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1. SHORT DESCRIPTION OF RESEARCH

The questions I am interested in are located at the intersection of analysis and
geometry: they arise naturally from geometric analysis and the variational analysis
of partial differential equations. The context can be either an open subset of the
Fuclidean space R™ or the more geometric framework of a Riemannian manifold.
The investigated equations will be either elliptic or parabolic, linear or nonlinear. In
this latest situation, the nonlinearity induces an invariance of the equation under
a suitable rescaling: this leads us to developing a renormalization theory. The
criticality of the equations is one of the fundamental difficulties of the theory.

The equations considered here are quite general and can be connected to various
contexts. For instance, the classical simplification of the Gierer-Meinhardt cell
system leads to an nonlinear equation of the type studied in the first part. In
astrophysics, some theories developed models based on Emden-Fowler equations
with singularities similar to the ones we will consider: by the way, many other
equations here arise in physics and some of then can be interpretated via statistic
mechanics. It is also in the conformal context that these contributions have a
natural place: indeed, the rescaling and the nonlinearity are direct consequences of
the conformal invariance of natural operators.

We refer to the ”Habilitation” memoir (in French) of the author for more details on
the themes considered in this short description. The references correspond to the
numbering of the articles above. Most of these articles are available on the author’s
webpage.

1. Structure and stability of some elliptic equations with polynomial
growth.

We consider functions u € C°°(D) solutions to the pde
(1) Lou = fo(z,u) in D.

Her, o € N is a parameter and (L, ), is a family of elliptic operators of the type
Lo = (—A)* + ..., with A = div(V) and k > 1 is a positive integer. The function
u is defined on D, an n—dimensional set, with n > 2k (the critical cas n = 2k
will be considered in Part 2): as mentioned above, D will be a domain of R™ or a
Rimannian manifold with Dirichlet type conditions if necessary. Finally, the family
of functions (fa)a : D xR — R is nonlinear with polynomial growth wrt the second
variable and can enjoy singularities wrt the first variable.



The structure of the propblems we analyse implies that for any «, each solution
to (1) is smooth. This static approach hides a much more complex reality: indeed,
the coupling of the elliptic operator and the nonlinearity generates an intrinsic
invariance of the equation under the action of a transformation group, and then
a highly instable dynamics of its solutions. For instance, the equation (—A)*u =
w2 on a domain of R” is invariant under the change of functions

n—2k
(2) Uo = o ® U(Ta + pa’),
where (z4)a € R™ and (pa)a € (0,400) are arbitrary. This invariance induces
very rich asymptotic behaviors. This is the reason why we adopt here a dynamical
approach and we will consider families (u4), of solutions to (1): the invariance
under transformation induces a blowing-up behavior of u, when a — +00. Coming
back to the example above, taking p, — 400 when a — +oo yields the blowing-up
of u, at 0.

After the early descriptions of Wente, Sacks-Uhlenbeck and Lions, Struwe described
for k = 1 this blowing-up behavior via the arising of singularities refered to as
bubbles. In general, these bubbles are explicit and they are modeled on the ground
states of (1) (We will come again to thes ground states in Part 3): they depend also
on two parameters that are the location and the height. Moreover, the bubbles are
approximate solutions to (1) and they blow-up, that is their height goes to infinity
when the parameter &« — +o00. Struwe proved that for £ = 1, one can write in
general that
Ua = Uso +ZBi,a +Ro¢

K3
where 1. is a solution to the limit equation, the B; ,’s are bubbles and R, goes
to zero in the natural Sobolev space. This is an integral description.

In the constributions described in this part, we give pointwise (or C°) descriptions
of the u,’s, that is we prove the validity of the equation

(3) Uy ™ Uoo + Z Bi .

The gain of informations and of control is clear: since the rest (R,) enjoys a
pointwise control, we decribe precisely the behavior of u,(2,) when a — +oo0 for all
the families of points (z4)a. Apart from its theoretical interest, this type of results
allows a fine analysis of the bubbles and of the singularities and gives important
informations on their location, which allows to give conditions for stability.

