ASYMPTOTIC ANALYSIS FOR FOURTH ORDER PANEITZ
EQUATIONS WITH CRITICAL GROWTH

EMMANUEL HEBEY AND FREDERIC ROBERT

ABSTRACT. We investigate fourth order Paneitz equations of critical growth
in the case of n-dimensional closed conformally flat manifolds, n > 5. Such
equations arise from conformal geometry and are modelized on the Einstein
case of the geometric equation describing the effects of conformal changes
of metrics on the Q-curvature. We obtain sharp asymptotics for arbitrary
bounded energy sequences of solutions of our equations from which we derive
stability and compactness properties. In doing so we establish the criticality
of the geometric equation with respect to the trace of its second order terms.

In 1983, Paneitz [25] introduced a conformally covariant fourth order operator
extending the conformal Laplacian. Branson and @rsted [5], and Branson [2, 3],
introduced the associated notion of @Q-curvature when n = 4 and in higher di-
mensions when dealing with the conformally covariant extensions of the Paneitz
operator by Graham-Jenne-Mason-Sparling. The scalar and the Q-curvatures are
respectively, up to the conformally invariant Weyl’s tensor in dimension four, the
integrands in dimensions two and four for the Gauss-Bonnet formula for the Euler
characteristic. The articles by Branson and Gover [4], Chang [6, 7], Chang and
Yang [8], and Gursky [15] contain several references and many interesting material
on the geometric and physics aspects associated to this notion of Q)-curvature.

In what follows we let (M, g) be a smooth compact Riemannian manifold of
dimension n > 5 and consider the fourth order variational Paneitz equations of
critical Sobolev growth which are written as

A§u+bAgu+cu = 2! , (0.1)

where A, = —divyVu is the Laplace-Beltrami operator, b,c¢ > 0 are positive real
numbers such that c— % < 0, u is required to be positive, and 2f = 2—”4 is the critical

P
Sobolev exponent. Equations like (0.1) are modeled on the conformal equation
associated to the Paneitz operator when the background metric ¢ is Einstein. In
few words, the conformal equation associated to the Paneitz operator, relating the

Q-curvatures 4 and Q5 of conformal metrics on arbitrary manifolds, is written as
n—4

#_
5 Qzu* 1, (0.2)

where § = u*/ ("% g and, if Recy and S, denote the Ricci and scalar curvature of g,
A, is the smooth (2, 0)-tensor field given by
(n—2)2+4 4

Ay = mSgg - chg . (0.3)

Agu —divg(Agdu) + nT_ZLqu =
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When ¢ is Einstein, so that Rcy, = Mg for some A € R, equation (0.2) can be
simplified and written as

b A cn\? n—4 f
2 n n _ 2t
Agu—I— n_lAgU+ (n—l)zu_ B qu ) (04)
where b,, and ¢, are given by
n? —2n —4 n(n —4)(n? — 4
by = —s and ¢, = ( 1)é ) . (0.5)
In particular, as mentioned, (0.1) is of the type (0.4). An important remark is that
2
Cp — bT" = —1 is negative. Given A > 0 we let Sﬁc be the set
Sﬁc ={ueC'(M),u>0, s.t. |lullgz <A and u solves (0.1)} , (0.6)

where H? is the Sobolev space of functions in L? with two derivatives in L?. Fol-
lowing standard terminology, we say that (0.1) is compact if for any A > 0, Sé}c is
compact in the C*-topology (we adopt here the bounded version of compactness,
as first introduced by Schoen [32]). The stronger notion of stability we discuss in
the sequel is defined as follows:

Definition 0.1. Equation (0.1) is stable if it is compact and if for any A > 0, and
any € > 0, there exists 6 > 0 such that for any b’ and ¢, it holds that

A (Sp o3 Spe) < € (0.7)

as soon as [b' —b|+ |’ — ¢| < 8, where Sg\)c and Sé\,’c, are given by (0.6), and where
for XY C C*, i (X Y) is the pointed distance defined as the sup over the u € X
of the inf over the v € Y of ||v — ul|ca.

The meaning of (0.7) is that small perturbations of b and ¢ in (0.1) do not create
solutions which stand far from solutions of the original equation. Stability is an
important notion in view of topological arguments and degree theory. Also it has
a natural translation in terms of phase stability for solitons of the fourth order
Schrodinger equations introduced by Karpman [22] and Karpman and Shagalov
[23] (see the remark at the end of Section 5). The main questions we ask here are:

Questions: (Q1) describe and control the asymptotic behavior of arbitrary finite
energy sequences of solutions of equations like (0.1).
(Q2) find conditions on b and ¢ for (0.1) to be stable.

By contradiction, (0.1) is stable if and only if for any sequences (by)q and (cq)a
of real numbers converging to b and ¢, and any sequence (uq ), of smooth positive
solutions of

Af]u + b Agu+ cqu = w21 (0.8)

such that (u4)q is bounded in H2, there holds that, up to a subsequence, s — Uso
in C*(M), where u, is a smooth positive solution of (0.1). In other words, (0.1) is
stable if we can impede bubbling for arbitrary bounded sequences in H? of solutions
of arbitrary sequences of equations like (0.8), including (0.1) itself. In order to do
so, we need sharp answers to (Q1).

As is well known, critical equations tend to be unstable (precisely because of
the bubbling which is usually associated with critical equations). A consequence
of Theorem 0.2 below is that bubbling is not only associated with the criticality of
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the equation but also with the geometry through the relation b = %Trg(Ag) which,
see (0.9) below, characterizes the middle term of the geometric equation (0.4).

Concerning the bound on the energy we require in Definition 0.1, it should be
noted that we cannot expect the existence of a priori H?-bounds for arbitrary
sequences of equations like (0.8) when dealing with large coefficents b and ¢ (like
it is the case for Yamabe type equations associated with second order Schrodinger
operators with large potentials). In parallel it is intuitively clear that bounded
sequences in H? of solutions of equations like (0.8) can develop an arbitrarily large
number of peaks. Summing sphere singularities in a naive way we indeed can prove,
see Hebey, Robert and Wen [20], that for any quotient of the n-sphere, n > 12,
there exist sequences (uq)q and (v4)e of smooth positive solutions of

Agu + b, Agu+ cqu = w21

such that (uq)q blows up with an arbitrarily large given number k of peaks and
|vallgz — 400 as @ — 400, where (cq)q is a sequence of smooth functions con-
verging in the C'-topology to c,, and b, and ¢, are as in (0.5). In other words,
illustrating the above discussion, we see that equations like (0.1) create bubbling,
even multiple of cluster type (namely with blow-up points collapsing on a single
point), and that there is no statement about universal a priori H2-bounds for ar-
bitrary solutions of arbitrary equations like (0.8). Also we see that an equation
can be compact and unstable (the geometric equation is compact on quotients of
the sphere). Compactness for the geometric equation in the conformally flat case
has been established by Hebey and Robert [19], and by Qing and Raske [30, 31].
The elegant geometric approach in Qing and Raske [30, 31] is based on the inte-
gral representation of the solutions through the developing map under the natural
assumption that the Poincaré exponent is small. Recently, Wei and Zhao [34] con-
structed blow-up examples in the non conformally flat case when n > 25.

Let Xi(Ag)z, @ = 1,...,n, be the g-eigenvalues of Ay(x) repeated with their
multiplicity. Let A\; be the infimum over 7 and z, and Ay be the supremum over 4
and z of the A\;(A4y),’s. Following Hebey, Robert and Wen [20] we define the wild
spectrum of Ay to be the interval S, = [A, A2]. It was proved in [20] that (0.1)
is stable on conformally flat manifolds when n = 6,7,8 and b < A1, or n > 9 and
b ¢ S,. We improve these results in different important significative directions in
the present article: we add the case of dimension n = 5, we replace the condition
b ¢ S, by the much weaker condition b # %Trg(Ag), and we accept large values
of b when n = 6,7. On the other hand, we leave open the question of getting
similar results in the nonconformally flat case. In the above discussion, and in
what follows, Tr,(A,) = g/ A;; is the trace of A, with respect to g. There clearly
holds that %Trg (Ay) € S,y at any point in M, and it is easily seen that
n?—2n—4

2(n—1)
Let (uq)q be a bounded sequence in H? of solutions of (0.8). Up to a subsequence,
Ug — Uso Weakly in H? for some u, € H? which solves (0.1). When ¢ — % < 0, by
the maximum principle, either u,, > 0 in M or us, = 0. In the second order case,
in low dimensions (namely n = 3,4, 5) we know from Druet [9] that we necessarily

have that us = 0 if the convergence of u,, t0 us is not strong (but only weak) and
the u,’s solve Yamabe type equations. In the framework of question (Q1), we also

Try(Ay) = Sy . (0.9)
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address in this article the question of whether or not such type of results extend
to the fourth order case when passing from Yamabe type equations to Paneitz
equations like (0.1). We positively answer to this question in Theorem 0.1 below,
the low dimensions being now 5,6, 7.

Theorem 0.1. Let (M, g) be a smooth compact conformally flat Riemannian man-
ifold of dimension n = 5,6,7 and b,c > 0 be positive real numbers such that
c— % < 0. Let (ba)a and (co)a be sequences of real numbers converging to b
and ¢, and (uy ) be a bounded sequence in H?* of smooth positive solutions of (0.8)
such that uq — U weakly in H? as a — +00. Then either uq — Uoo Strongly in

any Ck—topology, or Uso = 0.

Theorem 0.1 answers the above mentioned question of whether or not we can
have a nontrivial limit profile for blowing-up sequences of solutions of (0.8). As
a remark, the geometric equation on the sphere provides in any dimension n > 5
an example of an equation like (0.1) with sequences (uq)q of solutions such that
Ugy 72 Uso strongly and us, = 0. Now we return to the question of the stability of
(0.1). When n = 5 we let G be the Green’s function of the fourth order Paneitz
type operator Py = A2 + bA, + c. Then

G () 1( o haly) (0.10)

- 6wady(x,y

where G,(-) = G(z,-) is the Green’s function at z of Py, wy is the volume of the
unit 5-sphere, and p, is C%? in M for § € (0,1). The mass at z of Py is p,().
Our second result states as follows.

Theorem 0.2. Let (M, g) be a smooth compact conformally flat Riemannian man-
ifold of dimension n > 5 and b,c > 0 be positive real numbers such that c — % < 0.
Assume that one of the following conditions holds true:

(i) n=>5 and py(z) >0 for all =,

(1)) n="6 and b ¢ S, ,

(iti) n =8 and b < § miny; Try(A,) ,

(iv)n="Torn=>9 and b# L Try(Ay) in M .
Then for any sequences (by)a and (co)a of real numbers converging to b and ¢, and
any bounded sequence (uq)o in H? of smooth positive solutions of (0.8) there holds
that, up to a subsequence, Uy — Us in C*(M) for some smooth positive solution
Uoo 0f (0.1). In particular, (0.1) is stable.

