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. . . . . .

Preliminaries Double stochastic integrals

L̂ͮ(Rͮ) space of symmetric square integrable functions with ∥·∥.
Take f ∈ L̂ͮ(Rͮ) of the form

f(x, y) =
n∑

k,j=ͭ

ak jIAk(x)IAj(y), (1)

where Aͭ, . . . ,An are disjoint subsets of R of finite measure, ak j = aj k, ak k = ͬ.

Iͮ(f) =
∫∫

Rͮ
f(x, y)W(dx)W(dy) =

n∑
k,j=ͭ

ak jW(Ak)W(Aj).

Iͮ/ͮ is a linear isometry to Lͮ(Ω)which can be extended to L̂ͮ(Rͮ).
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Preliminaries Double stochastic integrals

1. For all a ∈ Lͮ(R) Iͮ(a⊗ a) = (Iͭ(a))ͮ − ∥a∥ͮLͮ(R).

2. To f ∈ L̂ͮ(Rͮ) corresponds a Hilbert–Schmidt operator on Lͮ(R):

(Mfa)(x) =
∫
R

f(x, y)a(y)dy.

Let λk,f be its eigenvalues ordered by absolute value decrease,φk,f be
correspondent (orthonormal) eigenfunction. Then
f(x, y) =

∑
k≥ͭ λk,f φk,f ⊗ φk,f,whence Iͮ(f) =

∑
k≥ͭ λk,f(ζ

ͮ
k − ͭ), where

ζ k = Iͭ(φk,f) are independent standard Gaussians and

E
[
eiαIͮ(f)

]
=

∏
k≥ͭ

e−iα λk,f√
ͭ− ͮiαλk,f

.

This implies

∣∣∣E [
eiαIͮ(f)

]∣∣∣ ≤
ͭ+ Ͱαͮ

∑
k≥ͭ

λͮk,f + ͭͲαͰ
∑
j<k

λͮj,fλ
ͮ
k,f + ͲͰαͲ

∑
j<k<l

λͮj,fλ
ͮ
k,fλ

ͮ
l,f

−ͭ/Ͱ

and
|E [ (Iͮ(f))

n ]| ≤ C(Ͱ∥f∥)nn!.
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Preliminaries Local times

{Zt, t ≥ ͬ} separable random process.

Occupation measure for Z: for For Borel A ⊂ [ͬ,∞), B ⊂ R

μ(A, B) = λ({s ∈ A, Zs ∈ B}),

local time is the Radon–Nikodym derivative L(A, x) = dμ(A,·)
dλ (x); denote

L(t, x) = L([ͬ, t], x).

Analytic method: for a given path, write L(t, x) as the inverse Fourier transform

L(t, x) =
ͭ
ͮπ

∫
R

e−ivx
∫
R

eivL(t, y)dy dv =
ͭ
ͮπ

∫
R

∫ t

ͬ
eiv(Zs−x)ds dv.

Hence the following criterion of local time existence and square integrability:
.
Proposition ([Berman (1969)])
..

.

. ..

.

.

A process {Zt, t ≥ ͬ} has a local time L(A, x) ∈ Lͮ(R× Ω) iff∫
R

∫
A

∫
A
E
[
eiv(Zt−Zs)

]
ds dt dv < ∞.

Georgiy Shevchenko (KNU) Multifractional Rosenblatt process Nancy, 21 October 2010 7 / 16



. . . . . .

Preliminaries Local times

{Zt, t ≥ ͬ} separable random process.

Occupation measure for Z: for For Borel A ⊂ [ͬ,∞), B ⊂ R

μ(A, B) = λ({s ∈ A, Zs ∈ B}),

local time is the Radon–Nikodym derivative L(A, x) = dμ(A,·)
dλ (x); denote

L(t, x) = L([ͬ, t], x).