Here are now some more explicit situations.

We first describe the context of a Riemannian manifold without boundary (M, g)
of dimension n > 3. We consider a sequence (hy)a € C°(M) bounded in C°. Then,
we consider an arbitrary family (uq)s € C?(M) of solutions to

n+2
(4) —Agug + hotg =ué* in M, with u, > 0.
Here A, = divy(V) and we recover equation (1) with & = 1. The invariance

appearing naturally comes from the conformal invariance: if wu, is a solution to
(4), then, after a transformation of the type of (2), we recover an equation close
to (4). Assuming a bound on the Dirichlet energy, we show with Olivier Druet
and Emmanuel Hebey in [7] that the control (3) holds pointwisely. We describe
completely the pointwise asymptotics for sequences of solutions to (4). This optimal
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description is the first C° theory in the field. To be more precise, the bubbles are
of the type

n—2
2
o Ho
Ba T 2 + dg(wou‘)2
Ha n(n—2)

with (24)a € M and (pa)a € (0, +00) converges to 0.

The same questions are pertinent for fourth-order equations. Given (M, g) a com-
pact Riemannian manifold of dimension n > 5, we consider families (uq)o € C*(M)
of solutions to

n+4
(5) Azua —divg(Aadug) + aglia = uﬁ , Ug > 0in M.
Here, (A,) is a family of (2,0)—tensors and (a,) is a family of functions. Here again,
we recover an invariance under renormalization. However, a specificity of fourth-
order problems is the lack of a general comparison principle which is a fundamental
tool in the proof of estimates of the type (3) (we will go back to this point in Part
3). Despite this difficulty, in a joint work with Emmanuel Hebey and Yuliang Wen
[14], we are succesful in proving precise asymptotics for families of solutions to (5):
a consequence is the localization of singularities at points on M where the limit
operator ”touches” the conformally invariant Paneitz operator. Therefore, for an
operator far from the conformal one, we recover the stability of the solutions to
the equation (5). Conversely, when the operator is exactly the Paneitz operator,
we prove with Emmanuel Hebey in [10] that stability is valid when the manifold is
essentially not the standard sphere, which is a result in the spirit of Schoen.

When one eliminates singularities, and then when one gets stability, we show ex-
istence and multiplicity results for the limit equations. In the context of GJMS
conformally invariant operators, we are led natirally to results about the prescrip-
tion of Branson’s Q-curvature. For instance, in a joint work with Philippe Delanoé
[20], we show that under invariance under isometries, the singularities are ruled out
and we give a large class of admissible Q-curvatures on the conformal sphere. Note
that it follows from the conformal invariance that the invariance under isometries
we impose is necessary.

In the context of a flat space, we studied Hardy-Sobolev type inequalities with Nassif
Ghoussoub. Thes inequalities lead naturally to consider solutions (u4 ) € C? on a
domain 2 of the equation

n+2—2s

n—2  Ca

(e

(6) — AU + ot = in Q eand uyj90 =0

|.13‘5
where s € (0,2), (aq) is bounded C*, ¢, > 0 and lim, . o€ = 0. In this
boundary problem, we recover again an invariance under the transformation (2)
(with z, = 0). In the case when 0 is on the boundary of the domain, some
singularities might appear and they are located at 0: in [15,17], we describe them
precisely and we show (3) with bubbles adapted to our context. Pushing further
our analysis, we prove that when a singularity arises, then the curvature at 0 is
nonnegative. Conversely, when the curvature is negative (which is a weak concavity
condition at 0), then no singularity appears and (6) is stable: as above, we can use
topological methods of mountain-pass type to obtain existence of extremals fo the
hardy-Sobolev inequalities and multiplicity for solutions of (6).
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Still in the Euclidean context, Olivier Druet, Juncheng Wei and I solved the Lin-
Ni conjecture. Let us consider a smooth bounded domain  C R", n > 3 and a
positive solution u € C%(Q) to

(7) —Au+ eu=ur? with d,u =0 on OQ.