As a direct consequence of Theorem 0.2, cluster solutions and bubble towers do
not exist for (0.1) when one of the conditions (i) to (iv) is assumed to hold. This
includes the existence of cluster solutions or bubble towers constructed by means
of perturbing (0.1) such as in (0.8).

Let Go be the Green’s function of the geometric Paneitz operator Py in the left
hand side of (0.2). Humbert and Raulot [21] proved the very nice result that in
the conformally flat case, assuming that the Yamabe invariant is positive, that
Py is positive, and that Gy > 0 outside the diagonal, then the mass of G is
nonnegative and equal to zero at one point if and only if the manifold is conformally
diffeomorphic to the sphere. A similar result was previously established by Qing
and Raske [30, 31] when the Poincaré exponent is small. By (i) in Theorem 0.2 we
need to find conditions under which p,(x) > 0 for all «, where p1,(x) is the mass of
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our operator Py = A2+bA,+c. A third theorem we prove, based on the Humbert
and Raulot [21] result, is as follows.

Theorem 0.3. Let (M, g) be a smooth compact conformally flat Riemannian man-
ifold of dimension n = 5 with positive Yamabe invariant such that the Green’s
function of the geometric Paneitz operator Py is positive and let b,c > 0 be pos-
itive real numbers. We assume that bg < Ay in the sense of bilinear forms and
c< %Qg, and in case Ay = bg and c = % g simultaneously, we assume in addition
that (M, g) is not conformally diffeomorphic to the standard sphere. Then the mass
Lz (x) of Py is positive for all x € M.

Theorem 0.3 raises the question of the existence of 5-dimensional compact confor-
mally flat manifolds with positive Yamabe invariant and positive Green’s function
for Py. By the analysis in Qing and Raske [31] compact conformally flat manifolds
of positive Yamabe invariant and of Poincaré exponent less that ”T"L = % are such
that the Green’s function of P, is positive. Explicit examples of such manifolds are

in Qing-Raske [31].

The paper is organized as follows. In Section 1 we establish sharp pointwise
estimates for arbitrary sequences of solutions of (0.8). This answers (Q1). Thanks
to these estimates we prove Theorem 0.1 in Section 2. Trace estimates are proved
to hold in Section 3. By the estimates in Sections 1 and 3 we can prove Theorem
0.2 in Section 4 when n > 6. In Section 5 we prove Theorem 0.2 in the specific
case n = 5. Theorem 0.2 provides the answer to (Q2). We prove Theorem 0.3 in
Section 6.

1. POINTWISE ESTIMATES

Let (M, g) be a smooth compact Riemannian manifold of dimension n > 5, and
b,c > 0 be positive real numbers such that ¢ — % < 0. We do not need in this
section to assume that g is conformally flat. Let also (by ) and (cq)o be converging
sequences of real numbers with limits b and ¢ as o« — 00, and (u4)s be a bounded
sequence in H? of positive nontrivial solutions of (0.8). Up to a subsequence,
Ua — Use Weakly in H? as o — +o00. By standard elliptic theory, either uq — tso
in C* or the uy’s blow up and

l[uallee — 400 (1.1)

as & — +00. From now on we assume that (1.1) holds true. By Hebey and Robert
[18] and Hebey, Robert and Wen [20], there holds that

k
ua:uooJrZBflJrRa, (1.2)

i=1
where Ry — 0 in H? as a — 00, and the B! ’s are bubble singularities in H?. Such
B!’s are given by

n—4
2

i Hi,a
By =ndio) | 75 ; (1.3)

Hio 700
where 7 : R — R is a smooth nonnegative cutoff function with small support (less
than the injectivity radius of g), d; o(-) = dg(@i 0, ), An =n(n —4)(n? —4), k > 1
is an integer, and for any i, (2;4)q IS & converging sequence of points in M and
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(Hi,a)a is a sequence of positive real numbers such that p; o — 0 as o — +oo.
Moreover, we also have that the following structure equation holds true: for any
i,

dy(Tia,Tja)® | Hia | Mia

+ = =+ (1.4)
Hi,abj,ox Hja Hj,o
as a@ — 400, and that there exists C' > 0 such that
ro(2) 7 i (2) — oo (2)] < C (1.5)
for all  and all z € M, where
ro(z) = _gnnkdg(xi,a,x) . (1.6)

By (1.2) and (1.5) we have that us, — uoe in H? and u, — Ue in CP(M\S),
where S is the set consisting of the limits of the z; o,’s. We define p1o by

1=1,.

o= MAX i (L.7)

There holds that po, — 0 as o — 400 since py; o — 0 for all i as @ — +00. We aim
here at proving the following sharp pointwise estimates.

Proposition 1.1. Let (M,g) be a smooth compact Riemannian manifold of di-
mension n > 5, and b,c > 0 be positive real numbers such that ¢ — % < 0. Let
also (ba)a and (cq)a be converging sequences of real numbers with limits b and ¢ as
a — +00, and (u)a be a bounded sequence in H? of positive nontrivial solutions

of (0.8) satisfying (1.1). There exists C > 0 such that, up to a subsequence,

. n—4 .
[Vua| < € (1 r&" 7 + el ) (18)
in M, for all j =0,1,2,3 and all o, where 14, is as in (1.6), and po is as in (1.7).

We split the proof of Proposition 1.1 into several lemmas. The first lemma we
prove is a general basic result we will use further in the proof of Lemma 1.2.

Lemma 1.1. Let 6 > 0 and (go)a be a sequence of Riemannian metrics in the
Euclidean ball By(28) such that g, — & in Ct  (By(20)) as o — +o0, where & is
the Euclidean metric. Let (ba)a and (co)a be bounded sequences of positive real
2

numbers such that c, < bf‘ for all . Let (wq)a be a sequence of positive functions
such that

Af]awa + b Ay Wo + CaWo = win_l (1.9)
in Bo(20) for all a. Assume ||wa | po(By(s)) — +00 as a — +0o and that there
exists C > 0 such that ||wa || L (B, (5)\Bo(5/2)) < C for all a. Then

/ w2dz > (1+0(1)) K4, (1.10)
Bo(9)

where o(1) — 0 as a — 400 and K, is the sharp constant in the Euclidean Sobolev
inequality ||ul|3, < Ky||Aul|3, w € H?. Here H? is the completion of C§°(R™) with
respect to u — ||Aulls.

Proof of Lemma 1.1. Let v, be given by
2=
Vo 2 = Max wq
Bo(d)
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and z, be such that w,(zs) = va g By assumption, v, — 0 as @ — +o0o and
ZTo € Bp(6/2) for a > 1. Let @, be given by

n—4
Wo(x) = Va? wo (To + Vo) .

For any R > 1, w0, is defined in By(R) provided o > 1 is sufficiently large. Let
d1,o and dy , be given by

bo B2 ~ ba \/b?xi
dLa_?—i- 3 Ca and dg,a—?— VR (1.11)

Then, as is easily checked, for any R > 1,

Agad)a + bauiAgauﬁa + cauiuia

= (Ag, +d1avl) o (Ag, + d2,al) W (1.12)

= @21
in By(R) for all a > 1 sufficiently large, where §o(z) = go(Za + vax). Since
0 < W, < 1, it follows from (1.12) and classical elliptic theory, as developped in
Gilbarg-Trudinger [12], that the w,’s are bounded in C;lo’f (R™), 6 € (0,1). In
particular, there exists @ such that, up to a subsequence, w, — w in Cji , (R") as
a — +00. By rescaling invariance rules there also holds that w € H?. Passing to
the limit as & — +o0 in (1.12), we get that

- ot
A% = L.

Since w(0) = maxgn w = 1, it follows from Lin’s classification [24] that w is the
ground state in (1.14) below. Noting that for any R > 1,

/ u?iﬁ dvg, = / wiu dvg,,
Bo(R) By, (Rva)

(o) [ s,

Bo(9)

IN

we get from the L7S -convergence W, — w that

liminf/ wfjdzz/ @ dz | (1.13)
a—=+0 [ (8) Bo(R)

Noting that @ is an extremal function for the sharp inequality [|ul|3, < K, |Aul3,

it is easily seen that [p, @' dr = K, "'*. Letting R — +oo in (1.13), this ends the
proof of the lemma. (I

From now on we let B : R” — R be the ground state given by

B(z) = (1 + %y , (1.14)

where A, is as in (1.3). Given x € M, ¢ > 0 and u : M — R, we also define the
function R*u by

Riu(y) = p7 u (exp, (1y)) (1.15)
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where y € R™ is such that |y| < %, and i, > 0 is the injectivity radius of (M, g).
For (uq)q as above, and i € {1,...,k}, we define S, ,,S; ¢+ C R™ by

S@t = { lim

a—+00 I o

Sz',r = { lim

a—+00 [1 o

exp;ja (Tja)i=1,.. k}
(1.16)

exp;:a (wj,a)aj € Il} )

where I; is the subset of {1,...,k} consisting in the j’s which are such that
dg(Tia,Tja) = O (W) and fjo = 0(tiq). The second lemma we prove es-
tablishes local limits for the u,’s.

Lemma 1.2. Let (M, g) be a smooth compact Riemannian manifold of dimension
n > 5, and b,c > 0 be positive real numbers such that ¢ — % < 0. Let also (by)a
and (cq)a be converging sequences of real numbers with limits b and ¢ as a — 400,
and (uy)e be a bounded sequence in H? of positive nontrivial solutions of (0.8)
satisfying (1.1). Then, up to a subsequence,

REiey, — B (1.17)

Ti o

in C}  (R™\S; ) as a — +oo for all i, where S; ;. is as in (1.16).

