherwise some coeflicients disappear because f,» can not
have a x at the tail position.

Proof. Let us introduce a few notations. For any Z-module A, denote g4 = Q ®z A.
For m,n fixed , we denote by K}, (F) the o-invariant subgroup of the Grothendieck group
for SOSP(2m,2n) and by K,q4(F) the Grothendieck group for SOSP(2m,2n). The
definitions of K, (P), KI,(€), Koga(P) and Kyq4(E) are obvious.

We define two Q-linear maps « : 9Koda(€) — oK% (E) and B : oKL (E) — @Koaa(€) in
the following way. First we define a: U — V@ V*and §:V @& V* — U by the formulae

a(vyy2) =0, alvi) = uj_12, i > 1, a(w;) = uyja_;
ﬁ(u’t) = wl/?—iai S 07 ﬂ(ul) = Ui—l/?vi > 0.

Next, we extend o and 3 to A"(V*) @ A"(V) and X in the natural way. The following
diagram explains the maps « and (8 on the level of Grothendieck groups

B
Xt & AV @ ANV
vET 1

oK5L(E) < oKoaa(E).

Note that « is surjective, 3 is injective and oo 3 = id. For a linear operator T in K (&)
corresponding to a translation functor we define an operator 7" in KCpq4(&) by the following
rules

ifT = Ta7a+1 then TV = Ta+1/2’a+3/2,

if T'=Taa1 and a # 1 then T' =T, 11 /9412,

if T = TLO then T/ = 2T3/271/2.

Direct computation gives the following result:
Lemma 14. One has for any T' =T, q+1

T=aoT op.
Next we define B: oKL (P) — gKoaa(P) by setting:
AP =3[Py ] @ [Py ) if fa=(xF..), k> 0;

B[Py @ PY] = [Py]if fx = (o...);
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BIP\] = [Py if fx = (G- --);

and @ : 9oda(P) — KL, (P) as follows:
If v = X} for some dominant SOSP(2m, 2n) weight A we set @[P,] = [Py] or [Py & PY|

(in the case P\ # PY). Otherwise we set a[P,] = 0. ) B
It follows immediately from the definitions that & is surjective, 3 is injective and &o 3 =

id.
Lemma 15. Let T =Ty 441, P = P\ or P = P\® Py. If T does not decrease the degree

of atypicality of X\, then
T([P]) =aoT o B([P]).
Proof. If T' # Ty 1 or T1 o the statement follows from the fact that the elementary changes

listed in subsection 6.3 are the same in the even and odd cases.
If T # Top,1 or T one can just compare the actions of 7" and 7" in all possible cases.

We show how it works in the most interesting cases and leave to the reader the remaining

Cases.
k< D L(#)xF < @(-)xk <)
Top L 1 Tijse
0 < %(jk)o
8
ik—l < = ik—l <
Toal L Tipspe
xko & (+) xk o
xk > LN (+H)z* > a(—)ak >)
Tip | 12739372

> > a > >
(o) «— (o)

[Ho>a[-Jo> & o>
1T L 2T50)0
2>o0 &£ 2>0
Od

Lemma 16. One has
5 © a|@’C0dd(P) = ﬂ o Q.

Proof. Both foa and o are projectors. Observe that Ker Boa is generated by £(\) for
all f = (< ...)or(x...). Ker foais generated by [Py] with fy = (5, ...) and [Py, ]—[P_]
with f\ = ((&) x*...). By Proposition 3 if f) = (S ---), then [Py] = > a(A, p)€(p) with
fu=(<..)andif fi = ((£)x"...), then [Py, ]—[Pr_] = 3 a(A, p)E(p) with f, = (x...).

That implies
Ker o a = Ker 30 a N gkoga(P).



24

Similarly

=
™®i

a=ImBoan QICodd(P)-
The statement follows. O

Lemma 17. One has B
m@’Codd(P) =0, a‘Q]Codd(P) =a.

Proof. By definition 3([P]) = B([P]) if P is typical or a direct sum of two typical PIMs.
By Lemma 13 it is sufficient to check that 3([P]) = B([P]) implies S(T'[P]) = B(T[P)]) if
T does not decrease the degree of atypicality of P. Indeed we have
B(T([P])) = Boa(T'(B([P]))) = B o a(T'(B([P))))
and similarly
B(T([P])) = Boa(T"(B([P))))-
Thus the statement about § follows from the previous lemma.
The statement about « follows immediately, since
Boa=pfoalk,..p)

implies

a’QKodd(P) ofoa= |Q/Codd(P) °fo a|@’Codd(P)’
(P) = Q.

hence o k.,

d

Now we are ready to prove Theorem 4. The case of a tailless A was covered in Theorem
2. Write
[Pr] = a(B([PA])-
Use Theorem 3. If fy has > at the tail we have
B(A) = [Pv] =Y a(N,W)EW),
and since a(E(V')) = £(v) we obtain
[Pl = a(N,V)EW).
If f) does not have > at the tail position, then
1
BPA) = 5Py, @ Py ] = 3 alX,v)EW),
Here all f,, have o at the tail position. Hence again

[P =Y a(N,V)Ew).

Examples. G = SOSP(4,2).
P(>><)] =E(>><),

[

[P(> x)] = E(> x0) + E(> ox),
[P(><>)] = E(><>),

[P(xo>)]=E((+) o x >) +E((—) o x >),
[P(x >0)] = E((+)o > x) + E((—)o > x),
[P(i oo)+ P(> Xo)] = 2E(> ox),

[P( 00)] = —E(> x0) + E(> ox).
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G = SOSP(4,4)
()] = e x 0= B0 x 0 E x o 0 +E()0 x o %)
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