This Neuman-type problem has its origins in a mathematical problem sugegsted by
Gierer and Meinhardt to describe the formation of a head on microscopic cellular
beings. This model is a complex evolution system very difficult to tackel: via some
natural restrictions and simplifications inspired by biologists, we recover (7). In
particular, the Neuman condition is natural for this type of model.

When n > 7, Lin and Ni conjectures taht for e > 0 small enough, (7) has only
one solution (the constant one). The difficulty of this conjecture comes here again
from the invariance under transformation of the type (2). Following the dynamical
approach, we prove in [28] that the families (u.). of solutions to (7) may develop
bubbles and we prove a control of the type (3). Thanks to a more refined asymptotic
analysis, we prove that these singularities are located on the boundary at points of
negative mean curvature. An immediate consequence is that the Lin-Ni conjecture
holds for positive curvature and bounded energy. These two considtions might seem
technical, but they are not: since recent works from Wang, Wei and Yan, we have
known that these two conditions are necessary. Finally, our result exhibits the only
context in which the Lin-Ni conjecture is true.

2. The case of critical dimensions.

Problems of the same nature as the ones described above arise in the case of the
critical dimension, that is when n = 2k in (1). But here, the invariance is gener-
ated by exponential nonlinearituies and we will also deal with parabolic evolution
problems. We consider two distinct exponential nonlinearities: one is related to
conformal geometry and the mean-field equation, and the other is related to the
Moser-Trudinger or Adams inequalities. Despite the evident analogies with the
problems when n > 2k, the questions related to the critical dimension n = 2k
give rise to huge differences: in particular, getting a Struwe-type decomposition in
SObolev spaces is very delicate, specially in the case of nonlinearities of the type
of Moser-Trudinger or Adams.

In dimension two, and therefore for second-order problems, we tackle the second
type of nonlinearities. In a joint work with Tobias Lamm and Michaél Struwe [26],
we study a highly nonlinear parabolic problem of the type of Moser-Trudinger.
After elliptic problems, the analysis of parabolic problems might seem completely
different at first glance. Indeed, the appearance of singularities along the flow (in
finite or infinite time) is a frequent phenomenon: it is related to the notion of
bubbles and singularities described in the first part. Therefore, the vision adopted
for the study of elliptic problems will be applied for the best to parabolic problems.
More precisely, on a smooth bounde domain © C R?, we consider a solution wu :
[0,7) x Q — R to the system

e’ Opu — Agu = )\(t)ue“2 in (0,7) x Q
(8) u(t,z) =0 for all t > 0 and z € 99
u(0,) = ug
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where ¢ — A(t) is chosen such that [, ¢’ dz is preservd along the flow. This flow
is eternal, but it can develop singularities. We describe these singularities precisely
and show an asymptotic quantization of the energy: indeed, we show that the
defect of energy convergence of the flow to a stationnary solution is a multiple of
the energy of the ground state, that is 4.

In the case of fourth-order operators (and therefore in dimension four), some very
interesting phenomena arise. Indeed, the lack of comparison principle and the
existence of a very rich Kernel for the bi-Laplacian induce the formation of a new
type of singularities that do not existe for second-order problems. In particular,
there is no quantization of the singularities: this is specific to the critical dimension
n = 2k > 4, it does not appear in dimension n > 2k.