Proof of Lemma 1.2. First we claim that for any ¢ and any K CC R™\S;, there
exists Ck > 0 such that

RHEieq,

Ti, o

<Ck (1.18)

in K, for all a > 1 sufficiently large. Fix ¢ and K. For any x € K, and any j,

dg (expzi,a (Mi,a$)7 xj,a) > C Hi,al — exp;:a (xj,a)

v

Cliya | — exp! (€5.0)

i,

2 C,U/i,a

by the definition of S;; in (1.16). Then (1.18) follows from (1.5). Also, by direct
computations, using the structure equation (1.4), there holds that for any @ # j,
REBJ — 0in LS, (R™\S; ) as a — +00, where the B!’s are as in (1.3). Noting
that Ry Bl (z) = n(uiax)B(z), where n is as in (1.3) and B is as in (1.14), we
get that for any 1,

k
R N"B) — B (1.19)
j=1
in LiS, (R™\S; ;) as o« — +oo. Now we prove (1.17). By (1.2),
k
Riteug — Ribe N " BJ, — 0 (1.20)
j=1

in LlQOﬁC(R”) as a — +oo. Moreover, in any compact subset of R",

Aza’aa + bau?,(XAgaﬂa + CO‘:LL?,OC{LO‘ = ﬂiﬂ71 (121)

for a > 1 sufficiently large, where @i, = Ry “u, and g, (z) = (exp;i’a 9) (1ti,0)-

Ti, o

Since p; o — 0, we have that g, — ¢ in C{ _(R") as o — +o0. By (1.18), the

loc



ASYMPTOTIC ANALYSIS FOR PANEITZ EQUATIONS 9

sequence (Uq)q is bounded in LY (R™\S; ;). By (1.19) and (1.20), there also holds
that

§—0 a——+00

lim lim sup / @2 dz =0 (1.22)
B..(5)

for all z € R™\S; . By Lemma 1.1 we then get that the sequence (g )q is actually
bounded in LjS (R™\S; ). By (1.21) and elliptic theory it follows that (@a)q is
bounded in C4’9(]13R”\Si’r)7 6 € (0,1). This ends the proof of Lemma 1.2. O

loc
The following lemma establishes pointwise estimates for the u,’s. The estimates
in Lemma 1.3 are a trace extension of the estimates (1.5). In particular, as is easily
checked, (1.23) below implies (1.5).
Lemma 1.3. Let (M, g) be a smooth compact Riemannian manifold of dimension

n > 5, and b,c > 0 be positive real numbers such that ¢ — % < 0. Let also (ba)a
and (cq)a be converging sequences of real numbers with limits b and ¢ as o — 400,
and (uq)a be a bounded sequence in H? of positive nontrivial solutions of (0.8)
satisfying (1.1). Then, up to a subsequence,

k

Ug — Uog — Z B(Z
i=1

in L>(M) as o — +00, where r, is as in (1.6), and the B ’s are as in (1.3).

Proof of Lemma 1.3. Let D, : M — R be given by
Da((E) = A_I{lin X (dg(xi,om {E) + ,U/i,a) . (124)

2f_2

e —0 (1.23)

We prove sligthly more than (1.23), namely that

k
Uy — Uoo — E B,
i=1

in L*°(M) as o — +o0, where D,, is as in (1.24). Let x, € M be such that

D —0 (1.25)

i 2f 2
Di(xa) Ua(Ta) = Uso(Ta) — ZBé(xa)
i=1
. oo (1.26)
= D4 o — Uo - B’L
max D, (z) | ta () — oo () ; o(2)
First we claim that
& 2f 2
liminf D2 (24) [ta(Ta) — teo (za) — Y Bl (z4) >0
a——+0o0 . ; (127)

— lim Du(2a)*Bi(24)2 "2 =0

a——+00
for all i. In order to prove (1.27) we proceed by contradiction and assume that
there exists g > 0 and i such that D, (7,)*B% (xa)ZL2 > €9, and thus such that
4

D .
o(Ta) i > e (1.28)

2 dg(xi,av-'ﬁa)Q -
lui,oz + VA

n (dg (xi,av Ta))
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By (1.28) we get that dy(ziq,s) — 0 as @ — 400, that there exists A > 0 such
that, up to a subsequence,

dg (xi,aa xa)

RSN 1.29)
,LLi,oz (
as a — 400, and that
Kot d j, o0 Lo
Hia | 9(Tjar Ta) > 5(1)/4 (1.30)
Hia Hi«
for all o and j. Let y, be given by
1

Yo = exp;ja (za) -

Hi,a
By (1.30), d(Ya,Si,r) > € for all «, where ¢ > 0 is independent of «, while by (1.29)
there holds that |y, | < C for all a, where C' > 0 is independent of o. We have that
Do (24) < pio by (1.29). By Lemma 1.2 we then get that

Di(ma) |ua(xa) — Uoo (Ta) — fo(xa)

as @ — +o00. As in the proof of Lemma 1.2, using the structure equation (1.4),
there also holds that D (24)4 B (24)% 2 — 0 as a — +oo for all j # i. Coming
back to (1.31), the contradiction follows with the assumption in (1.27). This proves
(1.27). Now we prove (1.25). Here again we proceed by contradiction and assume
that there exists eg > 0 such that

f_
I (1.31)

% 2f 2
DA (24) |ta(a) — too(Ta) — Z B!(24) >eo, (1.32)
i=1
where z,, is as in (1.26). We claim that
U (o) — +00 (1.33)

as a — +o0o. By (1.27) and (1.32), we get (1.33) if we prove that D,(z4) — 0
as @ — +o00. Suppose on the contrary that, up to a subsequence, D, (z,) — 0 as
a — +oo for some 6 > 0. By (1.27) and (1.32) there holds that

[t () = ttoo ()| 7 72 < Clta(wa) = oo (20)]* 2 + 0(1) (1.34)

for all z € B,_(6/2), and all a > 1. Assuming that (1.33) is false, it follows from
(1.34) that the wu,’s are uniformly bounded in a neighborhood of the z,’s. By
elliptic theory we then get that u, — us in L®°(£2), where  is a neighborhood of
the limit of the x,’s. Hence uq(24) — uoo (Zo) — 0 and we get a contradiction with

(1.27) and (1.32). This proves (1.33). Now we let p, be given by uiﬁ 2 = ue(Tq)
and define t, by o = RE>uq. Then
~ _ . o _
Af}aua + bauiAgaua + Caﬂiua = Ui ! ) (1.35)
where go(z) = (exp}, 9) (Hax). By (1.33), pta — 0 as o — 4o0. It follows that
ga — £in C}L (R™) as a — +oo. Also there holds that i, (0) = 1 and that the @,’s

loc
are bounded in H2. Up to a subsequence, i, — s in H7,, and

A2 = a2t (1.36)
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where A = —div¢V is the Euclidean Laplacian. Let S be given by

. 1
= li — o i,a) ; I ’
S {a—{r}rlooﬂa exp, (Tia), 1 € }
where I consists of the indices ¢ which are such that dy(zia,za) = O(pa) and
Wi = 0(fte). In what follows we let K CC R™\S be compact, z € K. By (1.26),
(1.27) and (1.32), we have that

2¢ 2
n—4

k
n—4 n—4 .
0 (2) = fla® Uso(Ya) = pa® Y Bi(Ya)
=1

(1.37)

Da(xa) :
< (Da(%)) (L+0(1) +o(1).

where y, = exp,_(ptax). It can be checked that
n—4 .
paF B (ga) — 0 (1.38)
for all i, as a — +o0. By (1.33), (1.37) and (1.38) we then get that

4
~ 2t _2 Da(xa)>
U (T < | ——= 140(1)) +0(1) . 1.39
w2 < (Do) (1 of1) + ol (139
Since z € K, and K CC R”\S, there holds that D, (z4) = O (Da(ys)). Hence,
by (1.39), for any K CC R™\S, there exists C' > 0 such that |i,| < C in K. By
elliptic theory and (1.35) we then get that

Ug — Uoo (140)
in G (R™\S) as a — +00. Tt holds that 0 ¢ S since, if not the case, we can write
that Dy (z) = o(pe) and we get a contradiction with (1.32). As a consequence,
since 4 (0) = 1, it follows that @, (0) = 1 and thus that . # 0. By (1.36) and
Lin’s classification [24] we then get that

n—4

2

A

2 4 lz=wol?

for some A > 0 and zo € R” such that /A, A\ — 1) 4 |z0]? = 0. Let K cc R™\S,
K # 0. By (1.2) and (1.38) there holds that @i, — 0 in L% (K). By (1.40) we

should get that [, ﬂgidx = 0, a contradiction with (1.41). This ends the proof of
Lemma 1.3. O

Uoo(x) = (1.41)

As already mentioned, it follows from (1.23) that there exists C' > 0 such that
rn=/2y, < C . (1.42)
Derivative companions to this estimate are as follows.

Lemma 1.4. Let (M, g) be a smooth compact Riemannian manifold of dimension

n > 5, and b,c > 0 be positive real numbers such that c — % < 0. Let also (by)a
and (cq)a be converging sequences of real numbers with limits b and ¢ as o — 400,
and (uq)o be a bounded sequence in H? of positive nontrivial solutions of (0.8)
satisfying (1.1). There exists C > 0 such that, up to a subsequence,

n—4

ra? |VFua| < C (1.43)
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in M for all a, and all k =1,2,3, where ro is as in (1.6).

Proof of Lemma 1.4. Lemma 1.4 follows from Green’s representation formula and
(1.23). Let G, be the Green’s function of A§+baAg+ca. By Green’s representation
formula,

o) = [ Galea®~duy(y) (1.44)
for all x € M. Then, by (1.44), "
V(@) = [ VAGa(r9)ua(s)* vy (v) (1.45)
for all x € M. There holds, see Grunau and Robert [13], that
|ViGa(z,y)| < Cdg(a,y)* " (1.46)

for all «, all x,y € M with x # y, and all k € {0,1,2,3}. By (1.42), (1.45), (1.46)
and Giraud’s lemma, we then get that there exists C' > 0 such that

|VFua(z)| < / VG, y) ua(y)® ~ dug(y)
M

N
< CZ/ dg(x, y)4inikdg(xi70m y)i(n+4)/2dvg(y)
i=1YM
< C'f‘a(w)_nT%_k :
This proves (1.43). -

Estimates such as in (1.5) and Lemma 1.4 are scale invariant estimates. When
transposed to the Euclidean space, in the simple case of a single isolated blow-up
point, we would get, for instance when k = 0 and k = 2, that |z|"=9/2|u(z)| < C
and |z|"/?|Au(z)| < C. These two estimates are invariant with respect to the
scaling A("~%/2y(\z) which leaves invariant both the equation A%y = u?* =1 and
the H2-norm. Scale invariant estimates, together with the Sobolev description (1.2),
provide valuable informations on the u,’s. However they are still not strong enough
to conclude to the theorem. Sharper estimates such as the ones in Proposition 1.1
are required. From now on we define the v,’s by

ba
Vo = Agllq + ?ua (1.47)
for all a. By (0.8) there holds that
ba - _
Agva + ?le = Cqlq + Uiﬁ 1 s (148)

2 2
where ¢, = bj’ —¢q- In particular, when ¢, < bj’, we get by the maximum principle
that either v, > 0 in M or v, = 0. When we also assume that b, > 0, this implies
that vq > 0 when u, is nontrivial. The following lemma is a key point toward the

proof of Proposition 1.1.