Analytic method: for a given path, write L(t, x) as the inverse Fourier transform

L(t, x) =
ͭ
ͮπ

∫
R

e−ivx
∫
R

eivL(t, y)dy dv =
ͭ
ͮπ

∫
R

∫ t

ͬ
eiv(Zs−x)ds dv.

Hence the following criterion of local time existence and square integrability:
.
Proposition ([Berman (1969)])
..

.

. ..

.

.

A process {Zt, t ≥ ͬ} has a local time L(A, x) ∈ Lͮ(R× Ω) iff∫
R

∫
A

∫
A
E
[
eiv(Zt−Zs)

]
ds dt dv < ∞.

Georgiy Shevchenko (KNU) Multifractional Rosenblatt process Nancy, 21 October 2010 7 / 16



. . . . . .

Preliminaries Local times

{Zt, t ≥ ͬ} separable random process.

Occupation measure for Z: for For Borel A ⊂ [ͬ,∞), B ⊂ R

μ(A, B) = λ({s ∈ A, Zs ∈ B}),

local time is the Radon–Nikodym derivative L(A, x) = dμ(A,·)
dλ (x); denote

L(t, x) = L([ͬ, t], x).

Analytic method: for a given path, write L(t, x) as the inverse Fourier transform

L(t, x) =
ͭ
ͮπ

∫
R

e−ivx
∫
R

eivL(t, y)dy dv =
ͭ
ͮπ

∫
R

∫ t

ͬ
eiv(Zs−x)ds dv.

Hence the following criterion of local time existence and square integrability:
.
Proposition ([Berman (1969)])
..

.

. ..

.

.

A process {Zt, t ≥ ͬ} has a local time L(A, x) ∈ Lͮ(R× Ω) iff∫
R

∫
A

∫
A
E
[
eiv(Zt−Zs)

]
ds dt dv < ∞.

Georgiy Shevchenko (KNU) Multifractional Rosenblatt process Nancy, 21 October 2010 7 / 16



. . . . . .

Preliminaries Local times

{Zt, t ≥ ͬ} separable random process.

Occupation measure for Z: for For Borel A ⊂ [ͬ,∞), B ⊂ R

μ(A, B) = λ({s ∈ A, Zs ∈ B}),

local time is the Radon–Nikodym derivative L(A, x) = dμ(A,·)
dλ (x); denote

L(t, x) = L([ͬ, t], x).

Analytic method: for a given path, write L(t, x) as the inverse Fourier transform

L(t, x) =
ͭ
ͮπ

∫
R

e−ivx
∫
R

eivL(t, y)dy dv =
ͭ
ͮπ

∫
R

∫ t

ͬ
eiv(Zs−x)ds dv.

Hence the following criterion of local time existence and square integrability:
.
Proposition ([Berman (1969)])
..

.

. ..

.

.

A process {Zt, t ≥ ͬ} has a local time L(A, x) ∈ Lͮ(R× Ω) iff∫
R

∫
A

∫
A
E
[
eiv(Zt−Zs)

]
ds dt dv < ∞.

Georgiy Shevchenko (KNU) Multifractional Rosenblatt process Nancy, 21 October 2010 7 / 16



. . . . . .

Hermite and Rosenblatt processes

Let {ξ n, n ≥ ͭ} be a stationary standard Gaussian sequence with
E [ ξ ͬ, ξ n ] = L(n)n(ͮH−ͮ)/k;

Hm be themth Hermite polynomial; g be a function
such that E [ g(ξ ͬ) ] = ͬ, E

[
g(ξ ͬ)

ͮ
]
< ∞, g of Hermite rank k:

E
[
g(ξ ͬ)Hj(ξ ͬ)

]
= ͬ, j < k, E [ g(ξ ͬ)Hk(ξ ͬ) ] ̸= ͬ.

