ASYMPTOTIC BEHAVIOR OF A FOURTH ORDER MEAN
FIELD EQUATION WITH DIRICHLET BOUNDARY CONDITION
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ABSTRACT. We consider asymptotic behavior of the following fourth order

equation

et

- pr et dx
where Q is a smooth oriented bounded domain in R*. Assuming that 0 <

p < C, we completely characterize the asymptotic behavior of the unbounded
solutions.

A2y in Q, u=0,u=0on 0N

1. INTRODUCTION

In this paper, we study the asymptotic behavior of unbounded solutions for the
following fourth order mean field equation under Dirichlet boundary condition

2, e :
(1.1) { Atu=pporg n €

u:%:O on 0N

where p > 0 and Q C R* is a smooth oriented bounded domain. In dimension two,
the analogous problem

(12) —Au= pm m Z,
u=0 on J%

where ¥ is a smooth bounded domain in R?, has been extensively studied by many
authors. Let (ug,pr) be a unbounded sequence of solutions to (1.2) with px <
C,maxgeyx, ug(z) — 400. Then it has been proved that

(P1) (no boundary bubbles) u; is uniformly bounded near a neighborhood of
0% (Nagasaki-Suzuki [34], Ma-Wei [30]);

(P2) (bubbles are simple) p;, — 8mm for some m > 1 and

ug(z) — 8w ZT:l G(,z;) in C} (E\{x1,..., 2 }) (Brézis-Merle [8], Li-Shafrir
[25], Nagasaki-Suzuki [34], Ma-Wei [30]), where G is the Green function of —A
with Dirichlet boundary condition. Furthermore, it holds that

(1.3) va({EJ,SCJ)—I-ZVmG(mZ,mJ) =0,5=1,....m
i#]
where R(z,y) = G(z,y) — 5 log Tim is the regular part of G(z,y).
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2 F.ROBERT AND J.WEI

On the other hand, giving m points satisfying (1.3), Baraket and Pacard [9] con-
structed multiple bubbling solutions to (1.2) when the bubble points satisfy non-
degeneracy condition. Del Pino, Kowalczyk and Musso [16] constructed multi-
ple bubbling solutions to (1.2) when the bubble points are topologically nontriv-
ial. Li [24] initiated the computation of Leray-Schauder degree of the solutions to
(1.2). He showed in [24] that the Leray-Schauder degree remains a constant for
p € (8m(m — 1),8mm) and that the degree depends only on the Euler number of
the domain. Chen and Lin [12, 13] obtained the sharp estimates for the bubbling
rate and the exact Leray-Schauder degree counting formula of all solutions to (1.2)
for all p & 87N. A related question connected to physics consists in adding Dirac
masses to the nonlinear parts: we refer to Bartolucci-Chen-Lin-Tarantello [4] and
to Tarantello [37] for results and asymptotics in this context.

In [38], the second author considered the following fourth order equation under
Navier boundary condition

2, _ e :
{ A U= P in Q,

(1.4)
u=Au=0 on 02

where Q C R* is a smooth and bounded domain. Assuming that €2 is convex, the
corresponding property (P1) and (P2) are established in [38]. Later, Lin and Wei
[27] considered the attainment of least energy solution and removed the convexity
assumption of [38]. Therefore, property (P1) and (P2) are established for (1.4).
Sharp estimates for the bubbles and the computation of topological degree are
contained in [28] and [29].

The purpose of this paper is to establish the corresponding property (P1) and
(P2) for equation (1.1): indeed, equation (1.1) is more natural than (1.4) from
the viewpoint of the Adams inequality (see (1.12) below). Our main result can be
stated as follows.

Theorem 1.1. Assume that 2 is a bounded smooth domain in R*. Let (ug, py) be
a sequence of solutions to (1.1) such that

(1.5) 0<pr <C, mef%(uk(x) — +00.

Then

(a) pr — 64m>m for some positive integer m.