Lemma 1.5. Let (M, g) be a smooth compact Riemannian manifold of dimension
n > 5. Let also (by)a and (cq)a be converging sequences of positive real numbers

satisfying that co — bf < 0 for all a, and (uqa)o be a bounded sequence in H? of

positive nontrivial solutions of (0.8) satisfying (1.1). Let us be such that, up to

#
a subsequence, Uy — Uso a.e. in M. There exists C1 > 0 such that v, > Clui /2
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in M for all a, where the vy ’s are as in (1.47). Assuming that either uso Z 0 or

c— % < 0, where b and ¢ are the limits of the sequences (by)a and (cq)q, there also
exists Cy > 0 such that vg, > Coue tn M for all c.

Proof of Lemma 1.5. We use twice the basic remark that if € is an open subset of
M, u,v are C2-positive functions in Q, and zg € € is a point where = achieves its
supremum in 2, then
Agu(zo) S Agu(zo)
v(zg) —  w(xo)
Indeed, V (2) = Y22V g6 that u(2o)Vo(zo) = v(zo) Vu(zo). Then,
A, (E) (o) = U(zo)AgU(l’o); v(zo) Agu(zo)
u?(x0)
and we get (1.49) by writing that Ay (2) (z¢) > 0. In what follows we let 2, € M
be such that

(1.49)

2ﬁ/2 Qu/Q
71%‘(330‘) = max Ya (1.50)
Vo (To) zeM v,
Then, by (1.49),
f
Agu(24)¥/? _ Ayva(za) (1.51)
Ua(a)®/2 T va(wa) .
We compute
2 28 a2y 2% (2 2
Agud = Sud Agta = 5 (2 - 1) u | Vual? . (1.52)
It follows from (1.51) and (1.52) that
2 Agtalta) o Agvalta) (1.53)
2 ug(ze) T va(Ta)
By (1.48) and (1.53) we then get that
zﬁva(:ca) B ZJAgua(xa) 271167&
2 U (za) 2 Ua(Ta) 2 2

Agva(Ta) n 2t b,
Vo (Ta) 2 2

Y

ba
_ Agua(ra) + %5 va(Ta) N i 71 ba
Vo (Zq) 2 2
Ua(xa)Quil . Ua(Ta) + QJ 1 bﬁ ,
V(o) 2 2

Vo (Zar)
2
where ¢, = ba _ Co.- By assumption, b, > 0 and ¢, > 0. In particular, we get that

4
/2 #
Ua(xa) Z ﬁua(xa)2 /2

8
for all a. The estimate v, > Cui /2 follows from the definition (1.50) of z,. This
proves the first part of Lemma 1.5. In order to get the second part we let =, be

such that
U (Za) R Ua ()

va(xa) xeM Ua(g;) ) (1.54)
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By (1.49) and (1.54),
Agug(Ta) < Agvo(z4)

Ua(Ta) — va(Za)
and we get with (1.48) that
Vo (Ta) — %‘”ua(za) Agvo(za) + %va(xa) by
Ue(To) - Vo (Ta)
Calla(Ta) + Ua(xa)ﬂil _ bﬁ
= Vo (To) 2
As a consequence,
Uoc(xa) > Eaua(xa) +ua(ma)2”—2ua(xa)
U (To) Vo (To) Vo (To)
and we get that
Va(2a)? _ . 2t 2
m 2 Co + Ua(xa) . (155)

Assuming that ¢— % < 0 there exists 0 > 0 such that ¢, > J for all «. Similarly, let
us assume that us, # 0. If G, stands for the Green’s function of Az + b Ay + ca,
then

Ua(Ta) = Go(za, -)uiﬁ_ldvg > / Go(za, -)uiu_ldvg .
M M\ U; Bz, (9")

By Lemma 1.3, 4, — s uniformly in compact subsets of M\ Ule{xi}. Letting
a — 400, and then §’ — 0, it follows that there exists § > 0 such that uy(x,) > 6
for all a. In particular, in both cases ¢ — % < 0 and u Z 0, we get with (1.55)
that vy (zq) > Cug(z,) for some C' > 0 independent of a. By the definition of
Zo in (1.54) it follows that v, > Cu, in M for all a. This ends the proof of the
lemma. [

At that point, given § > 0, we define 1, () by

0) = a 1.56

7a(9) UL Bay L (0) (1.56)

where v, is as in (1.47). Then we prove the following first set of pointwise e-sharp
estimates on the u,’s and v, ’s.

Lemma 1.6. Let (M, g) be a smooth compact Riemannian manifold of dimension

n > 5, and b,c > 0 be positive real numbers such that ¢ — % < 0. Let also (by)a

and (¢cq)a be converging sequences of real numbers with limits b and ¢ as o — o0,

and (uy)e be a bounded sequence in H? of positive nontrivial solutions of (0.8)

satisfying (1.1). Let 0 < € < g, where g9 > 0 is sufficiently small. There exist
R. >0, 0. >0, and C.: > 0 such that

Uy < C. (/’L;LT47(TL72)ET§7’”+(”72)6 +77a(55)> 7

d (1.57)

Vg < O (M(IT—(WL—Z)er&Q—n)(l—E) +77a(55)7'&2_n)5)

in M\ Uf:l By, . (Repiya) for all o, where ju; o is as in (1.3), 7o is as in (1.6), fio
is as in (1.7), vy s as in (1.47), and . is as in (1.56).
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Proof of Lemma 1.6. The first estimate we prove is the one on the v,’s from which
we deduce then the estimate on the u,’s by using the Green’s representation of
e in terms of v,. We establish the estimate on the v,’s for 0 < ¢ < %, and the
estimate on the ug’s for 0 < € < —L5 min(2,n — 4).

(1) Proof of the estimate on the vy ’s in (1.57). We fix 0 < & < 3. Let G} be the
Green’s function of A, + 1 and let 1, be given by

n—4

2 =—(n—2)e _e e
Yoe@) = pa® VTN G100 2) T+ 00(0:) Y G (w0 2)°

Given R > 0 we let Qo g = U, Ba,.. (Riti,o), and let z, € M\Qq g be such that
max —2% = Ya(Ta) .
M\Qa,r Ya,e 1/’04,5(5504)
First we claim that for §. < 1 and R, > 1 suitably chosen,
To € 0(M\Q,r) or To(za) > 0: . (1.58)
We prove (1.58) by contradiction. We assume x4 & 0 (M\Qq, ) and rq(z4) < 0.

We have that
Agva(Ta) > Agtae(@a)
Vo (xa) - 1/}(1,5(1'04)
and by direct computations, using standard properties of the Green’s function G

such as its control by the distance to the pole, there also holds that since 0 < € < %,
there exist Co(g),C1(g) > 0 such that

(1.59)

ra(xa)2m > Cole) — Cr(e)ra(z0)? . (1.60)
By (1.48) and Lemma 1.5,
" (r 28ga(Ta) o ( 2Ua(xa)2ﬁ71 ()26 Uo(2a)
a(za) Ua(xa) < Ta(@a) voz(xa) T ra(@a) avoc(xa) (1.61)

of

< Cro(2)ta(ta) 7 + Cro(za)?

for all «, where ¢, = % — ¢o and C > 0 does not depend on a. By Lemma 1.3,

2
ro () 2t (1) 27 To(Ta)? ra(wa) Bi(za)” 2 +0
( a( a) a( a) ) <C a( a) +C§Z: a( a) Ba( a) + (1) (162)

<O 4er,

where eg — 0 as R — 4o00. By (1.59)—(1.62) we get a contradiction by choosing

d: < 1 and R > 1 sufficiently small. This proves (1.58). Now that we have (1.58),
up to increasing R, we claim that thanks to Lemma 1.2,

Vo

<C.. (1.63)

max
M\Qa,r wa,s

Indeed, if r(z4) > Jc, then

Vo (Za) Vo (o) o -1
Vae(wa) = 1a(0.) <ZG($ “>> <C,
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while if z, € 0 (M\Qq,r), we get that
Va(To) = wa (expwm (Mi,a%))

_n ba,u? @
= g B (Byoua) + —=(Rpiua) | (2a)
for some 4, where z, is such that z, = exp,._(Ki,aza), and go(z) = (exp}, . g) (Ki,a®).
Then, by Lemma 1.2, and standard properties of G/,
(n—2)(1—¢)

n—4
. 2 -
'Ua(xa) < C/u’zoz :LLzoc < C Hi,a <C
dja,s(ma) i —(n 2)e Mo

up to choosing R > 1 such that 0By(R)(\Sir = 0, where S;, is as in (1.16). In
particular, we get that (1.63) holds true. Noting that G} (% «, ) < Ory(z)~ (=2,
this ends the proof of the estimate on the v,’s in (1.57).

(2) Proof of the estimate on the ua’s in (1.57). We fix 0 < & < — min(2,n—4).
Let G} be the Green’s function of Ay + 2. Let (z4)a be an arbitrary sequence of

points such that z, € M\Q, r for all o, where R > 0 is to be chosen later on.
There holds that

o) = [ Ghtoars) (2% H)ua) )iy
< /M (0, 2)va (2)dv, ()
< /M\Qa Gl a(e)duy(z)

D) R e

*1 a(Retti o)

(1.64)

for all o, where R, is the radius obtained when proving the estimate on the v,’s in
(1.57). We have that G4(z4,2) < Cdy(xa,x)* ™. Hence, by Giraud’s lemma,

/ Gy (Ta, )ra(x) 2707 duy ()

M\QO‘ Re

< CZ/ dg(Ta,2)? " dy (2,0, 2) T "Ddu (2) (1.65)
i M

< Czdg(xi,avxa)4_n+(n_2)a

since ¢ < 2=1. Now we fix R > 0 such that R > 2R.. Then dy(za,2) > 2dg(zia,2)
for all z € me (Repti,a), and we get that

/ GY(T, )vo(z)dvy ()
B

Ti o (Re)

< Cdy(T; o 27”/ Vo dv
< COdg(zi,0%0) T (1.66)

i,

n 1/2
< Cdg(l‘i7a$a)2 Vol ( wi,a(Raﬂ'i,a)) / ”UOéHLZ(M)
S Cdg(xi,axa)2 nlu:lé?
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since the v,’s are bounded in L?. At last, still by Giraud’s lemma,

/ Gh(2q, z)r(y(as)@*")gdvg(a:)
M\QQ-,RE

<CY [ dyfana "y (i) duy () (167
M
<C

since 0 < € < % Combining (1.65)—(1.67) with (1.64), thanks to the estimate on
the v,’s in (1.57), we get that

n—4_

ua(xa) < C,Uaz

n—2)e —n+(n—2)¢e
( ) ng(xi,aaxa)4 +(n=2)

) (1.68)
+ O3 iy (ws.0ma) " + Ca(0:)
i
There holds that
2t —(n—2)e —n+(n— n —-n
pa® (=2 dg(Ti,0s 17@)4 =2 4 Ui,fdg(xi,axa)Z
_ M;;4_(n_2)€dg($i,aa xa)4fn+(nf2)s
n—4
X (1 dy (@i,00a) 270D 2T T
and
_ n4(n2)
dg (21 0, 0) 2D 2 T2 o (Mi’o‘> i < c
s i, = R =
since dg(; o, Ta) > Rpio. Coming back to (1.68) we get that the estimate on the
Ug's in (1.57) holds true. This ends the proof of the lemma. O

Thanks to the estimates in Lemma 1.6 we can now prove Proposition 1.1.