With Adimurthi and Michaél Struwe, we give in [16] a general and optimal de-
scription of the asymptotic behavior of sequences of solutions for the first type of
nonlinearities, that is for the conformal problem. More precisely, given Q C R* a
domain, we consider a family (un)a. € C*(£2) of solutions to equations of the type

(9) A?uy = Vet in Q,

wher (V,,)q is a family of potentials converging uniformly. This type of equation
arises in many areas in mathematics: for instance, it is a particular case of the
prescription problem for the Q-curvature in dimension four, but it also models the
repartition density of particules on a sphere in statistical mechanics. The invari-
ance of (9) has its roots in these origins: of course, the concentration phenomena
are natural consequences of this. The study we perform in [16] permits to under-
stand the quadratic concentration phenomenon which is at the origin of the lack of
quantization of the energy of (9). In the sequel, we get more refined descriptions
in more precise contexts that are still fairly general like in the case of a trivial
kernel ([13], with Olivier Druet), the radial case ([18]) and generic situations of
quantization ([19]). These contributions have applications in the study of the four-
dimesnional mean-field equation with Dirichlet boundary condition in collaboration
with Jun-Cheng Wei [22].

Still in dimension four, we have dealt with the second type of nonlinearity (of Adams
type) in [9] in collaboration with Michaél Struwe: we prove pointwise estimates and
a quantization phenomenon due to the Dirichlet boundary condition.

3. Ground states and fundamental solutiosn.

The analysis of the singularities above requires a precise understanding of limit
solutions to(1). Depending on the location, thes limit solutions can be of two type.
Around a singualr point, the rescalinf captures the essence of the operator L,,, that
is its principal part, and of the nonlinearity f,. We show that solutions to (1)
behave locally like solutions U to

(10) (=AU = foo (-, U) in R™ or the half space R™.

Outside the singularities, the linear part dminates and the nonlinearity is neglictible.
We recover a behavior ruled by the solutions U to

(11) LooU=0in D\ S,

wher S is the (finite) set of singularities and L, is the limit of L.

Studying independantly the solutions to (10) and (11) is then not only natural
but also crucial to develop the analysis described in Parts 1 and 2 above. The
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qualitative properties of these solutions are very precisely known (sometimes, they
are even explicit).

The solutions to (10) are the ground states of (1). In the case of (4), we recover

the solutions to —AU = U#=3 in R" which are well known since the work of
Caffarelli-Gidas-Spruck. For the problem (6), the ground states equation is

n+2—2s

U—nz
—AU = W in the half-space R™.

|-
Despite these solutions are not explicit, we show with Nassif Ghoussoub in [17] that
they enjoy the best possible symmetry and we give their eaxct asymptotic profile.

To prove this, we use arguments of moving-plane type of Gidas-Ni-Nirenberg.

Equation (11) is satisfied by the fundamental solutions of the operator L.,. These
Green kernels exist and in Druet-Hebey-Robert [7], Ghoussoub-Robert [17] and
Robert [39], we give their exact profile in the case k = 1, that is for second-order
elliptic operators. The properties of the Green kernels are used many times for
second-order problems, in particular via the comparison principle (or maximum
principle). But for orders four and beyond (k > 2), there is no comparison principle
in general, which makes the analysis of the singularities slightly more delicate:
indeed, we know very few domains and operators that satisfy it. The questions of
positivity and comparison principle are deeply related to the qualitative properties
of the Green’s function (satisfying the comparison principle is equivalent to the
positivity of the Green’s kernel). The most striking example is the Green’s function
of the bi-Laplacian with Dirichlet boundary condition, that is for 2 a domain of
R™, the function G : D x D — R such that

A%G(x,+) = 0, in D'(D)
{ G(z,") =9,G(x,) =0 on dD.
The Green’s function is naturally related to the mechanical problem of the clamped
plates. Despite this model is natural and (apparently) very simple, the question
of the positivity of the Green’s function (and then of the comparison principle)
remains widely open. This delicate issue goes back to Hadamard: surprisingly,
positivity is known in very few cases. In a joint work with Hans-Christoph Grunau
[25], we show that the positivity of the Green’s function is stable after perturbations
of the domain, which allows to exhibit new domains with positive Green’s kernel.
A consequence of this analysis is that, for an arbitrary domain, we get important
informations on the negative part of the Green’s function, especially on the bound-
ary of the domain, and therefore on the lack of comparison principle. In particular,
we show in [25] that this lack of comparison principle is very well controled.

(12)