(b) ux has m—point blow up, i.e., there exists a set S = {x1,...,xm} C Q such
that {uy} have a limit ug(z) for x € Q\S, where the limit function ug(x) has the
form

(1.6) ug(z) = 647> G(x, ;)
i=1

where G(x,y) denotes the Green’s function of A? under the Dirichlet condition,
that is

(1.7) A2G(z,y) = 6(x —y) in Q, G(z,y) = d,G(x,y) =0 on IN.
Furthermore, blow up points x; € Q (1 < j < m) satisfy the following relation

(1.8) VeR(xj,x;) + vaG(%‘,xz) =0(1<j<m)
I#7
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where
log |z — y|

8wz

The main difficulty (and main difference) between (1.1) and (1.4) is that for
fourth order equations, Maximum Principle works for Navier boundary conditions
but doesn’t work for Dirichlet boundary conditions. More precisely, Green’s func-
tion for the Navier boundary condition

(1.10) A2G(z,y) = 6(z —y) in Q, G(z,y) = AG(z,y) = 0 on 9Q

is positive but the Green’s function for Dirichlet boundary condition may become
negative (see [15] and [20]). This poses a major difficulty in using the method of
moving planes (as in [27]) to exclude the boundary bubbles. We overcome this by
using the Pohozaev identity and by proving strong pointwise estimates for blowing-
up solutions to (1.1).

(1.9) R(z,y) = G(x,y) +

As an application of Theorem 1.1, we consider the following minimization problem
1

(1.11) Jp(u) = 7/ |Aul? dz — plog/ e dz,
2 Ja 0

where (2 is a bounded and smooth domain of R* and u € HZ(2). Here, HZ(S2)
denotes the completion of C2°(€2) for the norm u +— [|Aullz. Adams’s version of
the Moser-Trudinger inequality [1] asserts that there exists C'(£2) > 0 such that

(1.12) / A g el(v))
Q

for all u € HZ(2) such that ||Aulz = 1. It follows from (1.12) that J, is bounded
from below if and only if p < 6472 (for the proof, see the appendix of [27]). Fur-
thermore, if p < 6472, the minimizer of J, actually exists, that is, there exists a
u, € HZ(2) such that

1.13 Jo(u,) = inf J,(u) = c,.

(113) )= nf () =

For Jg4r2, it is an interesting question to ask whether the minimum cgy,2 can be
attained or not. The Euler-Lagrange equation of J, is just (1.1). For the corre-
sponding problem in two dimension, given ¥ a smooth two-dimensional domain,
we consider

1
E,(u) = 3 /z |Vul? dz — plog </z: e“d:z:) ,u € Hy (%)

where H{(X) denotes the completion of C2°(X) for the norm u — ||[Vul2. Again,
by the Moser-Trudinger inequality, F, is bounded from below if and only if p < 8,
and moreover, the minimum of E, is always attained if p < 87. However, it has
been noted that minimizers do not always exist for Fg,. Actually, it depends on
the geometry of ¥ in a very subtle way. For example, the minimum of Fg, is not
attained if ¥ is a ball in R?, but, it is attained if ¥ is a long and thin domain, see
[10]. So, it is rather surprising to have the following claim.

Theorem 1.2. Let Q be a bounded C* domain in R*, and u, denote a minimizer
of J, for p < 64xw2. Assume that

(1.14) R1(Qo, Qo) + 1672 A, R(Qo, Qo) > 0
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for Qo € Q such that R(Qo, Qo) = maxpecq R(P, P), where Ri(x, P) is defined by

(1.15) A%Ry(x,P) =0 in Q,
’ R]_(Z‘,P) = ﬁ,&,Rl(x,P) = 8y(ﬁ)7 on 0f2.

Then u,, is uniformly bounded in C* as p 1 64w2. Consequently, the minimum of
Jeanz can be attained. As an example, when Q is a ball in R*, Jeaq2 is attained.

It is a natural question to ask whether condition (1.14) is satisfied for any domain
Q of R*: indeed, this question is closely related to the comparison principle for the
bi-harmonic operator with Dirichlet boundary condition. For instance, condition
(1.14) is satisfied if for any function u € C*(Q), we have that

{A2UZO in

(1.16) w>0and 0, u<0 on 9N

}:>{u>00ru50}.

It is remarkable that the comparison principle (1.16) does not hold on any domain:
for instance, it is false on some annuli. It also follows from Grunau-Robert [19] that
condition (1.14) is satisfied on small perturbations of the ball.