Proof of Proposition 1.1. Consider the estimates: there exist C' > 0, R > 0 and
6 > 0 such that, up to a subsequence,

!Vjua| <C (u?ri*”ﬁ + na(d)le) (1.69)

in M\Qq g for all j =0,1,2,3, and all a, where Qq g =, B, . (Rpta). We prove
Proposition 1.1 by proving first these estimates, then by proving that we can replace
1704((5)2‘1_1 by ||teollre in (1.69), and at last by proving that the estimates hold in
the whole of M.

(1) Proof of (1.69). Let G4 be the Green’s function of the fourth order operator
A2 4+ bo Ay + co. By Lemma 1.6, given 0 < e < 1, there exist R, C:,d. > 0 such
that

nd_(n— _ _
Uy < C. (HaT ( 2)6Ti n+(n 2)€+77a(5s)> (1.70)

in M\ Ule Bg, o (Reptio). Since pi;.q < fiq by the definition of ji, there holds that
M\Qo.r C M\ Ule By, .(Rpio). Let (z4)a be a sequence in M\Qq gr. We aim
at proving that there exists C,d > 0 such that, up to a subsequence,

[V ta(@a)| < C (a? ralra)'™ +1a(6 1) (1.71)
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for all . Let R =2R. + 1 and § = d.. We have that

ta(z) = / G (2, 9t () iy (y) (1.72)
M

for all & and z € M. By combining (1.46) and (1.72) we then get that
|Viuq (24)] < / |ViGa(2a, )| ua(m)Zufldvg(x)
M

SC/ (o )"t ()2 vy (2)
M

} u (1.73)
<[ ) @ oy ()
M\QQ=RE
* / dy(Ta, 2) " Tug (@)% vy (@)
QQYRE
Let k, = (2 — 1)(n — 2). By (1.70),
/ dy(za, )" " g () vy (z)
MG re (1.74)

ntd_ )
< Cpa® IS AL+ O (67

where

Al z/ dg(xa,x)47"7jdg(xi7a,x)f(”+4)+k”8dvg(x) )
M\Bzi,a(Rel‘a)
Let K; o = {x 8.t. dg(zq, ) < %dg(xi,a,xa)}. Then

A < / dy(ta, )" dy (i, )" T duy (2)
Ki,a\B (Rsﬂa)

T

+ / dy(Ta, ) "I dy (i 0, x) " FITEE Gy (2) (1.75)
K¢ \Ba, o (Repia)
=Al  + AL,

By the definition of K ,, there holds that dg(za, ) < dg(@iq, ) in K; . Hence,
choosing € < 1 sufficiently small such that 4 — k,e > 0, we can write that

Ha / dg(Ta, 2) " dy (5,0, )T TEE dug ()
Ki,a\Baz; o (Repia)

i _ d (za 1') o
< 0y (s 2)1=" 10, (5 0, )0 () duy(a)
/Ki,&\Bzi’u(Rs;La) I J dg(xi,mx) J

where 0 < 6 < 1 is chosen small, and by Giraud’s lemma we get that
o SO o dy (5,0, w0) " (1.76)
In K¢, there holds that dy(za,2) > 3dg(2; 4, 2a), and we can directly write that

Aé,a < Cdg(xi7a7xa)4*”*j/ dg(xi’a,x)*("+4)+k"€dvg(x)
K§ \Ba,; ., (Repia) (1.77)

4tk 4—n—j
< C:uoc * Edg(xi,ouxa) "
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At last, since R > 2R, + 1, we can write that dgy(zq,z) > %dg(xm,xa) for all o
and all x € By, . (Rcpo). Hence, by Hélder’s inequality, for any 7,

L ) @y a)
Bwi,a (Repra)

< (Cd (xa,xi,a)4_”_j/ Ug x)Qu_ldv (z)
! Bmiya(Rel"a) ( ! (178)

n— 1-21 i
< Cdg(a,%i0)" " Volg (Ba, o (Repa)) 7 luall} "
n—4 .
< Cpa? rolre)™77 .
Combining (1.73)—(1.78) we then get that (1.71) holds true. This proves (1.69).

(2) Proof that (1.69) holds true with |[uso||p~ instead of na(6)* 1. If us # 0
there is nothing to do since, by Lemma 1.4, n,(6) < C. Now we prove that

N0 (8) < Cp{=/? (1.79)

in case us = 0. This is sufficient to conclude to the validity of (1.69) with ||uco || £oe

instead of na(6)2n_1. We assume in what follows that u,, = 0 and we define
Qa((S) = Uz Blza((s) By (1'69)7
n—4
o < Cla? +Cny(6)¥1 1.80
yax e < Cpa® 4 Cna(0)770 (1.80)

while, by (1.48), we can write that

max v, <C max uy + Cllval: - (1.81)
M\ (9) M\Qa(6/2)

Let G4 be the Green’s function of Ay + b. There exists A > 0 such that G5 > A
in M and since vy, < (A, + b)uy for a > 1, we get with Green’s representation
formula that

Aeallzs < [ G4 p)va(0)dy®) < ua(o)
M
for all a and all . Therefore, thanks to (1.81),

x(0) < C o - 1.82
10 S O )
By Lemma 1.3, there holds that maxnq, (s5/2) 4a — 0 as o — +o00. In particular
Na(d) — 0 as o« — 400, and since by (1.80) and (1.82),

—4

max uQSCu;2 +C77a(5)2n_2 max Ug ,
M\Qa(6/2) M\Qa(6/2)

we get that

0 < Cua? . 1.83
x| ta < Cp (1.83)

The existence of C' > 0 such that (1.79) holds true follows from (1.82) and (1.83).

(3) Proof that the estimates are global in M. According to the preceding discus-
sion, the estimates (1.8) hold in M\Q, g for some R > 0. We are left with the
proof that they also hold in Q, r. By Lemmas 1.3 and 1.4,

n—4,; .
ra? 7 |Viug| < C
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_n=2_4 .
in M for all j =0,1,2,3. Noting that ro * ’ < Cri=m=J in Q, g, this ends the
proof of the proposition. O

2. ProOF OF THEOREM 0.1

We prove Theorem 0.1 by contradiction. We assume that (M, g) is conformally
flat of dimension n > 5. We let (by)s and (cq)a be converging sequences of real
numbers with limits b and ¢ as &« — 0o, c— % < 0, and (uy)o be a bounded sequence
in H? of positive nontrivial solutions of (0.8) satisfying (1.1). The Pohozaev identity
for fourth order equations can be written as follows: for any smooth bounded
domain Q C R", and any u € C*(Q),

/ (ackaku) A%udz + L_Zl/ ulA?udx
Q 2 Q

n—4 0Au  Ou
- — SN
5 /89 ( U + B u) do (2.1)
1 5 0Au  O(z,Vu)
+ /aQ (2($7u)(Au) (x, Vu) oy + £y Au) do

where v is the outward unit normal to 992 and do is the Euclidean volume element
on 0N). A preliminary lemma we prove is concerned with the Pohozaev identity,
applied to the u,’s, in balls of radii |/fia, Where i, is as in (1.7). Without loss of
generality, up to passing to a subsequence, we can suppose that p, = 1, for all
o. Then we let z, = 21 o for all . We say x,, is the blow-up point associated with
Mo- The meaning of /i in this section is that it is precisely the distance up to
which a bubble singularity like in (1.3), with x; o = ©4 and p; o = pa, interact in
the L*°-topology. Namely, for such a B,,

lim max B, =¢Rr,
a—+00 M\ By, (Ry/fia)

where eg — 0 as R — +oo. In particular, maxypp, (s5,) Ba — 0 as o — +00 for
0o
N

Lemma 2.1. Let (M,g) be a smooth compact conformally flat Riemannian mani-

any sequence (0, )q of positive real numbers such that

— +00.

fold of dimension n > 5, and b,c > 0 be positive real numbers such that ¢ — % < 0.
Let also (by)a and (cq)a be converging sequences of real numbers with limits b and
¢ asa — 00, and (Uy)a be a bounded sequence in H? of positive nontrivial solutions
of (0.8) satisfying (1.1). There exists § > 0 and K (us) > 0 such that K (us) >0
if uso 0, and

/ (Ag — bug)(Vua, Vug)dvg
B, (0/Fa)
(2.2)

=0 </ Vua|2dvg> — (K (uso) + 0(1));125
Bao (8/0)

for all o, where Ay is as in (0.3), pa is as in (1.7), and x4 is the blow-up point
associated with puy .

Proof of Lemma 2.1. Let @, be defined in bounded subsets of R™ by
U () = Ua (€xp,, (VEa)) - (2.3)
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By Hebey, Robert and Wen [20], there exist § > 0, A > 0, and a biharmonic
function ¢ € C* (By(24)) such that, up to a subsequence,

o (z) — m‘“ T o) (2.4)
in C?

e (Bo(20)\{0}) as & — 400, with the property that ¢ is nonnegative, and
even positive in By(20) if us, #Z 0. Moreover, there also holds that for any «,

uldv, = 0(1)/ Ve |*dv, (2.5)

/Bwawm Ba. (8y/fi)

where o(1) — 0 as @ — +00. Now we let xo be the limit of the z,’s and let
o > 0 and § be such that ¢ is flat in B,__(40y). We write that g = ¢*/ (*~% g with
V() = 1, and let @iy = uqp. Define

4ba 8—n 12—n

By = prig+ ot A,

and

n—2 8 8
—— b3S ML X!
A1) e Pt ey

QupT + prtdivy(A,dp™)

ho = ba@m T Agpit —

n—4
2

where @ is the Q-curvature of g and A, is as in (0.3). By conformal invariance of
the geometric Paneitz operator in the left hand side of (0.2), there holds that

AQﬁa + bawﬁ A’&a — BQ(VQO, V’Ila) + haaa (2 6)
+ ortidivy (o Agditg) = a2 '

in B,_(49), where A, is as in (0.3), Ba, and h, are as above, and A = Ay is the
Euclidean Laplacian. As a remark, (2.6) can be rewritten as

