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Preliminaries Double stochastic integrals

12(R?) space of symmetric square integrable functions with ||-||.

Take f € 12(R?) of the form

f(X7y) = Z akj]IAk(X)]IAj(Y)ﬂ (2)

kj=1

where Ay, ..., A, are disjoint subsets of R of finite measure, ax; = ajy, axx = 0.
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Preliminaries Double stochastic integrals

12(R?) space of symmetric square integrable functions with ||-||.

Take f € 12(R?) of the form

n
f(X7y) = Z akj]IAk(X)]IAj(Y)ﬂ (@)
kj=1
where Ay, ..., A, are disjoint subsets of R of finite measure, ax; = ajy, axx = 0.
n
bl = [ [ Sxyywia) wiay) = 3 aywiagwis).
R

k=1

/2 is a linear isometry to L2(Q) which can be extended to L2 (R?).
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1. Foralla € L2(R) h(a®a) = (h(a))* — HaHfz(R).
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1. Foralla € L*(R) h(a®a) = (h(a))* — |lal|Z2q

2. Tof € L(R?) corresponds a Hilbert-Schmidt operator on L2(R):

(Msa)(x /fxya(y
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1. Foralla € L*(R) h(a®a) = (h(a))* — |lal|Z2q

2. Tof € L(R?) corresponds a Hilbert-Schmidt operator on L2(R):

(Msa)(x /fxya(y

Let A4 be its eigenvalues ordered by absolute value decrease, @y f be
correspondent (orthonormal) eigenfunction. Then

fix,y) = 2@1 Aief Prf @ Prf, whence h(f) = 21@1 Af(Qf — 1), where
{x = h(¢xys) are independent standard Gaussians and

/or/lkf

IO{IZ
|: ] H 1-— 2!0(/1/(

k>1
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|: ] H 1-— 2!0(/1/(

k>1
This implies
—1/4

‘E [e’“b(f) } ‘ < (14607 A +16a8 > AL+ 640 D KA

>1 j<k j<k<I
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2. Tof € L(R?) corresponds a Hilbert-Schmidt operator on L2(R):

(Msa)(x /fxya(y

Let A4 be its eigenvalues ordered by absolute value decrease, @y f be
correspondent (orthonormal) eigenfunction. Then

fix,y) = 2@1 Aief Prf @ Prf, whence h(f) = 21@1 Af(Qf — 1), where
{x = h(¢xys) are independent standard Gaussians and

/or/lkf

|: ialy (f) ] H
i1 1-— 2!0(/1/(
This implies
—1/4
ial 2 2 4 2 452 6 2 92 42
‘E[e WH < (1+4a ST A+ 160" > XaR,+64at Y )tj,f/lkj)t,’f)
k>1 <k j<k<!
and

[E[(12()"]] < C(4]lf])"n!
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{Z;,t > 0} separable random process.

Occupation measure for Z: for For Borel A C [0,00), B C R
u(A,B) = A({s € A, Z, € B)),
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{Z;,t > 0} separable random process.

Occupation measure for Z: for For Borel A C [0,00), B C R
u(A,B) = A({s € A, Z, € B)),

local time is the Radon-Nikodym derivative L(A, x) = %(X); denote
L(t,) = L([0,4,%).
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Preliminaries Local times

{Z;,t > 0} separable random process.
Occupation measure for Z: for For Borel A C [0,00), B C R
u(A,B) = A({s € A, Z; € B}),
local time is the Radon-Nikodym derivative L(A, x) = %(x); denote
L(t,x) = L([0,1],x).

Analytic method: for a given path, write L(t, x) as the inverse Fourier transform

1 ; ; 1 t
L(t,x) = — [ e "™ [ e"L(t,y)dydv = — V& ds dv.
2 R R 2 RJO
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Preliminaries Local times

{Z;,t > 0} separable random process.
Occupation measure for Z: for For Borel A C [0,00), B C R
u(A.B) = A({s € A,Z, € B}),

local time is the Radon-Nikodym derivative L(A, x) = %(X); denote
L(t,) = L([0,4,%).

Analytic method: for a given path, write L(t, x) as the inverse Fourier transform

1 ; ; 1 t
L(t,x) = — [ e "™ [ e"L(t,y)dydv = — V& ds dv.
2 R R 2 RJO

Hence the following criterion of local time existence and square integrability:

Proposition ([Berman (1969)])

A process {Z;,t > 0} has a local time L(A, x) € L*(R x Q) iff

///E [eiv(zf_ZS)} dsdtdv < oo.
rRJAJA
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Hermite and Rosenblatt processes

Let {&,,n > 1} be a stationary standard Gaussian sequence with

E (&, &,] = L(n)n@H-2/K,
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Hermite and Rosenblatt processes

Let {&,,n > 1} be a stationary standard Gaussian sequence with
E[&,&,] = L(n)n@#=2/kH_ be the mth Hermite polynomial;
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Hermite and Rosenblatt processes

Let {&,,n > 1} be a stationary standard Gaussian sequence with

E[&,&,] = L(n)n®#=2)/kH,_ be the mth Hermite polynomial; g be a function
suchthat E [g(&,)] =0, E [g(&,)?] < o0, g of Hermite rank k:
E[9(50)H(§0)] = 0. <k E[g(60)Hu(80) ] # 0.
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Hermite and Rosenblatt processes

Let {&,,n > 1} be a stationary standard Gaussian sequence with

E[&,&,] = L(n)n®#=2)/kH,_ be the mth Hermite polynomial; g be a function
suchthat E [g(&,)] =0, E [g(&,)?] < o0, g of Hermite rank k:
E[9(50)H(§0)] = 0. <k E[g(60)Hu(80) ] # 0.