Semilinear equations involving exponential nonlinearity and fourth order elliptic
operator appear naturally in conformal geometry and in particular in prescribing
@—curvature on 4-dimensional Riemannian manifold M (see e.g. Chang-Yang [11])

(1.17) Pyw +2Q, = 2Q,, ™"

where P, is the so-called Paneitz operator:
2
Pg = (Ag)z + 1) <3RgI — 2Rlcg> d,

gw = €2Vg, Qg is Q— curvature under the metric g, and ng is the @-curvature
under the new metric g,,. Integrating (1.17) over M, we obtain

kg ;:/ diug:/ (ng)e4w dvg:/ ng dvgw
M M M

and kg is conformally invariant (here dvy denote the Riemannian element of vol-
ume). Thus, we can write (1.17) as

Q elw
Jw

f]V[ ng e4w dvg

In the special case, where the manifold is the Euclidean space, Py = A2 and (1.18)
becomes

(1.18) Pyw +2Q, = 2k,

9 h(x)etv

(1.19) AP = 2k, it s

With v = 2w,p = 4k,,h = 1, we arrive at equation (1.1). There is now an
extensive litterature about this problem. For instance, we refer to Adimurthi-
Robert-Struwe [2], Baraket-Dammak-Ouni-Pacard [3], Druet [17], Druet-Robert
[18], Hebey-Robert [21], Hebey-Robert-Wen [22], Malchiodi [31], Malchiodi-Struwe
[32], Robert [35], Robert-Struwe [36] and the references therein. Note also that
recently, Clapp-Mufioz-Musso [14] have proved the existence of blowing-up solutions
to (1.4) (that is (1.1) with Navier boundary condition) with arbitrary number of
bubbles provided topological hypothesis on €.
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Our paper is organized as follows. In Section 2, we present two useful lemmas.
Theorem 1.1 is proved in Section 3 and Theorem 1.2 is proved in Section 4.

Notation: Throughout this paper, the constant C' will denote various constants
which are independent of p: the value of C' might change from one line to the other,
and even in the same line. The equality B = O(A) means that there exists C' > 0
such that |B| < C'A. All the convergence results are stated up to the extraction of
a subsequence.

2. SOME PRELIMINARIES

We state two results in this section. The first one concerns the properties of the
Green’s function (1.7). The second one is Pohozaev’s identity. Recall that G(x,y)
is defined by (1.7). As we remarked earlier, in general, G(z,y) is not positive. We
collect properties of G in the following lemma.

Lemma 2.1. There exists C > 0 such that for all x,y € Q, © # y, we have that

(2.1) |G(z,y)| < Clog (2 + xly|>

(2.2) IV'G(z,y)| < Cle—y|™ i >1

Proof. These estimates are originally due to Krasovskil [23]. We also refer to
Dall’Acqua-Sweers [15] and Grunau-Robert [19]. O
Next we state a Pohozaev identity for equation (1.1).

Lemma 2.2. Let u € C*(Q) be a solution of A?u = f(u) in Q. Then we have for
any y € R4,

4/QF(u)dx:/Em@fy,z/>F(u)da+%/émv2<xfy,y>do+2/ v do

v ou
e —y, Du) + 2w — y, Dv) — (Do, Du)(x —
*/m<ay<”f . D) + 924 —y, Dv) — (Do, Du) y,u>> o
where F(u) = [ f(s)ds,—Au = v and v(z) is the normal outward derivative of x
on 0N.

Proof. More general version of this formula can be seen, for example in [33]. In our
case, integrating the identity on )

div((z — 4, Vo) Vu + (& — y, Vu) Vo — (Y, Vo) & — 1))
= (x —y, Vv)Au + (x — y, Vu)Av — 2(Vu, Vo)
for u,v € C%(Q), V = V,, and noting that
div((z — y)F(uv) = f(u)(z — y, Vu) + 4F (u)
and

div <;'U2(£L’ —y) + 21)Vu) =ov(Vv,z —y) + 2(Vu, Vv)

if v = —Au, we get the desired formula. O
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3. PROOF OF THEOREM 1.1

Let uy be a family of solutions to problem (1.1) such that there exists A > 0
such that

(3.1) 0<pr <A

In this section, we study the asymptotic behavior of unbounded solutions and prove
Theorem 1.1. Let

e dx
ay = log (‘[Q) and Uy := up — .
Pk

Theorem 1.1 is proved by a series of claims. We first claim that

Claim 1: There exists C' € R such that «y, > C for all k € N.
Proof. Note that 4y, satisfies