A%, + (pﬁdivg ((Ag = bag) ditg) + -~ = 421 7

where the dots represent lower order terms. Now we let § > 0 be sufficiently small.
We regard 4, as a function in the Euclidean space and assimilate x, to 0 thanks
to the exponential map exp, with respect to g. With an abusive use of notations,
we still denote by ¢ the function @ oexp, , by A, the tensor field (exp, )*4,, and
by ¢ the metric (exp,_ )*g. Applying the Pohozaev identity (2.1) to the i4’s in
Bo(d/lia) we get that

n—4

/ (2" Oy tia) A%l dr + / G A%l d

Bo(6y/fia) Bo(6/fi)

:n74/ (zm&mm+a%AmOda (2.7)
2 aBo(ém) ov ov

1 AAO& ’ AOA ~
f [ (Gl - @ van) 25 o X g ) do
0Bo(5/fim) \2 ov ov
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Integrating by parts, using (2.6), we can also write that

n—4

(2% Ok tin ) A2tgdr + Qo Al dx

/Bo(wm /Bowm

= ba/ 71 | Vil |?da —/ 071 Ay (Vilg, Vil )dz
Bo(8/fia) Bo(§/Fa)
(2.8)
+o (/ |Vﬁa|2dx> +0 (/ ﬁida:)
Bo(3 /fiw) Bo(8/fra)

+o/ @2 (1 + 02~ 2)dx +0/ Vi |?dz | |
9B (8/Fie) 0Bo(6/ka)

where, in this equation, as already mentioned, we regard ¢ and A, as defined in
the Euclidean space. The proof of (2.8) involves only straightforward computations.
By (2.4),

n—4

/ a2 (1 + ﬂiﬁ_Q)dx =0 (,uaT) , and

9Bo(6y/1ha)

s (2.9)

/ |Vﬁa|2dx:0(ua2 )

OBo(6/fia)

while, by (2.5),

/ W2dr = o / Vi |dx | . (2.10)

Bo(6/fim) Bo(5 /i)

Independently, we can also write with the change of variables = /iy and (2.4)
that if R, stands for the right hand side in (2.7), then

_n—a —4 At u
o ? Ry — — / ( a2 “+8“Aa)da
9By (9)

o ov (2.11)
1 . _OAT Oz, Vi) , '
+ /830(6) <2(£E, v)(Aw)® — (z,Va) 5 + £y Ad | do
as o — 400, where
A
W(z) = ——— + ¢(x) (2.12)

‘x|n74

is given by (2.4) (so that A%2¢ = 0). Coming back to the Pohozaev identity (2.1),
taking Q = By (6)\Bo(r), and since A%% = 0 in (2, it comes that

n 4/ (—aaA” + &UA&) do
2 8By () ov ov
1 e OAG O(x,Va) , .
—l—/@BO(é) (Q(x,u)(Au) (x, V) oy + By Au) do

n—4 OAL  0u
= — U — 7A~
2 /830(7") ( Y 81/ + 31/ u) do
1 o L OAGL O(z,Va) , .
+/¢930(r) (2(33,1/)(Au) — (x,Va) 5 + £ At | do

(2.13)
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for all » > 0. Combining (2.11), (2.12), and (2.13), letting » — 0, we then get that

12T Ra — K (us) (2.14)

as a — 400, where K(ux) = (n — 2)(n — 4)?w,_1A@(0). We have that A > 0
and we know that ¢(0) > 0 if us, # 0. It follows that K(us) > 0 if us #Z 0. By
combining (2.7)—(2.10), and (2.14), we can write that

ba/ wﬁlvfaalzdx—/ 71 Ay(Vilg, Vil )dz
Bo(0y/a) Bo(8y/fia)
n—4

=0 (/ Vaa|2d:c> + (K (uco) + 0(1)) pra®
Bo(6y/ia)

where o(1) — 0 as &« — +o00. The norm of Vi, in the first term of (2.15) is with
respect to the Euclidean metric § = ¢. Noting that [Vul? = <p4/(”_4)|Vu\§, it
follows from (2.15) that

(2.15)

/ 071 (Ay = bag) (Viia, Vil )dz
Bo(d/Fa)

=0 (/ |Vﬁa|2da?> — (K (uso) + o(l))utzg4
Bo(0v/1ta)

an equation from which we easily get with (2.5) that

/ (Ag — bag) (Va, Vug)dyg
Bz (6y/Ba)
. (2.16)
=0 (/ |Vua|2dvg> — (K (uso) + 0(1)) pa®
Bo(6y/Fa)
This ends the proof of the lemma. O

Thanks to Lemma 2.1, and to the estimates in Section 1, we can prove Theorem
0.1.

Proof of Theorem 0.1. By Lemma 2.1 it suffices to prove that when n = 5,6,7,

/ VuaPdvg = o(ua® ) . (2.17)
Bz, (0y/11a)

where 6 > 0 is as in Lemma 2.1. For o > 1 sufficiently large, we write that

k
Ve |*dv, < Z/B |Vug|?dv,
i=1 " oy o (Fite) (2.18)

|V |*dv,

/Bma(5\//Ta)

‘),
Bia(é\/lTa)\U?zl Bwiya(RMa)
where R > 0 is as in Proposition 1.1. By the embedding H?> ¢ H'“?", where

2* = 2 the functions |Vu| are bounded in L? . Using Holder’s inequalities it
follows that for any 7,

n(l—2&

/ Vg |?dvy < Cpg - Cu? . (2.19)
Bwiﬁa (Rﬂa)
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4

There holds that u? = o(u?) when n = 5,6, 7. Independently, thanks to Propo-
sition 1.1, we can write that

/ |V, |*do,
Bao 0B\ Ui, Ba; o (Rita)

. (2.20)

< Cpé +Copn Z/ dg (i, -)° 2 dvg .

=1 B{Ea (6\/1LT0)\BTIQ(R“O)

There holds that
/ dyg(2i,0,)0 2 dv, < CS,, (2.21)
Bza (6m)\Blea(Ruﬂt)

for all «, where S, =1 when n =5, S, = lnl%a when n = 6, and S, = ;%a when
n > 7. Combining (2.18)—(2.21) we get (2.17). This ends the proof of Theorem
0.1. O

3. TRACE ESTIMATES

We prove trace estimates in this section. Such estimates are required to prove
Theorem 0.2. As in Section 1 we do not need to assume here that g is conformally
flat. We let (M, g) be a compact Riemannian manifold and let (by)o and (cq)a
be converging sequences of real numbers with limits b and ¢ as & — oo, where
c— % < 0. We let also (uq)e be a bounded sequence in H? of positive nontrivial
solutions of (0.8) satisfying (1.1). We aim at proving that if A is a smooth (2, 0)-
tensor field, the the integral of A(Vug, Vi, ) around the maximum blow-up point
7o behaves like the trace of A at @, times pu2, where x, — T as a — +o00. In
what follows we define I; and I, to be the subsets of {1,...,k} given by

I = {z =1,..., kst dg(@ia o) = 0(1)} , and

h={i=1 kst dy(wiara) = o(ia)} -

where the z;,’s and k are given by the decomposition (1.2), p, is as in (1.7),
and z,, is the blow-up point associated with u,. Namely, assuming that, up to a
subsequence, (1o = [, o fOr some iy and all a, then o, = zj; o-

(3.1)

Proposition 3.1. Let (M,g) be a smooth compact Riemannian manifold of di-
mension n > 7, and b,c > 0 be positive real numbers such that ¢ — % < 0. Let
also (ba)a and (cq)a be converging sequences of real numbers with limits b and ¢ as
a — 400, and (uy)a be a bounded sequence in H? of positive nontrivial solutions
of (0.8) satisfying (1.1). Let A be a smooth (2,0)-tensor field. Let 6 > 0 be such
that dg(%i,a,Ta) > 20\/fia for all o and all i ¢ I,, where Lo 18 as in (L.7), x4 is
the blow-up point associated with pe, and I is as in (3.1). Then there exists 5 > 0
such that, up to a subsequence,
lim L

atoo p2. / AV, Vg )dvg = Trg(A)(To0) , (3.2)
P J B (5y/Fa)

where T is the limit of the xo’s. Similarly, if uee = 0, and 6 > 0 is such that
dg(i 0, xa) > 20 for all o and all i & I1, where x4 is the blow-up point associated
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with, pio, and I, is as in (3.1), then
1
lim —/ A(Vug, Vug)dvg = BTrg(A) () (3.3)
Bz, (9)

a— 400 Ma
for some 3 > 0, where, here again, T is the limit of the x,’s.

Proof of Proposition 3.1. Let I’ be the subset of {1, e k} consisting of the ’s

such that po = O(p;,) and, for i given, let I; be the subset of {1, R k} consisting
of the j’s such that dy(zia,2ja) = O (ltin). Given R > 0 we define A4; o r to be
the annuli type sets

1
Asar = Ba, (e )\ | B (Ruz—,a> :
jel;

We claim that for any sequences (£2,)q of domains in M,

/ Vg |?dv, < 2/ |Vt |2dvy + 0 (Volg(Qa)%> +epp?
Qa\Uierr Aisa,R Qa
Wier Aie.r (3.4)

/ Ve |*dvy < O (Voly(Q0)) + erpl
Qa\ U?:l Bffi,a (Rupa)

for all v, where eg — 0 as R — 4o00. First we prove (3.4), then we prove (3.2) and
at last we prove (3.3).