Then

[nt]

”_Hzg(fi)

i=1
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Hermite and Rosenblatt processes

Let {&,,n > 1} be a stationary standard Gaussian sequence with
E[&,&,] = L(n)n®#=2)/kH,_ be the mth Hermite polynomial; g be a function

suchthat E [g(&,)] =0, E [g(&,)?] < o0, g of Hermite rank k:
E[9(§0)Hj(60) | = 0,j <k E[g(S0)He(§0) ] # 0.

Then

1

[nt] t _k 1-H
SOSCELUTY RS I | iy OB

the Hermite process of rank k (with Hurst parameter H).
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the Hermite process of rank k (with Hurst parameter H).

k = 1: fractional Brownian motion.
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Hermite and Rosenblatt processes

Let {&,,n > 1} be a stationary standard Gaussian sequence with

E[&,&,] = L(n)n®#=2)/kH,_ be the mth Hermite polynomial; g be a function
suchthat E [g(&,)] =0, E [g(&,)?] < o0, g of Hermite rank k:
E[9(50)H(§0)] = 0. <k E[g(60)Hu(80) ] # 0.

Then

1

[nt] t _k 1-H
SOSCELUTY RS I | iy OB

the Hermite process of rank k (with Hurst parameter H).
k = 1: fractional Brownian motion.

k = 2: Rosenblatt process:

2= ) [ [ (6= s = s wian) i)
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Hermite and Rosenblatt processes Properties of Rosenblatt process

—H>H
th’

self-similarity Z"is H-self-similar: for any ¢ > 0 process {c t > 0} hasthe

same distribution as {Z/, t > 0};
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self-similarity Z" is H-self-similar: for any ¢ > 0 process {c t > 0} hasthe

same distribution as {Z/, t > 0};

stationary increments  the distribution of {Z}, . — Z{/,t > 0} does not depend on
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moments all moments of Z" are finite; covariance

E[Z02] =2 (2 + ¥ = e o).
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Hermite and Rosenblatt processes Properties of Rosenblatt process

—H>H
th’

self-similarity Z" is H-self-similar: for any ¢ > 0 process {c t > 0} hasthe

same distribution as {Z/, t > 0};

stationary increments  the distribution of {Z}, . — Z{/,t > 0} does not depend on
s> 0;

moments all moments of Z" are finite; covariance

E[Z02] =2 (2 + ¥ = e o).

continuity Rosenblatt process paths are Holder continuous of any order
6 < H.
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Multifractional Rosenblatt process

Definition

Multifractional Rosenblatt process with the Hurst function H

X, = / / / O (5 )27 s () w(dly). (2)
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Multifractional Rosenblatt process

Definition
Multifractional Rosenblatt process with the Hurst function H

X, = / / / O (5 )27 s () w(dly). (2)

H satisfies, as usually,
[H(t) — H(s)| < C[t —s|" 3)

with y > sup, H(t).
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Multifractional Rosenblatt process Properties of mRp

Proposition
Fort,s,u € [0,00) close enough, s < u <'t

E[(X—X:)?] < c(t— )"V,
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Multifractional Rosenblatt process Properties of mRp

Proposition
Fort,s,u € [0,00) close enough, s < u <'t

E[(X—X:)?] < c(t— )"V,

Theorem

On any interval [a, b] C [0, c0) trajectories of mRp are a.s. Hélder continuous of any
order § < minciq 5 H(t).
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Proposition
Fort,s,u € [0,00) close enough, s < u <'t

E[(X—X:)?] < c(t— )"V,

Theorem

On any interval [a, b] C [0, c0) trajectories of mRp are a.s. Hélder continuous of any
order § < minciq 5 H(t).

Theorem
MRp {X;, t > 0} is strongly H(to)-localisable at point ty with the local version

{2 fe(H(to)).t > of
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Multifractional Rosenblatt process Properties of mRp

Proposition
Fort,s,u € [0,00) close enough, s < u <'t

E[(X—X:)?] < c(t— )"V,

Theorem

On any interval [a, b] C [0, c0) trajectories of mRp are a.s. Hélder continuous of any
order § < minciq 5 H(t).

Theorem
MRp {X;, t > 0} is strongly H(to)-localisable at point ty with the local version

{Zf(t")/c(H(to)), t > 0}, that is {5*”(’-‘0) (Xeor50 — X(t0) ), t € [0, T]}
converges to {Zfl(to)/c(H(to)), t> 0} weakly as § — 0+.
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Multifractional Rosenblatt process Local time of mRp

Theorem

Multifractional Rosenblatt process has a square integrable local time on [0, T]
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Multifractional Rosenblatt process Local time of mRp

Theorem
Multifractional Rosenblatt process has a square integrable local time on [0, T] }

Proof

1. Existence of square integrable local time for Rosenblatt process. (Using the
estimate of the cf.)
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Theorem
Multifractional Rosenblatt process has a square integrable local time on [0, T] }

Proof

1. Existence of square integrable local time for Rosenblatt process. (Using the
estimate of the cf.)

2. Existence of local time for mRp.
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Multifractional Rosenblatt process Local time of mRp
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Local times and sample functions properties of stationary Gaussian processes
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