(3.2) A%y, = €™ in Q, U = —ay, 0,0y =0 on OQ
with [, e da < C for all k. So

(3.3) (z) = | Glz,y)e™Wdy — ay
Q

/ (/ IALG(z,y)|e®) dy) dx

o \Jo

C/ (/ ! 2eﬁk(y)dy) dr < C.
o \Ja lz =yl

Similarly, integrating (3.3), we get that there exists C' > 0 such that
(3.4) l|lix + arll L) <C

for all k£ € N. Tt follows from Theorem 1.2 of [35] that there exists S; C 2, where
Sy is at most finite, such that 4y < C(w) uniformly in w for w CC Q\S;. Therefore,

with (3.4), we get that (o) cannot go to —oo when k — +o00. This proves Claim
1. O

and hence by (2.2),

| 18u(a)|do

IN

IN

A consequence is the following proposition that concerns the case when wy is
bounded from above:

Lemma 3.1. Let (ug, pr) be a sequence of solutions to (1.1) such that there exists
A > 0 such that 0 < pr < A. Assume that there exists C > 0 such that u, <
C for all k € N. Then there exists u € C*(Q) such that, up to a subsequence
limk_,+oo U = U.

Proof. 1t follows from the assumption of the lemma and Claim 1 that 4, < C)
on Q. It then follows from (1.1) and (3.2) that (uy) is bounded in C3(Q). The
conclusion follows from elliptic theory. O

In the sequel, we assume that

(3.5) I;léié(uk(z) — +o00.

Our second claim is an upper bound on the LP—norm of Viiy:
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Claim 2: For all i = 1,2,3,p € (1,%), there exists C = C(i,p) such that
Vi L) < C.

Proof. By Green’s representation formula (3.3) and (2.2), we have

Vi) < [ V3Gt dy
Q

1 N
SC/ et dy.
alz—yl

Thus for any ¢ € C>°(R?), we have

[ Wia@ieds < [ ([ 1956 e dy) o(z)| d

<o [ e ([ o= lotaac) ay

<c / e = g Lo ol ocen dy

< Cllellraa

where % + % = 1. Here, we used that  is bounded. By duality, we derive that
Vg Loy < C. 0

The third claim asserts that bubbles must have some distance from the boundary:

Claim 3: Let (z)ren € Q be such that ug(zr) = maxq ug. Let py = PRGN

Then limy— 4 o i

Proof. Suppose otherwise, d(zg,9Q) = O(ug). Let Qf := Q;}f" Then up to a
rotation, we may assume that Qj — (—o0,tg) x R3. Let ax(z) := Gy (zx + ppw) +
4log pg. Note that limg_ 4o i = 0 (otherwise 4y is bounded from above, and,
as in the proof of Lemma 3.1, we get that (uy) is bounded: a contradiction with
(3.5)). Let R > 0 and = € Br(0) Ny, then we have by the representation formula
(3.3) and (2.2)

\Viag(z)| = |ppViak(z, + pre)l

/ V;G(mk + M/cx,y)eﬁk‘(y) dy‘
Q
) ! x ()
Ok Ik + pnz — y[i € dy
Bogy, (zx) [Tk T 1T Y|

+ [ L g
Qi \B2ryy, (Tk) ‘xk + U — y"

On U\ Bagy, (wk), ok + pew — y| > |y — x| — pl@] > Ry, @) < @) = g4,
Hence

= u

IN

- . dy X
Vi (2)] < il 4/ W o emay< o)
g Bary, (1) |z + e — y|* Q
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In particular, this implies that |Gy (x) — 4x(0)| < C|z| for all € Br(0). Now let
x € Oy, we get |tk (zr) + ax| < C. This gives

1
4log — + a = O(1).
22

d(x,00)
Mk

A contradiction with limg_, ;oo i = 0 and Claim 1. Thus — +o00. [l

Claim 4 concerns the first bubble:
Claim 4: We have that

L ||
1 41 = —dlog [ 1+ -
Gm g (Tr + prz) + 4log ik og ( + 86

in C*

loc

(R).
Proof. By Claim 3, we have Q;, — R*. Since y(z) = g(xr + prx) + 4log uy,
g (z) < g (0) and A%dy, = e in Q. Note by Claim 3, |Viay(z)| < C(R), for all
x € Br(0). By standard regularity arguments, @, — @ in C;t (R*) where @ satisfies
(3.6) A% = e, 4(0) = 07/ e’ dr < +oo.