(1) Proof of the first estimate in (3.4). We use the Sobolev decomposition (1.2).
Thanks to (1.2), by the Sobolev embedding H? C H'?" where 2* = %, by

n—4
«

/ |Vua|*dvo, < 2/ Vo |*dvy
Qa\U;er Aira,r Qa

k
+ / VB 2dv, + o (Voly ()7 ) .
32—31 Qa\Uierr Aiar ( )

Independently, for any 7,

/ VBi[dv, < O, [
Qa\Uie]’ Ai,a,R Rn\ L

Hj o

s

Hoder’s inequality, and since n > 7 so that there holds = o(u2), we can write

that

L

where K, = exp;jla (Uiel’ Ai,a,R). In case j & I, then ;o = o(u2) and
/ VB Pdv, = ou2) (3.7)
Qa\Uie[/ Ai,a,R

In case j € I, then

/ IV B} v,
Qa\ UiEI/ Aia,R
||

X
5 Jeo s (g (Ll 20 (39
< CM?a/ %dx +o(u3)
 Jre\k g (1 |2[2)™
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where Kp = Bo(R )\Uzel (%) and y; is the limit of the Texpx] ! (2ia)'s.
The first estimate in (3.4) clearly follows from (3.5)—(3.8). '

(2) Proof of the second estimate in (3.4). Here we use Proposition 1.1. By (1.8)
we can write that

/ |Vua|*do,
Qa\ Urlic=1 Bmi,a (Rll«oz)

<C (14 pp e ?") dug
Qo \LJ;,c 1 Tia(R,U‘Oé

< CVoly () + Crg™ 42/ g(xj,aax)GizndUg )

a\Bz; , (Rpa)

and there holds that
/ dg(Tj0,2)5 " dv, < Cy + Cgugf"/ |z[572"dx . (3.10)
Qa\B (Rpa) R"\Bo(R)

Since n > 7, the second estimate in (3.4) follows from (3.9) and (3.10). This proves
(3.4).
(3) Proof of (3.2). Let K} = U;cp Aia,r and K2 = Ule B, . (Rpuq). By the

structure equation, (1.4), A; o r[()Ajar =0 forall i+ jin I'. We start by writing
that

/ A(Vuq, Vug)dy,
Bao (8/1a)

A(Vug, Vug)dog +

A(Vua, Vug)dvg  (3.11)

/l (6y/Fa) N KL /Bwa(éwﬁ)\Ké

= Z/ A(Vug, Vug)du, —I—/ A(Vug, Vug)dy, ,
Aia.R Bag (6v/Ia)\ K}

i€J
where J = I’ I and I is as in (3.1), and that

A(Vug, Vug)dy,

(6 VED\ (3.12)

<

A(Vuq, Vug)dyg

/ + / A(Vuq, Vug)dy,
Ba, (6/Ba)\K2 K2\K]

By (3.4),

AV, Vuy)dv,| < o(u2) + Cegp? |

Bao, (5v/a)\ K3,

/ A(Vug, Vug)dy,
K3\K} '

where e — 0 as R — +o00. Combining (3.11)—(3.13), it follows that

/ A(Vug, Vug)dug = Z/ A(Vug, Vug)dvg
T (5\/#70‘) eJ 1 a,R

(3.13)
<o(pd) + Cerpl

(3.14)
+o(pd) + er(a)ud
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where limp_, 1o lim,— 1o () = 0. We fix ¢ € J and define g, to be the metric
in Euclidean space given by g, (x) = (exp;m g) (i,oz). For j € I;, we let also Qj.a
be the point in R™ given by a; o = ui_i exp;}a (j,a). Since j € I; there holds that,
up to a subsequence, a;, — a; in R". We define U; o to be the function defined in
the Euclidean space by i, = Ryp " uq, where the R action is as in (1.15). In other
words,

n—4

t0(2) = 7 ta (ex0,, (1507) ) -
Then

/ A(Vug, Vug)dvg = ,uf,a/ Ao (Vig, Vi )dv,, | (3.15)
Ai,a,R BU(R)\Wa

where A, (x) = (exp;i’a A)(pi0x), Wo = Ujei, Ba_7.7a(%), and Bam(%) is the ball
of center a; , and radius 1/R with respect to g,. Since g, — £ in the C*-topology,
where £ is the Euclidean metric, it follows from Lemma 1.2 and (3.15) that

/ A(Vuq, Vug)dyg
Ai,a,R

i, [ Ao(VB,VB)dz +o(u?,) (3.16)
BU(R)\ Uiefi Baj (i)

R

- /1‘12704/ AO(VB, VB)dx + o(u?)a) +epp?

where Ay = (expg*coc A) (0), aj,o — a; as & — +00, eg — 0 as R — +o0, and B is
as in (1.14). Since B is radially symmetrical, we get from (3.16) that

/ A(Vua, Vug)dug
Anenr (3.17)

1
— b ey () [ (VB + o) + 2
and (3.2) follows from (3.14) and (3.17) with 8 = (3 ,c; i) Jgn |VB|*dz, where
1; is the limit of “/j’“ as a@ — +00. Assuming ji, = 1, for all o, there holds that

leJand g>0. This ends the proof of (3.2).

(4) Proof of (3.3). We take advantage of uo, = 0. By (1.8) in Proposition 1.1,
and since n > 7, we get that

/ Vuadv, < Cuy* [ (@) dv, (@)
By (O\K2Z Bao (O\K2

k
< Cﬂgi42/ dg(xi,mxa)é;i%dvg
i=1" Baa ()\Bx; , (Rpia) (3.18)

k
<ou Y (e [ el
S

= o(u) +erps
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where eg — 0 as R — +oo. Then, we can write that

/ A(Vuq, Vug)dyg
B (6)

(3.19)
= Z/ A(Vug, Vug)dug Jr/ A(Vug, Vug)dyg ,
ieJ’ Az‘,a,R Bza(é)\K}y
where .J' = I'(I; and I, is as in (3.1), while
/ A(Vuq, Vug)dy,
Bao (H\KJ
(3.20)

< / A(Vug, Vug)dvg| +
Bao (O\KZ

Ty

/ A(Vua, Vug)dug
KZ\KY

By (3.4) and (3.18) we then get from (3.19) and (3.20) that

/ A(Vua, Vug)dug = Z/ A(Vuy, Vug)dvg + o(p?) +erp? , (3.21)
B, (0) icg’ Y Aia,R

where e — 0 as R — 400, and (3.3) follow from (3.17) and (3.21). This ends the
proof of the proposition. O

4. PROOF OF THEOREM 0.2 WHEN n > 6

We prove Theorem 0.2 by contradiction. We assume that (M, g) is conformally
flat of dimension n > 6. We let (by)s and (cq)o be converging sequences of real
numbers with limits b and ¢ as a — oo, and (uq)o be a bounded sequence in H? of
positive nontrivial solutions of (0.8) satisfying (1.1). We split the proof in the two
casesn = 6,7 and n > 8.

First we assume n = 6,7. By Theorem 0.1 we know that u, = 0 in (1.2). Let
S = {z1,...,xn} be the geometric blow-up set consisting of the limits of the x; ,’s,
where the z; s are as in Section 1. Let x, and p, be as in Sections 1 and 2, p,
being as in (1.7). We may assume z, = x1 4 for all a. Given x; € S, since g is
conformally flat, there exists (up to the assimilation of x; with 0) a smooth positive
function ¢ > 0 in a neighborhood U of z; such that ¢*(=Y¢ = g in U = By(dy),
where ¢ is the Euclidean metric. We may also assume U NS = {z;}. We define
lla = puq and apply the Pohozaev identity (2.1) to 15, in Bo(d) for § € (0, do),
where 75(z) = n(3z) and 7 is such that n = 1 in By(1) and = 0 in R™\By(4/3).
By Hebey, Robert and Wen [20], there holds that

/ IVE ity P da = 0(1)/ Vo |2da (4.1)
Bo(8)\Bo(3/2) M
for all £k = 0, 1,2, where o(1) — 0 as & — 400, and there also holds since uy, =0
that

fBa |Vug|2dog

= (4.2)
Jos Vg 2du,g

as a — +oo, where Bs = vazl B, (). These estimates may be proved directly
from Proposition 1.1. By (2.6) and (4.1), following the computations in Hebey,
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Robert and Wen [20], we get from the Pohozaev identity that

/ P71 (Ag — bag) (Vil, Vil )da

< O (es —|—0(1))/M |Vug2dvg ,  (4.3)

where C' > 0 is independent of o and §, Ay is as in (0.3), and &5 can be made
independent of o and such that es — 0 as § — 0. When b € Sy, Ag — bog has a
sign for o > 1 sufficiently large. In particular, coming back to M, summing over
i=1,...,N, it follows from (4.1), (4.2) and (4.3) that

/M Vg |?dvy < Ces /M Ve |*dvg + o0 </M |Vua|2dvg> ) (4.4)

and we get a contradiction since e — 0 as § — 0. This proves Theorem 0.2 when
n = 6. When n = 7, we consider (4.3) around z,, namely for ¢ = 1. By (2.19),
(4.2), and Proposition 1.1,

[ 19 uald, = 0i2) (45)
M

By (3.3) in Proposition 3.1, (4.1), and (4.5), we then get by letting & — 400 and
§ — 0 in (4.3) that 2Try(Ay)(za) = b, where 2o is the limit of the z,’s. This
proves Theorem 0.2 when n = 7.

Now we assume n > 8. Let x, and p, be as above. By (1.1) and Proposition
3.1,

/ Vg 2dv, = O(u2) (4.6)
Bag (8v/Pa)
for all § > 0. Applying Lemma 2.1 and Proposition 3.1, it follows that
1 1 n—4
n (nTrgmg)(xoo) —b+ o(l)) e = = (Klu) + o) . (@4)

where K (uq) is as in Lemma 2.1, 8 > 0 is as in Proposition 3.1, and z, — 2z as
a — +00. Assuming that n > 9 and b # %Trg(Ag) in M, the contradiction directly

follows from (4.7) since, in that case, ME,’?*“)/Q = o(p2). This proves Theorem 0.2
when n > 9. In case n = 8 we have that ,u&n%)/z = p2, and if we assume that

b < %Trg(Ag) in M, then, again, we directly get a contradiction thanks to (4.7)
using the signs of the two terms in (4.7). This ends the proof of Theorem 0.2.

5. PROOF OF THEOREM 0.2 WHEN n = 5

We prove Theorem 0.1 in the 5-dimensional case by contradiction. We assume
that (M, g) is conformally flat of dimension n = 5. We let (by)s and (c)a be
converging sequences of real numbers with limits b and ¢ as @ — o0, and (uq)a
be a bounded sequence in H? of positive nontrivial solutions of (0.8) satisfying
(1.1). By Theorem 0.1 we know that us = 0. We let S be the geometric blow-up
set consisting of the limits of the z; ,’s as & — +o00: S = {331, .. .,a:N}, where
N < k. In the case of clusters, N < k. We prove in what follows that there exist
A, ..., Anx > 0 such that vazl A; = 1 and such that

Nt (x3) + > NN G, ) = 0 (5.1)
J#i
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forall i =1,..., N, where G is the Green’s function of Af] + bA, + c and py is its
regular part as in (0.10). When ¢ < b?/4, which is assumed here, G is given by

Glz.y) = /M Ga(z, 2)Ga(z, y)dvg(2)

where G (respectively G2) is the Green’s function of the second order Schrodinger
operator Ay +d; (respectively Ay +ds), and di, dg are as in (1.11) with b and ¢ in
place of b, and ¢,. Hence, G > 0 and Theorem 0.2 when n = 5 follows from (5.1).
Note that (5.1) reduces to A7y, (z;) = 0 in case N = 1, so that the positivity of
the mass is required, in particular in the case of clusters.