Then

n−H
[nt]∑
i=ͭ

g(ξ i) → c(H, k)
∫

· · ·
∫
Rk

∫ t

ͬ

k∏
j=ͭ

(s− yi)
− ͭ

ͮ−
ͭ−H
k

+ dsW(dyͭ) . . .W(dyk),

the Hermite process of rank k (with Hurst parameter H).

k = ͭ: fractional Brownian motion.

k = ͮ: Rosenblatt process:

ZHt = c(H)
∫∫

Rͮ

∫ t

ͬ
(s− x)H/ͮ−ͭ

+ (s− y)H/ͮ−ͭ
+ dsW(dx)W(dy).
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[
g(ξ ͬ)

ͮ
]
< ∞, g of Hermite rank k:

E
[
g(ξ ͬ)Hj(ξ ͬ)

]
= ͬ, j < k, E [ g(ξ ͬ)Hk(ξ ͬ) ] ̸= ͬ.

Then

n−H
[nt]∑
i=ͭ

g(ξ i) → c(H, k)
∫

· · ·
∫
Rk

∫ t

ͬ

k∏
j=ͭ

(s− yi)
− ͭ

ͮ−
ͭ−H
k

+ dsW(dyͭ) . . .W(dyk),

the Hermite process of rank k (with Hurst parameter H).

k = ͭ: fractional Brownian motion.

k = ͮ: Rosenblatt process:

ZHt = c(H)
∫∫

Rͮ

∫ t

ͬ
(s− x)H/ͮ−ͭ

+ (s− y)H/ͮ−ͭ
+ dsW(dx)W(dy).
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Hermite and Rosenblatt processes Properties of Rosenblatt process

self-similarity ZH is H-self-similar: for any c > ͬ process {c−HZHct, t ≥ ͬ} has the
same distribution as {ZHt , t ≥ ͬ};

stationary increments the distribution of {ZHt+s − ZHs , t ≥ ͬ} does not depend on
s ≥ ͬ;

moments all moments of ZH are finite; covariance

E
[
ZHt Z

H
s

]
=

ͭ
ͮ

(
tͮH + sͮH − |t− s|ͮH

)
.

continuity Rosenblatt process paths are Hölder continuous of any order
δ < H.
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Multifractional Rosenblatt process

.
Definition
..

.

. ..

.

.

Multifractional Rosenblatt process with the Hurst function H

Xt =
∫∫

Rͮ

∫ t

ͬ
(s− x)H(t)/ͮ−ͭ

+ (s− y)H(t)/ͮ−ͭ
+ dsW(dx)W(dy). (2)

H satisfies, as usually,
|H(t)− H(s)| ≤ C |t− s|γ (3)

with γ > supt H(t).
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Multifractional Rosenblatt process Properties of mRp

.
Proposition
..

.

. ..

.

.

For t, s, u ∈ [ͬ,∞) close enough, s ≤ u ≤ t

E
[
(Xt − Xs)

ͮ ] ≤ C(t− s)H(u).

.
Theorem
..

.

. ..

.

.

On any interval [a, b] ⊂ [ͬ,∞) trajectories of mRp are a.s. Hölder continuous of any
order δ < mint∈[a,b] H(t).

.
Theorem
..

.

. ..

.

.

MRp {Xt, t ≥ ͬ} is strongly H(tͬ)-localisable at point tͬ with the local version{
ZH(tͬ)t /c(H(tͬ)), t ≥ ͬ

}
, that is

{
δ−H(tͬ)

(
Xtͬ+δt − X(tͬ)

)
, t ∈ [ͬ, T]

}
converges to

{
ZH(tͬ)t /c(H(tͬ)), t ≥ ͬ

}
weakly as δ → ͬ+.
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Multifractional Rosenblatt process Local time of mRp

.
Theorem
..
.
. ..

.

.

Multifractional Rosenblatt process has a square integrable local time on [ͬ, T]

Proof

1. Existence of square integrable local time for Rosenblatt process. (Using the
estimate of the cf.)

2. Existence of local time for mRp.
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