R4

Note that solutions to (3.6) are nonunique. To characterize @, we compute
Aty (z) = / PR G (g, + e, y)e™ W) dy
Q

and for z € Br(0),

) d
/ |A€Lk|dsc§0/e“’°(y) ,ui/ —.2?2 dy
Br(0) Q Br(0) |x + prz — y|

< CR? / e™W) dy < CR2.
Q

That is, for any R > 0, we have fBR(O) |Ai|de < CR2. Tt then follows from

results of [26] and [39] that u(z) = —4log (1 + %%). Moreover, [ e dy =
~ ‘Lk

fBR(O) e dx and hence

(3.7) lim  lim e dx = 6477
R—+400 k—+o00 BRMk (xk)

O

We say that the property H, holds if there exists (zg,1,...,25,p) € ¥ such that,
denoting p; 1= e‘iﬂ"'(“vi), we have that

(1) limpyoo 2l = oo Vi £ 5,

Mk,
d(zk,:,08)

= o0
Pki +00,

(i) limp_ioe

2
(i) Hmp oo (i (h,s + por,7) + 41og pr) = —4log(1+ £2) in O (RY).
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By Claim 4, H; holds.

Claim 5: Assume that #, holds. Then either H,,: holds, or there exists C' > 0
such that

(3.8) _inf {lo— Tt e (@) < O va e Q.
=4,..,p

Proof. Let wy(x) := inf;—q, , |z — xk7i|4ef““(z). Assume that ||wg|ze @) — +00
when k — +o00. Let y, € Q be such that wy(yx) = maxq wy and v 1= e~ aik(yr)
and vg(z) = Ur(yr + Yex) + 4logy,. Then vy satisfies A?v, = e’ . Note that

— inf, 4 lyr—Tr,il
wk(yk) = Mlj=1,.p 7 T
i =1,...,p. Assume that there exists ¢ such that y, — xx; = O(pr,i), Then y, =
Ty + pk,iOk,; and

[y =Tk,
s
Y

— +00. Then limg 4o — +o0o for all

1

‘900,71'2 4
(1+ v )

where 0 ; = limg_, 400 0k ;. This implies that wg(yx) = O(1). A contradiction.

Thus Iy’“/:kﬂ — +ooforalli=1,...p.

Let x € Br(0) and let € € (0,1). Then wi(yr + vez) < wi(yr). That is,
infi—1 _p|ys — Thi + vz |telrWrtee) < infi—1,.p|yx — Jﬁk,i|4€ﬂk(yk) and so
E

ka _ xk7i|4eﬁk(yk) — |9k7i|46ﬂ1«(5171«,7:+H1c,7:9k,7:)+410gMlmt _ |6oo,z'|4

infi—1,. p |k — T

infiz1,.p Yk — Tri + |t
Let k > k(R) be such that “”“;& > 8 forall i = 1,..,p,k > k(R). Then for

k
i=1,...,p, we have |yx, — =k + Vx| > |yp — xi|(1 —€) and inf—1 _, |yx — Tk, +
x|t > infiz1p |lyk — 2| *(1 — €)*. This yields

ek (T) <

1
ue(@) < Br(0),k > k(R).
€ ~ (1 — 6)47 HARS R( )7 el ( )
Similar to Claim 3, we also have that
. d(yr,09) . ( || )
lim ————~ =4o0ocand lim wvi(z)=—4log |1+ —=
k——+o00 Yk k—4o00 k( ) & 8\/6

: 4
in C),,

(R%). Letting x p4+1 = Yk, then H,, ;1 holds. The claim is thus proved. O

Claim 6: There exists N such that Hxy holds and there exists C' > 0 such that
(3.9 inf |z —ap,[*e™ @ < O, Yz € Q.

1=1,...,p

Proof. Otherwise, since H; holds, then H, holds for all p > 1. Given R > 0, we
have Bry, ,(7k,i) N Bry, ,(zr;) = 0 for all i # j,k > k(R). Then

p
Pk = / e dy > / = Z/ k() dy > 647°p + o(1) g
Q Ui=1,....pBRyy, ; (z3) i=1 Y Bryuy, ; (Tr.1)

where limp_ o0 limy_ 1 o0 0(1)g = 0. Since p < A, we derive that p < A/6472 for
all p: a contradiction. Hence Claim 6 holds. O
Claim 7: For p = 1,2, 3, there exists C' > 0 such that
(3.10) ' ilnf |z — g |P|VPur(z)| < C, Yo € Q.