We prove (5.1) in the sequel. By Theorem 0.1 and Proposition 1.1, splitting M
into the two subsets {r, < Ruq,} and {r, 2 Rua}, we easily get that there exists

C > 0 such that, up to a subsequence, fM 2 1dvg < C,u % for all a. By Lemma
1.2 we then easﬂy get that there exists ¢ > 0 such that, up to a subsequence,

/ uin_ldvg = (c—&—o(l))ué . (5.2)
M

Again by Theorem 0.1 and Proposition 1.1, thanks also to (5.2), we get that for
any compact subset Q of M\S,

2t 1
Joug ~ dvg dvg
—1
fM dvg

In what follows we let 6y = inf;+; dg(z;,2;). Fori=1,...,N, and ¢ € (0,dy), we
define

=o(1).. (5.3)

f Qild’U
A = lim 2Bzl J

et [ ud vy
It follows from (5.3) that \; does not depend on § and that >, A; = 1. Let i, be
given by

(5.4)

Ua

fM ldvg

U =

(5.5)

By (0.8) and (5.2) there holds that
A2y, + baDyiin + Caila = fha2 ",

where fi, = O(u,). By Proposition 1.1 and (5.2) there also holds that for any
compact subset Q@ C M\S there exists Cq > 0 such that @, < Cq in Q. Then, by
standard elliptic theory, there exists @ € C*(M\S) such that @, — @ in Cft (M\S)
as & — 400. By Green’s representation formula and the estimates in (1.46), we get
that @ expresses as the sum of the \;G,’s, where G,, = G(z;,-). Summarizing, up

to a subsequence,
N
o — Y AiGh, (5.6)
i=1

in C#

loc

(M\S) as o — 400, where the \;’s are as in (5.4) and 4, is given by (5.5).

Now we fix 7 € {17 PN N}. Since g is conformally flat, there exists (up to the
assimilation of x; with 0) a smooth positive function ¢ > 0 in a neighborhood U
of ; such that ¥/ 4¢ =ginU = By(do), where & is the Euclidean metric. We
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may also assume U NS = {z;}. Define 4, = ¢u,. Basic Riemannian estimates,
going back to the equation for geodesics, yield

dy(0,2) = |2 (0) 73 (1 1 (V@fé?)@ 4 O(|x2)> LG

where (-, ) is the Euclidean scalar product. It follows from (0.10), (5.6) and (5.7)
that

liq
lim ———=H; 5.8
a——+00 fM uaufldvg ( )

in G (U\{0}) as a — +o0, where

Aip(zi)
Bws x|

in U\{0}, B; € C%9(U) for 0 < 6 < 1, f3; is smooth outside 0, and

Hi(x) = + Bi(x) (5.9)

Bi(0) = | Nopta, () + Y X Gla,wy) | p(ws) - (5.10)
J#i
By standard elliptic theory, following arguments as in Druet, Hebey and Vétois
[10], there also holds that

3
lim su zF|VEB;(z)] =0 . 5.11
tny s [+ [750)] (5.11)
In order to prove (5.11) in our context we first note that by (2.6), §; satisfies an
equation like
A?B; + AMOR B, + B*0yB3; + DB; = f; (5.12)
in U\{0}, where the coefficients A¥', B¥ and D are smooth, and where f; is such
that |fi(z)| < Clz|=3 in U\{0}. First, keeping in mind that we aim at proving
(5.11), we claim that there exists C' > 0 such that

3
> x| VFBi() < C (5.13)
k=1

in U\{0}. We argue by contradiction. Suppose that there exists (z,)n, in U\{0}
such that Zi:l |2 |*|V*Bi(2)| — 400 as m — +oo. Since §; is smooth in
U\{0}, there holds that z,, — 0 as m — +o0. Let §; o (z) = Bi(Jxm|z). By (5.12),
thanks to standard elliptic theory, there exists 8 € C*(R™\{0}) such that 3; ,,, — 3
in C} _(R™\{0}) as m — +oo and A28 = 0 in R"\{0}. We have that |3] < C in
R™\ {0} since 3; € C%%(U). Then

3 3 3
S ol [T am)] = 3 V5 Bim (;ﬁ)‘ SV Ga4)
k=1 k=1 m k=1

where y is the limit of the points é—’"‘ as m — +oo. A contradiction, and this

proves (5.13). Now we prove (5.11). Here again we argue by contradiction. We
assume there exists (2, )m in U\{0} such that

3
> IV Bi(2m)| > C (5.15)
k=1
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for all m and some C' > 0, and such that z,, — 0 as m — +o0o. We define
Bim as above. Then we get the existence of 3 € C*(R"\{0} such that 3;,, — 3
in G} (R™\{0}) as m — 400 and A%8 = 0 in R"\{0}. By (5.13), there holds
that A28 = 0 in R” in the sense of distributions and not only outside 0. Then
B is smooth and, necessarily, see Adimurthi, Robert and Struwe [1], we get that
B = C* is a constant. Coming back to (5.14), we get a contradiction with (5.15).
This proves (5.11).

From now on, given § € (0, dp), we define

1 AH,; H, 1
A5 = —7/ (Hial 9 1AH1~) do + 7/ (,v)(AH;)*do
2 JaBo(s) ov ov 2 JoB,(8)

AH,; H;
_/ (x,VHi)LdU—&-/ MAHida ;
98B0 (5) o oBo(s) OV

where v is the unit outward normal to dBy(d) and H; is as in (5.8)-(5.9). By (5.9)
and (5.11),

(5.16)

M) o). (5.17)

Independently, applying the Pohozaev identity (2.1) to @, in By(d), we get by (5.2)
and (5.8) that

lim A5 =
5—0

1
/ <xk5‘kﬁa + ﬁa) A?hgdr = (cAs + o(1)) e - (5.18)
Bo(6) 2
By Proposition 1.1, for any k € {0, 1,2},

/ U | Vg |de < e5(a)pq and Vit |*dr < e5(a) e (5.19)
By (9) By (8)

where lims_olimsup,_, |, €5(c) = 0. By (2.6) and (5.19), integrating by parts,

we get that
1
/ <1’k8kﬁa + aa) A2, dx
Bo(6) 2

where e5(a) is as above. Combining (5.18) and (5.20) it follows that As — 0 as
§ — 0. Coming back to (5.10) and (5.17), this proves (5.1). As already mentioned,
this also proves Theorem 0.2 when n = 5.

< es(@)pa (5.20)

Theorem 0.2 has an interpretation in terms of phase stability of solitons for the
fourth order Schrodinger equation

z% + A?]u +eAgu = |u|2u_2u , (5.21)
where £ > 0. Equations like (5.21) have been introduced by Karpman [22] and
Karpman and Shagalov [23] to take into account the role of small fourth-order
dispersion terms in the propagation of intense laser beams in a bulk medium with
Kerr nonlinearity. Among other possible references they have been investigated
since then (local well-posedness, global well-posedness, scattering) by Fibich, Ilan,
and Papanicolaou [11], Guo and Wang [14], Hao, Hsiao, and Wang [16, 17], Pausader
[26, 27, 28], Pausader and Shao [29], and Segata [33]. Solitons for (5.21) can be
written as ue” ! where u : M — R satisfies (0.1) with b = € and ¢ = w. We
assume here that w > 0. If (0.1) with b = ¢ and ¢ = w is stable, then phase stability
holds true for (5.21) in the sense that for any sequence u,e~“=! of solitons, with
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|tz < A for some A > 0, if w, — w in R, then, up to a subsequence, u, — w in
C* and the sequence of solitons converges to another soliton. In other words, if (0.1)
is table, then the sole convergence of the phase suffices to guarantee convergence of
the solitons. A corollary to Theorem 0.2 is that phase stability holds true for (5.21)
when the scalar curvature of the background space is positive, € > 0 is sufficiently
small, and w € (0,¢), up to the addition of extra assumptions when n =5 in order
to apply Theorem 0.3.

6. PROOF OF THEOREM 0.3

First we prove that p,(z) > 0 for all z. Let Py be the geometric Paneitz operator
as in the left hand side of (0.4), and Py = A2 4+bA, +c. Let also Go be the Green’s
function of Py and G be the Green’s function of P,. We fix x € M, and let
Ty : M\{z} — R be the function such that

in M\{z}. When n = 5, 7, extends continuously in M. Moreover, we have that
P,1, = —P,;Go(z, ) = (Po — Py)Go(z,-) in M\{z}. Noting that

(PO - Pg>G(Ia ) = O(dg(xa )73) 3
we actually have that 7, € HY (M) N C%?(M) for all p € (1,5/3) and all 6 € (0, 1),

where HY is the Sobolev space of functions in LP with four derivatives in LP. In
particular,

raly) = / G(y,") (Po — P,) Go(w, )dv,

5p

for all y € M, and noting that H} c Hj > and 525 > 2 for p close to 5/3, we
get that

/ Go(z,-) (Po — Py) Go(z, -)dvg +/M To PyTzdvg
= /M (Ag —bg)(VGo (z,), VGo(z,")) dv, (6.2)

+ /M (;Qy N C) Go(x,-)2dvg + /M (Ag72)? + 0|V |* + c72) dug .

By assumption, bg < A, and ¢ < QQg Hence 7, > 0 in M. Now we use the fact
that ¢ is conformally ﬂat In particular, there exists ¢ > 0 such that g = <p g and
g is flat around z. The Green functions Gy and Go of Py and PO, where Py is the
geometric Paneitz operator with respect to g, are related by

o GO(xay)
for all x # y. Independently,
~ 1
= A x 5 .4
Go(ZE,y) 6&)4d§($,y) + + o (y) (6 )

where «, is continuous and such that o (z) = 0. Combining (6.3) and (6.4), thanks
o (5.7), we get that

Go(z,y) = + A+ a.(y),

6w4d ( )
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where &, is such that a,(z) = 0. Coming back to (0.10), thanks to (6.1), we then
get that

() = A+ 7(2) . (6.5)
By Humbert and Raulot [21], assuming the Yamabe invariant is positive, Py is
coercive, and Gy is positive, we have that A > 0 with equality if and only if (M, g)
is conformally diffeomorphic to the unit sphere. Since 7,(z) > 0, and « is arbitrary,
we proved that p,(z) > 0 for all x, and that if . (z) = 0 for some z, then (M, g)
is conformally diffeomorphic to the unit sphere.

We assume now that p,(x) = 0 for some z. Then, by (6.5), 7,(x) = 0and A = 0.
In particular (M, g) is conformally diffeomorphic to the unit sphere and by (6.2),
since b,c > 0, bg < Ay and ¢ < %Qg, we get that 7, = 0 and that

%Qg —cin M and (A, —bg) (VG(z,),VG(z,)) =0in M\{z} .  (6.6)

By first equation in (6.6), @, is constant, and since g is conformal to the round
metric we get, see for instance Hebey and Robert [19] for the classification of all
constant metrics, that g has constant sectional curvature. In particular, (M, g) is
isometric to the 5-sphere with a constant multiple of the round metric. Then we
also get that A, = kg for some constant £ and it follows from the second equation
in (6.6) that necessarily k& = b. In particular, ¢ = %Qg and A, = bg in M. This
ends the proof of Theorem 0.3.
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