i=1,....p

=1,...,
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Proof. By Green’s representation formula, we have

VP (x) = /QV@G(x,y)eﬁk(y) dy.
Hence
(3.11) VP ()] < C/Q o~y P gy,

Let Ry(x) :=inf=1 N |2 — zk4|, Qi = {x € Q: | — x| = Ri(x)}. Then

,,,,,

/ |z —y| Pe W dy = / |z — y| " Pe W) dy

Qk,iNBla—a; ;| (Tk,i)
2

Jr/ |z — y| Pe™ ™) dy.
Qk,i\Blo—ay, ;| (Tk,i)

Note that for y € Qi ;\Bio-a;, ;1 (Tk,i), |x—y|*peﬁ’“(y) < ——-¢  _ Then Claim
o2kl

= le—ylPly—=zk,q|*"

6 and easy computations show that

1
/ 7 dy < .
Br(O\B|o—a,,| (@k,:) |z — ylPly — w4l |z — 2k, |P

2

Thus

" C
(3.12) / |z — y|Pe™ W) dy| < ————.
x4l
Qk,i\B oz, ;| (Tk,i) |z — ps
2

On the other hand, for y € Qi ; N Blo—e, | (Tk,i), we have |z —y| > |z — x| — |y —
(il el
Tp,i| > | — 21| and hence

; C
(3.13) / |z —y|Pe W dy| < ————.
Qk,iNBla—ay ;| (Tk,i) |z — xkvi|p
2

Combining (3.12) and (3.13), we obtain the desired estimates. O

Claim 8: Let z; 1= limp_ 400 21 € Q and S := ixi,i =1,..,N}. Assume that
limg— 4 o0 @ = +00. Then 4 — —oo uniformly in Q\S.

Proof. Let § > 0 small such that Q5 := Q\ UY, Bs(x;) is connected. Then
|[Vig ()] < C(Qs) for x € Qs by the representation formula (3.3). Let x5 €
005 N O, then we have iy (x) = —ay and hence |G (z) + ag| < C for all z € Q5.
This implies that i, — —oo uniformly. O

Claim 9: Assume that limg_, o ap = +0o. Then there exists 71, ..., v > 6472
such that

N
lim wug(x) = Z%G(‘,xi) in C,.(2\5).
i=1

k——+oo
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Proof. Since uy, satisfies

A2y, = e Vhelk
and uy, is bounded in CP (Q\S) by Claim 8, by standard regularity arguments we
deduce that uy — 1 in C*(Q\S), where ¢ € C*(Q\S). Thus, for § > 0 small

enough,

/G x,y)e “"(y dy = Z/ G(z y)eﬂ"‘(y) dy + o(1).

5(177,

Since G(z,-) is continuous in Q\{z}, we get that

lim wu g (z,x;
kboo k ’Yz z

where ; := lims—o limp—to0 [55; (4,00 €" W) dy. By Claims 4 and 5, v; > 6472.
Then ¢ = Zi:l ~viG(z, ;). So we get the result. O

Claim 10: Let z; = limy_ oo 7x; € Q and S := {x;,i = 1,..., N}. Assume that
limg oo @ = oo € R. Then S C 9 and there exists u € C*(Q) such that
A%y = e @e% in Q, u = O,u = 0 in OQ and

kgrfoo up =u in Cff (Q\ S).

Proof. Indeed, with (3.4), we get that ||uk~||L1(Q < C for all k € N. It then follows
from Theorem 1.2 of [35] that there exists & € C*(Q) such that limg_ ;o U = 4
in C} (). Therefore S C 9. It then follows from Claims 6 and 7 and standard
elliptic theory that there exists u € C*4(€2\ S) such that

kll»rf up = u in Cf (Q\ S).

Moreover, passing to the limit £k — +o0o in Claim 7, we get that

inf |:c — z;||[Vu(z)]| < C for all z € Q\ S.

i=1,...,N

We are left with proving that u can be smoothly extended to S. We fix zy € S and
we let 6 > 0 small enough such that

|z — zo||Vu(z)| < C for all x € QN Bs(xo) \ {zo}-

Therefore, there exists C’ > 0 such that for all z,y € QN Bs(x) \ {0} such that
|z — xo| = |y — 20|, we have that

u(z) —u(y)| < C".

Taking y € 9, we then get |u(x)] < C’ for all z € QN Bs(xo) \ {zo}. Proceeding
similarly for all the points of S, we get that there exists C' > 0 such that |u(z)| < C
for all x € O\ S.

We let w € HZ(Q) such that A%w = e~ %=e*. (Since |u| < C, we may simply put
e* =1 when x = z(.) It follows from standard theory that w € C3(Q) and that

T) = / G(gc,y)e_o‘“e“(y) dy
Q
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for all 2 € Q. For § > 0 small enough and = € Q\S,

(3.14)  wug(z) = / Gz, y)e™ W) dy = / G(z,y)e™ W) dy + O(9).
) (UN, Bs(z:))enQ

Passing to the limit (first in & and then in §) in (3.14) and noting that |u| < C,
we get that

u(z) = / G(z,y)e =e W) dy
Q

for all z € Q\S. Therefore, u = w in Q\S and u can be extended smoothly as a
C3—function on Q. Coming back to the definition of w, we get that w is C* and
then u € C*(Q). This ends the proof of Claim 10. As a remark, let us note that if
the concentration points were isolated (that is ; # «; for all ¢ # j), the argument
above would prove that (u) is bounded uniformly near the boundary, which would
immediately exclude boundary blow-up. O

Now, we exclude the boundary blow-up in case limg_, 4o, ap = +00:

Claim 11: Assume that limg_, o ap = +00. Let g € 9Q2. Then

lim lim e™ dx = 0.
r—0 k—-+4oo BT(:L’())QQ

In particular, S N o = 0.

Proof. We argue by contradiction and we let g € 92N S. Then (3.7) yields

lim lim e dr > 6472
r—0 k—+o00 B,-(Io)ﬂQ

Thus for all § > 0, we have that
(3.15) / e dy > 32m?
B5($0)ﬂQ

for all k¥ € N large enough. Furthermore, we may assume that S N Bs(zg) = {xo}.
Let yy, := xo + pirv(x0) with
(3.16) _ Joons, () (@ — 20 v)(Awr)? da

‘ Phor = (v(0), v) (Bug)? da

fBQﬁBT(aso)

where r << rq such that 3 < (v(z¢) - v) < 1 for x € B, (o) N Q. Here v(z) is the
outer normal vector to T,,0€ at x. Then it is easy to see that |pg| < 2r and

(3.17) / (x — yp, v)(Aug)? de = 0.
QN B, (z0)
Now applying the Pohozaev’s identity in QN B, (xg) with y = yx, f(u) = e~ *rel*

and F(u) = e~ (e"* — 1), and using Dirichlet boundary condition and (3.17), we
obtain that

4/ (e — e~ ) dy = / (x — Yy, v)(e” e —e ) do
QN B, (xo) QNIB,(xo)

0
—2/ ﬂAu;.c do
QNAB, (o) ov
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1 a(—A
+ e me@u? + 200 o Gus | do
QnAB, (z0) | 2 ov

)
QNOB,. (I[))

Note that up — ¥ = vazl 7G(x, z;) in C3(Q\S), where G(z,2¢) = 0. Thus we
obtain that all the terms in the last three integrals are of the form

0
— —up{r — yg, VAug)+ < Vug, VAu, >< z —yg,v > | do.

ov

lim O(1)| dz = O(r?)
k—+co JonaB, (zo)
while
lim (x — yp, v)(e” e —e ) do = O(r).
k—+c0 JoanB, (z0)
Since limg_, 4 o a = 400, we thus obtain that
(3.18) / e dg| < COr®
QQBT(;CO)
for k € N large enough. Therefore,
lim lim e dx = 0.
r=0k=+c0 JonB, (o)
A contradiction with (3.15). This proves Claim 11. O

Claim 12: We have that
lim o = +oo.
k—-+oo
Proof. We argue by contradiction and assume that, up to extracting a subsequence,

limg— 400 @ = Qoo € R. We let g € S C 99 (this follows from Claim 10). Arguing
as in Claim 11, we get that

4/ (eﬁk _ e—ock) dr = / <m _ yk,v)(e_a’“e“k . e—ak)do_
QN By (x0) QNAB, (o)
1o}
—2/ ﬂAuk do
QNoB, (x0) OV
8(—Au;€)

1
+/ —(z =y, V) (Aug)* + =—— < — g, Vug > | do
QN B, (x0) ov

0
+/ — —ug{x — Yy, VAug)+ < Vug, VAu, >< z — y,v > | do.
QNOB, (z0) ov
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Letting kK — 400, we then get with Claim 10 that

4><327r2§4/
Q

—2/ @Auda
QNOB, (z0) OV
O(—Au)

1
+/ T = Yoo, V)(AU)? + 2~ < T — Yoo, Vu > | do
QMOB, (z0) | 2 v

e Y dx + / (X — Yoo, V) ("7 —e™ ) do
NB,(zo) QNIB,(x0)

—|—/ [—8u(x—yoo,VAu>+<Vu7VAu><x—yoo,1/>]da
QNOB, (o) ov

for all » > 0 small enough, where Yoo := limy_, o0 Y% depends on r with |y., — 2| <
2r. With Claim 10, we know that u € C*(Q2). Passing to the limit » — 0 above,
we get that the RHS goes to zero. A contradiction. Then limg_, o ax = +00, and
Claim 12 is proved. O

Claim 13: v; = 6472%,i =1, ..., N.

Proof. Since x; € {2, the same proof as in Lemma 3.5 of Lin-Wei [38] gives the
claim. We also refer to Druet-Robert [18]. O

Claim 14: The identity (1.8) holds.

Proof. The proof is exactly the same as that of Theorem 1.2 of Lin-Wei [38] and as
in Druet-Robert [18]. O

Theorem 1.1 follows form Claims 9-14.

4. PROOF OF THEOREM 1.2

By Theorem 1.1, there are no boundary bubbles for (1.1). The proof of Theorem
1.2 follows along the lines of Sections 3 and 4 of [27]: we just need to change the
Navier boundary condition to Dirichlet boundary condition. Let us sketch the
changes. We first choose a good approximate function: fix P € Q and let

4

(4.1) Ue,p(x) :=log ﬁ,
where 7 := 3 - 27 = 384. We consider the projection of U, p:
(4.2) { A?PqU. p — V<P =0 in Q,

PaUcp = 0,PaUc p =0 on 0N
Set
(4.3) PaUcp =Uep — ¢e.p
Then ¢, p satisfies

9 P
(4 { ot T o — 00 o 002
On 092, we have for e sufficiently small
Ue,p(z) = log(ye") — 8log |z — P| — e +0(e")

[z — PJ?
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uniformly in C*(0€2). Comparing (4.4) with (1.9) and (1.15), we have
(4.5)  pcp = log(ve*) — 64n*R(z, P) — 2Ry (z, P) + O(€*), in Q.

We now use PoU p as a test function to compute an upper bound for cg4r2. Let
Qo be such that R(Qo, Qo) = maxgeq R(Q,Q). Similar computations in [page
799,[27]] yield
_ 1 22
J647r2 [PQU€7QO} = Ao - 5(647T ) Iggg R(P, P)
(6472)?

T AeR(Qo, Qo) | +o(e)

2
€

= | 647 B1(Qo, Qo) +

where Ay is a generic constant. By our assumption (1.14), we have

1
(4.6) Coanz < Ao — 5((3z17r2')2 max R(P,P).
On the other hand, let u, be a minimizer of J, for p < 6472 If u, blows up
as p — 6472, then a lower bound can be obtained by following exactly the same
computation in [27]:

1
(4.7) Coam2 > Ag — 5(647r2)2 max R(P, P).

From (4.6) and (4.7), we deduce that blow-up does not occur. Then u, is uniformly
bounded from above. It then follows from Lemma 3.1 that u, converges to a
minimizer of Jg4r2 when p — 6472,

Finally, when 2 is a ball, (without loss of generality, we may take Q = B;(0)), by
the result of Berchio, Gazzola and Weth [5], u is radially symmetric and strictly
decreasing. Here Qo = 0. Now, by the so-called Boggio’s formula [6], we have

1 =) (U2* 1) 2 2 2 2
Gle,y) = g5 1 5 dv, where [z,y]" =]z —y[" + (1 = [2[7) (1 ~ |y,

for z,y € B1(0). Thus

1 1 z[? 1 1 z[? 1

and hence

It is easy to compute Ri(x,0) = 4(2 — |z|?) and hence
R,(0,0) =8> 0.
This shows that condition (1.14) is satisfied. Theorem 1.2 is thus proved.
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